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Abstract

There exist two inequivalent local minima in graphene’s electronic band structure

known as valleys or Dirac points which are labelled K and K ′. The valley index is

binary and the concept of using this two-state system to perform logical operations

is known as valleytronics. Achieving a population imbalance between the K and

K ′ valleys is a critical first step for any valleytronic device. A valley polarization

can be induced in biased bilayer graphene using circularly-polarized light. Right-

hand circularly-polarized light couples strongly to the K valley, while light of the

opposite helicity couples strongly to K ′. In this thesis, we present a detailed theoret-

ical study of valley polarization in biased bilayer graphene. We show that a nearly

perfect valley polarization can be achieved with the proper choices of external bias

and centre frequency of the exciting pulse. We find that the optimal operating fre-

quency ω is given by ~ω = 2a, where 2a is the potential energy difference between

the graphene layers (the external bias). We also find that the valley polarization

originates not from the Dirac points themselves, but rather from a ring of states

surrounding each. Our calculations indicate that intervalley scattering and thermal

effects complicate the simple picture that the valley polarization is maximized for

i



~ω = 2a. Intervalley scattering via optical phonons greatly reduces the valley polar-

ization for high-frequency pulses, while thermal populations significantly reduce the

valley polarization for small external biases. A valley-polarized system exhibits an

anomalous Hall effect whose sign depends on the valley index. When operating under

optimal conditions, we find that the induced Hall conductivity can be comparable in

magnitude to the longitudinal conductivity. In addition, we find that the Hall con-

ductivity is largely insensitive to thermal effects, suggesting that experiments could

be performed at room temperature without a significant reduction in signal. This

work provides insight into the origin of valley polarization in bilayer graphene and

will aid experimentalists seeking to study valley polarization in the lab.
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Chapter 1

Introduction

Graphene is a two-dimensional sheet of carbon in which the atoms organize them-

selves into a hexagonal (honeycomb) lattice, as depicted schematically in Fig. 1.1(a).

Each carbon atom is separated from its three nearest neighbours by a distance

a0 = 1.42 Å. Three out of four of each carbon’s valence electrons are bound tightly to

their neighbouring atoms, forming sp2 hybridized σ-bonds. The final electron occu-

pies a pz orbital perpendicular to the plane of the graphene. The pz orbitals overlap

forming π-bands that allow graphene to conduct across its surface. It is conventional

to study graphene’s electronic properties by considering only the π-bands within a

tight-binding approximation. It is these π-bands that are responsible for graphene’s

unusual electronic and optical properties.

The basic electronic properties of graphene were first worked out in 1947 by

Canadian physicist P.R. Wallace [1]. Wallace was trying to understand the elec-

tronic properties of graphite, which consists of layer upon layer of graphene sheets.

By assuming that the interaction between the graphene layers was weak, he serendip-

itously worked out the properties of single-layer graphene. However, it was not until
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Figure 1.1: Schematic depiction of (a) graphene and (b) bilayer graphene. In (b),
the black and white atoms correspond to the top and bottom layers, respectively.

2004 that graphene was realized in the lab. Based on thermodynamic arguments,

it was long believed that isolating a single sheet of graphene was impossible [2].

Novoselov and Geim were the first to isolate a single sheet of graphene and measure

its electronic properties [3], earning them the 2010 Nobel Prize in physics. This dis-

covery sparked immense interest in graphene, marking the beginning of the graphene

gold rush.

To isolate a graphene monolayer, Novoselov and Geim used the technique of

mechanical exfoliation or the Scotch-tape method [3]. In this method, a piece of tape

is used to repeatedly peel off layers from a sample of graphite. This process creates

countless randomly distributed flakes of various shapes, sizes, and numbers of layers.

The experimenter must then search through the clutter (or use AI [4]) to locate a

desirable sample. To identify a monolayer, several experimental techniques can be

2



used. First, a well-known property of graphene is that a single layer absorbs ∼2% of

incoming light [5]. Thus, the number of layers of a sample can be determined simply

by using optical microscopy [6]. Another option is to use atomic force microscopy

to measure the heights of samples [7]. If the height of a single layer is known, as

well as the spacing between layers, the number of layers can be easily determined.

Graphene also exhibits phonon resonances that depend sensitively on the number of

layers. The number of layers can therefore be determined by Raman spectroscopy

[8].

The top-down method described above is surprisingly reliable given its crudeness,

however it is not scalable and the quality of graphene that can be obtained can

be improved. For example, residue from the adhesive tape may be left behind [9]

or the graphene may be folded over on itself [10]. Bottom-up approaches such as

chemical vapour deposition (for example, using methane on copper), are promising

alternatives for producing high-quality graphene samples [11]. Graphene may also be

grown epitaxially by heating silicon carbide [12]. To assemble multi-layer graphene

geometries with arbitrary layer orientations, one can apply the so-called tear-and-

stack technique [13]. In this technique, a graphene monolayer is first torn in two.

One of the pieces is then picked up—preserving its orientation relative to the other

piece—and then stacked. Prior to the stacking process, one piece may be rotated by

some angle relative to the other to construct twisted graphene geometries.

The electronic band structure of monolayer graphene is shown in Fig. 1.2(a).

There exist two inequivalent local minima in graphene’s band structure known as

Dirac points, where the conduction band and valence band meet. At these Dirac
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(a) (b)

Figure 1.2: (a) Monolayer graphene dispersion with inequivalent Dirac points indi-
cated. (b) Zoom in near a Dirac point.

points, the density of states vanishes. Graphene is therefore considered a zero-gap

semiconductor. Of the six Dirac points, only two are unique (not connected by a

reciprocal lattice vector) and are labelled K and K′. Close to the Dirac points, the

dispersion is approximately linear and isotropic, reminiscent of a Dirac-like spectrum

from high-energy physics (see Fig. 1.2(b)). This has led to electrons in graphene

being described as massless Dirac fermions with an effective “speed of light” (Fermi

velocity) of vf = 106 m/s. The Dirac points form the apex of the so-called Dirac

cones or valleys.

Graphene’s unique low-energy electronic structure has been verified experimen-

tally. It was observed that the conductivity never falls below a minimum value equal

to a single unit of quantum conductance σ0 = e2/h per spin per valley, even when the

carrier density tends to zero [14]. Interestingly, most theories for 2D gases of Dirac

fermions predict a minimum conductivity of σ0 = e2/πh, in subtle disagreement with
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this experiment. An anomalous integer quantum Hall effect (QHE) was observed in

graphene, anomalous in that it occurs at half-integer (rather than integer) multiples

of σ0 [14, 15]. In a conventional quantum Hall state, the lowest Landau level has

nonzero energy. In graphene, the lowest Landau level is at zero energy, creating a step

in the conductivity at zero density as opposed to a plateau [16]. The effect may also

be viewed as a manifestation of the Berry phase acquired by Dirac fermions moving

in a magnetic field [14, 15]. The QHE has even been observed at room tempera-

ture in graphene [17]. These two properties (minimum conductivity and half-integer

QHE) are distinct signatures of fermions described by the Dirac equation. Graphene

therefore presents a unique opportunity to study high-energy physics in the labora-

tory setting. For example, graphene can be viewed as a condensed-matter analogue

of (2+1)-dimensional quantum electrodynamics [18]. Graphene has also been pro-

posed as a way to probe the AdS/CFT correspondence in the lab; the SYK model

(Sachdev-Ye-Kitaev) is dual to a (1+1)-dimensional gravitational theory (AdS2), in

accordance with the holographic principle [19].

Graphene is also interesting for practical reasons. One of graphene’s most im-

pressive electronic properties is its large electron mobility, which was initially re-

ported to be as high as 10, 000 cm2/V s essentially independent of temperature [3].

Theoretically, it has been predicted that room-temperature mobilities upwards of

200, 000 cm2/V s are possible [20], making graphene a very attractive material for

devices. Since graphene is two-dimensional, it can be easily gated. And since its

spectrum is gapless, charge carrier densities can be tuned continuously and symmet-

rically from electrons to holes in concentrations of up to 1013 cm−2 [3]. In Fig. 1.3(b),
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Figure 1.3: (a) SEM image of a graphene Hall bar on SiO2 substrate. (b) Conduc-
tivity σ and (c) Hall coefficient RH (for B = 2 T) as a function of gate voltage Vg.
(d) Maximum resistivity ρmax (i.e., minimum conductivity σ0) for different devices.
Adapted from [14].

we show how the conductivity reaches its minimum value when the Fermi level is

tuned to the Dirac point, then increases linearly with gate voltage in either direction,

confirming theoretical predictions of the electronic structure. In Fig. 1.3(c), we can

see that the Hall effect changes sign on either side of Vg = 0, indicating a transi-

tion from electron to hole conductance. In Fig. 1.3(d), we can see the minimum

conductivity exhibited by several devices with varying mobilities.

Another important property of graphene to consider is its Berry curvature (and

associated Berry phase), which we will discuss in some detail in Chapters 4 and

5. Graphene possesses both time-reversal symmetry and inversion symmetry. As

a consequence, the Berry curvature must be zero throughout the entire Brillouin

zone [21]. More precisely, the Berry curvature vanishes everywhere except at the

Dirac point where it is undefined. Thus, although the Berry curvature is zero in

graphene, the Berry phase acquired by an electron completing a closed trajectory
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around a single valley is ±π for K and K ′, respectively [14, 15]. However, the Berry

phase acquired by a trajectory along the boundary of the first Brillouin zone is zero.

Roughly speaking, we may say that the Chern number associated with the bands of

monolayer graphene is zero. In general, the integral of the Berry curvature over a

closed manifold is equal to 2π times an integer (the Chern number). In the context of

crystals, the closed manifold is the Brillouin zone which has the topology of a torus.

We may also speak of a valley Chern number by restricting our integration to the

neighbourhood of a single valley. However, valley Chern numbers are not required

to be integer-valued. In a quantum Hall state, the Hall conductivity obtained using

the Kubo formula reduces to an integral of the Berry curvature over the Brillouin

zone, resulting famously in quantized Hall conductance [22].

Graphene’s two valleys are related by time-reversal and inversion symmetry.

The valleys are well-separated in momentum space, so that intervalley scattering

is strongly suppressed [23]. The valley index is therefore a good quantum number,

and presents a unique opportunity for information processing. The valley index is

binary, and the notion of using this two-state system to perform logical operations

is known as valleytronics [24]. The name comes from an analogy with spintronics

[25], in which the spin degree of freedom is used to encode information. There are at

least two approaches to valleytronics: The first approach is to manipulate pure valley

currents in which carriers in opposing valleys counterflow, but where there is no net

flow of charge. The other is to induce a valley polarization, that is, a differential

electron population between the K and K ′ valleys. It is this second approach that

we pursue in this thesis.
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There have been several proposals for valleytronic devices based on monolayer

graphene [26–30]. Refs. [26] and [27] take the first approach described above, while

Refs. [28–30] take the second. In Ref. [26], inversion symmetry is broken by placing

graphene on hexagonal boron nitride (hBN) and a valley-current device is demon-

strated experimentally. Ref. [27] proposes a purely optical scheme for inducing valley

currents in a homogeneous graphene layer. However, Ref. [27] (as well as Ref. [28])

relies on a higher-order band structure effect known as trigonal warping [16], which

becomes important at large energy scales. One concern is that large energy scales

lead to enhanced intervalley scattering. Refs. [29] and [30] can achieve a net electric

current composed of carriers of just a single valley, but rely on complicated nanos-

tructures which may be difficult to realize in the laboratory or at mass scale. For

example, Ref. [30] relies on uniaxial strain engineering which modifies the in-plane

hopping parameters, while [29] relies on detailed edge pattering.

While each of the efforts described above has its strengths, monolayer graphene is

fundamentally limited in two important ways. First, as mentioned before, graphene

lacks a band gap. This fact endows graphene with a minimum conductivity which

poses a problem for traditional semiconductor devices requiring a large on/off ra-

tio. Second, the K and K ′ valleys are indistinguishable from one another. Due to

the presence of inversion symmetry, the valleys exhibit vanishing Berry curvature.

Inversion symmetry breaking addresses these two concerns simultaneously and is

necessary for graphene-based valleytronics [31, 32]. One notable exception to this

rule comes from a recent paper proposing that a combination of two counter-rotating

circularly-polarized fields, the fundamental and its second harmonic, can be used to
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selectively excite carriers into either the K or K ′ valleys [33]. However, the valley

polarizations they claim to be able to achieve theoretically are much smaller than we

find in this thesis. One solution for inversion symmetry breaking is to use a staggered

sublattice potential, for instance, by growing graphene on a substrate of hBN [34].

Another option is to consider materials with intrinsically broken inversion symmetry.

TMDs such as monolayer MoS2 have gained significant interest recently, in part due

to the presence of an intrinsic band gap at the Dirac points [35–38].

For the reasons discussed above, monolayer graphene has limited engineering

applications. Some research has recently shifted towards understanding the electronic

properties of multi-layer graphene geometries. Graphite, a semi-metal, is composed

of layer upon layer of graphene, each layer separated by 3.35 Å. The band dispersion

of graphene is distinct from that of graphite. In fact, the electronic structure of

multilayer graphene rapidly approaches that of graphite by as few as 10 layers [39].

One of the most important cases of multilayer graphene is the humble bilayer. In this

thesis, we consider AB-/Bernal-stacked [40] bilayer graphene (BLG) (see Fig. 1.1(b)).

The dispersion relation near the Dirac points for Bernal-stacked BLG is similar to

that of monolayer graphene in that the conduction and valence bands meet. In other

words, bilayer graphene is also a zero-gap semiconductor. However, the low-energy

bands of bilayer graphene are parabolic rather than linear near the Dirac points (see

Fig. 1.4). In the language of Dirac theory, electrons in bilayer graphene are massive

Dirac fermions. Bilayer graphene exhibits a minimum conductivity of 2e2/πh per

spin per valley, twice the theoretical prediction for monolayer graphene [42]. Like

graphene, bilayer graphene possesses both inversion and time-reversal symmetry.
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(a) (b) (c)

Figure 1.4: Low-energy electronic structure of (a) monolayer graphene, (b) unbiased
bilayer graphene, and (c) biased bilayer graphene. Adapted from [41].

Therefore, the Berry curvature is zero everywhere except at the Dirac point. Unlike

graphene, the Berry phase acquired by an electron completing a closed trajectory

around a single valley is ±2π.

Recently, a bilayer arrangement of graphene has been shown to exhibit supercon-

ductivity when a Moiré pattern emerges from a small lattice misalignment between

layers [43]. Below the critical temperature of 1.7 K, bilayer graphene becomes su-

perconducting if the two graphene layers are misaligned by the “magic” angle of 1.1

degrees. The phase diagram may be further tuned with an applied hydrostatic pres-

sure, shifting the superconducting transition to higher temperatures and angles [44].

This system is an example of an unconventional superconductor because it cannot

be described by conventional BCS theory. One clue may lie in the emergence of

extremely flat bands near the magic angle. Theoretical research on this subject has

exploded in recent years [45–47]. Bilayer graphene also exhibits an anomalous QHE,

however, the zeroth-order conductivity plateau is missing. This is a result of the two

lowest Landau Levels lying at zero energy [48].
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Bilayer graphene shares many of the desirable electronic properties of its mono-

layer cousin, including high mechanical stiffness, transparency, thermal conductivity,

and mobility [49]. Even if placed on a substrate of hBN, bilayer graphene hosts an

impressive mobility of 40, 000 cm2/V s at room temperature and up to double that at

2 K [50]. But without a band gap and with vanishing Berry curvature, it would seem

that bilayer graphene faces the same limiting characteristics as monolayer graphene.

However, simply by applying a potential difference between the two layers of bi-

layer graphene, inversion symmetry is broken and a band gap opens up [51–54] (see

Fig. 1.4(c)). Not only that, but the band gap can be tuned continuously from zero to

the mid-infrared by adjusting the strength of the external bias [55–57]. This makes

biased bilayer graphene one of the few semiconductors with an externally-tunable

band gap and thus very relevant to modern electronics. If the Fermi level is placed

at the charge-neutrality point, conduction can be switched on or off via external con-

trol of the band gap, which can be tuned independently of the carrier density. For an

excellent review of the electronic properties of both monolayer and bilayer graphene,

please see McCann [16]. The breaking of inversion symmetry via the external bias

also leads to nonvanishing Berry curvature. The K and K ′ valleys exhibit equal and

opposite Berry curvatures that are concentrated near their respective Dirac points.

In the presence of an external electric field parallel to the graphene plane, electrons in

biased bilayer graphene acquire an anomalous velocity perpendicular to the applied

field [38]. The direction is equal and opposite for electrons in the K and K ′ valleys

(see Fig. 1.5). In this sense, the Berry curvature acts as a pseudo-magnetic field in

momentum space. Normally, when the valleys are equally populated, the anomalous
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Figure 1.5: Schematic depiction of the valley Hall effect. In the presence of an
external field E, electrons acquire an anomalous velocity a direction perpendicular
to the field whose sign depends on the valley index.

velocity averages to zero. However, if the system is valley polarized, one can observe

the valley Hall effect, that is, a buildup of charge on one side of the sample, allowing

for the valley polarization to be detected [38].

There has been significant work towards inducing valley-polarized currents in

bilayer graphene with broken inversion symmetry [58–60]. Ref. [58] relies on a

topological kink state between two regions of positive and negative external bias. As

one transitions from one region to the other, the band gap must go through zero

and it is along this line that a current can flow. The direction of flow is opposite for

the K and K ′ valleys. A device is developed with regions of positive and negative

external bias to control the direction of the kink states. In Refs. [59] and [60], a

Hall bar configuration is used to induce a valley current in which K and K ′ electrons

counterflow. The effect is then measured via the valley Hall effect. These three
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studies take the first approach to valleytronics described above.

It has been proposed that circularly-polarized light can be used to preferentially

inject carriers into the K and K ′ valleys of bilayer graphene [32]. In 2008, Yao et al.

derived valley-contrasting optical selection rules for interband transitions governed

by the handedness of a circularly-polarized field; right-hand circularly-polarized light

couples strongly to the K valley, while light of the opposite helicity couples strongly

to K ′. Since then, only a few studies have focused on using circularly-polarized light

to induce a valley polarization [61, 62]. In Ref. [61], Floquet theory (like Bloch

theory except the periodicity is temporal) is used to show how intense circularly-

polarized terahertz fields can generate dynamical states within the band gap of a

single valley. A device is proposed based on this notion. In their design, an electric

current consisting of electrons with energy on the order of the mid-gap states is

passed through the irradiated region. Since only one valley will contain states in

the mid-gap range, only electrons in that valley may pass. This creates a valley-

polarized current which they predict to be 98% valley polarized [61]. In a later work,

the authors calculate the density of states induced in each valley as well as extend

their calculations to account for an external magnetic field [62].

A purely optical means of inducing a valley polarization is desirable and so too

is a bulk device that does not rely on complex nanostructuring. To the best of our

knowledge, no studies have yet examined how to maximize the optically-induced

valley polarization in bulk bilayer graphene, leaving experimentalists ill-equipped to

study this phenomenon in the lab. Several important questions remain unanswered:
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What is the optimal operating external bias? What is the optimal operating fre-

quency? And what pulse duration should be used? It is also to date unknown which

scattering processes fundamentally limit performance of bilayer-graphene-based val-

leytronic devices: How clean a sample is required? Can a valley polarization be

observed at room temperature? In this thesis, we seek to answer these questions

as well as offer valuable insight into the underlying physics of valley polarization in

bilayer graphene.

In this thesis we consider bulk biased bilayer graphene excited by a circularly-

polarized Gaussian pulse. To model the graphene, we consider a four-band nearest-

neighbour tight-binding Hamiltonian. The optical field is treated as a small pertur-

bation within the length gauge. We calculate the electron dynamics using a density

matrix formalism, solving the equations of motion perturbatively up to second order

in the electric field. Our findings can be summarized as follows. At low temper-

atures, and in the absence of scattering, a near-perfect valley polarization can be

obtained for pulses with centre frequencies ω satisfying ~ω = 2a, where 2a is the

potential energy difference between the graphene layers. This result originates from

a k-dependent valley-contrasting optical selection rule which becomes exact when

~ω = 2a. This finding is qualitatively consistent with some previous calculations

[32, 61], but so far seems to have gone unnoticed in the literature. Our calculations

indicate that intervalley scattering via optical phonons greatly reduces the valley

polarization when operating at high centre frequencies. We also find that thermal

electron populations significantly reduce the valley polarization for small external
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biases. Taken together, intervalley scattering and thermal electron populations com-

plicate the simple picture that the valley polarization is maximized for ~ω = 2a. In

all cases, to maximize the valley polarization, the pulse duration should be close to

or larger than the sample decoherence time. For typical samples, with the proper

choice of centre frequency and external bias, a valley polarization of up to 70% can

be achieved at room temperature. At low temperatures (< 150 K), the valley po-

larization can be as large as 97%. In addition to these promising results, we argue

that a four-band tight-binding model is necessary to accurately describe the system

for external biases greater than a few tens of meV. Beyond that, a simple two-band

model deviates significantly from the four-band result, leading to incorrect predic-

tions for the optimal operating frequency and bias. The Berry curvatures obtained

in the two models are also found to deviate significantly from one another for large

external biases. Interestingly, the two-band model has integer-valued valley Chern

numbers for all external biases, while the four-band model does not. We calculate

the Hall conductivity associated with the induced valley polarization. We find that

although the valley polarization is significantly reduced in the presence of a thermal

background, the Hall conductivity is largely unaffected. This result suggests that

valley Hall experiments may be conducted at room temperature without a signif-

icant reduction in signal. Additionally, we find that the Hall conductivity can be

comparable in magnitude to the longitudinal conductivity.

This thesis is organized as follows. In Chapter 2 we present our general theoretical

framework. In Chapter 3, we apply this framework to a detailed four-band model of

biased bilayer graphene and study the resulting valley polarization. In Chapter 4, we
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compare the results of Chapter 3 to those of a simple two-band model. In Chapter

5, we calculate the induced valley-polarized current based on the results of Chapter

3. We conclude in Chapter 6.
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Chapter 2

General Theory

In this chapter, we present the general theoretical framework for this thesis. We

begin in Section 2.1 by describing the tight-binding model, which we use to ob-

tain the electronic band structure and energy eigenstates. In Section 2.2 we derive

density matrix equations of motion (EOMs) within the length gauge. The density

matrix EOMs are solved perturbatively up to second order in the electric field. When

working in the length gauge, we encounter matrix elements of the electron position

operator. These lead us to the so-called connection elements, which are related to

the Berry curvature. We discuss the connection elements in detail in Section 2.3.

The connection elements play an important role in the describing the carrier-field

interaction, as well as in the intraband current density which we discuss in Chapter

5. As a first approximation, scattering is treated phenomenologically rather than

microscopically. However, we find it desirable to go beyond this approximation and

our more sophisticated treatment is outlined in Section 2.4. This theoretical frame-

work is applied to biased bilayer graphene in the presence of a circularly-polarized

field in Chapter 3.
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2.1 Tight-binding model

In this section we outline the general procedure for obtaining a tight-binding Hamil-

tonian. As has been confirmed with ARPES measurements [40, 55], a tight-binding

approach can be very successful in describing the low-energy electronic properties

of graphene and its bilayer. Unlike (say) density functional theory, a tight-binding

approach yields analytic dispersion relations, which we will find to be very helpful for

understanding the origin of valley polarization. The tight-binding model of bilayer

graphene was first described by McCann and Fal’ko in 2006 [51]. In this section,

we follow closely the derivation of the tight-binding model given in Ref. [16]. To

demonstrate its application, we apply the procedure to the simple case of monolayer

graphene. We then proceed to discuss normalization of the tight-binding wavefunc-

tions and properties of the cell-periodic part of the Bloch functions.

Consider a crystal with n atomic orbitals φi(r) in each unit cell for i = {1, 2, ..., n}.

The assumption of periodicity allows us to postulate the form of the electronic wave-

function. We may use as a basis the Bloch functions

Φi(k, r) =
1√
N

∑
R

eik·Rφi(r−Ri), (2.1)

where k is the Bloch wave vector and r is the position vector. The sum is over

the N unit cells and Ri ≡ R + ri, where R is a Bravais lattice vector and ri is

a basis vector, which denotes the position of the ith orbital in the unit cell. It is

worth noting that this basis is related to the Bloch basis used in Ref. [16] via the

transformation Φi(k, r)→ Φi(k, r)eik·ri . The electronic wavefunction Ψnk(r) is given
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by a linear superposition of the n different Bloch functions,

Ψnk(r) = 〈r|nk〉 =
∑
i

Ci
n(k)Φi(k, r), (2.2)

where the Ci
n(k) are expansion coefficients, which we assume to be properly normal-

ized. The time-independent Schrödinger equation is

H(k) |nk〉 = En(k) |nk〉 , (2.3)

where H(k) is the Bloch Hamiltonian and En(k) denotes the energy of the nth band.

Operating on Eq. (2.3) from the left with 〈mk| , one finds

En =

∑
i,j HjiC

j∗
mC

i
n∑

i,j SjiC
j∗
mCi

n

, (2.4)

where we have defined the transfer matrix elements Hji and the overlap matrix

elements Sji as

Hji = 〈Φj|H|Φi〉 , Sji = 〈Φj|Φi〉 . (2.5)

Minimizing the energy En with respect to the coefficients Cj∗
m , one obtains [16]

∑
j

HijC
j
n = En

∑
j

SijC
j
n. (2.6)

Eq. (2.6) can be written as a matrix equation. Explicitly, for the specific example
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of two orbitals per unit cell (n = 2), as is the case for monolayer graphene,

 H11 H12

H21 H22


 C1

n

C2
n

 = En

 S11 S12

S21 S22


 C1

n

C2
n

 , (2.7)

or in other words,

Hψn = EnSψn. (2.8)

The entries of the vector ψn are the expansion coefficients for the electronic wavefunc-

tion in the basis of Bloch states. Eq. (2.8) can be readily solved once the matrices

Hij and Sij are known by solving the secular equation

det (H − EnS) = 0. (2.9)

Our task is therefore to determine the representations of H and S in the basis of

Bloch states.

2.1.1 Monolayer graphene

To demonstrate the above formalism, we consider the case of monolayer graphene.

However, the formalism may be straightforwardly extended to an arbitrary number

of layers [39]. In Fig. 2.1 we plot the lattice structure of monolayer graphene. Mono-

layer graphene is a two-dimensional sheet of carbon atoms arrange in a honeycomb

lattice. There are two atoms per unit cell which we label A and B. In the coordinate

system depicted in Fig. 2.1, the primitive translation vectors of monolayer graphene
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a1

A B

x

y

Figure 2.1: Monolayer graphene lattice. The primitive translation vectors and unit
cell are shown.

are

a1 =
3a0

2
x̂ +

√
3a0

2
ŷ, a2 =

3a0

2
x̂−
√

3a0

2
ŷ, (2.10)

where a0 = 1.42 Å is the distance between neighbouring carbon atoms. Note that

here we have deviated from Ref. [16] in our choice of coordinate system. We consider

one 2pz orbital |φ(r)〉 per atomic site. Relabelling i = {1, 2} → {A,B}, the basis

vectors are rA = 0 and rB = a0x̂. Beginning with the diagonal elements of the
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transfer matrix, we have

HAA =
1

N
〈ΦA|H |ΦA〉

=
1

N

∑
R,R′

eik·(R
′−R) 〈φ (r−RA) |H|φ (r−R′A)〉

≈ 1

N

∑
R

〈φ (r−RA) |H|φ (r−RA)〉 , (2.11)

where in the third line we make the assumption that the dominant contribution to

the sum comes from the same site within each unit cell, that is for R = R′. In

other words, we have neglected the next-nearest neighbours. The matrix element

〈φA|H |φA〉 is the same for every R, so make the definition

ε ≡ 〈φ (r−RA) |H|φ (r−RA)〉 , (2.12)

such that

HAA = HBB ≈
1

N

∑
R

ε = ε, (2.13)
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since the A and B sublattices are chemically identical. The overlap matrix element

can be calculated similarly. Again, neglecting the next-nearest neighbours,

SAA = SBB =
1

N

∑
R,R′

eik·(R
′−R) 〈φ (r−RA) |φ (r−R′A)〉

≈ 1

N

∑
R

〈φ (r−RA) |φ (r−RA)〉

=
1

N

∑
R

1

= 1, (2.14)

where we have used the fact that the overlap between a 2pz orbital on the same

atomic site is unity. Proceeding now with the off-diagonal terms,

HAB =
1

N

∑
R,R′

eik·(R
′−R) 〈φ (r−RA) |H|φ (r−R′B)〉 . (2.15)

We make the assumption that the dominant contribution to the off-diagonal matrix

element HAB arises from hopping between nearest neighbours. In this approximation,

Eq. (2.15) reduces to [16]

HAB = H∗BA ≈ −
1

N

∑
R

f(k)γ0 = −γ0f(k), (2.16)

where

f(k) ≡ 1 + e−ik·a1 + e−ik·a2 (2.17)
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and

γ0 ≡ −〈φ (r−RA) |H|φ (r−RB)〉 . (2.18)

Finally, we compute the overlap integral,

SAB = S∗BA =
1

N

∑
R,R′

eik·(R
′−R) 〈φ (r−RA) |φ (r−R′B)〉

≈ 1

N

∑
R

f(k)s0 = s0f(k), (2.19)

where s0 ≡ 〈φ (r−RA) |φ (r−RB)〉 . To summarize, we have

H =

 ε −γ0f(k)

−γ0f
∗(k) ε

 (2.20)

and

S =

 1 s0f(k)

s0f
∗(k) 1

 . (2.21)

We are now ready to solve Eq. (2.9). The energy eigenvalues are

En(k) =
ε± γ0|f(k)|
1∓ s0|f(k)|

. (2.22)

We are free to take our energy reference point where we please, so we take ε = 0. This

results in the famous graphene dispersion which we plot in Fig. 2.2. The conduction

band and valence band meet at six points in the first Brillouin Zone. However, only

two of these six points are unique and we label them K and K′. They are given
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Figure 2.2: Band structure of monolayer graphene. We take γ0 = 3.3 eV and s0 = 0.

explicitly by

K =
4π

3
√

3a0

ŷ, K′ = − 4π

3
√

3a0

ŷ = −K, (2.23)

which can be verified by checking f(K) = f(K′) = 0.

Low-Energy Theory

It is useful to expand f(k) about the Dirac points. To first order in kx and ky,

f(k±K) ≈ i
3

2
a0 (kx ± iky)

=
3

2
a0ke

i(π/2±θk)

= i
3

2
a0ke

±iθk (2.24)
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where the plus and minus signs correspond to the K and K ′ valleys respectively. In

the second line, we have made the substitution kx = k cos(θk) and ky = k sin(θk),

where θk is the angle the vector k makes with the kx-axis with its origin at the Dirac

point. In this approximation, we may take the overlap matrix S to be the identity

matrix because its off-diagonal elements contribute only terms that are quadratic in

kx and ky [16]. Eq. (2.8) is then simply

Hψn = Enψn, (2.25)

which can be solved to obtain the low-energy dispersion

En(k) = ±3

2
a0γ0k = ±~vfk, (2.26)

with the graphene Fermi velocity vf = 3a0γ0/2~ ≈ 106 m/s. This resembles a linear

Dirac-like spectrum surrounding each Dirac point. The dispersion is the same for

both K and K ′, but the eigenvector coefficients differ by a phase. For the conduction

band,

CA
c (k) =

1√
2
,

CB
c (k) =

i√
2
e∓iθk , (2.27)
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and for the valence band,

CA
v (k) =

1√
2
,

CB
v (k) = − i√

2
e±iθk , (2.28)

where the plus and minus signs correspond to the K and K ′ valleys, respectively.

