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Abstract

This thesis develops a topological approach to robustness to incorrect-incomplete models

in MDPs and POMDPs, and applications of this study to approximations, model learning

and reinforcement learning.

In the first part of the thesis, we study continuity properties of multi-stage stochastic

control problems with respect to transition kernels, and applications of these results to the

study of robustness of optimal control policies designed for incorrect models applied to a

true system, and the convergence (or lack of it) of the error due to mismatch as the incorrect

model approaches the true one. We analyze the problem under the expected infinite hori-

zon discounted cost setup for fully and partially observed models and under the expected

infinite horizon average cost setup for fully observed models. We show that continuity

can be established under total variation convergence of the transition kernels under mild

assumptions, and with further restrictions on the dynamics under weak and setwise conver-

gence of the transition kernels. Using these continuity properties, we establish positive and

negative convergence results on robustness. Compared to the existing literature, we obtain

strictly refined robustness results that are applicable even when the incorrect models can

be investigated under weak convergence and setwise convergence criteria (with respect to

a true model). These entail implications on empirical learning in (data-driven) stochastic

i



control since often system models are learned through empirical training data where typi-

cally the weak convergence criterion applies but stronger convergence criteria do not. We

view approximation of MDPs with finite models as a particular instance of robustness and

we establish how, in particular, continuous weak convergence applies under finite model

quantization of weakly continuous kernels.

In the second part of the thesis, we focus on partially observed Markov decision pro-

cesses (POMDPs). We first establish conditions on the weak Feller property of non-linear

filter kernels for the study of POMDPs. Establishing sufficient conditions for the weak

Feller property for such processes is a significant problem, studied under various assump-

tions and setups in the literature. We provide a concise and unified proof for the weak

Feller property of the non-linear filter process (i) first under weak continuity of the transi-

tion probability of controlled Markov chain and total variation continuity of its observation

channel (a result due to Feinberg et. al. [Math. Oper. Res. 41(2) (2016) 656-681]), and

then, (ii) under total variation continuity of the transition probability of controlled Markov

chain.

Using the obtained regularity properties, we then study approximation techniques for

POMDPs and application of these approximations to Q learning algorithms for partially

observed models using only a finite memory of information variables. We rigorously es-

tablish near optimality of finite window feedback control policies in POMDPs under mild

non-linear filter stability conditions and the assumption that the measurement and action

sets are finite (and the state space is real vector valued). We also establish a rate of con-

vergence result which relates the finite window memory size and the approximation error

bound. This rate of convergence is exponential under geometric filter stability conditions.

We apply these results to Q learning algorithms for POMDPs that use a finite window of
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history. We establish near optimality of policies that are learned using finite window history

variables.

Finally, as a practically consequential application, we consider the Q learning problem

for continuous state spaces and show near optimality of algorithms constructed by dis-

cretizing the state space where we view the problem as a partially observed model with a

quantizer channel.
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Chapter 1

Introduction, Literature Review and Summary of

Contributions

Control theory deals with influencing the behavior of a dynamical system to achieve a

desired performance objective. The performance of a control policy heavily depends on

how well the assumed model reflects the real world dynamics of the system. Often, the

designer lacks the perfect knowledge of the dynamical system, and in many other cases,

the perfect model is not feasible to work with, either analytically or computationally. Lack

of perfect knowledge of the system and/or the need for approximations bring up the study

of controllers that are robust to uncertainties and approximations. In what follows, we will

describe the model that we will be investigating the robustness problem for.

1.1 Model Description

In this thesis, our focus will be on discrete time controlled stochastic processes. We will

study fully observed and partially observed settings. If the decision maker (DM) has direct

access to the state process, we will call the system a fully observed model, if the DM

observes the state through a measurement channel, then we will call the system a partially
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observed model. To keep the introductory model as general as possible, we present the

mathematical model for a partially observed Markov decision process.

LetX ⊂ Rm denote a Borel set which is the state space of a controlled Markov process.

Here and throughout the thesis Z+ denotes the set of non-negative integers and N denotes

the set of positive integers. Let Y ⊂ Rn be a Borel set denoting the observation space of

the model, and let the state be observed through an observation channelQ. The observation

channel, Q, is defined as a stochastic kernel (regular conditional probability) fromX to Y,

such that Q( · |x) is a probability measure on the (Borel) σ-algebra B(Y) of Y for every

x ∈ X, and Q(A| · ) : X → [0, 1] is a Borel measurable function for every A ∈ B(Y).

A decision maker (DM) is located at the output of the channel Q, hence, it only sees the

observations {Yt, t ∈ Z+} and chooses its actions from U ⊂ Rl, the action space which is

a Borel subset of some Euclidean space. An admissible policy γ is a sequence of control

functions {γt, t ∈ Z+} such that γt is measurable with respect to the σ-algebra generated

by the information variables

It = {Y[0,t], U[0,t−1]}, t ∈ N, I0 = {Y0},

where

Ut = γt(It), t ∈ Z+ (1.1)

are the U-valued control actions and

Y[0,t] = {Ys, 0 ≤ s ≤ t}, U[0,t−1] = {Us, 0 ≤ s ≤ t− 1}.

We define Γ to be the set of all such admissible policies.
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The update rules of the system are determined by (1.1) and the following relationships:

Pr
(
(X0, Y0) ∈ B

)
=

∫
B

P (dx0)Q(dy0|x0), B ∈ B(X×Y),

where P is the (prior) distribution of the initial state X0, and

Pr

(
(Xt, Yt) ∈ B

∣∣∣∣ (X, Y, U)[0,t−1] = (x, y, u)[0,t−1]

)
=
∫
B
T (dxt|xt−1, ut−1)Q(dyt|xt), B ∈ B(X×Y), t ∈ N,

where T is the transition kernel of the model which is a stochastic kernel from X × U to

X.

Using stochastic realization results (see Lemma 1.2 in [43], or Lemma 3.1 of [17]), the

process defined above can equivalently be represented in a functional form as follows:

Xt+1 = f(Xt, Ut,Wt), Yt = g(Xt, Vt) (1.2)

for some measurable functions f and g, with {Wt} being an independent and identically

distributed (i.i.d.) system noise process and {Vt} an i.i.d. disturbance process, which are

independent of X0 and each other. Here, the first equation represents the transition kernel

T as it gives the relation of the most recent state and action variables to the upcoming state.

With this representation, it can be seen that the probabilistic nature of the transition kernel

is determined by the function f and the probability model of the noise Wt. The second

equation represents the measurement channel Q, as it describes the relation between the

state and observation variables.

Throughout the thesis, we study two different cost criteria: infinite horizon expected
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discounted cost and infinite horizon expected average cost. We let the objective of the

agent (decision maker) be the minimization of these cost functions:

Jβ(P, T , γ) = ET ,γP

[
∞∑
t=0

βtc(Xt, Ut)

]
, β ∈ (0, 1),

J∞(P, T , γ) = lim sup
N→∞

1

N

N−1∑
t=0

ET ,γP [c(Xt, Ut)] ,

over the set of admissible policies γ ∈ Γ, where c : X × U → R is a Borel-measurable

stage-wise cost function and ET ,γP denotes the expectation with initial state probability

measure P and transition kernel T under policy γ. Note that P ∈ P(X), where we let

P(X) denote the set of probability measures onX.

We define the optimal costs as functions of the priors and the transition kernels as

J∗β(P, T ) = inf
γ∈Γ

Jβ(P, T , γ),

J∗∞(P, T ) = inf
γ∈Γ

J∞(P, T , γ).

Note that the infinite horizon expected discounted cost and infinite horizon expected aver-

age cost depend on the initial distribution P , transition kernel T , control policy γ (and the

channel Q if the state is observed through a channel) since they determine the probabilty

measure for the expectation operator. Here and often in the thesis, we will write the cost

as a function of P and T , since we will be interested in the effects of transition kernels on

the optimal cost functions. However, in the following chapters, we might sometimes alter

the notation and write the costs as functions of other components of the model such as the

channel Q or the initial state x0 if the state is directly observable. These changes on the

notation, hopefully, will be clear from the context.
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1.2 A General Literature Review and Our Contributions

Robustness is a desired property for optimal control of stochastic or deterministic systems

when a given model does not reflect the actual system perfectly, as is usually the case

in practice. In the literature, several different approaches have been taken to address the

impact of such uncertainties on the system performance.

In deterministic control theory, the knowledge is often with respect to modeling errors

(such as linearization/parametrization assumptions) and incorrect initializations. Adaptive

control and robust control theory for such systems has a rich history ([117, 6, 121, 95]).

A common approach in the literature for linear deterministic systems has been to de-

sign controllers that works sufficiently well for all possible uncertain systems under some

structured constraints, such as H∞ norm bounded perturbations (see [117, 121]). These

techniques provide guaranteed performance for all considered possible models indepen-

dent of the noise structure and they are deterministic in that the disturbances considered as

unknown functions. The design for robust controllers has also been developed through a

game theoretic formulation where the minimizer is the controller and the maximizer is the

uncertainty ([6]).

In stochastic systems, the knowledge of the system may be with respect to probabilis-

tic aspects, such as the initial prior or the distribution of the noise processes, or due to

functional modeling assumptions. All of these considerations can be studied in a unified

manner if one develops a probabilistic abstraction and an associated topological analysis

on the induced probability measure of a controlled system, where the priors, the transition

kernel, and a given policy induce a unique stochastic process (called a strategic measure).

The stochastic theory can be used to view the deterministic case as a special setup.
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For stochastic systems, the connections between risk-sensitive control and determinis-

tic dynamic games were established in [58, 34]. Using Legendre-type transforms, relative

entropy constraints came in to the literature to model the uncertainties probabilistically,

see e.g. [86, Eqn. (4)] or [34, Eqns. (2)-(3)]. Here, one selects a nominal system which

satisfies a relative entropy bound between the actual measure and the nominal measure,

solves a risk sensitive optimal control problem, and this solution value provides an upper

bound for the original system performance. As such, a common approach in robust stochas-

tic control has been to consider all models which satisfy certain bounds in terms of relative

entropy pseudo-distance (or Kullback-Leibler divergence), see e.g. [34, 86, 83] among oth-

ers. Other metrics or criteria, different from the relative entropy pseudo-distance, have also

been used to quantify the uncertainty in the system models. Reference [104] has studied

a min-max formulation for robust control where the one-stage transition kernel belongs to

a ball under the total variation metric for each state action pair. For distributionally robust

stochastic optimization problems, it is assumed that the underlying probability measure of

the system lies within an ambiguity set and a worst case single-stage optimization is made

considering the probability measures in the ambiguity set. To construct ambiguity sets,

[16, 37] use the Wasserstein metric (see Section 2.2), [36] uses the Prokhorov metric which

metrizes the weak topology and [69] works with relative entropy.

For fully observed controlled Markov models with finite state spaces, a robust dynamic

programming approach has been popular, in particular in the operations research literature.

[113, 55, 80] have studied robust dynamic programming approaches through a min-max

formulation for fully observed finite state-action space models with uncertain transition

probabilities.

Further related work with model uncertainty includes [81, 8], with some further work
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in the economics literature [49, 46].

Even when the controller has a perfect knowledge of the system, it is often the case that

mathematical models designed for control systems are too complex to compute. Therefore,

building approximation methods have been a common approach in the literature. Here,

we briefly review some approximation results for discrete time stochastic models that are

closely related to our setup. For fully observed models, [70] establishes continuity re-

sults for approximate models and gives a set convergence result for sets of optimal control

actions, however this set convergence result is inconclusive for robustness without fur-

ther assumptions on the true system model. We also note that approximation methods for

stochastic control problems with standard Borel spaces through quantization, which lead

to finite models, can be viewed as approximations of transition kernels, but this interpreta-

tion requires caution: indeed, [93, 2], among many others, study approximation methods

for MDP’s where the convergence of approximate models is satisfied in a particularly con-

structed fashion. In particular, [93, 92, 94] presents a construction for the approximate

models through quantizing the actual model with continuous spaces (leading to a finite

space model), which allows for continuity and robustness results with only a weak continu-

ity assumption on the true transition kernel which, in turn, leads to the weak convergence

of the approximate models. A detailed analysis of approximation methods for continuous

state and action spaces can be found in [90] for both fully observed and partially observed

models. However, these positive results on weak convergence of approximate kernels to

the true one in such studies do not directly apply to robustness to an arbitrary sequence of

models which converges weakly to a true model. In other words, the quantization of state

and action spaces results in a special structure for the sequence of approximating transition

kernels.
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As discussed earlier, stochastic models where the decision maker does not have direct

access to the state of the system, and observes the state through a measurement channel,

are called partially observed controlled stochastic models, also known as Partially Ob-

served Markov Decision Processes (POMDPs) for Markovian environments. POMDPs

provide flexibility for modeling purposes, however, the modeling advantage comes with a

mathematically challenging analysis. For POMDPs, working with probability measure val-

ued processes or belief processes via converting the original partially observed stochastic

control problem to a fully observed problem, has been a strong analytic tool ([116], [88]).

However, computing an optimal policy for this fully observed model, and so for the original

POMDP, using classical methods (such as dynamic programming, policy iteration, linear

programming) is challenging even if the original system has finite state and action spaces,

since the state space of the fully observed model is always uncountable being a space of

probability measures.

Due to the complexity of the fully observed reduction of POMDPs, approximation

methods are usually needed for optimal control computations. For partially observed se-

tups, [94, 85, 109, 99, 84, 120, 73, 111, 48, 67, 112] are among the works that deal with

these approximation techniques for POMDPs.

Similar challenges also remain for learning tasks in POMDPs. If one attempts to learn

optimal policies through empirical observations, then the analysis and convergence proper-

ties become significantly harder to obtain as the observations progress in a non-Markovian

fashion and the belief state space is uncountable. This necessitates finite approximations

for POMDPs with rigorous performance guarantees, however, despite the presence of just

a few rigorous approximation results, there does not exist a rate of convergence analysis
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to our knowledge. This is not surprising since regularity properties for POMDPs are chal-

lenging to obtain. Learning in POMDPs is a vast research area and there are numerous

studies, however, here we only list [57, 76, 72, 98] as the ones that are most related to the

techniques (finite memory approximations) used in this thesis.

A more detailed literature review will be given at every corresponding chapter sepa-

rately.

Our Contribution

We list our contributions and how they differ from the existing literature as follows:

• Relaxed metrics for robustness: We study the robustness problem for discrete time

stochastic systems and focus on the uncertainties on the underlying probabilistic

model of the system. In particular, we consider the uncertainties on the controlled

transition kernel of the system. We use convergence and distance notions for prob-

ability measures to quantify the effects of uncertainties. Namely, we analyze the

robustness problem using weak convergence, setwise (strong) convergence and con-

vergence under total variation distance. These convergence and distance notions are

strictly more relaxed and refined than the distance measures used in existing robust

stochastic control literature. In particular, Kullbeck-Leibler divergence distance, a

commonly used distance notion, is a stronger distance notion than the total variation

distance through the Pinsker’s inequality ([47, Lemma 5.2.8]) and the Wasserstein

distance is a stronger metric than any metric that metrizes the weak convergence

topology in general: For compact spaces, the Wasserstein distance of order 1, de-

noted byW1, metrizes the weak topology (see [108, Theorem 6.9]). For non-compact

spaces convergence in the W1 metric implies weak convergence (in particular this

metric bounds from above the Bounded-Lipschitz metric [108, p.109]).
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• Explicit convergence rates for POMDP approximations: For partially observed

systems, we establish regularity properties which are usually needed for the analy-

sis and consistency results of POMDPs. For POMDP approximations, we use finite

history information variables to construct simpler models by discretizing the belief

state space. We provide two discretization schemes for the belief space, both of

which have their own advantages. We rigorously establish the near optimality of

finite memory feedback control policies for the case where the actions and measure-

ments are finite (with the state being real vector valued), provided that the controlled

non-linear filter is stable in a sense to be presented in the relevant chapters of the

thesis (Chapter 5). We also explicitly relate the error with the window size. This is

the first rigorous result, to our knowledge, where finite window policies are shown

to be ε-optimal with an explicit rate of convergence with respect to the window size.

We emphasize here that our results will apply to all finite state/measurement/action

models, though our results are also applicable to setups where the state process is

continuous-space valued.

• Rigorous convergence and near optimality results for finite window Q learning

algorithms: We apply our findings from POMDP approximations to the learning

algorithms. In particular, we study the Q-learning problem for POMDPs where one

construct the Q iterations using only a finite history of information variables. We

establish that these iterations converge to a fixed point equation which coincides with

the optimality equations of the approximate models obtained through discretizing

the belief models. While there exist many experimental results on Q-learning with

finite memory information variables, (i) the rigorous asymptotic convergence (to an

approximate MDP value function) for such finite-memory Q-learning algorithms,
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and (ii) the near optimality with an explicit rate of convergence (in the memory size)

are results that are new to the literature, to our knowledge.

1.3 Outline of the Thesis

In the first part of the thesis, in Chapter 2 and Chapter 3, we focus on the robustness problem

under incorrect system models. In these chapters, the main question we try to answer is

the following: Suppose a decision maker designs an optimal policy for an incorrect or

incomplete model which he/she thinks is the correct model and applies this policy to the

original system. Is it true that the loss occurring from applying the incorrect policy goes

to zero, as the incorrect model gets close to the true model? To answer this question,

we study the continuity of the optimal cost functions under the convergence of transition

kernels, and we analyze the asymptotic behavior of the loss arising from applying the policy

designed for the incorrect model. We characterize the convergence of transition models by

using notions from convergence of probability measures. Namely, we work with weak

convergence, setwise convergence and total variation convergence.

In Chapter 2, we focus on the infinite horizon discounted cost problems. We analyze

both fully observed and partially observed setups. We show that the continuity of the opti-

mal cost can be established under total variation convergence of the transition kernels un-

der mild assumptions and with further restrictions on the dynamics and observation model

under weak and setwise convergence of the transition kernels. Using these continuity prop-

erties, we establish convergence results and error bounds due to mismatch that occurs by

the application of a control policy which is designed for an incorrectly estimated system

model to a true model, thus establishing positive and negative results on robustness.

In Section 2.7, we view finite model approximations for fully observed models with
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continuous state spaces as a particular instance of robustness problem. We show how in

particular, continuous weak convergence applies under finite model quantization of weakly

continuous kernels and thus, the findings from Section 2.6 can be utilized to arrive at con-

sistency results for finite approximations.

In Section 2.8, we consider cases where the system models are constructed empirically.

Let T (·|x, u) be a transition kernel given previous state and action variables x ∈ X, u ∈ U,

which is unknown to the decision maker (DM). Suppose the DM builds a model for the

transition kernels, Tn(·|x, u), for all possible x ∈ X, u ∈ U by collecting training data (e.g.

from the evolving system). Do we have that the cost calculated under Tn converges to the

true cost (i.e., do we have that the cost obtained from applying the optimal policy for the

empirical model converges to the true cost as the training length increases)? We provide

different cases for which the empirically constructed models satisfy certain convergence

properties presented throughout Chapter 2.

In Chapter 3, we study the robustness problem under the infinite horizon average cost

setup. We show that for fully observed models, sufficient conditions presented in Chapter

2 for discounted cost problems are in general not sufficient to ensure robustness for aver-

age cost problems. However, we show that the average optimal cost is continuous in the

convergence of controlled transition kernel models where convergence of models entails (i)

continuous weak convergence in state and actions, and (ii) continuous setwise convergence

in the actions for every fixed state variable, in addition to either uniform ergodicity or some

regularity conditions. We establish that the mismatch error due to the application of a con-

trol policy designed for an incorrectly estimated model to the true model decreases to zero

as the incorrect model approaches the true model under the stated convergence criteria.

Furthermore, in Section 3.7, we apply our findings to the models learned using empirical
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data.

In the second part of the thesis, we focus on partially observed Markov decision pro-

cesses (POMDPs). We first analyze regularity properties of POMDPs (Chapter 4), we then

provide approximation techniques for partially observed models (Chapter 5) and we finally

study approximate learning algorithms for POMDPs (Chapter 6).

In Chapter 4, we first establish some topological properties for partially observed mod-

els which are useful for consistency results for approximation techniques. A well known

result states that any partially observed controlled model can be reduced to a fully observed

controlled model whose state process is probability measure valued ([116], [88]). In parts

of the thesis, we will observe that an important condition for the fully observed models,

is the weak continuity of their transition kernels. In this chapter, we find sufficient condi-

tions on the partially observed model which make the transition kernel of its reduced model

weakly continuous. In particular, we prove that the transition kernel of the belief MDP is

weakly continuous (i) first under weak continuity of the transition probability of controlled

partially observed Markov chain and total variation continuity of its observation channel,

and then, (ii) under total variation continuity of the transition probability of controlled par-

tially observed Markov chain without any restrictions on the measurement model.

In Chapter 5, we present two approximation methods for POMDPs. As we have stated

before, POMDPs can be converted to fully observed controlled problems with probability

measure valued state processes where the new state process is called the belief state. This

reduced model, in general, is analytically and computationally demanding. Hence, approx-

imation techniques are needed for POMDPs. In Chapter 5, we focus on two techniques

that use finite window information variables to construct finite approximations for the be-

lief process by discretizing the corresponding belief spaces. By finite window information
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variables, we refer to a fixed length of history variables observed by the decision maker.

Both methods rely on a finite subset of the belief state space that consists of Bayesian

updates of a fixed initial distribution under the finite window information variables. We

present the first method in Section 5.3 which makes use of a nearest neighbor map to

choose the closest element to the original belief state from the finite subset to construct

the approximate model. In this section, we establish error bounds that vanish exponen-

tially fast with increasing window size under some filter stability conditions. The second

method is presented in Section 5.4, in which, instead of mapping the original belief state

to the closest element in the finite subset, we map the original state to the element with

matching finite history. We provide convergence results for the approximation error with

increasing window size for this technique as well. The second method results in coarser

error bounds compared to the approximation presented in Section 5.3, however, it provides

a considerable practical advantage that will be evident in Chapter 6. In Section 5.5, we

present a detailed comparison of the methods presented in Section 5.3 and 5.4. In Section

5.6, we provide numerical examples and simulation results that verify the proven results in

this chapter.

In Chapter 6, we focus on approximate Q learning algorithms for partially observed

controlled models and for fully observed models with continuous state spaces. Traditional

Q learning algorithms in the literature are proven to converge to optimal fixed point equa-

tions for models with finite state spaces whose states can be observed perfectly. However,

for partially observed models, the convergence, in general, is not guaranteed since the ob-

servation process is no longer controlled Markov, a property that is heavily used for conver-

gence results. Even when convergence occurs, what the limit operationally means is also a

question to be answered. For continuous state spaces, the usual Q learning algorithms are
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again not directly applicable, since it is not feasible to track uncountably many Q values.

In Section 6.4, for POMDPs, we consider the convergence of a Q learning algorithm

for control policies using a finite history of past observations and control actions, and,

consequentially, we establish near optimality of such limit Q functions under explicit fil-

ter stability conditions. We use explicit error bounds relating the approximation error to

the length of the finite history window from Section 5.4. We establish the convergence of

such Q-learning iterations under mild ergodicity assumptions on the state process during

the exploration phase. We further show that the limit fixed point equation gives an opti-

mal solution for an approximate belief-MDP constructed in Section 5.4. We then provide

bounds on the performance of the policy obtained using the limit Q values compared to the

performance of the optimal policy for the POMDP that could be calculated if the system

was fully known, where we also present explicit conditions using recent results on filter sta-

bility in controlled POMDPs. While there exist many experimental results, (i) the rigorous

asymptotic convergence (to an approximate MDP value function) for such finite-memory

Q-learning algorithms, and (ii) the near optimality with an explicit rate of convergence (in

the memory size) are results that are new to the literature, to our knowledge.

In Section 6.6, we study the Q learning problem for fully observed models with contin-

uous state spaces. For MDPs with continuous state spaces, it is not feasible to follow the

usual Q learning algorithm as there are uncountably many Q values to approximate. We

show that the problem can be seen as a POMDP with a quantizer channel if we discretize

the state space and thus, we can use the results from Section 6.4, to build an approximate

Q learning algorithm.

Finally, in Chapter 7, we conclude the thesis by giving a summary of the results and

providing possible research directions.
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Some of the results can be found as stand alone papers in [61, 64, 63, 65, 60].

We also note that, in [62], we have studied robustness and continuity properties for

partially observed stochastic control problems with respect to the prior measures with fixed

transition kernels. However, due to space constraints we chose not to include it in the thesis.
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Chapter 2

Continuity and Robustness under Incorrect Transition

Kernels under Infinite Horizon Discounted Cost Criterion

In this chapter, we study continuity properties of discrete-time stochastic control problems

with respect to system models (i.e., controlled transition kernels) and robustness of optimal

control policies designed for incorrect models applied to the true system. We focus on

the infinite horizon discounted expected cost criterion for both fully observed and partially

observed setups.

We first restate the definitions for the problems we will be studying in this chapter. The

discounted infinite horizon cost function is defined as:

Jβ(P, T , γ) = ET ,γP

[
∞∑
t=0

βtc(Xt, Ut)

]
, β ∈ (0, 1)

over the set of admissible policies γ ∈ Γ, where c : X × U → R is a Borel-measurable

stage-wise cost function and ET ,γP denotes the expectation with initial state probability

measure P and transition kernel T under policy γ.
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We define the optimal cost as a function of the priors and the transition kernels as

J∗β(P, T ) = inf
γ∈Γ

Jβ(P, T , γ).

The focus will be to address the following problems:

Problem P1: Continuity of J∗β(P, T ) under the convergence of the transition kernels.

Let {Tn, n ∈ N} be a sequence of transition kernels which converge in some sense to

another transition kernel T . Does this imply that

J∗β(P, Tn)→ J∗β(P, T ),

Problem P2: Robustness to incorrect models. A problem of major practical importance

is robustness of an optimal controller to modeling errors. Suppose that an optimal policy

is constructed according to a model which is incorrect: how does the application of the

control to the true model affect the system performance and does the error decrease to zero

as the models become closer to each other? In particular, suppose that γ∗n is an optimal

policy designed for Tn, an incorrect model for a true model T . Is it the case that if Tn → T

then Jβ(P, T , γ∗n)→ J∗β(P, T )?

2.1 Literature Review

Robustness is a desired property for the optimal control of stochastic or deterministic sys-

tems when a given model does not reflect the actual system perfectly, as is usually the case

in practice.

A common approach in the literature has been to design controllers that works suffi-

ciently well for all possible uncertain systems under some structured constraints, such as
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H∞ norm bounded perturbations (see [6, 121]). The design for robust controllers has often

been developed through a game theoretic formulation where the minimizer is the controller

and the maximizer is the uncertainty. The connections of this formulation to risk sensi-

tive control were established in [58, 34]. Using Legendre-type transforms, relative entropy

constraints came in to the literature to probabilistically model the uncertainties, see e.g.

[86, Eqn. (4)] or [34, Eqns. (2)-(3)]. Here, one selects a nominal system which satisfies

a relative entropy bound between the actual measure and the nominal measure, solves a

risk sensitive optimal control problem, and this solution value provides an upper bound for

the original system performance. As such, a common approach in robust stochastic control

has been to consider all models which satisfy certain bounds in terms of relative entropy

pseudo-distance (or Kullback-Leibler divergence), see e.g. [34, 86, 83] among others.

Other metrics or criteria, different from the relative entropy pseudo-distance, have also

been used to quantify the uncertainty in the system models. Reference [104] has studied

a min-max formulation for robust control where the one-stage transition kernel belongs to

a ball under the total variation metric for each state action pair. For distributionally robust

stochastic optimization problems, it is assumed that the underlying probability measure

of the system lies within an ambiguity set and a worst case single-stage optimization is

made considering the probability measures in the ambiguity set. To construct ambiguity

sets, [16, 37] use the Wasserstein metric (see Section 2.2), [36] uses the Prokhorov met-

ric which metrizes the weak topology and [69] works with relative entropy. [113, 55, 80]

have studied robust dynamic programming approaches through a min-max formulation for

fully observed finite state-action space models with uncertain transition probabilities. Fur-

ther related work with model uncertainty includes [81, 8], with some further work in the

economics literature [49, 46].
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For fully observed models, [70, Theorem 5.1] establishes continuity results for approxi-

mate models and gives a set convergence result for sets of optimal control actions, however

this set convergence result is inconclusive for robustness without further assumptions on

the true system model. Reference [79] is another related work which studies continuity of

the value function for fully observed models under a general metric defined as the integral

probability metric which captures both the total variation metric or the Kantorovich metric

with different setups (which is not weaker than the metrics leading to weak convergence).

We also note that approximation methods for stochastic control problems with standard

Borel spaces through quantization, which leads to finite models, can be viewed as ap-

proximations of transition kernels, but this interpretation requires caution: indeed, [93, 2],

among many others, study approximation methods for MDP’s where the convergence of

approximate models is satisfied in a particularly constructed fashion. In particular, [93]

presents a construction for the approximate models through quantizing the actual model

with continuous spaces (leading to a finite space model), which allows for continuity and

robustness results with only a weak continuity assumption on the true transition kernel

which, in turn, leads to the weak convergence of the approximate models. A detailed anal-

ysis of approximation methods for continuous state and action spaces can be found in [90]

for both fully observed and partially observed models. However, these positive results on

weak convergence of approximate kernels to the true one in such studies do not directly

apply to robustness to an arbitrary sequence of models which converges weakly to a true

model, as our counterexamples in this chapter will demonstrate.

In our analysis, we will study various convergence criteria. Our findings involving

weak convergence are related to the following convergence notion: Let a stochastic process

converge to another one in the following sense: all finite dimensional marginals converge
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weakly and the conditional kernels on the future random variables given the past converge

weakly as well. This has been termed as extended weak convergence [1] or convergence

under the the information topology [50]; these have recently shown to be equivalent in

discrete-time [4, Theorem 1.1]. Applications of this notion of convergence to robustness to

system models in stochastic control have recently been studied in different contexts [7, 5].

In our case, we will relate this to a generalized (dominated) convergence criterion under

continuous weak convergence [70, Theorem 3.5] and [97, Theorem 3.5].

In Section 2.3 we will present the contributions, which will also make the comparison

with the reviewed literature more explicit.

2.2 Some Examples and Convergence Criteria for Transition Kernels

2.2.1 Convergence Criteria for Transition Kernels

Before presenting convergence criteria for controlled transition kernels, we first review

convergence of probability measures. Three important notions of convergences for sets of

probability measures to be studied are weak convergence, setwise convergence and con-

vergence under total variation. For N ∈ N, a sequence {µn, n ∈ N} in P(RN) is said to

converge to µ ∈ P(RN) weakly if

∫
RN

c(x)µn(dx)→
∫
RN

c(x)µ(dx) (∗)

for every continuous and bounded c : RN → R. {µn} is said to converge setwise to

µ ∈ P(RN) if (∗) holds for all measurable and bounded c : RN → R. For probability
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measures µ, ν ∈ P(RN), the total variation metric is given by

‖µ− ν‖TV = 2 sup
B∈B(RN )

|µ(B)− ν(B)| = sup
f :‖f‖∞≤1

|
∫
f(x)µ(dx)−

∫
f(x)ν(dx)|,

where the supremum is taken over all measurable real f such that ‖f‖∞ = supx∈RN |f(x)| ≤

1. A sequence {µn} is said to converge in total variation to µ ∈ P(RN) if ‖µn−µ‖TV → 0.

Total variation defines a stringent metric for convergence; for example, a sequence of dis-

crete probability measures does not converge in total variation to a probability measure

which admits a density function. Setwise convergence, though, induces a topology on the

space of probability measures which is not metrizable. However, the space of probability

measures on a complete, separable, metric (Polish) space endowed with the topology of

weak convergence is itself complete, separable and metric [82]. We also note here that rel-

ative entropy convergence, through Pinsker’s inequality [47, Lemma 5.2.8], is stronger than

even total variation convergence which has also been studied in robust stochastic control

as reviewed earlier. Another metric for probability measures is the Wasserstein distance:

For compact spaces, the Wasserstein distance of order 1, denoted by W1, metrizes the weak

topology (see [108, Theorem 6.9]). For non-compact spaces convergence in the W1 met-

ric implies weak convergence (in particular this metric bounds from above the Bounded-

Lipschitz metric [108, p.109]). Furthermore, instead of using the usual metric, say d, on

X, one can always construct a bounded metric, e.g. d̃ = d/(1 + d), for which the in-

duced Wasserstein distance metrizes the weak convergence topology on P(X) [108, p.109,

Corollary 6.13]. Considering these relations, our results in this section can be directly

generalized to the relative entropy distance or the Wasserstein distance. Building on the

above, we introduce the following convergence notions for (controlled) transition kernels.

Definition 2.2.1. For a sequence of transition kernels {Tn, n ∈ N}, we say that
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(i) Tn → T weakly if Tn(·|x, u)→ T (·|x, u) weakly, for all x ∈ X and u ∈ U.

(ii) Tn → T setwise if Tn(·|x, u)→ T (·|x, u) setwise, for all x ∈ X and u ∈ U.

(iii) Tn → T under the total variation distance if Tn(·|x, u) → T (·|x, u) under total

variation, for all x ∈ X and u ∈ U.

2.2.2 Examples

Let a controlled model be given as

xt+1 = F (xt, ut, wt),

where {wt} is an i.i.d. noise process. The uncertainty on the transition kernel for such a

system may arise from lack of information on F or the i.i.d. noise process wt or both:

(i) Let {Fn} denote an approximating sequence for F , so that Fn(x, u, w)→ F (x, u, w)

pointwise. Assume that the probability measure of the noise is known. Then, cor-

responding kernels Tn converges weakly to T : If we denote the probability measure

of w with µ, for any g ∈ Cb(X) and for any (x0, u0) ∈ X × U using the dominated

convergence theorem we have

lim
n→∞

∫
g(x1)Tn(dx1|x0, u0) = lim

n→∞

∫
g(Fn(x0, u0, w))µ(dw)

=

∫
g(F (x0, u0, w))µ(dw) =

∫
g(x1)T (dx1|x0, u0).

(ii) Much of the robust control literature deals with deterministic systems where the nom-

inal model is a deterministic perturbation of the actual model (see e.g. [95]). The

considered model is in the following form; F̃ (xt, ut) = F (xt, ut) + ∆F (xt, ut),
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where F represents the nominal model and ∆F is the model uncertainty satisfying

some norm bounds. For such deterministic systems, pointwise convergence of F̃ to

the nominal model F , i.e. ∆F (xt, ut) → 0, can be viewed as weak convergence

for deterministic systems by the discussion in (i). It is evident, however, that total

variation convergence would be too strong for such a convergence criterion, since

δF̃ (xt,ut)
→ δF (xt,ut) weakly but ‖δF̃ (xt,ut)

− δF (xt,ut)‖TV = 2 for all ∆F (xt, ut) 6= 0.

(iii) Let F (xt, ut, wt) = f(xt, ut) + wt be such that the function f is known and wt ∼ µ

is not known correctly and an incorrect model µn is assumed. If µn → µ weakly,

setwise, or total variation, then the corresponding transition kernels Tn converges in

the same sense to T . Observe the following,

∫
g(x1)Tn(dx1|x0, u0)−

∫
g(x1)T (dx1|x0, u0)

=

∫
g(w0 + f(x0, u0))µn(dw0)−

∫
g(w0 + f(x0, u0))µ(dw0). (2.1)

a) Suppose µn → µ weakly. If g is a continuous and bounded function then g(· +

f(x0, u0)) is a continuous and bounded function for all (x0, u0) ∈ X × U. Thus,

(2.1) goes to 0. Note that f does not need to be continuous. b) Suppose µn → µ

setwise. If g is a measurable and bounded function, then g(·+ f(x0, u0)) measurable

and bounded for all (x0, u0) ∈ X × U. Thus, (2.1) goes to 0. c) Finally, assume

µn → µ in total variation. If g is bounded, (2.1) converges to 0, as in item (b). As

a special case, assume that µn and µ admit densities hn and h respectively; then the

pointwise convergence of hn to h implies the convergence of µn to µ in total variation

by Scheffé’s Theorem.

(iv) Suppose now neither F nor the probability model of wt is known perfectly. It is
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assumed that wt admits a measure µn and µn → µ weakly. For the function F we

again have an approximating sequence {Fn}. If Fn(x, u, wn) → F (x, u, w) for all

(x, u) ∈ X×U and for any wn → w, then the transition kernel Tn corresponding to

the model Fn converges weakly to the one of F , T : For any g ∈ Cb(X),

lim
n→∞

∫
g(x1)Tn(dx1|x0, u0) = lim

n→∞

∫
g(Fn(x0, u0, w))µn(dw)

=

∫
g(F (x0, u0, w))µ(dw) =

∫
g(x1)T (dx1|x0, u0).

In the analysis above we used a generalized dominated convergence result, Lemma

2.9.1, to be presented later building on [70, Theorem 3.5] and [97, Theorem 3.5].

(v) Let again {Fn} denote an approximating sequence forF and suppose nowFx0,u0,n(·) :=

Fn(x0, u0, ·) : W → X is invertible for all x0, u0 ∈ X ×U and F−1
(x0,u0),n(·) denotes

the inverse for fixed (x0, u0). It is assumed that F−1
(x0,u0),n(x1) → F−1

x0,u0
(x1) point-

wise for all (x0, u0). Suppose further that the noise process wt admits a continuous

density fW (w). The Jacobian matrix, ∂x1
∂w

, is the matrix whose components are the

partial derivatives of x1, i.e. with x1 ∈ X ⊂ Rm and w ∈W ⊂ Rm, it is an m×m

matrix with components ∂(x1)i
∂wj

, 1 ≤ i, j ≤ m . If the Jacobian matrix of derivatives

∂x1
∂w

(w) is continuous in w and nonsingular for all w then by the inverse function the-

orem of vector calculus, we have that the density of the state variables can be written

as

fX1,n,(x0,u0)(x1) = fW (F−1
x0,u0,n

(x1))
∣∣∂x1

∂w
(F−1

x0,u0,n
(x1))

∣∣−1

fX1,(x0,u0)(x1) = fW (F−1
x0,u0

(x1))
∣∣∂x1

∂w
(F−1

x0,u0
(x1))

∣∣−1
.
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With the above, fX1,n,(x0,u0)(x1) → fX1,(x0,u0)(x1) pointwise for all fixed (x0, u0).

Therefore, by Scheffé’s Theorem, the corresponding kernels Tn(·|x0, u0)→ T (·|x0, u0)

in total variation for all (x0, u0).

2.3 Summary of Results and Contributions of the Chapter

We now introduce the main assumptions that will be occasionally used for our technical

results in this section.

Assumption 2.3.1. (a) The sequence of transition kernels Tn satisfies the following;

{Tn(·|xn, un), n ∈ N} converges weakly to T (·|x, u) for any sequence {xn, un} ⊂

X×U and x, u ∈ X×U such that (xn, un)→ (x, u),

(b) The stochastic kernel T (·|x, u) is weakly continuous in (x, u),

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on

X×U.

(d) U is compact.

Assumption 2.3.2. • The observation channel Q(·|x) is continuous in total variation

i.e., if xk → x, then Q( · |xk) → Q( · |x) in total variation (only for partially ob-

served models),

Assumption 2.3.3. (a) The sequence of transition kernels Tn satisfies the following;

{Tn(·|x, un), n ∈ N} converges setwise to T (·|x, u) for any sequence {un} ⊂ U

and x, u ∈ X×U such that un → u,

(b) The stochastic kernel T (·|x, u) is setwise continuous in u,



2.3. SUMMARY OF RESULTS AND CONTRIBUTIONS OF THE CHAPTER 27

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on U.

(d) U is compact.

Assumption 2.3.4. (a) The sequence of transition kernels Tn satisfies the following;

‖Tn(·|x, un) − T (·|x, u)‖TV → 0 for any sequence {un} ⊂ U and x, u ∈ X × U

such that un → u,

(b) The stochastic kernel T (·|x, u) is continuous in total variation in u,

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on U.

(d) U is compact.

Remark 2.3.1. The following examples provide some sufficient conditions for the above

technical assumptions:

• Suppose the channel and the state dynamics have the form: yt = g(xt) + vt, and

xt+1 = f(xt, ut) + wt. If g and f are continuous and if vt and wt admit continuous

probability density functions, then the kernel Q(dy|x) induced by the channel and

the kernel T (dx1|x0, u0) induced by the dynamics are continuous in total variation

by an application of Scheffe’s Lemma [13, Theorem 16.12].

• Suppose the dynamics are given by xt+1 = F (xt, ut, wt) where F (x, u, w) is contin-

uous in (x, u), then the corresponding kernel T (dx1|x0, u0) is weakly continuous in

(x0, u0) regardless of the distribution of wt.

The reader can refer to Section 4.4.2, for a more detailed discussion on the assumptions

and the examples presented in this section.
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In Section 2.4 and 2.5 we study continuity (Problem P1) and robustness (Problem P2)

for partially observed models. In particular we show that

• Continuity and robustness do not hold in general under weak convergence of kernels

(Theorem 2.4.1).

• Under Assumptions 2.3.1 and 2.3.2, continuity and robustness hold (Theorem 2.4.3,

Theorem 2.5.3).

• Continuity and robustness do not hold in general under setwise convergence of the

kernels (Theorem 2.4.4).

• Continuity and robustness do not hold in general under total variation convergence

of the kernels (Example 2.6.1).

• Under Assumption 2.3.4, continuity and robustness hold (Theorem 2.4.5, Theorem

2.5.2).

In Section 2.6, we study continuity (Problem P1) and robustness (Problem P2) for fully

observed models. In particular we show that

• Continuity and robustness do not hold in general under weak convergence of kernels

(Theorem 2.6.1, Example 2.6.1).

• Under Assumption 2.3.1, continuity holds (Theorem 2.6.2), under Assumption 2.3.1,

robustness holds if the optimal policies for every initial point are identical (Theorem

2.6.4).

• Continuity and robustness do not hold in general under setwise convergence of the

kernels (Theorem 2.6.5, Theorem 2.6.7).
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• Under Assumption 2.3.3, continuity holds (Theorem 2.6.6), under Assumption 2.3.3,

robustness holds if the optimal policies for every initial point are identical (Theorem

2.6.8).

• Continuity and robustness do not hold in general under total variation convergence

of the kernels (Example 2.6.1).

• Under Assumption 2.3.4, continuity and robustness hold (Subsection 2.6.3).

Compared to the existing literature reviewed earlier, the above results use strictly more

relaxed and refined convergence criteria to study robustness. In Section 2.8, these results

will be applied to arrive at positive and negative implications on empirical consistency and

data-driven learning in stochastic control since often system models are learned through

empirical training data where typically weak convergence criterion applies (in an almost

sure sense) but stronger convergence criteria do not.

2.4 Continuity of Optimal Cost with respect to Convergence of Transition Kernels

(Partially Observed Case)

In this section, we will study continuity of the optimal discounted cost under the conver-

gence of transition kernels for partially observed models.

2.4.1 Weak Convergence

Absence of Continuity under Weak Convergence

The following shows that the optimal cost may not be continuous under weak convergence

of transition kernels.
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Theorem 2.4.1. Let Tn → T weakly, then it is not necessarily true that J∗β(P, Tn) →

J∗β(P, T ) even when the prior distributions are same, the measurement channel Q is con-

tinuous in total variation and c(x, u) is continuous and bounded on X×U.

Proof. We prove the result with a counterexample. Let X = U = Y = [−1, 1] and

c(x, u) = (x − u)2, the observation channel is chosen to be uniformly distributed over

[-1,1], Q ∼ U([−1, 1]), the initial distributions of the state variable are chosen to be same

as P ∼ δ1 where δA(x) := 1{x∈A} for Borel A, and the transition kernels are:

T (·|x, u) = δ−1(x)[
1

2
δ1(·) +

1

2
δ−1(·)] + δ1(x)[

1

2
δ1(·) +

1

2
δ−1(·)] + (1− δ−1(x))(1− δ1(x))δ0(·)

Tn(·|x, u) = δ−1(x)[
1

2
δ(1−1/n)(·) +

1

2
δ(−1+1/n)(·)] + δ1(x)[

1

2
δ(1−1/n)(·) +

1

2
δ(−1+1/n)(·)]

+ (1− δ−1(x))(1− δ1(x))δ0(·).

In other words, for T :

If xt ∈ {1,−1} then xt+1 = 1 or − 1

else xt+1 = 0

for Tn

If xt ∈ {1,−1} then xt+1 = 1− 1

n
or − 1 +

1

n

else xt+1 = 0

independent of the control, where the events noted above with or are equally likely. It can

be seen that Tn → T weakly according to Definition 2.2.1(i). Since the cost function is

mean square error, control does not affect the dynamics and the channel is non-informative,
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the optimal policy is:

γ∗k(y[0,k]) = E[Xk] =


0 if k > 0

1 if k = 0.

Note that the cost function is continuous, and the measurement channel is continuous in

total variation. The optimal discounted costs can be found as:

J∗β(P, T ) =
∞∑
k=1

ETP [βkX2
k ] =

∞∑
k=1

βk =
β

1− β

J∗β(P, Tn) =
∞∑
k=1

ETnP [βkX2
k ] = β[

1

2
(1− 1

n
)2 +

1

2
(−1 +

1

n
)2].

Then we have J∗β(P, Tn)→ β 6= β
1−β

2.4.2 A Sufficient Condition for Continuity under Weak Convergence

In the following, we will establish and utilize some regularity properties for the optimal

cost with respect to the convergence of transition kernels.

Assumption 2.4.1. (a) The stochastic kernel T (·|x, u) is weakly continuous in (x, u).

(b) The observation channel Q(·|x) is continuous in total variation i.e., if xk → x, then

Q( · |xk)→ Q( · |x) in total variation.

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on

X×U

(d) U is compact.
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It is a standard result that any partially observed Markov decision process (POMDP)

can be reduced to a (completely observable) MDP, whose states are the posterior state

distributions or beliefs of the observer; that is, the state at time t is Zt( · ) := Pr{Xt ∈

· |Y0, . . . , Yt, U0, . . . , Ut−1} ∈ P(X). We call this equivalent MDP the belief-MDP . The

belief-MDP has state space Z = P(X) and action space U. Under the topology of weak

convergence, since X is a Borel space, Z is metrizable with the Prokhorov metric which

makes Z into a Borel space [82]. The transition probability η of the belief-MDP can be

constructed through non-linear filtering equations. The one-stage cost function c of the

belief-MDP is given by c̃(z, u) :=
∫
X
c(x, u)z(dx). By [10, Proposition 7.30], the one

stage cost function c̃ of the belief-MDP is continuous and bounded, that is in Cb(Z × U),

under Assumption 2.4.1-(c). By [42, Theorem 3.7, Example 4.1] (see also Chapter 4),

under Assumption 2.4.1, the stochastic kernel η for belief-MDP is weakly continuous in

(z, u). For an MDP with weakly continuous transition probabilities and compact action

spaces, it follows that an optimal control policy exists: This follows because the discounted

cost optimality operator T : Cb(Z)→ Cb(Z) (see e.g. [53, Chapter 8.5]):

(T (f))(z) = min
u

(c̃(z, u) + βE[f(z1)|z0 = z, u0 = u]) (2.2)

is a contraction from Cb(Z) to itself under the supremum norm. As a result, there exists

a fixed point, the value function, and an optimal control policy exists. In view of this

existence result, in the following we will consider optimal policies. We note though that

for the results which do not use the assumption, one may use ε-optimal policies without

affecting the results.

Theorem 2.4.2. Under Assumptions 2.3.1 and 2.3.2, that is



2.4. CONTINUITY OF OPTIMAL COST WITH RESPECT TO CONVERGENCE
OF TRANSITION KERNELS (PARTIALLY OBSERVED CASE) 33

• The sequence of transition kernels Tn satisfies the following; {Tn(·|xn, un), n ∈ N}

converges weakly to T (·|x, u) for any sequence {xn, un} ⊂ X×U and x, u ∈ X×U

such that (xn, un)→ (x, u),

• The stochastic kernel T (·|x, u) is weakly continuous in (x, u),

• The observation channel Q(·|x) is continuous in total variation i.e., if xk → x, then

Q( · |xk)→ Q( · |x) in total variation (only for partially observed models),

• The stage-wise cost function c(x, u) is non-negative, bounded and continuous on

X×U.

• U is compact.

sup
γ∈Γ
|Jβ(P, Tn, γ)− Jβ(P, T , γ)| → 0.

Proof.

sup
γ∈Γ
|Jβ(P, Tn, γ)− Jβ(P, T , γ)| = sup

γ∈Γ

∣∣∣∣ ∞∑
t=0

βt
(
ETP

[
c
(
Xt, γ(Y[0,t])

)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)])∣∣∣∣
≤

∞∑
t=0

βt sup
γ∈Γ

∣∣∣∣ETP [c(Xt, γ(Y[0,t])
)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)]∣∣∣∣.
Recall that an admissible policy γ is a sequence of control functions {γt, t ∈ Z+}. At

the last step above, we make a slight abuse of notation; the sup at the first step is over

all sequence of control functions {γt, t ∈ Z+} whereas the sup at the last step is over all

sequence of control functions {γt′ , t′ ≤ t} but we will use the same notation, γ, in the rest

of the proof. In Appendix 2.9.1, we show the following for any t ≥ 0:

sup
γ∈Γ

∣∣∣ETP [c(Xt, γ(Y[0,t])
)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)]∣∣∣→ 0. (2.3)
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For any ε > 0, we choose a K <∞ such that
∑∞

t=K+1 β
k2‖c‖∞ ≤ ε/2. For the chosen K,

we choose an N <∞ such that

sup
γ∈Γ

∣∣∣∣ETP [c(Xt, γ(Y[0,t])
)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)]∣∣∣∣ ≤ ε/2K

for all time stages t ≤ K and for all n > N . Thus, we have that supγ∈Γ

∣∣Jβ(P, Tn, γ) −

Jβ(P, T , γ)→ 0 as n→∞.

Now we give the main result of this section.

Theorem 2.4.3. Suppose the conditions of Theorem 2.4.2 hold. Then

lim
n→∞

|J∗β(P, Tn)− J∗β(P, T )| = 0.

Proof. We start with the following bound,

|J∗β(P, Tn)− J∗β(P, T )| ≤ max

(
Jβ(P, Tn, γ∗)− Jβ(P, T , γ∗), Jβ(P, T , γ∗n)− Jβ(P, Tn, γ∗n)

)
(2.4)

where γ∗ and γ∗n are the optimal policies respectively for T and Tn. Both terms go to 0 by

Theorem 2.4.2.

2.4.3 Absence of Continuity under Setwise Convergence

We now show that continuity of optimal costs may fail under the setwise convergence

of transition kernels. Theorem 2.6.5 in the next section establishes this result for fully

observed models. As we note later, a fully observed system can be viewed as a partially

observed system with the measurement being the state itself through (2.8), therefore, in
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view of space constraints, a separate proof will not be provided for the following result.

Theorem 2.4.4. Let Tn → T setwise. Then, it is not true in general that J∗β(P, Tn) →

J∗β(P, T ), even when X,Y and U are compact and c(x, u) is continuous and bounded in

X×U.

2.4.4 Continuity under Total Variation

We have the following results.

Theorem 2.4.5. Under Assumption 2.3.4, that is

(a) The sequence of transition kernels Tn satisfies the following; ‖Tn(·|x, un)−T (·|x, u)‖TV →

0 for any sequence {un} ⊂ U and x, u ∈ X×U such that un → u,

(b) The stochastic kernel T (·|x, u) is continuous in total variation in u,

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on U.

(d) U is compact.

J∗β(P, Tn)→ J∗β(P, T ).

Proof. We start with the following bound,

|J∗β(Tn)− J∗β(T )| ≤ max

(
Jβ(Tn, γ∗)− Jβ(T , γ∗), Jβ(T , γ∗n)− Jβ(Tn, γ∗n)

)

where γ∗ and γ∗n are the optimal policies respectively for T and Tn.

We now study the following:

sup
γ∈Γ
|Jβ(P, Tn, γ)− Jβ(P, T , γ)|
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= sup
γ∈Γ

∣∣∣∣ ∞∑
t=0

βt
(
ETP

[
c
(
Xt, γ(Y[0,t])

)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)])∣∣∣∣
≤

∞∑
t=0

βt sup
γ∈Γ

∣∣∣∣ETP [c(Xt, γ(Y[0,t])
)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)]∣∣∣∣
In Appendix 2.9.2 we show that for all t <∞

sup
γ∈Γ

∣∣∣∣ETP [c(Xt, γ(Y[0,t])
)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)]∣∣∣∣→ 0. (2.5)

For any ε > 0, we choose a K <∞ such that
∑∞

t=K+1 β
t2‖c‖∞ ≤ ε/2. For the chosen

K, we choose an N <∞ such that

sup
γ∈Γ

∣∣∣∣ETP [c(Xt, γ(Y[0,t])
)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)]
≤ ε/2K

for all time stages t ≤ K and for all n > N . Therefore, we have that for any given ε > 0,

for n > N

sup
γ∈Γ

∣∣Jβ(Tn, γ)− Jβ(T , γ)
∣∣ < ε. (2.6)

Thus, the result follows.

We now present a result on the rate of convergence. For stochastic control problems,

strategic measures are defined [96] as the set of probability measures induced on the prod-

uct spaces of the state and action pairs by admissible control policies: Given an initial

distribution on the state, and a policy, one can uniquely define a probability measure on

the infinite product space consistent with finite dimensional distributions, by the Ionescu

Tulcea theorem [52, Proposition C.10]. Now, define a strategic measure under a policy
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γn = {γn0 , γn1 , · · · , γnk , · · · } as a probability measure defined on B(X×Y ×U)Z+ by:

P γn

T (d(x0, y0, u0), d(x1, y1, u1), · · · )

= P (dx0)Q(dy0|x0)1{γn(y0)∈du0}T (dx1|x0, u0)Q(dy1|x1)1{γn(y0,y1)∈du1} · · ·

Next, with uniformity in the total variation convergence, Theorem 2.4.5 is enhanced.

Theorem 2.4.6. If the cost function c is bounded,

|J∗β(P, Tn)− J∗β(P, T )| ≤ ‖c‖∞
β

(β − 1)2
sup

x∈X,u∈U
‖Tn(.|x, u)− T (.|x, u)‖TV .

Proof. We start with the following bound as before,

|J∗β(Tn)− J∗β(T )| ≤ max

(
Jβ(Tn, γ∗)− Jβ(T , γ∗), Jβ(T , γ∗n)− Jβ(Tn, γ∗n)

)

where γ∗ and γ∗n are the optimal policies respectively for T and Tn.

Then, with P γ
Tn and P γ

T denoting the strategic measures for two chains with a policy γ

and kernels Tn and T , we have

|Jβ(Tn, γ)− Jβ(T , γ)|

≤
∑
k

βk|
∫
c(xk, γ(y[0,k]))P

γ
Tn(dxk, dy[0,k])−

∫
c(xk, γ(y[0,k]))P

γ
T (dxk, dy[0,k])|

≤
∑
k

βk‖c‖∞‖P γ
Tn(d(x, y, u)[0,k])− P γ

T (d(x, y, u)[0,k])‖TV
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In Appendix 2.9.3 we establish the following relation:

‖P γ
Tn(d(x, y, u)[0,k])− P γ

T (d(x, y, u)[0,k])‖TV ≤ k sup
x∈X,u∈U

‖Tn(.|x, u)− T (.|x, u)‖TV .

(2.7)

Using this bound, we will have

‖J∗β(Tn)− J∗β(T )| ≤
∑
k

βk‖c‖∞k sup
x∈X,u∈U

‖T (.|x, u)− Tn(.|x, u)‖TV

= ‖c‖∞
β

(β − 1)2
sup

x∈X,u∈U
‖T (.|x, u)− Tn(.|x, u)‖TV .

2.5 Robustness to Incorrect Transition Kernels (Partially Observed Case)

Here, we consider the robustness problem P2: Suppose we design an optimal policy, γ∗n,

for a transition kernel, Tn, assuming it is the correct model and apply the policy to the true

model whose transition kernel is T . We study the robustness of the sub-optimal policy γ∗n.

2.5.1 Total Variation

Theorem 2.5.1. Suppose the stage-wise cost function c(x, u) is bounded in X×U, then

|Jβ(P, T , γ∗n)− J∗β(P, T )| ≤ 2‖c‖∞
β

(β − 1)2
sup

x∈X,u∈U
‖T (.|x, u)− Tn(.|x, u)‖TV

for a fixed prior distribution P ∈ P(X), where γ∗n is the optimal policy designed for the

transition kernel Tn.
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Proof. We begin with the following,

|Jβ(T , γ∗n)− J∗β(T )| ≤ |Jβ(T , γ∗n)− Jβ(Tn, γ∗n)|+ |Jβ(Tn, γ∗n)− Jβ(T , γ∗)|

The second term is bounded using Theorem 2.4.6. For the first term, we use the proof of

Theorem 2.4.6 where we showed that for any γ ∈ Γ

|Jβ(T , γ)− Jβ(Tn, γ)| ≤ ‖c‖∞
β

(β − 1)2
sup

x∈X,u∈U
‖T (.|x, u)− Tn(.|x, u)‖TV .

Thus, the result follows.

The next theorem gives an asymptotic robustness result.

Theorem 2.5.2. Under Assumption 2.3.4, that is

(a) The sequence of transition kernels Tn satisfies the following; ‖Tn(·|x, un)−T (·|x, u)‖TV →

0 for any sequence {un} ⊂ U and x, u ∈ X×U such that un → u,

(b) The stochastic kernel T (·|x, u) is continuous in total variation in u,

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on U.

(d) U is compact.

|Jβ(P, T , γ∗n)− J∗β(P, T )| → 0

where γ∗n is the optimal policy designed for the kernel Tn.

Proof. We write the following;

|Jβ(P, T , γ∗n)− J∗β(P, T )| ≤ |Jβ(P, T , γ∗n)− J∗β(P, Tn)|+ |J∗β(P, Tn)− J∗β(P, T ).
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The second term goes to 0 by Theorem 2.4.5 and the first term goes to 0 using (2.6) again

from the proof of Theorem 2.4.5.

2.5.2 Setwise Convergence

Theorem 2.6.7 in the next section establishes the lack of robustness under setwise conver-

gence of kernels. As we note later, a fully observed system can be viewed as a partially

observed system with the measurement being the state itself, see (2.8).

2.5.3 Weak Convergence

Theorem 2.5.3. Under Assumptions 2.3.1 and 2.3.2, that is

• The sequence of transition kernels Tn satisfies the following; {Tn(·|xn, un), n ∈ N}

converges weakly to T (·|x, u) for any sequence {xn, un} ⊂ X×U and x, u ∈ X×U

such that (xn, un)→ (x, u),

• The stochastic kernel T (·|x, u) is weakly continuous in (x, u),

• The observation channel Q(·|x) is continuous in total variation i.e., if xk → x, then

Q( · |xk)→ Q( · |x) in total variation (only for partially observed models),

• The stage-wise cost function c(x, u) is non-negative, bounded and continuous on

X×U.

• U is compact.

|Jβ(T , γ∗n) − J∗β(T )| → 0, where γ∗n is the optimal policy designed for the transition

kernel Tn.
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Proof. We write

|Jβ(T , γ∗n)− J∗β(T )| ≤ |Jβ(T , γ∗n)− Jβ(Tn, γ∗n)|+ |Jβ(Tn, γ∗n)− Jβ(T , γ∗)|.

The first term goes to 0 by Theorem 2.4.2. For the second term we use Theorem 2.4.3.

Remark 2.5.1. In this section we study the case where the channel is known to the con-

troller; that is, the true channel model Q is available to the controller. For the case where

this is no longer true, the following analysis can be made. If the transition kernel T

and the channel Q are not known, the controller would have an approximating sequence

TnQn(xt+1, yt+1 ∈ · × ·|xt, ut) ∈ P(X × Y) for the true joint measure T Q(xt+1, yt+1 ∈

· × ·|xt, ut) ∈ P(X × Y) for all (xt, ut). The question then becomes analyzing the con-

vergence of TnQn → T Q. Due to space constraints, we do not present explicit results

on this problem, however, we note that in [115], a similar joint convergence is studied for

convergence of measurement channels and fixed model/prior distributions. The reader can

refer to [115, Lemma 2.2] for an analysis on the convergence of PQn → PQ, for a single

stage problem and for a multi-stage problem, the following can be considered: With

|J∗β(TnQn)− J∗β(T Q)| ≤ |J∗β(TnQn)− J∗β(T Qn)|+ |J∗β(T Qn)− J∗β(T Q)|,

[115, Theorem 6.2] presents sufficient conditions to guarantee the convergence of the sec-

ond term above. For the first term, the total variation convergence results in this section

provide an analysis on the uniform convergence over a class of channels, thus establishing

positive results on continuity under the joint convergence of both transition kernels and

measurement channels.
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2.6 Continuity and Robustness in the Fully Observed Case

In this section, we consider the fully observed case where the controller has direct access

to the state variables. We present the results for this case separately, since here we cannot

utilize the regularity properties of measurement channels which allows for stronger conti-

nuity and robustness results. Similar to the discussions related to (2.2) that is as the operator

defined in (2.2) is a contraction and as it admits a fixed point (value function), under mea-

surable selection conditions due to weak or strong (setwise) continuity of transition kernels

[52, Section 3.3], for infinite horizon discounted cost problems, optimal policies can be

selected from those which are stationary and deterministic. Therefore we will restrict the

policies to be stationary and deterministic so that Ut = γ(Xt) for some measurable func-

tion γ. Notice also that fully observed models can be viewed as partially observed with the

measurement channel thought to be

Q(·|x) = δx(·), (2.8)

which is only weakly continuous, thus it does not satisfy Assumption 2.3.2.

2.6.1 Weak Convergence

Absence of Continuity under Weak Convergence

We start with a negative result.

Theorem 2.6.1. For Tn → T weakly, it is not necessarily true that J∗β(Tn)→ J∗β(T ) even

when the prior distributions are same and c(x, u) is continuous and bounded in X×U.

Proof. We prove the result with a counterexample, similar to the model used in the proof
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of Theorem 2.4.1 Let X = [−1, 1], U = {−1, 1} and c(x, u) = (x − u)2, the initial

distributions are given by P ∼ δ1 that is X0 = 1 and the transition kernels are

T (·|x, u) = δ−1(x)[
1

2
δ1(·) +

1

2
δ−1(·)] + δ1(x)[

1

2
δ1(·) +

1

2
δ−1(·)] + (1− δ−1(x))(1− δ1(x))δ0(·)

Tn(·|x, u) = δ−1(x)[
1

2
δ(1−1/n)(·) +

1

2
δ(−1+1/n)(·)] + δ1(x)[

1

2
δ(1−1/n)(·) +

1

2
δ(−1+1/n)(·)]

+ (1− δ−1(x))(1− δ1(x))δ0(·).

It can be seen that Tn → T weakly according to Definition 2.2.1(i). Under this setup we

can calculate the optimal costs as follows;

J∗β(Tn) =
1

n2
+
∞∑
k=2

βk =
1

n2
+

β2

1− β
,

and J∗β(T ) = 0. Thus, continuity does not hold.

We now present another counter example emphasizing the importance of continuous

convergence in the actions. The following counter example shows that without the contin-

uous convergence and regularity assumptions on the kernel T , continuity fails even when

Tn(·|x, u)→ T (·|x, u) pointwise (for x, u) in total variation (also setwise and weakly) and

even when the cost function c(x, u) is continuous and bounded. Notice that this example

also holds for setwise and weak convergence.

Example 2.6.1. Assume that the kernels are given by

Tn(·|x, u) ∼ U([un, 1 + un])

T (·|x, u) ∼


U([0, 1]) if u 6= 1

U([1, 2]) if u = 1

,
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where U = [0, 1] and X = R. We note first that Tn(·|x, u) → T (·|x, u) in total variation

for every fixed x and u.

The cost function is in the following form

c(x, u) =



2 if x ≤ 1
e

2− x− 1
e

0.1
if 1
e
< x ≤ 0.1 + 1

e

1 if 0.1 + 1
e
< x ≤ 1 + 1

e
− 0.1

2− 1+ 1
e
−x

0.1
if 1 + 1

e
− 0.1 < x ≤ 1 + 1

e

2 if 1 + 1
e
< x

.

Notice that c(x, u) is a continuous function.

With this setup, γ∗(x) = 0 is an optimal policy for T since on [0, 1] interval the induced

cost is less than the cost induced on [1, 2] interval. The cost under this policy is

J∗β(T ) =
∞∑
t=0

βt
(

2× 1

e
+

0.3

2
+ 0.9− 1

e

)
=

1

1− β

(
1.05 +

1

e

)
.

For Tn, γ∗n(x) = e−
1
n is an optimal policy for every n as e−

1
n
×n = 1

e
and thus the state

is distributed between 1
e
< x ≤ 1 + 1

e
in which interval the cost is the least. Hence, we can

write

lim
n→∞

Jβ(Tn, γ∗n) =
∞∑
t=0

βt
(

0.3 + 1− 0.2

)
=

1.1

1− β
6= 1

1− β

(
1.05 +

1

e

)
= J∗β(T ).

�
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A Sufficient Condition for Continuity under Weak Convergence

We will now establish that if the kernels and the model components have some further

regularity, continuity does hold

The assumptions of the following result are same as the assumptions for the partially

observed case (Theorem 2.4.3) except for the assumption on the measurement channel Q.

For clarity, we present the assumptions here separately since for fully observed models we

do not a need measurement channel in the analysis.

Theorem 2.6.2. Under Assumption 2.3.1,

• The sequence of transition kernels Tn satisfies the following; {Tn(·|xn, un), n ∈ N}

converges weakly to T (·|x, u) for any sequence {xn, un} ⊂ X×U and x, u ∈ X×U

such that (xn, un)→ (x, u),

• The stochastic kernel T (·|x, u) is weakly continuous in (x, u),

• The stage-wise cost function c(x, u) is non-negative, bounded and continuous on

X×U.

• U is compact,

Jβ(Tn, γ∗n)→ Jβ(T , γ∗), for any initial state x0, as n→∞.

Proof. We will use the successive approximations for an inductive argument.

Recall discounted cost optimality operator T : Cb(Z)→ Cb(Z) from (2.2)

(T (v))(x) = inf
u

(c(x, u) + βE[v(x1)|x0 = x, u0 = u])
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which is a contraction from Cb(X) to itself under the supremum norm and has a fixed point,

the value function.

For the kernel T , we will denote the approximation functions by

vk(x) = T (vk−1)(x)

and for the kernel Tn we will use vkn(x) to denote the approximation functions, notice that

the operator T also depends on n for the model Tn but we will continue using it as T in

what follows.

We wish to show that the approximation functions for Tn continuously converge to the

ones for T . Then, for the first step of the induction we have

v1(x) = c(x, u∗) v1
n(xn) = c(xn, u

∗
n)

thus we can write,

|v1(x)− v1
n(xn)| ≤ sup

u∈U

∣∣c(x, u)− c(xn, u)
∣∣

since c ∈ Cb(X × U) and the action space, U, is compact, the first step of the induction

holds, i.e. limn→∞ |v1(x)− v1
n(xn)| = 0.

For the kth step we have,

vk(x) = T (vk−1)(x) = inf
u

[
c(x, u) + β

∫
X

vk−1(x1)T (dx1|x, u)
]

vkn(xn) = T (vk−1
n )(xn) = inf

u

[
c(xn, u) + β

∫
X

vk−1
n (x1)Tn(dx1|xn, u)

]
.
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Note that the assumptions of the theorem satisfy the measurable selection criteria and hence

we can choose minimizing selectors ([52, Section 3.3]). If we denote the selectors by u∗

and u∗n, we can write

|vk(x)− vkn(xn)| ≤

max
([
|c(x, u∗)− c(xn, u∗)|+ β|

∫
X

vk−1(x1)T (dx1|x, u∗)−
∫
X

vk−1
n (x1)Tn(dx1|xn, u∗)|

]
,[

|c(x, u∗n)− c(xn, u∗n)|+ β|
∫
X

vk−1(x1)T (dx1|x, u∗n)−
∫
X

vk−1
n (x1)Tn(dx1|xn, u∗n)|

])
.

Hence, we can write

|vk(x)− vkn(xn)| (2.9)

≤ sup
u∈U

[
|c(x, u)− c(xn, u)|+ β|

∫
X

vk−1(x1)T (dx1|x, u)−
∫
X

vk−1
n (x1)Tn(dx1|xn, u)|

]

the first term goes to 0 as c(x, u) is continuous in x uniformly over all u ∈ U. For the

second term we write,

sup
u∈U
|
∫
X

vk−1(x1)T (dx1|x, u)−
∫
X

vk−1
n (x1)Tn(dx1|xn, u)|

≤ sup
u∈U
|
∫
X

(
vk−1(x1)− vk−1

n (x1)
)
Tn(dx1|xn, u)|

+ sup
u∈U
|
∫
X

vk−1(x1)T (dx1|x, u)−
∫
X

vk−1(x1)Tn(dx1|xn, u)|

for the first term, by the induction argument for any x1
n → x1,

∣∣vk−1(x1)− vk−1
n (x1

n)
∣∣→ 0

(i.e., we have continuous convergence). We also have that Tn(·|xn, u)→ T (·|x, u) weakly

uniformly over u ∈ U as U is compact. Therefore, using Lemma 2.9.1 the first term goes

to 0. For the second term we again use that Tn(·|xn, u) converges weakly to T (·|x, u)
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uniformly over u ∈ U. With an almost identical induction argument it can also be shown

that vk−1(x1) is continuous in x1, thus the second term also goes to 0.

So far, we have showed that for any k ∈ N, limn→∞
∣∣vkn(xn) − vk(x)

∣∣ = 0 for any

xn → x, in particular it is also true that limn→∞
∣∣vkn(x)− vk(x)

∣∣ = 0 for any x.

As we have stated earlier, it can be shown that the approximation operator, T is a

contractive operator under supremum norm with modulus β and it converges to a fixed

point which is the value function. Thus, we have

∣∣Jβ(T , γ∗)− vk(x)
∣∣ ≤ ‖c‖∞ βk

1− β
,
∣∣J∗β(Tn, γ∗n)− vkn(x)

∣∣ ≤ ‖c‖∞ βk

1− β
. (2.10)

Combining the results,

|Jβ(Tn, γ∗n)− |Jβ(T , γ∗)| ≤ |Jβ(Tn, γ∗n)− vkn(x)|+ |vkn(x)− vk(x)|+ |Jβ(T , γ∗)− vk(x)|.

Note that the first and the last term can be made arbitrarily small since (2.10) holds for all

k ∈ N; the second term goes to 0 with an inductive argument for all k ∈ N.

Absence of Robustness under Weak Convergence

The following result shows that the conditions that satisfy the continuity are not sufficient

for robustness in the fully observed models.

Theorem 2.6.3. Suppose Tn(·|xn, un)→ T (·|x, u) weakly for every x ∈ X and u ∈ U and

(xn, un)→ (x, u), then it is not true in general that Jβ(T , γ∗n)→ Jβ(T , γ∗), even when X

and U are compact and c(x, u) is continuous and bounded in X×U.

Proof. We prove the result with a counter example. TakeX = [0, 2] and U = {0, 1, 2}.
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Suppose the kernels are given in the following form for n ≥ 1:

Tn(·|x, u) =δ1+1/n(·)1{x≥1+1/n,u=1} + δ1−1/n(·)1{x≥1+1/n,u=0} + δ1(·)1{x≥1+1/n,u=2}

+ δ1−1/n1{x≤1−1/n,u=1} + δ1+1/n1{x≤1−1/n,u=0} + δ11{x≤1−1/n,u=2}

+ δ11{1−1/n<x<1+1/n}

T (·|x, u) =δ1(·).

The cost function is given by:

c(x, u) =


(x− 1)1x≥1 + 01x<1 if u = 0, 1

3 if u = 2.

With this setup, an optimal policy for Tn when the initial state is x = 0 is given by;

γ∗n(x) =


1 if x ≤ 1− 1/n

0 if x ≥ 1 + 1/n

2 otherwise.

When the initial state is 0, the cost under this policy is Jβ(Tn, γ∗n) = 0, therefore the policy

γ∗n is indeed optimal for Tn. An optimal policy for T is given by γ∗(x) = 1. Thus, the

discounted cost values can be calculated as:

Jβ(T , γ∗n) =
∞∑
t=0

βtE[c(Xt, γ
∗
n(Xt))] =

∞∑
t=0

βtc(1, γ∗n(1)) =
∞∑
t=0

βt3 =
3

1− β

Jβ(T , γ∗) =0.
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A Sufficient Condition for Robustness under Weak Convergence

We now present a result that establishes robustness if the optimal policies for every initial

point are identical. That is, for every n, γ∗n is optimal for every x0 ∈ X (under the model

Tn). Notice that in the counter example used for Theorem 2.6.3, γ∗n is not optimal if the

initial point is between 1− 1/n and 1 + 1/n. A sufficient condition for this property is that

γ∗n solves the discounted cost optimality equation (DCOE) for every initial point.

A policy γ∗ ∈ Γ is solves the discounted cost optimality equation and is optimal if it

satisfies

J∗β(T , x) = c(x, γ∗(x)) + β

∫
J∗β(T , x1)T (dx1|x, γ∗(x)).

Thus, a policy is optimal for every initial points if it satisfies the DCOE for all initial points

x ∈ X.

Theorem 2.6.4. Under Assumption 2.3.1, that is

• The sequence of transition kernels Tn satisfies the following; {Tn(·|xn, un), n ∈ N}

converges weakly to T (·|x, u) for any sequence {xn, un} ⊂ X×U and x, u ∈ X×U

such that (xn, un)→ (x, u),

• The stochastic kernel T (·|x, u) is weakly continuous in (x, u),

• The stage-wise cost function c(x, u) is non-negative, bounded and continuous on

X×U.

• U is compact.
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Jβ(T , γ∗n)→ Jβ(T , γ∗) for any initial point x0 if γ∗n is optimal for any initial point for the

kernel Tn.

Proof. Define the following operator for γ∗n, an optimal policy for Tn,

(Tn(v))(x0) = c(x0, γ
∗
n(x0)) + β

∫
v(x1)T (dx1|x0, γ

∗
n(x0)) (2.11)

which is a contraction from Cb(X) to itself under the supremum norm with modulus β and

has a unique fixed point. One can show that the fixed point is Jβ(T , γ∗n).

Now we focus on the discounted optimality equation for Tn for some initial point xn0

where xn0 → x0:

J∗β(Tn, xn0 ) = c(x0, γ
∗
n(xn0 )) + β

∫
J∗β(Tn, x1)Tn(dx1|xn0 , γ∗n(xn0 )). (2.12)

Since the action spaceU is compact, we can find a subsequence nk such that γ∗nk(x
nk
0 )→ u∗

for some u∗ ∈ U. Taking the limit k →∞ in (2.12) and using Theorem 2.6.2 (continuity)

we get

J∗β(T , x0) = c(x0, u
∗) + β

∫
J∗β(T , x1)T (dx1|x0, u

∗). (2.13)

Hence u∗ satisfies DCOE for T and is an optimal action for x0. In particular, any

convergent subsequence of γ∗n(xn0 ) converges to an optimal action for x0. With this obser-

vation, we claim that T kn (J∗β(T ))(xn) → J∗β(T , x)) for any fixed k < ∞ as n → ∞ for

some xn → x where T kn denotes the operator Tn is applied k consecutive times. To show
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this, we follow an inductive approach. For k = 1, we write

Tn(J∗β(T ))(xn) = c(xn, γ
∗
n(xn)) + β

∫
J∗β(T , x1)T (dx1|xn, γ∗n(xn)).

Suppose limTn(J∗β(T ))(xn) 6= J∗β(T , x) so that there exists a subsequence nm and an

ε > 0 for which |Tnm(J∗β(T ))(xnm) − J∗β(T , x)| > ε for all m. Since U is compact, there

exists a further subsequence nm′ such that γ∗nm′ (xnm′ ) → u for some u ∈ U and as we

observed before u is an optimal action for x under the kernel T . Hence

lim
m′→∞

Tnm′ (J
∗
β(T ))(xnm′ )

= lim
m′→∞

c(xnm′ , γ
∗
nm′

(xnm′ )) + β

∫
J∗β(T , x1)T (dx1|xnm′ , γ

∗
nm′

(xnm′ )

= c(x, u) + β

∫
J∗β(T , x1)T (dx1|x, u) = J∗β(T , x)

where the last step follows from the observation that u is optimal for x under T . Thus, we

reach a contradiction and can conclude that Tn(J∗β(T ))(xn)→ J∗β(T , x). Now assume that

it also holds for k − 1 so that T k−1
n (J∗β(T ))(xn)→ J∗β(T , x). We write

T kn (J∗β(T ))(xn) = c(xn, γ
∗
n(xn)) + β

∫
T k−1
n (J∗β(T ))(x1)T (dx1|xn, γ∗n(xn)).

Following a similar contradiction argument with the fact that T k−1
n (J∗β(T ))(xn)→ J∗β(T , x)

and using [70, Theorem 3.5] or [97, Theorem 3.5] (weak convergence with varying func-

tions), we can conclude that

lim
n→∞

T kn (J∗β(T ))(xn)→ J∗β(T , x), ∀k <∞. (2.14)
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Our next claim is that T kn (J∗β(T ))(x)→ Jβ(T , γ∗n, x) as k →∞. This is true as Tn is a

contraction with modulus β and Jβ(T , γ∗n) is its unique fixed point. Thus T kn (J∗β(T ))(x)→

Jβ(T , γ∗n, x) as k → ∞ and this convergence is uniform over n as the contraction rate β

does not depend on n.

Now, we write:

Jβ(T , γ∗n)− J∗β(T ) ≤ |Jβ(T , γ∗n)− T kn (J∗β(T ))|+ |T kn (J∗β(T ))− J∗β(T )|.

We can make the first term arbitrarily small by choosing k large enough uniformly over n.

For the chosen k, the second term goes to 0 as n→∞ by (2.14).

Some remarks are in order.

Remark 2.6.1 (Policy exchange vs. action exchange). For the partially observed case, the

proof approach we use makes use of policy exchange (e.g. (2.4)) and for this approach total

variation continuity of channel Q(·|x) is a key step to deal with the uniform convergence

over policies. As we stated before, the channel for fully observed models can be considered

in the form of (2.8) which is only weakly continuous and not continuous in total variation.

Thus, it may lead to negative results as in Theorem 2.6.3. However, for the fully observed

models we can reach continuity and robustness (Theorem 2.6.2, Theorem 2.6.4) using the

value iteration approach. With this approach, instead of exchanging policies and analyzing

uniform convergence over all policies, we can exchange control actions (e.g. (2.9)) and

analyze uniform convergence over the action space U by using the discounted optimality

operator (2.2). Hence, we are able to show convergence only over optimal policies for the

fully observed case, i.e. Jβ(Tn, γ∗n)→ Jβ(T , γ∗) or Jβ(T , γ∗n)→ Jβ(T , γ∗) where γ∗n and
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γ∗ are optimal policies. Whereas, for partially observed models, regularity of the channel

allows us to show convergence over any sequence of policies, i.e. supγ∈Γ |Jβ(Tn, Q, γ) −

Jβ(T , Q, γ)| → 0.

Remark 2.6.2. As we have discussed in subsection 2.4.2, a partially observed model can

be reduced to a fully observed process where the state process (beliefs) becomes probability

measure valued. Consider the partially observed models with transition kernels Tn and T

(with a channel Q) and their corresponding fully observed transition kernels ηn and η:

following the discussions and techniques in [35] and Chapter 4, one can show that ηn and

η satisfy the conditions of Theorem 2.6.4 and Theorem 2.6.2 that is ηn(·|zn, un)→ η(·|z, u)

for any (zn, un)→ (z, u) under the following set of assumptions

• Tn(·|xn, un)→ T (·|x, u) for any (xn, un)→ (x, u),

• Q(·|x) is continuous on total variation in x.

We remark that these conditions also agree with the conditions presented for continuity and

robustness of the partially observed models (Theorem 2.4.3 and Theorem 2.5.3).

Remark 2.6.3. It can be shown that if we restrict the set of policies to an equicontinuous

family of functions, robustness can also be achieved: Under the conditions of Theorem

2.6.2, in this case, |Jβ(T , γ∗n) − J∗β(T )| → 0. A short proof for this result can be found in

Appendix 2.9.4.

2.6.2 Setwise Convergence

Absence of Continuity under Setwise Convergence

We give a negative result similar to Theorem 2.4.4.
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Theorem 2.6.5. Let Tn → T setwise then it is not necessarily true that J∗β(Tn) → J∗β(T )

even when c(x, u) is continuous and bounded in X×U.

Proof. See Example 2.6.1.

A Sufficient Condition for Continuity under Setwise Convergence

Theorem 2.6.6. Under Assumption 2.3.3, that is

(a) The sequence of transition kernels Tn satisfies the following; {Tn(·|x, un), n ∈ N}

converges setwise to T (·|x, u) for any sequence {un} ⊂ U and x, u ∈ X × U such

that un → u,

(b) The stochastic kernel T (·|x, u) is setwise continuous in u,

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on U.

(d) U is compact.

Jβ(Tn, γ∗n)→ Jβ(T , γ∗), for any initial state x0, as n→∞.

Proof. We use the same value iteration technique that we used to prove Theorem 2.6.2.

We wish to show that the approximation functions for Tn converge pointwise to the

ones for T . Then, for the first step of the induction we have

v1(x) = inf
u
c(x, u), v1

n(x) = inf
u
c(x, u)

thus we can write,

|v1(x)− v1
n(x)| = 0.
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For step k we have,

vk(x) = inf
u

[
c(x, u) +

∫
X

vk−1(x1)T (dx1|x, u)
]

vkn(x) = inf
u

[
c(x, u) +

∫
X

vk−1
n (x1)Tn(dx1|x, u)

]
.

Note that the assumptions of the theorem satisfy the measurable selection criteria and hence

we can choose minimizing selectors ([52, Section 3.3]). If we denote the selectors by u∗

and u∗n we can write

|vk(x)− vkn(x)| ≤

max
([
|c(x, u∗)− c(x, u∗)|+ |

∫
X

vk−1(x1)T (dx1|x, u∗)−
∫
X

vk−1
n (x1)Tn(dx1|x, u∗)|

]
,[

|c(x, u∗n)− c(x, u∗n)|+ |
∫
X

vk−1(x1)T (dx1|x, u∗n)−
∫
X

vk−1
n (x1)Tn(dx1|x, u∗n)|

])

For the first term we use [89, Theorem 20]. Since Tn(·|x, u∗) → T (·|x, u∗) setwise and

vk−1
n → vk−1 pointwise.

For the second term, we use a contradiction argument. Assume that there exists an

ε > 0 and some subsequence (identified with nk) such that

|
∫
X

vk−1(x1)T (dx1|x, u∗nk)−
∫
X

vk−1
n (x1)Tnk(dx1|x, u∗nk)| > ε (2.15)

Now, take a further subsequence u∗n′k of this sequence which converges to some uwhose ex-

istence follows from the compactness ofU. Notice that along this subsequence T (·|x, u∗n′k)→

T (·|x, u) and Tn′k(·|x, u
∗
n′k

) → T (·|x, u). Thus, using the induction step and [89, Theorem

20] the above term converges to 0 along the subsequence indexed by n′k which contradicts

with (2.15). The rest of the proof follows from the arguments in Theorem 5.2.
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Absence of Robustness under Setwise Convergence

Now, we give a result showing that even if continuity holds under the setwise convergence

of the kernels, robustness may not be satisfied. The counterexample used in the proof builds

on [115, Section 3.2.1].

Theorem 2.6.7. Suppose Tn(·|xn, un) → T (·|x, u) setwise for every x ∈ X and u ∈ U

and (xn, un) → (x, u), then it is not true in general that Jβ(T , γ∗n) → Jβ(T , γ∗), even

when X and U are compact and c(x, u) is continuous and bounded inX×U.

Proof. We prove the result with a counterexample. Define

Ln,k =

[
2k − 2

2n
,
2k − 1

2n

)
, Rn,k =

[
2k − 1

2n
,
k

n

)
.

Let L = {y ∈ ∪nk=1Ln,k} and R = {y ∈ ∪nk=1Rn,k}. Next, define the square-wave function

by

hn(t) = 1{t∈L} − 1{t∈R},

Define two sequences of probability density functions as

fn(t) = (1 + hn(t))1{t∈[0,1]} , gn(t) = (1− hn(t))1{t∈[0,1]}

Consider the kernels given in the following form for n ≥ 1:

Tn(·|x, u) ∼1{x∈L,u=1}fn(·) + 1{x∈L,u=0}gn(·)

+ 1{x∈R,u=0}fn(·) + 1{x∈R,u=1}gn(·)
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T (·|x, u) ∼U([0, 1]).

By the proof of Riemann-Lebesgue lemma [110, Theorem 12.21]

lim
n→∞

∫ 1

0

hn(t)g(t)dt = 0 for all g ∈ L1 ([0, 1],R) ,

and therefore

lim
n→∞

∫ 1

0

fn(t)g(t)dt =

∫ 1

0

g(t) for all g ∈ L1 ([0, 1],R) .

As a result, Tn(·|x, u)→ T (·|x, u) setwise for every x ∈ X and u ∈ U.

The cost function is given by:

c(x, u) =


2 if u = 0

x if u = 1.

Notice that if the system starts anywhere on L, it does not matter how we define γ∗n for

x ∈ R as the state always stays at L. Thus, with this setup, it can be seen that an optimal

policy for Tn is given by;

γ∗n(x) =


1 if x ∈ L

0 if x ∈ R.

when the initial state is x = 0, which belongs to L for any n ≥ 1. The optimal policy for
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T is given by γ∗(x) = 1. The discounted cost values can be calculated as follows:

Jβ(T , γ∗) =
∞∑
t=0

βtET [c(X, 1)] =
∞∑
t=0

βt
∫ 1

0

xdx =
1

2(1− β)
.

Building on the calculations in [62, Theorem 2.7], the cost under the policy γ∗n is calculated

as:

Jβ(T , γ∗n) =
∞∑
t=0

βtET [c(X, γ∗n(X))] =
1

1− β

(∫
L

c(x, 1)dx+

∫
R

c(x, 0)dx

)
=

1

1− β

(∫
L

xdx+

∫
R

2dx

)
=

1

1− β

(
1

4
− 1

8n
+ 1

)
→ 5

4(1− β)

which completes the proof.

A Sufficient Condition for Robustness under Setwise Convergence

We now present a similar result to Theorem 2.6.4 that is we show that under the conditions

of Theorem 2.6.6, if further for every n, γ∗n is optimal for every x0 ∈ X (under the model

Tn) then robustness holds under setwise convergence.

Theorem 2.6.8. Suppose Assumption 2.3.3 holds, that is

(a) The sequence of transition kernels Tn satisfies the following; {Tn(·|x, un), n ∈ N}

converges setwise to T (·|x, u) for any sequence {un} ⊂ U and x, u ∈ X × U such

that un → u,

(b) The stochastic kernel T (·|x, u) is setwise continuous in u,

(c) The stage-wise cost function c(x, u) is non-negative, bounded and continuous on U.

(d) U is compact.
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if further we have that for every n, γ∗n is optimal for every x0 ∈ X (under the model Tn)

then Jβ(T , γ∗n)→ Jβ(T , γ∗).

Proof. We use the same proof technique as we used for Theorem 2.6.4. Using the proper-

ties of setwise convergence one can again show that

lim
n→∞

T kn (J∗β(T ))(xn)→ J∗β(T , x), ∀k <∞. (2.16)

Recalling the operator T kn from (2.11) (Tn applied k times), it is also true that T kn (J∗β(T ))(x)→

Jβ(T , γ∗n, x) as k →∞ uniformly over n. Hence

Jβ(T , γ∗n)− J∗β(T ) ≤ |Jβ(T , γ∗n)− T kn (J∗β(T ))|+ |T kn (J∗β(T ))− J∗β(T )| → 0.

2.6.3 Total Variation

The continuity result in Theorem 2.4.5 and the robustness result in Theorem 2.5.1 apply to

this case since the fully observed model may be viewed as a partially observed model with

the measurement channel Q given in (2.8).

Remark 2.6.4. We note that if the action and state spaces are finite, then total variation

convergence and weak convergence coincide and thus Theorem 2.4.5, Theorem 2.4.6 and

Theorem 2.5.1 from the partially observed case directly apply to this case considering the

channel as a perfect channel. Thus, the only assumptions needed to establish continuity

and robustness are
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• Tn(·|x, un)→ T (·|x, u) in total variation for all x ∈ X.

• T (·|x, u) is continuous in total variation in u for every given x ∈ X.

• U is compact.

Since the spaces are finite, these set of assumptions reduces to

• Tn(·|x, u)→ T (·|x, u) in total variation for all x ∈ X and u ∈ U.

Remark 2.6.5. We note that all of the results we present in this section also apply to finite

horizon problems. If we define a finite horizon problem by

J(P, T , γ) =
T∑
t=0

ETP,Q[c(Xt, Ut)]

the continuity and robustness properties hold under the same conditions we have presented

for the infinite horizon discounted problem.

2.7 Finite Model Approximations for Weakly Continuous MDPs as an Instance of

the Robustness Problem

We now discuss whether an approximation of an MDP model with a standard Borel space

with a finite MDPs can be viewed as an instance of robustness problem to incorrect models

and whether our results can be applied. We first review the following due to Saldi et. al.

[93].

2.7.1 Review of Finitely Quantized Approximations to Standard Borel MDPs

Consider an MDP which is quantized as follows.
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Finite State Approximate MDP: Quantization of the State Space Let dX denote the

metric on X. For each n ≥ 1, there exists a finite subset {xn,i}kni=1 of X such that

min
i∈{1,...,kn}

dX(x, xn,i) < 1/n for all x ∈ X.

Let Xn := {xn,1, . . . , xn,kn} and define Qn mapping any x ∈ X to the nearest element of

Xn, i.e.,

Qn(x) := arg minxn,i∈XndX(x, xn,i).

For each n, a partition {Sn,i}kni=1 of the state space X is induced by Qn by setting

Sn,i = {x ∈ X : Qn(x) = xn,i}.

Let ψ be a probability measure on X which satisfies

ψ(Sn,i) > 0 for all i, n,

and define probability measures ψn,i on Sn,i by restricting ψ to Sn,i:

ψn,i( · ) := ψ( · )/ψ(Sn,i).

Using {ψn,i}, we define a sequence of finite-state MDPs, denoted as f-MDPm, to approxi-

mate the compact-state MDP.

For each m, f-MDPm is defined as:
(
Xn,U, Tn, cn

)
, and the one-stage cost function
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cn : Xn × U→ [0,∞) and the transition probability Tn on Xn given Xn × U are given by

cn(xn,i, a) :=

∫
Sn,i

c(x, a)ψn,i(dx)

Tn( · |xn,i, a) :=

∫
Sn,i

Qn ∗ T ( · |x, a)ψn,i(dx),

where Qn ∗ T ( · |x, a) ∈ P(Xn) is the pushforward of the measure T ( · |x, a) with respect

to Qn; that is,

Qn ∗ T (zn,j|x, a) = T
(
{y ∈ X : Qn(y) = xn,j}|x, a

)
,

for all xn,j ∈ Xn.

Finite Action Approximate MDP: Quantization of the Action Space

Let dU denote the metric on U. Since the action space U is compact and thus totally

bounded, one can find a sequence of finite sets Λn = {an,1, . . . , an,kn} ⊂ U such that for

all n,

min
i∈{1,...,kn}

dU(a, an,i) < 1/n for all a ∈ U.

In other words, Λn is a 1/n-net in U. Let us assume that the sequence {Λn}n≥1 is fixed. To

ease the notation in the sequel, let us define the mapping Υn

Υn(f)(x) := arg min
a∈Λn

dU(f(x), a), (2.17)

where ties are broken so that Υn(f)(x) is measurable.

It is known that finite quantization policies are nearly optimal under the conditions

to be presented below, see [92, Theorem 3.2]. Thus, to make the presentation shorter,

we will either assume that the action set is finite, or it has been approximated by a finite
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action space through the construction above, whose near optimality has been shown in

[92]. Assuming finite action sets will help us avoid measurability issues (see universal

measurability discussions in [93]) as well as issues with existence of optimal policies.

Assumption 2.7.1. (a) The one stage cost function c is nonnegative and continuous.

(b) The stochastic kernel T ( · |x, a) is weakly continuous in (x, a) ∈ X× U.

(c) U is finite.

(d) X is compact.

We note that condition (d) in Assumption 2.7.1 as presented in [93] was more general,

but we have used the simpler version here for clarity in exposition.

One can write the following fixed point equation for the finite MDP

Jnβ (x) = min
a∈U

{
cn(x, a) + β

∑
x1∈Xn

Jnβ (x1)Tn(x1|x, a)

}

where Tn is the transition model for the finite MDP and cn is the cost function defined on

the finite model. Since the acton space is finite, we can find an optimal policy, say f ∗n for

this fixed point equation. One can also simply extend Jnβ and f ∗n, which are defined on Xn

to the entire state space X by taking them constant over the quantization bins Sn,i. If we

call the extended versions Ĵnβ and f̂n, the following result can be established:

Theorem 2.7.1. [93, Theorem 2.2 and 4.1] Suppose Assumption 2.7.1 holds. Then, for

any β ∈ (0, 1) the discounted cost of the deterministic stationary policy f̂n, obtained by

extending the discounted optimal policy f ∗n of f-MDPm to X (i.e., f̂n = f ∗n ◦Qn), converges
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to the discounted value function J∗ of the compact-state MDP:

lim
n→∞

‖Ĵnβ (· )− J∗β(· )‖ = 0 and lim
n→∞

‖Jβ(f̂n, · )− J∗β‖ = 0. (2.18)

Theorems 2.7.1 shows that under Assumption 2.7.1, an optimal solution can be approx-

imated via the solutions of finite models.

We now show that the above approximation scheme can be viewed in relation to our

robustness results.

Proof of Theorem 2.7.1 via Results from Section 2.6. With the introduced setup, one

can see that the extended value function and optimal policy for the finite model satisfy the

following:

Ĵnβ (x) = min
a∈U

{
ĉn(x, u) + β

∫
Ĵnβ (x1)T̂n(dx1|x, u)

}

where ĉn is the extended version of cn to the state space X by making it constant over the

quantization bins {Sn,i}i and T̂n is such that for any function f

∫
f(x1)T̂n(dx1|x, u) :=

∫
x1∈X

∫
z∈Sn,i

f(x1)T (dx1|z, u)ψn,i(dz)

where Sn,i is the quantization bin that x belongs to.

With this setup, one can see that for any xn → x we have ĉn(xn, u) → c(x, u). Using

the fact that ψn,i is a probability measure on Sn,i and that
∫
f(x1)T (dx1|x, u) is a constant

under integration over ψn,i(dz), for any continuous and bounded f we can write

∫
f(x1)T̂n(dx1|xn, u)−

∫
f(x1)T (dx1|x, u)
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=

∫
z∈Sn,i

∫
x1∈X

f(x1)T (dx1|z, u)ψn,i(dz)−
∫
z∈Sn,i

∫
x1∈X

f(x1)T (dx1|x, u)ψn,i(dz)

≤
∫
z∈Sn,i

∣∣∣∣∫
x1∈X

f(x1)T (dx1|z, u)−
∫
x1∈X

f(x1)T (dx1|x, u)

∣∣∣∣ψn,i(dz).

Since, T (·|x, u) is weakly continuous in x, for any given ε, there exists a δ > 0 such that

|x− y| ≤ δ implies |
∫
f(x1)T (dx1|y, u)−

∫
f(x1)T (dx1|x, u)| ≤ ε.

We know fix an ε and choose such a δ. We need to show that we can find an N < ∞

such that for all n > N , if we denote the bin xn belongs to by Sn,i, then for any z ∈ Sn,i,

we must have |z−x| ≤ δ. Since xn → x, we can findN with |xn−x| ≤ δ/2 for all n > N .

Furthermore, by construction |z − xn| ≤ 1/n, hence by choosing N > 2/δ, we can make

|z−xn| ≤ δ/2. Then, by choosing the largerN , we can have |z−x| ≤ |z−xn|+|xn−x| ≤

δ. Hence, we can conclude that

∫
f(x1)T̂n(dx1|xn, u)→

∫
f(x1)T (dx1|x, u).

Then, Assumption 2.3.1 holds under Assumption 2.7.1, and we can conclude the proof

using Theorem 2.6.4 and Theorem 2.6.2.

2.8 Empirical Model Learning as an Instance of the Robustness Problem

For unknown probability measures, a common practice is to learn them via test inputs or

empirical observations. Let {(Xi), i ∈ N} be an X-valued i.i.d random variable sequence

generated according to some distribution µ.

Defining for every (fixed) BorelB ⊂ X, and n ∈ N, the empirical occupation measures

µn(B) =
1

n

n∑
i=1

1{Xi∈B},
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one has µn(B) → µ(B) almost surely (a.s.) by the strong law of large numbers. Also,

µn → µ weakly with probability one ([31], Theorem 11.4.1).

However, µn can not converge to µ in total variation, in general. On the other hand, if we

know that µ admits a density, we can find estimators to estimate µ under total variation [28].

As discussed above, the empirical averages converge almost surely. By a similar reason-

ing, for a given bounded measurable function f ,
∫
µn(dx)f(x) converges to

∫
µ(dx)f(x).

This then also holds for any countable collection of functions, f1, f2, · · · . A relevant ques-

tion is the following: Can one ensure uniform convergence (over a family of functions)

with arbitrary precision by only guaranteeing convergence for a finite or countably infinite

collection of functions? This entails the problem of covering a family of functions with

arbitrarily small neighborhoods of finitely many functions under an appropriate distance

metric. The answer to this question is studied by the theory of empirical risk minimiza-

tion: In the learning theoretic context when one tries to estimate the source distribution, the

convergence of optimal costs under µn to the cost optimal for µ is called the consistency

of empirical risk minimization [107]. In particular, if the following uniform convergence

holds,

lim
n→∞

sup
f∈F

∣∣∣∣ ∫ f(x)µn(dx)−
∫
f(x)µ(dx)

∣∣∣∣ = 0, (2.19)

for a class of measurable functions F , then F is called a µ-Glivenko-Cantelli class [32].

If the class F is µ-Glivenko-Cantelli for every µ, it is called a universal Glivenko-Cantelli

class. One example of a universal Glivenko-Cantelli family of real functions on RN is

the family {f : ‖f‖BL ≤ M} for some 0 < M < ∞, where ‖f‖BL = ‖f‖∞ +

supx1 6=x2
|f(x1)−f(x2)|
|x1−x2| ( [32]). For related characterizations and further examples, see [87,

106, 30].
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For our analysis, we will mainly make use of the fact that the empirical occupation

measures µn converge weakly almost surely to the true underlying measure µ.

The above discussion is for the i.i.d. observations and for fixed probability measures. In

the case of unknown dynamics or unknown transition models, for every different (x, u) ∈

X × U pair, T (·|x, u) is a different probability measure, and hence there are possibly

uncountably many unknown probability measures. Thus, in this section we focus on some

special settings.

Let T (·|x, u) be a transition kernel given previous state and action variables x ∈ X, u ∈

U, which is unknown to the decision maker (DM). Suppose the DM builds a model for the

transition kernels, Tn(·|x, u), for all possible x ∈ X, u ∈ U by collecting training data

{xt, ut, t ≤ n} from the evolving system.

The question we are interested in is that, do we have that the cost calculated under Tn

converges to the true cost (i.e., do we have that the cost obtained from applying the optimal

policy for the empirical model converges to the true cost as the training length increases)?

We will refer to this property as being asymptotically robust under empirical learning.