2.1.2 Normalization

Typically, the Bloch functions are normalized with a factor of 1/
√
N out front (see

Eq. (2.1)). While this is convenient for some calculations, it is not strictly necessary

as long as the full electron wavefunctions are properly normalized. In the remainder

of this thesis we work with the unnormalized basis

Φi(k, r) =
∑
R

eik·Rφ(r−Ri), (2.29)

and instead write our Bloch eigenstates as

Ψnk(r) = An(k)
∑
i

Ci
n(k)Φi(k, r), (2.30)

where An(k) is a normalization factor we must determine. Imposing orthonormality,

∫
d3r Ψ∗nk(r)Ψmk′(r) = δnmδ(k− k′), (2.31)

27



and substituting in Eq. (2.30), we have

δnmδ(k− k′) = A∗n(k)Am(k′)
∑
i,j

Ci∗
n (k)Cj

m(k′)

∫
d3r Φ∗i (k, r)Φj(k

′, r). (2.32)

Substituting in now Eq. (2.29), we obtain

δnmδ(k− k′) = A∗n(k)Am(k′)
∑
i,j

Ci∗
n (k)Cj

m(k′)
∑
R,R′

ei(k
′·R′−k·R)

×
∫
d3rφ(r−Ri)φ(r−R′j). (2.33)

At this point, we make the following two assumptions: 1) The dominant contribution

to the lattice sum comes from terms in the same unit cell, that is, for R = R′. 2)

The overlap of 2pz orbitals with orbitals on different atomic sites is zero, that is,∫
d3rφ(r−Ri)φ(r−Rj) = δij. And so, we have approximately that

δnmδ(k− k′) ≈ A∗n(k)Am(k′)
∑
i

Ci∗
n (k)Ci

m(k′)
∑
R

ei(k
′−k)·R

= A∗n(k)Am(k′)
(2π)2

Ω
δ(k− k′)

∑
i

Ci∗
n (k)Ci

m(k′), (2.34)

where we have used the result [63]

∑
R

ei(k−k
′)·R =

(2π)3

V
δ(k− k′) (2.35)

28



for an infinite crystal, where V is the volume of a unit cell. For 2D graphene, we use

Ω which gives the area of a unit cell. For n = m and k = k′, Eq. (2.34) implies

1 = |An(k)|2 (2π)2

Ω

∑
i

∣∣Ci
n(k)

∣∣2, (2.36)

or equivalently,

An(k) =

√
Ω

2π

(∑
i

∣∣Ci
n(k)

∣∣2)−1/2

. (2.37)

2.1.3 Cell-periodic functions

We define the cell-periodic function unk(r) via

Ψnk(r) = eik·runk(r). (2.38)

The cell-periodic functions may be shown to be orthogonal by imposing orthonor-

mality on the Bloch eigenstates. Beginning with Eq. (2.31)

∫
d3r Ψ∗nk(r)Ψmk′(r) = δnmδ(k− k′), (2.39)

and substituting in our cell-periodic functions, we obtain

∫
d3ru∗nk(r)umk′(r)e−i(k−k

′)·r = δnmδ(k− k′). (2.40)
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Let r = r′ + R, where R is a Bravais lattice vector. We have

∫
d3r′ u∗nk(r′ + R)umk′(r′ + R)e−i(k−k

′)·(r′+R) = δnmδ(k− k′). (2.41)

Since the unk are periodic in r with period R, we have that unk(r + R) = unk(r):

∫
d3ru∗nk(r)umk′(r)e−i(k−k

′)·(r′+R) = δnmδ(k− k′). (2.42)

Note that we have dropped the prime on r. Next, we write the integration over the

entire crystal as a sum of integrals over the unit cells. Accordingly,

δnmδ(k− k′) =
∑
R

∫
UC

d3ru∗nk(r)umk′(r)e−i(k−k
′)·(r+R)

=
∑
R

e−i(k−k
′)·R
∫

UC

d3ru∗nk(r)umk′(r)e−i(k−k
′)·r

=
(2π)2

Ω
δ(k− k′)

∫
UC

d3ru∗nk(r)umk′(r)e−i(k−k
′)·r, (2.43)

where we have used Eq. (2.35), and where the unit-cell integration (UC) is over Ω,

and over z = ±∞ perpendicular to the plane. Applying the k-space delta function,

(2π)2

Ω
δ(k− k′)

∫
UC

d3ru∗nk(r)umk(r) = δnmδ(k− k′). (2.44)

Thus, ∫
UC

d3ru∗nk(r)umk(r) =
Ω

(2π)2
δnm. (2.45)
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2.2 Density matrix equations of motion

In this section we derive the density matrix equations of motion that describe the

time evolution of a semiconductor interacting with an external field. Solving these

equations will allow us to calculate the carrier density injected into the K and K ′

valleys by an optical pulse. In Chapter 3, we will consider the case of a circularly-

polarized field and examine the resulting valley polarization. We use a density matrix

formalism because it allows us to capture effects such as the broadening of atomic

resonances that cannot be treated with a simple wavefunction approach.

These equations were first described by Aversa and Sipe in 1995 [64]. Following

their lead, we work in the length gauge where the carrier-field interaction is described

by a dipole term −er ·E(t). The length gauge is often preferable to other treatments

such as the velocity gauge, where expressions for the susceptibility of semiconductors

often unphysically diverge as the frequency approaches zero [64]. Furthermore, per-

turbation theory can be applied with relative ease and no unphysical divergences are

encountered. The length-gauge approach highlights the role of the Berry connection

on electron dynamics. We will examine the connection elements in more detail in

more detail in Section 2.3.

We take our Hamiltonian to be composed of three parts,

H = Hsys +Henv +Hsys-env. (2.46)

Here, Hsys represents the Hamiltonian of the system, Henv represents the Hamilto-

nian of the environment, and Hsys-env represents the interaction between the system
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and its environment. We shall treat Hsys microscopically and treat Hsys-env in the

relaxation time approximation after tracing over the state space of Henv. The system

Hamiltonian is given by

Hsys = H0 +HL +He-ph, (2.47)

where

H0 =
p2

2m
+ V (r) (2.48)

is the bare Hamiltonian of biased bilayer graphene. Here, r and p are the position

and momentum operators and V (r) is the periodic potential of the crystal. In the

presence of external fields, the bare Hamiltonian becomes

H′0 =
(p− eA(r, t))2

2m
+ eΦ(r, t) + V (r) (2.49)

in the usual manner, where A(r, t) and Φ(r, t) are the vector and scalar potentials

and e = −|e| is the charge of an electron. Via a unitary transformation, H′0 may be

recast into the length gauge according to [65]

H′0 = H0 +HL, (2.50)

where HL = −eE(t) · r is the carrier-field interaction and where we have made

the dipole approximation A(r, t) ≈ A(t). The dipole approximation is valid for a

normally incident plane wave, given that the thickness of the graphene is much less

than the wavelength of the incident light. Here, E(t) is the external field at the

graphene which we treat classically and as a small perturbation. We include also
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the Fröhlich Hamiltonian He-ph that describes interactions between electrons and

phonons (more on this later). The environment Hamiltonian is given by

Henv = Hph +Himp + ..., (2.51)

where Hph represents the phonon Hamiltonian, Himp represents the impurity Hamil-

tonian, and where the ellipsis represents any other environmental contribution such

as defects, etc. Lastly,

Hsys-env = He-imp + ... (2.52)

accounts for interactions between the system and its environment. The precise form

of Henv and Hsys-env are unimportant as we shall work with a reduced density matrix

by tracing over the state space of Henv and approximating Hsys-env with decay terms.

We neglect electron-electron interactions at all times.

Assume that eigenstates of Henv are given by |χn〉 such that we may write

Henv |χn〉 = εn |χn〉 . (2.53)

We define the reduced density operator ρ to be

ρ = Tr{ρ̃} =
∑
n

〈χn| ρ̃ |χn〉 , (2.54)

where ρ̃ is the full density operator of the Hamiltonian H that obeys the Heisenberg

equation of motion

i~
dρ̃

dt
= [H, ρ̃] . (2.55)
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Taking the trace of Eq. (2.55) with respect to |χn〉 , one obtains

i~
dρ

dt
= [H0, ρ] + [HL, ρ] + [He-ph, ρ] + Tr

{
[Hsys-env, ρ̃]

}
, (2.56)

which gives the time evolution of the reduced density operator. We work in the basis

of the eigenstates of the unperturbed graphene Hamiltonian,

H0 |nk〉 = En(k) |nk〉 , (2.57)

where the |nk〉 are Bloch states for which n labels the energy band. Taking matrix

elements of Eq. (2.56), we obtain

i~
dρnm(k)

dt
δ(k− k′) = 〈nk| [H0, ρ] |mk′〉+ 〈nk| [HL, ρ] |mk′〉

+ 〈nk| [He-ph, ρ] |mk′〉+ 〈nk|Tr
{

[Hsys-env, ρ̃]
}
|mk′〉 , (2.58)

where we have defined ρnm(k) according to 〈nk| ρ |mk′〉 = ρnm(k)δ(k− k′). We are

assuming ρ to be a “simple” operator, in that its matrix elements are diagonal in k

[64]. Let us evaluate each term independently.

Beginning with H0,

〈nk| [H0, ρ] |mk′〉 = 〈nk|H0ρ |mk′〉 − 〈nk| ρH0 |mk′〉

= En(k) 〈nk| ρ |mk′〉 − Em(k′) 〈nk| ρ |mk′〉

= (En(k)− Em(k′)) ρnm(k)δ(k− k′). (2.59)
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Next, let’s do HL.

〈nk| [HL, ρ] |mk′〉 = −eE(t) · 〈nk| [r, ρ] |mk′〉 . (2.60)

Let us focus in on the matrix element of the position operator:

〈nk| [r, ρ] |mk′〉 = 〈nk| rρ |mk′〉 − 〈nk| ρr |mk′〉

=
∑
l,k′′

〈nk| r |lk′′〉 〈lk′′| ρ |mk′〉 − 〈nk| ρ |lk′′〉 〈lk′′| r |mk′〉

=
∑
l,k′′

rnl(k,k
′′)ρlm(k′′)δ(k′′ − k′)− ρnl(k)δ(k− k′′)rlm(k′′,k′)

=
∑
l

rnl(k,k
′)ρlm(k′)− ρnl(k)rlm(k,k′). (2.61)

Now according to Ref. [64],

rnm(k,k′) = 〈nk| r |mk′〉 = δ(k− k′)ξnm(k) + iδnm∇kδ(k− k′), (2.62)

where

ξnm(k) = i
(2π)2

Ω

∫
UC

d3ru∗nk(r)∇kumk(r) (2.63)
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is a connection element to be discussed in detail in Section 2.3. With this,

〈nk| [r, ρ] |mk′〉 =
∑
l

[δ(k− k′)ξnl(k) + iδnl∇kδ(k− k′)] ρlm(k′)

− ρnl(k) [δ(k− k′)ξlm(k) + iδlm∇kδ(k− k′)]

=
∑
l

δ(k− k′) [ξnl(k)ρlm(k′)− ξlm(k)ρnl(k)]

+ i∇kδ(k− k′) [ρnm(k′)− ρnm(k)] . (2.64)

The term proportional to the gradient of a delta function warrants further discussion.

Let us define

Q ≡ i∇kδ(k− k′) [ρnm(k′)− ρnm(k)] . (2.65)
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Let us multiply Q by a C1 test function ϕ(k,k′) and then integrate:

∫
dkQϕ(k,k′) = i

∫
dk∇kδ(k− k′)

[
ρnm(k)− ρnm(k′)

]
ϕ(k,k′)

= −i
∫
dk δ(k− k′)∇k

([
ρnm(k)− ρnm(k′)

]
ϕ(k,k′)

)
= −i

∫
dk δ(k− k′)

(
∇k

[
ρnm(k)− ρnm(k′)

]
ϕ(k,k′)

+
[
ρnm(k)− ρnm(k′)

]
∇kϕ(k,k′)

)
= −i

∫
dk δ(k− k′)∇kρnm(k)ϕ(k,k′)

− i
∫
dk δ(k− k′)

[
ρnm(k)− ρnm(k′)

]
∇kϕ(k,k′)

= −i
∫
dk δ(k− k′)∇kρnm(k)ϕ(k,k′)

− i
[
ρnm(k)− ρnm(k)

]
∇kϕ(k,k)

= −i
∫
dk δ(k− k′)∇kρnm(k)ϕ(k,k′). (2.66)

To the first line, we have applied the identity

∫
d

dx
δ(x− x′)f(x)dx = −

∫
δ(x− x′) d

dx
f(x)dx. (2.67)

To the second line, we have applied the chain rule. To the fourth line, we have

applied the action of a delta function under an integral, rendering the second term

zero. Comparing the intergrands of the first and final lines, we see that

i∇kδ(k− k′)
[
ρnm(k)− ρnm(k′)

]
ϕ(k,k′) = −iδ(k− k′)∇kρnm(k)ϕ(k,k′), (2.68)
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which implies that

i∇kδ(k− k′)
[
ρnm(k)− ρnm(k′)

]
= −iδ(k− k′)∇kρnm(k). (2.69)

Therefore,

〈nk| [HL, ρ] |mk′〉 = −eE(t) ·
∑
l

δ(k− k′) [ξnl(k)ρlm(k′)− ξlm(k)ρnl(k)]

+ iδ(k− k′)∇kρnm(k). (2.70)

Before we get to He-ph, let us first address the final term of Eq. (2.58). In the

simple relaxation time approximation, we put

i

~
〈nk|Tr

{
[Hsys-env, ρ̃]

}
|mk′〉 = γnm(k) [ρnm(k)− ρeq

nm(k)] δ(k− k′), (2.71)

where γnm(k) is a matrix of phenomenological decay rates and ρeq
nm(k) gives the

equilibrium value of the (n,m)th density matrix element. In this approximation,

the density matrix elements decay to their equilibrium value at a rate γnm(k) as

t → ∞. In principle, γnm(k) may be constant or k-dependent. For example, we

may put γcv(k) = 1/τ0, where τ0 is a phenomenological decoherence/dephasing time

determined by experiment. As a first approximation, we will initially neglect He-ph

and instead account for phonon scattering (and all other scattering sources) implicitly

through these phenomenological decay terms. Later, we will find it necessary to

improve upon this simplification and treat phonon scattering microscopically. This

will require us to calculate the matrix elements 〈nk| [He-ph, ρ] |mk′〉 . This calculation
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is quite involved, however, so we save the details for Section 2.4.

Eq. (2.58) may now be written

i~
dρnm(k)

dt
= (En(k)− Em(k′)) ρnm(k)− ieE(t) · ∇kρnm(k)

− eE(t) ·
∑
l

[ξnl(k)ρlm(k)− ξlm(k)ρnl(k)]

− i~γnm(k) [ρnm(k)− ρeq
nm(k)] , (2.72)

where we have taken k = k′ (if k 6= k′, we just get 0 = 0). Dividing both sides by

i~, and reordering some terms we obtain

dρnm(k)

dt
= −iωnm(k)ρnm(k)− e

~
E(t) · ∇kρnm(k)− γnm(k) [ρnm(k)− ρeq

nm(k)]

+ i
e

~
E(t) ·

∑
l

[ξnl(k)ρlm(k)− ξlm(k)ρnl(k)] , (2.73)

where ~ωnm(k) = En(k) − Em(k). Typically, we will neglect the second term on

the right-hand side in Eq. (2.73) on the grounds that it does not affect the carrier

density when calculated to second order in the electric field. Rather, this term simply

redistributes carriers within a band. Hereafter, we assume that the dynamics of the

system are well-described by the two lowest-energy bands, which we label {c, v}.

This approximation is valid when the frequency of the exciting field is sufficiently

small and when the initial conduction band population is sufficiently small. If either

of these assumptions are violated, we would need to account for transitions to and

from the higher-energy bands. Where appropriate, we will indicate the limits of this

approximation. Neglecting the carrier-redistribution term, we obtain explicitly for
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the conduction band population,

dρcc(k)

dt
= i

e

~
E(t) ·

[
ξcv(k)ρvc(k)− ξvc(k)ρcv(k)

]
− γcc(k)

[
ρcc(k)− ρeq

cc (k)
]
. (2.74)

The coherence between the conduction and valence band is, explicitly,

dρcv(k)

dt
= −iωcv(k)ρcv(k) + i

e

~
E(t) · ξcv(k)

[
ρvv(k)− ρcc(k)

]
+ i

e

~
E(t) · [ξcc(k)− ξvv(k)] ρcv(k)− γcv(k)

[
ρcv(k)− ρeq

cv(k)
]
. (2.75)

2.2.1 Density matrix perturbation theory

Next, we seek perturbative solutions to Eqs. (2.74) and (2.75) by letting E(t) →

λE(t) for λ� 1 and expanding ρnm(k) as a power series in λ. That is, we write

ρnm(k) = ρ(0)
nm(k) + λρ(1)

nm(k) + λ2ρ(2)
nm(k) + ... (2.76)

Equating terms of equal order in λ, we obtain the set of coupled equations

dρ
(2)
cc (k)

dt
= i

e

~
E(t) ·

[
ξcv(k)ρ(1)

vc (k)− ξvc(k)ρ(1)
cv (k)

]
− γcc(k)ρ(2)

cc (k), (2.77)

dρ
(1)
cv (k)

dt
= −iωcv(k)ρ(1)

cv (k) + i
e

~
E(t) · ξcv(k)

[
ρ(0)
vv (k)− ρ(0)

cc (k)
]

+ i
e

~
E(t) · [ξcc(k)− ξvv(k)] ρ(0)

cv (k)− γcv(k)ρ(1)
cv (k), (2.78)

dρ
(0)
cc (k)

dt
= −γcc(k)

[
ρ(0)
cc (k)− ρeq

cc (k)
]
, (2.79)

dρ
(0)
cv (k)

dt
= −iωcv(k)ρ(0)

cv (k)− γcv(k)
[
ρ(0)
cv (k)− ρeq

cv(k)
]
. (2.80)

40



With the initial conditions ρ
(0)
nm(k) = ρeq

nm(k) at t = −∞, one can show that ρ
(0)
nm(k) =

ρeq
nm(k) for all time. The general procedure for solving these equations is exemplified

below. Note that we assume ρeq
cv(k) = 0. Under this assumption, Eq. (2.78) reduces

to

dρ
(1)
cv (k)

dt
= −iωcv(k)ρ(1)

cv (k)+i
e

~
E(t)·ξcv(k)

[
ρ(0)
vv (k)−ρ(0)

cc (k)
]
−γcv(k)ρ(1)

cv (k). (2.81)

For clarity, let us suppress explicit k-dependence. We make the ansatz [66]

ρ(1)
cv = ρ̃(1)

cv e
−(iωcv+γcv)t, (2.82)

the derivative of which is

dρ
(1)
cv

dt
=
dρ̃

(1)
cv

dt
e−(iωcv+γcv)t − (iωcv + γcv) ρ̃

(1)
cv e
−(iωcv+γcv)t

=
dρ̃

(1)
cv

dt
e−(iωcv+γcv)t − (iωcv + γcv) ρ

(1)
cv . (2.83)

Note that ρ̃cv is just a new variable we have invented to solve the differential equation

and has nothing to do with the full density operator discussed above. Comparison

of Eq. (2.83) with Eq. (2.81) implies

dρ̃
(1)
cv

dt
e−(iωcv+γcv)t = i

e

~
E(t) · ξcv(k)

[
ρ(0)
vv − ρ(0)

cc

]
, (2.84)
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and therefore

ρ̃(1)
cv = i

e

~

∫ t

−∞
E(t′) · ξcv(k)

[
ρ(0)
vv − ρ(0)

cc

]
e(iωcv+γcv)t′dt′. (2.85)

Thus, from Eq. (2.82)

ρ(1)
cv = i

e

~
e−(iωcv+γcv)t

∫ t

−∞
E(t′) · ξcv(k)

[
ρ(0)
vv − ρ(0)

cc

]
e(iωcv+γcv)t′dt′. (2.86)

Similarly, one can show that

ρ(2)
cc = i

e

~
e−γcct

∫ t

−∞
E(t′) ·

[
ξcv(k)ρ(1)

vc − ξvc(k)ρ(1)
cv

]
eγcct

′
dt′. (2.87)

After specifying the form of the electric field, we can calculate the number of carriers

injected into the conduction band by summing over all occupied states:

N (2)(t) = 2
∑
k

ρ(2)
cc (k), (2.88)

where the factor of two accounts for spin degeneracy. In the macroscopic limit,

N (2)(t) = 2
A

(2π)2

∫
ρ(2)
cc (k) dk, (2.89)

where A is the area of the sample. The carrier density is then given by

n(2)(t) = 2
1

(2π)2

∫
ρ(2)
cc (k) dk. (2.90)
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2.3 Connection elements

In this section, we discuss the connection elements ξnm(k) encountered in Section

2.2 while deriving our density matrix equations of motion. When working in the

length gauge, we encounter matrix elements of the position operator. On one level,

the connection elements simply result from the evaluation of dipole matrix elements

between Bloch states. However, they need to be treated very carefully as has been

discussed by Aversa and Sipe [64]. We lean heavily on their formalism in this chapter.

When n 6= m, we refer to ξnm(k) as the interband connection element. It is this

matrix element that is responsible for interband transitions. When n = m, we refer

to ξnn(k) as the intraband matrix element. Both the inter- and intraband connection

elements are functions purely of the electronic wavefunctions.

The interband connection element ξnm(k) in particular will play a key role in

the remainder of this thesis. The term responsible for interband transitions in the

equations of motion is proportional to the scalar product of the electric field and

the interband connection elements, ξnm(k) · E(t). In Chapter 3 we will show how

the form of ξnm(k) leads directly to valley polarization in biased bilayer graphene.

A single sign difference in the azimuthal component of the interband connection

elements distinguishes the K and K ′ valleys. It is this difference in sign that leads

to a cancellation of the carrier-field interaction when the field is circularly polarized.

The intraband connection element ξnn(k) is more widely known as the Berry

connection of the nth band, its curl yielding the Berry curvature. As we discussed in

the introduction, a nonzero Berry curvature causes electrons in the K and K ′ valleys

acquire an equal and opposite anomalous velocity perpendicular to the direction of
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an applied electric field. The Berry connection does not enter into our equations of

motion when solved up to second order in the electric field (one must go to third

order to see Berry curvature effects). However, the Berry curvature will enter our

calculation of the intraband current density in Chapter 5. There, we will see that

a sizeable contribution to the current arises from the nonzero Berry curvature if

the system is valley polarized. Interestingly, the connection elements were described

at least as early as 1962 by Blount [67] who receives little to no credit for Berry’s

seminal work in 1984.

Consider the matrix element of the position operator in the Bloch basis,

〈nk|r|mk′〉 =

∫
d3rΨ∗nk(r)rΨmk′(r) =

∫
d3rei(k

′−k)·ru∗nk(r)rumk′(r). (2.91)

Now, observe that

∇k′

∫
d3rei(k

′−k)·ru∗nk(r)umk′(r) = i

∫
d3rei(k

′−k)·ru∗nk(r)rumk′(r)

+

∫
d3rei(k

′−k)·ru∗nk(r)∇k′umk′(r). (2.92)

The first term on the right-hand side is equal to i〈nk|r|mk′〉. Rearranging, we may

write

〈nk|r|mk′〉 = i

∫
d3rei(k

′−k)·ru∗nk(r)∇k′umk′(r)− i∇k′

∫
d3rei(k

′−k)·ru∗nk(r)umk′(r).

(2.93)

Let us examine each term independently, beginning with the second term on the
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right-hand side. From Eq. (2.40), we have that

∫
d3rei(k

′−k)·ru∗nk(r)umk′(r) = δ(k− k′)δnm, (2.94)

and so, the second term on the right-hand side of Eq. (2.93) becomes

−iδnm∇k′δ(k− k′) = iδnm∇kδ(k− k′), (2.95)

since ∂
∂x
δ(x−x′) = − ∂

∂x′
δ(x−x′). Next, let’s look at the first term on the right-hand

side of Eq. (2.93). One can show that both e−ik·ru∗nk(r) and eik
′·r∇k′unk′(r) satisfy

Bloch’s theorem. Therefore, we may replace the integral over the entire crystal with

a sum of integrals over unit cells. Thus, we have that

i

∫
d3rei(k

′−k)·ru∗nk(r)∇k′umk′(r) = i
∑
R

e−i(k−k
′)·R
∫

UC

d3rei(k
′−k)·ru∗nk(r)∇k′umk′(r)

= i
(2π)2

Ω
δ(k− k′)

∫
UC

d3rei(k
′−k)·ru∗nk(r)∇k′umk′(r)

= i
(2π)2

Ω
δ(k− k′)

∫
UC

d3ru∗nk(r)∇kumk(r)

= δ(k− k′)ξnm(k), (2.96)

where we have defined

ξnm(k) = i
(2π)2

Ω

∫
UC

d3ru∗nk(r)∇kumk(r). (2.97)

With this definition, we may write the matrix elements of the position operator as
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simply [64, 67]

〈nk|r|mk′〉 = δ(k− k′)ξnm(k) + iδnm∇kδ(k− k′). (2.98)

The quantity ξnm(k) is just the familiar Berry connection. Typically, the Berry

connection is defined for a single band ξnn(k). Our definition gives us the freedom

to consider interband connection elements as well.

2.3.1 Normalization

The prefactor of (2π)2/Ω in Eq. (2.97) is simply a result of our normalization con-

vention. In Eq. (2.31), we chose to normalize our wavefunctions according to

∫
d3r Ψ∗nk(r)Ψmk′(r) = δnmδ(k− k′),

which yielded ∫
UC

d3ru∗nk(r)umk(r) =
Ω

(2π)2
δnm

for the cell-periodic functions and consequently the prefactor of (2π)2/Ω in Eq.

(2.97). Often, the wavefunctions are instead normalized according to

∫
d3r Ψ∗nk(r)Ψmk′(r) =

(2π)2

Ω
δnmδ(k− k′),

such that ∫
UC

d3ru∗nk(r)umk(r) = δnm
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and consequently

ξnm(k) = i

∫
UC

d3ru∗nk(r)∇kumk(r)

for the Berry connection, which is the standard result.

2.3.2 Interband connection elements

In this section we calculate the interband connection elements using Eq. (2.97). We

require gradients of the cell-periodic functions unk(r), which are given explicitly by

unk(r) = An(k)
∑
i

∑
R

Ci
n(k)φ(r−Ri)e

ik·(R−r). (2.99)

By the product rule,

∇kunk(r) = (∇kAn(k))
unk(r)

An(k)︸ ︷︷ ︸
T0

+ An(k)
∑
i

∑
R

(
∇kC

i
n(k)

)
φ(r−Ri)e

ik·(R−r)

︸ ︷︷ ︸
T1

+ An(k)
∑
i

∑
R

Ci
n(k)φ(r−Ri)i (R− r) eik·(R−r).︸ ︷︷ ︸

T2

(2.100)

We will calculate separately the contribution to Eq. (2.97) from each of the three

terms T0, T1, and T2. For interband connection elements, that is for n 6= m, term T0
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will vanish upon integration since

∫
UC

d3ru∗nk(r)umk(r) ∝ δnm. (2.101)

For T1 we must work out

∫
UC

d3ru∗nk(r)T1 =

∫
d3ru∗nk(r)Am(k)

∑
i

∑
R

(
∇kC

i
m(k)

)
φ(r−Ri)e

ik·(R−r)

= A∗n(k)Am(k)
∑
i,j

∑
R,R′

Cj∗
n (k)

(
∇kC

i
m(k)

)
eik·(R−R

′)

×
∫

UC

d3rφ(r−R′j)φ(r−Ri), (2.102)

where we note that the 2pz orbitals φ(r) are real. We now make the following two

assumptions: 1) the dominant contribution to the sum comes from the overlap of

identical atoms in the same cell, that is, for R = R′, and 2) the overlap between in-

equivalent atoms in the same cell is zero, that is, we take i = j. In this approximation,

∫
UC

d3ru∗nk(r)T1 = A∗n(k)Am(k)
∑
i

∑
R

Ci∗
n (k)

(
∇kC

i
m(k)

) ∫
UC

d3rφ2(r−Ri).

(2.103)

Since the integration is only over a unit cell, for each ri we include only the R that

leave you on top of an atom inside the unit cell. The only contribution to this sum

is from R = 0. Thus, term T1 contributes

∫
UC

d3ru∗nk(r)T1 = A∗n(k)Am(k)
∑
i

Ci∗
n (k)

(
∇kC

i
m(k)

) ∫
UC

d3rφ2(r− ri). (2.104)
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Now, let r′i = r− ri. Then d3r′i = d3r and

∫
UC

d3ru∗nk(r)T1 = A∗n(k)Am(k)
∑
i

Ci∗
n (k)

(
∇kC

i
m(k)

) ∫
UC

d3r′i φ
2(r′i)

= A∗n(k)Am(k)
∑
i

Ci∗
n (k)

(
∇kC

i
m(k)

)
. (2.105)

Next, let us work out the contribution from term T2,

∫
UC

d3ru∗nk(r)T2 =

∫
UC

d3ru∗nk(r)Am(k)
∑
i

∑
R

Ci
m(k)φ(r−Ri)i (R− r) eik·(R−r)

= iA∗n(k)Am(k)
∑
i,j

∑
R,R′

Cj∗
n (k)Ci

m(k)eik·(R−R
′)

×
∫

UC

d3r (R− r)φ(r−R′j)φ(r−Ri). (2.106)

Again, we assume the dominant contribution to the sum comes from R = R′ and

i = j. Thus,

∫
UC

d3ru∗nk(r)T2 = iA∗n(k)Am(k)
∑
i

∑
R

Ci∗
n (k)Ci

m(k)

×
{

R

∫
UC

d3rφ2(r−Ri)−
∫

UC

d3r rφ2(r−Ri)

}
. (2.107)

Again, the only contribution that leaves us in the unit cell comes from R = 0, and

so the first integral vanishes. Thus,

∫
UC

d3ru∗nk(r)T2 = −iA∗n(k)Am(k)
∑
i

Ci∗
n (k)Ci

m(k)

∫
UC

d3r rφ2(r− ri). (2.108)
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Letting r′i = r− ri,

∫
UC

d3ru∗nk(r)T2 = −iA∗n(k)Am(k)
∑
i

Ci∗
n (k)Ci

m(k)

∫
UC

d3r (r′i + ri)φ
2(r′i)

= −iA∗n(k)Am(k)
∑
i

Ci∗
n (k)Ci

m(k)

×
{∫

UC

d3r′i r
′
iφ

2(r′i) + ri

∫
UC

d3r′i φ
2(r′i)

}
. (2.109)

The first integral here vanishes because the integrand is a product of a symmetric

and an antisymmetric function, while the second integral evaluates to unity. Thus,

the contribution from the T2 term is

∫
UC

d3ru∗nk(r)T2 = −iA∗n(k)Am(k)
∑
i

Ci∗
n (k)Ci

m(k)ri. (2.110)

Putting it all together, we have, for the interband connection elements,

ξnm(k) = i
(2π)2

Ω

∫
UC

d3ru∗nk(r) (T0 + T1 + T2)

= i
(2π)2

Ω

(
A∗n(k)Am(k)

∑
i

Ci∗
n (k)

(
∇kC

i
m(k)

)
− iA∗n(k)Am(k)

∑
i

Ci∗
n (k)Ci

m(k)ri

)

= i
(2π)2

Ω
A∗n(k)Am(k)

∑
i

(
Ci∗
n (k)∇kC

i
m(k)− iriCi∗

n (k)Ci
m(k)

)
. (2.111)
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In this thesis, we typically neglect the contribution from term T2 for reasons discussed

in Appendix A. In this approximation,

ξnm(k) = i
(2π)2

Ω
A∗n(k)Am(k)

∑
i

Ci∗
n (k)∇kC

i
m(k). (2.112)

2.3.3 Intraband connection elements

For intraband connection elements, that is, for n = m, term T0 does not vanish.