Corollary 2.8.1 (to Theorem 2.4.6 and Theorem 2.5.1 ). Suppose we are given the follow-

ing dynamics for finite state space,X, and finite action space, U,

xt+1 = f(xt, ut, wt), yt = g(xt, vt)

where {wt} and {vt} are i.i.d.noise processes and the noise models are unknown. Suppose

that there is an initial training period so that under some policy, every x, u pair is visited

infinitely often if training were to continue indefinitely, but that the training ends at some

finite time. Let us assume that, through this training, we empirically learn the transition
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dynamics such that for every (fixed) Borel B ⊂ X, for every x ∈ X, u ∈ U and n ∈ N, the

empirical occupation measures are

Tn(B|x0 = x, u0 = u) =

∑n
i=1 1{Xi∈B,Xi−1=x,Ui−1=u}∑n

i=1 1{Xi−1=x,Ui−1=u}
.

Then we have that J∗β(Tn) → J∗β(T ) and Jβ(T , γ∗n) → J∗β(T ), where γ∗n is the optimal

policy designed for Tn. Since the channel model g has no restrictions, this result also

applies to the fully observed model setup by taking g(xt, vt) = xt.

Proof. We have that Tn(·|x, u)→ T (·|x, u) weakly for every x ∈ X, u ∈ U almost surely

by law of large numbers. Since the spaces are finite, we also have Tn(·|x, u) → T (·|x, u)

under total variation. By Theorem 2.4.6 and Theorem 2.5.1, the results follow.

The following holds for more general spaces.

Corollary 2.8.2 (to Theorem 2.5.3, Theorem 2.4.3, Theorem 2.6.2 and Theorem 2.6.4 ).

Suppose we are given the following dynamics with state spaceX and action space U,

xt+1 = f(xt, ut, wt), yt = g(xt, vt),

where {wt} and {vt} are i.i.d.noise processes and the noise models are unknown. Suppose

that f(x, u, ·) : W → X is invertible for all fixed (x, u) and f(x, u, w) is continuous and

bounded on X × U ×W. We construct the empirical measures for the noise process wt

such that for every (fixed) Borel B ⊂ W, and for every n ∈ N, the empirical occupation

measures are

µn(B) =
1

n

n∑
i=1

1{f−1
xi−1,ui−1

(xi)∈B} (2.20)
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where f−1
xi−1,ui−1

(xi) denotes the inverse of f(xi−1, ui−1, w) : W→ X for given (xi−1, ui−1).

Using the noise measurements, we construct the empirical transition kernel estimates for

any (x0, u0) and Borel B as

Tn(B|x0, u0) = µn(f−1
x0,u0

(B)).

(i) If the measurement channel (represented by the function g) is continuous in total

variation then J∗β(Tn) → J∗β(T ) and Jβ(T , γ∗n) → J∗β(T ), where γ∗n is the optimal

policy designed for Tn for all initial points.

(ii) If the measurement channel is in the form g(xt, vt) = xt (i.e. fully observed) then

J∗β(Tn) → J∗β(T ) and if further for every n, γ∗n is optimal for every x0 ∈ X (under

the model Tn) then Jβ(T , γ∗n)→ J∗β(T ).

Proof. We have µn → µ weakly with probability one where µ is the model. We claim that

the transition kernels are such that Tn(·|xn, un) → T (·|x, u) weakly for any (xn, un) →

(x, u). To see that observe the following for h ∈ Cb(X)

∫
h(x1)Tn(dx1|xn, un)−

∫
h(x1)T (dx1|x, u)

=

∫
h(f(xn, un, w))µn(dw)−

∫
h(f(x, u, w))µ(dw)→ 0,

where µn is the empirical measure for wt and µ is the true measure again. For the last step,

we used that µn → µ weakly and h(f(xn, un, w)) continuously converge to h(f(x, u, w))

i.e. h(f(xn, un, wn))→ h(f(x, u, w) for some wn → w since f and g are continuous func-

tions. Similarly, it can be also shown that Tn(·|x, u) and T (·|x, u) are weakly continuous

on (x, u). Thus, for the case where the channel is continuous in total variation by Theorem
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2.5.3 and Theorem 2.4.3 if c(x, u) is bounded and U is compact the result follows.

For the fully observed case, J∗β(Tn) → J∗β(T ) by Theorem 2.6.2 and Jβ(T , γ∗n) →

J∗β(T ) by Theorem 2.6.4.

Now, we give a similar result with the assumption that the noise process of the dynamics

admits a continuous probability density function.

Corollary 2.8.3 (to Theorem 2.4.6 and Theorem 2.5.1). Suppose we are given the following

dynamics for real vector state spaceX and action space U

xt+1 = f(xt, ut, wt), yt = g(xt, vt),

where {wt} and {vt} are i.i.d.noise processes and the noise models are unknown but it is

known that the noise wt admits a continuous probability density function. Suppose that

f(x, u, ·) : W → X is invertible for all (x, u). We collect i.i.d. samples of {wt} as in

(2.20) and use them to construct an estimator, µ̃n , as described in [28] which consistently

estimates µ in total variation. Using these empirical estimates, we construct the empirical

transition kernel estimates for any (x0, u0) and Borel B as

Tn(B|x0, u0) = µ̃n(f−1
x0,u0

(B)).

Then independent of the channel, J∗β(Tn) → J∗β(T ) and Jβ(T , γ∗n) → J∗β(T ), where γ∗n

is the optimal policy designed for Tn. Since the channel model g has no restrictions, this

result also applies to the fully observed model setup by taking g(xt, vt) = xt.

Proof. By [28] we can estimate µ in total variation so that almost surely limn→∞ ‖µ̃n −

µ‖TV = 0. We claim that the convergence of µ̃n to µ under total variation metric implies
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the convergence of Tn to T in total variation uniformly over all x ∈ X and u ∈ U i.e.

limn→∞ supx,u ‖Tn(·|x, u)− T (·|x, u)‖TV = 0. Observe the following:

sup
x,u
‖Tn(·|x, u)− T (·|x, u)‖TV = sup

x,u
sup
||h||∞≤1

∣∣ ∫ h(x1)Tn(dx1|x, u)−
∫
h(x1)T (dx1|x, u)

∣∣
= sup

x,u
sup
||h||∞≤1

∣∣ ∫ h(f(x, u, w))µ̃n(dw)−
∫
h(f(x, u, w))µ(dw)

∣∣ ≤ ‖µ̃n − µ‖TV → 0.

Thus, by Theorem 2.4.6 and Theorem 2.5.1, the result follows.

The following example presents some system and channel models which satisfy the

requirements of the above corollaries.

Example 2.8.1. Let X,Y, U be finite dimensional real vector spaces with

xt+1 = f(xt, ut) + wt, yt = h(xt, vt)

for unknown i.i.d. noise processes {wt} and {vt}.

(i) Suppose the channel is in the following form; yt = h(xt, vt) = xt + vt where vt

admits a density (e.g. Gaussian density). It can be shown by an application of

Scheffé’s theorem that the channels in this form are continuous in total variation. If

further f(xt, ut) is continuous and bounded then the requirements of Corollary 2.8.2

hold for partially observed models.

(ii) If the channel is in the following form; xt = h(xt, vt) then the system is fully ob-

served. If further f(xt, ut) is continuous and bounded then the requirements of

Corollary 2.8.2 holds for fully observed models.

(iii) Suppose the function f(xt, ut) is known, if the noise process wt admits a continuous
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density, then one can estimate the noise model in total variation in a consistent way

(see [28]). Hence, the conditions of Corollary 2.8.3 holds independent of the channel

model.

�

2.9 Technical Results

2.9.1 Proof of (2.3) in Theorem 2.4.2

Before the proof we give a key lemma. The lemma we present generalizes the following

result from [70, Theorem 3.5] and [97, Theorem 3.5].

Lemma 2.9.1. Suppose {µn}n ⊂ P(X), where X is metric space, converges weakly to

some µ ∈ P(X). For a bounded real valued sequence of functions {fn}n such that

‖fn‖∞ < C for all n > 0 with C < ∞, if limn→∞ fn(xn) = f(x) for all xn → x,

i.e. fn continuously converges to f , then limn→∞
∫
X
fn(x)µn(dx) =

∫
X
f(x)µ(dx).

Lemma 2.9.2. Suppose we have a uniformly bounded family of functions {fγn : X →

R, γ ∈ Γ, n > 0} such that ‖fγn‖∞ < C for all γ ∈ Γ and for all n > 0 for some C <∞.

Further suppose we have another uniformly bounded family of functions {fγ : X →

R, γ ∈ Γ} such that ‖fγ‖∞ < C for all γ ∈ Γ for some C < ∞. Under the following

assumptions,

(i) For any xn → x

sup
γ∈Γ

∣∣fγn (xn)− fγ(x)
∣∣→ 0 (2.21)

sup
γ∈Γ

∣∣fγ(xn)− fγ(x)
∣∣→ 0. (2.22)
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(ii) Tn(·|xn, un) converges weakly to T (·|x, u) for any (xn, un)→ (x, u).

(iii) T (·|x, u) is weakly continuous in (x, u).

(iv) U is compact.

Then for fixed observation realizations, y[0,t] := {y0, . . . , yt} and for some xnt → xt

sup
γ∈Γ

∣∣∣∣ ∫ Tn(dxt+1|xnt , γ(y[0,t]))f
γ
n (xt+1)−

∫
T (dxt+1|xt, γ(y[0,t]))f

γ(xt+1)

∣∣∣∣→ 0 (2.23)

Proof. Using (2.22), we see that {fγ} is a equicontinuous family of functions. Thus, by

the Arzela-Ascoli Theorem, for any given compact set K ⊂ X, and ε > 0 there is a finite

set of continuous functions F := {f 1, . . . , fN} so that for any γ, there is f i ∈ F with

sup
x∈K
|fγ(x)− f i(x)| ≤ ε.

Now, we claim that for the same ε > 0, the same f i ∈ F and the chosen compact set K,

we can make supx∈K |fγn (x)− f i(x)| ≤ 3ε/2 for large enough n and for any γ ∈ Γ. To see

this, observe the following:

sup
x∈K
|fγn (x)− f i(x)| ≤ sup

x∈K
|fγn (x)− fγ(x)|+ sup

x∈K
|fγ(x)− f i(x)|

the second term is less than ε with the argument we made in the first paragraph of the proof.

The first term can also be made arbitrarily small since fγn → fγ uniformly on compact sets

by (2.21). Now we wish to show that we can find a compact subset of X such that all

probability measures (kernels) in the term (2.23) put their measure mainly on this compact
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set. Consider the set of measures S := ∪γ∈ΓSγ , where

Sγ = {Tn(·|xnt , γ(y[0,t])) : Tn(·|xnt , γ(y[0,t]))→ T (·|xt, γ(y[0,k]))}.

Here, notice that the set S depends on the sequence {xnt } and the observation realizations

y[0,t]. To cover all the kernels in (2.23) we take {xnt } and y[0,t] as they are given in the

statement of the lemma.

For a sequence from the set S, say Tnm(·|xnmt , γm(y[0,t])); since U is a compact set and

the observations are fixed, there exists a subsequence in which γmr(y[0,t]) → u∗ for some

u∗ ∈ U. Now we focus on this subsequence Tnmr (·|x
nmr
t , γmr(y[0,t])). By the assumption

(ii) on the lemma statement {Tn} also satisfy the following: for any (xn, un) → (x, u),

Tn(·|xn, un)→ T (·|x, u). Thus,

Tnmr (·|x
nmr
t , γmr(y[0,t]))→ T (·|xt, u∗).

Hence any sequence in the set S has a convergent subsequence, thus S is a precompact

family. Therefore, it is a tight family of functions by Prokhorov theorem [14, Theorem

5.2]. Hence, for any ε > 0, there exists a compact set Kε such that for all n and uniformly

for all γ ∈ Γ, ∫
Kε

Tn(dx1|xnt , γ(y[0,t])) ≥ 1− ε.

Now, we fix an ε > 0, choose a compact set Kε according to above discussion such that

all Tn puts almost all their measure (more than 1 − ε) on Kε.We also fix a finite family of

continuous functions F := {f 1, . . . , fN} such that for any γ, we can find an f i ∈ F with

supxt∈Kε |fγ(xt)−f i(xt)| ≤ ε. Moreover, we choose a largeN such that supx∈Kε |fγn (x)−

f i(x)| ≤ 3ε/2 for all n ≥ N .
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With this setup, we go back to the main statement:

sup
γ∈Γ

∣∣∣∣ ∫ Tn(dxt+1|xnt , γ(y[0,t]))f
γ
n (xt+1)−

∫
T (dxt+1|xt, γ(y[0,t]))f

γ(xt+1)

∣∣∣∣
≤ sup

γ∈Γ

∣∣ ∫
X\Kε

Tn(dxt+1|xnt , γ(y[0,t]))f
γ
n (xt+1)−

∫
X\Kε

T (dxt+1|xt, γ(y[0,t]))f
γ(xt+1)

∣∣
+ sup

γ∈Γ

∣∣ ∫
Kε

Tn(dxt+1|xnt , γ(y[0,t]))f
γ
n (xt+1)−

∫
Kε

T (dxt+1|xt, γ(y[0,t]))f
γ(xt+1)

∣∣
≤ 2εC + sup

γ∈Γ

∣∣ ∫
Kε

Tn(dxt+1|xnt , γ(y[0,t]))
(
fγn (xt+1)− f i(xt+1)

)
+

∫
Kε

Tn(dxt+1|xnt , γ(y[0,t]))f
i(xt+1)−

∫
Kε

T (dxt+1|xt, γ(y[0,t]))f
i(xt+1)

+

∫
Kε

T (dxt+1|xt, γ(y[0,t]))
(
f i(xt+1)− fγ(xt+1)

)∣∣
≤ 2εC + sup

γ∈Γ

∣∣ ∫
Kε

Tn(dxt+1|xnt , γ(y[0,t]))f
i(xt+1)

−
∫
Kε

T (dxt+1|xt, γ(y[0,t]))f
i(xt+1)

∣∣+ 5ε/2 ≤ 4εC + 7ε/2

where C is the uniform bound of fγn and f i(xt+1) is chosen according to the discussion

above such that f i is ε close to fγ(xt+1) and the same f i is 3ε/2 close to fγn (xt+1).

At the last step, we used the fact that Tn(dxt+1|xnt , γ(y[0,t])) converges weakly to T (dxt+1|xt, γ(y[0,t]))

uniformly on U. Thus,

sup
γ∈Γ

∣∣ ∫
Kε

Tn(dxt+1|xnt , γ(y[0,t]))f
i(xt+1)−

∫
Kε

T (dxt+1|xt, γ(y[0,t]))f
i(xt+1)

∣∣
≤ sup

γ∈Γ

∣∣ ∫
X−Kε

Tn(dxt+1|xnt , γ(y[0,t]))f
i(xt+1)−

∫
X−Kε

T (dxt+1|xt, γ(y[0,t]))f
i(xt+1)

∣∣
+ sup

γ∈Γ

∣∣ ∫
X

Tn(dxt+1|xnt , γ(y[0,t]))f
i(xt+1)−

∫
X

T (dxt+1|xt, γ(y[0,t]))f
i(xt+1)

∣∣ ≤ 2εC + ε

for large enough n. As ε is arbitrary, the result follows.
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With this lemma, we go back to (2.3). For easiness of notation we will first study the

case where t = 3.

sup
γ∈Γ

∣∣∣ETP [c(X3, γ(Y[0,3])
)]
− ETnP

[
c
(
X3, γ(Y[0,3])

)]∣∣∣
= sup

γ∈Γ

∣∣ ∫ P (dx0)Q(dy0|x0)T (dx1|x0, γ(y0))Q(dy1|x1)T (dx2|x1, γ(y[0,1]))

×Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
P (dx0)Q(dy0|x0)Tn(dx1|x0, γ(y0))Q(dy1|x1)Tn(dx2|x1, γ(y[0,1]))

×Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))
∣∣.

Using the dominated convergence theorem, it suffices to show that

sup
γ∈Γ

∣∣∣∣ ∫ Tn(dx1|x0, γ(y0))Q(dy1|x1)Tn(dx2|x1, γ(y[0,1]))

×Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
T (dx1|x0, γ(y0))Q(dy1|x1)T (dx2|x1, γ(y[0,1]))

×Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣→ 0.

Then, using Lemma 2.9.2, it suffices to show that for any xn1 → x1

sup
γ∈Γ

∣∣∣∣ ∫ Q(dy1|xn1 )Tn(dx2|xn1 , γ(y[0,1]))Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
Q(dy1|x1)T (dx2|x1, γ(y[0,1]))Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣→ 0

(2.24)
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and

sup
γ∈Γ

∣∣∣∣ ∫ Q(dy1|xn1 )T (dx2|xn1 , γ(y[0,1]))Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
Q(dy1|x1)T (dx2|x1, γ(y[0,1]))Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣→ 0.

(2.25)

We only focus on the term (2.24), the analysis for the term (2.25) follows from identical

steps. For (2.24), we write the following:

sup
γ∈Γ

∣∣∣∣ ∫ Q(dy1|xn1 )Tn(dx2|xn1 , γ(y[0,1]))Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
Q(dy1|x1)T (dx2|x1, γ(y[0,1]))Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣
≤ sup

γ∈Γ

∣∣∣∣ ∫ Q(dy1|xn1 )Tn(dx2|xn1 , γ(y[0,1]))Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
Q(dy1|x1)Tn(dx2|xn1 , γ(y[0,1]))Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣
+ sup

γ∈Γ

∣∣∣∣ ∫ Q(dy1|x1)Tn(dx2|xn1 , γ(y[0,1]))Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
Q(dy1|x1)T (dx2|x1, γ(y[0,1]))Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣
(2.26)

The first term goes to 0 since the channel is continuous in total variation. For the second

term, using Lemma 2.9.2 and the total variation continuity of Q successively, it reduces to

show that

sup
γ∈Γ

∣∣∣∣ ∫ Q(dy3|xn3 )c(xn3 , γ(y[0,3])−
∫
Q(dy3|x3)c(x3, γ(y[0,3])

∣∣∣∣→ 0.
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To show this, we write the following:

sup
γ∈Γ

∣∣∣∣ ∫ Q(dy3|xn3 )c(xn3 , γ(y[0,3])−
∫
Q(dy3|x3)c(x3, γ(y[0,3])

∣∣∣∣
≤ sup

γ∈Γ

∣∣∣∣ ∫ Q(dy3|xn3 )c(xn3 , γ(y[0,3])−
∫
Q(dy3|x3)c(xn3 , γ(y[0,3])

∣∣∣∣
+ sup

γ∈Γ

∫
Q(dy3|x3)

∣∣c(xn3 , γ(y[0,3])− c(x3, γ(y[0,3])
∣∣.

The first term goes to 0 since Q is continuous in total variation and the second term goes to

0 since c is continuous in x uniformly overU. Thus, (2.24) holds true. (2.25) also holds true

with identical arguments; we use the convergence of T (·|xn, u) to T (·|x, u) uniformly over

u ∈ U whereas for (2.24), we use the convergence of Tn(·|xn, u) to T (·|x, u) uniformly

over u ∈ U at (2.26) with Lemma 2.9.2. Therefore, (2.3) goes to 0 for the time step t = 3.

For a general finite time stage t, we can again use the iterative approach we used when

t = 3. Thus, we can generalize that for any 0 < t <∞

sup
γ∈Γ

∣∣∣∣ETP [c(Xt, γ(Y[0,t])
)]
− ETnP

[
c
(
Xt, γ(Y[0,t])

)]∣∣∣∣→ 0.

2.9.2 Proof of (2.5) in Theorem 2.4.5

Before the proof we give a key lemma.

Lemma 2.9.3. For a uniformly bounded family of functions {fγn : X → R, n > 0, γ ∈ Γ}

and {fγ : X→ R, γ ∈ Γ} if we have supγ∈Γ

∣∣fγn (x)− fγ(x)
∣∣→ 0, then

sup
γ∈Γ

∣∣∣∣ ∫ Tn(dxt+1|xt, γ(y[0,t]))f
γ
n (xt+1)−

∫
T (dxt+1|xt, γ(y[0,t]))f

γ(xt+1)

∣∣∣∣→ 0

for a fixed observation realizations y[0,t] := {y0, . . . , yt} and a fixed state xt, under the
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following assumptions

(i) Tn is such that for any sequence {un} ⊂ U converging to some u ∈ U, Tn(·|x, un)→

T (·|x, u) in total variation for all x ∈ X,

(ii) T (·|x, u) is continuous in total variation in u for every given x ∈ X.

Proof.

sup
γ∈Γ

∣∣∣∣ ∫ Tn(dxt+1|xt, γ(y[0,t]))f
γ
n (xt+1)−

∫
T (dxt+1|xt, γ(y[0,t]))f

γ(xt+1)

∣∣∣∣
≤ sup

γ∈Γ

∣∣∣∣ ∫ Tn(dxt+1|xt, γ(y[0,t]))f
γ
n (xt+1)−

∫
T (dxt+1|xt, γ(y[0,t]))f

γ
n (xt+1)

∣∣∣∣
+ sup

γ∈Γ

∣∣∣∣ ∫ T (dxt+1|xt, γ(y[0,t]))
(
fγn (xt+1)− fγ(xt+1)

)∣∣∣∣
≤ sup

γ∈Γ
‖Tn(dxt+1|xt, γ(y[0,t]))− T (dxt+1|xt, γ(y[0,t]))‖TV

+ sup
γ∈Γ

∣∣∣∣ ∫ T (dxt+1|xt, γ(y[0,t]))
(
fγn (xt+1)− fγ(xt+1)

)∣∣∣∣.
Above, the first term goes to 0 as Tn(·|x, un) → T (·|x, u) in total variation and U is

compact.

For the second term, first we use the assumption that T (·|x, u) is continuous in u. For

any ε > 0, there exists a δ > 0 such that |u′−u| < δ implies ‖T (·|x, u)−T (·|x, u′)‖TV < ε.

Furthermore, by the assumption U is compact. Therefore, for the given δ, there exists a

finite set {u1, · · · , uN} such that for any γ ∈ Γ, we can find a ui with |ui − γ(y[0,t])| < δ.

Combining what we have; for any ε > 0 and for any γ ∈ Γ, we can find a ui such that

‖T (·|x, γ(y[0,t]))− T (·|x, ui)‖TV < ε. Now we focus on the second term again:

sup
γ∈Γ

∣∣∣∣ ∫ T (dxt+1|xt, γ(y[0,t]))
(
fγn (xt+1)− fγ(xt+1)

)∣∣∣∣
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≤ sup
γ∈Γ

∣∣∣∣ ∫ T (dxt+1|xt, γ(y[0,t]))
(
fγn (xt+1)− fγ(xt+1)

)
−
∫
T (dxt+1|xt, ui)

(
fγn (xt+1)− fγ(xt+1)

)∣∣∣∣
+ sup

γ∈Γ

∫
T (dxt+1|xt, ui)

∣∣fγn (xt+1)− fγ(xt+1)
∣∣

≤ ‖c‖∞ sup
γ∈Γ
‖T (·|x, γ(y[0,t]))− T (·|x, ui)‖TV + sup

γ∈Γ

∫
T (dxt+1|xt, ui)

∣∣fγn (xt+1)− fγ(xt+1)
∣∣

where ‖c‖∞ is a uniform bound of fn and ui is chosen according to the above discussion.

Thus, the first term is less than ‖c‖∞ε and the second term can be made arbitrarily small for

large enough n since supγ∈Γ

∣∣fγn (x)− fγ(x)
∣∣→ 0 by assumption. The result follows.

Now we go back to (2.5). We will first study the case where t = 3.

sup
γ∈Γ

∣∣∣∣ETP [c(X3, γ(Y[0,3])
)]
− ETnP

[
c
(
X3, γ(Y[0,3])

)]∣∣∣∣
= sup

γ∈Γ

∣∣∣∣ ∫ P (dx0)Q(dy0|x0)T (dx1|x0, γ(y0))Q(dy1|x1)T (dx2|x1, γ(y[0,1]))

×Q(dy2|x2)T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
P (dx0)Q(dy0|x0)Tn(dx1|x0, γ(y0))Q(dy1|x1)Tn(dx2|x1, γ(y[0,1]))

×Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣.
Using Lemma 2.9.3 it suffices to show that

sup
γ∈Γ

∣∣∣∣ ∫ (Q(dy1|x1)Tn(dx2|x1, γ(y[0,1]))Q(dy2|x2)Tn(dx3|x2, γ(y[0,2]))

−Q(dy1|x1)T (dx2|x1, γ(y[0,1]))Q(dy2|x2)T (dx3|x2, γ(y[0,2]))

)
×Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣→ 0.
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Following the same procedure and using Lemma 2.9.3 successively, it reduces to show that

sup
γ∈Γ

∣∣∣∣ ∫ Tn(dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

−
∫
T (dx3|x2, γ(y[0,2]))Q(dy3|x3)c(x3, γ(y[0,3]))

∣∣∣∣
≤ ‖c‖∞ sup

γ∈Γ
‖Tn(dx3|x2, γ(y[0,2]))− T (dx3|x2, γ(y[0,2]))‖TV → 0

which holds true by the assumptions, i.e., since the action space U is compact and Tn is

such that for any sequence {un} ⊂ U converging to some u ∈ U, Tn(·|x, un)→ T (·|x, u)

in total variation for all x ∈ X. This argument can be applied to any time step t <∞.

2.9.3 Proof of (2.7) in Theorem 2.4.6

First, we provide the analysis for k = 2.

‖P γ
Tn(d(x, y, u)[0,2])− P γ

T (d(x, y, u)[0,2])‖TV

= sup
||f ||∞≤1

∣∣∣∣ ∫ P (dx0)Q(dy0|x0)1{γ(y0)∈du0}Tn(dx1|x0, u0)Q(dy1|x1)1{γ(y0,y1)∈du1}

× Tn(dx2|x1, u1)Q(dy2|x2)1{γ(y0,y1,y2)∈du2}f(x, y, u)[0,2]

−
∫
P (dx0)Q(dy0|x0)1{γ(y0)∈du0}T (dx1|x0, u0)Q(dy1|x1)1{γ(y0,y1)∈du1}

× T (dx2|x1, u1)Q(dy2|x2)1{γ(y0,y1,y2)∈du2}f(x, y, u)[0,2]

∣∣∣∣
≤ sup
||f ||∞≤1

∫
P γ
Tn(d(x[0,1], y[0,1], u[0,1]))

∣∣∣∣ ∫ Tn(dx2|x1, u1)Q(dy2|x2)1{γ(y[0,2])∈du2}f(x, y, u)[0,2]

−
∫
T (dx2|x1, u1)Q(dy2|x2)1{γ(y[0,2])∈du2}f(x, y, u)[0,2]

∣∣∣∣
+ sup
||f ||∞≤1

∫
P γ
T (d(x0, y0, u0))

∣∣∣∣ ∫ Tn(dx1|x0, u0)Q(dy1|x1)1{γ(y0,y1)∈du1}P
γ
T (d(x2, y2, u2))f(x, y, u)[0,2]
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−
∫
T (dx1|x0, u0)Q(dy1|x1)1{γ(y0,y1)∈du1}P

γ
T (d(x2, y2, u2))f(x, y, u)[0,2]

∣∣∣∣
≤ 2 sup

x∈X,u∈U
‖Tn(.|x, u)− T (.|x, u)‖TV

Now, we do the same analysis for a general time step k:

‖P γ
Tn(d(x, y, u)[0,k])− P γ

T (d(x, y, u)[0,k])‖TV

= sup
||f ||∞≤1

∣∣∣∣ ∫ f(x, y, u)[0,k]P
γ
Tn(d(x, y, u)[0,k])−

∫
f(x, y, u)[0,k]P

γ
T (d(x, y, u)[0,k])

∣∣∣∣
≤ sup
||f ||∞≤1

∣∣∣∣ ∫ P γ
T ,Tn(dx0, dy0, du0)

[ ∫
T (dx1|x0, u0)

∫
f(x, y, u)[0,k]P

γ
T ,Tn(dx[2,k], dy[1,k], du[1,k])

−
∫
Tn(dx1|x0, u0)

∫
f(x, y, u)[0,k]P

γ
T ,Tn(dx[2,k], dy[1,k], du[1,k])

]∣∣∣∣
+

∣∣∣∣ ∫ P γ
T ,Tn(dx[0,1], dy[0,1], du[0,1])

[ ∫
T (dx2|x1, u1)

∫
f(x, y, u)[0,k]P

γ
T ,Tn(dx[3,k], dy[2,k], du[3,k])

−
∫
Tn(dx2|x1, u1)

∫
f(x, y, u)[0,k]P

γ
T ,Tn(dx[3,k], dy[2,k], du[2,k])

]∣∣∣∣
· · ·+

∣∣∣∣ ∫ P γ
T ,Tn(dx[0,k−1], dy[0,k−1], du[0,k−1])

[ ∫
T (dxk|xk−1, uk−1)f(x, y, u)[0,k]

−
∫
Tn(dxk|xk−1, uk−1)f(x, y, u)[0,k]

]∣∣∣∣
≤
∫
P γ
T ,Tn(dx0, dy0, du0)‖T (·|x0, u0)− Tn(·|x0, u0)‖TV

+

∫
P γ
T ,Tn(dx[0,1], dy[0,1], du[0,1])‖T (·|x1, u1)− Tn(·|x1, u1)‖TV

· · ·+
∫
P γ
T ,Tn(dx[0,k−1], dy[0,k−1], du[0,k−1]))‖T (·|xk−1, uk−1)− Tn(·|xk−1, uk−1)‖TV

≤ k sup
x∈X,u∈U

‖T (.|x, u)− Tn(.|x, u)‖TV .

In the argument above P γ
T ,Tn denotes a strategic measure that uses T or Tn at various steps.

The terms are arranged so that at every term the applied strategic measures coincide.
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2.9.4 Proof for Remark 2.6.3

We note that if the family where we search for policies is restricted to an equicontinuous

family of functions, robustness can also be achieved. Let Γeq be the family of equicon-

tinuous policies so that for any given x0 ∈ X and ε > 0, there exists a δ > 0 such that

|γ(x)− γ(x0)| ≤ ε for all γ ∈ Γeq and for every x such that |x− x0| ≤ δ.

We show that for all t <∞

sup
γ∈Γeq

∣∣∣∣ET [c(Xt, γ(Xt)
)]
− ETn

[
c
(
Xt, γ(Xt)

)]∣∣∣∣→ 0.

For ease of notation we will first study the case where t = 2.

sup
γ∈Γ

∣∣∣ET [c(X2, γ(X2)
)]
− ETn

[
c
(
X2, γ(X2)

)]∣∣∣
= sup

γ∈Γ

∣∣ ∫ T (dx1|x0, γ(x0))T (dx2|x1, γ(x1))c(x,γ(x2))

−
∫
Tn(dx1|x0, γ(x0))Tn(dx2|x1, γ(x1))c(x2, γ(x2))

∣∣.
To show that above term goes to 0, we use a lemma.

Lemma 2.9.4. Suppose we have a uniformly bounded family of functions {fγn : X →

R, γ ∈ Γeq, n > 0} such that ‖fγn‖∞ < C for all γ ∈ Γeq and for all n > 0 for some

C <∞.

Further suppose we have another uniformly bounded family of functions {fγ : X →

R, γ ∈ Γeq} such that ‖fγ‖∞ < C for all γ ∈ Γeq for some C < ∞. Under the following

assumptions,
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(i) For any xn → x

sup
γ∈Γeq

∣∣fγn (xn)− fγ(x)
∣∣→ 0 (2.27)

sup
γ∈Γeq

∣∣fγ(xn)− fγ(x)
∣∣→ 0. (2.28)

(ii) Tn(·|xn, un) converges weakly to T (·|x, u) for any (xn, un)→ (x, u).

(iii) T (·|x, u) is weakly continuous in (x, u).

(iv) U is compact.

Then for some xnt → xt

sup
γ∈Γeq

∣∣∣∣ ∫ Tn(dxt+1|xnt , γ(xnt ))fγn (xt+1)−
∫
T (dxt+1|xt, γ(xt))f

γ(xt+1)

∣∣∣∣→ 0. (2.29)

Proof. Using the same steps as in Lemma A.2 we can show that for any given compact set

K ⊂ X, and ε > 0 there is a finite set of continuous functions F := {f 1, . . . , fN} so that

for any γ, there is f i ∈ F with

sup
x∈K
|fγ(x)− f i(x)| ≤ ε.

For the same ε > 0, the same f i ∈ F and the chosen compact set K, we can also make

supx∈K |fγn (x)− f i(x)| ≤ 3ε/2 for large enough n and for any γ ∈ Γeq.

We also that the set of measures S := ∪γ∈ΓeqSγ is weakly compact where

Sγ = {Tn(·|xnt , γ(xnt )) : Tn(·|xnt , γ(xnt ))→ T (·|xt, γ(xt))}.
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Hence, for any ε > 0, there exists a compact set Kε such that for all n and uniformly

for all γ ∈ Γ, ∫
Kε

Tn(dx1|xnt , γ(xnt )) ≥ 1− ε.

Using these, we again follow the same steps as in the proof of Lemma A.2:

sup
γ∈Γeq

∣∣∣∣ ∫ Tn(dxt+1|xnt , γ(xnt ))fγn (xt+1)−
∫
T (dxt+1|xt, γ(xt))f

γ(xt+1)

∣∣∣∣
≤ sup

γ∈Γeq

∣∣ ∫
X\Kε

Tn(dxt+1|xnt , γ(xnt ))fγn (xt+1)−
∫
X\Kε

T (dxt+1|xt, γ(xt))f
γ(xt+1)

∣∣
+ sup

γ∈Γeq

∣∣ ∫
Kε

Tn(dxt+1|xnt , γ(xnt ))fγn (xt+1)−
∫
Kε

T (dxt+1|xt, γ(xt))f
γ(xt+1)

∣∣
≤ 2εC + sup

γ∈Γeq

∣∣ ∫
Kε

Tn(dxt+1|xnt , γ(xnt ))
(
fγn (xt+1)− f i(xt+1)

)
+

∫
Kε

Tn(dxt+1|xnt , γ(xnt ))f i(xt+1)−
∫
Kε

T (dxt+1|xt, γ(xt))f
i(xt+1)

+

∫
Kε

T (dxt+1|xt, γ(xt))
(
f i(xt+1)− fγ(xt+1)

)∣∣
≤ 2εC + sup

γ∈Γeq

∣∣ ∫
Kε

Tn(dxt+1|xnt , γ(xnt ))f i(xt+1)

−
∫
Kε

T (dxt+1|xt, γ(xt))f
i(xt+1)

∣∣+ 5ε/2 ≤ 4εC + 7ε/2

where C is the uniform bound of fγn and f i(xt+1) is chosen according to the discussion

above such that f i is ε close to fγ(xt+1) and the same f i is 3ε/2 close to fγn (xt+1).

At the last step, we used the fact that Tn(dxt+1|xnt , γ(xnt )) converges weakly to T (dxt+1|xt, γ(xt))

uniformly over Γeq as Γeq is equicontinuous. As ε is arbitrary, the result follows.

Now we go back to

sup
γ∈Γ

∣∣∣ET [c(X2, γ(X2)
)]
− ETn

[
c
(
X2, γ(X2)

)]∣∣∣
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= sup
γ∈Γ

∣∣ ∫ T (dx1|x0, γ(x0))T (dx2|x1, γ(x1))c(x2, γ(x2))

−
∫
Tn(dx1|x0, γ(x0))Tn(dx2|x1, γ(x1))c(x2, γ(x2))

∣∣.
The previous lemma can be used to show that this term converges to 0.
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Chapter 3

Continuity and Robustness under Incorrect Transition

Kernels under Infinite Horizon Average Cost Criterion

In this chapter, we study the same problem we have studied in Chapter 2 under the infi-

nite horizon average cost criterion. That is, we study continuity properties of discrete-time

stochastic control problems with respect to system models (i.e., controlled transition ker-

nels) and robustness of optimal control policies designed for incorrect models applied to

the true system under infinite horizon average cost criterion. In this chapter, we only focus

on the fully observed settings .

The average infinite horizon cost function is defined as:

J∞(P, T , γ) = lim sup
N→∞

1

N

N−1∑
t=0

ET ,γP [c(Xt, Ut)] ,

over the set of admissible policies γ ∈ Γ, where c : X × U → R is a Borel-measurable

stage-wise cost function and ET ,γP denotes the expectation with initial state probability

measure P and transition kernel T under policy γ.
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The optimal cost as a function of the priors and the transition kernels is defined as

J∗∞(P, T ) = inf
γ∈Γ

J∞(P, T , γ).

The restate the problems of interest:

Problem P1: Continuity of J∗∞(P, T ) under the convergence of the transition kernels.

Let {Tn, n ∈ N} be a sequence of transition kernels which converge in some sense to

another transition kernel T . Does that imply that

J∗∞(P, Tn)→ J∗β(P, T )?

Problem P2: Robustness to incorrect models. Suppose that an optimal policy is con-

structed according to a model which is incorrect: how does the application of the control

to the true model affect the system performance and does the error decrease to zero as the

models become closer to each other? In particular, suppose that γ∗n is an optimal policy

designed for Tn, an incorrect model for a true model T . Is it the case that if Tn → T then

J∞(P, T , γ∗n)→ J∗∞(P, T )?

3.1 Literature Review and Contributions

As we have noted in Chapter 2, robustness in controlled systems is a classical problem, so

there is a very large literature on robust stochastic control and its application to learning-

theoretic methods. The reader can refer to Chapter 2 for a detailed review of related liter-

ature; here we list some of them for convenience see e.g. [58, 34, 83, 86, 37, 36, 102, 66,

105].

A particularly relevant study which has investigated the robustness problem under the
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expected average-cost criterion is [51] by Hernandez-Lerma: In [51, Chapter 3], a related

problem to what we study in this chapter is considered: Assume the transition probabilities

are estimated through time, and at every time step t the estimate is updated to some Tt.

Is it true that, as the estimates through time get closer to the true model (as Tt → T )

we can establish continuity and robustness? It is shown in [51, Chapter 3] that, using

some geometric ergodicity conditions and with uniform convergence supx,u ‖Tn(·|x, u) −

T (·|x, u)‖TV → 0, the answer to the question is positive. In Section 3.5, we will show that

the conditions imposed in [51, Chapter 3] are more restrictive than what we will present in

this chapter.

Contributions. In view of the literature review reported above, we establish robustness

and continuity results under much weaker conditions on the proximity and convergence

properties between incorrect models and a true model: we show that the average optimal

cost is continuous in the convergences of controlled transition kernel models where con-

vergences of models entail (i) continuous weak convergence in state and actions, or (ii)

continuous setwise convergence in the actions for every fixed state variable, in addition to

ergodicity conditions. We show that the mismatch error due to the application of a control

policy designed for an incorrectly estimated model to the true model decreases to zero as

the incorrect model approaches the true model under the stated convergence criteria (The-

orem 3.4.2, Theorem 3.4.3 and Theorem 3.4.4). We will also establish an ergodic invariant

measure argument, in Theorem 3.6.1, for cases where the average cost optimality equa-

tion cannot be established. These findings are applied to empirical consistency results in

data-driven stochastic control, where continuous weak convergence will be shown to be

particularly relevant building on a measure concentration analysis. Compared to the results

in [51] by Hernandez-Lerma, where a uniform total variation convergence over state and
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control action variables of the transition kernels is provided as a sufficient condition, we

show that the uniform convergence on the state variable may be relaxed under the total

variation convergence, and more importantly, we establish continuity and robustness under

weak convergence and setwise convergences of the transition kernels which are much more

relaxed notions of convergence.

3.2 Convergence Criteria for Transition Kernels

We use the same convergence notions that we have used in Chapter 2. Recall Definition

2.2.1:

Definition 3.2.1. For a sequence of transition kernels {Tn, n ∈ N}, we say that

(i) Tn → T weakly if Tn(·|x, u)→ T (·|x, u) weakly, for all x ∈ X and u ∈ U.

(ii) Tn → T setwise if Tn(·|x, u)→ T (·|x, u) setwise, for all x ∈ X and u ∈ U.

(iii) Tn → T under the total variation distance if Tn(·|x, u) → T (·|x, u) under total

variation, for all x ∈ X and u ∈ U.

We refer the reader to Example 2.2.2 for various examples for which these convergence

notions are satisfied.

3.3 Supporting Results: Continuity under Convergence of Transition Kernels

3.3.1 Some Differences with the Infinite Horizon Discounted Problem

In Chapter 2, we studied continuity of infinite horizon discounted cost problem under the

convergence of transition kernels. In the following, we first show that the sufficient condi-

tions presented in Chapter 2 to guarantee the continuity may not be sufficient for the infinite
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horizon average cost setup.

We restate Theorem 2.6.2 from Section that gives sufficient conditions to guarantee

the continuity of optimal discounted cost function under weak convergence of transition

kernels.

Theorem 3.3.1. Assume the following assumptions hold:

(i) Tn(·|xn, un)→ T (·|x, u) weakly for every x ∈ X and u ∈ U and (xn, un)→ (x, u),

(ii) T (·|x, u) is weakly continuous in (x, u),

(iii) The cost function c(x, u) is continuous and bounded in X×U,

(iv) The action space U is compact.

Then Jβ(Tn, γ∗n)→ Jβ(T , γ∗), for any initial state x0, as n→∞.

In the following, we show that these conditions in Theorem 3.3.1 may not be sufficient

for continuity for average cost problems. The following example shows that even for a

control-free setup even if the assumptions of the above theorem hold, infinite horizon aver-

age cost function is not continuous. This example also covers the controlled case via using

trivial control.

Example 3.3.1. Assume that x0 = 0 and the transition kernels are given by

T (·|x) = δx(·), Tn(·|x) = δx+ 1
n
(·).

The cost function is given as

c(x) =


|x| if |x| ≤ 1,

1 if |x| > 1.
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Notice that Tn(·|xn)→ T (·|x) weakly for any xn → x and T (·|x) is weakly continuous. It

is easy to see that the cost for T is 0 as the state always stays at 0 that is J∞(T ) = 0. The

cost for Tn can be calculated as follows:

J∞(Tn) = lim
N→∞

1

N

( n∑
k=0

k

n
+

N∑
k=n+1

1

)
= lim

N→∞

1

N

(
n+ 1

2
+N − n− 1

)
= 1 6= 0.

�

3.3.2 Ergodicity Properties of Controlled Markov Chains

In the following we will denote the set of all stationary policies by Γs . For the transi-

tions under some stationary policy γ, we will use the following notation: T (·|x, γ) :=

T (·|x, γ(x)).

We also define the t-step transition kernel T t(·|x, γ) in an iterative fashion as follows:

T t(·|x, γ) :=

∫
T (·|xt−1, γ)T t−1(dxt−1|x, γ),

where T 1(·|x, γ) = T (·|x, γ).

We will use the following ergodicity condition for some of our results.

Assumption 3.3.1. For every stationary policy γ, the transition kernels T and Tn lead to

positive Harris recurrent chains and in particular admit invariant measures πγ and πnγ , and

for these invariant measures uniformly for every initial point x ∈ X we have:

lim
t→∞

sup
γ∈Γs

‖T t(·|x, γ)− πγ(·)‖TV = 0
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lim
t→∞

sup
n

sup
γ∈Γs

‖T tn (·|x, γ)− πnγ (·)‖TV = 0.

For the results in this section, we will make use of Assumption 3.3.1. However, using

[54, Theorem 3.2], presented in the technical results section as Theorem 3.8.1, alternative

conditions can also be used. Notice that condition Theorem 3.8.1(i) is the same as Assump-

tion 3.3.1, thus one can make use of different assumptions through the relations provided

in Theorem 3.8.1.

3.3.3 Optimality of Stationary Policies

For our continuity and robustness results, it will be instrumental to work with stationary

policies. This will be without any loss under mild conditions to be presented in this sub-

section. An approach for average cost problems is to make use of average cost optimality

equation (ACOE). To work with ACOE one usually needs contraction properties of the

transition kernel. The following result provides further alternative sufficient conditions on

existence of optimal policies (which turn out to be stationary) for infinite horizon average

cost problems.

Assumption 3.3.2. (A) The condition f in Theorem 3.8.1 (or any other suitable condition

among a-i) holds,

(B) The action space U is compact,

(C) c(x, u) is bounded and continuous in (x, u),

(C’) c(x, u) is bounded and continuous in u for every fixed x,

(D) T (·|x, u) is weakly continuous in (x, u),
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(D’) T (·|x, u) is setwise continuous in u for every x.

Theorem 3.3.2. [51, Corollary 3.6] Suppose Assumption 3.3.2 A, B, and, either C and D,

or C’ and D’, hold. Then J∞(T , γ) admits an optimal stationary policy. �

For the rest of the section, we will assume that the optimal policies can be selected

from those which are stationary with suitable assumptions and we will denote the family

of stationary polices by Γ.

3.3.4 Approximation by Finite Horizon Cost

We denote the t-step finite horizon cost function under a stationary policy γ and a transition

model T by Jt(T , γ) and the corresponding optimal cost is denoted by J∗t (T ):

Jt(T , γ) =
t−1∑
i=0

ETγ [c(Xi, Ui)]

J∗t (T ) = inf
γ∈Γ

Jt(T , γ).

The following result shows that the infinite horizon average cost induced by a stationary

policy can be approximated by a finite cost under the same stationary policies with proper

ergodicity conditions.

Lemma 3.3.1. Under Assumption 3.3.1, if the cost function c is bounded then for every

initial state we have

sup
γ∈Γ

∣∣∣∣Jt(T , γ)

t
− J∞(T , γ)

∣∣∣∣→ 0,

sup
γ∈Γ

sup
n

∣∣∣∣Jt(Tn, γ)

t
− J∞(Tn, γ)

∣∣∣∣→ 0.
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Proof. We have that J∞(T , γ) =
∫
c(x, γ(x))πγ(dx). Thus, we can write

∣∣∣∣Jt(T , γ)

t
− J∞(T , γ)

∣∣∣∣ =

∣∣∣∣1t
t−1∑
i=0

ETγ [c(Xi, Ui)]−
∫
c(x, γ(x))πγ(dx)

∣∣∣∣
≤ 1

t

t−1∑
i=0

∣∣∣∣ ∫ c(xi, γ(xi))T i(dxi|x0, γ)−
∫
c(x, γ(x))πγ(dx)

∣∣∣∣
≤ 1

t

t−1∑
i=0

‖c‖∞‖T i(·|x0, γ)− πγ‖TV .

We now fix an ε > 0 and choose a tε < ∞ such that ‖T i(·|x0, γ) − πγ‖TV < ε for all

i > tε. We also choose another Tε with 2tε
t
< ε for all t > Tε. With this setup, we have

1

t

t−1∑
i=0

‖T i(·|x0, γ)− πγ‖TV ≤
1

t

tε−1∑
i=0

‖T iγ (·|x0)− πγ‖TV +
1

t

t∑
i=tε

‖T iγ (·|x0)− πγ‖TV

≤ 2tε
t

+ ε ≤ 2ε, ∀t > Tε.

We have shown that for any fixed ε > 0, we can choose a Tε <∞, independent of γ, such

that

∣∣∣∣Jt(T , γ)

t
− J∞(T , γ)

∣∣∣∣ < ε, ∀t > Tε.

Hence the result is complete for T .

For Tn the result follows from the same steps since we can again choose such tε and Tε

due to the uniformity over n and γ in Assumption 3.3.1.

The next result from [51, Corollary 4.11] shows that the optimal infinite horizon cost

can be approximated by an optimal finite horizon cost induced by the same transition ker-

nel.
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Lemma 3.3.2. Suppose the cost function c is bounded and either Assumption 3.3.2 A, B,

C, D or Assumption 3.3.2 A, B, C’, D’ hold (for T and Tn). Then, we have

lim
t→∞

∣∣∣∣J∗∞(T )− J∗t (T )

t

∣∣∣∣→ 0,

lim
t→∞

sup
n

∣∣∣∣J∗∞(Tn)− J∗t (Tn)

t

∣∣∣∣→ 0.

3.3.5 Continuity under the Convergence of Transition Kernels

Theorem 3.3.3. We have that |J∗∞(Tn)− J∗∞(T )| → 0, under

c1. Assumption 3.3.2A,B,C andD if Tn(·|xn, un)→ T (·|x, u) weakly for any (xn, un)→

(x, u).

c2. Assumption 3.3.2A, B, C ′ andD′ if Tn(·|x, un)→ T (·|x, u) setwise for any un → u

for every fixed x.

Proof. We use the following bound:

|J∗∞(Tn)− J∗∞(T )| ≤
∣∣∣∣J∗∞(Tn)− J∗t (Tn)

t

∣∣∣∣+

∣∣∣∣J∗t (Tn)

t
− J∗t (T )

t

∣∣∣∣+

∣∣∣∣J∗t (T )

t
− J∗∞(T )

∣∣∣∣ .
The first and the last terms above can be made arbitrarily small by choosing t large enough

uniformly over n using Lemma 3.3.2 under suitable assumptions. For the second term, we

can use continuity results for finite time problems for the fixed t as the assumptions cover

the requirements of ([64, Theorem 4.2] or [64, Section 5.3]).

Remark 3.3.1. We note that any condition set provided for continuity of the optimal cost

function under setwise convergence of the transition kernels is also a sufficient set of con-

ditions for the continuity of the optimal cost function under total variation convergence of
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the transition kernels.

3.4 Robustness to Incorrect Controlled Transition Kernel Models

In this section, we investigate robustness for infinite horizon average cost problems. We

first restate the problem: Consider a MDP with transition kernel Tn, and assume that an

optimal control policy for this MDP under the average cost criterion is γ∗n, that is

inf
γ∈Γ

J∞(Tn, γ) = J∞(Tn, γ∗n).

Now, consider another MDP with transition kernel T whose the optimal cost denoted by

J∗∞(T ). The question we ask is the following: if the controller does not know the true

transition kernel T and calculates an optimal policy assuming the transition kernel is Tn,

then the incurred cost by this policy is J∞(T , γ∗n). The focus of this section is to find

sufficient conditions such that as Tn → T ,

J∞(T , γ∗n)→ J∞(T , γ∗).

The first issue with this question is the following one: assume that the MDP with kernel

Tn admits two different optimal policies γ1
n and γ2

n. Although, the cost incurred by these

policies under the kernel Tn are the same, under the kernel T they may have different cost

values. That is, even though we have that

J∞(Tn, γ1
n) = J∞(Tn, γ2

n) = J∗∞(Tn),
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we may have J∞(T , γ1
n) 6= J∞(T , γ2

n). An example is as follows: Consider a system

with state space X = [−1, 1], control action space U = {−1, 0, 1}, the cost function

c(x, u) = (x− u)2 and the transition models given as

Tn(·|x, u) =
1

2
δ1(·) +

1

2
δ−1(·)

T (·|x, u) = δ0(·)

Notice that two optimal policies for Tn are

γ1
n(x) =


1 if x = 1,

−1 if x = −1,

0 else.

γ2
n(x) =


1 if x ≥ 0,

−1 if x < 0.

However, if the initial point is x0 = 0, we have that J∞(T , γ1
n) = 0 6= 1 = J∞(T , γ2

n).

In what follows, we show that under total variation convergence of Tn → T , this issue

does not cause a problem so that we have J∞(T , γ∗n) → J∞(T , γ∗) for any stationary

optimal policy γ∗n. However, under weak convergence of the transition models, we establish

the same result under some particularly constructed optimal polices γ∗n, namely we focus

on the policies that solve the average cost optimality equation (ACOE).

3.4.1 Robustness under Weak Convergence of Transition Kernels

The Average Cost Optimality Equation (ACOE)

Now, we discuss the average cost optimality equation, and we use it for analyzing robust-

ness properties of MDPs under weak convergence of the transition kernels. Define the



3.4. ROBUSTNESS TO INCORRECT CONTROLLED TRANSITION KERNEL
MODELS 100

operator T : B(X) → B(X) where B(X) denotes the set of bounded and measurable

functions on X such that for v ∈ B(X)

Tv(x) := inf
u∈U

(
c(x, u) +

∫
X

v(y)T (dy|x, u)

)
. (3.1)

We define the span semi-norm of a function v ∈ B(X) by

sp(v) := sup
x
v(x)− inf

x
v(x).

One can show that the operator defined in (3.1) is a contraction in B(X) under the span-

norm with Assumption 3.3.1 or any suitable one from Assumption 3.8.1 [51, Lemma 3.5].

Hence, according to the Banach fixed point theorem there exists a fixed point v∗ ∈ B(X)

such that sp(Tv∗ − v∗) = 0. By the definition of the span-norm, Tv∗(x)− v∗(x) = j∗ for

a constant j∗ for all x ∈ X. That is

j∗ + v∗(x) = inf
u∈U

(
c(x, u) +

∫
X

v∗(y)T (dy|x, u)

)
. (3.2)

This constant j∗ is the optimal infinite horizon average cost, and equation (3.2) is called

the average cost optimality equation (ACOE). For the remainder of this section, we will

sometimes use the notation J∞(T , γ, x) or J∗∞(T , x) for the expected average cost or for the

expected optimal cost when the process starts from the initial state x in order to emphasize

the initial state.

Now, we formalize these observations:

Theorem 3.4.1. [51] Suppose the cost function c is bounded. Under Assumption 3.3.1,

there exists a β < 1 such that the following holds:
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(i) sp
(
Tv−Tw

)
≤ β sp(u−w), for any v, w ∈ B(X) where T is the operator defined

in (3.1).

(ii) Since T is a contraction under the span norm, it admits a fixed point v∗ ∈ B(X)

such that

j∗ + v∗(x) = inf
u∈U

(
c(x, u) +

∫
X

v∗(y)T (dy|x, u)

)
,

for some constant j∗.

(iii) For any initial point x0 ∈ X, the constant j∗ defined in (ii) is the optimal infinite

horizon average cost for the kernel T , that is

j∗ = J∗∞(T , x0) = inf
γ∈Γ

J∞(T , γ, x0)

for every x0 ∈ X.

(iv) If there exists a policy γ∗ ∈ Γ satisfying the ACOE, then this stationary policy is an

optimal policy for the average infinite horizon cost problem; that is, if γ∗ satisfies

j∗ + v∗(x) = c(x, γ∗(x)) +

∫
X

v∗(y)T (dy|x, γ∗(x)),

then J∞(T , γ∗, x0) = J∗∞(T , x0).

We now state the main result of this section.

Theorem 3.4.2. We have that

J∞(T , γ∗n, x)→ J∗∞(T , x)
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for any x ∈ X, where γ∗n is the optimal policy for the transition kernel Tn that satisfies the

ACOE, under Assumption 3.3.2 A, B, C and D if Tn(·|xn, un)→ T (·|x, u) weakly for any

(xn, un)→ (x, u).

Proof. Consider the following two ACOEs for the kernels Tn and T with their fixed points

v∗n and v∗:

j∗n + v∗n(x) = inf
u∈U

[
c(x, u) +

∫
v∗n(y)Tn(dy|x, u)

]
(3.3)

j∗ + v∗(x) = inf
u∈U

[
c(x, u) +

∫
v∗(y)T (dy|x, u)

]
(3.4)

We now show that, for all xn → x,

v∗n(xn)− v∗(x)→ c (3.5)

for some constant c with |c| <∞. To show this, we first write

v∗n(xn)− v∗(x)

=
(
v∗n(xn)− vtn(xn)

)
+
(
vtn(xn)− vt(x)

)
+
(
vt(x)− v∗(x)

)
where vtn and vt are the results of operator (3.1) applied to the 0-function, t times for kernels

the Tn and T . Notice that vtn and vt are the value functions for t-step cost problem and by

the assumptions ([64, Theorem 4.4]) we have that |vtn(xn) − vt(x)| → 0 for every fixed

t. For the first and the last terms, we use the fact that the operator (3.1) is a contraction

under Assumption 3.8.1 for span semi-norm and hence both terms go to some constants as

t→∞ uniformly for all n, that is v∗n(xn)− vtn(xn)→ c1 and vt(x)− v∗(x)→ c2 for some

|c1|, |c2| <∞. Thus, we have that (3.5) holds for some c <∞.
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Since U is compact, for every xn → x, γn(xn) has a convergent subsequence which

converges to say some u∗ ∈ U. If we take the limit along this subsequence for (3.3), using

the assumptions that Tn(·|xn, un) → T (·|x, u) weakly, the fact that limn→∞
(
v∗n(xn) −

v∗(x)
)

= c, and that j∗n → j∗ (continuity results from Theorem 3.3.3) we get

lim
k

(
j∗nk + v∗nk(xnk)

)
= lim

k
c(x, γ∗nk(xnk)) +

∫
v∗nk(y)Tnk(dy|xnk , γ∗nk(xnk))

= j∗ + v∗(x) + c = c(x, u∗) +

∫
v∗(y)T (dy|x, u∗) + c.

Therefore, u∗ satisfies the ACOE for the kernel T and thus, any convergent subsequence of

γ∗n(xn) is an optimal action for x for the kernel T .

Now consider the following operator T̂n, for the kernel T and the policy γ∗n which is

optimal for Tn

T̂nv̂n(x) = c(x, γ∗n(x)) +

∫
v̂n(y)T (dy|x, γ∗n(x)). (3.6)

One can show that this operator is also a contraction under span semi-norm and admits a

fixed point v̂∗n, such that

ĵn + v̂∗n(x) = c(x, γ∗n(x)) +

∫
v̂∗n(y)T (dy|x, γ∗n(x))

where ĵn = J∞(T , γ∗n, x) for all x. Hence, we need to show that ĵn → j∗ to complete the

proof. To show this, in Section 3.8.1, we prove that

lim
n→∞

v̂∗n(xn)− v∗(x) = ĉ, (3.7)
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for any xn → x for some constant ĉ <∞.

Now, assume that limn ĵn 6= j∗ and that there exists a subsequence ĵnk and an ε > 0

such that |ĵnk − j∗| > ε for every k. We will show that this cannot hold, by establishing the

existence of a further subsequence ĵnkl which converges to j∗ in the following.

We first note that limn→∞ v̂
∗
n(xn) − v∗(x) = ĉ. Hence, [70, Theorem 3.5] (or [97,

Theorem 3.5]) yields that
∫
v̂∗nkl

(y)T (dy|x, γ∗nkl (x)) →
∫
v∗(y)T (dy|x, u∗) + ĉ where ĉ

also satisfies
(
v̂∗nkl

(x)− v∗(x)
)
→ ĉ.

Therefore, taking the limit along this subsequence,

lim
l→∞

ĵnkl

= lim
l→∞

c(x, γ∗nkl
(x)) +

∫
v̂∗nkl

(y)T (dy|x, γ∗nkl (x))− v̂∗nkl (x)

= c(x, u∗) +

∫
v∗(y)T (dy|x, u∗)− v∗(x) = j∗.

This contradicts to |ĵnk − j∗| > ε, hence we conclude that ĵn → j∗.

3.4.2 Robustness under Setwise Convergence of Transition Kernels

Theorem 3.4.3. We have that J∞(T , γ∗n, x) → J∗∞(T , x) for any x ∈ X, where γ∗n is the

optimal policy for the transition kernel Tn that satisfies the ACOE, under Assumption 3.3.2

A, B, C and D if Tn(·|x, un)→ T (·|x, u) weakly for any un → u.

Proof. The proof follows the similar steps as in the proof of Theorem 3.4.2. Consider again

the following two ACOE for the kernels Tn and T with their fixed point v∗n and v∗

j∗n + v∗n(x) = inf
u∈U

[
c(x, u) +

∫
v∗n(y)Tn(dy|x, u)

]
(3.8)
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j∗ + v∗(x) = inf
u∈U

[
c(x, u) +

∫
v∗(y)T (dy|x, u)

]
. (3.9)

With the same argument used to establish (3.5) now using [64, Theorem 4.8] one show that

v∗n(x)− v∗(x)→ c, for some constant |c| <∞ for all x.

Since U is compact, for every x, γn(x) has a convergent subsequence which converges

to say some u∗ ∈ U. If we take the limit along this subsequence for (3.8), using the

assumptions that Tn(·|x, un)→ T (·|x, u) setwise, the fact that limn→∞
(
v∗n(x)− v∗(x)

)
=

c, and that j∗n → j∗ (continuity results from Theorem 3.3.3) we get

lim
k
j∗nk + v∗nk(x)

= c(x, γ∗nk(x)) +

∫
v∗nk(y)Tnk(dy|x, γ∗nk(x))

= j∗ + v∗(x) + c = c(x, u∗) +

∫
v∗(y)T (dy|x, u∗) + c.

Therefore, u∗ satisfies the ACOE for the kernel T and thus, any convergent subsequence of

γ∗n(x) is an optimal action for x for the kernel T .

Now consider the operator T̂n again,

T̂nv̂n(x) = c(x, γ∗n(x)) +

∫
v̂n(y)T (dy|x, γ∗n(x)). (3.10)

We write

ĵn + v̂∗n(x) = c(x, γ∗n(x)) +

∫
v̂∗n(y)T (dy|x, γ∗n(x))

where ĵn = J∞(T , γ∗n, x) for all x. Hence, we need to show that ĵn → j∗ to complete

the proof. By replicating the same arguments in Section 3.8.1 for setwise convergence and
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using [89, Theorem 20] (setwise convergence with varying functions), one can prove that

lim
n→∞

v̂∗n(x)− v∗(x) = ĉ,

for any x for some constant ĉ <∞.

Now, assume that limn ĵn 6= j∗ and that there exists a subsequence ĵnk and an ε > 0

such that |ĵnk − j∗| > ε for every k. We first note that limn→∞ v̂
∗
n(x)− v∗(x) = ĉ. Hence,

[89, Theorem 20] yields that
∫
v̂∗nkl

(y)T (dy|x, γ∗nkl (x)) →
∫
v∗(y)T (dy|x, u∗) + ĉ where

ĉ also satisfies
(
v̂∗nkl

(x)− v∗(x)
)
→ ĉ.

Therefore, taking the limit along this subsequence,

lim
l→∞

ĵnkl

= lim
l→∞

c(x, γ∗nkl
(x)) +

∫
v̂∗nkl

(y)T (dy|x, γ∗nkl (x))− v̂∗nkl (x)

= c(x, u∗) +

∫
v∗(y)T (dy|x, u∗)− v∗(x) = j∗.

This contradicts to |ĵnk − j∗| > ε, hence we conclude that ĵn → j∗.

3.4.3 Robustness under Total Variation Convergence of Transition Kernels

In this section, we will show that for any stationary policy γ∗n that is optimal for Tn, as

Tn → T in total variation, we have J∞(T , γ∗n)→ J∗∞(T ) under proper conditions.

We note that, since setwise convergence is less stringent than total variation, it is not

surprising that we can establish robustness under total variation convergence of the kernels

as well. However, in the previous section, we showed convergence only when the policies

were restricted to be among those which solves the ACOE for every point in the state space;

in the analysis below, the result will be more general and the policies considered are just
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required to be optimal, without the requirement that they solve the ACOE for every x ∈ X.

This is not vacuous, as the following example shows.

Example 3.4.1. Consider X = [−1, 1] and U = {0, 1, 2}.

Let the kernels be given in the following form for n ≥ 1:

Tn(·|x, u) =

(
1

2
δ 1
n
(·) +

1

2
δ− 1

n
(·)
)
1{x≥ 1

n
}

+

(
1

2
δ 1
n
(·) +

1

2
δ− 1

n
(·)
)
1{x≤− 1

n
}

+

(
1

3
δ 1
n
(·) +

1

3
δ− 1

n
(·) +

1

3
δ0(·)

)
1{− 1

n
<x< 1

n
}

T (·|x, u) =δ0(·).

The cost function is given by:

c(x, u) =


(x)1x≥0 + 01x<0 if u = 0, 1

3 if u = 2.

One can show that this setup satisfies Assumption 3.3.2 A, B, C and D. With this setup,

one (among many others) optimal policy for Tn when the initial state is x = −1 is given

by;

γ∗n(x) =


1 if x ≤ − 1

n

0 if x ≥ 1
n

2 otherwise.
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When the initial state is −1, the cost under this policy is

J∞(Tn, γ∗n) = lim
N→∞

1

N
N

1

2

1

n
=

1

2n
→ 0.

Therefore the policy γ∗n is indeed optimal for Tn for large n. An optimal policy for T is

given by γ∗(x) = 1. Thus, the average cost values can be calculated as:

J∞(T , γ∗n) = lim
N→∞

1

N

N−1∑
t=0

E[c(Xt, γ
∗
n(Xt))]

= lim
N→∞

1

N

N−1∑
t=1

c(0, γ∗n(0)) = lim
N→∞

1

N

N−1∑
t=1

3 = 3

Hence, we have that

lim
n→∞

J∞(T , γ∗n) = 3 6= J∞(T , γ∗) = 0.

Notice that for this example, γ∗n would not have been be optimal for Tn if the initial state

were between −1/n and 1/n and, in particular, it does not satisfy the ACOE. �

Theorem 3.4.4. We have that |J∞(T , γ∗n)−J∗∞(T )| → 0 for any stationary optimal policy

γ∗n for Tn, under Assumption 3.3.2 A, B, C ′ and D′ if Tn(·|x, un) → T (·|x, u) in total

variation for any un → u for every fixed x.

Proof. We write:

|J∞(T , γ∗n)− J∗∞(T )| ≤ |J∗∞(Tn)− J∗∞(T )|+ |J∞(T , γ∗n)− J∗∞(Tn)|

the first term goes to by Theorem 3.3.3. For the second term we write

|J∞(T , γ∗n)− J∗∞(Tn)| ≤
∣∣∣∣J∞(T , γ∗n)− Jt(Tn, γ∗n)

t

∣∣∣∣
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+

∣∣∣∣Jt(Tn, γ∗n)

t
− Jt(T , γ∗n)

t

∣∣∣∣+

∣∣∣∣Jt(T , γ∗n)

t
− J∞(T , γ∗n)

∣∣∣∣
The first and the last terms above again can be made arbitrarily small by choosing t large

enough uniformly over n using Lemma 3.3.1. For the second term we use [64, Section A.2]

where it is shown that under the stated assumptions supγ∈Γ |Jt(Tn, γ) − Jt(T , γ)| → 0.

Hence the proof is complete.

3.5 Comparison with the Literature

In the most relevant contribution (to our knowledge), [51], the following problem is con-

sidered: Suppose we have an approximating model for the true kernel T , so that, every

time step t, an estimate is updated to Tt and an optimal stationary policy is found with

J∗∞(Tt) = inf
γ∈Γ

lim sup
N→∞

1

N

N−1∑
i=0

ETt
[
c(Xi, γ(Xi))

]
,

where ETt denotes the expectation with transition kernel Tt. Let γ∗t be the optimal policy

for the kernel Tt. It is shown that ([51, Theorem 5.7]) if condition f of Theorem 3.8.1 holds

for T , Tn and if supx,u ‖Tt(·|x, u)− T (·|x, u)‖TV → 0, the following hold:

(i) J∞(Tt, γ∗t )→ J∞(T , γ∗) as t→∞,

(ii) J∞(T , γ∗t ) = J∞(T , γ∗).

Notice that the first item (i) is the continuity problem we study in this section (Problem 1).

Therefore, it can also be shown to hold true with Theorem 3.3.3, which can be proven with

sup
u
‖Tt(·|x, u)− T (·|x, u)‖TV → 0
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for fixed x. Theorem 3.3.3 also states that we can even weaken the total variation conver-

gence of kernels to weak convergence so that it suffices to have Tt(·|xt, ut) → T (·|x, u)

weakly for any (xt, ut) → (x, u). For the second item (ii), policies γ∗t (since they are not

time-invariant) are not stationary for the model T , however it is shown in [51] that using

γ∗t at time step t, the cost

lim sup
N→∞

1

N

N−1∑
t=0

ET
[
c(Xt, γ

∗
t (Xt))

]
is equal to the optimal cost for the true model.

The following example shows that the total variation convergence of the transition ker-

nels can be too much to ask for deterministic problems. Thus, the relaxation to weak

convergence of transition kernels is significant.

Example 3.5.1. Assume that x0 = 0 and the transition kernels are given by

T (·|x) = δ0(·), Tn(·|x) = δ 1
n
(·).

The cost function is given as

c(x) =


|x| if |x| ≤ 1,

1 if |x| > 1.

Notice that ‖Tn(·|x) − T (·|x)‖TV = 2 for all n, however, Tn(·|xn) → T (·|x) weakly for

any xn → x. Furthermore, J∗∞(Tn) → J∗∞(T ). Hence, although the transition kernels do

not converge to each other in total variation, continuity still holds. �



3.6. ROBUSTNESS UNDER CONVERGENCE OF TRANSITION KERNELS
WITHOUT UNIFORM ERGODICITY 111

3.6 Robustness under Convergence of Transition Kernels without Uniform Ergodic-

ity

In this section we show that if the family of optimal policies forms an equicontinuous and

stationary family we can guarantee continuity and robustness without requiring a uniform

ergodicity over policies and initial points. We first present a supporting lemma from [70,

Theorem 3.5] and [97, Theorem 3.5].

Lemma 3.6.1. Suppose {µn}n ⊂ P(X), where X is a Polish space, converges weakly

to some µ ∈ P(X). For a bounded real valued sequence of functions {fn}n such that

‖fn‖∞ < C for all n > 0 with C < ∞, if limn→∞ fn(xn) = f(x) for all xn → x, i.e. fn

continuously converges to f , then limn→∞
∫
X
fn(x)µn(dx) =

∫
X
f(x)µ(dx).

The following result shows that if we restrict the family of policies to an equicontinuous

and stationary family we can guarantee continuity and robustness. For the result we do not

require a uniform ergodicity assumption as in Assumption 3.3.1.

Assumption 3.6.1. (i) For any stationary policy γ, Tn and T lead to positive Harris

recurrent chains and in particular admit unique invariant measures πγn and πγ .

(ii) {πγn}γ,n and {πγ}γ are tight.

(iii) Family of optimal policies {γ∗n}n for Tn, is an equicontinuous family of functions and

the optimal policy γ∗ for T is continuous.

Theorem 3.6.1. Suppose that Assumption 3.6.1 and Assumption 3.3.2 B, C, D (for Tn and

T ) hold. Then we have that J∗∞(Tn)→ J∗(T ) and J∞(T , γ∗n)→ J∗∞(T ).

Proof. We now use the following bounds. Let γ∗n be optimal for Tn and γ∗ be optimal for
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T . Then,

|J∞(Tn, γ∗n)− J∞(T , γ∗)
∣∣ ≤ max

(
J∞(Tn, γ∗)− J∞(T , γ∗), J∞(T , γ∗n)− J∞(Tn, γ∗n)

)
,

|J∞(T , γ∗n)− J∗∞(T )| ≤ |J∞(T , γ∗)− J∞(Tn, γ∗)|+ |J∞(Tn, γ∗n)− J∞(T , γ∗n)|.

(3.11)

Hence, it suffices to show that

∣∣J∞(Tn, γ∗)− J∞(T , γ∗)
∣∣→ 0,∣∣J∞(T , γ∗n)− J∞(Tn, γ∗n)
∣∣→ 0.

First notice that for any policy γ, J∞(Tn, γ) =
∫
c(x)πγn(dx) and J∞(T , γ) =

∫
c(x)πγ(dx)

for all initial states x0 ∈ X as the chains are positive Harris recurrent. Thus, we only need

to show that ρ(πγ
∗
n , π

γ∗) → 0 and ρ(πγ
∗
n , π

γ∗n
n ) → 0 weakly since c ∈ Cb(X), where ρ

metrizes the topology of weak convergence.

For a fixed policy γ∗, since γ∗ belongs to an equicontinuous family, we have that

Tn(·|xn, γ∗(xn)) → T (·|x, γ∗(x)) for any xn → x and T (·|x, γ∗(x)) is weakly continu-

ous in x. Since πγ∗n is a tight family, there exists a subsequence πγ∗nk such that πγ∗nk → π∗

weakly for some π∗ ∈ P(X). As πγ∗nk is the invariant measure for Tnk we have that for any

f ∈ Cb(X)

∫
f(x1)Tnk(dx1|x0, γ

∗(x0))πγ
∗

nk
(dx0) =

∫
f(x0)πγ

∗

nk
(dx0)

using the assumption that Tnk(·|xnk , γ∗(xnk)) → T (·|x, γ∗(x)) weakly for any xnk → x
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and that πγ∗nk → π∗ by taking the limit k →∞, Lemma 3.6.1 gives us

∫
f(x1)T (dx1|x0, γ

∗(x0))π∗(dx0) =

∫
f(x0)π∗(dx0).

Since T has a unique invariant measure we can conclude that π∗ = πγ
∗ .

So far we have proved that any converging subsequence of πγ∗n converges weakly to

πγ
∗ . Now suppose that πγ∗n does not converge to πγ∗ . Then, there exists an ε > 0 and a

further subsequence πγ∗nk such that ρ(πγ
∗
nk
, πγ

∗
) > ε for all k. But because of the tightness

assumption there exists a further subsequence πγ∗nkl which converges and using the same

arguments above it converges to πγ∗ which leads us to a contradiction and completes the

proof.

For the sequence of policies γ∗n, using the equicontinuity assumption with Arzelà-Ascoli

theorem ([31]), there exists a subsequence γ∗nk converging uniformly to some γ ∈ Γ. There-

fore, Tnk(·|xnk , γ∗nk(xnk)) → T (·|x, γ(x)) and T (·|xnk , γ∗nk(xnk)) → T (·|x, γ(x)) for any

xnk → x. Hence, using the same steps above, we can show that π
γ∗nk
nk → πγ and πγ

∗
nk → πγ

weakly. This completes the proof.

Corollary 3.6.1. If X is a finite space, U is compact, T (x, u) is weakly continuous in u:

c(x, u) is continuous in u and under every stationary policy state process {xt} is positive

Harris recurrent then we have that J∗∞(Tn)→ J∗(T ) and J∞(T , γ∗n)→ J∗∞(T ).

Example 3.6.1 (Adaptive Control). Suppose a controlled model is given by the dynamics

xt+1 = Axt +But + wt

where wt is a i.i.d. Gaussian noise process. Assume that A and B are unknown by the

controller. However, the controller can estimate A and B in a consistent way so that
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An → A and Bn → B; with many results reported in the literature [3, 68, 44, 45]. Then,

building on Section 2.2.2(i) and 2.2.2(vi), we have Tn(·|xn, un) → T (·|x, u) weakly for

any xn → x and un → u. If further we have that the step-wise cost function is in the form

c(x, u) = xTQx + uTRu, then the optimal policies are linear and also equicontinuous

if the model is controllable [9]. Furthermore, since the noise is Gaussian, the chain is

Lebesgue irreducible and thus there exists a unique invariant measure and it can be reached

from any initial point. Hence, the assumptions of Theorem 3.6.1 are satisfied and the

continuity and robustness can be established for this example. In other words; the optimal

cost for the estimates An and Bn, J∗∞(Tn), converges to optimal cost for A and B, J∗∞(T ).

Furthermore, if we apply the optimal policies γ∗n designed for An and Bn, to the true model

(A, B), we get J∞(T , γ∗n)→ J∗∞(T ). �

Empirical Model Learning as an Instance of the Robustness Problem

3.7 Application to Empirical Model Learning

3.7.1 Empirical Model Learning and Robustness

Let T (·|x, u) be a transition kernel given previous state and action variables x ∈ X, u ∈ U,

which is unknown to the decision maker (DM). Suppose the DM builds a model for the

transition kernels, Tn(·|x, u), for all possible x ∈ X, u ∈ U by collecting training data

{xt, ut, t ≤ n} from the evolving system.

The question we are interested in is that, do we have that the cost calculated under Tn

converges to the true cost (i.e., do we have that the cost obtained from applying the optimal

policy for the empirical model converges to the true cost as the training length increases)?

We will refer to this property as being asymptotically robust under empirical learning. In

the following, we provide two setups.
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Theorem 3.7.1. Consider the example in Section 2.2.2(vi): Let a controlled model be given

as

xt+1 = F (xt, ut, wt),

where {wt} is an i.i.d. noise process. Suppose that F (x, u, ·) : W→ X is invertible for all

fixed (x, u) and F (x, u, w) is continuous and bounded onX×U×W. If we construct the

empirical measures for the noise process wt such that for every (fixed) Borel B ⊂W, and

for every n ∈ N, the empirical occupation measures are

µn(B) =
1

n

n∑
i=1

1{F−1
xi−1,ui−1

(xi)∈B}

whereF−1
xi−1,ui−1

(xi) denotes the inverse ofF (xi−1, ui−1, w) : W→ X for given (xi−1, ui−1).

Using the noise measurements, we construct the empirical transition kernel estimates for

any (x0, u0) and Borel B as

Tn(B|x0, u0) = µn(F−1
x0,u0

(B)).

Then, under empirical learning, by Theorem 3.4.2, asymptotic robustness under empirical

learning holds.

Proof. By the analysis in Section 2.2.2(vi), we have that

Tn(·|xn, un)→ T (·|x, u),

weakly for any (xn, un)→ (x, u) almost surely. Furthermore, additionally let

F (xt, ut, wt) = G(xt, ut) + wt
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where (in addition to the assumed regularity conditions on F ) we also have that G has

a bounded range and that wt has a density which is positive everywhere. Then, by [78,

Example 2.2] it follows that Theorem 3.8.1(h) holds. This ensures that under any stationary

policy xt is positive Harris recurrent and also geometrically ergodic. We thus conclude that

under empirical learning, by Theorem 3.4.2, the loss due to an incorrect initial modelling

error is zero.

Theorem 3.7.2. Suppose we are given the following dynamics for finite state space,X, and

finite action space, U,

xt+1 = f(xt, ut, wt)

where {wt} is an i.i.d.noise process and the noise model is unknown. Suppose again that

there is an initial training period so that under some policy, every x, u pair is visited in-

finitely often if training were to continue indefinitely, but that the training ends at some

finite time. Let us assume that, through this training, we empirically learn the transition

dynamics such that for every (fixed) Borel B ⊂ X, for every x ∈ X, u ∈ U and n ∈ N, the

empirical occupation measures are

Tn(B|x0 = x, u0 = u) =

∑n
i=1 1{Xi∈B,Xi−1=x,Ui−1=u}∑n

i=1 1{Xi−1=x,Ui−1=u}
.

Then we have that J∗β(Tn) → J∗β(T ) and Jβ(T , γ∗n) → J∗β(T ), where γ∗n is the optimal

policy designed for Tn. Then, asymptotic robustness under empirical learning holds.

Proof. By Corollary 2.8.1, Tn(·|x, u)→ T (·|x, u) weakly for every x ∈ X, u ∈ U almost

surely (by law of large numbers). Since the spaces are finite, we also have Tn(·|x, u) →

T (·|x, u) under total variation.

Suppose further that we have T (·|x, u) > 0 for every x, u. Then, for large enough n,
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we will have uniform ergodicity by Theorem 3.8.1. As a result, Theorem 3.4.4 will apply

and we will have consistency under empirical learning.

3.7.2 Adaptive Learning

Suppose we adaptively learn the transition kernel so that at time n we have an estimated

kernel Tn, and accordingly apply an optimal policy for some time period after n based on

our improved model. In the following, we will build on Theorem 3.4.2, Theorem 3.4.3

or Theorem 3.4.4 to arrive at robustness (and asymptotic consistency) of such an adaptive

policy. Let T1, T2, · · · be a sequence of increasing integers that satisfy

lim
k→∞

∑k
l=1 Tl
Tk

= 1. (3.12)

Suppose that we apply the control policy γnk , which is optimal for Tnk with nk =
∑k

l=1 Tl,

from nk until nk+1. Notice that the length of the time intervals we update the policy grows

to∞ with this setup. Call this adaptive policy γ̃. Since the cost is bounded and the rate of

convergence to the invariant measure is uniform over policies and over initial states x ∈ X

under the conditions of ergodicity in Theorem 3.8.1, we have that

J∞(T , γ̃, x) = lim
T→∞

∑T−1
t=0 Ex[c(xt, γ̃t(xt))]

T

= lim
k→∞

∑nk+1

t=nk
Ex[c(xt, γnk(xt))]

nk+1

= lim
k→∞

J∞(T , γnk , x).

In the above, the last two steps follow from the fact that nk+1 − nk → ∞ and nk+1 → ∞

at the same rate by (3.12) and that γnk is optimal from time nk to nk+1. By the results

we have established, if Tnk → T under any of the senses established by Theorem 3.4.2,

Theorem 3.4.3 or Theorem 3.4.4, we will have a strong form of robustness: the cost to due
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an incorrect initial modeling error will be zero.

3.8 Technical Results

3.8.1 Proof of Equation (3.7)

We first define the following operator T̂n,z for some fixed z ∈ X by

T̂n,zv(x) := T̂nv(x)− T̂nv(z)

where T̂n is as in (3.6). We write

v̂∗n(xn)− v∗(x) =
(
v̂∗n(xn)− T̂ kn,zv∗(xn)

)
+
(
T̂ kn,zv

∗(xn)− v∗(x)
)

where T̂ kn,z is the operator T̂n,z applied k consecutive times. We note that T̂n,z is also

a contraction under the span semi-norm. Hence, the first term converges to some ĉ1 as

k → ∞ uniformly for all n since T̂n,z is a contraction uniformly for all n under the span

seminorm and its fixed point is v̂∗n.

For the second term, we wish to show that
(
T̂ kn,zv

∗(xn)− v∗(x)
)
→ −v∗(z) as n→∞

for every fixed k <∞ for all xn → x. We prove this by induction. For k = 1, we have

T̂n,zv
∗(xn) =c(xn, γ

∗
n(xn)) +

∫
v∗(y)T (dy|xn, γ∗n(xn))

−
(
c(z, γ∗n(z)) +

∫
v∗(y)T (dy|z, γ∗n(z))

)
.

Now assume that |T̂nk,zv∗(xnk) − v∗(x) + v∗(z)| > ε for some ε > 0 for every k along
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some subsequence nk. We know that there exists a further subsequence, say nkl along

which γ∗nkl (xnkl ) → u∗ and γ∗nkl (z) → u∗∗ for some u∗, u∗∗ ∈ U where u∗ is an optimal

action for the state x for the kernel T and u∗∗ is optimal for z. If we take the limit along

this subsequence, i.e.

lim
l→∞

T̂nkl ,zv
∗(xnkl )

= lim
l→∞

(
c(xnkl , γ

∗
nkl

(xnkl )) +

∫
v∗(y)T (dy|xnkl , γ

∗
nkl

(xnkl ))

)
− lim

l→∞

(
c(z, γ∗nkl

(z)) +

∫
v∗(y)T (dy|z, γ∗nkl (z))

)
= c(x, u∗) +

∫
v∗(y)T (dy|x, u∗)

−
(
c(z, u∗∗) +

∫
v∗(y)T (dy|z, u∗∗)

)
= v∗(x) + j∗ − v∗(z)− j∗ = v∗(x)− v∗(z).

Hence we reach a contradiction and it must be that T̂n,zv∗(xn) − v∗(x) → −v∗(z). Now

assume that the claim holds for k that is
(
T̂ kn,zv

∗(xn)− v∗(x)
)
→ −v∗(z).

T̂ k+1
n,z v

∗(xn) = c(xn, γ
∗
n(xn)) +

∫
T̂ kn,zv

∗(y)T (dy|xn, γ∗n(xn))

−
(
c(z, γ∗n(z)) +

∫
T̂ kn,zv

∗(y)T (dy|z, γ∗n(z))

)
.

If we take a subsequence, indexed by say m, along which γ∗m(xm)→ u∗ and γ∗m(z)→ u∗∗

where u∗ is an optimal action for x and u∗∗ is optimal for z, then by taking the limit along

this subsequence

lim
m→∞

T̂ k+1
m v∗(xm)
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= lim
m→∞

c(xm, γ
∗
m(xm)) +

∫
T̂ kmv

∗(y)T (dy|xm, γ∗m(xm))

− lim
m→∞

c(z, γ∗m(z)) +

∫
T̂ kmv

∗(y)T (dy|zm, γ∗m(z))

= c(x, u∗) +

∫ (
v∗(y)− v∗(z)

)
T (dy|x, u∗)

−
(
c(z, u∗∗) +

∫ (
v∗(y)− v∗(z)

)
T (dy|z, u∗∗)

)
= v∗(x)− v∗(z).

Hence, a similar contradiction argument, we used for the case k = 1 yields that
(
T̂ kn,zv

∗(xn)−

v∗(x)
)
→ −v∗(z) as n→∞ for every fixed k <∞ for all xn → x. Thus, we have that

v̂∗n(xn)− v∗(x) =
(
v̂∗n(xn)− T̂ kn,zv∗(xn)

)
+
(
T̂ kn,zv

∗(xn)− v∗(x)
)
→ ĉ1 − v∗(z) := ĉ.

3.8.2 Ergodicity conditions on Markov Chains

The following theorem is stated here for easy reference.

Theorem 3.8.1. [54, Theorem 3.2] Consider the following.

a. There exists a state x∗ ∈ X and a number β > 0 such that T ({x∗}|x, γ) ≥ β, for all

x ∈ X, γ ∈ Γs.

b. There exists a positive integer t and a non-trivial measure µ onX such that T t(·|x, γ) ≥

µ(·) for all x ∈ X, γ ∈ Γs.

c. For each γ ∈ Γs, the transition kernel T (dy|x, γ) has a density p(y|x, γ) with respect

to a sigma-finite measure m on X, and there exist ε > 0 and C ∈ B(X) such that

m(C) > 0 and p(y|x, γ) ≥ ε for all y ∈ C, x ∈ X, γ ∈ Γs.
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d. For each γ ∈ Γs, T (dy|x, γ) has a density p(y|x, γ) with respect to a sigma-finite

measure m on X, and p(y|x, γ) ≥ p0(y) for all x, y ∈ X, γ ∈ Γs, where p0 is a

non-negative measurable function with
∫
p0(y)m(dy) > 0.

e. There exists a positive integer t and a measure µ on X such that µ(X) < 2 and

T t(·|x, γ) ≤ µ(·) for all x ∈ X, γ ∈ Γs.

f. There exists a positive integer t and a positive number β < 1 such that ‖T t(·|x, γ)−

T t(·|x′, γ)‖TV ≤ 2β for all x, x′ ∈ X, γ ∈ Γs.

g. There exists a positive integer t and a positive number β for which the follow-

ing holds: For each γ ∈ Γs, there is a probability measure µγ on X such that

T t(·|x, γ) ≥ βµγ(·) for all x ∈ X.

h. There exist positive numbers c and β, with β < 1, for which the following holds:

For each γ ∈ Γs, there is a probability measure pγ on X such that ‖T t(·|x, γ) −

pγ(·)‖TV ≤ cβt for all x ∈ X, t ∈ N.

i. The state process is uniformly ergodic such that limt→∞ ‖T t(·|x, γ)− pγ(·)‖TV = 0

uniformly in x ∈ X and γ ∈ Γs.

The conditions above are related as follows:

a→ b

e→ f

c→ d→ b→ f ↔ g ↔ h↔ i.
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Chapter 4

Regularity Relations Between POMDPs and Their Fully

Observed Belief MDP Reduction

Weak continuity of the transition kernel of a controlled or a control-free Markov chain is

a commonly imposed assumption for the analysis of Markov chains. In particular, for our

robustness results in Chapter 2 and 3, we made use of the weak continuity of transition

kernels for several key results. Hence, in this chapter, we present sufficient conditions on a

partially observed model that make the transition kernel of the corresponding reduced fully

observed model, weakly continuous (known as the non-linear filter kernel as a probability-

measure valued Markovian system).

4.1 Markov Property of Filter Processes

We start with reviewing the probabilistic setup of the partially observed Markov processes.

For this section, we will consider a more general channel version where the channel also

depends on the control action variable. As before, we letX ⊂ Rn be a Borel set in which a

control-free or controlled Markov process {Xt, t ∈ Z+} takes its value. Let U, the action

space, be a Borel subset of some Euclidean space Rp. Let Y ⊂ Rm be a Borel set, and let
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an observation channel Q be defined as a stochastic kernel (regular conditional probability)

fromX×U toY such thatQ( · |x, u) is a probability measure on the Borel σ-algebra B(Y)

ofY for every (x, u) ∈ X×U andQ(A| · ) : X×U→ [0, 1] is a Borel measurable function

for everyA ∈ B(Y). Note that, in general, we have and will assume that the channelQ only

depends on the most recent state variable and not on the control action variable, however,

only for this chapter, we will consider a more general channel model which also depends

on the control.

Let a decision maker (DM) be located at the output of an observation channel Q, with

inputs (Xt, Ut−1) and outputs Yt. An admissible policy γ is a sequence of control functions

{γt, t ∈ Z+} such that γt is measurable with respect to the σ-algebra generated by the

information variables

It = {Y[0,t], U[0,t−1]}, t ∈ N, I0 = {Y0},

where

Ut = γt(It), t ∈ Z+ (4.1)

are the U-valued control actions and

Y[0,t] = {Ys, 0 ≤ s ≤ t}, U[0,t−1] = {Us, 0 ≤ s ≤ t− 1}.

We define Γ to be the set of all such admissible policies.

The joint distribution of the state, control, and observation processes is determined the

following system dynamics:

Pr
(
(X0, Y0) ∈ B

)
=

∫
B

Q0(dy0|x0)P0(dx0), B ∈ B(X×Y),
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where P0 is the prior distribution of the initial state X0 and Q0 is the prior control-free

observation channel, and for t ∈ N

Pr

(
(Xt, Yt) ∈ B

∣∣∣∣ (X, Y, U)[0,t−1] = (x, y, u)[0,t−1]

)
=

∫
B

Q(dyt|xt, ut−1)T (dxt|xt−1, ut−1), B ∈ B(X×Y),

where T (·|x, u) is a stochastic kernel from X × U to X. This completes the probabilistic

setup of the partially observed models.

It is known that any partially observed Markov process (POMP) can be reduced to a

completely observable Markov process ([116], [88]), whose states are the posterior state

distributions or ’beliefs‘ of the observer; that is, the state at time t is

Zt( · ) := Pr{Xt ∈ · |Y0, . . . , Yt, U0, . . . , Ut−1} ∈ P(X).

We call this equivalent process the filter process . The filter process has state space Z =

P(X) and action space U. Note that Z is equipped with the Borel σ-algebra generated by

the topology of weak convergence [14]. Under this topology, Z is a standard Borel space

[82]. The transition probability of the filter process can be constructed as follows.

The joint conditional probability on next state and observation variables given the cur-

rent control action and the current state of the filter process is given by

R(B × C|u0, z0) =

∫
X

∫
B

Q(C|x1, u0)T (dx1|x0, u0)z0(dx0), (4.2)

for allB ∈ B(X) and C ∈ B(Y). Then, the conditional distribution of the next observation

variable given the current state of the filter process and the current control action is given
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by

P (C|u0, z0) =

∫
X

∫
X

Q(C|x1, u0)T (dx1|x0, u0)z0(dx0),

for all C ∈ B(Y). Using this, we can disintegrateR (see [10, Proposition 7.27]) as follows:

R(B × C|u0, z0) =

∫
C

F (B|y1, u0, z0)P (dy1|u0, z0)

=

∫
C

z1(y1, u0, z0)(B)P (dy1|u0, z0), (4.3)

where F is a stochastic kernel from Z × Y × U to X and the posterior distribution of x1,

determined by the kernel F , is the state variable z1 of the filter process. Then, the transition

probability η of the filter process can be constructed as follows. If we define the measurable

function F (z, u, y) := F ( · |y, u, z) = Pr{Xt+1 ∈ · |Zt = z, Ut = u, Yt+1 = y} from

Z×U×Y to Z and use the stochastic kernel P ( · |z, u) = Pr{Yt+1 ∈ · |Zt = z, Ut = u}

from Z×U to Y, we can write η as

η( · |z, u) =

∫
Y

1{F (z,u,y)∈ · }P (dy|z, u). (4.4)

The one-stage cost function c̃ : Z×U→ [0,∞) of the filter process is given by

c̃(z, u) :=

∫
X

c(x, u)z(dx), (4.5)

which is a Borel measurable function. Hence, the filter process is a completely observable

Markov process with the components (Z,U, c̃, η).
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For the filter process, the information variables is defined as

Ĩt = {Z[0,t], U[0,t−1]}, t ∈ N, Ĩ0 = {Z0}.

It is a standard result that an optimal control policy of the original POMP will use the belief

Zt as a sufficient statistic for optimal policies (see [116], [88]). More precisely, the filter

process is equivalent to the original POMP in the sense that for any optimal policy for the

filter process, one can construct a policy for the original POMP which is optimal.

4.2 Problem Formulation

We will first review some metrics for spaces of probability measures. As we have discussed

in Section 2.2, the topology of weak convergence on the set of probability measures on a

separable metric space S is metrizable. One such metric is the bounded-Lipschitz metric.

For any two probability measures µ and ν, the bounded-Lipschitz metric is defined as:

ρBL(µ, ν) = sup
‖f‖BL≤1

∣∣∣∣ ∫
S

f(x)µ(dx)−
∫
S

f(x)ν(dx)

∣∣∣∣ (4.6)

where ‖f‖BL = ‖f‖∞+supx 6=y
|f(x)−f(y)|
d(x,y)

and ‖f‖∞ = supx∈S |f(x)|. Another metric that

metrizes the weak topology on P(S) is the following:

ρ(µ, ν) =
∞∑
m=1

2−(m+1)

∣∣∣∣ ∫
S

fm(x)µ(dx)−
∫
S

fm(x)ν(dx)

∣∣∣∣,
where {fm}m≥1 is an appropriate sequence of continuous and bounded functions such that

‖fm‖∞ ≤ 1 for all m ≥ 1 (see [82, Theorem 6.6, p. 47]).

Another metric, we will use in this chapter is the total variation distance (see Section
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2.2). Recall that for probability measures µ, ν ∈ P(S), the total variation distance between

µ and ν is given by

‖µ− ν‖TV = 2 sup
B∈B(S)

|µ(B)− ν(B)| = sup
f :‖f‖∞≤1

∣∣∣∣∫ f(x)µ(dx)−
∫
f(x)ν(dx)

∣∣∣∣ ,
where the supremum is taken over all Borel measurable real f such that ‖f‖∞ ≤ 1.

Definition 4.2.1 (Weak Feller Property). We say that a Markov decision process with

transition kernel T (·|x, u) has weak Feller property if T is weakly continuous in x and u;

that is, if (xn, un)→ (x, u), then T (·|xn, un)→ T (·|x, u) weakly.

With this definition, we can now state the problem that we are interested in this chapter.

(P) Under what conditions on the transition kernel and the observation channel of the

partially observed model, the filter process has a weak Feller property?

4.3 Significance of the Problem

In this section, we motivate the operational (in view of engineering applications) and the

mathematical importance of the problem in view of existence and invariance properties, ap-

proximations and computational results involving non-linear filters and stochastic control,

and related applications involving particle filtering.

For finite-horizon problems and a large class of infinite-horizon discounted cost prob-

lems, it is a standard result that an optimal control policy will use the filter process as a

sufficient statistic for optimal policies (see [116, 88, 15]). Hence, the partially observed

model and the corresponding filter process are equivalent in the sense of cost minimiza-

tion. Therefore, results developed for the standard controlled Markov process problems

(e.g., measurable selection criteria as summarized in [52, Chapter 3]) can be applied to the
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filter processes, and so, to the partially observed models. In controlled Markov processes

theory, weak continuity of the transition kernel is an important condition leading to both the

existence of optimal control policies for finite-horizon and infinite-horizon discounted cost

problems as well as the continuity properties of the value function (see, e.g., [53, Section

8.5]).

For partially observed stochastic control problems with the average cost criterion, the

conditions of existence of optimal policies stated in the literature are somewhat restrictive,

with the most relaxed conditions to date being reported in [19, 22], to our knowledge. For

such average cost stochastic control problems, the weak Feller property can be utilized

to obtain a direct method to establish the existence of optimal stationary (and possibly

randomized) control policies. Indeed, for such problems, the convex analytic method ([74]

and [18]) is a powerful approach to establish the existence of optimal policies. If one can

establish the weak Feller property of the filter process, then the continuity and compactness

conditions utilized in the convex program of [18] would lead to the existence of optimal

average cost policies.

In addition to existence of optimal policies, the weak Feller property has also recently

been shown to lead to (asymptotic) consistency in approximation methods for controlled

Markov processes with uncountable state and action spaces. In [92, 93], authors showed

that optimal policies obtained from finite-model approximations to infinite-horizon dis-

counted cost controlled Markov processes with Borel state and action spaces asymptoti-

cally achieve the optimal cost for the original problem under weak Feller property. Hence,

the weak Feller property of filter process suggests that approximation results in [92, 93],

which only require weak continuity conditions on the transition probability of a given con-

trolled Markov model, are particularly suitable in developing approximation methods for
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partially observed models (through their reduction to fully observed models).

For control-free setups, the weak Feller property of the filter processes leads to the

existence of invariant probability measures when the hidden Markov processes take their

values in compact spaces or more general spaces under appropriate tightness/regularity

conditions [71, 23].

For the empirical consistency and convergence results involving the very popular par-

ticle filtering algorithms, weak Feller property of the filter processes is a commonly im-

posed, implicit, assumption (see e.g. [27, 26]). Finally, for the study of ergodicity and

asymptotic stability of nonlinear filters, weak Feller property also plays an important role

(see [100, 12, 23]).

4.4 Main Results and Connections with the Literature

4.4.1 Statement of Main Results

In this section, we show the weak Feller property of the filter process under two different

set of assumptions.

Assumption 4.4.1.

(i) The transition probability T (·|x, u) is weakly continuous in (x, u), i.e., for any (xn, un)→

(x, u), T (·|xn, un)→ T (·|x, u) weakly.

(ii) The observation channelQ(·|x, u) is continuous in total variation, i.e., for any (xn, un)→

(x, u), Q(·|xn, un)→ Q(·|x, u) in total variation.

Assumption 4.4.2.
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(i) The transition probability T (·|x, u) is continuous in total variation in (x, u), i.e., for

any (xn, un)→ (x, u), T (·|xn, un)→ T (·|x, u) in total variation.

(ii) The observation channel Q(·|x) is independent of the control variable.

We now formally state the main results of this section.

Theorem 4.4.1 (Feinberg et. al. [42]). Under Assumption 4.4.1, the transition probability

η(·|z, u) of the filter process is weakly continuous in (z, u).

Theorem 4.4.2. Under Assumption 4.4.2, the transition probability η(·|z, u) of the filter

process is weakly continuous in (z, u).

Theorem 4.4.1 is originally due to Feinberg et. al. [42]. The contribution of us is that

the proof presented here is more direct and significantly more concise. Theorem 4.4.2

establishes that under Assumption 4.4.2 (with no assumptions on the measurement model),

the filter process is weakly continuous. This result has not been previously reported in the

literature.

In addition these weak continuity results, we also present the following result which

establishes the Lipschitz continuity of η under the ρBL metric. This result will be useful for

Chapter 5.

Theorem 4.4.3. Assume that

‖T (·|x, u)− T (·|x′, u)‖TV ≤ αX|x− x′|

for some αX < ∞ for all u ∈ U. Assume also that the observation channel Q(·|x) is
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independent of the control variable. We have

ρBL (η(·|z, u), η(·|z′, u)) ≤ 5(1 + αX)ρBL(z, z′)

where ρBL is the bounded Lipschitz metric that metrizes the weak convergence topology,

which is defined for µ, ν ∈ P(X) as

ρBL(µ, ν) := sup
‖f‖BL≤1

∣∣∣∣∫ fdµ−
∫
fdν

∣∣∣∣
where ‖f‖BL = ‖f‖∞ + supx 6=y

|f(x)−f(y)|
d(x,y)

and ‖f‖∞ = supx∈X |f(x)|.

The proofs of these results are presented in Section 4.4.4.

4.4.2 Examples

In this section, we give concrete examples for the system and observation channel models

which satisfy Assumption 4.4.1 or Assumption 4.4.2. Suppose that the system dynamics

and the observation channel are represented as follows:

Xt+1 = H(Xt, Ut,Wt),

Yt = G(Xt, Ut−1, Vt),

where Wt and Vt are i.i.d. noise processes. This is, without loss of generality, always the

case; that is, one can transform the dynamics of any partially observed model into this form

(see Lemma 1.2 in [43], or Lemma 3.1 of [17]).