Rather,

i
(2π)2

Ω

∫
UC

d3ru∗nk(r)T0 = i
(2π)2

Ω

∇kAm(k)

Am(k)

∫
UC

d3ru∗nk(r)umk(r)

= i
∇kAm(k)

Am(k)
δnm, (2.113)

where we have used Eq. (2.45). From Eq. (2.37) for An(k), one can show that

∇kAm(k)

Am(k)
= −1

2

∑
i∇kC

i∗
m(k)Ci

m(k) + Ci∗
m(k)∇kC

i
m(k)∑

i |Ci
m(k)|2

. (2.114)

Now, the derivations for terms T1 and T2 above also hold for intraband connection

elements. If we again neglect T2,

ξnm(k) = i
∇kAm(k)

Am(k)
δnm + i

(2π)2

Ω
A∗n(k)Am(k)

∑
i

Ci∗
n (k)∇kC

i
m(k). (2.115)
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For n = m,

ξnn(k) = i
∇kAn(k)

An(k)
+ i

(2π)2

Ω
|An(k)|2

∑
i

Ci∗
n (k)∇kC

i
n(k)

= − i
2

∑
i∇kC

i∗
n (k)Ci

n(k) + Ci∗
n (k)∇kC

i
n(k)∑

i |Ci
n(k)|2

+ i

∑
iC

i∗
n (k)∇kC

i
n(k)∑

i |Ci
n(k)|2

=
i

2

∑
iC

i∗
n (k)∇kC

i
n(k)−∇kC

i∗
n (k)Ci

n(k)∑
i |Ci

n(k)|2
. (2.116)

2.4 Scattering

In Section 2.2 we encountered the electron-phonon interaction Hamiltonian He-ph

during our derivation of the density matrix equations of motion. There we neglected

this term, choosing instead to absorb any electron-phonon scattering into the phe-

nomenological decay rates. In Chapter 3, we will begin our analysis by taking these

phenomenological decay rates to be constants that represent an average scattering

rate across all energies. This simplistic approach will prove useful for capturing the

basic physics of valley polarization. However, scattering is energy dependent and it

is in principle desirable to go beyond this approximation.

After a short period of rapid thermalization (due primarily to electron-electron

interactions), optically-excited carriers in biased bilayer graphene decay primarily

due to optical-phonon emission. Optical phonons are capable of assisting in inter-

valley transitions. In this process, excited carriers are scattered between the K and

K ′ valleys. We will see that this process has significant consequences for the val-

ley polarization. To capture this process, we move to a microscopic treatment of
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electron-phonon scattering using the formalism described in Ref. [68]. The deriva-

tion is sketched out below, but for details please consult the original source.

We work in the second-quantized formalism, defining the reduced density matrix

ρcc(k) = 〈a†c(k)ac(k)〉, where ac(k) (a†c(k)) creates (annihilates) an electron in the

conduction band with momentum k. The first-quantized density matrix we have been

working with for most of this chapter is equivalent to this second-quantized density

matrix because their matrix elements are equivalent [69]. The Fröhlich Hamiltonian

is

He-ph =
∑
k,q

[
gkccqj a

†
c(k + q)ac(k)bj(q) +

(
gkccqj

)∗
a†c(k)ac(k + q)b†j(q)

]
, (2.117)

where bj(q) (b†j(q)) creates (annihilates) a phonon in the jth mode with momentum

q, and gkccqj is the electron-phonon coupling element whose form follows from ma-

trix elements of the derivative of the Kohn-Sham potential with respect to phonon

displacement for small momenta [68]. gkccqj connects the electronic states |ck〉 and

|ck + q〉 with a phonon of momentum q in the jth mode. After some algebra, the

required the matrix element is

〈 [
He-ph, a

†
c(k)ac(k

] 〉
=
∑
q

[
gkccqj S

ccj
k+q,k,q +

(
gk−qccqj

)∗ (
Sccjk,k−q,q

)∗
−gk−qccqj Sccjk,k−q,q −

(
gkccqj

)∗ (
Sccjk+q,k,q

)∗]
, (2.118)
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where we have defined

Sccjk+q,k,q =
〈
a†c(k + q)ac(k)bj(q)

〉
,(

Sccjk+q,k,q

)∗
=
〈
a†c(k)ac(k + q)b†j(q)

〉
. (2.119)

Sccjk+q,k,q obeys its own Heisenberg equation of motion, which can be solved up to

the second-order Born-Markov approximation. Neglecting phonon coherences, terms

involving two interactions, and making the random-phase approximation, one obtains

Sccjk+q,k,q = −iπδ [Ec(k + q)− Ec(k)− ~ωj(q)]

×
(
gkccqj

)∗ {
(nj(q) + 1) ρcc(k + q) [1− ρcc(k)]

− nj(q)ρcc(k) [1− ρcc(k + q)]
}
, (2.120)

where ~ωj is the energy of a phonon in the jth mode, and where we have defined

nj(q) =
〈
b†j(q)bj(q)

〉
. Using Eq. (2.120) in (2.118), one can show that

− i
~

〈 [
He-ph, a

†
c(k)ac(k)

] 〉
= Γout

cj (k)ρcc(k)− Γin
cj(k) [1− ρcc(k)] , (2.121)
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where we have defined

Γout
cj (k) =

2π

~
∑
q

{∣∣gkccqj

∣∣2 [1− ρcc(k + q)]nj(q)δ [Ec(k + q)− Ec(k)− ~ωj(q)]

+
∣∣∣gk−qccqj

∣∣∣2 [1− ρcc(k− q)] (nj(q) + 1) δ [Ec(k)− Ec(k− q)− ~ωj(q)]

}
,

(2.122)

Γin
cj(k) =

2π

~
∑
q

{∣∣gkccqj

∣∣2 ρcc(k + q) (nj(q) + 1) δ [Ec(k + q)− Ec(k)− ~ωj(q)]

+
∣∣∣gk−qccqj

∣∣∣2 ρcc(k− q)nj(q)δ [Ec(k)− Ec(k− q)− ~ωj(q)]

}
. (2.123)

Here, the terms proportional to (nj(q) + 1) correspond to phonon emission, and

the terms proportional to just nj(q) correspond to phonon absorption. The super-

scripts “in” and “out” refer to scattering processes “in” and “out” of the conduction

band. Observe that Γout
cj (k) appears analogously to the phenomenological scattering

rates γnm(k) described in Section 2.2. In Appendix B, we simplify and approximate

Eqs. (2.122) and (2.123) into a form amenable to numeric calculations based on the

properties of biased bilayer graphene.
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Chapter 3

Optically-induced Valley Polarization

Electrons in graphene can be classified according to which of the two valleys they

occupy in the electronic band structure, either K or K ′. A valley polarization is an

imbalance in the electron population between the two valleys. Achieving a valley

polarization is a crucial first step for any valleytronic device. It is difficult to design

valleytronic devices based on monolayer graphene because 1) graphene has no band

gap and 2) the valleys exhibit zero Berry curvature. Bilayer graphene addresses

both of these concerns. By placing an external bias across the two graphene layers,

inversion symmetry is broken. This has the effect of 1) opening a band gap 2)

allowing the K and K ′ valleys to become distinguishable from one another by the sign

of their Berry curvature. Crucially, the valleys then become selectively addressable

by an external optical field. Circularly-polarized light may be used to preferentially

inject carriers into the K or K ′ valleys. Right-hand circularly-polarized light couples

strongly to the K valley, while light of the opposite helicity couples strongly to K ′.

This chapter is based largely on our recent publication in Physical Review B [70].

Using the machinery developed in Chapter 2, we consider biased bilayer graphene
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interacting with a right-hand circularly-polarized Gaussian pulse. The pulse excites

carriers predominantly in the K valley, inducing a valley polarization. We seek to

optimize the valley polarization with respect to several system parameters and in

doing so, shed light on the origin of valley polarization in biased bilayer graphene.

Our key findings are as follows. At zero temperature, and in the absence of scat-

tering, we find that a near-perfect (> 98%) valley polarization can be achieved with

the proper choice of external bias and centre frequency of the exciting pulse. The

optimal operating frequency ω is found to satisfy ~ω = 2a, where 2a is the potential

energy difference between the graphene layers. However, intervalley scattering and

thermal effects complicate this simple result. We find that intervalley scattering via

optical phonons significantly reduces the valley polarization when operating at high

frequencies. Fortunately, intervalley scattering does not reduce the valley polariza-

tion in the optimal operating regime. We find that thermal populations significantly

reduce the valley polarization when the external bias is small. At room temperature,

the maximum obtainable valley polarization is just 70%. However, at temperatures

below 150 K (well above liquid nitrogen), the valley polarization remains large (97%).

This chapter is organized as follows. In Section 3.1, we present our theoretical

model. We construct the graphene Hamiltonian and solve for the energy bands and

eigenstates. We then develop our density matrix equations of motion, solving them

perturbatively for excitation by circularly-polarized light. In Section 3.2, we study

the resulting valley polarization, primarily as a function of the centre frequency of

the exciting pulse and of the external bias between the graphene layers. We begin

in Section 3.2.1 by considering an idealized scenario at low temperatures and in
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the absence of scattering. In Section 3.2.2, we introduce intervalley scattering into

our calculations. In Section 3.2.3, we consider the effects of the pulse duration and

decoherence time. In Section 3.2.4, we introduce a thermal background of electrons

that will be present in both the K and K ′ valleys to determine its effect on the

valley polarization. The results developed in this chapter will be used in Chapter

5 to calculate the induced conductivity that results from our preferential carrier

injection scheme.

3.1 Theory

In this section, we apply the theoretical framework developed in Chapter 2. We em-

ploy a four-band nearest-neighbour tight-binding model to calculate the low-energy

electron bands and Bloch eigenstates. In Chapter 4, we will compare this approach

to an effective two-band model, finding the two-band model to be insufficient beyond

small biases. We perturb the system with an optical field, treating the interaction

within the length gauge. We develop density matrix equations of motion and solve

them up to second order. We calculate the electron populations in the K and K ′

valleys that result from the linear absorption of a circularly-polarized Gaussian pulse.

3.1.1 Tight-binding

We use as our basis the single-atom Bloch functions

Φi(k, r) =
∑
R

eik·Rφ(r−Ri), (3.1)
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Figure 3.1: Bilayer graphene lattice. The A1 and B1 atoms are in the top layer at
energy +a (black), while the A2 and B2 atoms are in the bottom layer at energy −a
(white).

where k is the Bloch wave vector, r is the position vector, and φ(r) is a carbon 2pz

orbital [16]. The sum is over the N different unit cells, and Ri ≡ R + ri, where R is

a Bravais lattice vector and ri is a basis vector, which denotes the position of one of

the four atoms in the unit cell. Following the coordinate conventions of Ref. [71], we

have rA1 = dẑ, rB1 = a0x̂ + dẑ, rA2 = −a0x̂ − dẑ, and rB2 = −dẑ, where a0 = 1.42

Å is the interatomic distance, and 2d is the interlayer spacing (see Fig. 3.1).
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Using these basis states, we construct our eigenstates

Ψnk(r) = 〈r|nk〉 = An(k)
∑
i

Ci
n(k)Φi(k, r), (3.2)

where An(k) is a normalization factor, the Ci
n(k) are expansion coefficients, i indexes

the atoms, and n labels the band. In the basis i = {A1, B1, A2, B2}, including

hopping between nearest-neighbours within each layer, and between the overlapping

A1 and B2 atoms in opposite layers, we obtain the nearest-neighbour tight-binding

Hamiltonian [16]

H0 =



a f(k)t‖ 0 t⊥

f ∗(k)t‖ a 0 0

0 0 −a f(k)t‖

t⊥ 0 f ∗(k)t‖ −a


, (3.3)

where (by convention) 2a ≥ 0 is the potential energy difference between the graphene

layers, and where t‖ = 3.3 eV and t⊥ = 0.42 eV are, respectively, the intra- and

inter-layer hopping energies [40]. The function f(k) = 1 + e−ik·a1 + e−ik·a2 describes

hopping between nearest-neighbour sites, where a1 = a0(3x̂ +
√

3ŷ)/2 and a2 =

a0(3x̂−
√

3ŷ)/2 are the primitive translation vectors (see Fig. 3.1). In what follows,

we will focus on the dynamics in the vicinities of the Dirac points K = 4πŷ/3
√

3a0

and K′ = −4πŷ/3
√

3a0. To obtain the Hamiltonian for electrons close to these

points, we expand f(k) about K and K′ and obtain f(k) ≈ i3
2
a0ke

±iθk , with the

plus and minus signs corresponding to the K and K ′ valleys, respectively. Note that
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we have transformed to a polar coordinate system with origin at K or K′, where

k = |k| = (k2
x+k2

y)
1/2, and θk is the angle k makes with the kx axis. The function f(k)

may also be expressed in terms of the graphene Fermi velocity vf = 3a0t‖/2~ ≈ 106

m s−1 according to f(k) = i~vfke±iθk/t‖.

Neglecting overlap between inequivalent atoms, we solve for the energies En(k)

and eigenvectors Ψnk(r) of H0. The dynamics of the system will be studied using

only the two lowest-energy bands whose (dimensionless) energies are given by [52]

Ẽn(k) = Ẽn(k) = ±
√
t̃2|f(k)|2 + ã2 +

1

2
− ε̃(k), (3.4)

where Ẽn(k) ≡ En(k)/t⊥, where n = {c, v} labels the conduction band and valence

band, and where we have introduced the dimensionless quantities ã ≡ a/t⊥, t̃ ≡

t‖/t⊥, and ε̃(k) ≡ ((4ã2 + 1)t̃2|f(k)|2 + 1/4)1/2. The conduction and valence bands

are shown in Fig. 3.2 for four different biases. The energy bands are isotropic

in-plane, but we show the bands reflected across the k = 0 axis to emphasize the

symmetry. The dispersion is electron-hole symmetric. At the Dirac points (k = 0),

Ec(k) = a and Ev(k) = −a. The band gap for a particular bias a is given by [16]

∆E(a) =
2at⊥√

4a2 + t2⊥
, (3.5)

which occurs at momentum

kgap =
2a

3a0t‖

√
4a2 + 2t2⊥
4a2 + t2⊥

. (3.6)
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Figure 3.2: The conduction and valence band energies as a function of k for four
different biases a. From darkest to lightest, a = 0, 100, 200, and 300 meV. For com-
parison, the intersecting dashed lines are the energy bands of monolayer graphene.

The expansion coefficients of Ψnk(r) are

CA1
n (k) = Ẽn(k)− ã,

CB1
n (k) = t̃f ∗(k),

CA2
n (k) =

CB2
n (k)

(
CB1
n (k)

)∗
Ẽn(k) + ã

,

CB2
n (k) =

(
CA1
n (k)

)2 −
∣∣CB1

n (k)
∣∣2. (3.7)
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3.1.2 Connection elements

We treat the carrier-field interaction using the length gauge Hamiltonian HL =

−eE(t) · r, where e = −|e| is the electron charge, E(t) is the (classical) electric field

of the optical pulse at the graphene, and r is the electron position operator. The

density matrix equations of motion we will derive in the following section require

matrix elements of r. Following Blount [67], we have

〈nk|r|mk′〉 = iδnm∇kδ(k− k′) + δ(k− k′)ξnm(k), (3.8)

where we have defined the connection elements

ξnm(k) ≡ i
(2π)2

Ω

∫
UC

d3ru∗nk(r)∇kumk(r), (3.9)

where Ω is the area of a real-space unit cell (UC), and the integration is over Ω, and

over −∞ < z < ∞ perpendicular to the plane. The cell-periodic function unk(r) is

defined by

Ψnk(r) = eik·runk(r). (3.10)

Imposing orthonormality on Ψnk(r), we obtain

∫
UC

d3ru∗nk(r)umk(r) =
Ω

(2π)2
δnm, (3.11)
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and, in the nearest-neighbour tight-binding approximation, the normalization factor

An(k) =

√
Ω

2π

(∑
i

∣∣Ci
n(k)

∣∣2)−1/2

. (3.12)

The connection element for transitions between the conduction band and valence

band is 1

ξcv(k) = i
(2π)2

Ω
A∗c(k)Av(k)

∑
i

(
Ci∗
c (k)∇kC

i
v(k)− iriCi∗

c (k)Ci
v(k)

)
. (3.13)

We give the necessary gradients required to compute ξcv(k) in Appendix C. In what

follows, we neglect the term proportional to ri in Eq. (3.13), as we neglect terms of

similar magnitude when we expand f(k) to first order in k about the Dirac points.

For more details on this approximation, see Appendix A. Equation (3.13) can be

evaluated analytically, but as the expression is very long we do not present it here

explicitly. We find that when f(k) is taken to first order, the connection element

takes the form

ξcv(k) = iA(a, k)k̂±B(a, k)θ̂k, (3.14)

where k̂ and θ̂k are the standard unit vectors in our polar coordinate system, and

where the plus and minus signs correspond to the K and K ′ valleys, respectively.

Here, A and B are real, positive functions that depend only on the magnitude of k

and the external bias a. Although ξcv(k) depends on the choice of gauge (i.e., the k-

dependent phase of the Bloch eigenstates |nk〉), the action of a gauge transformation

1Intraband connection elements, i.e., ξnn(k), will have an extra term within the summation
proportional to the gradient of the normalization factor An(k)
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Figure 3.3: The connection element functions A (dark) and B (light) as a function
of k for a = 100 meV.

is to simply multiply ξcv(k) by an overall phase factor [67], rendering the magnitudes

of A and B, as well as the ratio A/B, gauge-invariant quantities. We plot A and B

as functions of k in Fig. 3.3 for an example bias of a = 100 meV. As can be seen,

A = B = 0 at k = 0 (i.e., at the Dirac points) 2. Besides k = 0, there is second k

for which A = B, whose value depends on the external bias. In the large-k limit,

B ∼ 1/k, just as it does in monolayer graphene [72]. Biased bilayer graphene is

unlike monolayer graphene or unbiased bilayer graphene (a = 0) in that A is nonzero

[71–73]. In the limit of large k, A ∼ 1/k3. Under a → −a, A is unchanged but

B → −B. We will return these functions in Section 3.2 when we discuss the results

2B = 0 at k = 0 only when a is nonzero. If a = 0, B →∞ at k = 0.
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of our calculations. As we shall see, it is the nonvanishing of A, and the crucial

sign difference between the K and K ′ valleys that unlocks the possibility of valley

polarization.

3.1.3 Equations of motion

The Heisenberg equations of motion for the reduced density operator ρ in the basis

of Bloch states |nk〉 in the relaxation time approximation are [64, 72]

dρnm(k)

dt
= −iωnm(k)ρnm(k)− e

~
E(t) · ∇kρnm(k)

+ i
e

~
E(t) ·

∑
l

[ξnl(k)ρlm(k)− ξlm(k)ρnl(k)]

− γnm(k) [ρnm(k)− ρeq
nm(k)] , (3.15)

where ~ωnm(k) ≡ En(k) − Em(k), ρeq
nm(k) = ρeq

nn(k)δnm is the equilibrium density

matrix, and γnm(k) is a matrix of scattering rates. If n = m, we refer to γnm(k)

as the intraband scattering rate. If n 6= m, we refer to γnm(k) as the interband

decoherence rate. We allow for the γnm(k) to be in principle k-dependent but will

save our discussion of these quantities for Section 3.2. Using first-order perturbation

theory, we solve Eq. (3.15) subject to the initial conditions


ρeq
nn(k) = fn(k)

at t = −∞,

ρ
(1)
nm(k) = 0

(3.16)
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where fn(k) = fn(k) is the Fermi-Dirac distribution. To zeroth order we obtain

ρ
(0)
nm(k) = fn(k)δnm. Using standard techniques, the first-order result for the off-

diagonal density matrix element at time t is found to be

ρ(1)
cv (k) = e−(iωcv(k)+γcv(k))t

∫ t

−∞
i
e

~
E(t′) · ξcv(k)

[
fv(k)− fc(k)

]
e(iωcv(k)+γcv(k))t′dt′.

(3.17)

We are interested in the total electron populations around the K and K ′ valleys,

not the k-space distributions. Therefore, when calculating the populations to second

order, we neglect the second term in Eq. (3.15) because this term simply redistributes

carrier momentum within each valley. We find that the second-order contribution to

the conduction band population is

ρ(2)
cc (k) = e−γcc(k)t

∫ t

−∞
i
e

~
E(t′) ·

[
ξcv(k)ρ(1)

vc (k)− ξvc(k)ρ(1)
cv (k)

]
eγcc(k)t′dt′, (3.18)

where ξvc(k) = ξ∗cv(k). Although ξnm(k) is gauge-dependent, ρ
(1)
mn(k) transforms in

the opposite sense and so the product ξnm(k)ρ
(1)
mn(k) is gauge-invariant (see Appendix

D). The mth-order contribution to the carrier density in the conduction band about

each Dirac point is given by

n
(m)
V (t) =

2

(2π)2

∫
ρ(m)
cc (k) d2k, (3.19)

where V = {K,K ′} labels the valley, the factor of two accounts for spin degener-

acy, and the integration is only in the vicinity of the particular Dirac point. The
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zeroth-order contribution gives the thermal carrier density, while the second-order

contribution gives the injected carrier density.

3.1.4 Calculating the injected carrier density

To evaluate the injected carrier density, we must specify the electric field of the

optical pulse. It is well known that a valley polarization can be induced in biased

bilayer graphene using circularly-polarized light [32]. In Appendix E, we discuss the

possibility of using light of a more general elliptical polarization, but here we limit

our discussion to circularly-polarized light as we find circularly-polarized light to

always be optimal. We take E(t) to be a right-hand circularly-polarized Gaussian

pulse with centre frequency ω, amplitude E0, and pulse duration tp. Thus,

E(t) = E(t)
(
x̂ + iŷ

)
e−iωt + c.c., (3.20)

where E(t) = E0e
−t2/t2p . Given the form of the connection element [Eq. (3.14)], it

will be convenient to express the field in the local k-space coordinate system. Taking

the origin to be either K or K′,

E(t) = E(t)
(
k̂ + iθ̂k

)
e−i(ωt−θk) + c.c. (3.21)
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With Eqs. (3.18) and (3.19), one has, for the injected carrier density,

n
(2)
V (t) =

2

(2π)2

∫ ∞
0

k dk

∫ 2π

0

dθk e
−γcc(k)t

∫ t

−∞
dt′ (3.22)

× i e
~

E(t′) ·
[
ξcv(k)ρ(1)

vc (k)− ξvc(k)ρ(1)
cv (k)

]
eγcc(k)t′ .

Since the energy bands are isotropic, we assume that the scattering rates are as

well so that we may write γnm(k) = γnm(k). We may then pull e−γcc(k)t through

the angular integral, and then interchange the order of the temporal and angular

integration. Performing the angular integral first, one can show (after significant

work)

n
(2)
V (t) =

2

(2π)2
π3/2 e

2

~2
E2

0tp

∫ ∞
0

k dk e−γcct
∫ t

−∞
dt′

×
[
(A±B)2

(
erf

(
t′

tp
+ λ−

)
+ 1

)
exp

(
λ2
− +

t′

tp
δ− −

t′ 2

t2p

)
+ (A∓B)2

(
erf

(
t′

tp
+ λ+

)
+ 1

)
exp

(
λ2

+ +
t′

tp
δ+ −

t′ 2

t2p

)]
+ c.c., (3.23)

where we have suppressed explicit k-dependence, and where the upper and lower

operations correspond to the K and K ′ valleys, respectively. The Greek letters

represent the quantities

λ∓ ≡ −
tp
2

(γcv + i(ωcv ∓ ω)) , (3.24)

δ∓ ≡ 2λ∓ + γcctp, (3.25)

where the subscripts indicate whether the term is resonant (−) or anti-resonant (+)
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with the optical field.

We are faced with the following integral:

J(t) =

∫ t

−∞
dt′
(

erf

(
t′

tp
+ λ

)
+ 1

)
exp

(
λ2 +

t′

tp
δ − t′ 2

t2p

)
. (3.26)

Making the replacement η = t′/tp+λ, and completing the square in the exponential,

Eq. (3.26) may be re-expressed as

J(t) = tp exp(β)

∫ t/tp+λ

−∞+λ

dη (erf (η) + 1) exp
(
−(η + c)2

)
, (3.27)

where

β ≡ λ2 +
1

4
δ2,

c ≡ −λ− 1

2
δ. (3.28)

To the best of our knowledge, the integral in Eq. (3.27) cannot be performed ana-

lytically. However, an analytic result is provided by Ref. [74] in the limit t → ∞.

We find

J(t→∞) =
√
π tp exp(β) erfc

(
c√
2

)
. (3.29)

Although λ is in general complex, the integral in Eq. (3.27) bounded by (−∞,∞)

is equivalent to a complex-shifted integral bounded by (−∞+ iγ,∞+ iγ) for some

real γ. Proof: By Cauchy’s integral theorem, an integral over the closed contour
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C = [−R,R,R + iγ,−R + iγ,−R] is zero:

0 =

∮
C

f(η) dη =

∫ R

−R
+

∫ R+iγ

R

+

∫ −R+iγ

R+iγ

+

∫ −R
−R+iγ

, (3.30)

where R is real and f(η) = (erf (η) + 1) exp (−(η + c)2). For R → ∞, the integrals

over the segments of constant R are zero because f(η) goes to zero. Thus, the integral

along the real axis is equal to an arbitrarily complex-shifted integral over the same

real limits

0 =

∫ R

−R
+

∫ −R+iγ

R+iγ

=

∫ R

−R
−
∫ R+iγ

−R+iγ

. (3.31)

For times t = tf by which the integrand of Eq. (3.27) has decayed essentially to

zero, we may make the approximation J(tf ) ≈ J(t→∞). This approximation limits

the applicability of this analytic result to times tf that are at least several times the

pulse duration tp. This should not pose a problem in practice, because one would

likely only wish to manipulate the valley-polarized carriers after the exciting pulse

has passed. The pulse durations we will be considering are only on the order of 10s

to a few 100s of femtoseconds, so this delay is very small. For more details on this

approximation, please see Appendix F. Using Eq. (3.29) in Eq. (3.23), we obtain the

key result of this section: the carrier density injected into valley V at time t = tf ,

n
(2)
V =

1

2

e2

~2
E2

0 t
2
p

∫ ∞
0

k dk e−γcctf
[
(A±B)2 exp (β−) erfc

(
c−√

2

)
+ (A∓B)2 exp (β+) erfc

(
c+√

2

)]
+ c.c. (3.32)
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Again, the upper and lower operations correspond to the K and K ′ valleys, respec-

tively, and the subscripts indicate whether the term is resonant (−) or anti-resonant

(+) with the field. Recalling that A and B are real and positive, observe that in

the K valley, the resonant term couples to the large (A + B)2 term, while the anti-

resonant term couples to the small (A−B)2 term. The situation is reversed in K ′, in

that it is the anti-resonant term which couples to (A+B)2, while the resonant term

couples to (A−B)2. This asymmetry leads to a stronger response in K than in K ′,

or in other words, a valley polarization. For unbiased bilayer graphene (a = 0), Eq.

(3.32) should return equal populations for the K and K ′ valleys. Indeed, if a = 0,

then A(a, k) = 0 and the asymmetry between K and K ′ disappears. As a check for

our code, we have confirmed that Eq. (3.32) returns equal populations in K and K ′

for the a = 0 case when integrated numerically.

3.2 Results

We wish to compare the carrier densities in the conduction bands of the K and K ′

valleys shortly after excitation by a pulse of circularly-polarized light. Depending

on the temperature, a significant contribution to the carrier density can come from

the zeroth-order thermal population n
(0)
V . We will consider this in more detail in

Section 3.2.4, but for now we focus solely on the second-order response. To this end,

we define the second-order valley polarization P(2) to be the difference between the

carrier densities injected around the K and K ′ valleys at time t = tf , normalized by

their sum:

P(2) ≡ n
(2)
K − n

(2)
K′

n
(2)
K + n

(2)
K′

. (3.33)
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When the system is completely valley polarized in favour of K (K ′) electrons, P(2) =

1 (−1). If the system is not valley polarized, P(2) = 0. Throughout this section, we

consider a (Gaussian) right-hand circularly-polarized pulse, so we expect the system

to be valley polarized in favour of K electrons.

We vary the external bias and centre frequency of the exciting pulse to examine

how the valley polarization depends on these two parameters. We consider the

frequency-bias pairs that result in the strongest valley polarization to be the optimal

operating parameters for valleytronic devices. Unless otherwise stated, we take the

temperature T to be 300 K and the chemical potential to be at the charge-neutrality

point (µ = 0). However, we emphasize that the second-order valley polarization is

only weakly dependent on T and µ. Because of electron-hole symmetry, the choice

µ = 0 leads to identical results for both electron and hole populations. For this

reason, we discuss only electron populations. In what follows, we restrict ourselves

to external biases greater than 50 meV, because for lower biases, thermal populations

and spatial variations in the system gating can severely limit the valley polarization.

The relaxation dynamics of photoexcited carriers in monolayer graphene have

been studied extensively [23, 75–77]. For bilayer graphene, the relaxation processes

are expected to be similar, but the associated time scales are not precisely known

and depend on the substrate, fabrication process, and bias. The general consensus

in the literature is that an initial period of rapid thermalization occurs due primarily

to electron-electron scattering in which the photoexcited carriers relax to a quasi-

thermal equilibrium within a few 10s of femtoseconds [78–80]. This process is then

followed by a period of carrier cooling due to the emission of optical phonons over a
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timescale of 100s of femtoseconds. Finally, there is a period of cooling due to acoustic

phonon scattering and carrier recombination on the scale of picoseconds. In this work,

because we are interested in the valley polarization a few 10s to 100s of femtoseconds

after the pulse arrives, we neglect these picosecond processes completely and focus

on the early-time dynamics. As we are working in the perturbative regime, we will

consider only intraband scattering processes.