(i) Suppose thatH(x, u, w) is a continuous function in x and u. Then, the corresponding

transition kernel is weakly continuous. To see this, observe that, for any c ∈ Cb(X),
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we have

∫
c(x1)T (dx1|xn0 , un0 ) =

∫
c(H(xn0 , u

n
0 , w0))µ(dw0)

→
∫
c(H(x0, u0, w0))µ(dw0) =

∫
c(x1)T (dx1|x0, u0),

where we use µ to denote the probability model of the noise.

(ii) Suppose thatG(x, u, v) = g(x, u)+v, where g is a continuous function and Vt admits

a continuous density function ϕ with respect to some reference measure ν. Then, the

channel is continuous in total variation. Notice that under this setup, we can write

Q(dy|x, u) = ϕ(y−h(x, u))ν(dy). Hence, the density of Q(dy|xn, un) converges to

the density of Q(dy|x, u) pointwise, and so, Q(dy|xn, un) converges to Q(dy|x, u)

in total variation by Scheffé’s Lemma [13, Theorem 16.12]. Hence, Q(dy|x, u) is

continuous in total variation under these conditions.

(iii) Suppose that we have H(x, u, w) = h(x, u) + w, where f is continuous and Wt ad-

mits a continuous density function ϕwith respect to some reference measure ν. Then,

the transition probability is continuous in total variation. Again, notice that with this

setup we have T (dx1|x0, u0) = ϕ(x1 − h(x0, u0))ν(dx1). Thus, continuity of ϕ and

h guarantees the pointwise convergence of the densities, so we can conclude that the

transition probability is continuous in total variation by again Scheffé’s Lemma.

The analysis in this section will provide weak Feller results for a large class of partially

observed control systems as reviewed in the aforementioned examples. In particular, if the

state dynamics are affected by an additive noise process which admits a continuous density,

we can guarantee weak Feller property of the filter process by means of Theorem 4.4.2

without referring to the noise model of the observation channel.
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4.4.3 Comparison with the Prior Results

Weak Feller property of the control-free transition probability of the filter processes has

been established using different approaches and different conditions. In [12] it has been

shown that, for continuous-time filter processes, if the signal process (state process of the

partially observed model) is weak Feller and the measurement channel is an additive chan-

nel in the form Yt =
∫ t

0
h(Xu)du + Vt, where h is assumed to be continuous and possibly

unbounded and Vt is a standard Wiener process, then the filter process itself is also weak

Feller. In [23], the authors study the discrete-time filter processes, where the state process

noise may not be independent of the observation process noise; it has been shown that if

the observation model is additive in the form Yt = h(Xt) + Vt, where h is assumed to be

continuous and Vt is an i.i.d. noise process which admits a continuous and bounded den-

sity function, then the observation and filter processes (Yt, Zt) are jointly weak Feller. In

[100], the weak Feller property of the filter process has been shown for both discrete and

continuous time setups when the channel is additive, Yt = h(Xt) + Vt, where h is bounded

and continuous and Vt is an i.i.d. noise process with a continuous, bounded and positive

density function.

[27, 26] have studied the consistency of the particle filter methods where the weak Feller

property of the filter process has been used to establish the convergence results. In [27], it

has been shown that the filter process is weak Feller under the assumption that the transition

probability of the partially observed system is weak Feller and the measurement channel is

an additive channel in the form Yt = h(Xt) + Vt, where h is assumed to be continuous and

Vt is an i.i.d. noise process, which admits a continuous and bounded density function with

respect to the Lebesgue measure. In [26], the weak Feller property of the filter process has

been established under the assumption that the measurement channel admits a continuous
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and bounded density function with respect to the Lebesgue measure; i.e., the channel can

be written in the following form: Q(y ∈ A|x) =
∫
A
g(x, y)dy for anyA ∈ B(Y) and for

any x ∈ X, where g is a continuous and bounded function.

Weak Feller property of the controlled transition probability of the filter processes has

been established, in the most general case to date, by Feinberg et.al. [42]. Under the as-

sumption that the measurement channel is continuous in total variation and the transition

kernel of the partially observed model is weak Feller, the authors have established the weak

Feller property of the transition probability of the filter process. In Section 4.4.5, we will

give a detailed discussion on the methods used by Feinberg et.al. [42], and also, we will

compare their approach with ours.

As reviewed above, the prior literature often used the additive channel model Yt =

h(Xt, Ut−1)+Vt with various regularity assumptions on h and the noise model Vt. When the

observation channel is additive Yt = h(Xt, Ut−1)+Vt, where h is continuous and Vt admits

a continuous density function with respect to some measure µ, one can show that the chan-

nel also admits a continuous density function, i.e., Q(y ∈ A|x, u) =
∫
A
g(x, u, y)µ(dy)

for any A ∈ B(Y) and for any (x, u) ∈ X × U. When the observation channel has

a continuous density function, the pointwise convergence of the density functions im-

plies the total variation convergence by Scheffé’s Lemma [13, Theorem 16.12]. Thus,

g(xk, uk, y)→ g(x, u, k) for some (xk, uk)→ (x, u) implies that Q(·|xk, uk)→ Q(·|x, u)

in total variation, i.e., the observation channel is continuous in total variation.

In the following, we develop a relationship between the total variation continuity of the

channel (as required by [42] and in our Theorem 4.4.1) and the more restrictive density

conditions on the measurement channels presented in the prior works [12, 23, 26, 27].

In the theorem below, we show that having a continuous density is almost equivalent to
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the condition that the observation channel is continuous in total variation. To our knowl-

edge, it is the first result in the literature making the connection between channels which

are continuous in total variation and channels which admit a density function.

Theorem 4.4.4. Suppose that the observation channel Q(dy|x, u) is continuous in total

variation. Then, for any (z, u) ∈ Z × U, we have, T (·|z, u)-a.s., that Q(dy|x, u) �

P (dy|u, z) and

Q(dy|x, u) = g(x, u, y)P (dy|z, u)

for a measurable function g, which satisfies for any A ∈ B(Y) and for any xk → x

∫
A

|g(xk, u, y)− g(x, u, y)|P (dy|z, u)→ 0.

Proof. Fix any (z, u). We first show that Q(dy|x, u) � P (dy|z, u), T (·|z, u)-a.s.. Note

that Q(dy|x, u) � P (dy|z, u) if and only if, for all ε > 0, there exits δ > 0 such that

Q(A|x, u) < ε whenever P (A|z, u) < δ. For each n ≥ 1, let Kn ⊂ X be compact such

that T (Kn|z, u) > 1− /3n. As Q(dy|x, u) is continuous in total variation norm, the image

ofKn×{u} underQ(dy|x, u) is compact inP(Y). Hence, there exist {ν1, . . . , νl} ⊂ P(Y)

such that

max
x∈Kn

min
i=1,...,l

‖Q(·|x, u)− νi‖TV < 1/3n.

Define the following stochastic kernel νn(·|x, u) = arg minνi ‖Q(·|x, u)−νi‖TV . Then, we

define Pn(·|z, u) =
∫
X
νn(·|x, u)T (dx|z, u). One can prove that ‖P (·|z, u)−Pn(·|z, u)‖TV <

1/n. Moreover, since Pn(·|z, u) is a mixture of finite probability measures {ν1, . . . , νl}, we
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have that νn(·|x, u) � Pn(·|z, u) for all x ∈ Cn, where T (Cn|z, u) = 1. Let C =
⋂
nCn,

and so, T (C|z, u) = 1. We claim that if x ∈ C, then Q(dy|x, u) � P (dy|z, u), which

completes the proof of the first statement. To prove the claim, fix any ε > 0 and choose

n ≥ 1 such that ε > 2/3n. Then, there exists δ > 0 such that νn(A|x, u) < ε/2 whenever

Pn(A|z, u) < δ. This implies that Q(A|x, u) < ε whenever P (A|z, u) < δ + 1/n. Hence,

Q(dy|x, u)� P (dy|z, u).

To show the second claim, for any A ∈ B(Y) and for any xk → x , we define

A
(k)
+ := {y ∈ A : g(xk, u, y) > g(x, u, y)},

A
(k)
− := {y ∈ A : g(xk, u, y) < g(x, u, y)}.

With these sets, we have

∫
A

|g(xk, u, y)− g(x, u, y)|P (dy|z, u)

=

∫
A

(k)
+

g(xk, u, y)P (dy|z, u)−
∫
A

(k)
+

g(x, u, y)P (dy|z, u)

+

∫
A

(k)
−

g(x, u, y)P (dy|z, u)−
∫
A

(k)
−

g(xk, u, y)P (dy|z, u)

≤ |Q(A
(k)
+ |xk, u)−Q(A

(k)
+ |x, u)|+ |Q(A

(k)
− |xk, u)−Q(A

(k)
− |x, u)|

≤ 2‖Q(·|xk, u)−Q(·|x, u)‖TV → 0.

We again emphasize that weak Feller property of the filter process under Assump-

tion 4.4.1 has been first established by [42] using different method compared to ours. Our
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method is significantly more concise and direct. It is also important to note that Assump-

tion 4.4.2 completely eliminates any restriction on the observation channel to establish the

weak Feller property of filter process. This relaxation is quite important in practice since

modelling the noise on the observation channel in control problems is quite cumbersome,

and in general, infeasible. But, in many problems that arise in practice, the transition prob-

ability has a continuous density with respect to some reference measure, which directly

implies, via Scheffé’s Lemma, the total variation continuity of the transition probability.

We also note that the weak Feller property under only Assumption 4.4.2-(i) cannot be es-

tablished. Indeed, Example 4.1 of [42] shows that the total variation continuity assumption

on the observation channel cannot be relaxed even when the transition kernel is continuous

in total variation to prove weak Feller property of the filter process under a controlled obser-

vation channel model: A careful look at the counterexample shows that it indeed uses the

discontinuity of the observation channel in the control action to prove that the filter process

cannot be weak Feller when the observation channel is not continuous in total variation and

the transition kernel is continuous in total variation.

4.4.4 Proofs

The following result will play a key role for the proofs of main results.

Lemma 4.4.1. LetX be a Borel space. Suppose that we have a family of uniformly bounded

real Borel measurable functions {fn,λ}n≥1,λ∈Λ and {fλ}λ∈Λ, for some set Λ. If, for any

xn → x in X, we have

lim
n→∞

sup
λ∈Λ
|fn,λ(xn)− fλ(x)| = 0 (4.7)
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lim
n→∞

sup
λ∈Λ
|fλ(xn)− fλ(x)| = 0, (4.8)

then, for any µn → µ weakly in P(X), we have

lim
n→∞

sup
λ∈Λ

∣∣∣∣ ∫
X

fn,λ(x)µn(dx)−
∫
X

fλ(x)µ(dx)

∣∣∣∣ = 0.

Proof. Note that since, for any xn → x in X, we have

lim
n→∞

sup
λ∈Λ
|fλ(xn)− fλ(x)| = 0, (4.9)

we see that {fλ}λ∈Λ is an equicontinuous family of functions. Thus, by the Arzela-Ascoli

Theorem [31], for any given compact set K ⊂ X and ε > 0, there is a finite set of con-

tinuous and bounded functions F := {f1, . . . , fN}, so that, for any λ ∈ Λ, there is fi ∈ F

with

sup
x∈K
|fλ(x)− fi(x)| ≤ ε.

Now, we claim that, for the same fi ∈ F, we have supx∈K |fn,λ(x) − fi(x)| ≤ 3ε/2 for

large enough n, which is independent of λ. To see this, observe the following:

sup
x∈K
|fn,λ(x)− fi(x)| ≤ sup

x∈K
|fn,λ(x)− fλ(x)|+ sup

x∈K
|fλ(x)− fi(x)|.

Note that the second term is less than ε and the first term can be made arbitrarily small

as fn,λ → fλ uniformly on compact sets and on Λ, which can be easily proved using the

assumptions in the lemma.

Note that µn → µ weakly. Hence, {µn} is a tight family of probability measures by

Prokhorov theorem [14, Theorem 5.2]. Therefore, for any ε > 0, there exists a compact
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subset Kε of X such that, for all n,

µn(Kε) ≥ 1− ε.

Now, we fix any ε > 0 and choose a compact setKε such that, for all n, µn(Kε) ≥ 1−ε.

We also fix a finite family of continuous and bounded functions F := {f1, . . . , fN} such

that, for any λ, we can find fi ∈ F with supx∈Kε |fλ(x)− fi(x)| ≤ ε. Moreover, we choose

a large N such that supx∈Kε |fn,γ(x)− fi(x)| ≤ 3ε/2 for all n ≥ N .

With this setup, we go back to the main statement:

sup
λ∈Λ

∣∣∣∣ ∫ fn,λ(x)µn(dx)−
∫
fλ(x)µ(dx)

∣∣∣∣
≤ sup

λ∈Λ

∣∣∣∣ ∫
X\Kε

fn,λ(x)µn(dx)−
∫
X\Kε

fλ(x)µ(dx)

∣∣∣∣
+ sup

λ∈Λ

∣∣∣∣ ∫
Kε

fn,λ(x)µn(dx)−
∫
Kε

fλ(x)µ(dx)

∣∣∣∣
≤ 2εC + sup

λ∈Λ

∣∣∣∣ ∫
Kε

(
fn,λ(x)− fi(x)

)
µn(dx) +

∫
Kε

fi(x)µn(dx)−
∫
Kε

fi(x)µ(dx)

+

∫
Kε

(
fi(x)− fλ(x)

)
µ(dx)

∣∣∣∣
≤ 2εC +

∣∣∣∣ ∫
Kε

fi(x)µn(dx)−
∫
Kε

fi(x)µ(dx)

∣∣∣∣+ 5ε/2

≤ 2εC +

∣∣∣∣ ∫
X

fi(x)µn(dx)−
∫
X

fi(x)µ(dx)

∣∣∣∣
+

∣∣∣∣ ∫
Kc
ε

fi(x)µ(dx)−
∫
Kc
ε

fi(x)µn(dx)

∣∣∣∣+ 5ε/2

≤ 4εC + 5ε/2 +

∣∣∣∣ ∫
X

fi(x)µn(dx)−
∫
X

fi(x)µ(dx)

∣∣∣∣
where C is the uniform bound on {fn,λ} and {fλ}. Since ε is arbitrary and µn converges
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weakly to µ, the result follows.

In Theorem 4.4.1 and Theorem 4.4.2, we need to show that, for every (zn0 , un)→ (z0, u)

in Z×U, we have

sup
‖f‖BL≤1

∣∣∣∣ ∫
Z

f(z1)η(dz1|zn0 , un)−
∫
Z

f(z1)η(dz1|z0, u)

∣∣∣∣→ 0,

where we equip Z with the metric ρ to define bounded-Lipschitz norm ‖f‖BL of any Borel

measurable function f : Z→ R. We can equivalently write this as

sup
‖f‖BL≤1

∣∣∣∣ ∫
Y

f(z1(zn0 , un, y1))P (dy1|zn0 , un)−
∫
Y

f(z1(z0, u, y1))P (dy1|z0, u)

∣∣∣∣→ 0.

(4.10)

The term in equation (4.10) can be upper bounded as follows:

sup
‖f‖BL≤1

∣∣∣∣ ∫
Y

f(z1(zn0 , un, y1))P (dy1|zn0 , un)−
∫
Y

f(z1(z0, u, y1))P (dy1|z0, u)

∣∣∣∣
≤ sup
‖f‖BL≤1

∣∣∣∣ ∫
Y

f(z1(zn0 , un, y1))P (dy1|zn0 , un)−
∫
Y

f(z1(zn0 , un, y1))P (dy1|z0, u)

∣∣∣∣
+ sup
‖f‖BL≤1

∫
Y

∣∣f(z1(zn0 , un, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u)

≤ ‖P (·|zn0 , un)− P (·|z0, u)‖TV

+ sup
‖f‖BL≤1

∫
Y

∣∣f(z1(zn0 , un, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u), (4.11)

where, in the last inequality, we have used ‖f‖∞ ≤ ‖f‖BL ≤ 1. To prove that (4.11) (and

so (4.10)) goes to 0, it is sufficient to establish the following results:

(i) P (dy1|z0, u0) is continuous in total variation,



4.4. MAIN RESULTS AND CONNECTIONS WITH THE LITERATURE 141

(ii) limn→∞
∫
Y
ρ(z1(zn0 , un, y1), z1(z0, u, y1))P (dy1|z0, u) = 0 as (zn0 , un)→ (z0, u).

Indeed, suppose that (i) and (ii) hold. Then, the first term in (4.11) goes to 0 as P (·|z0, u)

is continuous in total variation. For the second term in (4.11), we have

sup
‖f‖BL≤1

∫
Y

∣∣f(z1(zn0 , un, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u)

≤
∫
Y

ρ(z1(zn0 , un, y1), z1(z0, u, y1))P (dy1|z0, u)

→ 0 as n→∞ (by (ii)).

Therefore, to complete the proof of Theorem 4.4.1 and Theorem 4.4.2, we will prove (i)

and (ii).

Proof of Theorem 4.4.1

We first prove (i); that is, P (dy1|z0, u) is continuous in total variation. To this end, let

(zn0 , un)→ (z0, u). Then, we write

sup
A∈B(Y)

∣∣P (A|zn0 , un)− P (A|z0, u)
∣∣

= sup
A∈B(Y)

∣∣∣∣ ∫
X

Q(A|x1, un)T (dx1|zn0 , un)−
∫
X

Q(A|x1, u)T (dx1|z0, u)

∣∣∣∣,
where T (dx1|zn0 , un) : − =

∫
X
T (dx1|x0, un)zn0 (dx0). Note that, by Lemma 4.4.1, we can

show that T (dx1|zn0 , un) → T (dx1|z0, u) weakly. Indeed, if g ∈ Cb(X), then we define

rn(x0) =
∫
X
g(x1)T (dx1|x0, un) and r(x0) =

∫
X
g(x1)T (dx1|x0, u). Since T (dx1|x0, u)

is weakly continuous, we have rn(xn0 ) → r(x0) when xn0 → x0. Hence, by Lemma 4.4.1,
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we have

lim
n→∞

∣∣∣∣∫
X

rn(x0)zn0 (dx0)−
∫
X

r(x0)z0(dx0)

∣∣∣∣ = 0.

Hence, T (dx1|zn0 , un)→ T (dx1|z0, u) weakly. Moreover, the families of functions {Q(A| · , un)}n≥1,A∈B(Y)

and {Q(A| · , u)}A∈B(Y) satisfy the conditions of Lemma 4.4.1 as Q is continuous in total

variation distance. Therefore, Lemma 4.4.1 yields that

lim
n→∞

sup
A∈B(Y)

∣∣∣∣ ∫
X

Q(A|x1, un)T (dx1|zn0 , un)−
∫
X

Q(A|x1, u)T (dx1|z0, u)

∣∣∣∣ = 0.

Thus, P (dy1|z0, u) is continuous in total variation.

To prove (ii), we write

∫
Y

ρ(z1(zn0 , un, y1), z1(z0, u, y1))P (dy1|z0, u)

=

∫
Y

∞∑
m=1

2−m+1

∣∣∣∣ ∫
X

fm(x1)z1(zn0 , un, y1)(dx1)

−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u)

=
∞∑
m=1

2−m+1

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(zn0 , un, y1)(dx1)

−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u),

where we have used Fubini’s theorem with the fact that supm ‖fm‖∞ ≤ 1. For each m, let

us define

I
(n)
+ :=

{
y1 ∈ Y :

∫
X

fm(x1)z1(zn0 , un, y1)(dx1) >

∫
X

fm(x1)z1(z0, u, y1)(dx1)

}
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I
(n)
− :=

{
y1 ∈ Y :

∫
X

fm(x1)z1(zn0 , un, y1)(dx1) ≤
∫
X

fm(x1)z1(z0, u, y1)(dx1)

}
.

(4.12)

Then, we can write

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(zn0 , un, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u)

=

∫
I
(n)
+

(∫
X

fm(x1)z1(zn0 , un, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

)
P (dy1|z0, u)

+

∫
I
(n)
−

(∫
X

fm(x1)z1(z0, u, y1)(dx1)−
∫
X

fm(x1)z1(zn0 , un, y1)(dx1)

)
P (dy1|z0, u).

In the sequel, we only consider the term with the set I(n)
+ . The analysis for the other one

follows from the same steps. We have

∫
I
(n)
+

(∫
X

fm(x1)z1(zn0 , un, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

)
P (dy1|z0, u)

≤
∫
I
(n)
+

∫
X

fm(x1)z1(zn0 , un, y1)(dx1)P (dy1|z0, u)

−
∫
I
(n)
+

∫
X

fm(x1)z1(zn0 , un, y1)(dx1)P (dy1|zn0 , un)

+

∫
I
(n)
+

∫
X

fm(x1)z1(zn0 , un, y1)(dx1)P (dy1|zn0 , un)

−
∫
I
(n)
+

∫
X

fm(x1)z1(z0, u, y1)(dx1)P (dy1|z0, u)

≤ ‖P (dy1|z0, u)− P (dy1|zn0 , un)‖TV

+

∫
X

∫
I
(n)
+

fm(x1)Q(dy1|x1, un)T (dx1|zn0 , un)

−
∫
X

∫
I
(n)
+

fm(x1)Q(dy1|x1, u)T (dx1|z0, u),
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where we have used ‖fm‖∞ ≤ 1 in the last inequality. The first term above goes to 0 since

P (dy1|z0, u) is continuous in total variation. For the second term, we use Lemma 4.4.1. In-

deed, families of functions {fm(·)Q(A| · , un) : n ≥ 1, A ∈ B(Y)} and {fm(·)Q(A| · , u) :

A ∈ B(Y)} satisfy the conditions in Lemma 4.4.1 as Q is continuous in total varia-

tion. Hence, the second term converges to 0 by Lemma 4.4.1 since T (dx1|zn0 , un) →

T (dx1|z0, u) weakly. Hence, for each m, we have

lim
n→∞

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(zn0 , un, y1)(dx1)

−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u) = 0.

By the dominated convergence theorem, we then have

lim
n→∞

∫
Y

ρ(z1(zn0 , un, y1), z1(z0, u, y1))P (dy1|z0, u)

≤
∞∑
m=1

2−m+1 lim
n→∞

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(zn0 , un, y1)(dx1)

−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u) = 0.

This establishes (ii), which completes the proof together with (i).

Proof of Theorem 4.4.2

We first show (i); that is, P (dy1|z0, u0) is continuous total variation. Let (zn0 , un)→ (z0, u).

Then, we have

sup
A∈B(Y)

|P (A|zn0 , un)− P (A|z0, u)|
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= sup
A∈B(Y)

∣∣∣∣ ∫
X

∫
X

Q(A|x1)T (dx1|x0, un)zn0 (dx0)

−
∫
X

∫
X

Q(A|x1)T (dx1|x0, u)z0(dx0)

∣∣∣∣.
For each A ∈ B(Y) and n ≥ 1, we define

fn,A(x0) =

∫
X

Q(A|x1)T (dx1|x0, un)

and

fA(x0) =

∫
X

Q(A|x1)T (dx1|x0, u).

Then, for all xn0 → x0, we have

lim
n→∞

sup
A∈B(Y)

|fn,A(xn0 )− fA(x0)|

= lim
n→∞

sup
A∈B(Y)

∣∣∣∣ ∫
X

Q(A|x1)T (dx1|xn0 , un)−
∫
X

Q(A|x1)T (dx1|x0, u)

∣∣∣∣
≤ lim

n→∞
‖T (dx1|xn0 , un)− T (dx1|x0, u)‖TV = 0

and

lim
n→∞

sup
A∈B(Y)

|fA(xn0 )− fA(x0)|

= lim
n→∞

sup
A∈B(Y)

∣∣∣∣ ∫
X

Q(A|x1)T (dx1|xn0 , u)−
∫
X

Q(A|x1)T (dx1|x0, u)

∣∣∣∣
≤ lim

n→∞
‖T (dx1|xn0 , u)− T (dx1|x0, u)‖TV = 0.
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Then, by Lemma 4.4.1, we have

lim
n→∞

sup
A∈B(Y)

∣∣∣∣ ∫
X

fn,A(x0)zn0 (dx0)−
∫
X

fA(x0)z0(dx0)

∣∣∣∣
= lim

n→∞
sup

A∈B(Y)

∣∣∣∣ ∫
X

∫
X

Q(A|x1)T (dx1|x0, un)zn0 (dx0)

−
∫
X

∫
X

Q(A|x1)T (dx1|x0, u)z0(dx0)

∣∣∣∣
= 0.

Hence, P (dy1|z0, u0) is continuous in total variation.

Now, we show (ii); that is, for any (zn0 , un)→ (z0, u), we have

lim
n→∞

∫
Y

ρ(z1(zn0 , un, y1), z1(z0, u, y1))P (dy1|z0, u) = 0.

From the proof of Theorem 4.4.1, it suffices to show that

lim
n→∞

∫
X

∫
I
(n)
+

fm(x1)Q(dy1|x1)T (dx1|zn0 , un)

−
∫
X

∫
I
(n)
+

fm(x1)Q(dy1|x1)T (dx1|z0, u) = 0. (4.13)

Indeed, we have

∣∣∣∣∫
X

∫
I
(n)
+

fm(x1)Q(dy1|x1)T (dx1|zn0 , un)−
∫
X

∫
I
(n)
+

fm(x1)Q(dy1|x1)T (dx1|z0, u)

∣∣∣∣
≤
∣∣∣∣∫
X2

fm(x1)Q(I
(n)
+ |x1)T (dx1|x0, un)zn0 (dx0)

−
∫
X2

fm(x1)Q(I
(n)
+ |x1)T (dx1|x0, u)zn0 (dx0)

∣∣∣∣
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+

∣∣∣∣∫
X2

fm(x1)Q(I
(n)
+ |x1)T (dx1|x0, u)zn0 (dx0)

−
∫
X2

fm(x1)Q(I
(n)
+ |x1)T (dx1|x0, u)z0(dx0)

∣∣∣∣
≤
∫
X

‖T (dx1|x0, un)− T (dx1|x0, u)‖TV zn0 (dx0)

+

∣∣∣∣∫
X2

fm(x1)Q(I
(n)
+ |x1)T (dx1|x0, u)zn0 (dx0)

−
∫
X2

fm(x1)Q(I
(n)
+ |x1)T (dx1|x0, u)z0(dx0)

∣∣∣∣,
where we have used supn≥1 supx1∈X

∣∣fm(x1)Q(I
(n)
+ |x1)

∣∣ ≤ 1 in the last inequality. If we

define rn(x0) = ‖T (dx1|x0, un)−T (dx1|x0, u)‖TV , then rn(xn0 )→ 0 whenever xn0 → x0.

Then, the first term converges to 0 by Lemma 4.4.1 as zn0 → z0 weakly. The second term

also converges to 0 by Lemma 4.4.1, since {
∫
X
f(x1)Q(I

(n)
+ |x1)T (dx1|·, u) : n ≥ 1} is a

family of uniformly bounded and equicontinuous functions by total variation continuity of

T (dx1|x0, u). This proves (ii) and completes the proof together with (i).

Proof of Theorem 4.4.3

Let S be a separable metric space. Another metric that metrizes the weak topology on P(S)

is the following:

ρ(µ, ν) =
∞∑
m=1

2−(m+1)

∣∣∣∣ ∫
S

fm(x)µ(dx)−
∫
S

fm(x)ν(dx)

∣∣∣∣,
where {fm}m≥1 is an appropriate sequence of continuous and bounded functions such that

‖fm‖∞ ≤ 1 for all m ≥ 1 (see [82, Theorem 6.6, p. 47]).

We equip Z with the metric ρ to define bounded-Lipschitz norm ‖f‖BL of any Borel
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measurable function f : Z→ R. With this metric, we can start the proof:

sup
‖f‖BL≤1

∣∣∣∣ ∫
Z

f(z1)η(dz1|z′0, u)−
∫
Z

f(z1)η(dz1|z0, u)

∣∣∣∣
= sup
‖f‖BL≤1

∣∣∣∣ ∫
Y

f(z1(z′0, u, y1))P (dy1|z′0, u)−
∫
Y

f(z1(z0, u, y1))P (dy1|z0, u)

∣∣∣∣
≤ sup
‖f‖BL≤1

∣∣∣∣ ∫
Y

f(z1(z′0, u, y1))P (dy1|z′0, u)−
∫
Y

f(z1(z′0, u, y1))P (dy1|z0, u)

∣∣∣∣
+ sup
‖f‖BL≤1

∫
Y

∣∣f(z1(z′0, u, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u)

≤ ‖P (·|z′0, u)− P (·|z0, u)‖TV (4.14)

+ sup
‖f‖BL≤1

∫
Y

∣∣f(z1(z′0, u, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u) (4.15)

where, in the last inequality, we have used ‖f‖∞ ≤ ‖f‖BL ≤ 1.

We first anayze the first term:

‖P (·|z′0, u)− P (·|z0, u)‖TV = sup
A∈B(Y)

|P (A|z′0, u)− P (A|z0, u)|

= sup
A∈B(Y)

∣∣∣∣ ∫
X

∫
X

Q(A|x1)T (dx1|x0, u)z′0(dx0)

−
∫
X

∫
X

Q(A|x1)T (dx1|x0, u)z0(dx0)

∣∣∣∣.
For each A ∈ B(Y) we define

fA(x0) =

∫
X

Q(A|x1)T (dx1|x0, u).

Then, for all x′0, x0 and for any A ∈ B(Y), we have

|fA(x′0)− fA(x0)| =
∣∣∣∣∫
X

Q(A|x1)T (dx1|x′0, u)−
∫
X

Q(A|x1)T (dx1|x0, u)

∣∣∣∣
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≤ ‖T (·|x′0, u)− T (·|x0, u)‖TV ≤ αX|x′0 − x0|.

Hence, we have that ‖fA‖|BL ≤ 1 + αX. Then, we can write

‖P (·|z′0, u)− P (·|z0, u)‖TV ≤ sup
A∈B(Y)

∣∣∣∣∫ fA(x0)z′0(dx0)−
∫
fA(x0)z0(dx0)

∣∣∣∣
≤ (1 + αX)ρBL(z′0, z0).

Now we focus on term (4.15):

sup
‖f‖BL≤1

∫
Y

∣∣f(z1(z′0, u, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u)

≤
∫
Y

ρ(z1(z′0, u, y1), z1(z0, u, y1))P (dy1|z0, u)

=

∫
Y

∞∑
m=1

2−m+1

∣∣∣∣ ∫
X

fm(x1)z1(z′0, u, y1)(dx1)

−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u)

=
∞∑
m=1

2−m+1

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(z′0, u, y1)(dx1)

−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u),

where we have used Fubini’s theorem with the fact that supm ‖fm‖∞ ≤ 1. For each m, let

us define

I+ :=

{
y1 ∈ Y :

∫
X

fm(x1)z1(z′0, u, y1)(dx1) >

∫
X

fm(x1)z1(z0, u, y1)(dx1)

}
I− :=

{
y1 ∈ Y :

∫
X

fm(x1)z1(z′0, u, y1)(dx1) ≤
∫
X

fm(x1)z1(z0, u, y1)(dx1)

}
. (4.16)
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Then, we can write

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(z′0, u, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u)

=

∫
I+

(∫
X

fm(x1)z1(z′0, u, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

)
P (dy1|z0, u)

+

∫
I−

(∫
X

fm(x1)z1(z0, u, y1)(dx1)−
∫
X

fm(x1)z1(z′0, u, y1)(dx1)

)
P (dy1|z0, u).

In the sequel, we only consider the term with the set I+. The analysis for the other one

follows from the same steps. We have

∫
I+

(∫
X

fm(x1)z1(z′0, u, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

)
P (dy1|z0, u)

≤
∫
I+

∫
X

fm(x1)z1(z′0, u, y1)(dx1)P (dy1|z0, u)

−
∫
I+

∫
X

fm(x1)z1(z′0, u, y1)(dx1)P (dy1|z′0, u)

+

∫
I+

∫
X

fm(x1)z1(z′0, u, y1)(dx1)P (dy1|z′0, u)

−
∫
I+

∫
X

fm(x1)z1(z0, u, y1)(dx1)P (dy1|z0, u)

≤ ‖P (dy1|z0, u)− P (dy1|z′0, u)‖TV

+

∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|z′0, u)−
∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|z0, u)

≤ (1 + αX)ρBL(z′0, z0)

+

∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|z′0, u)−
∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|z0, u).

where we have used ‖fm‖∞ ≤ 1 in the last inequality. For the last term, we write

∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|z′0, u)−
∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|z0, u)
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=

∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|x0, u)z′0(dx0)−
∫
X

∫
I+

fm(x1)Q(dy1|x1)T (dx1|x0, u)z0(dx0)

≤ (1 + αX)ρBL(z′0, z0).

For the last step, we use the fact, for g(x0) :=
∫
I+
fm(x1)Q(dy1|x1)T (dx1|x0, u), ‖g‖BL ≤

1 + αX. Indeed, ‖g‖∞ ≤ 1 and for any x0, x
′
0,

∫
I+

fm(x1)Q(dy1|x1)T (dx1|x′0, u)−
∫
I+

fm(x1)Q(dy1|x1)T (dx1|x0, u)

≤ ‖T (·|x′0, u)− T (·|x′0, u)‖TV ≤ αX|x′0 − x0|.

Notice that, the same steps can be used for I− to get the same bound. Hence, we can write

that

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(z′0, u, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u)

=

∫
I+

(∫
X

fm(x1)z1(z′0, u, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

)
P (dy1|z0, u)

+

∫
I−

(∫
X

fm(x1)z1(z0, u, y1)(dx1)−
∫
X

fm(x1)z1(z′0, u, y1)(dx1)

)
P (dy1|z0, u)

≤ 4(1 + αX)ρBL(z′0, z0)

Now we go back to the term (4.15):

sup
‖f‖BL≤1

∫
Y

∣∣f(z1(z′0, u, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u)

≤
∫
Y

ρ(z1(z′0, u, y1), z1(z0, u, y1))P (dy1|z0, u)

=

∫
Y

∞∑
m=1

2−m+1

∣∣∣∣ ∫
X

fm(x1)z1(z′0, u, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u)
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=
∞∑
m=1

2−m+1

∫
Y

∣∣∣∣ ∫
X

fm(x1)z1(z′0, u, y1)(dx1)−
∫
X

fm(x1)z1(z0, u, y1)(dx1)

∣∣∣∣P (dy1|z0, u)

≤ 4(1 + αX)ρBL(z′0, z0).

Thus, combining all the results:

sup
‖f‖BL≤1

∣∣∣∣ ∫
Z

f(z1)η(dz1|z′0, u)−
∫
Z

f(z1)η(dz1|z0, u)

∣∣∣∣
≤ ‖P (·|z′0, u)− P (·|z0, u)‖TV

+ sup
‖f‖BL≤1

∫
Y

∣∣f(z1(z′0, u, y1))− f(z1(z0, u, y1))
∣∣P (dy1|z0, u)

≤ 5(1 + αX)ρBL(z′0, z0).

4.4.5 A Technical Generalization

In this section, we prove the weak Feller property of the filter process under more general

condition than those in Theorem 4.4.1 and Theorem 4.4.2. But, we note that it is indeed

generally infeasible to establish this condition without imposing assumptions similar to the

assumptions in Theorem 4.4.1 and Theorem 4.4.2. Therefore, although this condition is

more general than those in Theorem 4.4.1 and Theorem 4.4.2, this generalization is not

excessively important in practice.

We first note that our proof technique brings to light the main ingredients that is neces-

sary to prove the weak Feller property of the filter process via the item (i) and eq. (4.13);

that is,

• P (dy1|z0, u0) is continuous in total variation,

• lim
n→∞

∫
X

fm(x1)Q(I
(n)
+ |x1)T (dx1|zn0 , un)−

∫
X

fm(x1)Q(I
(n)
+ |x1)T (dx1|z0, u) = 0.
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This observation suggests the following condition that generalize the conditions in our pre-

viously stated main results. Let F = {fm}m≥1 ⊂ Cb(X) be a countable set of continuous

and bounded functions such that ‖fm‖∞ ≤ 1 for all m ≥ 1, 1X ∈ F, and F metrizes the

weak topology on P(X) via the metric ρ introduced in Section 4.2. Then, we state the

following assumption:

(M) For each f ∈ F, the family of functions

(z0, u0) 7→
∫
X

f(x1)Q(A|x1, u0)T (dx1|z0, u0)

is equicontinuous when indexed by A ∈ B(Y).

Using Lemma 4.4.1, it is fairly straightforward to prove that conditions in Theorem 4.4.1

and Theorem 4.4.2 both imply the assumption (M). Hence, assumption (M) is more general

than those in Theorem 4.4.1 and Theorem 4.4.2.

Theorem 4.4.5. Under assumption (M), the transition probability η(·|z, u) of the filter

process is weakly continuous in (z, u).

Proof. Recall that it is sufficient to prove the following:

(i) P (dy1|z0, u0) is continuous in total variation,

(ii) limn→∞
∫
Y
ρ(z1(zn0 , un, y1), z1(z0, u, y1))P (dy1|z0, u) = 0 as (zn0 , un)→ (z0, u).

Firstly, (i) is true since 1X ∈ F. For (ii), it suffices to show that

lim
n→∞

∫
X

fm(x1)Q(I
(n)
+ |x1)T (dx1|zn0 , un)−

∫
X

fm(x1)Q(I
(n)
+ |x1)T (dx1|z0, u) = 0.

But this immediately follows from assumption (M).



4.4. MAIN RESULTS AND CONNECTIONS WITH THE LITERATURE 154

A careful look at the proof of the weak Feller property of the filter process in Feinberg

et. al. [42] reveals that they have first established the weak Feller property under a condition

somewhat similar to the assumption (M), and then, establish Theorem 4.4.1 by proving that

assumptions in Theorem 4.4.1 imply this more general condition. Indeed, let τb = {Oj} ⊂

X be a countable base for the topology on X such that X ∈ τb. Then, under the following

assumption:

(F) For each finite intersection O =
⋂N
n=1Ojn , where Ojn ∈ τb, the family of functions

(z0, u0) 7→
∫
X

∫
X

1O(x1)Q(A|x1, u0)T (dx1|x0, u0)z0(dx0)

is equicontinuous when indexed by A ∈ B(Y),

they have proved that the weak Feller property of the filter process holds (see [42, Lemma

5.3] and [40, Theorem 5.5]). We observe that (F) is very similar to (M) except that, in

(F), Feinberg et. al. use open sets instead of continuous and bounded functions. However,

proving that conditions in Theorem 4.4.1 imply the assumption (F) as in [42] requires quite

tedious mathematical methods. By using open sets instead of continuous and bounded

functions, one needs to work with inequalities and limit infimum operation as a result of

Portmanteau theorem [4, Theorem 2.1] (and the associated proof program involving gener-

alized Fatou’s lemma [39] in place of equalities and limit operation, which are significantly

easier to analyze than the former leading to a much more concise analysis that we have

presented in this section. For instance, [42, Theorem 5.1] is the key result to prove that the

weak Feller condition of the transition probability and the total variation continuity of the

observation channel imply the assumption (F). We note that if one states this result using

continuous and bounded functions in place of open sets, then this version of [42, Theorem
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5.1] becomes a corollary of Lemma 4.4.1, which has a concise and easy to follow proof.

But, the proof of [42, Theorem 5.1] with open sets requires quite tedious mathematical

concepts from topology and weak convergence of probability measures. In view of this

discussion, we also note that Theorem 4.4.2 can also be proved using the condition (F)

rather than our approach building on (M) through some additional argumentation.

In summary, our approach allows for a more direct and concise approach which also

makes the proof of Theorem 4.4.1 more accessible. Once again, we note that Theorem 4.4.2

has not been reported in the literature.

4.5 Conclusion

In this chapter, there are two main contributions: (i) the weak Feller property of the fil-

ter process is established under a new condition, which assumes that the state transition

probability is continuous under the total variation convergence with no assumptions on the

measurement model, and (ii) a concise and easy to follow proof of the same result under

the weak Feller condition of the transition probability and the total variation continuity of

the observation channel, which was first established in [42], is also given. Implications of

these results have also been presented.
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Chapter 5

Approximations in Partially Observed Models Using Finite

Memory

As discussed earlier, partially observed Markov decision processes (POMDPs) offer a prac-

tically rich and relevant, and mathematically challenging model. Even in the most basic

setup of finite state-action models, the analysis and computation of optimal solutions is

complicated. The existence of optimal policies has in general been established via convert-

ing, or reducing, the original partially observed stochastic control problem to a fully ob-

served Markov Decision Problem (MDP) with probability measure valued (belief) states,

leading to a belief-MDP. However, computing an optimal policy for this fully observed

model, and so for the original POMDP, using classical methods (such as dynamic program-

ming, policy iteration, linear programming) is not simple even if the original system has

finite state and action spaces, since the state space of the fully observed (reduced) model is

always uncountable.

For this chapter, we are interested in the infinite horizon discounted cost,

Jβ(µ, T , γ) = ET ,γµ

[
∞∑
t=0

βtc(Xt, Ut)

]
,
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J∗β(µ, T ) = inf
γ∈Γ

Jβ(µ, T , γ).

For partially observed stochastic problems, the optimal policies use all the available

information in general. The question we ask is the following one: suppose that instead

of using all available history, we construct an approximate model using the finite window

information variables

INt = {Y[t−N,t], U[t−N,t−1]}, if t ≥ N,

INt = {Y[0,t], U[0,t−1]}, if 0 < t < N,

I0 = {Y0}, (5.1)

that is we observe the information variables through a window whose length isN . Suppose,

we denote the optimal value function of the approximate model by JNβ and the approximate

policy by γN

Under this setup, we will study the following problem.

Problem Under suitable conditions, can we find explicit bounds on Jβ(µ, T , γN) − J∗β(µ, T )

in terms of N and a constructive approximate solution achieving this bound?

We provide two different approximation schemes for this problem in Section 5.3 and Sec-

tion 5.4. We then give a detailed comparison of two methods in Section 5.5.

5.1 Literature Review

In the MDP theory, various methods have been developed to compute approximately op-

timal policies by reducing the original problem into a simpler one. A partial list of these
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techniques is as follows: approximate dynamic programming, approximate value or pol-

icy iteration, simulation-based techniques, neuro-dynamic programming (or reinforcement

learning), state aggregation, etc. ([33, 11, 25]). ([93]) investigated finite action and state

approximations of fully observed stochastic control problems with general state and action

spaces under the discounted cost and average cost optimality criteria where weak continu-

ity conditions were shown to be sufficient for near optimality of finite state approximations.

For the discounted cost case, the aforementioned studies showed that optimal policies ob-

tained from these models asymptotically achieve the optimal cost for the original problem

under the weak continuity assumption on the controlled transition kernel.

On POMDPs, however, the problem of approximation is significantly more challeng-

ing. Most of the studies in the literature are algorithmic and computational contributions.

These include ([85]) and ([122]) which develop computational algorithms, utilizing struc-

tural convexity/concavity properties of the value function under the discounted cost crite-

rion. ([109]) provides an insightful algorithm which may be regarded as a quantization of

the belief space; however, no rigorous convergence results are provided. References ([99])

and ([84]) also present quantization based algorithms for the belief state, where the state,

measurement, and the action sets are finite.

For partially observed setups, ([94]), building on ([93]), introduces a rigorous approxi-

mation analysis after establishing weak continuity conditions on the transition kernel defin-

ing the (belief-MDP) via the non-linear filter ([41, 61]), and shows that finite model approx-

imations obtained through quantization are asymptotically optimal and the control policies

obtained from the finite model can be applied to the actual system with asymptotically van-

ishing error as the number of quantization bins increases. Another rigorous set of studies

is ([119]) and ([120]) where the authors provide an explicit quantization method for the
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set of probability measures containing the belief states, where the state space is paramet-

rically representable under strong density regularity conditions. The quantization is done

through the approximations as measured by Kullback-Leibler divergence (relative entropy)

between probability density functions. Further recent studies include ([75]) and ([101]).

([101]) presents a notion of approximate information variable and studies near optimality

of policies that satisfies the approximate information state property. In ([75]), a similar

problem is analyzed under a decentralized setup. Our explicit approximation results in this

chapter will find applications in both of these studies.

We refer the reader to the survey papers ([73, 111, 48]) and the recent book ([67]) for

further structural results as well as algorithmic and computational methods for approximat-

ing POMDPs. Notably, for POMDPs ([67]) presents structural results on optimal policies

under monotonicity conditions of the value function in the belief variable.

With regard to approximations based on finite memory, the following two papers are

particularly relevant to our work:

In ([114]), the authors study near optimality of finite window policies for average cost

problems where the state, action and observation spaces are finite; under the condition that

the liminf and limsup of the average cost are equal and independent of the initial state,

the paper establishes the near-optimality of (non-stationary) finite memory policies. Here,

a concavity argument building on Feinberg ([38]) (which becomes consequential by the

equality assumption) and the finiteness of the state space is crucial. The paper shows that

for any given ε > 0, there exists an ε-optimal finite window policy. However, the authors

do not provide a performance bound related to the length of the window, and in fact the

proof method builds on convex analysis. Nonetheless, the constant property of the value

functions over initial priors is related to unique ergodicity, and thus the stability problem
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of non-linear filters, which is a topic of current investigation particularly in the controlled

setup.

Reference ([112]) is another related work that studies finite memory approximation

techniques for POMDPs with finite state, action, measurements. The POMDP is reduced to

a belief MDP and the worst and best case predictors prior to the N most recent information

variables are considered to build an approximate belief MDP. The original value function

is bounded using these approximate belief MDPs that use only finite memory, where the

finiteness of the state space is critically utilized. Furthermore, a loss bound is provided for

a suboptimally constructed policy that only uses finite history, where the bound depends on

a more specific ergodicity coefficient (which requires restrictive, sample pathwise, contrac-

tion properties). In this chapter, we consider more general signal spaces and more relaxed

filter stability conditions, and establish explicit rates of convergence results. We also rig-

orously establish the relation of the loss bound to nonlinear filter stability and state space

reduction techniques for MDPs.

5.2 Regularity and Stability Properties of the Belief-MDP

Recall that ( see Section 4.1) any POMDP can be viewed as a belief MDP with a transition

kernel η and a cost function c̃.

Even though, the belief MDP approach provides a strong tool for the analysis of POMDPs,

it is usually too complicated computationally. The belief space Z = P(X) is always un-

countable even when X, Y and U are finite. Furthermore, the the information variables

It grows with time and the computation of the belief state Pr(Xt ∈ ·|It) can become

intractable. Therefore, approximation of the belief-MDP is usually needed.

Before constructing the approximate models, we provide some filter stability results
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that will help with the error analysis of the approximation techniques we will construct.

5.2.1 Ergodicity and Filter Stability Properties of Partially Observed MDPs

Given a prior µ ∈ P(X) and a policy γ ∈ Γ, we define the filter and predictor for a POMDP

in the following.

Definition 5.2.1. The one step predictor process is defined as the sequence of conditional

probability measures

πµ,γn− (·) = P µ,γ(Xn ∈ ·|Y[0,n−1], U[0,n−1] = γn(Y[0,n−1], U[0,n−2])) = P µ,γ(Xn ∈ ·|Y[0,n−1]), n ∈ N

where P µ,γ is the probability measure induced by the prior µ and the policy γ, when µ is

the probability measure on X0.

Definition 5.2.2. The filter process is defined as the sequence of conditional probability

measures

πµ,γn (·) = P µ,γ(Xn ∈ ·|Y[0,n], U[0,n−1] = γn(Y[0,n−1], U[0,n−2])) = P µ,γ(Xn ∈ ·|Y[0,n]), n ∈ N

where P µ,γ is the probability measure induced by the prior µ and the policy γ.

Definition 5.2.3. [29, Equation 1.16] For a kernel operator K : S1 → P(S2) (that is a

regular conditional probability from S1 to S2) for standard Borel spaces S1, S2, we define

the Dobrushin coefficient as:

δ(K) = inf
n∑
i=1

min(K(x,Ai), K(y, Ai)) (5.2)

where the infimum is over all x, y ∈ S1 and all partitions {Ai}ni=1 of S2.
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We note that this definition holds for continuous or finite/countable spaces S1 and S2

and 0 ≤ δ(K) ≤ 1 for any kernel operator.

Example 5.2.1. Assume for a finite setup, we have the following stochastic transition ma-

trix

K =


1
3

1
3

1
3

0 1
2

1
2

3
4

0 1
4


The Dobrushin coefficient is the minimum over any two rows where we sum the minimum

elements among those rows. For this example, the first and the second rows give 2
3
, the first

and the third rows give 7
12

and the second and the third rows give 1
4
. Then the Dobrushin

coefficient is 1
4
.

Let

δ̃(T ) := inf
u∈U

δ(T (·|·, u)).

Definition 5.2.4. For X ⊂ Rm for some m ∈ N, and for two probability measures µ, ν ∈

P(X), µ is said to be absolutely continuous with respect to ν if µ(A) = 0 for every set

A ∈ B(X) for which ν(A) = 0. We denote the absolute continuity of µ with respect to ν by

µ� ν.

Theorem 5.2.1. [78, Theorem 3.3] Assume that for µ, ν ∈ P(X), we have µ � ν. Then

we have

Eµ,γ
[
‖πµ,γn+1 − π

ν,γ
n+1‖TV

]
≤ (1− δ̃(T ))(2− δ(Q))Eµ,γ [‖πµ,γn − πν,γn ‖TV ] .
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In particular, defining α := (1− δ̃(T ))(2− δ(Q)), we have

Eµ,γ [‖πµ,γn − πν,γn ‖TV ] ≤ 2αn.

This result will be a key ingredient for our main results. It provides conditions on

when the belief-state processes for a given POMDP under different priors get closer when

they are fed with same observation processes, in expectation under the true probability

space. In a vague sense, if the state process is tracked only using a finite window of recent

measurement and control variables (and forgets the past observations and actions), then the

amount of mismatch from the true filter can be bounded with an error that is exponentially

diminishing with the window size.

5.3 Method I: Belief-space Quantization based on Finite-Memory

In this section, we will introduce our first approximation method for belief MDPs. The

construction of the finite model is done by quantizing the original belief state space with

reachable posterior distributions using only a finite memory of history and a fixed initial

probability distribution. The correspondence between the original belief model and the

approximate finite model is governed by a nearest neighbor mapping under the bounded

Lipschitz metric (ρBL).

In this section, we will construct a finite state space by quantizing the belief state space

so that the approximate finite model is obtained using only a finite memory.

Our construction builds on but significantly differs from the approach in ([90, 93]). As

we will explain, we cannot afford to use uniform quantization for this method, which was

a crucial tool in ([90, 93]).
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As we discussed in the previous section, we can write the infinite horizon cost as

Jβ(T , Q, γ, µ) =
∞∑
t=0

βtEµ [c̃ (πt, γ(πt))]

=
N−1∑
t=0

βtEµ [c̃ (πt, γ(πt))] +
∞∑
t=N

βtEµ [c̃ (πt, γ(πt))] .

Now we focus on the second term:

∞∑
t=N

βtEµ [c̃ (πt, γ(πt))]

=
∞∑
t=N

βtEµ
[
c̃
(
P µ,γ(Xt ∈ ·|Y[0,t], U[0,t−1]), γ(P µ,γ(Xt ∈ ·|Y[0,t], U[0,t−1]))

)]
.

Notice that for any time step t ≥ N and for a fixed observation realization sequence

y[0,t] and for a fixed control action sequence u[0,t−1], the state process can be viewed as

P µ(Xt ∈ ·|Y[0,t] = y[0,t], U[0,t−1] = u[0,t−1])

= P πt−N− (Xt ∈ ·|Y[t−N,t] = y[t−N,t], U[t−N,t−1] = u[t−N,t−1])

where

πt−N−(·) = P µ(Xt−N ∈ ·|Y[0,t−N−1] = y[0,t−N−1], U[0,t−N−1] = u[0,t−N−1]).

That is, we can view the state as the Bayesian update of πt−N− , the predictor at time t−N ,

using the observations Yt−N , . . . , Yt. Notice that with this representation only the most

recent N observation realizations are used for the update and the past information of the

observations is embedded in πt−N− .
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Hence, we can view the state space for time stages t ≥ N as

Z =
{
P π(XN ∈ ·|Y[0,N ], U[0,N−1]);π ∈ P(X), Y[0,N ] ∈ YN+1, U[0,N−1] ∈ UN

}
Consider the following finite set defined by, for a fixed probability measure π̂ ∈ P(X),

ZNπ̂ :=
{
P π̂(XN ∈ ·|Y[0,N ], U[0,N−1]);Y[0,N ] ∈ YN+1, U[0,N−1] ∈ UN

}
. (5.3)

Define the map F : Z → ZNπ̂ , which will serve as the quantizer, with

F (z) := arg min
y∈ZNπ̂

ρBL(z, y) (5.4)

This map separates the set Z into |Y|N+1 × |U|N sets, accordingly this quantizes the

set of probability measures.

To complete our approximate controlled Markov model, we now define the one-stage

cost function cN : ZNπ̂ × U → [0,∞) and the transition probability ηN on ZNπ̂ given

realizations in ZNπ̂ ×U: For a given zi = P π̂(XN ∈ ·|yi[0,N ], u
i
[0,N−1]) and control action u

cN(zi, u) = cN(P π̂(XN ∈ ·|yi[0,N ], u
i
[0,N−1]), u) := c̃(P π̂(XN ∈ ·|yi[0,N ], u

i
[0,N−1]), u),

where c̃ is defined in (4.5) and

ηN(·|zi, u) = ηN(·|P π̂(XN ∈ ·|yi[0,N ], u
i
[0,N−1], u)) := F ∗ η(·|P π̂(XN ∈ ·|yi[0,N ], u

i
[0,N−1], u),

where

F ∗ η(z′|z, u) = η({z ∈ P(X) : F (z) = z′}|z, u),
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for all z′ ∈ ZNπ̂ .

We thus have defined a finite state MDP with the state space ZNπ̂ , action space U, cost

function cN and the transition probability ηN .

An optimal policy γ∗N for this finite state model is a function taking values from the

finite state space and hence at some time step t ≥ N it only usesN most recent observations

and control action variables that is, γ∗N is a measurable function of the information set INt

defined in (5.1) for all t ≥ N .

Remark 5.3.1. As we have noted before, the complexity of POMDPs in general arises

from the structure of the belief state space Z which is a set of probability measures on

X. This set is always uncountable and needs to be associated with proper topologies to

make the analysis feasible. Approximations for POMDPs are usually done by choosing a

finite subset, say Ẑ , of the belief state space Z (e.g. [99, 84, 93, 119, 120, 101, 118]),

and finding an approximate MDP model for this finite set. To choose the finite set, the

aforementioned works use a uniform quantization scheme, in various topologies on Z . In

other words, the quantization is made such that for any z ∈ Z , there exists an element

ẑ ∈ Ẑ with ‖z − ẑ‖ ≤ ε for a fixed ε > 0. The metric to to measure distances of the

belief states varies for different works, although for finite X, L1 distance of distributions

is what is used in general for the quantization of Z , which coincides with total variation

and weak convergence topology on Z when X is finite; for general X, a more appropriate

and natural topology is the weak convergence topology on Z which is what we use in this

section since ρBL metrizes the weak convergence.

In this section, instead of quantizing Z directly and uniformly, we use finite window

information variables INt ’s to construct the finite subset of Z since our goal in this section

is to analyze the effect of the window size on the approximation performance. That is, we
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use the finite set

ZNπ̂ :=
{
P π̂(XN ∈ ·|Y[0,N ], U[0,N−1]);Y[0,N ] ∈ YN+1, U[0,N−1] ∈ UN

}
constructed using Y[0,N ], U[0,N−1]. For this set, we cannot afford a uniform discretization

scheme. A uniform quantization would mean that for a fixed ε > 0

ρBL
(
P π̂(XN ∈ ·|y[0,N ], u[0,N−1]), P

π(XN ∈ ·|y[0,N ], u[0,N−1])
)
< ε

uniformly for any π ∈ Z and for any y[0,N ] ∈ YN+1, u[0,N−1] ∈ UN . However, this is

in general inapplicable for filter stability problems as it requires for the processes with

different starting points uniformly for any realizations of information variables (even for

highly unlikely ones). That is why, we follow a different approach and show that we do not

have to force uniform quantization, and the error of approximate value functions can be

related to the expected error of the form

Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ], U[0,N−1]), P

π̂(XN ∈ ·|Y[0,N ], U[0,N−1])
)]

which in turn can be bounded using Theorem 5.2.1. Our technical analysis, accordingly,

is slightly more tedious at the benefit of arriving at a practical and intuitive finite-memory

method whose near optimality is rigorously established.

5.3.1 Approximation Error Analysis and Rates of Convergence

An optimal policy for the constructed finite model, γ∗N can be extended to P(X) and can

be used for the original MDP. The next result, which is related to the construction given
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in ([90, Thm 4.38]) (see also [93]), provides a mismatch error for using this policy. This

result is going to be the key supporting tool for the main theorem of the section, which

will be presented immediately after. The proof requires multiple technical lemmas and are

presented in Section 5.7.1.

Assumption 5.3.1. • ρBL(η(·|z, u), η(·|z′, u)) ≤ αzρBL(z, z′) (see Theorem 4.4.3).

• |c̃(z, u)− c̃(z′, u)| ≤ αc̃ρBL(z, z′) for some αc̃ for all u ∈ U.

Theorem 5.3.1. Under Assumption 5.3.1, for all z ∈ P(X) of the form

z = P π(XN ∈ ·|y[0,N ], u[0,N−1]),

the following holds:

sup
γ∈Γ

E

[
Jβ(η, γ∗N , z)− Jβ(η, γ∗, z)

∣∣∣∣Y[0,N ], γ(Y[0,N−1])

]
≤ K(β, αz, αc̃, ‖c̃‖∞) sup

π∈P(X)

sup
γ∈Γ

Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ], U[0,N−1]), P

π̂(XN ∈ ·|Y[0,N ], U[0,N−1])
)]
.

Where K(β, αz, αc̃, ‖c̃‖∞) is a constant that depends on β, αz, αc̃ and ‖c̃‖∞. (The exact

expression for the constant can be found in the proof).

The proof of this theorem is rather long, and accordingly, it is presented in Section

5.7.1.

Before presenting the main result of the section, we provide further supporting results

that will let us work with a probability density function.

Lemma 5.3.1. Assume that the transition kernel T (dx1|x0, u0) admits a density function

f with respect to a reference measure φ such that T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1). If
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|f(x1, x0, u0)− f(x1, x0
′, u0)| ≤ αX|x0 − x0

′| for all x1, x0, x0
′ ∈ X and u0 ∈ U then

‖T (·|x0, u0)− T (·|x0
′, u0)‖TV ≤ αX|x− x′|.

We note that using this result, assumptions of Theorem 4.4.3 can be expressed with the

Lipschitz condition on the density function noted above. We now restate the assumptions

that will be used for the main result.

Assumption 5.3.2.

• The transition kernel T (dx1|x0, u0) admits a density function f with respect to a

reference measure φ such that T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1).

• There exists some αX <∞ such that |f(x1, x0, u0)− f(x1, x0
′, u0)| ≤ αX|x0− x0

′|.

• There exists some αc <∞ such that for all u ∈ U |c(x, u)− c(x′, u)| ≤ αc|x− x′|.

• α := (1− δ̃(T ))(2− δ(Q)) < 1,

• The transition kernel T is dominated, i.e. there exists a dominating measure π̂ ∈

P(X) such that for every x ∈ X and u ∈ U, T (·|x, u) � π̂(·) that is T (·|x, u) is

absolutely continuous with respect to π̂ for every x ∈ X and u ∈ U.

Theorem 5.3.2. Assume that we let the system start running for N time steps under a

known policy γ (which may not be optimal), and the finite window policy starts acting after

observing N information variables at time t = N . Under Assumption 5.3.2, we have

Eγ
µ

[
Jβ(πN− , T , γ∗N)− Jβ(πN− , T , γ∗)|Y[0,N ], U[0,N−1]

]
≤ K(β, αX, αc, ‖c‖∞)αN .
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where γ∗N is the optimal finite window policy and where K(β, αX, αc, ‖c‖∞) is a constant

that depends on β, αX, αc and ‖c‖∞ (The exact formula for the constant can be found in

the appendix).

Remark 5.3.2. We note that Theorem 5.3.2 applies to all finite state, measurement, action

models as long as α = (1− δ̃(T ))(2− δ(Q)) < 1. Example 5.2.1 shows how to calculate

the Dobrushin coefficient for transition matrices in finite setups. All other conditions apply

since all probability measures on a finite/countable set are majorized by a probability mea-

sure which places a positive mass on every single point. Notice that the third condition only

requires that the difference in the cost is bounded for every fixed control action. Condition

1 and 5 coincide in the finite case.

Remark 5.3.3. We note that the error bound of the result is independent of the chosen π̂.

As we will see in the following proof, the first upper bound is a result of Theorem 5.3.1

which indeed depends on the π̂ chosen by the user. However, thanks to Theorem 5.2.1, we

can get a further upper bound on the error which is uniform over any π̂ as long as π̂ is a

dominating measure.

Proof of Theorem 5.3.2. When we reduce a partially observed MDP to a fully observed

process, the initial state of the belief process becomes the Bayesian update of the prior

distribution of the state process of the POMDP. Hence, we can write that

Eγ
µ

[
Jβ(πN− , T , γ∗N)− Jβ(πN− , T , γ∗)|Y[0,N ], U[0,N−1]

]
= Eγ

µ

[
Jβ(πN , η, γ

∗
N)− Jβ(πN , η, γ

∗)|Y[0,N ], U[0,N−1]

]
.
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Notice that, using Theorem 4.4.3, we have

ρBL (η(·|z, u), η(·|z′, u)) ≤ 5(1 + αX)ρBL(z, z′)

and

|c̃(z, u)− c̃(z′, u)| =
∣∣∣∣∫ c(x, u)z(dx)−

∫
c(x, u)z′(dx)

∣∣∣∣ ≤ (αc + ‖c‖∞)ρBL(z, z′).

Thus, we can use Theorems 4.4.3 and 5.3.1 to write

Eγ
µ

[
Jβ(πN , η, γ

∗
N)− Jβ(πN , η, γ

∗)|Y[0,N ], U[0,N−1]

]
≤ K(β, αX, αc, ‖c‖∞) sup

π∈P(X)

sup
γ∈Γ

Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ]), P

π̂(XN ∈ ·|Y[0,N ])
)]
.

We set π̂ in Assumption 5.3.2 as our representative probability measure for the quantization

of the belief space. Notice that by our choice of π̂ is a dominating measure and therefore

πt− � π̂ for any time step t, where πt− is the predictor at time t . Thus, Theorem 5.2.1

yields that under Assumption 5.3.2

Eγ
π

[
‖P π(·|Y[0,N ])− P π̂(·|Y[0,N ])‖TV

]
≤ αN ,

for any predictor π. We also have by definition that

ρBL
(
P π,γ(·|Y[0,N ]), P

π̂,γ(·|Y[0,N ])
)
≤ ‖P π,γ(·|Y[0,N ])− P π̂,γ(·|Y[0,N ])‖TV .

Hence the result follows.

We note that the initialN time steps of the control problem should be treated separately
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as our approximation technique uses information variables with size N , but for the initial

N steps, there is not enough observation or control action variables to make use of the

approximate finite window policies. In the following result, for the first N time steps, we

use a control policy that is found with a policy iteration type argument where the terminal

cost estimated with βNE[Jβ(γ∗N)] with γ∗N being the approximate finite window policy.

The policy is constructed as follows: Use the policy γ∗N , after time N unaltered, but

modify the first N time-stage policies, as a batch update, which can be solved via a finite

dynamic programming algorithm.

γ̃0, . . . , γ̃N−1 = argminγ1,. . . ,γN−1
E[

N−1∑
k=0

βkc(xk, uk)] + βkE[Jβ(γ∗N)|IN ]

where IN is the history by timeN . We denote this policy by γN := {γ̃0, . . . , γ̃N−1, γ
∗
N , γ

∗
N , . . . }.

Theorem 5.3.3. Under Assumption 5.3.2, we have

Jβ(µ, T , γN)− J∗β(µ, T ) ≤ K(β, αX, αc, ‖c‖∞)αNβN

where K(β, αX, αc, ‖c‖∞) is a constant that depends on β, αX, αc and ‖c‖∞. (The exact

formula for the constant can be found in the appendix).

Proof. Recall the optimal policy for the finite model constructed in Section 5.3 is denoted

by γ∗N . Notice that γ∗N is a stationary policy and optimal for any initial point since it solves

the discounted cost optimality equation ([90]).

Now, we construct the following policy. Use the policy γ∗N , after time N unaltered, but

modify the first N time-stage policies, as a batch update, which can be solved via a finite

dynamic programming algorithm.
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γ̃0, . . . , γ̃N−1 = argminγ1,. . . ,γN−1
E[

N−1∑
k=0

βkc(xk, uk)] + βkE[Jβ(γ∗N)|IN ]

where IN is the history by timeN . We denote this policy by γN := {γ̃0, . . . , γ̃N−1, γ
∗
N , γ

∗
N , . . . }.

Note that we denote the true optimal policy for the original model by γ∗. We now define

the policy γ+ := {γ∗[0,N−1], γ
∗
N , γ

∗
N , . . . }: Apply γ∗ until time N , and then use our finite

window policy γ∗N . Note that this policy is not practical as it assumes that the controller

already knows the true optimal policy γ∗, however, we will make use this hypothetical

policy for the analysis.

From the way γN is constructed, we clearly, Jβ(γN) ≤ Jβ(γ+). And thus,

Jβ(γ++)− Jβ(γ∗) ≤ Jβ(γ+)− Jβ(γ∗)

Then, we start analyzing the error term: because γ+ and γ∗ use the same policy before

time N , we have

Jβ(µ, T , γ+)− Jβ(µ, T , γ∗)

=
∞∑
t=N

βtEµ
[
c(Xt, γ

∗
N(Y[t−N,t], U[t−N,t−1])

]
−
∞∑
t=N

βtEµ
[
c(Xt, γ

∗(Y[0,t], U[0,t−1])
]

= βN
∞∑
t=N

βt−NEγ∗

µ

[
Eµ
[
c(Xt, γ

∗
N(Y[t−N,t], U[t−N,t−1])

]
− Eµ

[
c(Xt, γ

∗(Y[0,t], U[0,t−1])
]
|Y[0,N ], U[0,N−1]

]
= βNEγ∗

µ

[
Jβ(πN− , T , γ∗N)− Jβ(πN− , T , γ∗)|Y[0,N ], U[0,N−1]

]
(5.5)

The last step follows from the observation that conditioning on the observations and control

actions Y[0,N ], U[0,N−1], the state process can be thought as if it starts at time t = N whose
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prior measure is πN− and from the fact that the probability measure of Y[0,N ], U[0,N−1] is

determined by the initial measure µ and the policy γ∗ since γNt = γ∗t for t ≤ N .

The result then follows from Theorem 5.3.2.

Remark 5.3.4. The above results suggest that the loss occurring from applying a finite

window policy is mainly controlled by the term

sup
π

sup
γ
Eγ
π

[
ρBL

(
P π(·|Y[0,N ]), P

π̂(·|Y[0,N ])
)]

(5.6)

that is how fast two different belief-state processes forget their initial priors when fed with

the same observations/control actions. Thus, any bound for this term directly applies to the

main bound for the loss caused by the finite window policy. This term is related to the filter

stability problem and our approximation results point out the close relation between filter

stability and the performance of finite window policies. In a way, the main result of this

section can be seen as relating the finite window approximations for POMDPs to the filter

stability problem.

To bound the term (5.6), we use Theorem 5.2.1, to achieve a geometric convergence

rate in the window size for a controlled setup. However, we should note that, Theorem

5.2.1 provides only a sufficient condition to bound the filter stability term geometrically

fast in the total variation distance. This result can be seen as too strong, if one is only

interested in making this ρBL distance smaller with increasing window size. In fact, as

we will see in simulation examples, even when the assumptions of Theorem 5.2.1 are not

satisfied, the filter stability term still converges to 0. In the literature, there are various set

of assumptions to achieve filter stability. Two main approaches have been:
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• The transition kernel is in some sense sufficiently ergodic, forgetting the initial mea-

sure and therefore passing this insensitivity (to incorrect initializations) on to the

filter process.

• The measurement channel provides sufficient information about the underlying state,

allowing the filter to track the true state process. This approach is typically based on

martingale methods and accordingly does not often lead to rates of convergence for

the filter stability problem, but only asymptotic filter stability.

The result we use in this chapter (Theorem 5.2.1) provides geometric filter stability, using

a joint contraction property of the Bayesian filter update and measurement update steps

through the Dobrushin coefficient. However, when these requirements are not satisfied, the

filter stability can be checked via different assumptions from the literature. For a compre-

hensive review on filter stability in the control-free case, see ([24]). In the controlled case,

recent studies include ([77, 78]).

The following example studies an additive Gaussian model (not necessarily linear) and

provides different parameters for the condition (1− δ(T ))× (2− δ(Q̂)) < 1 to hold.

Example 5.3.1. Consider a system whereX = Y = R and the transition and measurement

kernels are given by

xn+1 = f(xn, un) +N(0, σ2
t ), yn = g(xn) +N(0, σ2

q )

where the functions f and g are measurable and bounded such that f(x, u) ∈ [−t, t] and

g(x) ∈ [−q, q].

Note that, in our results we assume and present our results from finite Y. Therefore,

to make the example compatible with our results, we discretize the observation space Y.
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We provide two discretization schemes one with Ŷ1 = {−q, q} and the other with Ŷ2 =

{−q, 0, q}. For discretization, we simply use a nearest neighbor mapping.

First, we study the observation space Ŷ1 = {−q, q}. Using the nearest neighbor map-

ping, we simply have that

ŷn = −q if yn = g(xn) +N(0, σ2
q ) ≤ 0,

ŷn = q if yn = g(xn) +N(0, σ2
q ) > 0

We then can write the following for the transition kernel T (·|x, u) ∈ P(X)

T (dxn+1|xn, un) ∼ N(f(xn, un), σ2
t )

and for the compound channel Q̂(·|x) ∈ P(Ŷ1):

Q̂(q|xn) = Pr(N(g(xn), σ2
q ) > 0), Q̂(−q|xn) = Pr(N(g(xn), σ2

q ) ≤ 0).

For these kernels, the Dobrushin coefficients can be calculated as

δ(T ) = 2Pr(N(t, σ2
t ) ≤ 0), δ(Q̂) = 2Pr(N(q, σ2

q ) ≤ 0).

Notice that these probabilities are fully determined by the ratio of the mean and standard

deviation of the Gaussian in question, σt/t and σq/q . The higher the ratio, the higher

the Dobrushin coefficient. Below, we see a list of the ratio of the transition kernel and

lowest possible ratio of the measurement kernel such that (1 − δ(T )) × (2 − δ(Q̂)) <

1. If the ratio of σq/q is higher than the stated value, we will get exponential stability

for the given transition kernel. Note that if σt/t > 1.5, then δ(T ) > 0.5 which makes
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(1− δ(T ))× (2− δ(Q̂)) < 1 regardless of the channel for which we use ’any’ in table to

indicate that any channel would lead to exponential filter stability.

σt
t

1.5 1.4 1.3 1.2 1.1 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3
σq
q

any 0.6 0.8 1.01 1.3 1.65 2.13 3.25 5.5 8.0 20.0 70.0 1000.0
δ(T ) 0.50 0.48 0.44 0.40 0.36 0.32 0.27 0.21 0.15 0.10 0.05 0.01 0.00
δ(Q̂) any 0.1 0.21 0.32 0.44 0.54 0.64 0.76 0.86 0.90 0.96 0.99 1.00

Table 5.1: Approximate minimum ratio of σq
q

for exponential filter stability for Ŷ1 =

{−q, q}

We now analyze the problem for the observation space Ŷ2 = {−q, 0, q}. For this set,

the nearest neighbor mapping yields that

ŷn = −q if yn = g(xn) +N(0, σ2
q ) ≤

−q
2
,

ŷn = q if yn = g(xn) +N(0, σ2
q ) >

q

2
,

ŷn = 0 else.

For the compound channel, we then have

Q̂(q|xn) = Pr(N(g(xn), σ2
q ) >

q

2
), Q̂(−q|xn) = Pr(N(g(xn), σ2

q ) ≤
−q
2

),

Q̂(0|xn) = Pr(
q

2
≥ N(g(xn), σ2

q ) >
−q
2

).

For these kernels, the Dobrushin coefficients can be calculated as

δ(T ) = 2Pr(N(t, σ2
t ) ≤ 0),

δ(Q̂) = 2Pr(N(q, σ2
q ) ≤

−q
2

) + Pr(
−q
2
< N(q, σ2

q ) <
q

2
).
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Below, we now see a list of the ratio of the transition kernel and lowest possible ratio of

the measurement kernel such that (1− δ(T ))× (2− δ(Q)) < 1 for the observation space

Ŷ2 = {−q, 0, q}.
σt
t

1.5 1.4 1.3 1.2 1.1 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3
σq
q

any 0.39 0.6 0.85 1.2 1.54 2.1 3.2 5.9 8.0 20.0 80.0 1000.0
δ(T ) 0.50 0.48 0.44 0.40 0.36 0.32 0.27 0.21 0.15 0.10 0.05 0.01 0.00
δ(Q̂) any 0.1 0.21 0.32 0.44 0.54 0.64 0.76 0.86 0.90 0.96 0.99 1.00

Table 5.2: Approximate minimum ratio of σq
q

for exponential filter stability for Ŷ2 =

{−q, 0, q}

5.4 Method II: Finite Window Memory as Approximate POMDP State

We now present our second approximation method for the construction of the finite belief

MDPs. This method also makes use of a finite belief state space that is constructed with

reachable posterior distributions under finite history and a fixed initial distribution. How-

ever, different from the first method used in Section 5.3, here the correspondence between

the finite model and the original model is governed by matching the belief variables with

same recent history. This procedure will be made more rigorous in the following parts.

Compared to the method used in Section 5.3, the method used in this section will natu-

rally result in coarser error bounds because the mapping to the finite state space is done via

matching the recent history instead of using a nearest neighbor map. However, this method

will prove to have practical and computational advantages as we will also see in Chapter 6.

5.4.1 An Alternative Finite Window Belief-MDP Reduction

In this section we construct an alternative fully observed MDP reduction (alternative to

Section 4.1) with the condition that the controller has observed at least N information
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variables, using the predictor from N stages earlier and the most recent N information

variables (that is, measurements and actions). This new construction allows us to highlight

the most recent information variables and compress the information coming from the past

history via the predictor as a probability measure valued variable. In what follows, we will

sometimes consider the case with N = 1 for some of the proofs to make the presentation

less complicated. The general case follows from identical arguments.

For the remainder of the section, to emphasize the prior distribution of the starting

state variable, we will use the following notation for conditional probabilities on state and

observation variables.

Definition 5.4.1. Assume that the initial state X0 has a prior distribution µ ∈ P(X).

Then, for the conditional distribution of Xt given the past observation and action variables

{yt, . . . , y0}, {ut−1, . . . , u0} we define

P µ(Xt ∈ ·|yt, . . . , y0, ut−1, . . . , u0) := Pr(Xt ∈ ·|yt, . . . , y0, ut−1, . . . , u0).

Given that x0 has a prior distribution µ ∈ P(X), we define the following for the con-

ditional distribution of Yt given the past observation and action variables {yt−1, . . . , y0},

{ut−1, . . . , u0}

P µ(Yt ∈ ·|yt−1, . . . , y0, ut−1, . . . , u0) := Pr(Yt ∈ ·|yt−1, . . . , y0, ut−1, . . . , u0).

Consider the following state variable at time t:

ẑt = (π−t−N , I
N
t ) (5.7)
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where, for N ≥ 1

π−t−N = Pr(Xt−N ∈ ·|yt−N−1, . . . , y0, ut−N−1, . . . , u0),

INt = {yt, . . . , yt−N , ut−1, . . . , ut−N}

and INt = yt for N = 0 with µ being the prior probability measure on X0. The state space

with this representation is Ẑ = P(X) ×YN+1 ×UN where we equip Ẑ with the product

topology where we consider the weak convergence topology on the P(X) coordinate and

the usual (coordinate) topologies on YN+1 ×UN coordinates.

This new state representation can be mapped to the belief state zt, which is defined as

zt := Pr{Xt ∈ · |Y0, . . . , Yt, U0, . . . , Ut−1} ∈ P(X).

Consider the map ψ : Ẑ → P(X), for some ẑt = (π−t−N , I
N
t )

ψ(ẑt) = ψ(π−t−N , I
N
t ) = P π−t−N (Xt ∈ ·|INt ) = P π−t−N (Xt ∈ ·|yt, . . . , yt−N , ut−N−1, . . . , ut−N−1)

= P µ(Xt ∈ ·|yt, . . . , y0, ut−1, . . . , u0) = zt

such that the map ψ acts as a Bayesian update of π−t−N using INt . Using this map, we can

define the stage-wise cost function and the transition probabilities. Consider the new cost

function ĉ : Ẑ × U → R, using the cost function c̃ of the belief MDP (defined in (4.5))

such that

ĉ(ẑt, ut) = ĉ(π−t−N , I
N
t , ut) = c̃(ψ(π−t−N , I

N
t ), ut)

=

∫
X

c(xt, ut)P
π−t−N (dxt|yt, . . . , yt−N , ut−1, . . . , ut−N). (5.8)
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Furthermore, we can define the transition probabilities as follows: for some A ∈ B(Ẑ)

such that

A = B × {ŷt−N+1, ût, . . . , ût−N+1}, B ∈ B(P(X))

we write

Pr(ẑt+1 ∈ A|ẑt, . . . , ẑ0, ut, . . . , u0)

= Pr(π−t−N+1 ∈ B, ŷt+1, . . . , ŷt−N+1, ût, . . . , ût−N+1|π−t−N , . . . , π
−
0 , yt, . . . , y0, ut, . . . , u0)

= 1{(yt,...,yt−N+1,ut,...,ut−N+1)=(ŷt,...,ŷt−N+1,ût,...,ût−N+1)}

× 1{G(π−t−N ,yt−N ,ut−N )∈B}P
π−t−N (ŷt+1|yt, . . . , yt−N , ut, . . . , ut−N)

= Pr(π−t−N+1 ∈ B, ŷt+1, . . . , ŷt−N+1, ût, . . . , ût−N+1|π−t−N , yt, . . . , yt−N , ut, . . . , ut−N)

= Pr(ẑt+1 ∈ A|ẑt, ut)

=:

∫
A

η̂(dẑt+1|ẑt, ut)

where the map G is defined as

G(π−t−N , yt−N , ut−N) = G(P µ(Xt−N ∈ ·|yt−N−1, . . . , y0, ut−N−1, . . . , u0), yt−N , ut−N)

= P µ(Xt−N+1 ∈ ·|yt−N , . . . , y0, ut−N , . . . , u0).

Hence, η̂ defines a controlled transition model for the new states ẑt+1 ∈ Ẑ . Then, we

have a proper fully observed MDP, with the cost function ĉ, transition kernel η̂ and the state

space Ẑ .

Note that any policy φ : P(X)→ U defined for the belief MDP, can be extended to the

newly defined finite window belief-MDP using the map ψ, and defining φ̂ := φ ◦ ψ such
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that

φ̂(ẑ) = φ(ψ(z)).

Thus, if an optimal policy can be found for the belief MDP, say φ∗, the policy φ̂∗ = φ∗ ◦ ψ

is an optimal policy for the newly defined MDP.

We now write the discounted cost optimality equation for the newly constructed finite

window belief MDP. Note that with the alternative approach the state ẑ can only be written,

if we have at least N information variables. Therefore, given that the decision maker

observed at least N information variables, we write the following fixed point equation

J∗β(ẑ) = min
u∈U

(
ĉ(ẑ, u) + β

∫
J∗β(ẑ1)η̂(dẑ1|ẑ, u)

)
.

We can rewrite this fixed point equation in a different form, for notational ease assume

N = 1. If ẑ has the form (π−0 , y1, y0, u0), then we can rewrite

J∗β(π−0 , y1, y0, u0)

= min
u1∈U

(
ĉ(π−0 , y1, y0, u0, u1) + β

∑
y2∈Y

J∗β(π−1 (π−0 , y0, u0), y2, y1, u1)P π−0 (y2|y1, y0, u1, u0)

)
.

(5.9)

This representation will play an important role in the analysis of the problem. Note that the

policy φ̂∗ = φ∗ ◦ ψ satisfies this fixed point equation.

The following fixed point equation can also be defined for any policy φ̂ : Ẑ → U

Jβ(ẑ, φ̂) = ĉ(ẑ, φ̂(ẑ)) + β

∫
Jβ(ẑ1, φ̂)η̂(dẑ1|ẑ, φ̂(ẑ))
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where Jβ(ẑ, φ̂) denotes the value function under the policy φ̂ for the initial point ẑ.

5.4.2 Approximation of the Finite Window Belief-MDP

We now approximate the MDP constructed in the previous section. Consider the following

set ẐNπ̂ for a fixed π̂ ∈ P(X) (recall (5.3)),

ẐNπ̂ =

{
(π̂, y[0,N ], u[0,N−1]) : y[0,N ] ∈ YN+1, u[0,N−1] ∈ UN

}
(5.10)

such that the state at time t is ẑNt = (π̂, INt ). Compared to the state ẑt = (π−t−N , I
N
t ) defined

in (5.7), this approximate model uses π̂ as the predictor, no matter what the real predictor

at time t−N is.

The cost function is defined in usual manner so that

ĉ(ẑNt , ut) = ĉ(π̂, INt , ut) = c̃(φ(π̂, INt ), ut)

=

∫
X

c(xt, ut)P
π̂(dxt|yt, . . . , yt−N , ut−1, . . . , ut−N).

We define the controlled transition model by

η̂N(ẑNt+1|ẑNt , ut) = η̂N(π̂, INt+1|π̂, INt , ut) := η̂

(
P(X), INt+1|π̂, INt , ut

)
. (5.11)

For simplicity, if we assume N = 1, then the transitions can be rewritten for some

INt+1 = (ŷt+1, ŷt, ût) and INt = (yt, yt−1, ut−1)

η̂N(π̂, ŷt+1, ŷt, ût|π̂, yt, yt−1, ut−1, ut) = η̂(P(X), ŷt+1, ŷt, ût|π̂, yt, yt−1, ut−1, ut)

= 1{yt=ŷt,ut=ût}P
π̂(ŷt+1|yt, yt−1, ut, ut−1). (5.12)
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Denoting the optimal value function for the approximate model by JNβ , we can write

the following fixed point equation

JNβ (ẑN) = min
u∈U

ĉ(ẑN , u) + β
∑

ẑN1 ∈ẐNπ̂

JNβ (ẑN1 )η̂N(ẑN1 |ẑN , u)

 . (5.13)

By assuming N = 1 again, we can rewrite the fixed point equation for some ẑN0 =

(π̂, y1, y0, u0) as

JNβ (π̂, y1, y0, u0) = min
u1∈U

(
ĉ(π̂, y1, y0, u0, u1) + β

∑
y2∈Y

JNβ (π̂, y2, y1, u1)P π̂(y2|y1, y0, u1, u0)

)
.

(5.14)

Since everything is finite in this setup, we can assume the existence of an optimal policy

φN that satisfies this fixed point equation. Note that both JNβ and φN are defined on the finite

set ẐNπ̂ . However, we can simply extend them to the set Ẑ by defining

J̃Nβ (ẑ) = J̃Nβ (π, y1, y0, u0) := JNβ (π̂, y1, y0, u0)

φ̃N(ẑ) = φ̃N(π, y1, y0, u0) := φN(π̂, y1, y0, u0)

for any ẑ = (π, y1, y0, u0) ∈ Ẑ .

Another point to note is that the policy φN only uses most recent N information vari-

ables to choose the control actions.

In what follows, we investigate the following approximation error terms

|J̃Nβ (ẑ)− J∗β(ẑ)|,

Jβ(ẑ, φ̃N)− J∗β(ẑ).
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The first one is the difference between the optimal value function of the original model and

that for the approximate model. The second term is the performance loss due to the policy

calculated for the approximate model being applied to the true model.

5.4.3 Approximation Error Analysis and Rates of Convergence

Difference in the Value Functions

In this section, we study the difference |J̃Nβ (ẑ)− J∗β(ẑ)|.

Before the result, we introduce some notation. We first define the measurable policies

with respect to the new state space Ẑ by Γ̂. That is, a policy γ̂ ∈ Γ̂ is a sequence of control

functions {γ̂t, t ∈ Z+} such that γ̂t is measurable with respect to the σ-algebra generated

by the information variables {ẑ0, . . . , ẑt}.

We now define the following bounding term

Lt := sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π−t (Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])− P π̂(Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])‖TV

]
(5.15)

which is the expected bound on the total variation distance between the posterior distribu-

tions ofXt+N conditioned on the same observation and control action variables Y[t,t+N ], U[t,t+N−1]

when the prior distributions of Xt are given by π−t and π̂. The expectation is with respect

to the random realizations of π−t and Y[t,t+N ], U[t,t+N−1] under the true dynamics of the sys-

tem when the prior distribution of x0 is given by π−0 . This constant represents the bound

on the distance of two processes with different starting points when they are updated with

identical observation and action processes and under the same policy.

Theorem 5.4.1. For ẑ0 = (π−0 , I
N
0 ), if a policy γ̂ acts on the first N step of the process
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which produces IN0 , we then have

E γ̂

π−0

[∣∣∣J̃Nβ (ẑ0)− J∗β(ẑ0)
∣∣∣ |IN0 ] ≤ ‖c‖∞

(1− β)

∞∑
t=0

βtLt

where Lt is defined as in (5.15).

Proof. The proof can be found in Section 5.7.6.

Performance Loss due to Approximate Policy Being Applied to the True System

We now study the difference Jβ(ẑ, φ̃N) − J∗β(ẑ) where φ̃N is the optimal policy for the

approximate model extended to the full space Ẑ .

Theorem 5.4.2. For ẑ0 = (π−0 , I
N
0 ), with a policy γ̂ acting on the first N steps

E γ̂

π−0

[∣∣∣Jβ(ẑ0, φ̃
N)− J∗β(ẑ0)

∣∣∣ |IN0 ] ≤ 2‖c‖∞
(1− β)

∞∑
t=0

βtLt.

Proof. The proof can be found in Section 5.7.7.

Exponential Convergence Rates under Filter Stability

We now show that the term Lt can be bounded using the following filter stability result.

Recall that Theorem 5.2.1 states that under some sufficient conditions

Eµ,γ [‖πµ,γn − πν,γn ‖TV ] ≤ 2αn.

which holds uniformly for all µ � ν where α := (1 − δ̃(T ))(2 − δ(Q)). Since δ̃(T ) is a

uniform Dobrushin coefficient over all control actions, the above bound is valid under any
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control action process. Thus, under the conditions of Theorem 5.2.1, we have that

Lt = sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π−t (Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])− P π̂(Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])‖TV

]
≤ 2αN (5.16)

for all t.

We can then state the following result:

Theorem 5.4.3. Assume the following holds:

• The transition kernel T (dx1|x0, u0) admits a density function f with respect to a

reference measure φ such that T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1).

• α := (1− δ̃(T ))(2− δ(Q)) < 1,

• The transition kernel T is dominated, i.e. there exists a dominating measure π̂ ∈

P(X) such that for every x ∈ X and u ∈ U, T (·|x, u) � π̂(·) that is T (·|x, u) is

absolutely continuous with respect to π̂ for every x ∈ X and u ∈ U.

Then, by choosing the dominating measure π̂ for the construction of the approximate model,

we have

E γ̂

π−0

[∣∣∣J̃Nβ (ẑ0)− J∗β(ẑ0)
∣∣∣ |IN0 ] ≤ 2‖c‖∞

(1− β)2
αN

E γ̂

π−0

[∣∣∣Jβ(ẑ0, φ̃
N)− J∗β(ẑ0)

∣∣∣ |IN0 ] ≤ 4‖c‖∞
(1− β)2

αN .

Proof. First note that using the dominating measure assumption, one can see that π−t � π̂

for all t, where π−t is the predictor at time t.
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Hence, with (5.16), we can write

Lt ≤ 2αN

for all t, which concludes the proof using Theorem (5.4.2) and Theorem 5.4.1.

5.5 Comparison of Approximation Methods

In this chapter, we have presented two different approximation methods for POMDPs in

Section 5.3 and Section 5.4 using finite window information variables. For both methods,

the finite subset of the belief space is chosen in the same spirit. Namely, for Section 5.3,

we have used

ZNπ̂ :=
{
P π̂(XN ∈ ·|Y[0,N ], U[0,N−1]);Y[0,N ] ∈ YN+1, U[0,N−1] ∈ UN

}
and for Section 5.4, we have used

ẐNπ̂ =

{
(π̂, y[0,N ], u[0,N−1]) : y[0,N ] ∈ YN+1, u[0,N−1] ∈ UN

}

In Section 5.3, note that the set is constructed using the posterior probability distribu-

tions of the form P π̂(XN ∈ ·|Y[0,N ], U[0,N−1]). We have equipped this set with the weak

convergence topology as each of these elements is a probability measure. We then map

the elements in the belief state space Z to the finite subset using a nearest neighbor map

choosing the closest element from ZNπ̂ under ρBL metric which metrizes the weak conver-

gence topology. The advantage of this method is that because of the nearest neighborhood

map, one naturally arrives at a smaller approximation error. Furthermore, because of the
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continuity properties of the nearest neighbor map under the ρBL metric, one is able to work

with the weak convergence topology, as such, we get an upper bound in terms of the ρBL

metric under the expectation, such that the bounding term is

Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ]), P

π̂(XN ∈ ·|Y[0,N ])
)]

where the expectation is over the observation and action variables Y[0,N ], U[0,N−1] which is

a better bound than

E γ̂
π

[
‖P π(XN ∈ ·|Y[0,N ])− P π̂(XN ∈ ·|Y[0,N ])‖TV

]
(5.17)

the bound we derived for the method used in Section 5.4 since the total variation distance

always upper bounds the ρBL metric.

Although, we get a better error bound in Section 5.3, since we directly work with the

weak convergence topology on the set ZNπ̂ , we can only differentiate between the proba-

bility measures in the set ZNπ̂ and we might lose the distinctions between different finite

window information variables Y[0,N ], U[0,N−1]. In other words, different observation and

control action realizations might lead to the same probability measure in the weak con-

vergence topology. This issue might cause practical problems, because, the designer is

always required to keep track of the original belief state to map it to the closest element

ZNπ̂ , instead of only keeping track of the information variables Y[0,N ], U[0,N−1].

We have developed another approximation method in Section 5.4, which leads to a

coarser error bound in (5.17) but results in a more practical way of approximation. Because

of the issue explained in the last paragraph about losing the distinction between the most

recent information variables, instead of putting a topology on the posterior distributions
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directly, we view the elements in the set ẐNπ̂ as combination of the predictor N steps back

and the N window information variables, that is, we view the elements as (π̂, INt ). We

then equip this set with the product topology of the weak convergence topology on the

predictors and the usual discrete topologies on the information variables. This way, we do

not map the belief states to the closest element in ẐNπ̂ but instead, we map the belief states

to the element in ẐNπ̂ with matching information variables INt . In other words, the true

belief (π−t−N , I
N
t ) is always mapped/quantized to (π∗, INt ). Notice that this mapping can be

done without the knowledge or computation of π−t−N as long as we have INt available and

thus, the designer does not need to calculate or keep track of the original belief state, but

he/she only needs keep track of the N window information variables INt = Y[0,N ], U[0,N−1].

We will also see in Chapter 6 that an approximate Q learning algorithm constructed using

INt converges to the approximate model constructed in Section 5.4.

In summary, the first method we presented in Section 5.3 provides a better approxi-

mation performance. However, the second method presented in Section 5.4, provides a

considerable practical advantage at the cost of performance.

5.6 Numerical Study

In this section, we present a numerical study for the proven results.

The example we use is a machine repair problem. In this model, we have X,Y,U =

{0, 1} with

xt =


1 machine is working at time t

0 machine is not working at time t .
ut =


1 machine is being repaired at time t

0 machine is not being repaired at time t .
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The one stage cost function is given by

c(x, u) =



R + E x = 0, u = 1

E x = 0, u = 0

0 x = 1, u = 0

R x = 1, u = 1

where R is the cost of repair and E is the cost incurred by a broken machine.

We study the example with discount factor β = 0.8. The transition probabilities are

chosen as follows:

Pr(x1 = 0|x0 = 0, u0 = 0) = 0.9, P r(x1 = 0|x0 = 0, u0 = 1) = 0.6

Pr(x1 = 0|x0 = 1, u0 = 0) = 0.4, P r(x1 = 0|x0 = 1, u0 = 1) = 0.1

For the measurement channel:

Pr(y = 0|x = 0) = 0.7, P r(y = 1|x = 1) = 0.7.

For the cost function, we choose R = 3, and E = 1.

Finally, we choose the starting distribution as π̂(·) = 0.42δ0(·) + 0.58δ1(·).

We first compare the approximate policies calculated using the nearest neighbor method

from Section 5.3 and the history matching method from Section 5.4. We plot the following

terms for the window size ranging from 0 to 5

Performance Loss: Eγ0 [|Jβ(Z5, γ
N
i )− J∗β(Z5)|Y[0,5], U[0,4]], for i ∈ {1, 2}
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where γ0 is some known initial policy for the first 5 time steps. γN1 denotes the approximate

policy for the nearest neighbor method from Section 5.3 and γN2 denotes the approximate

policy for the history matching method from Section 5.4.

To get the errors, we simply subtract the cost values from their minimum (largest win-

dow) which serves as an approximation of the optimal value function.

Figure 5.1: Approximation error in memory size for different methods.

We can see that the approximate policy calculated using the approach in Section 5.3

performs slightly better, but both methods tend to perform near optimally with increasing

window size.

We now plot the performance of the policy from Section 5.3 seperately compared to the

ρBL filter stability term

sup
γ

sup
π
Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ]), P

π̂(XN ∈ ·|Y[0,N ])
)]

and αN where the Dobrushin constant is α = (2 − δ(Q)) × (1 − δ(T )). Recall that

in Theorem 5.3.1 and Theorem 5.3.2, we proved that αN dominates the expected filter

stability term which in turn dominates the approximation error.
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Figure 5.2: Approximation error, BL filter stability and Dobrushin coefficient in memory
size for the first method.

Notice that the graph verifies what have proved in Section 5.3.

We now compare the error for the second method presented in Section 5.4 and the total

variation filter stability term

sup
γ

sup
π
Eγ
π

[
‖P π(XN ∈ ·|Y[0,N ])− P π̂(XN ∈ ·|Y[0,N ])‖TV

]
which coincides with the ρBL metric since we use a finite spaceX

Figure 5.3: Approximation error, TV filter stability and Dobrushin coefficient in memory
size for the second method.
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Notice that this graph verifies Theorem 5.4.2.

Finally, we plot everything together for an overall comparison:

Figure 5.4: Overall comparison

5.7 Proofs of Technical Results

5.7.1 Proof of Theorem 5.3.1

Before presenting our proof program and the series of technical results needed, we intro-

duce some notation.

We denote the loss function due to the quantization by L(z), i.e.

L(z) = ρBL(z, F (z))

with F defined in (5.4).

In the following, to specify the probability measures according to which the expecta-

tions are taken, we use the following notation; for the kernel ηN and a policy γ, we use Eγ
N

and for the kernel η and a policy γ, we will use Eγ .

The last notation we introduce is the following: Recall that we denote the optimal cost
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for the finite model by JNβ and the optimal policy by γ∗N . These are defined on a finite set

ZNπ̂ , however, we can always extend them over the original state space Z so that they are

constant over the quantization bins. We denote the extended versions by J̃Nβ and γ̃∗N .

Now, we introduce our value iteration approach for the original model and the finite

model. We write for any k <∞

vk+1(z) = min
u

(
c̃(z, u) + β

∫
vk(z1)η(dz1|z, u)

)
∀z ∈ Z,

vNk+1(z) = min
u

(
cN(z, u) + β

∑
z1

vNk (z1)ηN(z1|z, u)

)
∀z ∈ ZNπ̂ .

where v0, v
N
0 ≡ 0. It is well known that this operator is a contraction under either model and

hence the value functions converge to the optimal expected discounted cost. In particular,

we have that

∣∣JNβ (z)− vNk (z)
∣∣ ≤ ‖c̃‖∞ βk

1− β
,
∣∣J∗β(z)− vk(z)

∣∣ ≤ ‖c̃‖∞ βk

1− β
.

Notice that if we extend vNk+1(z) and cN(z, u) over all of the state space then ṽNk+1(z) and

c̃N(z, u) becomes constant over the quantization bins. Then, the extended value functions

for the finite model can be also obtained with

ṽNk+1(z) = min
u

(
c̃(F (z), u) + β

∫
ṽNk (z1)η(dz1|F (z), u)

)
∀z ∈ Z. (5.18)

To see this, observe the following:

ṽNk+1(z) = min
u

(
c(F (z), u) + β

∫
ṽNk (z1)η(dz1|F (z), u)

)
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= min
u

c̃(F (z), u) + β

|ZNπ̂ |∑
i=1

∫
ZNi

ṽNk (z1)η(dz1|F (z), u)


= min

u

c̃(F (z), u) + β

|ZNπ̂ |∑
i=1

ṽNk (zi1)

∫
ZNi

η(dy|F (z), u)


= min

u

c̃(F (z), u) + β

|ZNπ̂ |∑
i=1

ṽNk (zi1)η(ZNi |F (z), u)


where Zni denotes the ith quantization bin and ṽNk (zi1) denotes the value of ṽNk at that

quantization bin and it is constant over the bin.

For the proof the goal is to bound the term |Jβ(γ̃∗N , z) − Jβ(γ∗, z)|. We will see in the

following that bounding this term is related to studying the term |J̃Nβ (γ̃∗N , z) − Jβ(γ∗, z)|

(the value function approximation error). Therefore, in what follows, we first analyze

|J̃Nβ (γ̃∗N , z) − Jβ(γ∗, z)| and observe that it can be bounded using the expected loss terms

E[L(Zt)]. Finally, we will observe that upper bounds on these expressions can be written

through the filter stability term

sup
π∈P(X)

sup
γ∈Γ

Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ], γ(Y[0,N−1])), P

π̂(XN ∈ ·|Y[0,N ]), γ(Y[0,N−1])
)]
.

Next, we present some supporting technical results.

Lemma 5.7.1. Under Assumption 5.3.1, we have

|J̃Nβ (γ̃∗N , z)− Jβ(γ∗, z)|

≤ lim
k→∞

sup
γ∈Γ

(
αc̃

k−1∑
t=0

βt

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

))
.
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where vk denotes the value function at a time step k that is produced by the value iteration

with v0 ≡ 0.

Proof. We follow a value iteration approach to write for any k <∞

vk+1(z) = min
u

(
c̃(z, u) + β

∫
vk(y)η(dy|z, u)

)
∀z ∈ Z,

ṽNk+1(z) = min
u

(
c̃(F (z), u) + β

∫
ṽNk (y)η(dy|F (z), u)

)
∀z ∈ Z.

where v0, ṽ
N
0 ≡ 0.

We then write

|J̃Nβ (z)− J∗β(z)| ≤ |J̃Nβ (z)− ṽNk (z)|+ |ṽNk (z)− vk(z)|+ |vk(z)− J∗β(z)| (5.19)

For the first and the last term, using the fact that the dynamic programming operator is

a contraction, we have that

∣∣J̃Nβ (z)− ṽNk (z)
∣∣ ≤ ‖c̃‖∞ βk

1− β
,
∣∣J∗β(z)− vk(z)

∣∣ ≤ ‖c̃‖∞ βk

1− β
.

Now, we focus on the second term |ṽNk (z)− vk(z)|.