To help develop the main ideas, in Section 3.2.1 we work with a simplified model

in which we neglect intraband scattering, accounting only for interband decoher-

ence. In Section 3.2.2, we will introduce intraband scattering via optical phonons.

In particular, we will allow for intervalley scattering, which acts to reduce the valley

polarization, and for intravalley scattering, which limits the intervalley process. In

Section 3.2.3, we will examine the effects of varying the pulse duration and deco-

herence time. In Section 3.2.4, we will examine the effects of the thermal electron

populations on the valley polarization.

3.2.1 Without intraband scattering

In this section, we examine the second-order valley polarization when there is no in-

traband scattering, but where there is interband decoherence. Thus, we let γcc(k) = 0

and γcv(k) = 1/τ0, where τ0 is a phenomenological decoherence time. We take τ0 = 30

fs and the pulse duration tp = 50 fs. We restrict ourselves to photon energies greater

than 50 meV, because for lower energies, the pulse duration can be shorter than

a single period. In Fig. 3.4 we plot 1 − P(2), that is, the deviation of the val-

ley polarization from perfect polarization (P(2) = 1), on a logarithmic scale as a
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function of the external bias a and the centre photon energy ~ω of the exciting right-

hand circularly-polarized Gaussian pulse 3. Lighter colours correspond to stronger

valley polarizations. The strongest valley polarizations are concentrated in the low-

frequency—low-bias regime, along the line ~ω = 2a (indicated by a straight dashed

line). The valley polarization falls off on either side of ~ω = 2a. The valley polar-

ization degrades and broadens with increasing frequency and bias. The innermost

contour corresponds to P(2) > 0.97. The two next-to-innermost contours correspond

to P(2) > 0.95 and 0.90, respectively. Over the parameter space considered in Fig.

3.4, the valley polarization ranges from 0.10 ≤ P(2) ≤ 0.98. The optimal operating

frequency-bias pair occurs for (~ω, a) ≈ (241, 127) meV. Note, however, that both

the optimal operating pair and the corresponding valley polarization depend on the

pulse duration and decoherence time.

Except at very low biases, the optimal operating frequencies do not coincide

with the band gap energy (indicated by the lower dashed curve). In fact, the valley

polarization appears to be somewhat suppressed for frequencies resonant with the

band gap energy. The upper dashed curve in Fig. 3.4 gives the energy of the next-

lowest transition, involving the high-energy bands that we have neglected 4. Photon

energies above this curve will induce significant transitions between bands other than

3The field amplitude E0 does not need to be specified as it factors out in the evaluation of P(2).
As long as the observation time tf is several times the pulse duration, tf also does not need to be

specified since n
(2)
V is time-independent for long tf when γcc(k) = 0 [see Eq. (3.32)].

4In particular, this is the transition between either the high-energy valence band and the low-
energy conduction band, or the low-energy valence band and the high-energy conduction band (see
Ref. [16]).
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Figure 3.4: [81] Deviation of the second-order valley polarization from perfect po-
larization log10(1 − P(2)) as a function of the external bias a and centre pho-
ton energy ~ω of the exciting Gaussian pulse. Lighter regions correspond to
stronger valley polarizations. From lightest to darkest, the contours correspond to
P(2) = 0.97, 0.95, 0.9, 0.8, 0.7, and 0.5. The straight dashed line is the line ~ω = 2a.
The lower dashed curve is the band gap energy [Eq. (3.5)], while the upper dashed
curve is the energy of the next-lowest transition involving the higher-energy bands
that we have neglected [Eq. (3.34)]. The pulse duration is tp = 50 fs, and the valley
polarization is evaluated long after the pulse has passed. Intraband scattering is
neglected (γcc(k) = 0), and the interband decoherence time is taken to be τ0 = 30
fs. The temperature is 300 K and the chemical potential is µ = 0.
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the two low-energy bands we have considered. This curve is given explicitly by

∆EHB(a) = (a2 + t2⊥)1/2 + a, (3.34)

which is strictly greater than 2a.

We now examine in detail the origins of the main features of Fig. 3.4 and, in

particular, why the valley polarization is generally greatest along the line ~ω = 2a.

First, note that the first-order interband coherence ρ
(1)
cv (k) is proportional to the

carrier-field interaction ξcv(k) ·E(t) [see Eq. (3.17)]. If ξcv(k) ·E(t) can be forced to

zero in one valley but not the other, a strong valley polarization is expected. For a

right-hand circularly-polarized field with centre frequency ω, it can be easily shown

using Eqs. (3.14) and (3.21) that the carrier-field interaction is given by

ξcv(k) · E(t) ≈ iE(t)e−i(ωt−θk)
(
A(a, k)±B(a, k)

)
, (3.35)

where A and B are the real, positive functions that were introduced in Section

3.1.2, and where the approximation sign indicates that we are considering only the

resonant contribution. Again, the plus and minus signs correspond to the K and K ′

valleys, respectively. We see from Eq. (3.35) that in the K valley, the interaction is

proportional to the sum of the (positive) functions A and B, while in the K ′ valley

the interaction is proportional to the difference. When A = B, Eq. (3.35) amounts

to a valley-contrasting optical selection rule in favour of the K valley. Because A

and B are k-dependent, the selection rule is in general not exact, except for very

specific states within each valley (namely, states for which A = B). Note that if one
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Figure 3.5: A/B ratio for several biases (dashed curves, leftmost axis), and corre-
sponding conduction band energies Ec(k) for the same biases (solid curves, rightmost
axis) as a function of k. From lightest to darkest, a = 100, 200, and 300 meV. The
dashed horizontal line indicates A/B = 1.

uses light of the opposite helicity, the dominant piece of the carrier-field interaction

is instead proportional to (A∓B), such that when A = B the selection rule favours

K ′.

The ratio A/B gives a measure of the “exactness” of the optical selection rule

(A/B = 1 when A = B). In Fig. 3.5, we plot the quantity A/B as a function of k

for three different biases (dashed curves), along with the corresponding conduction

band energies, Ec(k) (solid curves). For all biases, A/B = 1 at k = 0, indicating

an exact selection rule. As one moves away from k = 0, the selection rules softens

as the A/B ratio deviates from unity. The A/B ratio reaches its maximum at the

band-minimum. The A/B ratio then decays to zero as k →∞. However, as the A/B
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ratio decays, it passes through A/B = 1 at some k = k1. In other words, for any

given bias, the optical selection rule is exact at precisely two values of k: k = 0 and

k = k1. If we wish to achieve a strong valley polarization, we should try to induce

excitations at these very k. However, as was discussed briefly in Section 3.1.2, both

A and B vanish at k = 0. The carrier-field interaction [Eq. (3.35)] therefore vanishes

at k = 0 (for both K and K ′), and so there is no carrier injection at k = 0. Therefore,

in what follows, we focus our discussion on the states near k = k1.

In Fig. 3.5, we saw that the A/B ratio peaks at the band-minimum. In fact, one

can show that

A

B
=

a

Ec(k)
. (3.36)

Thus, A/B = 1 when Ec(k) = a, which occurs precisely at k = 0 and k = k1, where

k1 =
4a

3a0t‖
=

2a

~vf
. (3.37)

To target these states, we must tune the centre frequency of the exciting field such

that it is resonant with interband transitions at k = k1. Due to electron-hole sym-

metry, the transition energy at k1 is simply 2Ec(k1), and so the optimal operating

frequency for a particular bias is expected to be given by

~ω = 2Ec(k1) = 2a, (3.38)

which explains why the optimal operating frequency-bias pairs in Fig. 3.4 lie along

the line ~ω = 2a. In monolayer graphene with a staggered sublattice potential, one
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finds an exact selection rule at the Dirac points (k = 0) [32]. In contrast, in biased

bilayer graphene, because A and B both vanish at exactly K and K′, there are no

carriers injected at k = 0 and therefore there is no valley-contrasting optical selection

rule at k = 0. Rather, the optical selection rule is found along a ring of states with

radius k = k1 surrounding the Dirac points. The existence of such a k value seems

to have gone unnoticed in the literature. However, evidence for this result can be

seen in Fig. 2 of Yao et al. [32].

The valley polarization is robust to deviations from ~ω = 2a. In Fig. 3.4, the

innermost contour corresponded to P(2) > 0.97. Consider operating near the optimal

frequency and bias (~ω, a) = (241, 127) meV, for which P(2) = 0.98. For fixed ~ω =

241 meV, external biases within the range 110 < a < 161 meV yield P(2) > 0.97.

For fixed a = 127 meV, centre photon energies within 198 < ~ω < 284 meV yield

P(2) > 0.97. Similarly, the third-to-innermost contour corresponded to P(2) > 0.90.

For fixed ~ω = 241 meV, 84 < a < 230 meV yields P(2) > 0.90. For fixed a = 127

meV, 146 < ~ω < 396 meV yields P(2) > 0.90. Thus, deviations of several 10s of

meV in either frequency or bias from the optimal operating pair still yield valley

polarizations well over 90%. If one cannot target the optimum precisely, it is better

to err towards larger frequencies and biases.

In Fig. 3.4, the optimal operating frequencies coincide with the band gap for

small biases. This is because the band gap energy ∆E(a)→ 2a in the limit of small

a [see Eq. (3.5)]. For more moderate biases, we see from Fig. 3.4 that the valley

polarization appears somewhat reduced at frequencies close to the band gap energy.

This is because for any given bias, the A/B ratio reaches its maximum at the band
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edge and therefore in general leads to a poor valley polarization [see Fig. 3.5 or

Eq. (3.36)]. For centre frequencies less than the band gap energy, carriers are still

predominantly excited at the band edge due to the finite bandwidth of the Gaussian

pulse. Only once the centre frequency exceeds the band gap energy do carriers

away from the band edge begin to dominate the response. The valley polarization is

therefore not reduced near the band gap, rather, the valley polarization “stalls” at

the band gap energy as one sweeps upwards in frequency. This result is in agreement

with Fig. 3 of Ref. [61], where a strong valley polarization was calculated for photon

energies close to resonance with the band gap energy ∆E(a) ≈ 2a for a small bias of

2a = 20 meV.

In Fig. 3.4, the stripe of optimal operating frequency-bias pairs is seen to broaden

with increasing a and ~ω. This can be understood as follows. The energy-derivative

of the A/B ratio at k = k1 is a measure of the sensitivity of the optical selection rule

to small deviations in photon energy from ~ω = 2a. One may easily verify that

d

dEc(k)

(
A

B

) ∣∣∣∣
k=k1

= −1

a
. (3.39)

Thus, as the bias is increased, the system becomes less sensitive to small deviations

from the optimal operating configuration and the valley polarization broadens.

For a couple of reasons, one can never achieve a perfect valley polarization. First,

targeting states for which A/B = 1 exclusively is impossible. Even when the pulse

duration is very long, the decoherence time results in linewidth broadening. This

means that even when the centre photon energy of the pulse is ~ω = 2a, carriers will

be excited not just at k = k1, but also in the vicinity of k = k1 where A 6= B and the
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valley-contrasting optical selection rule is inexact. In Fig. 3.4, we observed that the

valley polarization degrades along ~ω = 2a with increasing frequency and bias. This

degradation is only observed in the presence of finite decoherence times. Second, the

valley polarization is limited by the presence of the anti-resonant piece of the carrier

field interaction. In contrast to the resonant term [Eq. (3.35)], the anti-resonant term

is proportional to (A∓B), meaning that the selection rule can never be truly exact.

That is, when A = B the resonant term vanishes but the anti-resonant term does

not. For the particular pulse duration and decoherence time chosen in Fig. 3.4, the

difference between the valley polarization obtained if one includes both the resonant

and anti-resonant terms, and the valley polarization obtained when one includes just

the resonant terms, can be as large as ∆P(2) = 0.05 along the line ~ω = 2a (over

the parameter space considered). The greatest differences occur at the edges of the

parameter space. Close to the optimal operating frequency-bias pair, the difference

is significantly smaller, about ∆P(2) = 0.01. Since the valley polarization can reach

up to P(2) = 0.98, a difference of 0.01 is significant. The anti-resonant term must

therefore be included to obtain accurate results. Taken together, a finite decoherence

time and the presence of the anti-resonant term ensures that the valley polarization

is never complete. However, as we shall discuss in Section 3.2.3, the impact of these

two effects can be reduced by increasing the decoherence time and pulse duration.

Ideal Limit

In the ideal limit of infinite decoherence times and infinite pulse durations, with

tp � τ0, one can show that the valley polarization approaches unity when operating at
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~ω = 2a. To see this, consider Eq. (3.32), which we reproduce below for convenience.

n
(2)
V =

1

2

e2

~2
E2

0 t
2
p

∫ ∞
0

k dk e−γcctf
[
(A±B)2 exp (β−) erfc

(
c−√

2

)
+ (A∓B)2 exp (β+) erfc

(
c+√

2

)]
+ c.c. (3.40)

Neglect all scattering by letting γcc(k) = 0 and γcv(k) = 0. In this limit,

λ∓ = − i
2
tp(ωcv(k)∓ ω), δ∓ = −itp(ωcv(k)∓ ω), (3.41)

which gives

β∓ = −1

2
t2p(ωcv(k)∓ ω)2, c∓ = itp(ωcv(k)∓ ω). (3.42)

Using the fact that β∗∓ = β∓ and c∗∓ = −c∓, Eq. (3.40) reduces to

n
(2)
V =

e2

~2
E2

0 t
2
p

∫ ∞
0

k dk
[
(A±B)2 exp (β−) + (A∓B)2 exp (β+)

]
, (3.43)

where we have used the identity erfc(x) + erfc(−x) = 2. Consider now exp(β∓).

Explicitly,

exp(β∓) = exp
(
−
t2p
2

(ωcv(k)∓ ω)2
)
, (3.44)

which is a Gaussian in ωcv(k) centred at ωcv(k) = ±ω. In the limit tp →∞,

exp(β∓) −→
√

2π

tp
δ(ωcv(k)∓ ω), (3.45)
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where the prefactor of
√

2π/tp comes from comparison of Eq. (3.44) with the def-

inition of the delta function as a limit of a Gaussian. Since ω > 0 and ~ωcv(k) =

Ec(k)− Ev(k) = Ec(k)− (−Ev(k)) = 2Ec(k) > 0, we may neglect the exp(β+) term

in Eq. (3.43), since it is a delta function centred on ωcv(k) = −ω. Thus,

n
(2)
V =

e2

~2
E2

0 t
2
p

∫ ∞
0

k dk (A±B)2 exp (β−)

=
√

2π
e2

~2
E2

0 tp

∫ ∞
0

k dk (A±B)2 δ(ωcv(k)− ω). (3.46)

Indeed, the prefactor of tp tends to infinity, but it will cancel out when we calculate

the valley polarization. Now,

δ(ωcv(k)− ω) =
∑
i

δ(k − ki)
|ω′cv(ki)|

, (3.47)

where i indexes the ith root of the equation ωcv(k)−ω = 0, and the prime denotes a

derivative with respect to k. From our analysis of E(t) ·ξcv(k), we know that ~ω = 2a

is the optimal operating frequency. At this frequency, ωcv(k)− ω = 0 for k = 0 and

k = k1. Thus,

δ(ωcv(k)− ω) =
δ(k)

|ω′cv(0)|
+
δ(k − k1)

|ω′cv(k1)|
. (3.48)
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We must be very careful because ω′cv(0) = 0. On the other hand, ω′cv(k1) should be

finite. Substituting Eq. (3.48) into Eq. (3.46),

n
(2)
V =

√
2π
e2

~2
E2

0 tp

∫ ∞
0

k dk (A±B)2 δ(k)

|ω′cv(0)|

+
√

2π
e2

~2
E2

0 tp

∫ ∞
0

k dk (A±B)2 δ(k − k1)

|ω′cv(k1)|
. (3.49)

Let us consider each term separately. Beginning with the first term, we evaluate the

integral using the delta function, which gives

k (A±B)2

|ω′cv(0)|

∣∣∣∣
k=0

. (3.50)

Thus, although the denominator is zero, both k and (A ± B) are zero at k = 0, so

the integral is finite and null. The integral in the second term gives

k(A±B)2

|ω′cv(k1)|

∣∣∣∣
k=k1

, (3.51)

which is finite in the K valley and zero in K ′ since A = B at k = k1. Thus,

n
(2)
V =

√
2π
e2

~2
E2

0tpk1
(A±B)2|k=k1

|ω′cv(k1)|
, (3.52)

which is finite in K and zero in K ′. Turning now to the valley polarization,

P(2) =
n

(2)
K − n

(2)
K′

n
(2)
K + n

(2)
K′

→ n
(2)
K

n
(2)
K

= 1 (3.53)

in the limit tp →∞, and in the absence of scattering.
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3.2.2 With intraband scattering

We now improve upon our model by accounting for intraband scattering processes

that act to reduce the valley polarization. Intervalley scattering (IVS) is a pro-

cess in which an electron in (say) the K valley scatters to K ′, degrading the valley

polarization. As was discussed in the beginning of Section 3.2, the relevant relax-

ation pathways for photoexcited carriers in bilayer graphene are carrier-carrier and

carrier-phonon scattering. Due to momentum conservation, IVS via carrier-carrier

interactions is very weak [23]. We find it crucial, however, to account for carrier-

phonon interactions as IVS via optical phonons can significantly reduce the valley

polarization when the centre frequency of the exciting pulse is large.

Carrier-phonon scattering in monolayer graphene (MLG) has been studied exten-

sively [82–84]. Unfortunately, the literature on carrier-phonon scattering in bilayer

graphene (BLG), and in particular in biased bilayer graphene (BBLG), is somewhat

lacking and there is no clear consensus on the dominant scattering modes. In this

work, we treat scattering to be the same as in MLG where optical phonons dominate

at room temperature [83]. This is certainly an approximation, for it is not clear

whether scattering in BBLG is similar to scattering in MLG. For instance, a 2011

study has suggested that, in contrast to MLG, low-energy acoustic phonons dom-

inate in unbiased BLG, while optical phonon scattering is highly suppressed [85].

However, it is unclear if this result holds for a biased bilayer: a 2015 study found

that optical phonons are the dominant scattering mode in BBLG at biases above

a = 150 meV [86]. If it turns out that acoustic phonons play an important role in

BBLG transport, our calculations can be easily modified to account for them.
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To incorporate intraband scattering into our model, we adopt the formalism of

Ref. [68]. In this approach, scattering is treated microscopically, rather than phe-

nomenologically (as we have done up to this point). Beginning with a Fröhlich

Hamiltonian and making the second-order Born-Markov approximation, one obtains

scattering rates Γ(k) that appear analogously to γcc(k) in Eq. (3.15). Electron-

phonon scattering can therefore be incorporated in our model by simply replacing

γcc(k) with Γ(k) in Eq. (3.32). At room temperature, the thermal population of

optical phonons is very small, and so the dominant inelastic scattering process in

MLG is optical-phonon emission. Optical phonons with crystal momenta near the K

points are the only phonons capable of assisting in intervalley scattering. However,

optical phonons near the Γ point can assist in intravalley “down-scattering” (DS), a

process that leaves the scattered carrier in its original valley. IVS and DS processes

are depicted schematically in the inset of Fig. 3.6. It is important to include DS

along with IVS because DS will limit the number of carriers available to IVS. The

dominant contribution to IVS comes from the TO mode at the K points, while the

dominant contribution to DS comes from the degenerate TO and LO modes at Γ [87].

All other phonon modes are neglected, and all other elastic/quasi-elastic scattering

processes are accounted for through the phenomenological decoherence time τ0.

The scattering-out rates for conduction band electrons due to K- and Γ-phonon
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Figure 3.6: Scattering rates ΓIVS (dark) and ΓDS (light) as functions of energy for an
example bias of a = 205 meV. The sharp onsets of ΓIVS and ΓDS occur at energies
EIVS(a) and EDS(a), respectively. The scattering rates are cut off at a maximum value
of Γ = Γmax = 40 ps−1 (see text). The inset schematically depicts the corresponding
scattering processes.

emission are [68]

ΓIVS(k) =
2π

~N
∑
q

1

2
g2
K(1− ρ(0)

cc (k− q)) (nK + 1)

× δ [Ec(k− q)− Ec(k) + ~ωK ] , (3.54)

ΓDS(k) =
2π

~N
∑
q

2g2
Γ(1− ρ(0)

cc (k− q)) (nΓ + 1)

× δ [Ec(k− q)− Ec(k) + ~ωΓ] , (3.55)

where N is the number of unit cells, and where we have approximated the angle for
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IVS events to be 60 degrees (the angle between the K and K′ points, as measured

from the zone-centre). The quantities g2
K and g2

Γ are constants, but there is some

debate in the literature as to their precise values [87–90]. Following Ref. [84], we

take g2
K = 0.2098 eV2 and g2

Γ = 0.0558 eV2, noting that their precise values will have

little effect on our conclusions. Since the high-energy phonon dispersion of BLG (and

BBLG) is very similar to MLG [91, 92], we follow Ref. [68] and take the phonons to

be dispersionless near the K and Γ points with constant frequencies ~ωK = 160 meV

and ~ωΓ = 196 meV. We treat the phonons as thermal baths at 300 K so that the

phonon populations nK and nΓ are given by Bose-Einstein distributions at energy

~ωK and ~ωΓ, respectively. Since Ec(k) = Ec(k) and ρ
(0)
cc (k) = fc(k), the scattering-

out rates are isotropic and we may write ΓIVS(k) = ΓIVS(k) and ΓDS(k) = ΓDS(k).

We now let

γcc(k) = ΓIVS(k) + ΓDS(k). (3.56)

We also modify the interband decoherence rate according to γcv(k) = 1/τ(k), where

1

τ(k)
=

1

τ0

+
γcc(k)

2
, (3.57)

and where the factor of 1/2 arises from the usual relationship between decoherence

and population decay rates.

In Fig. 3.6, we plot ΓIVS(k) and ΓDS(k) as functions of energy for an example

bias of a = 205 meV. As is demonstrated in the figure, the Dirac delta functions in

Eqs. (3.54) and (3.55) ensure that intraband optical-phonon-scattering is forbidden

unless an excited electron can afford to lose the energy of a phonon and remain in
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the conduction band. In other words, ΓIVS(k) and ΓDS(k) are, respectively, strictly

zero unless

Ec(k) ≥ ~ωK/Γ + ∆E(a)/2 ≡ EIVS/DS(a), (3.58)

where ∆E(a) is the band gap. Since ~ωK < ~ωΓ, IVS becomes energetically possible

before DS. Due to electron-hole symmetry, the photon energy required to excite an

electron from the valence band to an energy EIVS(a) or EDS(a) in the conduction

band is given by ~ω = 2EIVS(a) or ~ω = 2EDS(a), respectively. A second consequence

of the delta functions is that ΓIVS(k) and ΓDS(k) diverge when Ec(k) = EIVS(a) and

Ec(k) = EDS(a), respectively. Away from these energies, the scattering rates are well-

behaved and on the order of a few 10s of ps−1, which is consistent with rates found

in Refs. [83, 93]. Due to the approximations we made when evaluating the carrier

density (Section 3.1.4), a divergent intraband scattering rate results in numerical

difficulties unless the observation time tf is very large. More precisely, large values

of γcc(k) push the peak of the integrand of Eq. (3.26) towards t = ∞. In requiring

that the integrand decay sufficiently to zero by t = tf , a divergent γcc(k) forces

us longer and longer tf at which to evaluate the carrier density. To address this

problem, we limit ΓIVS(k) and ΓDS(k) to a maximum value Γmax = 40 ps−1 (see Fig.

3.6). With this value of Γmax, for pulse durations tp on the order of 10s to a few 100s

of fs, and for typical decoherence times, we obtain convergence for tf = 5tp. We find

that although changing the value of Γmax affects the high-frequency results (where

scattering is strong), it has very little effect in the optimal operating region.
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Intervalley scattering

To begin with, let us simplify things and neglect down-scattering by setting ΓDS(k) =

0, such that γcc(k) = ΓIVS(k). Because we treat the K and K ′ valleys as disconnected

in k-space, and we do not account for carriers scattering-in, we cannot keep track of

IVS explicitly. That is, γcc(k) simply acts as a population decay rate for electrons in

each valley independently [see Eq. (3.32)]. We therefore require a systematic way to

keep track of the number of carriers that IVS from each valley. Once we have that,

we can then add those carriers into the opposing valley before computing the valley

polarization.

To this end, we calculate the carrier density in each valley twice: once subject

to decay from IVS, and a second time without population decay. If IVS is the only

scattering process, then the difference between these two quantities gives an estimate

of the density of carriers that have intervalley scattered. Concretely, let nIVS
K be the

carrier density injected into the K valley at time t = tf , calculated using Eq. (3.32)

with γcc(k) = ΓIVS(k). As before, n
(2)
K is the carrier density injected into K, calculated

using Eq. (3.32) with γcc(k) = 0. A summary of these quantities are given in Table

3.1. The quantity

∆nIVS
K′ = n

(2)
K − n

IVS
K (3.59)

gives the density of carriers intervalley scattered from K to K ′ (the subscript on

∆nIVS
K′ denotes the final valley). The carrier density in the K ′ valley is then modified

according to

ñ
(2)
K′ = nIVS

K′ + ∆nIVS
K′ . (3.60)
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Table 3.1: Summary of the notation used for the carrier densities in the K valley
and their associated scattering rates. Each density is calculated using Eq. (3.32)
with γcc(k) as indicated and γcv(k) according to Eq. (3.57). The K ′ densities are
defined analogously.

n
(2)
K nIVS

K nDS
K nIVS+DS

K

γcc(k) 0 ΓIVS ΓDS ΓIVS+ΓDS

In other words, the carrier density in K ′ is given by the carrier density remaining

in K ′ (after allowing for population decay from IVS), plus the carriers that have

intervalley scattered from K to K ′. The carrier density in the K valley is obtained

by interchanging K ↔ K ′ in Eqs. (3.59) and (3.60).

The valley polarization is modified to

P(2) =
ñ

(2)
K − ñ

(2)
K′

ñ
(2)
K + ñ

(2)
K′

, (3.61)

which we plot as a function of the external bias and centre photon energy in Fig. 3.7

under the same conditions as Fig. 3.4 (tp = 50 fs, τ0 = 30 fs, T = 300 K, µ = 0).

As was the case in Fig. 3.4, the strongest valley polarizations are concentrated in

the low-frequency—low-bias regime, along ~ω = 2a. The most obvious difference

between Fig. 3.7 and Fig. 3.4 is the emergence of a dark blue region of poor valley

polarization in the high-frequency portion of the parameter space. This is due to the

presence of intervalley scattering, the onset of which is indicated by the dashed white

curve corresponding to ~ω = 2EIVS(a). Notice that the onset of IVS intersects the line

~ω = 2a, meaning that IVS effectively cuts off high frequencies from the parameter
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Figure 3.7: Deviation of the second-order valley polarization from perfect polariza-
tion log10(1−P(2)) as a function of the external bias a and centre photon energy ~ω of
the exciting Gaussian pulse with the inclusion of intervalley scattering. The dashed
black curves are as in Fig. 3.4. The dashed white curve is the onset of intervalley
scattering, given by ~ω = 2EIVS(a) [Eq. (3.58)]. From lightest to darkest, the con-
tours in correspond to P(2) = 0.975, 0.95, 0.9, 0.8, 0.7, 0.6, 0.5, 0,−0.15,−0.3,−0.45
and −0.6. The phenomenological decoherence time is τ0 = 30 fs, the pulse duration
is tp = 50 fs, and the valley polarization is evaluated at tf = 250 fs. The temperature
is 300 K and the chemical potential is µ = 0.
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space of optimal operating frequency-bias pairs. Unfortunately, high frequencies

may be desirable due to hot-carrier multiplication, which would result in a larger

population imbalance and thus a stronger valley polarization [94, 95]. If low-energy

acoustic phonon scattering turns out to play an important role in BBLG, one would

expect to see an onset curve analogous to the one in Fig. 3.7, but shifted towards

lower photon energies. In comparison to Fig. 3.4, the optimal operating frequency-

bias pair is shifted slightly towards lower frequencies, (~ω, a) = (236, 126) meV,

but a very strong valley polarization of P(2) = 0.98 is retained. The difference is

slight because the optimal operating region is largely unaffected by the presence of

intervalley scattering, but nonzero because the pulse excites over a broad energy

range. In Fig. 3.7, the valley polarization is evaluated long after the exciting pulse

has passed (tf = 5tp = 250 fs).

At photon energies greater than the onset of IVS, the valley polarization can be-

come negative, meaning that the system is valley polarized in favour of K ′ electrons.

In fact, the five darkest shaded regions in Fig. 3.7 correspond to P(2) ≤ 0. This is

because the IVS rate is so strong in this region that more carriers intervalley scatter

from K to K ′ than remain in the K valley. This result suggests that it may be pos-

sible to achieve an inverse valley polarization, that is, a valley polarization in favour

K ′ electrons, even though the exciting pulse is right-hand circularly polarized. We

emphasize that a significant fraction of this region of inverse valley polarization lies

above the upper black dashed curve ∆EHB(a) and therefore should be taken with a

grain of salt [Eq. (3.34)].

By neglecting down-scattering thus far, the results presented in Fig. 3.7 give an
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underestimate of the valley polarization. Carriers that DS contribute to the valley

polarization in the same way as if they had not scattered at all because they remain

in their original valley. However, down-scattered carriers will likely have scattered

into states below the energy threshold EIVS(a) required to IVS. In other words, DS

acts to limit IVS by reducing the number of carriers available to IVS. We are again

faced with the problem of keeping track of these carriers given that γcc(k) simply

acts as a population decay rate.

Down-scattering

To achieve a better estimate of P(2), we must adjust Eqs. (3.59) and (3.60) to

account for down-scattering. This essentially amounts to keeping track of another

contribution to the carrier density in each valley. In the exact same way we estimated

the density of carriers that intervalley scattered, let us define

∆nDS
K′ = n

(2)
K′ − nDS

K′ (3.62)

to be the density of carriers scattered within the K ′ valley (again, the subscript on

∆nDS
K′ denotes the final valley). Analogously, nDS

K′ is the carrier density injected into

K ′, calculated using Eq. (3.32) with γcc(k) = ΓDS(k) (see Table 3.1). The carrier

density in the K ′ valley becomes

ñ
(2)
K′ = nIVS+DS

K′ + ∆nIVS
K′ + ∆nDS

K′ . (3.63)
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Here, nIVS+DS
K′ is the carrier density obtained by allowing for decay from both IVS

and DS, that is, for γcc(k) = ΓIVS(k) + ΓDS(k). In other words, the carrier density

in the K ′ valley is given by the carrier density remaining in K ′ (after allowing for

population decay from both IVS and DS), plus the carriers that IVS from K to K ′,

plus the carriers that DS within K ′.

In Fig. 3.8, we plot Eq. (3.61) for P(2), modified to include down-scattering

according to the redefinitions above, and under the same conditions as Fig. 3.7. The

general features that were observed in Fig. 3.7 are unchanged. In comparison to Fig.