Step 1: We show in Section 5.7.2, that for all k ≥ 1,

|ṽNk (z)− vk(z)|

≤ sup
γ∈Γ

(
αc̃

k−1∑
t=0

βtEγ
z,N [L(Zt)] +

k−1∑
t=0

βt+1‖vk−t−1‖BLEγ
z,N [L(Zt)]αz

)

where L(z) is the loss function due to the quantization, i.e. L(z) = ρBL(z, ẑ) where ẑ is

representative state z belongs to.
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Step 2: We show in Section 5.7.3, that

Eγ
z,N [L(Zt)] ≤ Eγ

z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)].

Step 3: Combining our results, we have that

|ṽNk (z)− vk(z)|

≤ sup
γ

(
αc̃

k−1∑
t=0

βtEγ
z,N [L(Zt)] +

k−1∑
t=0

βt+1‖vk−t−1‖BLEγ
z,N [L(Zt)]αz

)

≤ sup
γ

(
αc̃

k−1∑
t=0

βt

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

))
.

(5.20)

Hence, using (5.19) and (5.20), we write

|J̃Nβ (z)− J∗β(z)| ≤ lim
k→∞
|ṽNk (z)− vk(z)|

≤ lim
k→∞

sup
γ

(
αc̃

k−1∑
t=0

βt

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

))
.

The next result, gives a bound on the loss function occurring from the quantization (on

L(z)) and relates the bound to the filter stability problem.

Lemma 5.7.2. For Z0 = P π0(XN ∈ ·|Y[0,N ], γ(Y[0,N−1])), where π0 ∈ P(X) is the prior
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distribution of X0, we have that for any N < t <∞

sup
γ∈Γ

Eγ
π0

[
Eγ
Z0

[L(Zt)] |Y[0,N ], γ
(
Y[0,N−1]

)]
≤ sup

π∈P(X)

sup
γ∈Γ

Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ], γ(Y[0,N−1])), P

π̂(XN ∈ ·|Y[0,N ]), γ(Y[0,N−1])
)]
.

Proof. We first note that, since the quantizer is a nearest-neighbor quantization, the quan-

tization error is almost surely upper bounded by

ρBL
(
P πt− (XN+t ∈ ·|Y[t,t+N ], U[t,t+N−1]), P

π̂(XN+t ∈ ·|Y[t,t+N ], U[t,t+N−1])
)
. Using this and

the law of total expectation:

Eγ
π0

[
Eγ
z0

[L(Zt)] |Y[0,N ], γ(Y[0,N−1])
]

≤ sup
γ∈Γ

Eγ
π0

[
Eγ
πt−

[
ρBL

(
P πt− (XN+t ∈ ·|Y[t,t+N ], U[t,t+N−1])

, P π̂(XN+t ∈ ·|Y[t,t+N ], U[t,t+N−1])

)]∣∣∣∣(U, Y )[0,t−1]

]
≤ sup

π∈P(X)

sup
γ∈Γ

Eγ
π

[
ρBL

(
P π(XN ∈ ·|Y[0,N ], U[0,N−1]), P

π̂(XN ∈ ·|Y[0,N ], U[0,N−1])
)]

where (U, Y )[0,t−1] = U[0,t−1], Y[0,t−1].

Lemma 5.7.3. Under Assumption 5.3.1 we have that

‖vk‖BL ≤ αc̃

k−1∑
t=0

(βαz)
t + ‖c̃‖∞

k−1∑
t=0

(βαz)
t1− βk−t

1− β
.

In particular, we have that for all k

‖vk‖BL ≤
1

1− βαz

(
‖c̃‖∞
1− β

+ αc̃

)
.
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Proof. It is easy to see that ‖vk‖∞ ≤ ‖c̃‖∞
∑k−1

t=0 β
t = ‖c̃‖∞ 1−βk

1−β . Then, we use an

inductive approach and assume the claim holds for k and analyze the term k + 1

‖vk+1‖BL = ‖vk+1‖∞ + sup
x 6=y

|vk+1(x)− vk+1(y)|
ρBL(x, y)

For the second term, we have

|vk+1(x)− vk+1(y)| ≤ sup
u

(
|c̃(x, u)− c̃(y, u)|+ β

∣∣∣∣∫ vk(z)η(dz|x, u)−
∫
vk(z)η(dz|y, u)

∣∣∣∣)
≤ αc̃ρBL(x, y) + β‖vk‖BLαzρBL(x, y).

Hence, using the induction hypothesis, we have that

‖vk+1‖BL ≤ ‖vk+1‖∞ + αc̃ + βαz‖vk‖BL

≤ ‖c̃‖∞
1− βk+1

1− β
+ αc̃ + βαz

(
αc̃

k−1∑
t=0

(βαz)
t + ‖c̃‖∞

k−1∑
t=0

(βαz)
t1− βk−t

1− β

)

= αc̃

k∑
t′=0

(βαz)
t′ + ‖c̃‖∞

k∑
t′=0

(βαz)
t′ 1− βk−t

′

1− β
, t′ = t+ 1,

which concludes the induction argument. Therefore, we can write

‖vk‖BL ≤ αc̃

k−1∑
t=0

(βαz)
t + ‖c̃‖∞

k−1∑
t=0

(βαz)
t1− βk−t

1− β
=

(
αc̃ +

‖c̃‖∞
1− β

)
1− (βαz)

k

1− βαz
− ‖c̃‖∞β

k(1− αkz)
(1− β)(1− αz)

Now, we can prove Theorem 5.3.1.

Proof. of Theorem 5.3.1 Consider the following dynamic programming operators, T̂n, Tn :

Bb(Z) → Bb(Z) (Bb(Z) denotes the set of measurable and bounded functions on Z) such



5.7. PROOFS OF TECHNICAL RESULTS 201

that for any f ∈ Bb(Z) and for any z ∈ Z

(Tn(f))(z) := c(z, γ̃∗N(z)) + β

∫
f(y)η(dy|z, γ̃∗N(z))

(T̂n(f))(z) := c(F (z), γ̃∗N(z)) + β

∫
f(y)η(dy|F (z), γ̃∗N(z))

where γ̃∗N denotes the extension of the optimal policy for the finite state space model to

the belief space Z , i.e. it is constant over the quantization bins, furthermore F (z) is the

nearest neighbor quantization map such that it maps z to the closest point from the finite

state space ZNπ̂ (recall that ρBL is used to metrize the belief space).

The optimal cost for the finite model, JNβ is only defined on a finite set, we denote

by J̃Nβ the extension of the optimal cost for the finite model to the belief space P(X) by

assigning the same values over the quantizaton bins , i.e. it is a piece-wise constant function

over the quantization bins. Note that, we have

Jβ(γ̃∗N , z) = Tn(Jβ(γ̃∗N , z)),

J̃Nβ (γ̃∗N , z) = T̂n(J̃Nβ (γ̃∗N , z)).

Using these equalities, we write

Jβ(γ̃∗N , z)− Jβ(γ∗, z) ≤ |Tn(Jβ(γ̃∗N , z))− Tn(Jβ(γ∗, z))|

+ |Tn(Jβ(γ∗, z))− T̂n(Jβ(γ∗, z))|

+ |T̂n(Jβ(γ∗, z))− T̂n(J̃Nβ (γ̃∗N , z))|

+ |J̃Nβ (γ∗, z)− Jβ(γ∗, z)|

≤ β

∫
|Jβ(γ̃∗N , z1)− Jβ(γ∗, z1)|η(dz1|z, γ̃∗N(z))
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+ |c(z, γ̃∗N(z))− c(F (z), γ̃∗N(z))|

+ β|
∫
Jβ(γ∗, z1)η(dz1|z, γ̃∗N(z))−

∫
Jβ(γ∗, z1)η(dz1|F (z), γ̃∗N(z))|

+ β

∫
|J̃Nβ (γ̃∗N , z1)− Jβ(γ∗, z1)|η(dz1|F (z), γ̃∗N(z))

+ |J̃Nβ (γ̃∗N , z)− Jβ(γ∗, z)|

≤ β sup
γ

(
Eγ
z [|Jβ(γ̃∗N , Z1)− Jβ(γ∗, Z1)|]

)
+ αcL(z) + βαzL(z)‖J∗β‖BL

+ βEγ
z,N [|J̃Nβ (γ̃∗N , Z1)− Jβ(γ∗, Z1)|] + |J̃Nβ (γ̃∗N , z)− Jβ(γ∗, z)| (5.21)

where EN
z,γ denotes the expectation with respect the the kernel η(dy|F (z), γ(z)) when the

initial point is z.

Now, using Lemma 5.7.1, we can write that:

|J̃Nβ (γ̃∗N , z)− Jβ(γ∗, z)|

≤ lim
k→∞

sup
γ

(
αc

k−1∑
t=0

βt

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
Eγ
z [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEγ
z [L(Zt−m−1)]

))

:= g(z). (5.22)

We first introduce the following notation along with the above notation (5.22)

f(z) := |Jβ(γ̃∗N , z)− Jβ(γ∗, z)|.



5.7. PROOFS OF TECHNICAL RESULTS 203

Notice that with the new notation, we can rewrite the bound on (5.21) as:

f(z) ≤ β sup
γ
Eγ
z [f(Z1)] + αcL(z) + βαzL(z)‖J∗β‖BL + βEγ

z,N [g(Z1)] + g(z)

≤ β sup
γ
Eγ
z [f(Z1)] + αcL(z) + βαzL(z)‖J∗β‖BL + βEγ

z [g(Z1)] + β‖g‖BLL(z) + g(z)

where we used the fact that

Eγ
z,N [g(Z1)]− Eγ

z [g(Z1)] =

∫
g(z1)η(dz1|F (z), γ(z))−

∫
g(z1)η(dz1|z, γ(z))

≤ ‖g‖BLL(z).

Using the same bound on f(Z1) one can also write that for any initial point z0:

f(z0) ≤ sup
γ∈Γ

β2Eγ
z0

[f(Z2)] + αc

1∑
t=0

βtEγ
z0

[L(Zt)] + αz‖J∗β‖BL
1∑
t=0

βt+1Eγ
z0

[L(Zt)]

+
1∑
t=0

βt+1Eγ
z0

[g(Zt)] + ‖g‖BL
1∑
t=0

βt+1Eγ
z0

[L(Zt)] +
1∑
t=0

βtEγ
z0

[g(Zt)].

In general, for any k <∞, we can write

f(z0) ≤ sup
γ∈Γ

(
βkEγ

z0
[f(Zk)] + αc

k−1∑
t=0

βtEγ
z0

[L(Zt)] + αz‖J∗β‖BL
k−1∑
t=0

βt+1Eγ
z0

[L(Zt)]

+
k−1∑
t=0

βt+1Eγ
z0

[g(Zt)] + ‖g‖BL
k−1∑
t=0

βt+1Eγ
z0

[L(Zt)] +
k−1∑
t=0

βtEγ
z0

[g(Zt)]

)
. (5.23)

Recall that our main goal is to bound Eπ0 [f(Z0)|Y[0,N ], γ(Y[0,N−1])] where Z0 = Pπ0(XN ∈

·|Y[0,N ], γ(Y[0,N−1]). To this end, first notice that using Lemma 5.7.2, we have for any t

Eπ0
[
Eγ
Z0

[L(Zt)]|Y[0,N ], γ(Y[0,N−1])
]
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≤ sup
π∈P(X)

sup
γ∈Γ

Eπ,γ
[
ρBL

(
P π(XN ∈ ·|Y[0,N ]), P

π̂(XN ∈ ·|Y[0,N ])
)]

:= B. (5.24)

Using this bound and Lemma 5.7.3 for ‖vk−t−1‖BL, we can write that

E
[
Eγ
Z0

[g(Zt)]
∣∣Y[0,N ], γ(Y[0,N−1])

]
≤ lim

k→∞

(
αc

k−1∑
t=0

βt

(
B + 3αz

t−1∑
m=0

B(4αz + 1)m

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
B + 3αz

t−1∑
m=0

B(4αz + 1)m

))

≤ B
(
αc + βαz‖J∗β‖BL

)
lim
k→∞

k−1∑
t=0

βt

(
1 + 3αz

t−1∑
m=0

(4αz + 1)m

)

≤ B
(
αc + βαz‖J∗β‖BL

)
lim
k→∞

k−1∑
t=0

βt
(

1 + 3αz
(4αz + 1)t − 1

4αz

)

≤ B
(
αc + βαz‖J∗β‖BL

)
lim
k→∞

k−1∑
t=0

βt(4αz + 1)t

= BK0(β, αz, αc̃, ‖c̃‖∞) (5.25)

where

K0(β, αz, αc̃, ‖c̃‖∞) =
(
αc + βαz‖J∗β‖BL

) 1

1− β(4αz + 1)
.

In Section 5.7.4 we show that

‖g‖BL ≤ K0(β, αz, αc̃, ‖c̃‖∞)
3

1− αz
.
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Going back to (5.23), using (5.24) and (5.25) and taking the limit k →∞:

E[f(Z0)|Y[0,N ], γ(Y[0,N−1])] ≤
Bαc

1− β
+
βαz‖J∗β‖BLB

1− β
+
βK0(β, αz, αc̃, ‖c̃‖∞)B

1− β

+
βK0(β, αz, αc̃, ‖c̃‖∞) 3

1−αzB

1− β
+
K0(β, αz, αc̃, ‖c̃‖∞)B

1− β
.

Thus, we can write that

E[f(Z0)|Y[0,N ], γ(Y[0,N−1])] ≤

K(β, αz, αc̃, ‖c̃‖∞) sup
π∈P(X)

sup
γ∈Γ

Eπ,γ
[
ρBL

(
P π(XN ∈ ·|Y[0,N ]), P

π̂(XN ∈ ·|Y[0,N ])
)]
,

where

K(β, αz, αc̃, ‖c̃‖∞) =
αc + βαz‖J∗β‖BL + βK0(β, αz, αc̃, ‖c̃‖∞)(1 + 3

1−αz ) +K0(β, αz, αc̃, ‖c̃‖∞)

1− β

and using Lemma 5.7.6 (see Section 5.7.5)

‖J∗β‖BL ≤
1

1− βαz

(
‖c̃‖∞
1− β

+ αc̃

)
.

5.7.2 Proof of Step 1 in the Proof of Lemma 5.7.1

We claim that

|ṽNk (z)− vk(z)| ≤ sup
γ∈Γ

(
αc̃

k−1∑
t=0

βtEN
z,γ [L(Zt)] +

k−1∑
t=0

βt+1‖vk−t−1‖BLEN
z,γ [L(Zt)]αz

)
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where L(z) is the loss function due to the quantization, i.e. L(z) = ρBL(z, F (z)) with F

defined in (5.4).

We prove the claim using an inductive approach: for k = 1 we have (noting v0, ṽ
N
0 ≡ 0)

ṽN1 (z) = min
u

(
c̃(F (z), u) + β

∫
ṽN0 (y)η(dy|F (z), u)

)
= min

u
c̃(F (z), u)

v1(z) = min
u

(
c̃(z, u) + β

∫
v0(y)η(dy|z, u)

)
= min

u
c̃(z, u).

Note that under the stated assumptions the measurable selection conditions hold, and the

minimum can be achieved using a policy γ for the original model and a policy γN for the

finite model which defined only on a finite set. By extending the finite model policy γN

over all state space P(X), we can write that

|ṽN1 (z)− v1(z)| ≤ max

(
c̃(F (z), γ(z))− c̃(z, γ(z)), c̃(z, γN(z))− c̃(F (z), γN(z))

)
≤ sup

γ
|c̃(F (z), γ(z))− c̃(z, γ(z))| ≤ αc̃L(z)

which completes the proof for k = 1. Now, we assume that the claim holds for k and

analyze the step k + 1. Similar to k = 1 case, we can write

|ṽNk+1(z)− vk+1(z)|

≤ sup
γ

∣∣∣∣c̃(F (z), γ(z))− c̃(z, γ(z)) + β

∫
ṽNk (y)η(dy|F (z), γ(z))− β

∫
vk(y)η(dy|z, γ(z))

∣∣∣∣
≤ sup

γ

(
|c̃(F (z), γ(z))− c̃(z, γ(z))|+ β

∫
|ṽNk (y)− vk(y)|η(dy|F (z), γ(z))

+ β

∣∣∣∣∫ vk(y)η(dy|F (z), γ(z))−
∫
vk(y)η(dy|z, γ(z))

∣∣∣∣
)
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≤ αc̃L(z) + β sup
γ

(∫ ∣∣∣∣∣αc̃
k−1∑
t=0

βtEN
y,γ [L(Zt)] +

k−1∑
t=0

βt+1‖vk−t−1‖BLEN
y,γ [L(Zt)]αz]

∣∣∣∣∣ η(dy|F (z), γ(z))

)
+ β‖vk‖BLαzL(z)

≤ sup
γ

(
αc̃L(z) + αc̃

k−1∑
t=0

βt+1EN
z,γ [L(Zt+1)] + β‖vk‖BLαzL(z) +

k−1∑
t=0

βt+2‖vk−t−1‖BLEN
z,γ [L(Zt+1)]

)

= sup
γ

(
αc̃

k∑
t′=0

βt
′
EN
z,γ [L(Zt′)] +

k∑
t′=0

βt
′+1‖vk−t′‖BLEN

z,γ [L(Zt′)]

)
, (t′ = t+ 1).

For the last two steps, note that EN
y,γ [L(Zt)] denotes the expected loss at time t when the

initial state Z0 = y, thus using the iterative expectation we have

∫
EN
y,γ [L(Zt)] η(dy|F (z), γ(z)) = EN

z,γ [L(Zt+1)] .

Hence, we have proved that for all k ≥ 1

|ṽNk (z)− vk(z)| ≤ sup
γ

(
αc̃

k−1∑
t=0

βtEN
z,γ [L(Zt)] +

k−1∑
t=0

βt+1‖vk−t−1‖BLEN
z,γ [L(Zt)]αz

)
.

5.7.3 Proof of Step 2 in the Proof of Lemma 5.7.1

The claim is that

EN
z,γ [L(Zt)] ≤ Ez,γ [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEz,γ[L(Zt−m−1)].

We first write

EN
z,γ [L(Zt)] ≤ Ez,γ [L(Zt)] +

(
‖L‖BL

)
ρBL

(
P γ
z,t, P

γ,N
z,t

)
(5.26)
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where

P γ
z,t, P γ,N

z,t

are the marginal distributions of the state zt for the true model and approximate model

respectively, with Z0 = z.

We focus on the term ‖L‖BLρBL
(
P γ
z,t, P

γ,N
z,t

)
. We first claim that ‖L‖BL ≤ 3, where

L(z) = ρ(z, F (z)). Recall that F determines quantization given in (5.4).

‖L‖BL ≤ ‖L‖∞ + sup
z,z′

|ρ(z, F (z))− ρ(z′, F (z′))|
ρ(z, z′)

≤ 2 + sup
z,z′

|ρ(z, F (z))− ρ(z′, F (z′))|
ρ(z, z′)

where we used the fact that

‖L‖∞ = sup
z
ρBL(z, F (z)) ≤ 2

as for any two probability measures µ, ν,we have that ρBL(µ, ν) ≤ 2 (see (4.6)).

Note that F is a nearest neighbor quantizer as defined in (5.4), thus we can write that

|ρ(z, F (z))− ρ(z′, F (z′))| ≤ max (ρ(z, F (z′))− ρ(z′, F (z′)), ρ(z′, F (z))− ρ(z, F (z)))

≤ sup
ẑ
|ρ(z, ẑ)− ρ(z′, ẑ)| ≤ ρ(z, z′)

where for the last step we used the triangle inequality. Hence we can conclude that

‖L‖BL ≤ 2 + sup
z,z′

|ρ(z, F (z))− ρ(z′, F (z′))|
ρ(z, z′)

≤ 3. (5.27)
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Now, we show that

ρBL

(
P γ
z,t, P

γ,N
z,t

)
≤ αz

t−1∑
m=0

(4αz + 1)mEz,γ[L(Zt−m−1)]. (5.28)

We prove the claim by induction: for t = 1

ρBL

(
P γ
z,1, P

γ,N
z,1

)
= sup
‖f‖BL≤1

∣∣∣∣∫ f(z1)η(dz1|F (z), u1)−
∫
f(z1)η(z1)η(dz1|z, u1)

∣∣∣∣
≤ αzL(z).

Now assume the claim holds for t− 1

ρBL

(
P γ
z,t, P

γ,N
z,t

)
= sup
‖f‖BL≤1

∣∣∣∣∫ f(zt)η(dzt|zt−1, γ(zt−1)))P γ
z,t−1(dzt−1)−

∫
f(zt)η(dzt|F (zt−1), γ(zt−1))P γ,N

z,t−1(dzt−1)

∣∣∣∣
≤ sup
‖f‖BL≤1

∣∣∣∣∫ f(zt)η(dzt|zt−1, γ(zt−1))P γ
z,t−1(dzt−1)−

∫
f(zt)η(dzt|zt−1, γ(zt−1))P γ,N

z,t−1(dzt−1)

∣∣∣∣
+ sup
‖f‖BL≤1

∣∣∣∣∫ f(zt)η(dzt|zt−1, γ(zt−1))P γ,N
z,t−1(dzt−1)−

∫
f(zt)η(dzt|F (zt−1), γ(zt−1))P γ,N

z,t−1(dzt−1)

∣∣∣∣
≤ (‖f‖∞ + αz)ρBL

(
P γ
z,t−1, P

γ,N
z,t−1

)
+ αzE

N
z [L(Zt−1)]

≤ (1 + αz)ρBL

(
P γ
z,t−1, P

γ,N
z,t−1

)
+ αzE

N
z [L(Zt−1)].

Using (5.26), we can write

ρBL

(
P γ
z,t, P

γ,N
z,t

)
≤ (1 + αz)ρBL

(
P γ
z,t−1, P

γ,N
z,t−1

)
+ αz

(
Ez[L(Zt−1)] + 3ρBL

(
P γ
z,t−1, P

γ,N
z,t−1

))
= (4αz + 1)ρBL

(
P γ
z,t−1, P

γ,N
z,t−1

)
+ αzEz[L(Zt−1)]
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≤ (4αz + 1)

(
αz

t−2∑
m=0

(4αz + 1)mEz[L(Zt−m−2)]

)
+ αzEz[L(Zt−1)]

= αz

t−1∑
m=0

(4αz + 1)mE[Lz(Zt−m−1)]

which completes the proof of (5.28).

Now, we go back to the main claim and start from (5.26) to write

EN
z,γ [L(Zt)] ≤ Ez,γ [L(Zt)] + ‖L‖BLρBL

(
P γ
z,t, P

γ,N
z,t

)
≤ Ez,γ [L(Zt)] + 3ρBL

(
P γ
z,t, P

γ,N
z,t

)
≤ Ez,γ [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEz,γ[L(Zt−m−1)].

5.7.4 Proof of Lemma 5.7.5

Lemma 5.7.4. We introduce the following notation

Êz[L(Zt)] = sup
u0

∫
. . . sup

ut−2

∫
sup
ut−1

∫
L(zt)η(dzt|zt−1, ut−1)η(dzt−1|zt−2, ut−2) . . . η(dz1|z, u0).

Under Assumption 5.3.1, we have that

sup
γ∈Γ

Ez,γ[L(Zt)] = Êz[L(Zt)].

Proof. Recall that for a fixed policy γ = {γt}t,

Ez,γ[L(Zt)] =

∫
L(zt)η(dzt|zt−1, γt−1(zt−1))η(dzt−1|zt−1, γt−2(zt−2)) . . . η(dz1|z, γ0(z0))
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It is easy to see that

∫
L(zt)η(dzt|zt−1, γt−1(zt−1))η(dzt−1|zt−1, γt−2(zt−2)) . . . η(dz1|z, γ0(z0))

≤
∫

sup
ut−1

∫
L(zt)η(dzt|zt−1, ut−1)η(dzt−1|zt−1, γt−2(zt−2)) . . . η(dz1|z, γ0(z0))

By repeating this step we can have

∫
L(zt)η(dzt|zt−1, γt−1(zt−1))η(dzt−1|zt−1, γt−2(zt−2)) . . . η(dz1|z, γ0(z0))

≤ sup
u0

∫
. . . sup

ut−2

∫
sup
ut−1

∫
L(zt)η(dzt|zt−1, ut−1)η(dzt−1|zt−2, ut−2) . . . η(dz1|z, u0)

Hence by taking supremum over all policies we can write

sup
γ∈Γ

Ez,γ[L(Zt)] ≤ Êz[L(Zt)].

For the other direction, we first focus on the term suput−1

∫
L(zt)η(dzt|zt−1, ut−1), using

Assumption 5.3.1, one can show that there exists a measurable map γt−1 such that

sup
ut−1

∫
L(zt)η(dzt|zt−1, ut−1) =

∫
L(zt)η(dzt|zt−1, γt−1(zt−1)).

Using the same argument, we can see that there exists a sequence of measurable functions

{γ0, γ1, . . . , γt−1} such that

sup
u0

∫
. . . sup

ut−2

∫
sup
ut−1

∫
L(zt)η(dzt|zt−1, ut−1)η(dzt−1|zt−2, ut−2) . . . η(dz1|z, u0)

=

∫
L(zt)η(dzt|zt−1, γt−1(zt−1))η(dzt−1|zt−1, γt−2(zt−2)) . . . η(dz1|z, γ0(z0)).
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Hence we can write that

Êz[L(Zt)] ≤ sup
γ∈Γ

Ez,γ[L(Zt)]

which proves the main claim.

Lemma 5.7.5. Under Assumption 5.3.1

‖g‖BL ≤ K0(β, αz, αc̃, ‖c̃‖∞)
3

1− αz
.

where

K0(β, αz, αc̃, ‖c̃‖∞) =
(
αc + βαz‖J∗β‖BL

) 1

1− β(4αz + 1)
.

Proof. Using Lemma 5.7.4, we can write that

g(z) = lim
k→∞

sup
γ

(
αc

k−1∑
t=0

βt

(
Ez,γ [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEz,γ[L(Zt−m−1)]

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
Ez,γ [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mEz,γ[L(Zt−m−1)]

))

= lim
k→∞

(
αc

k−1∑
t=0

βt

(
Êz [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mÊz[L(Zt−m−1)]

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
Êz [L(Zt)] + 3αz

t−1∑
m=0

(4αz + 1)mÊz[L(Zt−m−1)]

))
.

Using the fact that ‖L‖∞ ≤ 2 we can write

‖g‖∞ ≤ lim
k→∞

(
αc

k−1∑
t=0

βt

(
2 + 3αz

t−1∑
m=0

2(4αz + 1)m

)
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+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
2 + 3αz

t−1∑
m=0

2(4αz + 1)m

))

≤ 2K0(β, αz, αc̃, ‖c̃‖∞).

where

K0(β, αz, αc̃, ‖c̃‖∞) =
(
αc + βαz‖J∗β‖BL

) 1

1− β(4αz + 1)
.

Next, we show that when defined as a function of z, ‖Êz[L(Zt)]‖BL ≤ 31−αt+1
z

1−αz We

follow an inductive approach. For t = 1:

∣∣Êz [L(Z1)]− Êẑ [L(Z1)]
∣∣ ≤ sup

u

∣∣∣∣∫ L(z1)η(dz1|z, u)−
∫
L(z1)η(dz1|ẑ, u)

∣∣∣∣
≤ ‖L‖BLαzρBL(z, ẑ) ≤ 3αzρBL(z, ẑ)

where ‖L‖BL ≤ 3 follows from (5.27). Hence we have that ‖Êz[L(Z1)]‖BL ≤ 3 + 3αz.

Now we assume the claim holds for t− 1 and focus on the case for t:

∣∣Êz [L(Zt)]− Êẑ [L(Zt)]
∣∣

= sup
u0

∫
. . . sup

ut−2

∫
sup
ut−1

∫
L(zt)η(dzt|zt−1, ut−1)η(dzt−1|zt−2, ut−2) . . . η(dz1|z, u0)

− sup
u0

∫
. . . sup

ut−2

∫
sup
ut−1

∫
L(zt)η(dzt|zt−1, ut−1)η(dzt−1|zt−2, ut−2) . . . η(dz1|ẑ, u0)

≤ sup
u0

(∫
Êz1 [L(Zt)] η(dz1|z, u0)−

∫
Êz1 [L(Zt)] η(dz1|ẑ, u0)

)
≤ αzρBL(z, ẑ)‖Êz[L(Zt−1)]‖BL ≤ αzρBL(z, ẑ)3

1− αtz
1− αz

.



5.7. PROOFS OF TECHNICAL RESULTS 214

We then have that

‖Êz[L(Zt)]‖BL ≤ ‖L‖∞ + 3αz
1− αtz
1− αz

≤ 3 + 3αz
1− αtz
1− αz

≤ 3
1− αt+1

z

1− αz
.

Thus, we can write that

∣∣Êz [L(Zt)]− Êẑ [L(Zt)]
∣∣ ≤ 3αz

1− αtz
1− αz

ρBL(z, ẑ) ≤ 3αz
1− αz

ρBL(z, ẑ).

Hence for any z, ẑ

|g(z)− g(ẑ)|

≤ lim
k→∞

(
αc

k−1∑
t=0

βt

(∣∣∣Êz [L(Zt)]− Êẑ [L(Zt)]
∣∣∣+ 3αz

t−1∑
m=0

(4αz + 1)m
∣∣∣Êz [L(Zt−m−1)]− Êẑ [L(Zt−m−1)]

∣∣∣)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL
( ∣∣∣Êz [L(Zt)]− Êẑ [L(Zt)]

∣∣∣
+ 3αz

t−1∑
m=0

(4αz + 1)m
∣∣∣Êz [L(Zt−m−1)]− Êẑ [L(Zt−m−1)]

∣∣∣ ))

≤ lim
k→∞

(
αc

k−1∑
t=0

βt

(
3αz

1− αz
ρBL(z, ẑ) + 3αz

t−1∑
m=0

(4αz + 1)m
3αz

1− αz
ρBL(z, ẑ)

)

+ αz

k−1∑
t=0

βt+1‖vk−t−1‖BL

(
3αz

1− αz
ρBL(z, ẑ) + 3αz

t−1∑
m=0

(4αz + 1)m
3αz

1− αz
ρBL(z, ẑ)

))

≤ K0(β, αz, αc̃, ‖c̃‖∞)
3αz

1− αz
ρBL(z, ẑ).

Hence, we have that (assuming αz ≤ 1)

‖g‖BL ≤ K0(β, αz, αc̃, ‖c̃‖∞)(2 +
3αz

1− αz
) ≤ K0(β, αz, αc̃, ‖c̃‖∞)

3

1− αz
.
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5.7.5 Proof of Lemma 5.7.6

Lemma 5.7.6. Under Assumption 5.3.1 we have that

‖J∗β‖BL ≤
1

1− βαz

(
‖c̃‖∞
1− β

+ αc̃

)
.

Proof. For any x, y ∈ Z

|J∗β(x)− J∗β(y)| ≤ sup
u

(
|c̃(x, u)− c̃(y, u)|+ β|

∫
J∗β(z)η(dz|x, u)−

∫
J∗β(z)η(dz|y, u)|

)
≤ αc̃ρBL(x, y) + β‖J∗β‖BLαzρBL(x, y).

Thus, we can write that

‖J∗β‖BL ≤ ‖J∗β‖∞ + αc̃ + βαz‖J∗β‖BL ≤
‖c̃‖∞
1− β

+ αc̃ + βαz‖J∗β‖BL.

Hence, rearranging the terms, we can write (provided βαz < 1)

‖J∗β‖BL ≤
1

1− βαz

(
‖c̃‖∞
1− β

+ αc̃

)
.
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5.7.6 Proof of Theorem 5.4.1

Lemma 5.7.7. We have that for any π, π̂ ∈ P(X) and for any (y, u)[t,t−N ] := {yt, . . . , yt−N , ut, . . . , u[t−N ]} ∈

YN ×UN

‖P π(Yt+1 ∈ ·|(y, u)[t,t−N ])− P π̂(Yt+1 ∈ ·|(y, u)[t,t−N ])‖TV

≤ ‖P π(Xt ∈ ·|y[t,t−N ], u[t−1,t−N ])− P π̂(Xt ∈ ·|y[t,t−N ], u[t−1,t−N ])‖TV

Proof. Let f is a measurable function of Y such that ‖f‖∞ ≤ 1. We write

∫
f(yt+1)P π(dyt+1|(y, u)[t,t−N ])−

∫
f(yt+1)P π̂(dyt+1|(y, u)[t,t−N ])

=

∫
f(yt+1)Q(dyt+1|xt+1)T (dxt+1|xt, ut)P π(dxt|y[t,t−N ], u[t−1,t−N ])

−
∫
f(yt+1)Q(dyt+1|xt+1)T (dxt+1|xt, ut)P π̂(dxt|y[t,t−N ], u[t−1,t−N ])

≤ ‖P π(Xt ∈ ·|y[t,t−N ], u[t−1,t−N ])− P π̂(Xt ∈ ·|y[t,t−N ], u[t−1,t−N ])‖TV

at the last step, we used the fact that
∫
f(yt+1)Q(dyt+1|xt+1)T (dxt+1|xt, ut) is bounded by

1 as a function of xt for ‖f‖∞ ≤ 1. Taking the supremum over all ‖f‖∞ ≤ 1 concludes

the proof.

Proof. Proof of the main theorem: We prove the result for N = 1, the general case follows

from identical steps. Let ẑ0 = (π−0 , y1, y0, u0). Then we write

J̃Nβ (ẑ0) = JNβ (π̂, y1, y0, u0)

= min
u1∈U

(
ĉ(π̂, y1, y0, u0, u1) + β

∑
y2∈Y

JNβ (π̂, y2, y1, u1)P π̂(y2|y1, y0, u1, u0)

)
.
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Furthermore,

J∗β(ẑ0) = J∗β(π−0 , y1, y0, u0)

= min
u1∈U

(
ĉ(π−0 , y1, y0, u0, u1) + β

∑
y2∈Y

J∗β(π−1 (π−0 , y0, u0), y2, y1, u1)P π−0 (y2|y1, y0, u1, u0)

)
.

Note that, for any π ∈ P(X), we have

J̃Nβ (π, y2, y1, u1) = J̃Nβ (π̂, y2, y1, u1) = JNβ (π̂, y2, y1, u1).

In particular, we have that

JNβ (π̂, y2, y1, u1) = J̃Nβ (π−1 (π−0 , y0, u0), y2, y1, u1).

Hence, we can write the following

|J̃Nβ (ẑ0)− J∗β(ẑ0)| ≤ max
u1∈U

∣∣ĉ(π̂, y1, y0, u0, u1)− ĉ(π−0 , y1, y0, u0, u1)
∣∣

+ max
u1∈U

β

∣∣∣∣∣∑
y2∈Y

JNβ (π̂, y2, y1, u1)P π̂(y2|y1, y0, u1, u0)−
∑
y2∈Y

JNβ (π̂, y2, y1, u1)P π−0 (y2|y1, y0, u1, u0)

∣∣∣∣∣
+ max

u1∈U
β
∑
y2∈Y

∣∣∣J̃Nβ (π−1 (π−0 , y0, u0), y2, y1, u1)− J∗β(π−1 (π−0 , y0, u0), y2, y1, u1)
∣∣∣P π−0 (y2|y1, y0, u1, u0).

Note that, by the definition of ĉ, we have

∣∣ĉ(π̂, y1, y0, u0, u1)− ĉ(π−0 , y1, y0, u0, u1)
∣∣ ≤ ‖c‖∞‖P π̂(X1 ∈ ·|y1, y0, u0)− P π−0 (X1 ∈ ·|y1, y0, u0)‖TV
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If we denote ẑ1 =
(
(π−1 (π−0 , y0, u0), y2, y1, u1

)
, using Lemma 5.7.7 we can write

Eγ

π−0

[
|J̃Nβ (ẑ0)− J∗β(ẑ0)|

]
≤ ‖c‖∞Eγ

π−0

[
‖P π̂(X1 ∈ ·|Y1, Y0, U0)− P π−0 (X1 ∈ ·|Y1, Y0, U0)‖TV

]
+ max

u1∈U
β‖JNβ ‖∞E

γ

π−0

[
‖P π−0 (y2|Y1, Y0, U1, U0)− P π̂(y2|Y1, Y0, U1, U0)‖TV

]
+ max

u1∈U
βEγ

π−0

[∑
y2∈Y

∣∣∣J̃Nβ (ẑ1)− J∗β(ẑ1)
∣∣∣P π−0 (y2|Y1, Y0, U1, U0)

]

≤
(
‖c‖∞ + β‖JNβ ‖∞

)
L0 + max

u1∈U
βEγ

π−0

[∑
y2∈Y

∣∣∣J̃Nβ (ẑ1)− J∗β(ẑ1)
∣∣∣P π−0 (y2|Y1, Y0, u1, U0)

]

≤
(
‖c‖∞ + β‖JNβ ‖∞

)
L0 + sup

γ̂∈Γ̂

βE γ̂

π−0

[∣∣∣J̃Nβ (ẑ1)− J∗β(ẑ1)
∣∣∣]

where

Lt := sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π−t (Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])− P π̂(Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])‖TV

]

Then, following the same steps for E γ̂

π−0

[∣∣∣J̃Nβ (ẑ1)− J∗β(ẑ1)
∣∣∣] and repeating the procedure ,

one can see that

Eγ

π−0

[
|J̃Nβ (ẑ0)− J∗β(ẑ0)|

]
≤
(
‖c‖∞ + β‖JNβ ‖∞

) ∞∑
t=0

βtLt

Note that ‖JNβ ‖∞ ≤
‖c‖∞
1−β . Hence we can conclude

Eγ

π−0

[
|J̃Nβ (ẑ0)− J∗β(ẑ0)|

]
≤ ‖c‖∞

(1− β)

∞∑
t=0

βtLt.
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5.7.7 Proof of Theorem 5.4.2

Proof. We let ẑ0 = (π−0 , y1, y0, u0). We denote the minimum selector for the approximate

MDP by

uN1 := φ̃N(π−0 , y1, y0, u0) = φN(π̂, y1, y0, u0)

and write

Jβ(ẑ0, φ̃
N) = Jβ(π−0 , y1, y0, u0, φ̃

N)

= ĉ(π−0 , y1, y0, u0, u
N
1 ) + β

∑
y2∈Y

Jβ(π−1 (π−0 , y0, u0), y2, y1, u
N
1 , φ̃

N)P π−0 (y2|y1, y0, u
N
1 , u0).

Furthermore, we write the optimality equation for J̃Nβ as follows

J̃Nβ (ẑ0) = ĉ(π̂, y1, y0, u0, u
N
1 ) + β

∑
y2∈Y

J̃Nβ (π−1 (π−0 , y0, u0), y2, y1, u
N
1 )P π̂(y2|y1, y0, u

N
1 , u0).

Hence, denoting ẑ1 :=
(
π−1 (π−0 , y0, u0), y2, y1, u

N
1

)
and using Lemma 5.7.7, we can write

that

E γ̂

π−0

[∣∣∣Jβ(ẑ0, φ̃
N)− J̃Nβ (ẑ0)

∣∣∣] ≤ sup
γ̂∈Γ̂

E γ̂

π−0

[∣∣ĉ(π−0 , Y1, Y0, U0, U1)− ĉ(π̂, Y1, Y0, U0, U1)
∣∣]

+ sup
γ̂∈Γ̂

E γ̂

π−0

[
β
∑
y2∈Y

Jβ(ẑ1, φ̃
N)P π−0 (y2|Y1, Y0, U1, U0)− β

∑
y2∈Y

J̃Nβ (ẑ1)P π̂(y2|Y1, Y0, U1, U0)

]

≤ ‖c‖∞ sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π̂(X1 ∈ ·|Y1, Y0, U0)− P π−0 (X1 ∈ ·|Y1, Y0, U0)‖TV

]
+ β‖J̃Nβ ‖∞ sup

γ̂∈Γ̂

E γ̂

π−0

[
‖P π−0 (y2|Y1, Y0, U1, U0)− P π̂(y2|Y1, Y0, U1, U0)‖TV

]
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+ β sup
γ̂∈Γ̂

E γ̂

π−0

[∣∣∣Jβ(ẑ1, φ̃
N)− J̃Nβ (ẑ1)

∣∣∣]
≤ ‖c‖∞L0 + β‖J̃Nβ ‖∞L0 + β sup

γ̂∈Γ̂

E γ̂

π−0

[∣∣∣Jβ(ẑ1, φ̃
N)− J̃Nβ (ẑ1)

∣∣∣] .
Following the same steps for E γ̂

π−0

[∣∣∣Jβ(ẑ1, φ̃
N)− J̃Nβ (ẑ1)

∣∣∣] and repeating the same proce-

dure, with ‖J̃Nβ ‖∞ ≤
‖c‖∞
1−β one can conclude that

E γ̂

π−0

[∣∣∣Jβ(ẑ0, φ̃
N)− J̃Nβ (ẑ0)

∣∣∣] ≤ ‖c‖∞
(1− β)

∞∑
t=0

βtLt. (5.29)

Now, we go back to the theorem statement to write

E γ̂

π−0

[∣∣∣Jβ(ẑ0, φ̃
N)− J∗β(ẑ0)

∣∣∣] ≤ E γ̂

π−0

[∣∣∣Jβ(ẑ, φ̃N)− J̃Nβ (ẑ)
∣∣∣]+ E γ̂

π−0

[∣∣∣J̃Nβ (ẑ)− J∗β(ẑ)
∣∣∣]

≤ 2‖c‖∞
(1− β)

∞∑
t=0

βtLt.

The last step follows from (5.29) and Theorem 5.4.1.
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Chapter 6

Convergence of Finite Memory based Learning and Near

Optimality under Filter Stability

In this chapter, we focus on approximate Q learning algorithms for partially observed mod-

els and for fully observed MDPs with continuous state spaces via quantizing their state

spaces.

Q learning is a strong tool for model free learning of fully observed Markovian models

with finite state spaces. The algorithm is based on learning Q values for every state and

control action pair in an iterative fashion, where these Q values, in a way, serve as the

’quality’ of the control action variables for the given state variable. Hence, based on the

learned Q values, one can choose a policy which is almost surely optimal for the control

problem under infinite horizon discounted cost criterion.

For the traditional Q learning algorithms, the assumptions that the state is fully ob-

served and Markovian, and that the state space is finite, are vital for convergence of the

iterations. Hence, applying the algorithm for partially observed models, and for the fully

observed models with continuous state spaces is not immediately conclusive. In this chap-

ter, we provide an algorithm for POMDPs where the Q values are constructed using finite
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window information variables. Furthermore, we show that this approach can be used for

fully observed MDPs with continuous state spaces via quantizing the state space, where the

quantization is viewed as a measurement channel for a POMDP model and a history of unit

window size is considered.

Another motivation for our study is the following: often one deals with problems where

not only the specification of an MDP is unknown, but whether the problem is an MDP in the

first place may not be known. The simplest extension perhaps is that of a POMDP where

one is tempted to view the measurements as the state, or finite window of measurement and

actions as the state. A question, which has not been resolved fully, is whether a Q-learning

algorithm for such a setup would indeed converge, and the next question is if it does, what

it converges to. Our answer to the first question is positive under mild conditions; and

the second question is, under filter stability conditions, that the convergence is to near

optimality with an explicit error bound between the performance loss and the memory

window size.

In this chapter, as we have observed in Chapter 5, we will see, perhaps not surprisingly,

that filter stability is an essential ingredient for the learning algorithm to arrive at optimal or

near optimal solutions. In other words, how fast the process forgets its initial prior distribu-

tion when updated with the information variables will be a key aspect for the performance

of the approximate Q values determined using most recent information variables. Unlike

fully observed systems, the system (belief-MDP) states cannot be visited infinitely often for

POMDPs since there are uncountably many belief states and the measurements collected

should somehow present approximate information on the belief states through conditions

related to filter stability. We will make this intuition precise in the following sections. We
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also note that in optimal control theory, it is a standard result that (time-invariant) out-

put feedback control performs poorly compared with state-feedback and, in the absence of

observability, this holds for all memory lengths.

For this section, our focus will be on the infinite horizon discounted cost criterion for

POMDPs where the cost is defined as

Jβ(µ, T , γ) = ET ,γµ

[
∞∑
t=0

βtc(Xt, Ut)

]

J∗β(µ, T ) = inf
γ∈Γ

Jβ(µ, T , γ), (6.1)

with µ ∈ P(X) being the prior distribution of x0. We also note that we use O(y|x) for the

channel instead of Q(y|x) since Q is reserved for Q values in this chapter.

Before presenting the related literature and the approximate algorithm, we first briefly

explain the Q learning algorithm for finite fully observed MDPs.

6.1 Q Learning Algorithm for Fully Observed MDPs

The traditional Q learning algorithm is an iteration of the following form

Qk+1(x, u) = (1− αk(x, u))Qk(x, u) + αk(x, u)
(
c(x, u) + βmin

v
Qk(X1, v)

)
(6.2)

which is constructed for every (x, u) ∈ X×U pair using the data observed from a running

system, and every time the (x, u) pair is visited, the iteration is updated. Above, X1 de-

notes the consecutive state variable that comes after the pair (x, u), and c(x, u) is the cost

realization of the (x, u) pair, hence, the algorithm does not require any knowledge of the

system dynamics or the cost function.
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The following theorem establishes the optimality of the learned policies using the Q

learning algorithm.

Theorem 6.1.1 ([56, 103]). Assume the following holds

•
∑

k αk =∞,
∑

k α
2
k <∞.

• Every (x, u) pair is visited infinitely often during exploration.

Then, under any policy, the algorithm (6.2) converges almost surely for every (x, u) ∈

X×U to some Q∗(x, u) which satisfies

Q∗(x, u) = c(x, u) + β
∑
x1

T (x1|x, u) min
v
Q∗(x, v).

Furthermore, any policy γ∗ that satisfies Q∗(x, γ∗(x)) = minuQ
∗(x, u), is optimal

under the discounted cost expected cost criterion, that is, Jβ(T , γ∗) = J∗β(T ).

Notice that, the algorithm in (6.2) is not applicable for POMDPs. However, a natural,

though optimistic, suggestion to attempt to learn POMDPs would be to ignore the partial

observability and pretend the noisy observations reflect the true state perfectly. For exam-

ple, for infinite horizon discounted cost problems, one can construct Q iterations as:

Qk+1(yk, uk) = (1− αk(yk, uk))Qk(yk, uk) + αk(yk, uk)
(
Ck(yk, uk) + βmin

v
Qk(Yk+1, v)

)
(6.3)

where yk represents the observations and uk represents the control actions. We can further

improve this algorithm by using not only the most recent observation but a finite window

of past observations and control actions since we can infer information on the true state

from the past data. Two main problems with this approach are that (i) first, the (Yk, Uk)



6.2. LITERATURE REVIEW 225

process is not a controlled Markov process (as only (Xk, Uk) is) and the cost realizations

Ck(yk, uk) depend on the observation process in a random and a time-dependent fashion,

and hence the convergence of this approach does not follow directly from usual techniques

([56, 103]) and (ii) second, even if the convergence is guaranteed, it is not immediate what

the limit Q values are, and whether they are meaningful at all. In particular, it is not known

what MDP model gives rise to the limit Q values.

In the following parts of the chapter, namely in Section 6.4, we will prove that (6.3)

converges almost surely to some fixed point equation, and the limit fixed point equation

matches with the approximate model constructed in Section 5.4 using the finite window

information variables. Hence, the filter stability conditions provided in the previous chapter

will lead to the near optimality of the learned policies under finite window Q iterations.

In what follows, we first summarize the related literature, and then we present the ap-

proximate model from Section 5.4 again for convenience.

6.2 Literature Review

On approximation methods. The problem of approximate optimality is significantly more

challenging compared to the fully observed counterpart as we have discussed in Chapter

5. Most of the studies in the literature are algorithmic and computational contributions.

These include [85] and [122] which develop computational algorithms, utilizing structural

convexity/concavity properties of the value function under the discounted cost criterion.

[109] provides an insightful algorithm which may be regarded as a quantization of the be-

lief space; however, no rigorous convergence results are provided. References [99] and

[84] also present quantization based algorithms for the belief state, where the state, mea-

surement, and the action sets are finite.
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For partially observed setups, [94], building on [93], introduces a rigorous approxima-

tion analysis (and explicit methods for quantization of probability measures) after estab-

lishing weak continuity conditions on the transition kernel defining the (belief-MDP) via

the non-linear filter [41, 61], and shows that finite model approximations obtained through

quantization are asymptotically optimal and the control policies obtained from the finite

model can be applied to the actual system with asymptotically vanishing error as the num-

ber of quantization bins increases. Another rigorous set of studies is [119] and [120] where

the authors provide an explicit quantization method for the set of probability measures con-

taining the belief states, where the state space is parametrically representable under strong

density regularity conditions. The quantization is done through the approximations as mea-

sured by the Kullback-Leibler divergence (relative entropy) between probability density

functions. [101] presents a notion of approximate information variable and studies near

optimality of policies that satisfies the approximate information state property.

We refer the reader to the survey papers [73, 111, 48] and the recent book [67] for fur-

ther structural results as well as algorithmic and computational methods for approximating

POMDPs. Notably, for POMDPs [67] presents structural results on optimal policies under

monotonicity conditions of the value function in the belief variable.

On learning for POMDPs. Learning in POMDPs is challenging for the reasons dis-

cussed above: if one attempts to learn optimal policies through empirical observations,

then the analysis and convergence properties become significantly harder to obtain as the

observations progress in a non-Markovian fashion and the belief state is uncountable. [57]

studies a learning algorithm for POMDPs with average cost criterion where a policy im-

provement method is proposed using random polices and the convergence of this method

to local optima is given. [76] and [72] are studies that propose the same approach as we use
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in this chapter, where they use a finite memory of history to construct learning algorithms.

They provide extensive experimental results, however, both lack a rigorous convergence or

approximation result.