3.7, the valley polarization recovers somewhat after the onset of down-scattering,

which is indicated by the upper dashed white curve corresponding to ~ω = 2EDS(a).

However, the valley polarization does not recover significantly enough to make this

regime attractive for valleytronics. We therefore conclude that, even when accounting

for DS, one should operate in the low-frequency—low-bias regime before the onset

of IVS. The optimal operating frequency-bias pair is unchanged from the previous

calculation: (~ω, a) = (236, 126) meV, P(2) = 0.98. Due to our approximate scheme

for estimating carrier scattering, Fig. 3.8 simultaneously overestimates the number

of carrier that IVS and the number of carriers that DS. Overestimating the number

of carriers that IVS (DS) tends to reduce (increase) the valley polarization. Because

these two effects act in opposition, it is difficult to discern whether Fig. 3.8 provides

an overestimate or an underestimate of the valley polarization. However, we believe

it provides a better estimate than Fig. 3.7, which should be considered a worst-case

scenario.
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Figure 3.8: Deviation of the second-order valley polarization from perfect polariza-
tion log10(1 − P(2)) as a function of the external bias a and centre photon energy
~ω of the exciting Gaussian pulse with the inclusion of both intervalley scatter-
ing and down-scattering. The dashed black curves are as in Fig. 3.4. The lower
dashed white curve is the onset of intervalley scattering, given by ~ω = 2EIVS(a),
while the upper dashed white curve is the onset of down-scattering, given by
~ω = 2EDS(a) [Eq. (3.58)]. From lightest to darkest, the contours correspond to
P(2) = 0.975, 0.95, 0.9, 0.8, 0.7, 0.6, 0.5, 0, and −0.15. The phenomenological decoher-
ence time is τ0 = 30 fs, the pulse duration is tp = 50 fs, and the valley polarization
is evaluated at tf = 250 fs. The temperature is 300 K and the chemical potential is
µ = 0.
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3.2.3 Pulse duration and decoherence time

In this section, we study the effects of varying the pulse duration tp and decoherence

time τ0 on the second-order valley polarization. As might be anticipated, the effect

of increasing tp and τ0 is to improve the valley polarization and sharpen the response,

as we explore in Figs. 3.9 and 3.10. In Fig. 3.9 we fix the bias to a constant value

of a = 205 meV, and plot the second-order valley polarization as a function of the

centre photon energy ~ω of the exciting pulse. We use the scattering model developed

in the previous section, accounting for both intervalley scattering (IVS) and down-

scattering (DS). Thus, Fig. 3.9 can be thought of as a vertical slice of Fig. 3.8 along

constant a. In general, the valley polarization increases steadily as ~ω approaches 2a,

stalling briefly at the band gap energy, for reasons discussed in Section 3.2.1. The

valley polarization peaks close to ~ω = 2a, then decays. The decay is accelerated

by the presence of IVS, and an inverse valley polarization is observed. The presence

of DS counteracts the decay due to IVS. These general features are observed for

all biases, but are particularly prominent for a = 205 meV. In Fig. 3.9, the band

gap energy, ~ω = 2a, and onsets of IVS and DS can be clearly seen (indicated with

dashed vertical lines).

Six different pulse durations are considered in Fig. 3.9, and the response is

evaluated at tf = 5tp for a relatively long decoherence time of τ0 = 100 fs 5. As

can be seen, increasing the pulse duration tends to sharpen the response about

~ω = 2a and improve the maximum valley polarization. For a tp = 10 fs pulse,

5We note that in Fig. 3.9 we have used pulse durations that can be shorter than a single cycle
for some frequencies. While this may be unphysical or difficult to achieve experimentally, it is useful
for demonstrating the effects of varying the pulse duration.
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Figure 3.9: Deviation of the second-order valley polarization from perfect polariza-
tion log10(1 − P(2)) as a function of the centre photon energy ~ω of the exciting
Gaussian pulse for a fixed bias of a = 205 meV. In order of increasing energy, the
vertical lines indicate the band gap energy, ~ω = 2a, the onset of intervalley scatter-
ing, and the onset of down-scattering. The horizontal line indicates P(2) = 0. From
lightest to darkest, tp = 10, 15, 25, 50, 100, and 200 fs for a fixed decoherence time of
τ0 = 100 fs. The valley polarization does not visibly change for tp > τ0. The valley
polarization is evaluated at tf = 5tp, the temperature is 300 K, and the chemical
potential is µ = 0.

a maximum valley polarization of P(2) = 0.976 is achieved, while for a tp = 100

fs pulse, the maximum valley polarization achieved is P(2) = 0.989. Note that the

tp = 100 fs curve and the tp = 200 fs curve are virtually indistinguishable. This can

be attributed to the finite decoherence time (which results in linewidth broadening),

making targeting Ec(k) = a precisely impossible even when the pulse duration is

very long. Therefore, from the point of view of valley polarization, there is no reason
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to use a pulse duration that is much longer than the decoherence time. On the other

hand, from the perspective of carrier density, using a very long pulse duration can

be beneficial.

In Fig. 3.9, the optimal operating centre frequency does not in general coincide

exactly with ~ω = 2a, and in fact varies somewhat with the pulse duration. For

a tp = 10 fs pulse, the optimal operating frequency is ~ω = 422 meV, while for a

tp = 100 fs pulse, the optimal operating frequency is ~ω = 400 meV. The value of

the optimal operating centre frequency is a result of a complex interplay between the

pulse duration, decoherence time, external bias (with corresponding A/B ratio and

density of states), the presence of intervalley scattering, and perhaps other factors.

Taken together, these factors lead to violations of the simple rule of thumb that the

optima lie along ~ω = 2a. For the particular bias chosen in Fig. 3.9, the presence

of IVS seems to play an important role in the interplay, pushing the optima towards

lower values as the pulse duration is increased. Some experimental fine-tuning may

therefore be useful for finding the optimal operating frequency-bias pair for each par-

ticular sample and laser. As was discussed in Section 3.2.1, in the ideal limit of long

pulse durations and decoherence times, the optimal operating frequency converges

to ~ω = 2a.

In Fig. 3.10 we again set the bias to a = 205 meV, but this time fix the pulse

duration to tp = 100 fs and vary the decoherence time. The same general features of

Fig. 3.9 are observed. The main difference is that the maximum valley polarization

obtained in Fig. 3.10 can be much larger than in Fig. 3.9 (note the different scales

on the vertical axes). For a decoherence time of τ0 = 10 fs, a maximum valley
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Figure 3.10: Deviation of the second-order valley polarization from perfect polar-
ization log10(1 − P(2)) as a function of the centre photon energy ~ω of the exciting
Gaussian pulse for a fixed bias of a = 205 meV. In order of increasing energy, the
vertical lines indicate the band gap energy, ~ω = 2a, the onset of intervalley scat-
tering, and the onset of down-scattering. The horizontal line indicates P(2) = 0.
From lightest to darkest, τ0 = 10, 30, 100, 200, and 300 fs for a fixed pulse duration
of tp = 100 fs. The valley polarization is evaluated at tf = 5tp, the temperature is
300 K, and the chemical potential is µ = 0.

polarization of P(2) = 0.930 is achieved, while for τ0 = 300 fs, the maximum valley

polarization achieved is P(2) = 0.996. The maximum valley polarization continues

to grow even as the decoherence time is increased through 500 fs (not shown). In

Fig. 3.9, improving the valley polarization by increasing the pulse duration was

limited by the decoherence time. Conversely, in Fig. 3.10, the valley polarization

can be increased indefinitely by using very pure samples with long decoherence times,

regardless of the pulse duration. Comparing Figs. 3.9 and 3.10, it is clear that the
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decoherence time is the limiting factor with respect to the valley polarization. While

clean samples are preferable, a very strong valley polarization can still be achieved

when the decoherence time is short.

3.2.4 Thermal carriers

Up to this point we have only considered the valley polarization arising from the

second-order response P(2), and have so far neglected the background of thermal

carriers. In this section, we examine how thermal carriers act to reduce the valley

polarization and comment on strategies for minimizing their impact. To account for

the thermal background, we simply add the thermal carrier density to the injected

carrier density [see Eq. (3.19)] and compute the valley polarization. In Fig. 3.11

we plot the thermal carrier density as a function of external bias for four different

temperatures at a fixed chemical potential of µ = 0. The thermal carrier density is

largest for small biases for which the band gap is small. We write ñV = ñ
(2)
V + n

(0)
V ,

where ñ
(2)
V was defined in Section 3.2.2 to account for intraband scattering via optical

phonons (both IVS and DS). Since the thermal carrier density is the same in both the

K and K ′ valleys, this corresponds mathematically to adding a factor of 2n
(0)
K = 2n

(0)
K′

to the denominator of Eq. (3.61). The valley polarization is now

P =
ñ

(2)
K − ñ

(2)
K′

ñ
(2)
K + ñ

(2)
K′ + 2n

(0)
K

. (3.64)

Since ñ
(2)
V ∝E2

0 [Eq. (3.32)], the field strength had no effect on the second-order

valley polarization, but it will become important now as the zeroth-order response
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Figure 3.11: Spin degeneracy is accounted for. We take µ = 0.

does not depend on E0. We take E0 = 1.5× (ω/ω0)1/2 kV cm−1, with ~ω0 = 50 meV.

By scaling the field with the centre frequency, we ensure that the number of photons

per pulse is fixed across all frequencies. The magnitude of E0 is chosen to ensure

that ρ
(2)
cc (k) is at most ∼ 1% for any k, such that first-order perturbation theory is

sufficient.

In Fig. 3.12(a), we plot the valley polarization under the same conditions as

Fig. 3.8 (tp = 50 fs, τ0 = 30 fs, tf = 250 fs, T = 300 K, µ = 0), but this time

account for the thermal background. As can be seen, the valley polarization is

reduced significantly, with a maximum valley polarization of P = 0.70 obtained

at (~ω, a) ≈ (368, 308) meV. The region of optimal operating frequency-bias pairs

has also moved away from ~ω = 2a and now hugs the band edge. This can be
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(a) T = 300 K (b) T = 250 K

(c) T = 200 K (d) T = 150 K

Figure 3.12: Deviation of the valley polarization (including thermal carriers) from
perfect polarization log10(1 − P) as a function of the external bias a and centre
photon energy ~ω of the exciting Gaussian pulse at four different temperatures and
including both intervalley scattering and down-scattering. The black dashed lines
are as in Fig. 3.4. The white dashed lines from Fig. 3.8 have been omitted for
clarity. The field amplitude is given by E0 = 1.5×(ω/ω0)1/2 kV cm−1, with ~ω0 = 50
meV. The contour values are not the same for all four plots, but the colour scale is
consistent throughout. In all plots, the interband decoherence time is taken to be
τ0 = 30 fs, the pulse duration is tp = 50 fs, and the chemical potential is µ = 0.
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understood by considering the following. Along ~ω = 2a, the second-order response

is very strongly valley polarized, however the actual number of carriers excited is

quite small because we are operating away from the band edge where the joint

density of states is small. Along the band edge, many more carriers are excited

and even though the second-order response is not as pure, the difference in carrier

density between the K and K ′ valleys is able to overcome the thermal background.

Note also that in contrast to Fig. 3.8, the valley polarization obtained below band

gap is now essentially zero. This is because at frequencies below the band gap, very

few carriers are excited and so the thermal population dominates.

In Figs. 3.12(a) through (d), we show the evolution of the valley polarization as

the temperature is decreased from 300 to 150 K. As the temperature is decreased, the

thermal carrier density decreases, so the valley polarization improves and the optimal

operating region returns to ~ω = 2a. At 150 K, the optimal operating frequency-

bias pair is (~ω, a) ≈ (316, 170) meV, yielding a very strong valley polarization of

P(2) = 0.97. However, even at 150 K, thermal carriers significantly reduce the valley

polarization for small biases. This is because the band gap ∆E(a) ≈ 2a for small

biases, and so the thermal population is non-negligible. The presence of thermal

carriers effectively cuts off small biases from the optimal operating region, much

in the same way as intervalley scattering cut off high photon frequencies (Section

3.2.2). Small biases may be desirable due to reduced electron mobility with increasing

external bias a [96]. For T = 50 K (not shown), the thermal population is negligible,

and the valley polarization observed in Fig. 3.8 is restored. In order to operate in

the low-bias regime, one must work at low temperatures. If one works at a larger
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bias, a very strong valley polarization can be achieved at 150 K.

It would be nice if a strong valley polarization could be achieved at room tem-

perature. One possibility is to increase the field strength, which has the effect of

mitigating the thermal population, and follows a similar progression as Fig. 3.12.

We must be careful with increasing the field strength however, because as alluded

to earlier, we begin to push the limits of first-order perturbation theory. To restore

Fig. 3.12(a) to Fig. 3.8 by increasing the field amplitude alone, E0 would need to

be increased by about a factor of 50. Since ρ
(2)
cc (k) ∝ E2

0 , this pushes us outside the

realm of first-order perturbation theory where nonlinear processes may come into

play [68, 97–99].

3.3 Conclusion

In this chapter, we have presented a detailed study of valley polarization in biased

bilayer graphene. The energy bands were calculated using a tight-binding model, and

density matrix equations of motion were developed within the length gauge. Elec-

tron populations in the K and K ′ valleys were calculated for an incident circularly-

polarized Gaussian pulse. The resulting population imbalance between the valleys

was quantified by the valley polarization, which we optimized with respect to the

external bias, the centre frequency of the exciting pulse, and the pulse duration.

In the ideal limit (omitting thermal carriers, taking the pulse duration to be

infinite, and neglecting carrier scattering and decoherence), we showed that a perfect

valley polarization can be achieved when operating at centre frequencies ω satisfying

~ω = 2a, where 2a is the potential energy difference (the external bias) between the
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graphene layers. This result originates from a k-dependent valley-contrasting optical

selection rule which becomes exact when ~ω = 2a. In the presence of interband

decoherence or finite pulse durations, it is not possible to achieve a perfect valley

polarization, even at zero temperature. However, a near-perfect valley polarization

(> 98%) can still be achieved by operating close to ~ω = 2a.

Intervalley scattering and thermal effects complicate the simple picture that the

optimal operating frequency-bias pairs lie along the line ~ω = 2a. While intervalley

scattering via optical phonons has little effect on the valley polarization for low-

frequency pulses, we found that intervalley scattering greatly reduces the valley po-

larization when the centre photon frequency is large enough to inject carriers to an

energy greater than that of a K-optical phonon. When we accounted for thermal

populations, we found that the valley polarization is significantly reduced when the

external bias (and hence the band gap) is small. Thermal populations drive the op-

timal operating frequency-bias pairs away from ~ω = 2a and towards the band edge,

where the density of states is greatest. At room temperature, thermal populations

reduce the maximum obtainable valley polarization to just 70%. However, thermal

effects can be mitigated by working at low temperatures.

While the valley polarization can be improved significantly by limiting defects

and impurities, a strong valley polarization can be achieved in any reasonably pure

sample. To maximize the valley polarization, the pulse duration should be close to

or larger than the interband decoherence time of the sample. For a decoherence time

of 30 femtoseconds and a pulse duration of 50 fs, we obtain the following optimal

operating conditions. For room-temperature experiments, the optimal operating
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frequency-bias pair is (~ω, a) = (368, 308) meV, for which a valley polarization of

70% is obtained. At the moderate temperature of T = 150 K, the optimal operating

pair is (~ω, a) = (316, 170) meV, yielding a valley polarization of 97%. At very low

temperatures (T < 50 K), the optimal condition is (~ω, a) = (235, 126) meV, where

a valley polarization of over 98% can be achieved. Given these promising results, we

believe that bilayer graphene is a strong candidate for valleytronic applications.
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Chapter 4

Limitations of a Two-band Model

In the previous chapter we presented a detailed description of biased bilayer graphene

in the presence of a circularly-polarized field. To calculate the electronic band struc-

ture and wave functions, we employed a four-band nearest-neighbour tight-binding

model to account for the four atoms in the unit cell. Eventually, we approximated

the dynamics of the system by including only transitions between the two lowest-

energy bands. This was a reasonable approximation as long as the frequency of the

exciting field and the initial conduction band population were assumed small.

In many applications [53, 73], bilayer graphene is well-described by an effective

two-band tight-binding model obtained by projecting out the high-energy bands. For

details on the two-band model, including a derivation of the effective tight-binding

Hamiltonian, please see Refs. [66, 71, 73]. Was it necessary for us to turn to the more

complicated four-band model in Chapter 3, or would the simple two-band model have

been sufficient? In this brief chapter, we argue that a four-band model is necessary

to accurately describe biased bilayer graphene for external biases greater than a few
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tens of meV. Beyond that, the two-band model deviates significantly from the four-

band result, leading to inaccurate predictions for the optimal operating frequency

and external bias.

We also examine how the Berry curvature differs between the two- and four-band

models. We again find that the models are in agreement when the external bias

is small, but quickly deviate from one another as the external bias grows to a few

hundred meV. Lastly, we calculate the valley Chern number associated with the

Berry curvature in each valley. Interestingly, we find that the valley Chern number

is integer-valued for the two-band model but not for the four-band model.

4.1 Energy bands

In unbiased bilayer graphene, the dispersion relation for the two-band model is

E0(k) =
ε̃(k)− t⊥

2
, (4.1)

where

ε̃(k) =
√
t2⊥ + αk2. (4.2)

Here, α = 4~2v2
f = 9a2

0t
2
‖. In the presence of an external bias a, the dispersion relation

becomes [66]

Eb(k) =
√
E0(k)2 + S(k)2, (4.3)

where S = at⊥/ε̃. In Fig. 4.1, we plot the low-energy dispersion relation for the two-

and four-band models. When a = 0, the two- and four-band dispersions coincide
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Figure 4.1: Low-energy dispersion relation for the two- and four-band models as a
function of k for three different biases a. Solid lines correspond to the four-band
model and dashed lines correspond to the two-band model. From darkest to lightest,
a = 0, 150, and 300 meV.

exactly. However, as the bias is increased the models begin to deviate from one

another. This can be attributed to level repulsion by the higher-energy bands which

are not accounted for in the two-band model. For all a the models coincide at k = 0.

4.2 Connection elements

In the two-band model, the interband connection element again takes the form

ξcv(k) = iA(a, k)k̂±B(a, k)θ̂k, (4.4)
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but this time [66]

A(a, k) =
at⊥

4E2
b ε̃

2
(ε̃+ 2E0)

α

ε̃
k, B(a, k) =

E0

Eb

( ε̃+ t⊥
2ε̃

)1

k
. (4.5)

Just as in the four-band model, A and B are purely real and positive. The two-

band model is convenient because the functions A and B can be easily written down.

However, as we shall demonstrate, it is inferior to the four-band model in several

important ways. We may write down the A/B ratio for the two-band model,

A

B
=

a

Eb

t⊥
ε̃2

(2ε̃− t⊥). (4.6)

In Fig. 4.2 we compare the A/B ratios of the two- and four-band models for three

choices of the external bias. The two-band model is seen to deviate significantly from

the four-band model even at a relatively small bias of a = 100 meV. As the bias is

increased, the discrepancy grows. For small k, both models agree regardless of the

external bias. A series expansion about k = 0 gives

A

B
≈ 1 +

9

2

a2
0t

2
‖

t2⊥
k2 +O(k4), (4.7)

for both the two- and four-band models, deviating from each other only by the

fourth-order correction. The two- and four-band models also possess different large-

k behaviour. In the two-band model, A ∼ 1/k3 while in the four-band model,

A ∼ 1/k2. In both models B ∼ 1/k. Therefore, A/B ∼ 1/k2 in the two-band model

while A/B ∼ 1/k in the four-band model.
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Figure 4.2: A/B ratio in the two- and four-band models. Solid lines correspond
to the four-band model and dashed lines to the two-band model. From lightest to
darkest, the colours correspond to a = 50, 100, and 250 meV. The dotted gray line
corresponds to A/B = 1. We use t⊥ = 0.42 eV and t‖ = 3.3 eV. k is in units of m−1.

The most important distinction between the two- and four-band models is the

value of k1 (i.e., the k for which A/B = 1; see Section 3.2.1). This is important

because the band energy at k = k1 determines the optimal operating frequency.

From Fig. 4.2 it is clear that the models do not agree on k1 and the discrepancy

grows with the external bias. We have not been able to derive an analytic expression

for k1 in the two-band model, but k1 can be solved for numerically for any given a.

In Fig. 4.3, we plot k1 as a function a for the two-band model. For comparison, we

also plot the four-band result and the crystal momenta corresponding to the band

gap in the two-band model. As can be seen, the two- and four-band results agree for
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Figure 4.3: k1 in the two- and four-band models. The solid line corresponds to the
four-band result k1 = 4a/3a0t‖. The dashed line corresponds to the two-band k1,
calculated numerically. The dotted line gives the band gap in two-band model. Note
that a is in units of meV, k is in units of m−1, t⊥ = 0.42 eV, and t‖ = 3.3 eV.

small a and then begin to deviate significantly.

4.3 Valley polarization

In this section, we discuss the significant qualitative differences between the valley-

polarization spectra generated by the two-band and four-band models. In Fig. 4.4 we

plot the valley polarization calculated using the results of the two-band model. For

simplicity, we consider the valley polarization in the absence of intraband scattering

and neglect thermal populations. Aside from the significant qualitative differences

between Fig. 4.4 and the plots presented in Chapter 3 (in particular, Fig. 3.4), there
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Figure 4.4: Deviation of the second-order valley polarization from perfect polariza-
tion log10(1−P(2)) as a function of the external bias a and centre photon energy ~ω
of the exciting Gaussian pulse, calculated within a two-band model. Lighter regions
correspond to stronger valley polarizations. From lightest to darkest, the contours
correspond to P(2) = 0.99, 0.97, 0.95, 0.78, and 0.56. The upper dashed curve is the
line ~ω = 2a, i.e., the optimal condition for the four-band model. The middle dashed
curve corresponds to ~ω = 2Ec(k1, a) for the two-band model, i.e., ~ω resonant with
interband transitions at k = k1. The lower dashed curve is the band gap energy in
the two-band model. The pulse duration varies with ~ω according to tp = 2nπ/ω for
n = 3.5 cycles. The valley polarization is evaluated long after the pulse has passed.
Intraband scattering is neglected (γcc(k) = 0), and the interband decoherence time is
taken to be τ0 = 100 fs. Here, we use t⊥ = 0.3 eV and t‖ = 3.08 eV. The temperature
is 298 K and the chemical potential is µ = 0.
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are some subtle quantitative differences that need to be addressed:

1. The inter-layer hopping energy is t⊥ = 0.3 eV rather than 0.42 eV.

2. The intra-layer hopping energy is t‖ = 3.08 eV rather than 3.3 eV.

3. The number of pulse cycles is fixed, rather than the pulse duration. Specifically,

we choose tp = 2nπ/ω for n = 3.5 cycles.

4. The decoherence time is set to τ0 = 100 fs, rather than 30 fs.

5. The chemical potential is taken to be µ = 25 meV rather than 0 meV and

T = 298 K rather than 300 K.

The first two items will affect the energy bands and the A/B ratio. The third

item should lead to stronger valley polarizations for low-frequency pulses because in

principle, a longer pulse can excite states at k = k1 more precisely. The fourth item

should lead to a sharper response in comparison to our results in Chapter 3. The

fifth item has a negligible effect on the results. This calculation was performed much

earlier than those presented in Chapter 3 and we did not have time to recalculate

before writing this thesis. Thus, we will not worry too much about the details of this

plot but instead focus on the general features.

The most important distinction between the two- and four-band spectra is that

the optimal operating frequency-bias pairs do not lie along ~ω = 2a in the two-band

model. Rather, the optimal frequencies grow sublinearly with a. While the two- and

four-band models make similar predictions for the optimal operating frequency-bias

pairs for small a, it is clear from these results that the two-band model is only valid
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for biases of up to about a ≈ 120 meV. Beyond that, one must employ the four-band

model. This is a manifestation of the discrepancy between k1 in the two- and four-

band models, which in turn is a manifestation of the discrepancy in the energy bands

and eigenstates. In Fig. 4.4, the optimal operating frequency-bias pairs appear to

coincide approximately with the band gap energy. This is merely a coincidence; in

the two-band model, it so happens that E(k1) ≈ E(kgap), as is evident in Fig. 4.4.

4.4 Berry curvature

The Berry curvature can be thought of as an effective magnetic field in momentum

space. In biased bilayer graphene, the Berry curvatures in the K and K ′ valleys are

of equal magnitude and opposite sign. In the presence of an external electric field,

electrons in biased bilayer graphene acquire an anomalous velocity perpendicular to

the direction of the applied field. The sign of the velocity is determined by the sign

of the Berry curvature felt by the electron. Thus, as we will see in the next chapter,

the Berry curvature plays a key role in determining the Hall conductivity.

The Berry curvature of the nth band Ωnn(k) may be obtained from the intraband

connection elements according to

Ωnn(k) = ∇k × ξnn(k). (4.8)

In biased bilayer graphene, the conduction band and valance band possess equal and

opposite Berry curvature such that Ωvv(k) = −Ωcc(k). In the K valley, the valence

band curvature is strictly positive, while in K ′ it is strictly negative. Let us define
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Ω(k) = Ωvv(k) · ẑ, where Ωvv(k) refers to the K valley so that Ω(k) > 0. We note

that the Berry curvature is isotropic about the Dirac point at k = 0.

In this section, we compare the Berry curvature obtained in the four-band model

to that obtained in the two-band model. In the limit k → 0, the four-band curvature

is

Ω(k) =
9t2‖a

2
0

2t2⊥
+

18a2
0t

2
‖a

2

t4⊥
. (4.9)

The first term is equivalent to 2~2v2
f/t

2
⊥, in agreement with the two-band result of

Refs. [66, 73]. The second term is a correction unique to the four-band model and

goes as the bias squared. This correction is dominated by the leading term up to

biases of about a ≈ 50 meV. Quickly, however, the correction begins to dominate,

reaching as high as 10× the constant leading term by a = 700 meV. For a moderate

bias of a = 100 meV, the correction is about 25%. In Fig. 4.5, we plot the Berry

curvature for both the two- and four-band models. As can be seen, the models agree

when a is small but deviate significantly as the external bias is increased.

The Chern number is defined

C =
1

2π

∫
BZ

Ω(k) · dA, (4.10)

where the integration is over the full Brillouin zone (BZ). C is integer-valued and

a topological invariant. In biased bilayer graphene, C = 0 for both the conduction

and valence bands since the Berry curvature is equal and opposite in each valley.

However, we can define a valley Chern number by restricting the integration to just
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Figure 4.5: Berry curvature for the two- and four-band models. Solid lines correspond
to the four-band model and dashed lines to the two-band model. From lightest to
darkest, a = 100, 200, and 300 meV. For clarity, the middle and upper sets of curves
have been shifted upwards by 10−17 and 2×10−17 m−2, respectively. We use t⊥ = 0.42
eV and t‖ = 3.3 eV. Note that Ω(k) is in units of m−2 and k is in units of m−1.

the vicinity of a single valley.

CV =
1

2π

∫
Valley

Ω(k) · dA

=
1

2π

∫
k dk

∫
dθk Ω(k)

=

∫
k dkΩ(k), (4.11)

where we have used the fact that the Berry curvature is isotropic within our model.

There is no guarantee that the valley Chern number is integer-valued. It is only
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Figure 4.6: Valley Chern number for the four-band model as a function of the external
bias (meV).

required that the integral of the Berry curvature over the entire Brillouin zone return

an integer. However, since the Berry curvature is concentrated near the Dirac points,

it is reasonable to expect that the valley Chern number is also integer-valued. Indeed,

in the two-band model, each valley contributes ±1 to the Chern number yielding an

overall Chern number of zero. In the four-band model, the overall Chern number is

zero, but the contribution from each valley is non-integer. In Fig. 4.6 we plot the

four-band valley Chern number as a function of the external bias. As a → 0, the

valley Chern number approaches one, a well-known integer. As the bias is increased,

however, the valley Chern number increases and eventually plateaus to CV ≈ 1.5.
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4.5 Conclusion

In this chapter, we compared the predictions of the two- and four-band tight-binding

models of biased bilayer graphene. Generally speaking, we found the models to be

in agreement when the external bias is small (a few tens of meV). Beyond this, the

two- and four-band models deviate from one another. In terms of valley polarization,

the two models deviate significantly in their predictions for the optimal operating

frequency-bias pairs. The models also deviate in their prediction for the Berry cur-

vature. Thus, the explanatory power of a two-band tight-binding model is limited

to the small-bias regime. If one wishes to study biased bilayer under external biases

greater than a few tens of meV, one must resort to a four-band description.
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Chapter 5

Valley-polarized Current

Once a valley polarization is induced, how can it be measured? One possibility is to

take advantage of the equal and opposite Berry curvatures felt by electrons in each

valley. In the presence of an external field parallel to the graphene plane, electrons

acquire an anomalous velocity perpendicular to the field in a direction dictated by

the sign of the Berry curvature (see Fig. 1.5). Usually, when the valleys are equally

populated, this anomalous contribution cancels out and there is no net current in the

perpendicular direction. However, when the system is valley polarized, electrons will

pile up on one side of the sample and a nonzero Hall voltage can be observed. This

is the so-called valley Hall effect. In this chapter, we calculate this Hall conductivity

and compare it to the longitudinal conductivity (the conductivity in the direction of

the applied field).

We begin in Section 5.1 by splitting the intraband current density into two distinct

contributions: the band-velocity contribution and the anomalous (Hall) contribution.

We deal with each contribution separately in Sections 5.1.1 and 5.1.2, respectively.

From each contribution to the current density we may extract the conductivity,
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which we examine in Section 5.2. In Section 5.2.1, we calculate the conductivity

for a fixed carrier density. In Section 5.2.2, we apply the results of Chapter 3 to

determine the conductivity associated with valley-polarized carrier injection by a

circularly-polarized Gaussian pulse.

5.1 Intraband current

From Refs. [64, 66, 100], the ath component of the intraband current density is given

by

Jai =
2

A

e

~
∑
n

∑
k

∂En(k)

∂ka
ρnn(k)

− 2

A

e2

i~
∑
b

∑
n,m

∑
k,k′

Eb(t)
〈
n,k

∣∣[rai , rb]∣∣m,k′〉 〈m,k′|ρ(t)|n,k〉 , (5.1)

where the factor of 2 accounts for spin degeneracy and A is the area of the graphene

sheet. It can be shown that [100]

∑
n,m

∑
k,k′

〈
n,k

∣∣[rai , rb]∣∣m,k′〉 〈m,k′|ρ(t)|n,k〉

= i
∑
n

∑
k

ρnn (k)

{
∂ξbnn (k)

∂ka
− ∂ξann (k)

∂kb

}
+
∑
n,m 6=n

∑
k

ρmn (k) ξbnm (k) {ξann (k)− ξamm (k)}

+ i
∑
n,m 6=n

∑
k

ρmn (k)
∂ξbnm (k)

∂ka
. (5.2)
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In the above, rai is the ath component of the intraband part of the position operator

[64] and Eb(t) is the bth component of the electric field. Since ρ
(0)
nm(k) = 0 for

n 6= m, the second and third terms in Eq. (5.2) may be omitted when calculating

the intraband current density to first order. To first order in the electric field,

Jai =
2

A

e

~
∑
n

∑
k

∂En(k)

∂ka
ρ(1)
nn(k)

− 2

A

e2

~
∑
b

Eb(t)
∑
n

∑
k

ρ(0)
nn (k)

{
∂ξbnn (k)

∂ka
− ∂ξann (k)

∂kb

}
≡ JaBand + JaHall. (5.3)

The first term is the usual contribution to the current from the velocities of the

carriers in the electron bands, while the second term is referred to as the anomalous

or Hall contribution. In principle, there is also an interband current but we assume

in this chapter that the frequency of the exciting field is low enough as to not induce

interband transitions.

5.1.1 Band-velocity contribution

The band-velocity contribution to the first-order intraband current is

JaBand =
2

A

e

~
∑
n

∑
k

∂En(k)

∂ka
ρ(1)
nn(k)

=
2

A

e

~
∑
k

∂Ec(k)

∂ka

[
ρ(1)
cc (k)− ρ(1)

vv (k)
]

=
2

A

e

~
∑
k

∂Ec(k)

∂ka

[
ρ(1)
cc (k) + ρ

(1)
hh (k)− 1

]
, (5.4)
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where we have used the fact that Ec(k) = −Ev(k) and where we work with vacancy

populations via the transformation ρvv(k) = 1 − ρhh(k). The term proportional to

−1 may be dropped because a full band carries no current. Now, the density matrix

equations of motion are

dρnn(k)

dt
= i

e

~
E(t) ·

[
ξcv(k)ρvc(k)− ξvc(k)ρcv(k)

]
− e

~
E(t) · ∇kρnn(k)− γnn(k) [ρnn(k)− ρeq

nn(k)] , (5.5)

for n = {c, h}. To first order in the electric field, and applying ρ
(0)
cv (k) = 0,

dρ
(1)
nn(k)

dt
= − e

~
E(t) · ∇kρ

(0)
nn(k)− γnn(k)ρ(1)

nn(k), (5.6)

which has solutions

ρ(1)
nn(k) = − e

~
e−γnn(k)t∇kρ

(0)
nn(k) ·

∫ t

−∞
E(t′)eγnn(k)t′dt′. (5.7)

To continue, we must specify the electric field. Let

E(t) = Ee−iωet, (5.8)

where E = Exx̂ + Eyŷ. The subscript on ωe stands for “external” to distinguish it

from the centre frequency of the circularly-polarized pulse ω used for carrier injection.

125



For convenience, let us move to polar coordinates via the transformation

x̂ = cos θkk̂− sin θkθ̂k,

ŷ = sin θkk̂ + cos θkθ̂k. (5.9)

We may then write E = Ekk̂ + Eθk θ̂k, where we have defined Ek ≡ Ex cos θk +

Ey sin θk and Eθk ≡ −Ex sin θk + Ey cos θk. Now,

∇kρ
(0)
nn(k) =

∂fn(k)

∂k
k̂, (5.10)

where fn is the Fermi function, and therefore

∇kρ
(0)
nn · E =

∂fn(k)

∂k
Ek. (5.11)

Thus, using Eq. (5.7) we have

ρ(1)
cc (k) = − e

~
∂fc(k)

∂k
Ek e−γcc(k)t

∫ t

−∞
e−iωet′+γcc(k)t′dt′

= − e
~
∂fc(k)

∂k

Ex cos θk + Ey sin θk
−iωe + γcc(k)

e−iωet. (5.12)

Similarly, one finds

ρ
(1)
hh (k) =

e

~
∂fv(k)

∂k

Ex cos θk + Ey sin θk
−iωe + γvv(k)

e−iωet. (5.13)
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Note the sign difference between ρ
(1)
cc (k) and ρ

(1)
hh (k) which is a result of the fact that

∇kρ
(0)
hh (k) = −∇kρ

(0)
vv (k). (5.14)

Thus, the band-velocity contribution to the intraband current density is

JxBand =
2

A

e

~
∑
k

[
ρ(1)
cc (k) + ρ

(1)
hh (k)

] ∂Ec
∂kx

=
2

A

e

~
∑
k

[
ρ(1)
cc (k) + ρ

(1)
hh (k)

] ∂Ec
∂k

cos θk,

JyBand =
2

A

e

~
∑
k

[
ρ(1)
cc (k) + ρ

(1)
hh (k)

] ∂Ec
∂ky

=
2

A

e

~
∑
k

[
ρ(1)
cc (k) + ρ

(1)
hh (k)

] ∂Ec
∂k

sin θk.

(5.15)

Moving to a continuum of states,

JxBand =
e

~
2

(2π)2

∫ 2π

0

dθk

∫ ∞
0

k dk
[
ρ(1)
cc (k) + ρ

(1)
hh (k)

] ∂Ec
∂k

cos θk,

JyBand =
e

~
2

(2π)2

∫ 2π

0

dθk

∫ ∞
0

k dk
[
ρ(1)
cc (k) + ρ

(1)
hh (k)

] ∂Ec
∂k

sin θk. (5.16)

With Eqs. (5.12) and (5.13), and assuming γnm(k) = γnm(k), we have

JxBand = − e
2

~2

2

(2π)2
e−iωet

∫ 2π

0

(
Ex cos2 θk + Ey sin θk cos θk

)
dθk

×
∫ ∞

0

k dk

(
∂fc/∂k

γcc(k)− iωe
− ∂fv/∂k

γvv(k)− iωe

)
∂Ec
∂k

. (5.17)
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The product of a cosine and a sine integrates to zero, while cosine squared gives π.

Thus,

JxBand = − e
2

~2

2

(2π)2
e−iωetπEx

∫ ∞
0

k dk

(
∂fc/∂k

γcc(k)− iωe
− ∂fv/∂k

γvv(k)− iωe

)
∂Ec
∂k

. (5.18)

Assuming γcc(k) = γvv(k) = γ0(k),

JxBand =
e2

~2

2

(2π)2
e−iωetπEx

∫ ∞
0

k dk

γ0(k)− iωe

[
∂fv
∂k
− ∂fc
∂k

]
∂Ec
∂k

. (5.19)

Similarly,

JyBand =
e2

~2

2

(2π)2
e−iωetπEy

∫ ∞
0

k dk

γ0(k)− iωe

[
∂fv
∂k
− ∂fc
∂k

]
∂Ec
∂k

. (5.20)

Now we choose to consider a quasi-thermal distribution for our initial condition.

That is, we choose µc = −µv = µ, where µc and µv are the quasi chemical potentials

associated with the conduction and valence bands. This is an interesting case to

consider because it describes optical carrier injection. When carriers are excited

from the valence band to the conduction band, they rapidly thermalize within a few

tens of femtoseconds (see Section 3.2). Since the interband scattering time is much

longer than this for low-energy carriers, each band will be well approximated by its

own thermal equilibrium. Because the valence band is the negative of the conduction

band, and because there must be an equal number of electrons and holes, we must
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have µc = −µv. In this approximation, we have

∂

∂k
fc(k, µ, T ) = − ∂

∂k
fv(k,−µ, T ), (5.21)

which allows us to write

JaBand = − e
2

~2

4

(2π)2
πEae−iωet

∫ ∞
0

k dk

γ0(k)− iωe
∂fc
∂k

∂Ec
∂k

, (5.22)

from which we may extract the first-order conductivities via the relation J = σE.

The nonzero components are the longitudinal conductivities

σxx =
JxBand

Exe−iωet
=

JyBand

Eye−iωet
= σyy. (5.23)

Monolayer graphene

To verify these calculations, we may consider the analytic case of monolayer graphene.

Putting Ec(k) = ~vfk and computing the contribution from the conduction band,

we obtain

JaBand = 2i
e2

~2

Eae−iωet

π (ωe + iγ0)
kBT ln

(
1 + eµ/kBT

)
, (5.24)

which agrees with the first term in the first line of Eq. (3.109) of Ref. [66] if valley

degeneracy is assumed. The second term in Eq. (3.109) is just the valence band

contribution.
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5.1.2 Anomalous contribution

The anomalous contribution to the first-order intraband current density is given by

JaHall = − 2

A

e2

~
∑
b

Eb(t)
∑
n

∑
k

ρ(0)
nn (k)

{
∂ξbnn (k)

∂ka
− ∂ξann (k)

∂kb

}
. (5.25)

To proceed, we will require expressions for the intraband connection elements ξnn(k).

Intraband connection elements

From Section 2.3.3, we have that

ξnn(k) =
i

2

∑
iC

i∗
n (k)∇kC

i
n(k)−∇kC

i∗
n (k)Ci

n(k)∑
i |Ci

n(k)|2
. (5.26)

Evaluating this quantity using the coefficients of Eq. (3.7), one finds

ξcc(k) = ±G(a, k)θ̂k = −ξvv(k), (5.27)

where the plus and minus signs correspond to K and K ′ respectively. G(a, k) is real

and positive. A series expansion in the limit k → 0 yields

G(a, k) ≈ 1

k
−

9a2
0(4a2 + t2⊥)t2‖

4t4⊥
k +O(k3). (5.28)

The large-k behaviour also goes as 1/k. At k = k1,

G(a, k1) =
3a0t‖

4a

t2⊥ − 4a2

8a2 + t2⊥
=

1

k1

t2⊥ − 4a2

8a2 + t2⊥
. (5.29)
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We note that

G(t⊥/2, k1) = 0. (5.30)

Berry curvature

The Hall contribution is deemed anomalous is because if we consider the current in

the x-direction, the anomalous contribution to the current is proportional to Ey(t).

Explicitly,

JxHall = − 2

A

e2

~
Ey(t)

∑
k

[
ρ(0)
cc (k)− ρ(0)

vv (k)
]{∂ξycc (k)

∂kx
− ∂ξxcc (k)

∂ky

}
, (5.31)

JyHall = − 2

A

e2

~
Ex(t)

∑
k

[
ρ(0)
cc (k)− ρ(0)

vv (k)
]{∂ξxcc (k)

∂ky
− ∂ξycc (k)

∂kx

}
, (5.32)

where we have used the fact that ξcc(k) = −ξvv(k) (Eq. (5.27)). We again move to

the vacancy picture via the transformation ρvv(k) = 1− ρhh(k):

JxHall = − 2

A

e2

~
Ey(t)

∑
k

[
ρ(0)
cc (k) + ρ

(0)
hh (k)− 1

]{∂ξycc (k)

∂kx
− ∂ξxcc (k)

∂ky

}
, (5.33)

JyHall = − 2

A

e2

~
Ex(t)

∑
k

[
ρ(0)
cc (k) + ρ

(0)
hh (k)− 1

]{∂ξxcc (k)

∂ky
− ∂ξycc (k)

∂kx

}
. (5.34)

The Hall conductivities may be extracted:

σxy =
JxHall

Ey(t)
= − JyHall

Ex(t)
= −σyx. (5.35)
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Table 5.1: Sign of the Berry curvature according to band and valley index.

K K’

c − +

v + −

The terms in curly braces in Eqs. (5.33) and (5.34) are related to the Berry curvature:

Ωcc(k) = ∇k × ξcc(k) =

{
∂ξycc (k)

∂kx
− ∂ξxcc (k)

∂ky

}
ẑ

=

{
1

k

∂

∂k

(
kξθkcc

)}
ẑ

=

{
1

k
G(a, k) +

∂G(a, k)

∂k

}
ẑ

= −Ωvv(k). (5.36)

With this observation, it can be seen that the factors of −1 in Eqs. (5.33) and (5.34)

do not contribute to the current when both valleys are taken into account (zero Chern

number). The valence band curvature is strictly positive in the K valley, while the

conduction band curvature is negative. In the K ′ valley, the signs are reversed (see

Table 5.1). Since Ωvv(k) = −Ωcc(k) > 0 in K, let us define

Ω(k) ≡ Ωvv(k) · ẑ = −Ωcc(k) · ẑ, (5.37)

where we note that Ω(k) is isotropic about the Dirac point. In Fig. 5.1 we plot

Ω(k) for nine choices of the external bias. For small biases, the Berry curvature is
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Figure 5.1: Berry curvature [m−2] of the four-band model for nine choices of the
external bias as a function of the magnitude of the Bloch wavevector [m−1]. From
lightest to darkest, a = 20, 35, 50, 75, 100, 200, 300, 400 and 500 meV.

sharply peaked close to (but not exactly) k = 0. As a tends to 0, the Berry curvature

becomes infinitely tall and narrow in such a manner that its valley Chern number

approaches unity from above. As the bias is increased, the sharp peak moves away

from k = 0 and splits into two peaks, one at exactly k = 0 and the other at the band

minimum. In Chapter 4, we compared the Berry curvatures predicted by the two-

and four-band models.

5.2 First-order conductivity

In this section we study the conductivities associated with currents JBand and JHall.

We begin by fixing the carrier density across all biases and calculating the resulting
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conductivities. Then, based on our results in Chapter 3, we consider the carrier

density injected by a circularly-polarized Gaussian pulse. Unless otherwise specified,

it is understood that we are talking about the carrier density, conductivity, etc.,

associated with a single valley.

5.2.1 Fixed carrier density

In this section, we consider a fixed carrier density and vary the external bias. How-

ever, as a is varied, the electron bands evolve (see Fig. 3.2). Therefore, the quasi

chemical potential must be simultaneously adjusted to keep the carrier density con-

stant (assuming a fixed temperature). For each external bias a, we determine the

effective chemical potential µeff that satisfies

n0 = n
(0)
V (a, µeff, T )

=
2

(2π)2

∫
d2k fc(k, a, µeff, T )

=
1

π

∫ ∞
0

k dk fc(k, a, µeff, T ) (5.38)

for some choice of n0 at a fixed temperature T, where we have recalled the definition

of n
(0)
V in Eq. (3.19). Here, fc is the Fermi function. Any given a corresponds to

a characteristic curve that relates µeff to the chosen single-valley carrier density n0

according to Eq. (5.38). A family of such curves are shown in Fig. 5.2 for external

biases ranging from 0 ≤ a ≤ 900 meV for a temperature of T = 150 K. As usual, the

chemical potential is measured relative to the charge neutrality point. For any choice

of n0 we can determine the µeff that returns the equivalent thermal carrier density
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Figure 5.2: Effective chemical potential that yields a carrier density of n0 = 5 ×
1012 cm−2 in a single valley according to Eq. (5.38) for a particular bias at T = 150
K. The lowest curve before the crossover corresponds to a = 0 while the highest
curve corresponds to a = 900 meV.

n
(0)
V associated with a single valley by interpolating the appropriate curve in Fig.

5.2. For example, for n0 = 5× 1012 cm−2 and a = 0 meV we obtain µeff = 236 meV

when T = 150 K. Repeating this calculation for all a, we obtain Fig. 5.3. The shape

of the curves in Fig. 5.3 varies significantly with the choice of n0 but the variation

can be entirely attributed to the band structure: As the bias is increased, the band

gap grows and the band edge moves further out into k-space. As the band gap

grows, µeff must increase to preserve a fixed carrier density. Simultaneously, as the

band edge moves further out into k-space, the density of states (DOS) at the band

edge increases. As the DOS increases, µeff must decrease to keep the carrier density
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Figure 5.3: Effective chemical potential as a function of external bias for a fixed
single-valley carrier density of n0 = 5× 1012 cm−2 for four different temperatures.

fixed. The battle between these two effects results in the complicated structure of

Fig. 5.3. If the carrier density is sufficiently large (n0 ≈ 1013 cm−2), the band gap

effect dominates, meaning that µeff increases with a. If the carrier density is smaller

(n0 ≈ 1012 cm−2), the DOS effect dominates, meaning that µeff decreases with a.

We choose to consider n0 = 5 × 1012 cm−2 because it is in the middle of these two

extremes and displays some interesting features, as we shall see. Of course, since

the band structure of the K and K ′ valleys are identical, Figs. 5.2 and 5.3 apply to

both valleys. The asymmetry between K and K ′ will arise when the carrier density

injected into each valley is different.
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Figure 5.4: Hall conductivity associated with the K valley in units of σ0 = 4e2/h
associated with a fixed single-valley carrier density of n0 = 5×1012 cm−2 as a function
of a [meV] using the effective chemical potentials given in Fig. 5.3 for four different
temperatures. From lightest to darkest, T = 150, 200, 250, and 300 K.

Hall conductivity

In Fig. 5.4, we compute the Hall conductivity associated with the K valley for a

fixed single-valley carrier density of n0 = 5× 1012 cm−2 using the results of Fig. 5.3.

The Hall conductivity is plotted in units of σ0 ≡ 4e2/h (where h = 2π~), for reasons

that will become clear. In the limit a → 0 we see that σxy → σ0. As the bias is

increased, the Hall conductivity degrades. The Hall conductivity decreases slightly

as the temperature is increased. We note that to first order, the Hall conductivity

is unaffected by scattering and is purely real. The Hall conductivity associated with

the K ′ valley for an equivalent single-valley carrier density is simply the negative of
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the result shown in Fig. 5.4. The net Hall conductivity for equally-populated valleys

is therefore zero.

To understand Fig. 5.4, consider how the Hall conductivity σxy is calculated.

From Eqs. (5.33), (5.35), (5.36), and (5.37) we have, for the K valley,

σxy =
2

A

e2

~
∑
k

[
ρ(0)
cc (k) + ρ

(0)
hh (k)

]
Ω(k). (5.39)

In the macroscopic limit,

σxy =
e2

~
2

(2π)2

∫
d2k

[
ρ(0)
cc (k) + ρ

(0)
hh (k)

]
Ω(k). (5.40)

The Hall conductivity therefore amounts to an integral of the Berry curvature around

the vicinity of the Dirac point times a weight factor given by
[
ρ

(0)
cc (k) + ρ

(0)
hh (k)

]
. To

maximize the Hall conductivity, the weight factor should be large where the Berry

curvature is large. As we saw in Fig. 5.1, the Berry curvature is generally localized

around two “hot spots,” one near k = 0 and another near the band minimum. Thus,

to obtain a large Hall conductivity, the carrier concentration should be tuned to align

with the hot spots of Berry curvature. It is worth mentioning that due to the circular

symmetry of the problem, there will be an effective factor of k in the integrand of

Eq. (5.40), making the Berry curvature near the band edge more important to σxy

than the Berry curvature near k = 0.

Consider again a quasi-thermal distribution for our initial condition. One can

then show that ρ
(0)
cc (k) = ρ

(0)
hh (k). Now consider the limit ρ

(0)
cc (k) = ρ

(0)
hh (k) → 1

for all k for which the Berry curvature is substantial (this limit is realized if µeff is
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sufficiently large). The Hall conductivity becomes

σxy =
e2

~
4

(2π)2

∫
d2k Ω(k). (5.41)

The Hall conductivity is reduced to an integral of the Berry curvature over the

neighbourhood of the Dirac point. Thus, in this limit, the Hall conductivity is

proportional to the valley Chern number (see Eq. 4.11):

σxy =
e2

~
4

(2π)2
2π CV

=
2

π

e2

~
CV

= 4
e2

h
CV . (5.42)

Since ρ
(0)
nn(k) ≤ 1, Eq. (5.42) represents the maximum value that can be obtained

for σxy. In the limit a→ 0, CV → 1 (see Fig. 4.6). Let us therefore define

σ0 ≡ 4
e2

h
. (5.43)

Here, the factor of four can be thought of as coming from spin and the sum over the

conduction and valence bands. The valence band contribution is nonzero because we

are assuming a quasi-thermal distribution. We note that there is no contradiction in

Fig. 5.4 with the minimum conductivity associated with gapless graphene or bilayer

graphene [14, 42]. That minimum conductivity is associated with the interband

current density. Here we consider only the intraband current density, which can go

to zero.
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When the external bias is small, ρ
(0)
cc (k) is close to unity near k = 0 since the

carrier density is concentrated at the band minimum (see Fig. 3.2). Since the Berry

curvature is also concentrated near k = 0 when a is small (see Fig. 5.1), the limit

described above is realized and σxy → σ0. For large a, the carrier density is again

concentrated near the band minimum, but the band minimum is no longer near k = 0.

Meanwhile, the Berry curvature is split between k = 0 and the band minimum.

Thus, the full Berry curvature is not captured by the carrier concentration. The

effect becomes more pronounced as a is increased and so σxy decreases. To maximize

the Hall conductivity, the effective chemical potential must be sufficiently large as to

result in ρ
(0)
cc (k) ≈ 1 where the Berry curvature is non-negligible. We note that the

Hall conductivity can exceed σ0 because the valley Chern number is not strictly unity

in the four-band model but instead increases with a according to Fig. 4.6. Thus,

in principle, the largest possible Hall conductivity obtainable within the four-band

model is σxy = 1.5σ0.

Before turning to the longitudinal conductivity, let us discuss the behaviour of the

Hall conductivity for single-valley carrier densities other than n0 = 5 × 1012 cm−2.

For smaller n0, the Hall conductivity is reduced in comparison to Fig. 5.4. For

n0 = 1012 cm−2, as a → 0 the Hall conductivity grows without plateauing to a

maximum of σxy ≈ 0.9σ0. This is because n0 is too small to realize the valley Chern

limit described above. As a becomes large, the Hall conductivity degrades as in Fig.

5.4. For larger carrier densities, the Hall conductivity is generally larger than in Fig.

5.4. Like in Fig. 5.4, σxy → σ0 as a → 0 because the Hall conductivity is capped

by the valley Chern number. However, as a increases, σxy initially increases along
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with the valley Chern number before falling off. For n0 = 1013 cm−2, this means a

maximum of σxy ≈ 1.2σ0 at a ≈ 225 meV. In addition, the bias at which the Hall

conductivity “turns over” and begins to decrease moves towards larger a. Even for

very large n0, the Hall conductivity will eventually degrade as a becomes large.

Longitudinal conductivity

In Fig. 5.5, we compute the longitudinal conductivity associated with a single valley

using the results of Fig. 5.3. The longitudinal and the Hall conductivities are of

comparable magnitudes. The functional dependence of σxx resembles that of the ef-

fective chemical potential, Fig. 5.3. The longitudinal conductivity degrades initially,

then begins to increase before plateauing as the bias is increased. To understand

this behaviour, consider how the longitudinal conductivity is calculated. From Eqs.

(5.22) and (5.23) we have

σxx = σyy = − 1

π

e2

~2

∫ ∞
0

k dk

γ0(k)− iωe
∂fc
∂k

∂Ec
∂k

. (5.44)

Assuming γ0(k) = γ0, the longitudinal conductivity is proportional to the integral of

the quantity

∂fc
∂k

∂Ec
∂k

. (5.45)

For a given temperature and chemical potential, the functional dependence of σxx

on a follows directly from the dispersion relation of biased bilayer graphene. The

variation with temperature changes depending on the external bias, but generally σxx

decreases as the temperature is increased. Fig. 5.5 gives the longitudinal conductivity
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Figure 5.5: Longitudinal conductivity associated with a single valley in units of
σ0 = 4e2/h associated with a fixed single-valley carrier density of n0 = 5× 1012 cm−2

as a function of a [meV] using the effective chemical potentials given in Fig. 5.3 for
four different temperatures. From lightest to darkest, T = 150, 200, 250, and 300
K. Here, τ0 = 30 fs and ωe/2π = 1 THz. From top to bottom, the three groups of
curves correspond to the absolute value, the imaginary part, and the real part of the
conductivity.

associated with either the K or K ′ valleys. The net longitudinal conductivity for

equally-populated valleys is double the result shown in Fig. 5.5.

5.2.2 Valley-polarized injected carriers

In the previous section we considered a fixed carrier density across all external biases.

In this section, we allow the carrier density to vary with the external bias based on

the results of Chapter 3. Specifically, we calculate the carrier density injected by a

right-hand circularly-polarized Gaussian pulse. We fix the temperature T, put µ = 0,
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and operate at ~ω = 2a to calculate n
(2)
V using Eq. (3.32) for 50 ≤ a ≤ 400 meV.

This range of biases is chosen to yield very strong valley polarizations in accordance

with Fig. 3.12(d). We then determine the effective chemical potential µeff necessary

to give n
(2)
V from a thermal Fermi-Dirac distribution. That is, we solve the equation

n
(2)
V (a, µ, T ) = n

(0)
V (a, µeff, T )

=
2

(2π)2

∫
d2k fc(k, a, µeff, T )

=
1

π

∫ ∞
0

k dk fc(k, a, µeff, T ) (5.46)

for µeff. For any given injected carrier density n
(2)
V , at a particular bias a, we can

determine the effective chemical potential µeff that returns the equivalent thermal

carrier density n
(0)
V by interpolating the appropriate curve in Fig. 5.2. Since we

are operating at ~ω = 2a, carriers should be injected almost exclusively into the K

valley. However, as we saw in Fig. 3.12, ~ω = 2a may not be optimal once thermal

populations are accounted for. To begin with, however, we will neglect the thermal

background.

In Fig. 5.6 we plot the carrier density injected into the K valley as a function

of the external bias for tp = 50 fs, τ0 = 30 fs, µ = 0, and E0 = 1.5 × (ω/ω0)1/2

kV cm−1 with ~ω0 = 50 meV for four different temperatures. Recall that the field

amplitude is scaled with the centre frequency to keep the total number of photons

fixed. The injected carrier density peaks around a ≈ 125 meV, which corresponds

to the optimal low-temperature bias of Chapter 3, (~ω, a) = (235, 126) meV. The

injected carrier density is largely insensitive to temperature, but slightly larger for
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Figure 5.6: Injected carrier density in K as a function of external bias for tp = 50 fs,
τ0 = 30 fs, µ = 0, and E0 = 1.5 × (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV for four
different temperatures.

lower temperatures due to the presence of more occupied states in the valence band.

Again, Fig. 5.6 does not include the thermal background. For this choice of E0

and ω0, the injected carrier density is rather small. Experimentally relevant carrier

densities are typically on the order of ∼ 1012 cm−2. However, we choose these settings

to ensure that ρ
(2)
cc (k) is at most ∼ 1% for any k such that first-order perturbation

theory is manifestly valid. Later, we will assume that we may safely push the limits

of first-order perturbation theory to obtain experimentally desirable carrier densities.

The carrier density injected into the K ′ valley is not shown, but is at least an order

of magnitude smaller than the K result, consistent with our findings in Chapter 3.
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Figure 5.7: Effective chemical potential as a function of external bias for tp = 50 fs,
τ0 = 30 fs, and E0 = 1.5× (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV for four different
temperatures corresponding to the injected carrier densities in Fig. 5.6.

In Fig. 5.7, we plot the effective chemical potentials associated with the injected

carrier densities shown in Fig. 5.6, calculated using Eq. (5.46). The chemical poten-

tial increases roughly linearly for small biases and then plateaus. While the injected

carrier density was insensitive to temperature, the effective chemical potential is not.

As the temperature is increased, the effective chemical potential decreases. Note

that because the field amplitude E0 is very low, the effective chemical potential is

often negative (i.e., significantly below the conduction band minimum). The effec-

tive chemical potentials associated with the K ′ valley are not shown, but are even

smaller than those associated with K.
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Figure 5.8: Hall conductivity associated with the K valley in units of σ0 = 4e2/h
as a function of a [meV] using the chemical potentials given in Fig. 5.7. tp = 50 fs,
τ0 = 30 fs, and E0 = 1.5× (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV for four different
temperatures. From lightest to darkest, T = 150, 200, 250, and 300 K.

Hall conductivity

In Fig. 5.8 we plot the Hall conductivity associated with the K valley as a function of

bias using the effective chemical potentials given in Fig. 5.7. There is a pronounced

peak in the Hall conductivity around a ≈ 110 meV, where at room temperature, a

Hall conductivity of σxy ≈ 0.0055σ0 = 0.022e2/h is obtained. At 150 K, a slightly

larger value of σxy ≈ 0.026e2/h is obtained. This curve appears to closely resemble

the injected carrier density (Fig. 5.6). When the carrier density was held fixed, the

Berry curvature played an important role in determining how the Hall conductivity

varied with a. Here, while the Berry curvature necessarily plays a role, the carrier
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Figure 5.9: Hall conductivity associated with the K ′ valley in units of σ0 = 4e2/h
as a function of a [meV]. Note that the corresponding injected carrier density and
effective chemical potential plots have not been shown. tp = 50 fs, τ0 = 30 fs, and
E0 = 1.5 × (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV for four different temperatures.
From lightest to darkest, T = 150, 200, 250, and 300 K.

injection dominates the variation of the conductivity with external bias. Perhaps

the discrepancy between the external biases of the peak injected carrier density

(a ≈ 125 meV) and the peak Hall conductivity (a ≈ 110 meV) can be attributed

to Berry curvature effects. We also see that the Hall conductivity increases as the

temperature is decreased. This can be attributed to the Fermi function evolving with

temperature while the Berry curvature remains fixed.

In Fig. 5.9 we plot the Hall conductivity associated with the K ′ valley using the

same procedure described above. As can be seen, the Hall conductivity associated

with the K ′ valley is an order of magnitude smaller than the Hall conductivity
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associated with K because the injected carrier density is so much smaller. This is

to be expected for a right-hand circularly-polarized pulse with a centre frequency

satisfying ~ω = 2a. We can now consider the net Hall conductivity that would

result from accounting for both the K and K ′ valleys simultaneously. Since the

sign of the Hall conductivity associated with the K ′ valley is negative, the net Hall

conductivity will be strictly less than the Hall conductivity associated with just

the K valley. However, since the Hall conductivity associated with K ′ is so much

smaller than the Hall conductivity associated with K, the net Hall conductivity is

approximately given by the K result. In other words, the net Hall conductivity is

virtually indistinguishable from Fig. 5.8.

Longitudinal conductivity

In Fig. 5.10, we plot the longitudinal conductivity associated with the K valley

as a function of bias using the chemical potentials given in Fig. 5.7. There is a

pronounced peak in the longitudinal conductivity around a ≈ 120 meV, close to

the peak injected carrier density in Fig. 5.6. Comparing Fig. 5.10 to Fig. 5.8,

we see that the Hall and longitudinal conductivities are of comparable magnitude,

the longitudinal conductivity generally being greater by about a factor of 2. The

longitudinal conductivity takes the same sign in both valleys, so the net (total)

longitudinal conductivity is greater than the result shown in Fig. 5.10. However, the

K ′ result (not shown) is at least an order of magnitude smaller than the K result.

The net longitudinal conductivity is therefore virtually indistinguishable from Fig.

5.10. We emphasize that Fig. 5.10 does not include the thermal background which
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Figure 5.10: Longitudinal conductivity associated with the K valley in units of
σ0 = 4e2/h as a function of a using the chemical potentials given in Fig. 5.7. tp = 50
fs, τ0 = 30 fs, ωe/2π = 1 THz, E0 = 1.5 × (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV
for four different temperatures. From lightest to darkest, T = 150, 200, 250, and 300
K. From top to bottom, the curves correspond to the absolute value, the imaginary
part, and the real part of the conductivity.

will contribute significantly to the net result since the K and K ′ valleys contribute

constructively. Indeed, for the present choice of E0, the longitudinal conductivity is

dominated by the thermal population and therefore roughly equivalent in K and K ′.