[98] studied (6.3), that is the Q learning algorithm for POMDPs by ignoring the par-

tial observability and constructing the algorithm using the most recent observation variable

(where the state, action and measurements spaces were all assumed finite), and established

convergence of this algorithm under mild conditions (notably that the hidden state process

is uniquely ergodic under the exploration policy which is random and puts positive mea-

sure to all action variables). In our work, we will consider memory sizes of more than 0

for the information variables and a continuous state space, and thus the algorithm in [98]

can be seen as a special case of our setup. Different from our work, however, [98] does

not study what the limit of the iterations mean, and in particular whether the limit equation

corresponds to some MDP model. In this chapter, we rigorously construct the approximate

belief MDP (the model constructed in Section 5) that the limit equation satisfies which

gives an operational and practical conclusion regarding the analysis of the algorithm. Fur-

thermore, we use different window sizes which turns out to be crucial for the performance

of the learned policy: using longer window sizes reveals the intimate connection between

the approximate learning problem and the nonlinear controlled filter stability problem that

we will study in detail. This ultimately leads to near optimality of the N -window variation

of (6.3) with an explicit approximation and robustness error bound as a function of N and

a computable/boundable coefficient related to filter stability.

On finite-memory approximations. We end the literature review section by men-

tioning two particularly related studies on finite-memory control for POMDPs that were

already discussed in Chapter 5.
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Reference [112] is a particularly related work that studies approximation techniques

for POMDPs using finite memory with finite state, action, measurements. The POMDP

is reduced to a belief MDP and the worst and best case predictors prior to the N most re-

cent information variables are considered to build an approximate belief MDP. The original

value function is bounded using these approximate belief MDPs that use only finite mem-

ory, where the finiteness of the state space is critically utilized. Furthermore, a loss bound

is provided for a suboptimally constructed policy that only uses finite history, where the

bound depends on a specific ergodicity coefficient (which requires restrictive sample path

contraction properties). In this chapter, we will consider more general signal spaces and

consider more relaxed filter stability requirements, and, in particular, establish explicit rates

of convergence results. We also rigorously construct the finite belief MDP considering the

approximate Q learning algorithm whereas [112] only focuses on the approximation aspect

of POMDPs.

In [114], the authors study near optimality of finite window policies for average cost

problems where the state, action and observation spaces are finite; under the condition

that the liminf and limsup of the average cost are equal and independent of the initial

state, the paper establishes the near-optimality of (non-stationary) finite memory policies.

Here, a concavity argument building on Feinberg [38] (which becomes consequential by

the equality assumption) and the finiteness of the state space is crucial. The paper shows

that for any given ε > 0, there exists an ε-optimal finite window policy. However, the

authors do not provide a performance bound related to the length of the window, and in

fact the proof method builds on convex analysis.
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6.3 Approximate Belief MDP Construction with Finite Memory Feedback Revisited

In this section, we review the approximate belief MDP model from Section 5.4, We will

later prove that the finite window Q iterations converge to a limit value which satisfies the

optimality equation of the finite belief MDP model constructed via finite memory feedback

variables. Hence, for convenience, we present the approximation method in this chapter

again and present the key results.

6.3.1 An Alternative Finite Window Belief-MDP Reduction

We construct a fully observed MDP reduction with the condition that the controller has

observed at least N information variables, using the predictor from N stages earlier and

the most recent N information variables (that is, measurements and actions). This new

construction allows us to highlight the most recent information variables and compress the

information coming from the past history via the predictor as a probability measure valued

variable. In what follows, we will sometimes consider the case with N = 1 for some of the

proofs to make the presentation less complicated. The general case follows from identical

arguments.

Consider the following state variable at time t:

ẑt = (π−t−N , I
N
t ) (6.4)

where, for N ≥ 1

π−t−N = Pr(Xt−N ∈ ·|yt−N−1, . . . , y0, ut−N−1, . . . , u0),

INt = {yt, . . . , yt−N , ut−1, . . . , ut−N}
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and INt = yt for N = 0 with µ being the prior probability measure on X0. The state space

with this representation is Ẑ = P(X) ×YN+1 ×UN where we equip Ẑ with the product

topology where we consider the weak convergence topology on the P(X) coordinate and

the usual (coordinate) topologies on YN+1 ×UN coordinates.

This new state representation can be mapped to the belief state zt, which is defined as

zt := Pr{Xt ∈ · |Y0, . . . , Yt, U0, . . . , Ut−1} ∈ P(X).

Consider the map ψ : Ẑ → P(X), for some ẑt = (π−t−N , I
N
t )

ψ(ẑt) = ψ(π−t−N , I
N
t ) = P π−t−N (Xt ∈ ·|INt ) = P π−t−N (Xt ∈ ·|yt, . . . , yt−N , ut−N−1, . . . , ut−N−1)

= P µ(Xt ∈ ·|yt, . . . , y0, ut−1, . . . , u0) = zt

such that the map ψ acts as a Bayesian update of π−t−N using INt . Using this map, we can

define the stage-wise cost function and the transition probabilities. Consider the new cost

function ĉ : Ẑ × U → R, using the cost function c̃ of the belief MDP (defined in (4.5))

such that

ĉ(ẑt, ut) = ĉ(π−t−N , I
N
t , ut) = c̃(ψ(π−t−N , I

N
t ), ut)

=

∫
X

c(xt, ut)P
π−t−N (dxt|yt, . . . , yt−N , ut−1, . . . , ut−N). (6.5)

Furthermore, we can define the transition probabilities as follows: for some A ∈ B(Ẑ)

such that

A = B × {ŷt−N+1, ût, . . . , ût−N+1}, B ∈ B(P(X))
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we write

Pr(ẑt+1 ∈ A|ẑt, . . . , ẑ0, ut, . . . , u0)

= Pr(π−t−N+1 ∈ B, ŷt+1, . . . , ŷt−N+1, ût, . . . , ût−N+1|π−t−N , . . . , π
−
0 , yt, . . . , y0, ut, . . . , u0)

= 1{(yt,...,yt−N+1,ut,...,ut−N+1)=(ŷt,...,ŷt−N+1,ût,...,ût−N+1)}

× 1{G(π−t−N ,yt−N ,ut−N )∈B}P
π−t−N (ŷt+1|yt, . . . , yt−N , ut, . . . , ut−N)

= Pr(π−t−N+1 ∈ B, ŷt+1, . . . , ŷt−N+1, ût, . . . , ût−N+1|π−t−N , yt, . . . , yt−N , ut, . . . , ut−N)

= Pr(ẑt+1 ∈ A|ẑt, ut)

=:

∫
A

η̂(dẑt+1|ẑt, ut)

where the map G is defined as

G(π−t−N , yt−N , ut−N) = G(P µ(Xt−N ∈ ·|yt−N−1, . . . , y0, ut−N−1, . . . , u0), yt−N , ut−N)

= P µ(Xt−N+1 ∈ ·|yt−N , . . . , y0, ut−N , . . . , u0).

Hence, η̂ defines a controlled transition model for the new states ẑt+1 ∈ Ẑ . Then, we

have a proper fully observed MDP, with the cost function ĉ, transition kernel η̂ and the state

space Ẑ .

Note that any policy φ : P(X)→ U defined for the belief MDP, can be extended to the

newly defined finite window belief-MDP using the map ψ, and defining φ̂ := φ ◦ ψ such

that

φ̂(ẑ) = φ(ψ(z)).

Thus, if an optimal policy can be found for the belief MDP, say φ∗, the policy φ̂∗ = φ∗ ◦ ψ
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is an optimal policy for the newly defined MDP.

We now write the discounted cost optimality equation for the newly constructed finite

window belief MDP. Note that with the alternative approach the state ẑ can only be written,

if we have at least N information variables. Therefore, given that the decision maker

observed at least N information variables, we write the following fixed point equation

J∗β(ẑ) = min
u∈U

(
ĉ(ẑ, u) + β

∫
J∗β(ẑ1)η̂(dẑ1|ẑ, u)

)
.

We can rewrite this fixed point equation in a different form, for notational ease assume

N = 1. If ẑ has the form (π−0 , y1, y0, u0), then we can rewrite

J∗β(π−0 , y1, y0, u0)

= min
u1∈U

(
ĉ(π−0 , y1, y0, u0, u1) + β

∑
y2∈Y

J∗β(π−1 (π−0 , y0, u0), y2, y1, u1)P π−0 (y2|y1, y0, u1, u0)

)
.

(6.6)

This representation will play an important role in the analysis of the problem. Note that the

policy φ̂∗ = φ∗ ◦ ψ satisfies this fixed point equation.

The following fixed point equation can also be defined for any policy φ̂ : Ẑ → U

Jβ(ẑ, φ̂) = ĉ(ẑ, φ̂(ẑ)) + β

∫
Jβ(ẑ1, φ̂)η̂(dẑ1|ẑ, φ̂(ẑ))

where Jβ(ẑ, φ̂) denotes the value function under the policy φ̂ for the initial point ẑ.
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6.3.2 Approximation of the Finite Window Belief-MDP

We now approximate the MDP constructed in the previous section. Consider the following

set ẐNπ̂ for a fixed π̂ ∈ P(X),

ẐNπ̂ =

{
(π̂, y[0,N ], u[0,N−1]) : y[0,N ] ∈ YN+1, u[0,N−1] ∈ UN

}
(6.7)

such that the state at time t is ẑNt = (π̂, INt ). Compared to the state ẑt = (π−t−N , I
N
t ) defined

in (6.4), this approximate model uses π̂ as the predictor, no matter what the real predictor

at time t−N is.

The cost function is defined in usual manner so that

ĉ(ẑNt , ut) = ĉ(π̂, INt , ut) = c̃(φ(π̂, INt ), ut)

=

∫
X

c(xt, ut)P
π̂(dxt|yt, . . . , yt−N , ut−1, . . . , ut−N).

We define the controlled transition model by

η̂N(ẑNt+1|ẑNt , ut) = η̂N(π̂, INt+1|π̂, INt , ut) := η̂

(
P(X), INt+1|π̂, INt , ut

)
. (6.8)

For simplicity, if we assume N = 1, then the transitions can be rewritten for some

INt+1 = (ŷt+1, ŷt, ût) and INt = (yt, yt−1, ut−1)

η̂N(π̂, ŷt+1, ŷt, ût|π̂, yt, yt−1, ut−1, ut) = η̂(P(X), ŷt+1, ŷt, ût|π̂, yt, yt−1, ut−1, ut)

= 1{yt=ŷt,ut=ût}P
π̂(ŷt+1|yt, yt−1, ut, ut−1). (6.9)

Denoting the optimal value function for the approximate model by JNβ , we can write
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the following fixed point equation

JNβ (ẑN) = min
u∈U

ĉ(ẑN , u) + β
∑

ẑN1 ∈ẐNπ̂

JNβ (ẑN1 )η̂N(ẑN1 |ẑN , u)

 . (6.10)

By assuming N = 1 again, we can rewrite the fixed point equation for some ẑN0 =

(π̂, y1, y0, u0) as

JNβ (π̂, y1, y0, u0) = min
u1∈U

(
ĉ(π̂, y1, y0, u0, u1) + β

∑
y2∈Y

JNβ (π̂, y2, y1, u1)P π̂(y2|y1, y0, u1, u0)

)
.

(6.11)

This representation will play a key role in the analysis of the problem investigated in this

chapter. In particular, we will show that the finite window Q learning algorithm converges

to this fixed point equation.

Since everything is finite in this setup, we can assume the existence of an optimal policy

φN that satisfies this fixed point equation. Note that both JNβ and φN are defined on the finite

set ẐNπ̂ . However, we can simply extend them to the set Ẑ by defining

J̃Nβ (ẑ) = J̃Nβ (π, y1, y0, u0) := JNβ (π̂, y1, y0, u0)

φ̃N(ẑ) = φ̃N(π, y1, y0, u0) := φN(π̂, y1, y0, u0)

for any ẑ = (π, y1, y0, u0) ∈ Ẑ .

Another point to note is that the policy φN only uses most recent N information vari-

ables to choose the control actions.
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Recall the following notation

Lt := sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π−t (Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])− P π̂(Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])‖TV

]
(6.12)

which is the expected total variation distance between the posterior distributions of Xt+N

conditioned on the same observation and control action variables Y[t,t+N ], U[t,t+N−1] when

the prior distributions of Xt are given by π−t and π̂.

Theorem 6.3.1. For ẑ0 = (π−0 , I
N
0 ), if a policy γ̂ acts on the first N step of the process

which produces IN0 , we then have

E γ̂

π−0

[∣∣∣Jβ(ẑ0, φ̃
N)− J∗β(ẑ0)

∣∣∣ |IN0 ] ≤ 2‖c‖∞
(1− β)

∞∑
t=0

βtLt.

6.4 Q Iterations Using a Finite History of Information Variables and Convergence

Assume that we start keeping track of the last N + 1 observations and the last N control

action variables after at least N + 1 time steps. That is, at time t, we keep track of the

information variables

INt =


{yt, yt−1, . . . , yt−N , ut−1, . . . , ut−N} if N > 0

yt if N = 0.

We will construct the Q-value iteration using these information variables. In what follows,

we will drop the N dependence on INt and sometimes we will use N = 1 for simplicity of

the notation. For these new approximate states, we follow the usual Q learning algorithm
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such that for any I ∈ YN+1 ×UN and u ∈ U

Qk+1(I, u) = (1− αk(I, u))Qk(I, u) + αk(I, u)
(
Ck(I, u) + βmin

v
Qk(I

k
1 , v)

)
, (6.13)

where Ik1 = {Yt+1, yt, . . . , yt−N+1, ut, . . . , ut−N+1}, we put the k dependence to empha-

size that the distribution of Yt+1 and hence Ik1 are different for every k, the time we hit

{yt, yt−1, . . . , yt−N , ut−1, . . . , ut−N} for the k-th time.

We note that the update times are different for each (I, u) pair, that is, Qk(I, u) is

updated only when the process hits (I, u).

To choose the control actions, we use polices that choose the control actions randomly

and independent of everything else such that at time t

ut = ui, w.p σi

for any ui ∈ U with σi > 0 for all i.

The algorithm differs from the usual Q-value iteration:

(i) The distribution of Ik1 , which is the consecutive N-window information variable when

we hit the (I, u) pair for the k-th time, is generally different for every k and the pair

(I, u) is not a controlled Markov process.

In other words, the controlled transitions are time dependent, that is, if we assume

N = 1 and if we further assume that the k-th time we hit (I, u) corresponds to the

time step t in the real time flow of the process, then for some I = (yt, yt−1, ut−1) and

u = ut:

Pr(Ik1 = (y′t+1, y
′
t, u
′
t)|z = (yt, yt−1, ut−1), ut) = 1{yt=y′t,ut=u′t}Pr(yt+1|yt, yt−1, ut, ut−1)
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is not stationary and might change at every time step t, since Pr(yt+1|yt, yt−1, ut, ut−1)

depends on the marginal distribution of xt−1 (xt−N in the general case).

(ii) Here, we only observe the cost realizations of the underlying state process {xt}t and

the control actions. For example, if we assume that N = 1 and that the k-th time we

hit (I, u) corresponds to the time step t in the real time flow of the process, then the

cost we observe is c(xt, ut). However, c(xt, ut) depends on (I, u) pair randomly and

in a time dependent way so that for some I = (yt, yt−1, ut−1) and u = ut:

Ck(I, u) = c(xt, ut) ∈ B, w.p. Pr(Xt ∈ {x : c(x, ut) ∈ B}|yt, yt−1, ut−1)

where Pr(dxt|yt, yt−1, ut−1) can be seen as some pseudo-belief on the underlying

state variable given I = (yt, yt−1, ut−1), the most recent N = 1 information vari-

ables. In other words, Pr(dxt|yt, yt−1, ut−1) is the Bayesian update of πt−1, the

marginal distribution of the true state xt−1 at the time step t−1, using I = (yt, yt−1, ut−1)

and thus, it is time dependent. �

We will observe that, if one assumes that the hidden state process, {xt}t is positive

Harris recurrent and in particular admits a unique invariant probability measure under sta-

tionary policies, say π̂ for the exploration policy γ, then the average of approximate state

transitions gets closer to

P ∗(It+1|It, ut) := η̂N((π̂, It+1)|(π̂, It), ut) (6.14)
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with η̂N is defined as in (6.8) and (6.9). In particular, if we assume N = 1, then we write

P ∗(It+1 = (y′t+1, y
′
t, u
′
t)|It = (yt, yt−1, ut−1), ut) = 1{y′t=yt,u′t=ut}P

π̂(yt+1|yt, yt−1, ut, ut−1)

(6.15)

where P π̂(yt+1|yt, yt−1, ut, ut−1) denotes the distribution of yt+1 when the marginal distri-

bution on xt−1 is given by the invariant measure π̂.

We also have that the sample path averages of the random cost realizations get close to,

C∗(I, u) = ĉ(π̂, I, u) =

∫
X

c(x, u)P π̂(dx|I)

where, P ∗(x|I) is the Bayesian update of π̂, using I and ĉ(π̂, I, u) is defined as in (6.5). If

we assume N = 1, we can write for some I = (y1, y0, u0) and u = u1

C∗(y1, y0, u0, u1) = ĉ(π̂, (y1, y0, u0), u1) =

∫
X

c(x1, u1)P π̂(dx1|y1, y0, u0). (6.16)

Now consider the following fixed point equation

Q∗(I, u) = C∗(I, u) + β
∑
I′

P ∗(I ′|I, u) min
v
Q∗(I ′, v) (6.17)

where P ∗ is defined in (6.14) and C∗ is defined in (6.16).

The existence of a such fixed point follows from usual contraction arguments. The same

fixed equation can also be written as, for N = 1, and for I = (y1, y0, u0) and u = u1

Q∗ ((y1, y0, u0), u1) = C∗ ((y1, y0, u0), u1) + β
∑
y2∈Y

P π̂(y2|y1, y0, u1, u0) min
v∈U

Q∗ ((y2, y1, u1), v) .

(6.18)
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For the rest of the chapter, we will use the following notation

V ∗(I) := min
v∈U

Q∗(I, v) (6.19)

Vt(I) := min
v∈U

Qt(I, v). (6.20)

We note that the stationary distribution π̂ does not have to be calculated by the decision

maker. We will show that the algorithm naturally converges to (6.17), if the state process

is positive Harris recurrent and in particular uniquely ergodic. The performance loss will

depend on the stationary distribution π̂, however, we will establish further upper bounds

that are uniform over such π̂ which decrease exponentially with the window size N .

Assumption 6.4.1.

1. αt(I, u) = 0 unless (It, ut) = (I, u). Furthermore,

αt(I, u) =
1

1 +
∑t

k=0 1{Ik=I,uk=u}

We note that, this means that αk(I, u) = 1
k

if Ik = I, uk = u, if k is the instant of

the kth visit to (I, u), as this will be crucial in the averaging of the Markov chain

dynamics (see Remark 6.4.1).

2. Under every stationary {memoryless or finite memory exploration} policy, say γ,

the true state process, {Xt}t, is positive Harris recurrent and in particular admits a

unique invariant measure π∗γ .

3. During the exploration phase, every (I, u) pair is visited infinitely often.

Theorem 6.4.1. Under Assumption 6.4.1,
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i. The algorithm given in (6.13) converges almost surely to Q∗ which satisfies (6.17).

ii. For any policy γN that satisfies Q∗(I, γN(I)) = minuQ
∗(I, u), if we assume that

the controller starts using γN at time t = N (after observing at least N information

variables), then denoting the prior distribution of XN by π−N , conditioned on the first

N step information variables we have

E
[
Jβ(π−N , T , γ

N)− J∗β(π−N , T )|IN0
]
≤ 2‖c‖∞

(1− β)

∞∑
t=0

βtLt

where Lt is defined in (6.12) such that

Lt := sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π−t (Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])− P π̂(Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])‖TV

]

and π̂ is the invariant measure on xt under the exploration policy γ.

Proof. For the proof of i, that is for the convergence of Q-learning, we separate the iter-

ations into sub-iterations which are linear (as in [56], where this superposition principle

of linear systems theory is utilized in showing the convergence of standard Q-learning al-

gorithm). For the first part of the separated iterations, we use the fact that the dynamic

programming equation is a contraction to prove its convergence which is similar to the

traditional Q learning algorithms. For the remaining part of the iteration, we analyze the

asymptotic behaviour of Ik1 , in which we distinguish our analysis from the traditional Q

learning algorithms: For the usual Q iterations, one needs to studyX1 that is the consecutive

state following some (x, u) pair, and we have that X1 ∼ T (·|x, u). Thus, it is distributed

independently and identically given (x, u) which allows one to use Robbins–Monro type

algorithms, to show the convergence. However, distributions of Ik1 ’s are time dependent

and not controlled Markovian. To study the asymptotic behavior of Ik1 , we construct a
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different pair process which is Markov and we use ergodicity properties of Markov chains.

We first prove that the process Qk, determined by the algorithm in (6.13), converges

almost surely to Q∗. We define

∆k(I, u) := Qk(I, u)−Q∗(I, u)

Fk(I, u) := Ck(I, u) + βVk(I
k
1 )−Q∗(I, u)

F̂k(I, u) := C∗(I, u) + β
∑
I1

Vk(I1)P ∗(I1|I, u)−Q∗(I, u),

where (Vk is defined in 6.19).

Then, we can write the following iteration

∆k+1(I, u) = (1− αk(I, u))∆k(I, u) + αk(I, u)Fk(I, u).

Now, we write ∆k = δk + wk such that

δk+1(I, u) = (1− αk(I, u))δk(I, u) + αk(I, u)F̂k(I, u)

wk+1(I, u) = (1− αk(I, u))wk(I, u) + αk(I, u)rk(I, u)

where rk := Fk − F̂k = βVk(I
k
1 )− β

∑
I1
Vk(I1)P ∗(I1|I, u) + Ck(I, u)− C∗(I, u). Next,

we define

r∗k(I, u) = βV ∗(Ik1 )− β
∑
I1

V ∗(I1)P ∗(I1|I, u) + Ck(I, u)− C∗(I, u)
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We further separate wk = uk + vk such that

uk+1(I, u) = (1− αk(I, u))uk(I, u) + αk(I, u)ek(I, u)

vk+1(I, u) = (1− αk(I, u))vk(I, u) + αk(I, u)r∗k(I, u)

where ek = rk − r∗k.

In Section 6.8, we show that vk(I, u)→ 0 almost surely for all (I, u).

Now, we go back to the iterations:

δk+1(I, u) = (1− αk(I, u))δk(I, u) + αk(I, u)F̂k(I, u)

uk+1(I, u) = (1− αk(I, u))uk(I, u) + αk(I, u)ek(I, u)

vk+1(I, u) = (1− αk(I, u))vk(I, u) + αk(I, u)r∗k(I, u).

Note that, we want to show ∆k = δk + uk + vk → 0 almost surely and we have that

vk(I, u) → 0 almost surely for all (I, u). The following analysis holds for any path that

belongs to the probability one event in which vk(I, u)→ 0. For any such path and for any

given ε > 0, we can find an N < ∞ such that ‖vk‖∞ < ε for all k > N as (I, u) takes

values from a finite set.

We now focus on the term δk + uk for k > N :

(δk+1 + uk+1)(I, u) = (1− αk(I, u))(δk + uk)(I, u) + αk(I, u)(F̂k + ek)(I, u). (6.21)

Observe that for k > N ,

(F̂k + ek)(I, u) = (Fk − r∗k)(I, u) = βVk(I
k
1 )− βV ∗(Ik1 ) ≤ βmax

I,u
|Qk(I, u)−Q∗(I, u)| = β‖∆k‖∞
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≤ β‖δk + uk‖∞ + βε

where the last step follows from the fact that vk → 0 almost surely. By choosing C < ∞

such that β̂ := β(C + 1)/C < 1, for ‖δk + uk‖∞ > Cε, we can write that

β‖δk + uk + ε‖∞ ≤ β̂‖δk + uk‖∞.

Now we rewrite (6.21)

(δk+1 + uk+1)(I, u) = (1− αk(I, u))(δk + uk)(I, u) + αk(I, u)(F̂k + ek)(I, u)

≤ (1− αk(I, u))(δk + uk)(I, u) + αk(I, u)β̂‖δk + uk‖∞

< ‖δk + uk‖∞

Hence (δk+1 + uk+1)(I, u) clearly converges to 0 for ‖δk + uk‖∞ > Cε. This shows that

the condition ‖δk + uk‖∞ > Cε cannot be sustained indefinitely. Next, we show that once

the process hits below Cε it always stays there. Suppose ‖δk + uk‖∞ < Cε,

(δk+1 + uk+1)(I, u) ≤ (1− αk(I, u))(δk + uk)(I, u) + αk(I, u)β (‖δk + uk‖∞ + ε)

≤ (1− αk(I, u))Cε+ αk(I, u)β(Cε+ ε)

= (1− αk(I, u))Cε+ αk(I, u)β(C + 1)ε

≤ (1− αk(I, u))Cε+ αk(I, u)Cε, (β(C + 1) ≤ C)

= Cε.

Then, we can write ‖δk + uk‖∞ < Cε. Hence, (δk + uk) process converges to some value

below Cε for any path that belongs to the probability one set.
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Thus, taking ε→ 0, we can conclude that ∆k = δk + uk + vk → 0 almost surely.

Therefore, the process Qk, determined by the algorithm in (6.13), converges almost

surely to Q∗.

For item (ii), recall that

Q∗(I, u) = C∗(I, u) + β
∑
I1

P ∗(I1|I, u) min
v
Q∗(I, v).

This fixed point equation coincides with the DCOEs for the approximate belief MDP

defined in (6.10) and (6.11). Hence, using Theorem 6.3.1, for any policy that satisfy

Q∗(I, γN(I)) = minuQ
∗(I, u) we can write

E
[
Jβ(π−N , T , γ

N)− J∗β(π−N , T )|IN0
]
≤ 2‖c‖∞

(1− β)

∞∑
t=0

βtLt

such that

Lt := sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π−t (Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])− P π̂(Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])‖TV

]

and π̂ is the invariant measure on xt under the exploration policy γ.

Remark 6.4.1. The learning rates for the standard Q-learning algorithm require:

•
∑

k αk =∞

•
∑

k α
2
k <∞.

In our case, we have a particular form. To justify this, we note that although these standard

two assumptions on the learning rates may be sufficient for convergence of the algorithm,

the limit fixed point equation (if one exists) will not necessarily be useful. Consider the
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following example where the state space isX = {−1,+1} and transitions are deterministic

such that Pr(xt+1 = 1|xt = −1) = 1, Pr(xt+1 = −1|xt = +1) = 1 (leading to a periodic

Markov chain). If one chooses the learning rates as α2k = 0, α2k+1 = σk for every k such

tat σk is square summable but not summable, then even though the algorithm will converge,

depending on the initial point, one of the transition models will always dominate the other.

To avoid such examples, we choose the learning rates to be ”averaging” through time. �

Remark 6.4.2. We caution the reader that our result assumes that the cost starts running

after time N : that is the effective cost is:

E

[
∞∑
k=N

βk−Nc(xk, uk)

]
. (6.22)

Of course, this criterion is also applicable if the system starts running prior to time −N

and the costs become in effect after time 0.

If this criterion is not applicable, and the first N stages are also crucial, (i) if β is large

enough, we can conclude that the first N stages are not as critical for the analysis as their

contributions will be minor in comparison with the future stages for the criterion, which

can also be seen by considering this equivalent criterion to (6.1) and noting that for large

enough β, the contributions of the first N time stages become negligible:

(1− β)E

[
∞∑
k=0

βkc(xk, uk)

]
.

(ii) On the other hand, if β is not large and if the cost starts running at time 0, then,

we can first run the Q-learning algorithm above to find the best N -window policies which
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optimizes (6.22). The remaining question would be to optimize:

E

[
N−1∑
k=0

c(xk, uk) + V (Ik)

]
(6.23)

as a finite-horizon optimal control problem with a terminal cost and the terminal cost V can

be estimated by (6.22) via Theorem 5.4.1 and Theorem 6.4.1. The question then becomes

how to select the first N actions, leading to a problem with a finite search complexity for

a finite horizon problem, without knowing the system dynamics. For this, one can run a

MCMC algorithm in parallel simulations to find the optimal policy for the first N time

stages. Since the resulting policy minimizing (6.23) will be at least as good as the first N -

window policy under the optimal (belief-MDP) policy (which is not designed to optimize

(6.23) but the original cost (6.1)), the bounds presented in Theorem 6.3.1 will be applicable

even when the cost criterion includes the first N time stages.

6.5 Convergence to Near Optimality under Filter Stability

Recall that for Theorem 5.4.3, we used that

Lt = sup
γ̂∈Γ̂

E γ̂

π−0

[
‖P π−t (Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])− P π̂(Xt+N ∈ ·|Y[t,t+N ], U[t,t+N−1])‖TV

]
≤ 2αN (6.24)

for all t, if π−t � π̂ where α := (1− δ̃(T ))(2− δ(Q)) (see Definition 5.2.3).

The absolute continuity assumption, that is π−t � π̂, can be interpreted as follows:

assume that the true starting distribution is π−t but we start the update from an incorrect

prior π̂. The error can be fixed with the information, y[0,t], u[0,t−1] eventually, as long as,
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the incorrect starting distribution π̂, puts on a positive measure to every event that the real

starting distribution π−t puts on a positive measure. However, if it is not the case, that is,

if the incorrect starting distribution π̂ puts 0 measure to some event, that π−t , puts positive

measure to, information variables are not sufficient to fix the starting error occurring from

that 0 measure event. Of course this would not be feasible as the prior would not be com-

patible with the measured data. In any case, in our setup, the incorrect prior serves as an

approximation and this can be made to satisfy the absolute continuity condition by design:

this will be the invariant measure on the state under the exploration policy.

Recall that the Q learning iteration that uses finite window information variables, learns

the Q values for approximate states of the form (π̂, INt ), instead of the true states (π−t−N , I
N
t ).

Inequality (6.24) suggests that the approximation error arising from using the stationary

distribution, π̂, instead of π−t−N , can be fixed with the information variables INt , if π̂ cap-

tures the non zero events of π−t−N , that is if π−t−N � π̂.

Corollary 6.5.1 (to Theorem 6.4.1). Assume the following holds:

• Assumption 6.4.1 holds.

• The state space, X, is finite.

• Under the exploring policy, γ, the state process {xt}t is irreducible.

• α := (1− δ̃(T ))(2− δ(O)) < 1.

Then, for any policy γN that satisfies Q∗(I, γN(I)) = minuQ
∗(I, u), if we assume that

the controller starts using γN at time t = N (after observing at least N information vari-

ables), then denoting the prior distribution of XN by π−N , conditioned on the first N step
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information variables we have

E
[
Jβ(π−N , T , γ

N)− J∗β(π−N , T )|IN0
]
≤ 4‖c‖∞

(1− β)2
αN .

Proof. Note that, by Theorem 6.4.1,

E
[
Jβ(π−N , T , γ

N)− J∗β(π−N , T )|IN0
]
≤ 2‖c‖∞

(1− β)

∞∑
t=0

βtLt

If the state process xt is irreducible under the exploring policy, then by Kac’s Lemma

([59]), we have that

π̂(x) > 0, ∀x ∈ X.

Hence, using the inequality (6.24), we complete the proof.

Corollary 6.5.2 (to Theorem 6.4.1). Assume the following holds:

• Assumption 6.4.1 holds.

• X ⊂ Rm for some m <∞.

• The transition kernel T (·|x0, u0) admits a density function f with respect to a mea-

sure φ such that T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1) and f(x1, x0, u0) > 0 for all

x1, x0, u0.

• α := (1− δ̃(T ))(2− δ(O)) < 1.

Then, for any policy γN that satisfies Q∗(I, γN(I)) = minuQ
∗(I, u), if we assume that

the controller starts using γN at time t = N (after observing at least N information vari-

ables), then denoting the prior distribution of XN by π−N , conditioned on the first N step
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information variables we have

E
[
Jβ(π−N , T , γ

N)− J∗β(π−N , T )|IN0
]
≤ 4‖c‖∞

(1− β)2
αN .

Proof. Note that, by assumption T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1) and f(x1, x0, u0) >

0 for all x1, x0, u0 and hence, under the exploration policy γ, the state process xt is φ-

irreducible and admits a unique invariant measure, say π̂. Using the assumptions, we can

also write that for any A ∈ B(X) with φ(A) > 0

π̂(A) =

∫
Z

∫
A

∫
U

f(x1, x0, u0)γ(du0)φ(dx1)π̂(dx0) > 0

which implies that φ� π̂. Note that the transition kernel T (·|x, u) is absolutely continuous

with respect to φ for every (x, u), and thus, for the predictor π−t at any time step t, we can

write that π−t � φ� π̂.

Hence, inequality (6.24) and Theorem 6.4.1 concludes the proof.

6.6 Quantization as a Measurement Channel: Q-Learning for Continuous Space

MDPs via Quantization and Near Optimality

In this section, we consider a fully observed system with a continuous state space and

construct an approximate Q learning algorithm by discretizing the state space and using a

finite subset of the state space for the Q iterations. We assume that the state spaceX ⊂ Rd is

compact, and for a given ε > 0, we quantize it by choosing a finite subset X̂ = {x1, . . . , xn}

such that

max
x∈X

min
x̂∈X̂
|x− x̂| ≤ α(1/n)1/d
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for some α > 0, which is possible sinceX is compact.

We use a nearest neighbor map ρ : X → X̂ to choose elements from the finite set X̂

such that at any time instance t <∞, if the state is xt, we use

x̂t = ρ(xt) := arg min
x̂∈X̂

‖x̂− xt‖ (6.25)

for the Q learning algorithm. Note that with this map, we separate X into n subsets

{B1, . . . , Bn} such that for xi ∈ X̂, Bi := {x ∈ X : ρ(x) = xi}.

6.6.1 Construction of a Finite MDP

We now present a finite MDP construction method that is taken from [91, Chapter 4] using

the nearest neighbor map ρ.

Recall that the finite state space, we use is

X̂ = {x1, . . . , xn}

where

max
x∈X

min
x̂∈X̂
|x− x̂| ≤ α(1/n)1/d. (6.26)

We fix a probability measure π̂ ∈ P(X) such that π̂(Bi) > 0 for all i ∈ {1, . . . , n}, and

we define π̂i as the concentration of π̂ on the set Bi such that, for all A ⊂ Bi

π̂i(A) :=
π̂(A)

π̂(Bi)
.

We now define the cost function for the set X̂, denoted by C∗. For any x̂i ∈ X̂, if the
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quantization bin xi belongs to is Bi, we set

C∗(xi, u) :=

∫
Bi

c(x, u)π̂i(dx). (6.27)

Furthermore, we define the transition probabilities for the finite model as follows: for

some x̂i ∈ X̂ and x̂j ∈ X where x̂i ∈ Bi and x̂j ∈ Bj , we set

P ∗(x̂j|x̂i, u) :=

∫
Bi

T (Bj|x, u)π̂i(dx). (6.28)

We then have a finite MDP with state space X̂, action space U, cost function C∗ and

transition model P ∗. If we find an optimal policy which satisfies the discounted cost op-

timality equation of this finite model, and denote the optimal policy by γn, then we can

extend this policy to the continuous state space X as follows: let us denote the extended

policy by γ̂n, then

γ̂n(x) := γn(ρ(x))

where ρ is the nearest neighbor map defined in (6.25).

We can then state the following near optimality result.

Theorem 6.6.1. [91, Theorem 4.38] Assume the following holds:

• The one-stage cost function c(x, u) is Lipschitz continuous in x with constant αc for

all u ∈ U, that is, supx 6=x′
|c(x,u)−c(x′,u)|
‖x−x′‖ ≤ αc

• The transition kernel T (·|x0, u0) admits a density function f with respect to a mea-

sure φ such that T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1), and f is Lipschitz continuous

in x0 with constant αT .
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• X ⊂ Rd is compact.

If we denote the policy constructed for the finite model by γn and its extended version toX

by γ̂n, then we have

Jβ(T , γ̂n)− J∗β(T ) ≤
τ(β, αT )αc

1
1−βαT

+ 2αc
1−β

1− β
2α(1/n)1/d

where τ(β, αT ) = (2 +β)βαT + β2+4β+2
(1−β)2

and α(1/n)1/d arises from the quantization error

(recall (6.26)).

6.6.2 Approximate Q Learning for Continuous State Spaces

We now construct an approximate Q learning algorithm for fully observed MDPs with

continuous state spaces.

Using the map ρ defined in (6.25), we write for any (x, u) ∈ X×U

Qk+1(ρ(x), u) = (1− αk(ρ(x), u))Qk(ρ(x), u) (6.29)

+ αk(ρ(x), u)
(
Ck(ρ(x), u) + βmin

v
Qk(ρ(X1), v)

)

that is for any true value of the state, we use its representative state from the finite set X̂. To

choose the control actions, we again use polices that choose the control actions randomly

and independent of everything else with positive probability for every action. We now

argue that this approximate iteration can be seen as a special case of the POMDP iteration

(6.13) by considering the dicretization as a quantizer channel. If we consider the finite set

X̂ as the observation space and define the observation channel as a quantizer such that

O(x̂i|x) = 1x∈Bi , (6.30)
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then the algorithm in (6.29) is the same algorithm as in (6.13) with N = 0.

Thus, we can use the set X̂ to construct the Q learning algorithm. Using the quantizer

channel (6.30) and Theorem 6.4.1 (i) for N = 0, if the state process xt admits an invariant

measure π̂ under the exploration policy, the algorithm converges to

Q∗(x̂, u) = C∗(x̂, u) + β
∑
x̂1

P ∗(x̂1|x̂, u) min
v
Q∗(x̂1, v)

where, for x̂ ∈ B and x̂1 ∈ B1, if we define π̂∗(A) := π̂(A)
π̂(B)

for all A ⊂ B with π̂ being the

invariant measure, the cost and transitions are defined as

C∗(x̂, u) :=

∫
X

c(x, u)P (dx|x̂) =

∫
B

c(x, u)π̂∗(dx)

P ∗(x̂1|x̂, u) :=

∫
X

T (B1|x, u)P (dx|x̂) =

∫
B

T (B1|x, u)π̂∗(dx).

Note that this model is the same one we constructed in previous section (6.27) and (6.28).

In the previous section, however, we have required that π̂(Bi) > 0 for all i. Hence, the

invariant measure of the state process xt should put positive measure to the quantization

bins. To guarantee this, we assume that the transition kernel T (·|x0, u0) admits a density

function f with respect to a measure φ such that T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1),

f(x1, x0, u0) > 0 for all x1, x0, u0

Thus, we can state the following result, using Theorem 6.4.1 and [91, Theorem 4.38]:

Theorem 6.6.2. Under Assumption 6.4.1, if the transition kernel T (·|x0, u0) admits a den-

sity function f with respect to a measure φ such that T (dx1|x0, u0) = f(x1, x0, u0)φ(dx1),

f(x1, x0, u0) > 0 for all x1, x0, u0 and f is Lipschitz continuous in x0 with constant αT

and if c(x, u) is Lipschitz continuous in x with constant αc, then the Q learning algorithm
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in (6.29) converges and for any policy γn that satisfies Q∗(x̂, γn(x̂)) = minuQ
∗(x̂, u), we

have

Jβ(T , γn)− J∗β(T ) ≤
τ(β, αT )αc

1
1−βαT

+ 2αc
1−β

1− β
2α(1/n)1/d

where τ(β, αT ) = (2 +β)βαT + β2+4β+2
(1−β)2

and α(1/n)1/d arises from the quantization error

(recall (6.26)).

6.7 Numerical Study

In this section, we present the example presented in Section 5.6.

We recall that in this model, we haveX,Y,U = {0, 1} with

xt =


1 machine is working at time t

0 machine is not working at time t .
ut =


1 machine is being repaired at time t

0 machine is not being repaired at time t .

The one stage cost function is given by

c(x, u) =



R + E x = 0, u = 1

E x = 0, u = 0

0 x = 1, u = 0

R x = 1, u = 1

where R is the cost of repair and E is the cost incurred by a broken machine.

We study the example with discount factor β = 0.8. The transition probabilities are
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chosen as follows:

Pr(x1 = 0|x0 = 0, u0 = 0) = 0.9, P r(x1 = 0|x0 = 0, u0 = 1) = 0.6

Pr(x1 = 0|x0 = 1, u0 = 0) = 0.4, P r(x1 = 0|x0 = 1, u0 = 1) = 0.1

For the measurement channel:

Pr(y = 0|x = 0) = 0.7, P r(y = 1|x = 1) = 0.7.

For the cost function, we choose R = 3, and E = 1.

For the exploration, we use a random policy such that Pr(γ(x) = 0) = 1
2

and Pr(γ(x) =

1) = 1
2

for all x. Under this policy, xt admits a stationary policy π̂(·) = 0.42δ0(·) +

0.58δ1(·).

We have proved in Theorem 6.4.1 that the Q iteration given by (6.13) converges to the

Q-values of the approximate belief-MDP defined in (6.10). Defining

Vt(I) := min
v∈U

Qt(I, v),

in the next graphs, we plot supI |Vt(I)−JNβ (π̂, I)| for N = 0, 1, 2: The convergence of the

Q-values can be seen as:
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Figure 6.1: Approximation error in memory size for different methods.

This setup gives α = (1− δ̃(T ))× (2− δ(O)) = 0.7. The following graph shows the

error Jβ(µ, T , γN) − J∗β(µ, T ), expected total variation filter stability term and αN terms.

We scale all of them to make them start from the same point to emphasize the decrease

rates.
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Figure 6.2: Approximation error in memory size for different methods.

6.8 Technical Results

Proof of vk(I, u)→ 0

We will show that vk(I, u) → 0 almost surely for all (I, u). We prove the claim only

forN = 1 case for simplicity and let I = (y1, y0, u0) and u = u1 for some (y1, y0, u0, u1) ∈

Y2 ×U2. The proof for general N follows from essentially same steps. We have

vk+1(I, u) = (1− αk(I, u))vk(I, u) + αk(I, u)r∗k(I, u)

Note that the vk(I, u) values are updated only when the process hits (I, u) pair. Thus,

we define the following stopping times

τ(k + 1) = {min t > τ(k) : Yt = y1, Yt−1 = y0, Ut−1 = u0, Ut = u1}

where τ(0) = 0. The stopping times τ(k) represents the time instants that the process hits

I = (y1, y0, u0) and control u1 is applied at that time. Note that, since we assume that the

process hits each (I, u) pair infinitely often, the stopping times are bounded almost surely.
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When αk(I, u) = 1
k

for every (I, u) pair, the problem reduces to

vk+1(I, u) =
1

k

k−1∑
k′=0

r∗k′(I, u).

Recall that

r∗k(I, u) = βV ∗(Ik1 )− β
∑
I1

V ∗(I1)P ∗(I1|I, u) + Ck(I, u)− C∗(I, u).

Hence, we will first analyze the asymptotic behavior of

Ik1 := (Yτ(k)+1, Yτ(k), Uτ(k))

that is the consecutive pair after we hit I = (y1, y0, u0) if we apply the control u1. To

analyze the asymptotic behavior of this term, we will make use of the Markov chain theory.

Note that Ik1 = (Yτ(k)+1, Yτ(k), Uτ(k)) by itself is not a Markov chain. We define

X̂k := (Xτ(k)−1, Uτ(k)−1)

which is the state variable whose measurement is y0 when the process hits I = (y1, y0, u0)

and the control action applied at that time. We will show that the pair (Ik1 , X̂k) forms a

Markov chain, under the exploring policy γ which is assumed to be stationary and inde-

pendent of the past Xt, Yt and Ut processes. Then, we will use stationary distribution of

this Markov chain to analyze the asymptotic behavior of Ik1 .

Consider the joint process (Yt+1, Yt, Ut, Xt−1, Ut−1), defined by the real time flow of

the process, rather than sampled points at the stopping times. We prove that this process is
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a Markov chain:

Pr(Yt+1, Yt, Ut, Xt−1, Ut−1|yt, yt−1, . . . , y0, ut−1, . . . , u0, xt−2, . . . , x0)

= 1{Yt=yt}1{Ut−1=ut−1}Pr(Yt+1|yt, xt−1, ut, ut−1)Pr(Xt−1|yt−1, xt−2, ut−2)γ(Ut)

= Pr(Yt+1, Yt, Ut, Xt−1, Ut−2|yt, yt−1, xt−2, ut−1, ut−2)

where we use γ as the probability measure of the exploring policy which is independent of

everything by assumption. Above, we used that

Pr(Yt+1|yt, . . . , y0, xt−1, . . . , x0, . . . , ut, . . . , u0) = Pr(Yt+1|yt, xt−1, ut, ut−1)

Pr(Xt−1|yt−1, . . . , y0, xt−2, . . . , x0, ut−2 . . . , u0) = Pr(Xt−1|yt−1, xt−2, ut−2).

Since, the joint process (Yt+1, Yt, Ut, Xt−1, Ut−1) is a Markov chain, and since the pro-

cess progresses in discrete time, it also satisfies the strong Markov property and hence

(Ik1 , X̂k) = (Yτ(k)+1, Yτ(k), Uτ(k), Xτ(k)−1, Uτ(k)−1)

is a Markov chain. Now we show that it has a unique invariant measure under the assump-

tion that the state process Xt admits a unique invariant measure under the exploring policy

γ.

We will denote the stationary distribution of Xt by π̂. Recalling that at the stopping

time τ(k) we have, Yτ(k) = y1, Yτ(k)−1 = y0, Uτ(k)−1 = u0, Uτ(k) = u1, we can write:

lim
k→∞

Pr(Yτ(k)+1 = y2, Yτ(k) = y1, Uτ(k) = u1, Xτ(k)−1 = x0, Uτ(k)−1 = u0)

= 1{Yτ(k)=y1,Uτ(k)−1=u0,Uτ(k)=u1}P (y2|y1, u1, u0, x0)P π̂(x0|y0)
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where

P π̂(x0|y0) := lim
k→∞

Pr(Xτ(k)−1 = x0|Yτ(k)−1 = y0) =
O(y0|x0)π̂(dx0)∫
x′0
O(y0|x′0)π̂(dx′0)

.

Then, for any measurable function f and for I = (y1, y0, u0) and u = u1

lim
k→∞

1

k

k−1∑
k′=0

f(Ik
′

1 , X̂k′) =

∫
X

∑
Y

f(y2, y1, u1, x0, u0)P (y2|y1, u1, u0, x0)P π̂(dx0|y0).

In particular, we have that

lim
k→∞

1

k

k−1∑
k′=0

V ∗(Ik
′

1 ) =

∫
X

∑
Y

V ∗(y2, y1, u1)P (y2|y1, u1, u0, x0)P π̂(dx0|y0)

=
∑
Y

V ∗(y2, y1, u1)P π̂(y2|y1, y0, u1, u0)

=
∑
I1

V ∗(I1)P ∗(I1|I, u)

where P π̂(y2|y1, y0, u1, u0) is the distribution of y2 when the x0’s marginal distribution is

given by π̂ and

P ∗(I1 = (y2, y
′
1, u
′
1)|I, u) := 1{y′1=y1,u′1=u1}P

π̂(y2|y1, y0, u1, u0)

as defined in (6.14) and (6.15).

Using similar arguments, one can also show that for I = (y1, y0, u0) and u = u1

lim
k→∞

1

k

k−1∑
k′=0

Ck′(I, u) =

∫
X

c(x1, u1)P π̂(dx1|y1, y0, u0)

= C∗(y1, y0, u0, u1) = C∗(I, u).
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Thus, we have that

vk+1(I, u) =
1

k

k∑
k′=0

r∗k′(I, u)→ 0

almost surely for all (I, u).
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Chapter 7

Conclusion and Future Problems

In this thesis, we have focused on two main problems: (i) continuity and robustness prop-

erties of discrete time stochastic control problems with respect to transition kernels of the

model; (ii) approximations and learning methods for partially observed Markov decision

processes.

We have studied the robustness problem under the infinite horizon discounted cost cri-

terion for fully observed and partially observed controlled processes. We have investigated

the same problem under the infinite horizon average cost criterion for fully observed sys-

tems. For convergence of transition kernels, we have used weak convergence, setwise

convergence and convergence under total variation distance. We have found that the conti-

nuity and the robustness can be guaranteed under the total variation convergence with mild

assumptions, but for the weak and setwise convergence, additional regularity properties are

needed for the continuity and the robustness. We have applied our findings to empirically

constructed transition models where weak convergence is usually the natural convergence

notion to work with.

For approximation methods in partially observed Markov processes, we have focused
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on approximate models constructed using finite window history variables. We have pro-

vided two different techniques for both of which we have established error bounds relating

the approximation performance to the window size, and we have established geometric

convergence rates under controlled filter stability conditions. We have provided a com-

parison for two techniques where the first technique has lower error rates but the second

technique results in a greater practical advantage with coarser error bounds.

Finally, we have studied the Q learning problem for partially observed MDPs using

finite window information variables, and we have showed that the approximate Q function

iterations converge to a fixed point equation that solves the optimality equation for the

approximate belief MDP provided in POMDP approximation chapter. Consequentially, we

have established error bounds for performance of learned policies. Furthermore, we have

studied a Q learning algorithm for fully observed MDPs with continuous state spaces by

discretizing the state space, and we have viewed the problem as a POMDP with a quantizer

channel, where we have proved the near optimality of the learned policies.

For infinite horizon average cost problems, we have observed that the ergodicity of the

state process is crucial for the analysis. Hence, for partially observed models, one needs to

establish stability and ergodicity results for the filter process in order to analyze the infinite

horizon average cost criterion for POMDPs (some related results include [19, 21, 20, 22]).

Lack of such results has limited us to study the approximation results for POMDPs and

robustness problem for partially observed systems under the average cost criterion. Hence,

a possible research direction is the study of ergodicity properties of controlled filter pro-

cesses and application of the results to the problems investigated in this thesis for POMDPs

under the infinite horizon average cost criterion.

For approximation and learning problems in POMDPs, we have considered models
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with finite observation spaces. Another immediate research direction is then to study the

same problems for continuous observation spaces via dicretizing the observation space

and using the finite subset of the observation space to construct further approximations.

Even for finite observation spaces, the methods we have used in this thesis, consider every

element in the finite observation set. For computational efficiency. one can also construct

approximation methods that make use of the observation realizations of POMDPs that are

likely to be observed more often.

For both possible research directions, the analysis developed in this thesis will be ap-

plicable.
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