If the thermal population is taken into account, the longitudinal conductivity is an

order of magnitude greater than the Hall conductivity for the present choice of E0.
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(a) (b)

Figure 5.11: (a) Hall conductivity associated with the K valley in units of σ0 = 4e2/h
as a function of a [meV] including the thermal background. tp = 50 fs, τ0 = 30 fs, and
E0 = 1.5 × (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV for four different temperatures.
From lightest to darkest, T = 150, 200, 250, and 300 K. (b) As in (a) but for K ′.

Thermal background

Up to this point, we have neglected the background of thermal carriers present in

both valleys at nonzero temperature. As we saw in Fig. 3.12, the thermal background

can severely impact the valley polarization along ~ω = 2a. Let us now repeat the

calculations above but this time account for the thermal background to observe its

effect on the conductivity. To do so, we solve Eq. (5.46) for µeff but this time use

nV (a, µ, T ) = n
(2)
V (a, µ, T ) + n

(0)
V (a, µ, T ) on the left-hand side instead of just n

(2)
V .

Armed with the effective chemical potentials, we can calculate the Hall conductivity

as before. The result for the K valley is shown in Fig. 5.11(a). As can be seen, for the

chosen field amplitude, the thermal population dominates the injected carrier density.

The injected carrier density contributes only a small “bump” to the Hall conductivity
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around a ≈ 125 meV, noticeable only at low temperatures. In Fig. 5.11(b) we show

the K ′ result. The K ′ result is similar to Fig. 5.11(a), but without the small bump

from the injected carrier density. That is, Hall conductivity associated with the K ′

valley is almost entirely attributable to the thermal background, even more so than

for K.

Now let us compute the net hall conductivity. Remarkably, we again find that the

result is virtually indistinguishable from Fig. 5.8. The contributions from the thermal

background in the K and K ′ valleys appear to cancel each other out. It is only the

injected carrier density that contributes to the Hall conductivity. This did not have

to be the case. Recall that the Hall conductivity amounts to an integral of the Berry

curvature weighted by the carrier distribution (see Eq. (5.40)). In principle, at some

very large temperature, the thermal background would occupy all the states for which

the Berry curvature is significant. Any additional injected carriers would then fill

up states for which the Berry curvature is negligible and thus contribute nothing to

the Hall conductivity. Instead, we see that the thermal background is small enough

such that it does not provide significant Fermi blocking. In other words, the thermal

background does not significantly alter the carrier distribution, even though the

thermal background is comparable to (or indeed, very much larger than) the injected

carrier density. In contrast to the valley polarization, which captures the proportion

of the total carrier density that comes from a single valley, the Hall conductivity is

based on a differential population between the K and K ′ valleys. The only question

then is whether the carrier distribution changes meaningfully in the presence of a

thermal background. The answer is a resounding no, at least up to a temperature of
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300 K. Thus, although the valley polarization is reduced significantly in the presence

of a thermal background, the Hall conductivity is virtually unaffected. This suggests

that experiments could be performed at room temperature without a reduction in

signal.

Pushing the limits of first-order perturbation theory

Near the beginning of this section we mentioned that the field amplitude E0 was

chosen to ensure that ρ
(2)
cc (k) never exceeded ∼ 1% over its k-space domain. This

choice had the consequence of yielding very small injected carrier densities and, in

turn, very small Hall conductivities. In this brief section, we push the limits of first-

order perturbation theory to obtain experimentally relevant carrier densities on the

order of ∼ 1012 cm−2 and compute the associated conductivities.

We increase the field amplitude by a factor of 6 to E0 = 9× (ω/ω0)1/2 kV cm−1

from E0 = 1.5× (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV. Since n
(2)
K ∝ ρ

(2)
cc (k) ∝ E2

0 ,

this has the effect of scaling both ρ
(2)
cc (k) and the injected carrier density (Fig. 5.6)

by a factor of 36. The peak injected carrier density in the K valley becomes n
(2)
K ≈

7×1011 cm−2, which is approaching our target of 1012 cm−2. For this choice of E0, the

injected carrier density in the K valley dominates the thermal background. In the

K ′ valley, however, the injected carrier density remains dominated by the thermal

background.

In Fig. 5.12, we plot the net Hall conductivity for the increased field amplitude,

under otherwise the same conditions as before and accounting for the thermal back-

ground. Apart from an overall 36× scaling due to the choice of E0, the result looks
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Figure 5.12: Net Hall conductivity in units of σ0 = 4e2/h as a function of a [meV]
including the thermal background. tp = 50 fs, τ0 = 30 fs, and E0 = 9× (ω/ω0)1/2 kV
cm−1 with ~ω0 = 50 meV for four different temperatures. From lightest to darkest,
T = 150, 200, 250, and 300 K.

very similar to Fig. 5.8 (recall that Fig. 5.8 is virtually indistinguishable from the

net Hall conductivity with or without the thermal background for the previous choice

of E0). The fact that the net Hall conductivity appears to scale with the square of

the field amplitude emphasizes the result that the Hall conductivity is insensitive

to the thermal background. We might have anticipated this result here since the

thermal background is small in comparison to the injected carrier density. But as

we discussed earlier, the Hall conductivity is insensitive to the thermal background

even if the injected carrier density is comparable to the thermal background. Again,
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this is because the thermal background is small enough such that it does not sig-

nificantly modify the carrier distribution. Assuming first-order perturbation theory

can be pushed even further, the Hall conductivity will eventually saturate at the

valley Chern number as E0 is increased (see Fig. 5.4). At room temperature, a Hall

conductivity of σxy = 0.2σ0 = 0.8e2/h is obtained. At 150 K, a slightly larger value

of σxy = 0.9e2/h is obtained.

We close this section with a discussion of why it is reasonable to push the limits

of first-order perturbation theory by increasing the field amplitude. First, we note

that ρ
(2)
cc (k) is sharply peaked about the centre frequency of the exciting pulse (i.e.,

near k = k1 for ~ω = 2a). Therefore, even if ρ
(2)
cc (k) becomes large at its peak,

it is generally much smaller over most of k-space. However, we still must address

the concern of absorption saturation. When the conduction band population (at

a particular k) becomes comparable to the valence band population, the net rate

of interband transitions (at k) decreases. Eventually, if E0 is large enough, the

conduction band population will become equal to the valence band population at

k, and the driving term in the dynamic equation for ρcv(k) goes to zero (see Eq.

(2.75)). Thus, at high fields, the conduction band and valence band occupancies will

saturate at 0.5. This can be understood as a balancing of absorption and stimulated

emission. For our perturbative treatment, a reasonable upper bound for ρ
(2)
cc (k) is

therefore 50%. We respect this upper bound throughout this section. In principle,

however, one should apply the full density matrix equations of motion [66] and keep

track of carrier scattering. For such a treatment, one may find scattering to soften the

absorption saturation, allowing for even more carriers to be injected than we estimate
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here. This is because injected carriers are likely to scatter elsewhere, especially when

operating at ~ω = 2a which is generally above band gap.

Another concern is that at large field amplitudes, nonlinear processes will begin

to play a role. For example, consider two-photon absorption. This process will inject

carriers with momentum away from k = k1 where the valley-contrasting optical se-

lection rule is inexact. The intensity of the strongest field we consider in this section

is ∼ 1 MW/cm2. A 2019 study has shown that in monolayer graphene, two-photon

absorption becomes important at intensities of ∼ 1 GW/cm2 [101]. However, a 2011

study has argued that the two-photon absorption coefficient can be much larger in

unbiased bilayer graphene than in monolayer graphene for some wavelengths [80].

Fortunately, for the wavelengths considered in this chapter, the two-photon absorp-

tion coefficients of monolayer and unbiased bilayer graphene are about equal. Most

relevant to this thesis is a 2016 study where it is argued that the two-photon absorp-

tion coefficient of biased bilayer graphene is several orders of magnitude smaller than

the one-photon coefficient over the range of frequencies and biases considered in this

chapter [102]. In conclusion, we believe that the results obtained using first-order

perturbation may be safely pushed to experimentally relevant carrier densities.

Finally, in Fig. 5.13, we plot the total longitudinal conductivity (K + K ′) for

the increased field amplitude and accounting for the thermal background. The pro-

nounced peak around a ≈ 120 meV comes from the injected carrier density in the

K valley. The large values towards small a are due to the thermal background, with

equivalent contributions coming from each valley. The longitudinal conductivity is

comparable in magnitude to the net Hall conductivity (Fig. 5.12).
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Figure 5.13: Net longitudinal conductivity in units of σ0 = 4e2/h as a function of
a [meV] including the thermal background. tp = 50 fs, τ0 = 30 fs, ωe/2π = 1 THz,
E0 = 9 × (ω/ω0)1/2 kV cm−1 with ~ω0 = 50 meV for four different temperatures.
From lightest to darkest, T = 150, 200, 250, and 300 K. From top to bottom, the
three groups of curves correspond to the absolute value, the imaginary part, and the
real part of the conductivity.

5.3 Conclusion

In this chapter, we discussed two distinct contributions to the intraband current

density. The first is the usual longitudinal contribution arising from the velocities

of the carriers in the electronic bands. The second is the anomalous Hall contribu-

tion, which comes from the Berry curvature. The anomalous contribution vanishes

when the K and K ′ valleys are equally populated, since the contribution from each

valley cancels the other out. If the system is valley polarized, we found that this

contribution is nonzero and can be comparable in magnitude to the longitudinal
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current.

For a fixed carrier density of n0 = 5× 1012 cm−2, we found that the largest Hall

conductivities occur for small external biases, where σxy becomes proportional to the

valley Chern number. In addition, we found the Hall conductivity to be comparable

in magnitude to the longitudinal conductivity.

Based on the results of Chapter 3, we calculated the conductivity induced by

valley-polarized carrier injection. We found that the largest Hall and longitudinal

conductivities coincide approximately with the peak injected carrier density. Inter-

estingly, we also found that the thermal background has little effect on the Hall

conductivity, suggesting that experiments could be performed at room temperature.
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Chapter 6

Conclusion

In this thesis, we have presented a detailed theoretical study of valley polarization

in biased bilayer graphene. We modelled the bilayer graphene with a four-band

nearest-neighbour tight-binding Hamiltonian. We introduced a circularly-polarized

Gaussian pulse to interact with the graphene, calculating the electron dynamics

within a density matrix formalism. Using first-order perturbation theory, we solved

the resulting equations of motion to determine the electron population injected into

each valley by the optical pulse. The pulse injected carriers primarily into a single

valley, inducing a valley polarization. We studied the valley polarization across a wide

range of parameters including the external bias, centre frequency of the pulse, pulse

duration, decoherence time, and temperature. We found that a near-perfect valley

polarization can be achieved with careful choice of these parameters. In addition,

we shed light on the origin of valley polarization in biased bilayer graphene. Our

most important contributions are summarized in bold below. We will elaborate on

each contribution one by one and suggest possibilities for future work as it naturally

arises.
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We derived the condition for strong valley polarization in biased bilayer

graphene. The condition for strong valley polarization can be derived directly from

the carrier-field interaction term of the length-gauge Hamiltonian. This term is

composed of a scalar product of the interband Berry connection element and the

external electric field. If the field is circularly polarized, the dominant contribution

to the carrier-field interaction can be made to vanish in either the K or K ′ valley,

depending on the handedness of the circular polarization. The vanishing condition

reduces to solving an equation of the form A = B, where A and B are the radial and

azimuthal components of the interband connection element.

We derived the optimal operating frequency-bias pairs, finding them

to satisfy ~~~ω = 2a. The vanishing condition can be satisfied at a particular Bloch

wavevector k = k1 (with origin at the Dirac point), which can be expressed analyti-

cally in terms of parameters of the tight-binding Hamiltonian. The condition depends

only on the magnitude of k1 and not its orientation. Thus, the valley polarization

originates not from the Dirac points themselves, but rather from a ring of states

surrounding each. By substituting this value into the electron dispersion relation,

we derived the equivalent energy constraint, namely, ~ω = 2a. Here, ~ω is the centre

photon energy of the exciting pulse and 2a is the potential energy difference between

the graphene layers. In future work, it could be interesting to investigate whether

the origin of the valley-contrasting optical selection rule can be derived from more

fundamental arguments. For instance, can the condition k = k1 be derived from

symmetry? For some preliminary results on this topic, please refer to Appendix G.
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We showed that intervalley scattering via optical phonons degrades

the valley polarization for high-frequency pulses. The condition ~ω = 2a is

derived from an idealized system and is only partially true once extended to more

realistic conditions. If electrons are excited to sufficiently high energies by high-

frequency photons, then they are significantly more likely to scatter to the opposite

valley via the emission of an optical phonon. This process acts to degrade the valley

polarization and therefore cuts off the high-frequency portion of the parameter space

of optimal operating frequency-bias pairs.

We showed that thermal populations degrade the valley polarization

for small external biases. At nonzero temperature, the K and K ′ valleys are

partially filled by thermally excited electrons. This has the immediate effect of

degrading the valley polarization, which captures the proportion of the total carrier

density that comes from a single valley. The valley polarization is reduced most

significantly for small external biases for which the band gap is small and therefore

susceptible to thermal excitations. Thus, thermal populations effectively cut off the

low-bias portion of the parameter space of optimal operating frequency-bias pairs.

Taken together, intervalley scattering via optical phonons and the presence of thermal

populations complicate the simple picture that the optimal operating frequency-bias

pairs lie along ~ω = 2a.

The situation is further complicated by the effects of finite pulse duration and

finite decoherence time. Depending on the value of these parameters, the optimal

valley polarizations deviate from ~ω = 2a in a nonobvious fashion. The precise

manner in which the results deviate from ~ω = 2a appears to result from a complex
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interplay between the pulse duration, decoherence time, external bias, the presence

of intervalley scattering, and perhaps other factors. In future work, it could be

interesting to better understand this complex interplay and to derive quantitative

relations that describe the manner in which the optima deviate from ~ω = 2a.

We highlighted the limitations of a two-band model in describing bi-

layer graphene for external biases beyond a few tens of meV. Bilayer

graphene is often modelled with an effective two-band tight-binding Hamiltonian.

In this thesis, we resorted to a more complicated four-band description because we

found the two-band model to be insufficient for external biases beyond a few tens

of meV. Indeed, the two- and four-band models make similar predictions when the

external bias is small, but as the external bias is increased, the two- and four-band

models deviate significantly in their predictions for the optimal operating frequency-

bias pairs. The discrepancy is further highlighted by the Berry curvature predicted

by the two- and four-band models. In addition, we found that the valley Chern

numbers associated with the low-energy bands are integer-valued for the two-band

model, but not for the four-band model.

Although we used a four-band model to obtain the energy bands and eigenstates,

we eventually approximated the dynamics of the system by considering transitions

between only the two lowest-energy bands. This is a reasonable approximation to

make when the frequency of the exciting field is low and the initial conduction band

population is small. It could be interesting to go beyond this approximation in

future work by including transitions between the higher-energy bands. This would

necessitate a full nonlinear simulation such as that done in Ref. [66].
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Although the valley polarization is reduced significantly by the thermal

background, we found the Hall conductivity to be largely unaffected. A

valley polarization can be induced by operating under optimal conditions, and the

injected carrier density quickly reaches a quasi-thermal equilibrium. Taking this as

our initial condition, we calculated the induced Hall conductivity. We found that

the Hall conductivity depends sensitively on the external bias. For a given bias,

the Hall conductivity is maximal when the carrier concentration is tuned to align

with the “hot spots” of Berry curvature, which occur at the Dirac point and at

the band minimum. This suggests that the Hall conductivity could be sensitive

to Fermi-blocking from the thermal background. However, we found that the Hall

conductivity depends only on the carrier density injected by the optical pulse, and

not on the thermal background. Although the room-temperature valley polarization

is significantly reduced by the thermal background, the Hall conductivity remains

large. This result suggests that valley Hall experiments could be performed at room

temperature without a significant reduction in signal. In addition, we found the Hall

conductivity to be comparable in magnitude to the longitudinal conductivity.

Optimal operating conditions for valley polarization. While the valley

polarization can be improved significantly by limiting defects and impurities, a strong

valley polarization can be achieved in any reasonably pure sample. To maximize

the valley polarization, the pulse duration should be close to or larger than the

interband decoherence time of the sample. Assuming a decoherence time of τ0 =

30 fs and a pulse duration of tp = 50 fs, we recommend the following operating

conditions to maximize the valley polarization. For room-temperature experiments,

162



the optimal operating frequency-bias pair is (~ω, a) = (368, 308) meV, for which a

valley polarization of 70% is obtained. At 150 K, the optimal condition is (~ω, a) =

(316, 170) meV, yielding a valley polarization of 97%. At very low temperatures

(T < 50 K), the optimal condition is (~ω, a) = (235, 126) meV, for which a valley

polarization of over 98% can be achieved.

Optimal operating conditions for the valley Hall effect. While the valley

Hall effect can be observed at room temperature, the signal will be slightly stronger

for lower temperatures. To achieve a strong valley Hall conductivity, we recommend

operating at (~ω, a) = (220, 110) meV, where a Hall conductivity on the order of e2/h

can be observed at room temperature. We emphasize that this estimate is based on

the assumption that we may push the limits of first-order perturbation theory. A

non-perturbative study of this problem will confirm whether this is a reasonable

approximation to make. Furthermore, a non-perturbative study may exhibit some

interesting valley-contrasting effects only appearing at higher order. For example, the

Berry connection begins to play a role in the dynamics by the third-order equations

of motion.

In sum, we have shown biased bilayer graphene to be a strong candidate for

valleytronic applications. Moreover, we have derived the optimal operating condition,

and in so doing, we have shed light on the origin of valley polarization in biased

bilayer graphene. We are hopeful that this work will reignite interest in the quest

for graphene-based valleytronics.
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Appendix A

Neglecting T2 in the Connection Elements

In the main text we presented Eq. (3.9), which we give again here for convenience:

ξnm(k) = i
(2π)2

Ω

∫
UC

u∗nk(r)∇kumk(r). (A.1)

In the case of interband connection elements, i.e., n 6= m, Eq. (A.1) reduces to

ξcv(k) = i
(2π)2

Ω
A∗c(k)Av(k)

∑
i

(
Ci∗
c (k)∇kC

i
v(k)− iriCi∗

c (k)Ci
v(k)

)
, (A.2)

which is just Eq. (3.13) from the main text. This expression tells us how to construct

the connection elements ξcv(k) from the eigenvector coefficients Ci
n(k) and gradients

thereof. To see how we arrive at this expression from Eq. (A.1), consider the form
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of the cell-periodic functions, umk(r) which are given explicitly by

umk(r) = e−ik·rΨmk(r)

= e−ik·rAm(k)
∑
i

Ci
m(k)Φi(k, r)

= Am(k)
∑
i

∑
R

Ci
m(k)eik·(R−r)φ(r−R). (A.3)

Computing the gradient, we obtain three terms as a result of applying the prod-

uct rule: 1) a term proportional to the gradient of the wavefunction normalization

factor Am(k), 2) a term proportional to the gradient of the eigenvector coefficients

Ci
m(k), and 3) a term that comes from the gradient of the Bloch phase factor. Upon

performing the integration in Eq. (A.1), for interband connection elements, the first

term vanishes because it always comes in proportional to two orthogonal cell-periodic

functions. The second and third terms survive, appearing within the summation of

Eq. (A.2). For details of this calculation, see Section 2.3.2.

We choose to neglect the second term within the summation of Eq. (A.2), that

is, the term proportional to ri, on the grounds that it would actually be inconsis-

tent to include it, given that we have neglected terms of similar magnitude when we

expanded the graphene nearest-neighbour hopping function f(k) to about the Dirac

points. An argument is given in Ref. [66] for why this is a reasonable approximation

in the context of monolayer graphene. The argument goes as follows. The eigenvec-

tor coefficients Ci
n(k) depend on the nearest-neighbour hopping function f(k) (see

Eq. (3.7) or (C.2)). f(k) is often expanded about the Dirac points to first order

in k, resulting eventually in the well-known linear dispersion relation of monolayer
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graphene. We may ask what happens if instead of taking f(k) to first order, we in-

stead take it to second order. In monolayer graphene, it turns out that the correction

obtained by going to second order (from first order) is on the order of a0. But so too

is the second term within the summation of Eq. (A.2). This is because ri gives the

position of atoms with a unit cell and the terms ri is multiplied by are on the order

unity (or smaller). Therefore, if we choose to take f(k) to first order in k, we should

also neglect the term proportional to ri since they are of roughly equal magnitude.

Does this line of reasoning apply to (biased) bilayer graphene as well? Unfor-

tunately, since the eigenvector coefficients are much more complicated, a rigorous

argument is difficult. Instead, we resort to numerical arguments to confirm that

omitting this term is appropriate. Our task is the following: we must compare the

magnitude of the contribution to ξcv(k) that arises from the inclusion of the second

term in Eq. (A.2), to the magnitude of the contribution that arises from taking

the first term in Eq. (A.2) to second order. We again make use of our definition

ξcv(k) = iA(a, k)k̂±B(a, k)θ̂k. We will compare the quantities

∆A(ri) ≡ A(ri) − A(1), ∆B(ri) ≡ B(ri) −B(1), (A.4)

to the quantities

∆A(2) ≡ A(2) − A(1), ∆B(2) ≡ B(2) −B(1), (A.5)

where A(ri) is the version of A we obtain when we include the second term in Eq.

(A.2) (taking f(k) to first order everywhere), A(1) is the version of A we consider
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throughout the main text (with f(k) taken to first order and the second term in

Eq. (A.2) omitted), and A(2) is the version of A we obtain when we omit the second

term in Eq. (A.2) but take f(k) to second order. Similarly for B. What these four

quantities give us is the size of the correction that comes as a result of including

(separately) the second term in Eq. (A.2), and taking f(k) to second order.

Note that when taken to second order, f(k), and therefore A(2), becomes a func-

tion of the angular coordinate θk, and therefore some care must be taken when

considering the magnitude of the correction, as it will vary with θk. It should also

be noted that A(ri), B(ri), A(2), and B(2) are complex quantities, while A(1) and B(1)

are purely real. However, the imaginary part that emerges as a result of including

the second term in Eq. (A.2) or taking f(k) to second order are small compared to

the real part and can therefore be safely neglected in Eqs. (A.4) and (A.5). In other

words, we consider only the real part of the quantities A(ri), B(ri), A(2), and B(2).

We find that ∆A(ri) is essentially zero within numerical error, while ∆B(ri) is at

most 0.1 nm−1, which should be understood in comparison to A(1) and B(1), which

have maximum values of roughly 3 nm−1, and 2 nm−1 respectively. Meanwhile, we

find that ∆A(2) is at most 0.05 nm−1, while ∆B(2) is at most 0.08 nm−1. Here, by

‘at most’ I mean the largest difference across all k and θk, the worst-case scenario.

We see that the correction due to the second term in Eq. (A.2) is of roughly the

same order of magnitude as the correction that results from taking f(k) to second

order, or very much less than that (as in the case of ∆A(ri)), and should therefore

be neglected if taking f(k) to first order. It may be instructive to compare also the
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quantities

∆φ(ri) ≡ φ(1) − φ(ri), ∆φ(2) ≡ φ(1) − φ(2), (A.6)

where φ(1) ≡ A(1)/B(1), φ(ri) ≡ A(ri)/B(ri), and φ(2) ≡ A(2)/B(2). The quantities

defined in Eq. (A.6) give the difference between the first-order A/B ratio and the

adjusted A/B ratios. This is a sensible thing to study since it is the A/B ratio

that is the physical parameter of interest. We find that in both cases, the largest

difference (again, with respect to k and θk) between the first-order A/B ratio and

the adjusted A/B ratio is roughly 0.04. This numeric value should be compared to

the maximum of the first-order A/B ratio itself, which is on the order of unity. Now,

the above analysis was based on an external bias of a = 100 meV. As the external

bias is increased, the magnitudes of the quantities discussed above change. Namely,

the corrections to A increase, while the corrections to B decrease, and therefore the

corrections to the A/B ratio also increase. However, as we shall see, the size of the

corrections relative to each other remain comparable.

So far, we have only been talking in terms of magnitudes. We could instead

consider the quantities

Ã(ri) =
∆A(ri)

A(1)
, B̃(ri) =

∆B(ri)

B(1)
, (A.7)

and

Ã(2) =
∆A(2)

A(1)
, B̃(2) =

∆B(2)

B(1)
, (A.8)

which are the same as those in Eqs. (A.4) and (A.5), but now normalized by the

first-order result. This does shed some light on the relative size of the corrections,
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but it is also slightly misleading. In particular, B̃(ri) appears to grow linearly with k,

reaching a value of 40% at k = 3 nm−1. In other words, the correction to B(1) that is

obtained by including the second term in Eq. (A.2) is 40% of the original value at this

particular (albeit large) value of k. This is not a cause for alarm, however, because

even though this percent change is significant, the magnitudes involved are small.

What is happening here is that B(1) decays very quickly to zero with increasing k,

while B(ri) decays more slowly. Therefore, as k increases, the ratio of B(ri) to B(1)

grows and grows. Fortunately, by the time B̃(ri) reaches a worrisome value, the

actual magnitudes of B(1) and B(ri) are already orders of magnitude smaller than

their maximum value, which occurs at a smaller k.

To avoid the issues described in the previous paragraph, we may normalize not

with the first-order function, but with the maximum value the first-order function

attains over its entire domain. This way, we can get a sense of the relative size of the

corrections, but in the context of when the first-order function is actually appreciable.

Furthermore, we will skip right to comparing corrections to the A/B ratio instead

of the functions A and B themselves. To this end, we define the quantities

φ̃(ri) ≡ ∆φ(ri)

maxφ(1)
, φ̃(2) ≡ ∆φ(2)

maxφ(1)
. (A.9)

We find that at a = 100 meV, both φ̃(ri) and φ̃(2) attain a maximum value of ap-

proximately 3 or 4%. Meanwhile, at a = 400 meV, both φ̃(ri) and φ̃(2) attain a

maximum value of approximately 10%. Thus, even though our approximations begin

to break down as the bias increases, the contribution from each correction remains

approximately equivalent, and it is therefore appropriate to neglect both corrections
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if neglecting one. It should also be noted that the two corrections do not appear to

conspire to push the result in the same direction. Often, they correct in opposite

directions, meaning that the approximations are likely more accurate than the worst-

case scenario might suggest. Concretely, even though φ̃(ri) and φ̃(2) can individually

reach values of 10% at a = 400 meV, taking both corrections simultaneously we find

a maximum correction of just 14%.
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Appendix B

Scattering Approximations

In this section, we approximate and simplify Eqs. (2.122) and (2.123) into a form

amenable to numerical calculation. At room temperature, the thermal population

of optical phonons is very small, and so the dominant inelastic scattering process in

graphene is optical-phonon emission out from the conduction band. Therefore, we

neglect Γin
cj(k) entirely, and keep only the second term of Eq. (2.122). We account

only for Γ- (LO, TO) and K-optical phonons for reasons discussed in Section 3.2.2.

Therefore, we allow j to index only ΓLO, ΓTO, and K. These approximations taken

altogether, we have

− i
~

〈 [
He-ph, a

†
c(k)ac(k

] 〉
' Γ(k)ρcc(k), (B.1)
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where we have defined

Γ(k) =
2π

~
∑
q

|gk−q ccqΓ−LO|
2 (1− ρcc(k− q)) (nΓ + 1) δ [Ec(k− q)− Ec(k) + ~ωΓ]

+ |gk−q ccqΓ−TO|
2 (1− ρcc(k− q)) (nΓ + 1) δ [Ec(k− q)− Ec(k) + ~ωΓ]

+ |gk−q ccqK |2 (1− ρcc(k− q)) (nK + 1) δ [Ec(k− q)− Ec(k) + ~ωK ] , (B.2)

where we take the phonons to be dispersionless near the K and Γ points with constant

frequencies ~ωK = 160 meV and ~ωΓ = 196 meV. We treat the phonon distributions

as thermal baths at 300 K so that nK and nΓ are given by Bose-Einstein distributions

at ~ωK and ~ωΓ respectively. The electron-phonon coupling matrix elements are

given by Ref. [68] (and references therein)

|gk−q ccqΓ−LO|
2 =

1

N
g2

Γ [1− cos(θq,k−q + θq,k)] , (B.3)

|gk−q ccqΓ−TO|
2 =

1

N
g2

Γ [1 + cos(θq,k−q + θq,k)] , (B.4)

|gk−q ccqK |2 =
1

N
g2
K [1− cos(θk−q,q)] , (B.5)

where N is the number of unit cells, θk,q is the angle between the vectors k and q,

g2
K = 0.2098 eV2, and g2

Γ = 0.0558 eV2 (see below). The scattering rate can then be

shown to take the form

Γ(k) =
2π

~N
∑
q

2g2
Γ (1− ρcc(k− q)) (nΓ + 1) δ [Ec(k− q)− Ec(k) + ~ωΓ]

+
1

2
g2
K (1− ρcc(k− q)) (nK + 1) δ [Ec(k− q)− Ec(k) + ~ωK ] , (B.6)
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where we note that the angular dependence of the electron–Γ-phonon coupling ele-

ments have vanished identically, yielding an overall factor of 2 multiplying g2
Γ, and

that we have approximated θk−q,q ≈ 60 degrees, as this is the angle between the K

and K ′ valleys, measured from the zone-centre. Since the sum is over all momenta,

we can re-index our sum q′ = k− q and then drop the prime to obtain

Γ(k) =
2π

~N
∑
q

2g2
Γ (1− ρcc(q)) (nΓ + 1) δ [Ec(q)− Ec(k) + ~ωΓ]

+
1

2
g2
K (1− ρcc(q)) (nK + 1) δ [Ec(q)− Ec(k) + ~ωK ] . (B.7)

Taking the macroscopic limit of Eq. (B.7), we obtain

Γ(k) =
2π

~N
A

(2π)2

∫ ∞
0

qdq

∫ 2π

0

dθq

×
(

2g2
Γ (1− ρcc(q)) (nΓ + 1) δ [Ec(q)− Ec(k) + ~ωΓ]

+
1

2
g2
K (1− ρcc(q)) (nK + 1) δ [Ec(q)− Ec(k) + ~ωK ]

)
, (B.8)

where A is the area of the graphene sheet. To first order in k, the energies and

occupation probabilities do not depend on θq. Therefore,

Γ(k) =
3
√

3a2
0

2~

∫ ∞
0

qdq

×
(

2g2
Γ (1− ρcc(q)) (nΓ + 1) δ [Ec(q)− Ec(k) + ~ωΓ]

+
1

2
g2
K (1− ρcc(q)) (nK + 1) δ [Ec(q)− Ec(k) + ~ωK ]

)
, (B.9)
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where we have used A/N = Ω = 3
√

3a2
0/2 where a0 = 1.42Å. Eq. (B.9) can be

integrated numerically for each given k. When calculating ρcc(k) to second order, we

use Γ(k) calculated to zeroth order (that is, for ρcc(k) taken to zeroth order in Eq.

(B.9)), because the Γ(k) term comes in proportional to the second-order ρ
(2)
cc (k) in

our density matrix equations of motion.

B.1 Coupling constants

In Refs. [84, 87], the electron-phonon coupling elements are given as 〈D2
j 〉 in units of

eV2/Å
2
. We require the coupling elements in terms of g2

j in units of eV2. To convert

from 〈D2
j 〉 to g2

j , do the following:

g2
j = F 2

j 〈D2
j 〉, (B.10)

where the conversion factor F 2
j is given by

F 2
j =

~
2mωj

, (B.11)

where ωj is the phonon frequency of the jth branch, and m = 1.9945 × 10−26 kg is

the mass of a carbon atom. We have

ωK =
160 meV

~
= 2.431× 1014 s−1,

ωΓ =
196 meV

~
= 2.978× 1014 s−1. (B.12)
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Thus,

F 2
K =

~
2mωK

=
1.0546× 10−34J · s

2× (1.9945× 10−26 kg)× (2.431× 1014 s−1)

= 1.0876× 10−23 m2

= 1.0876× 10−3 Å
2
, (B.13)

F 2
Γ =

~
2mωΓ

=
1.0546× 10−34J · s

2× (1.9945× 10−26 kg)× 2.978× 1014 s−1)

= 8.8783× 10−24 m2

= 8.8783× 10−4 Å
2
. (B.14)

The “old” (GGA) [87] values of 〈D2
j 〉 were 〈D2

K〉 = 92.0 eV2/Å
2

and 〈D2
Γ〉 = 45.4 eV2/Å

2
,

giving

g2
K = F 2

K〈D2
K〉

= (1.0876× 10−3 Å
2
)× (92.0 eV2/Å

2
)

= 0.1001 eV2 ∼ 0.0994 eV2, (B.15)

g2
Γ = F 2

Γ〈D2
Γ〉

= (8.8783× 10−4 Å
2
)× (45.4 eV2/Å

2
)

= 0.0403 eV2 ∼ 0.0405 eV2, (B.16)
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where the tilde indicates comparison with Ref. [68]. The “new” (GW) [84] values

〈D2
j 〉 are 〈D2

K〉 = 193.0 eV2/Å
2

and 〈D2
Γ〉 = 62.8 eV2/Å

2
, giving

g2
K = F 2

K〈D2
K〉

= (1.0876× 10−3 Å
2
)× (193 eV2/Å

2
)

= 0.2099 eV2, (B.17)

g2
Γ = F 2

Γ〈D2
Γ〉

= (8.8783× 10−4 Å
2
)× (62.8 eV2/Å

2
)

= 0.0558 eV2. (B.18)
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Appendix C

Derivatives of Eigenvector Coefficients

Our eigenstates are written

Ψnk(r) = 〈r|nk〉 = An(k)
∑
i

Ci
n(k)Φi(k, r), (C.1)

where

CA1
n (k) = Ẽn(k)− ã,

CB1
n (k) = t̃f ∗(k),

CA2
n (k) =

CB2
n (k)

(
CB1
n (k)

)∗
Ẽn(k) + ã

,

CB2
n (k) =

(
CA1
n (k)

)2 − |CB1
n (k)|2. (C.2)

To compute the connection elements, we require the gradients of these coefficients.

In polar coordinates,

∇k =
∂

∂k
k̂ +

1

k

∂

∂θk
θ̂k. (C.3)
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If f(k) is taken to first order in k, the gradients of the coefficients may be written

∇kC
A1
n (k) =

dẼn
dk

k̂,

∇kC
B1
n (k) =

1

k
CB1
n (k)

(
k̂∓ iθ̂k

)
,

∇kC
A2
n (k) =

[
1

k

CB2
n (k)

(
CB1
n (k)

)∗
Ẽn + ã

−
CB2
n (k)

(
CB1
n (k)

)∗
(Ẽn + ã)2

dẼn
dk

+
2
(
CB1
n (k)

)∗
Ẽn + ã

(
CA1
n (k)

dẼn
dk
− 1

k
|CB1

n (k)|2
)]

k̂

± i1
k

CB2
n (k)

(
CB1
n (k)

)∗
Ẽn + ã

θ̂k,

∇kC
B2
n (k) = 2

(
CA1
n (k)

dẼn
dk
− 1

k
|CB1

n (k)|2
)

k̂. (C.4)

The plus and minus signs correspond to the K and K ′ valleys respectively. Note

that these expressions do not hold if f(k) is taken beyond first order.
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Appendix D

Gauge-invariance of the Connection Elements

The Berry connection is gauge-dependent in the following sense. If

|nk〉 → |̃nk〉 ≡ eiφn(k) |nk〉 , (D.1)

Then

ξnm(k)→ ξ̃nm(k) ≡ e−i[φn(k)−φm(k)]ξnm(k)−∇kφn(k)δnm. (D.2)

For interband connection elements (n 6= m), the second term on the right-hand side

in the equation above vanishes. In particular,

ξcv(k) = iA(a, k)k̂±B(a, k)θ̂k → ξ̃cv(k) = e−i[φc(k)−φv(k)]
(
iA(a, k)k̂±B(a, k)θ̂k

)
.

(D.3)

Thus, the effect of a gauge transformation is to simply change ξcv(k) by an overall

phase factor, which can be factored out of A and B simultaneously. If we compute
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the transformed carrier-field interaction, we find

ξ̃cv(k) · E(t) = iE(t)e−i(ωt−θk)e−i[φc(k)−φv(k)](A(a, k)±B(a, k)), (D.4)

which still vanishes in the K ′ valley when A = B, regardless of the overall phase

factor.

In terms of our equations of motion, under gauge transformations,

ρnm(k)→ ρ̃nm(k) ≡ e−i[φn(k)−φm(k)]ρnm(k). (D.5)

Thus, for interband matrix elements,

ξ̃nm(k)ρ̃mn(k) = ξnm(k)ρmn(k). (D.6)

And so, ξnm(k)ρmn(k) is a gauge-invariant quantity for n 6= m. It is this quantity

that enters into our equations [c.f. Eq. (3.18)], and therefore our analysis is valid for

any gauge.

If we consider Eq. (D.2) for intraband connection elements, we find

ξnn(k)→ ξ̃nn(k) ≡ ξnn(k)−∇kφn(k). (D.7)

The intraband connection elements enter our equations via the Berry curvature

Ωnn(k) = ∇ × ξnn(k) (see Section 5.1.2). Since the curl of a gradient is identi-

cally zero, the Berry curvature is invariant under gauge transformations.
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Appendix E

Elliptical Polarization

E.1 General remarks

In this section, we examine why circularly-polarized light is optimal to induce a valley

polarization in biased bilayer graphene. We also explore whether a general elliptical

polarization is ever preferable to circular polarization. Consider a general electric

field

E(t) = αEL + βER + c.c., (E.1)

which we have written in the basis of left- and right-hand circularly-polarized com-

ponents

EL = (k̂− iθ̂k)e−i(ωt+θk), (E.2)

ER = (k̂ + iθ̂k)e
−i(ωt−θk), (E.3)

expressed in polar coordinates with origin at either K or K′ (the field takes the

same form in both valleys). Here, α and β are complex coefficients that characterize
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the polarization of E(t), with |α|2 + |β|2 = 1. If α = 0 or β = 0, E(t) is circularly

polarized. If |α| = |β|, E(t) is linearly polarized, the polarization axis determined by

the phase difference. If α 6= β and neither α nor β are zero, we have some general

elliptical polarization.

The first-order interband coherence ρ
(1)
cv (k) is proportional to the carrier-field

interaction ξcv(k) ·E(t) [see Eq. (3.17)]. If ξcv(k) ·E(t) can be forced to zero in one

valley but not the other, a strong valley polarization is expected. For the field of Eq.

(E.1), the carrier-field interaction takes the form

ξcv(k) · E(t) ≈ ie−iωt
[
A(αe−iθk + βeiθk)±B(−αe−iθk + βeiθk)

]
, (E.4)

where the approximation sign indicates that we are considering only the resonant

contributions, and where the plus and minus signs correspond to the K and K ′

valleys respectively. Here, A and B are the real, positive, k-dependent functions

that were introduced in Section 3.1.2. Setting Eq. (E.4) to zero, we obtain the

condition

β(B ± A) = α(B ∓ A)e−2iθk , (E.5)

which is valid for any choice of gauge. The problem of forcing the resonant piece of

ξcv(k) · E(t) = 0 has been reduced to satisfying Eq. (E.5). On the surface, we are

faced with a serious problem: Eq. (E.5) depends on θk, suggesting that Eq. (E.5)

can only be satisfied along a single radial direction in k-space. Since A and B are k-

dependent, this then implies that Eq. (E.5) can only be satisfied at (at most) a couple

of points in k-space. One way to circumvent this issue is to use circularly-polarized
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light. If we set α = 0 (right-hand circular polarization) we obtain

(B ± A) = 0, (E.6)

which can be satisfied in the K ′ valley when A = B, but never in K 1. Similarly, if

we set β = 0 (left-hand circular polarization), we obtain

0 = (B ∓ A), (E.7)

which can be satisfied in the K valley when A = B, but never in K ′.

On the other hand, consider what happens when we require α and β to be nonzero,

corresponding to some general elliptical polarization. Without loss of generality, we

let α be real and let β = |β|e−iφ. Eq. (E.5) becomes

(B ± A)|β|e−iφ = |α|(B ∓ A)e−2iθk . (E.8)

Indeed, by choosing

|β| = |α|(B ∓ A)

(B ± A)
, (E.9)

the magnitude constraint can be satisfied, but the phase constraint is only satisfied

along the direction θk = φ/2. By examining the k-dependence of A and B, it can

be shown that the magnitude condition is only satisfied for at most two values of k

(just like k = 0 and k = k1 for A = B), meaning that Eq. (E.5) is only satisfied at

a couple of points, rather than an entire ring of states.

1That is, unless A = B = 0, but then no carriers are injected in either valley.
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Thus, for any non-circular elliptical polarization, the phase-dependence of Eq.

(E.5) limits the optical selection rule to just a couple of k-space points. By choosing

circularly-polarized light, the phase dependence of Eq. (E.5) is removed, and a valley-

contrasting optical selection rule is obtained for the specific constraint A = B. Since

A = B occurs for k = k1 (see Section 3.2.1), the valley-contrasting optical selection

rule is simultaneously satisfied around an entire ring of states in k-space, as opposed

to just a couple of points. Circular polarization is therefore always preferable to

elliptical.

E.2 Averaging over θk

Perhaps we will have more luck if we try to force to zero the average of the carrier-

field interaction over θk. Unfortunately, Eq. (E.4) just averages to zero at both K

and K ′. It can however be shown that the resonant piece of ρ
(2)
cc (k) is proportional

to the square magnitude of Eq. (E.4). Let us try to average this quantity over θk

instead. We have

|ξcv(k)·E(t)|2 ≈ (A∓B)2|α|2+(A±B)2|β|2+2|α||β|(A2−B2) cos (φ− 2θk) , (E.10)

where φ is the phase difference between α and β. Averaging over θk we obtain

〈
|ξcv(k) · E(t)|2

〉
θk
≈ (A∓B)2|α|2 + (A±B)2|β|2. (E.11)
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In the K valley, it can be shown that

〈
|ξcv(k) · E(t)|2

〉
θk
≈ (A−B)2 + 4AB|β|2, (E.12)

where we have used |α|2 + |β|2 = 1. In the K ′ valley, we obtain

〈
|ξcv(k) · E(t)|2

〉
θk
≈ (A−B)2 + 4AB|α|2. (E.13)

Eqs. (E.12) and (E.13) can of course only be made zero using circularly-polarized

light at A = B. When A 6= B, the best we can hope to do is minimize Eqs. (E.12)

and (E.13). In either case, the optimal choice is β = 0 or α = 0. In other words, even

when A 6= B, circular polarization is preferable to elliptical. One can also quickly

check that when 〈|ξcv(k) · E(t)|2〉θk is minimized in one valley by choosing α = 0 or

β = 0, 〈|ξcv(k) · E(t)|2〉θk is consequently maximized in the other valley.

E.3 A ≈ B

Because any pulse will have some finite bandwidth, targeting A = B exactly is

impossible. Fortunately, the valley-contrasting optical selection rule is robust to

small deviations from A = B.

The conclusion that circularly-polarized light is optimal does not require that

A = B exactly. In particular, circularly-polarized light is optimal even when the

phase condition of Eq. (E.5) cannot be satisfied exactly. Let us consider what

happens when A and B are merely approximately equal. Let us write A/B = 1 + δ,

where δ << 1. However, instead of considering Eq. (E.4), we shall consider its square
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magnitude. This is justified as it can be shown that the resonant piece of ρ
(2)
cc (k) is

proportional to the square magnitude of Eq. (E.4):

|ξcv(k)·E(t)|2 ≈ (A∓B)2|α|2+(A±B)2|β|2+2|α||β|(A2−B2) cos (φ− 2θk) . (E.14)

When A ≈ B,

|ξcv(k) · E(t)|2 ≈ B2

[(
A

B
∓ 1

)2

|α|2 +

(
A

B
± 1

)2

|β|2

+2|α||β|
(
A2

B2
− 1

)
cos (φ− 2θk)

]
= B2

[
(1 + δ ∓ 1)2 |α|2 + (1 + δ ± 1)2 |β|2

+2|α||β|
(
(1 + δ)2 − 1

)
cos (φ− 2θk)

]
. (E.15)

At the K point,

|ξcv(k) · E(t)|2 ≈ 4B2
[
(1 + δ)|β|2 + |α||β|δ cos(φ− 2θk)

]
. (E.16)

where we have kept only the terms linear in δ. At the K ′ point,

|ξcv(k) · E(t)|2 ≈ 4B2
[
(1 + δ)|α|2 + |α||β|δ cos(φ− 2θk)

]
, (E.17)

In either case, up to first order in δ, the square magnitude of the resonant piece of

the carrier-field interaction can be made equal to zero by using circularly-polarized

light.
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E.4 Resonance/anti-resonance

Another way to look at things is to consider the form of the interband coherence

ρ
(1)
cv (k) and conduction band population ρ

(2)
cc (k). As can be seen from the form of the

interband coherence and the form of the electric field, ρ
(1)
cv (k) will have a resonant

contribution and an anti-resonant contribution. For a circularly-polarized field, the

resonant and anti-resonant terms are out of phase with one another with respect to

the angular coordinate θk. When A = B, one of these two terms vanishes, depending

on the handedness of the polarization and the valley. For instance, when the field

is right-hand circularly polarized, the resonant term vanishes in the K ′ valley while

the anti-resonant term vanishes in the K valley. This is one way to understand the

origin of the valley asymmetry and resulting valley polarization. The conduction

band population can also be calculated, and one finds three contributions: a reso-

nant term, an anti-resonant term, and a mixed resonant/anti-resonant term. The

mixed term is θk-dependent because the resonant and anti-resonant terms are out of

phase. When A = B, because one of the resonant/anti-resonant terms vanishes, the

mixed term vanishes too along with the θk-dependence of ρ
(2)
cc (k). Because one of the

resonant/anti-resonant pieces of the carrier-field interaction vanishes when A = B,

the conduction band population is entirely in phase. When A 6= B, ρ
(2)
cc (k) oscillates

with respect to θk. It is interesting to ponder if the fact that the conduction band is

entirely in phase when A = B is merely a consequence of the vanishing of one of the

resonant or anti-resonant terms, or if it is the cause. Let’s look at this a little more

carefully.
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Let α = 0 and β = E0 such that

E(t) = E0(k̂ + iθ̂k)e
−i(ωt−θk) + c.c. (E.18)

That is, the field is right-hand circularly polarized with a constant amplitude E0. This

simple form will allow us to evaluate the necessary integrals required to obtain the

interband coherence and conduction band population. Computing the carrier-field

interaction, we obtain

ξcv(k) · E(t) = iE0

(
(A±B)e−i(ωt−θk) + (A∓B)ei(ωt−θk)

)
. (E.19)

Now, if the field is turned on at t = −∞,

ρ(1)
cv (k) = e−(iωcv(k)+γcv(k))t

∫ t

−∞
i
e

~
E(t′) · ξcv(k)

[
fv(k)− fc(k)

]
e(iωcv(k)+γcv(k))t′dt′.

(E.20)

Using Eq. (E.19), one obtains

ρ(1)
cv (k) = − e

~
E0

[
fv(k)− fc(k)

] [(A±B)ei(θk−ωt)

i(ωcv − ω) + γcv
+

(A∓B)e−i(θk−ωt)

i(ωcv + ω) + γcv

]
. (E.21)

Thus, the interband coherence has two contributions: a resonant term and an anti-

resonant term which are out of phase with one another with respect to θk and ωt.

Notice that when A = B, depending on the valley, either the resonant term or the

anti-resonant term vanishes. This is one way to understand the origin of the valley-

asymmetry and resulting valley polarization: when A = B, only the anti-resonant
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term contributes to the coherence in K ′, wile the resonant term is large K. Continuing

on, the conduction band population is given by

ρ(2)
cc (k) = e−γcc(k)t

∫ t

−∞
i
e

~
E(t′) ·

[
ξcv(k)ρ(1)

vc (k)− ξvc(k)ρ(1)
cv (k)

]
eγcc(k)t′dt′. (E.22)

Using Eq. (E.21), one obtains a quantity of the form

ρ(2)
cc (k) =

e2

~2
E2

0

[
fv(k)− fc(k)

]
×
[
(A±B)2R(k) + (A∓B)2A(k) + (A2 −B2)M(k, θk, t)

]
, (E.23)

where

R(k) =
1

γcc

(
1

−i(ωcv − ω) + γcv
+

1

i(ωcv − ω) + γcv

)
, (E.24)

A(k) =
1

γcc

(
1

−i(ωcv + ω) + γcv
+

1

i(ωcv + ω) + γcv

)
, (E.25)

M(k, θk, t) =
e2i(θk−ωt)

γcc − 2iω

(
1

−i(ωcv + ω) + γcv
+

1

i(ωcv − ω) + γcv

)
+
e−2i(θk−ωt)

γcc + 2iω

(
1

−i(ωcv − ω) + γcv
+

1

i(ωcv + ω) + γcv

)
. (E.26)

R(k) and A(k) do not depend on time because of γcc. If γcc = 0, then R(k) and

A(k) would grow linearly with time, as can be verified by starting from Eq. (E.22)

and setting γcc = 0. An interpretation of the time-independence of R(k) and A(k) is

the following. Due to the population decay term γcc, the resonant and anti-resonant

terms reach a steady state where the rate of carrier injection matches the scattering

rate. The steady-state value is dominated by the resonant term. The population then
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oscillates about the steady-state value with respect to t and θk due to the mixed term

M(k, θk, t). Observe that when A = B the mixed term M(k, θk, t) vanishes, along

with one of the resonant or anti-resonant terms depending on the valley. Thus, when

A = B, ρ
(2)
cc (k) is θk-independent.

The above analysis was for a simple field with constant amplitude turned on

at t = −∞, but some important conclusions also hold for a Gaussian pulse. In

particular, ρ
(2)
cc (k) can again be separated into a resonant, anti-resonant, and mixed

term. The exact form and time-dependence will of course be different. Crucially,

the resonant and anti-resonant terms remain θk-independent, while the mixed term

preserves its e±2iθk form. For this reason, upon integration over θk, the mixed term

evaluates to zero. This is why there is no mixed term in Eq. (3.32). Because ρ
(2)
cc (k)

is dominated by the θk-independent R(k),

∫ 2π

0

dθkρ
(2)
cc (k) ≈ 2πρ(2)

cc (k). (E.27)

Note that the resonant term of ρ
(2)
cc (k) is proportional to the square magnitude

of the resonant piece of ξcv(k) · E(t) (i.e., to (A ± B)2). Thus, it makes sense to

consider such quantities when trying to minimize the valley polarization.
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Appendix F

Temporal Integral Approximation Analysis

In this section we analyze our approximation of Eq. (3.27) which we give again below

for convenience

J(t) = tp exp(β)

∫ t/tp+λ

−∞+λ

dη (erf (η) + 1) exp
(
−(η + c)2

)
. (F.1)

We would like to understand where the integrand of Eq. (F.1) peaks so that we may

safely approximate the integral by taking the upper bound to t → ∞. To simplify

the analysis, we work with the dimensionless variable η and search for an appropriate

ηf = tf/tp +λ by which the integrand has decayed essentially to zero. Let us denote

the integrand of Eq. (F.1) as I(η). That is,

I(η) ≡ (erf (η) + 1) exp
(
−(η + c)2

)
. (F.2)

We have a Gaussian centred at η = −c, multiplied by an error function (plus one).

Depending on the parameter c, the peak of the I(η) may or may not align with
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Figure F.1: I(η) for c = +3 and c = −3 are shown as the solid red and blue
curves, respectively. Their respective Gaussians are shown as dashed lines of the
same colour. The error function (plus one) is shown in black. Note: I(η) for c = 3
has been multiplied 100× for visibility. The peaks of I(η) only line up when c < 0.

the peak of the exponential. Solving for the extrema of I(η) analytically is not

straightforward so we will resort to approximate methods.

Let us begin with some observations. If c < 0, I(η) will peak at η ≈ c.1 Thus,

if c < 0, our task of finding the peak I(η) is quite straightforward: it is simply the

peak of the Gaussian (Fig. F.1). If c > 0, I(η) will not peak with the Gaussian at

η = −c, but at some η > −c (Fig. F.1). So what exactly is c? Recall Eq. (3.28):

β∓ ≡ λ2
∓ +

1

4
δ2
∓, c∓ ≡ −λ∓ −

1

2
δ∓, (F.3)

1Not exactly, but the approximation quickly becomes very good as c decreases.
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where

λ∓ ≡ −
tp
2

(γcv + i(ωcv ∓ ω)) , δ∓ ≡ 2λ∓ + γcctp. (F.4)

On resonance, that is for ω = ωcv, the resonant (−) terms in Eq. (F.4) reduce to the

real-valued quantities

λ− = −1

2
tpγcv, δ− = −tpγcv + tpγcc. (F.5)

Thus, on resonance,

c− = tpγcv −
1

2
tpγcc. (F.6)

In Section 3.2.2, we put

γcv =
1

τ0

+
γcc
2
. (F.7)

Using Eq. (F.7) in Eq. (F.6) we obtain simply

c− =
tp
τ0

, (F.8)

which is strictly positive. Henceforth, we will drop the subscripts on c, λ, etc. Since

c is the only free-parameter in I(η), The peak position of I(η) depends only on the

pulse duration and decoherence time. In this work, we are typically interested in

pulse durations and decoherence times between 10 and 100 fs. Therefore, we need

only consider positive values of c up to a maximum of about 10.

As mentioned before, it is not straightforward to find an analytic formula for the
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Figure F.2: Peak position of I(η) as a function of the parameter c. Numerical calcu-
lations are the circles, and the red line is a linear fit to these data.

peak position of I(η), so instead we resort to numerical methods. We vary c over

the range of interest and solve for the peak position by setting the derivative of I(η)

equal to zero and solving numerically for η. The results are shown in Fig. F.2, along

with a linear fit to the data. We find the peak position to be approximately given

by the linear function

ηpeak = 0.239− 0.523c. (F.9)

Now that we know where I(η) reaches its maximum, we need to choose an ηf for

which I(η), for any given c, has decayed essentially to zero. One way to achieve

this would be to use the width of the peak itself. For example, we could choose an

ηf to be the peak position ηpeak plus 2 × the full-width at half-maximum (FWHM)
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Figure F.3: Right-most HWHM of I(η) as a function of the parameter c. Numerical
calculations are the circles, and the red line is an exponential fit to these data.

of I(η). Now, I(η) is not purely Gaussian, so the FWHM is asymmetric about the

peak. Because we wish to choose an ηf > ηpeak by which I(η) decayed sufficiently, we

are really interested in the right-most (more positive) half-width at half-maximum

(HWHM). We resort again to numerical methods to approximate the right-most

HWHM of I(η) as a function of c (Fig. F.3). The HWHM fit is not as good as the

peak fit, but it will suffice. We find the HWHM to be described approximately by

the function

ηHWHM = 0.593 + 0.104e−0.603c. (F.10)

For large c, the HWHM is essentially constant, with a small correction for small c.
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We therefore choose our ηf according to the equation

ηf ≥ ηpeak + 4ηHWHM = 2.610− 0.523c+ 0.418e−0.603c. (F.11)

The choice to take 4 × ηHWHM is arbitrary, but from close inspection of the data

it appears to be sufficient. For large c, we may neglect the exponential term and

simply write the linear relation

ηf & 2.610− 0.523c. (F.12)

Let us now move back to the language of pulse durations. Recall, ηf is defined

according to

ηf =
tf
tp

+ λ =
tf
tp
− tp

2τ0

− tpγcc
4

, (F.13)

where we have used the resonant λ given by Eq. (F.5) and Eq. (F.7) for γcv. Using

Eq. (F.13) in Eq. (F.11) and rearranging for tf/tp, as well as recalling that c = tp/τ0

on resonance, we obtain the condition

tf
tp
≥ 2.610− 0.023

tp
τ0

+ 0.418e−0.603tp/τ0 +
1

4
γcctp

& 2.610 + tp

(
γcc
4
− 0.023

1

τ0

)
, (F.14)

where the second line is valid for large c. The potential for ambiguity now arises

because the condition for tf depends on the particular value of k, due to the presence

of the intervalley scattering rate γcc = Γ(k) (see Eq. (3.56)). It would be inconsistent
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to choose different tf for each particular k of integration in Eq. (F.1), so we must

fix γcc in Eq. (F.14). One way to do this would be to simply choose the maximum

value of Γ(k) over the entire k-space integration domain. That way, the condition

Eq. (F.14) is always satisfied. Unfortunately, a complication arises because Γ(k)

can become arbitrarily large near band extrema.2 To proceed, we limit Γ(k) to a

maximum value of Γmax, and use γcc = 2Γmax in Eq. (F.14).3 In doing so, we ensure

that the appropriate choice of tf is no longer ambiguous and long enough such that

the condition in Eq. (F.14) is always satisfied. We plot the condition Eq. (F.14) in

Fig. F.4 (in units of 1/tp) for Γmax = 40 ps−1. To give a concrete example, for a pulse

duration of tp = 100 fs, we must choose a tf ≥ 4.8tp ≈ 5tp which is what we use in the

main text. This choice will also be valid for shorter pulses such as tp = 50 fs which

only require tf ≥ 3.9tp. The particular choice of Γmax does not appear to qualitatively

affect our calculations in Section 3.2.2. Lastly, at “reasonable” of choices of Γmax on

the order of 1/τ0, Eq. (F.14) can be approximately given by

tf
tp

& 2.610 +
tp
2

Γmax. (F.15)

2The intervalley scattering rate involves integrals over energy-conserving Dirac delta functions,
which we compute using the identity δ[f(k)] =

∑
i δ(k − ki)/|f ′(ki)|, where the ki are the roots

of the function f(k), and f ′(k) ends up being equal to the derivative of the electron dispersion.
Therefore, near band extrema, δ[f(k)] blows up and so too does Γ(k).

3We use 2Γmax because Γ(k) = ΓIVS + ΓDS and we are actually limiting ΓIVS and ΓDS to 40
ps−1.
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Figure F.4: Minimum tf/tp as a function of tp for Γmax = 40 ps−1 and τ0 = 100 fs.
Since tf is scaled by 1/tp, the y-axis can be read as the number of pulse durations
one must wait before measurement.
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Appendix G

Symmetry at k1

In this appendix we present some interesting properties of the biased bilayer graphene

system at momentum k = k1, where

k1 =
4a

3a0t‖
. (G.1)

We suspect that this special momentum can be derived from a symmetry analysis,

but we have been unable to do so. The results presented here may be useful for

future work.

In Table G.1 we present the eigenvector coefficients at k = 0 and k = k1 for the

K and K ′ valleys, respectively. For simplicity, we define

g0 ≡
√

Ω

2π
, g1 ≡

1

π

√
Ω√

8ã2 + 1
. (G.2)

where ã = a/t⊥. Let us make some observations. First consider the form of the

eigenstates at k = 0. Since θk is not defined at k = 0, we may choose θk to be
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Table G.1: Normalized eigenvector coefficients at high symmetry points in the K
(top) and K ′ (bottom) valleys. The first two columns correspond to the conduction
band and valence band at k = 0, while the third and fourth columns correspond to
k = k1.

K Ci
c(0) Ci

v(0) Ci
c(k1) Ci

v(k1)

A1 0 0 0 −ãg1

B1 −ig0e
−iθk 0 − i

2
g1e
−iθk −iãg1e

−iθk

A2 0 ig0e
iθk −iãg1e

iθk i
2
g1e

iθk

B2 0 0 −ãg1 0

K′ Ci
c(0) Ci

v(0) Ci
c(k1) Ci

v(k1)

A1 0 0 0 −ãg1

B1 −ig0e
iθk 0 − i

2
g1e

iθk −iãg1e
iθk

A2 0 ig0e
−iθk −iãg1e

−iθk i
2
g1e
−iθk

B2 0 0 −ãg1 0

whatever we like. For example, choose θk = 0. Then, the K and K ′ eigenstates are

identical at k = 0. By the same logic, the conduction and valence band eigenstates

are equivalent (up to an overall sign) under A2 ↔ B1. Now consider the eigenstates

at k = k1. Under θk → −θk, the K and K ′ eigenstates are interchanged. This

is consistent with the fact that right- and left-hand circularly polarized light are

interchanged under θk → −θk (see Eq. 3.21).

Next consider the nearest-neighbour hopping function f(k) defined in Section
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3.1.1. For small momenta about K or K′,

f(k) = i
3

2
a0ke

±iθk , (G.3)

with the plus and minus signs corresponding to the K and K ′ valleys respectively.

Clearly, f(k) vanishes at k = 0, which results in identical Hamiltonians for the K

and K ′ valleys (this explains why the eigenstates are identical at k = 0). At k = k1,

f(k1) = 2iae±iθ/t‖. (G.4)

The Hamiltonian takes the provocative form

H0(k1) =



a 2iae±iθk 0 t⊥

−2iae∓iθk a 0 0

0 0 −a 2iae±iθk

t⊥ 0 −2iae∓iθk −a


. (G.5)

In particular, the magnitude of the intralayer hopping is equal to the potential energy

difference between the graphene layers.

The connection elements also take relatively simple forms at k = k1. For the

interband connection element

ξcv(k) = iA(a, k)k̂±B(a, k)θ̂k, (G.6)
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where the plus and minus signs correspond to K and K ′, we find

A(a, k1) = B(a, k1) =
3a0t⊥t‖
8a2 + t2⊥

=
1

k1

4at⊥
8a2 + t2⊥

. (G.7)

For the intraband connection element

ξcc(k) = ±G(a, k)θ̂k = −ξvv(k), (G.8)

we find

G(a, k1) =
3a0t‖

4a

t2⊥ − 4a2

8a2 + t2⊥
=

1

k1

t2⊥ − 4a2

8a2 + t2⊥
. (G.9)

We also note that

G(t⊥/2, k1) = 0. (G.10)
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