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Abstract

Time-optimal and force-optimal extremals are investigated for a planar rigid body
with a single variable direction thruster. A complete and explicit characterisation of
the singular extremals is possible for this problem.
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1. Introduction

Affine connections may be used to model a wide variety of mechanical systems, and the
affine connection plays an important rôle in the control theory for these systems. Control-
lability of these systems was initiated by Lewis and Murray [1997], series expansions for
generating control algorithms have been investigated by Bullo, Leonard, and Lewis [2000]
(a rather more serious investigation of series expansions is undertaken in [Bullo 2001]), and
optimal control for these systems has been initiated by one of the authors of the present
paper [Lewis 2000]. The character of this latter paper is rather general, and here we apply
the results of the earlier paper to a detailed investigation of a specific system, a system
which might be thought of as a simplified hovercraft. Two optimal control problems are
introduced, one being time-optimal control, and the other the case where the objective
function is the square norm of the force. For time-optimal control, we break from the most
typical presentation by looking at actuator limits which are elliptical rather than polyhe-
dral. For such control bounds, in the time-optimal case, it is possible to characterise the
singular extremals, and the corresponding physical motions are easy to describe. Further-
more, the time-optimal singular extremals are also singular and abnormal extremals for
the force-optimal control problem. The results in this paper comprise part of the Master’s
thesis of the first author [Coombs 2000]. Other work on time-optimal control for mechanical
systems includes the work of Chyba, Leonard, and Sontag [2000a, 2000b].

The paper is organised as follows. In Section 2 we review the results of [Lewis 2000]
as they pertain to time-optimal and force-optimal control. That is to say, we pose the
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optimal control problems, and we provide versions of the maximum principle for each. A
great deal of specialised structure emerges in this discussion, and it is this structure which
enables us to say as much as we do about the specific example we treat. The planar rigid
body system we consider is introduced in Section 3, and the equations for the extremals are
presented, along with the form of the extremal controls when these can be gleaned from the
maximum principle. The case where the extremals cannot be gleaned from the maximum
principle turns out to be very interesting for the rigid body example, and these extremals
are characterised in Section 4.

2. The maximum principle for affine connection control systems

In this section we review the relevant material from [Lewis 2000]. In order to keep
the presentation from becoming burdensome, we specialise the results somewhat to the
cases of time-optimal and force-optimal control we consider in this paper. Other unnamed
simplifications will also be made for the sake of expediency. We will also assume the reader
to have some familiarity with the notion of an affine connection. Kobayashi and Nomizu
[1963] provide a thorough introduction to the subject, and a brief account of the relevant
ideas is also included in [Lewis 2000].

The basic differential geometric notation we employ for the most part follows [Abraham,
Marsden, and Ratiu 1988]. If V is a R-vector space, then 〈·; ·〉 : V ∗ × V → R denotes the
natural pairing. If V1, . . . , Vk, U are R-vector spaces, L(V1 × · · · × Vk;U) denotes the set of
U -valued k-multilinear maps. If π : E → M is a vector bundle over M , the C∞ sections of
E are denoted Γ∞(E). If F is a subbundle of E, ann(F ) denotes the annihilator subbundle
of the dual bundle E∗. We denote by 0x ∈ Ex the zero vector in the fibre over x ∈ M . A
curve c : [a, b] → M in a manifold M is locally absolutely differentiable (LAD) if it is
everywhere differentiable and if its derivative is locally absolutely continuous.

2.1. Affine connection control systems. An affine connection control system is
a quadruple Σaff = (Q,∇,Y , U) where Q is a C∞ manifold, ∇ is an affine connection on
Q, Y = {Y1, . . . , Ym} is a collection of C∞ vector fields on Q, and U ⊂ Rm. Corresponding
to an affine connection control system Σaff are the control differential equations

∇c′(t)c′(t) = ua(t)Ya(c(t)). (2.1)

In writing this equation, we employ the summation convention whereby summation is im-
plied over repeated indices. A controlled arc for Σaff is a pair γ = (u, c) satisfying (2.1)
where, for a compact interval I, u : I → U is measurable and c : I → Q is absolutely differ-
entiable. We denote by Carc(Σaff) the collection of controlled arcs of Σaff . For q0, q1 ∈ Q,
vq0 ∈ Tq0Q, and vq1 ∈ Tq1Q we denote

Carc(Σaff , vq0 , vq1) = {γ = (u, c) ∈ Carc(Σaff)| c′(a) = vq0 and c′(b) = vq1

where u and c are defined on [a, b] for some a, b ∈ R}.

For fixed a, b ∈ R with a < b we define

Carc(Σaff , vq0 , vq1 , [a, b]) = {γ = (u, c) ∈ Carc(Σaff)| where u and c

are defined on [a, b] and c′(a) = vq0 and c′(b) = vq1}.
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The above subsets of controlled arcs correspond to fixing an initial and final configuration
and velocity. For affine connection control systems, it also makes sense to consider only
fixing the initial and final configuration while leaving the velocities free. Thus we define

Carc(Σaff , q0, q1) = {γ = (u, c) ∈ Carc(Σaff)| c(a) = q0 and c(b) = q1

where u and c are defined on [a, b] for some a, b ∈ R},

and for fixed a, b ∈ R with a < b we define

Carc(Σaff , q0, q1, [a, b]) = {γ = (u, c) ∈ Carc(Σaff)| where u and c

are defined on [a, b] and c(a) = q0 and c(b) = q1}.

Let us define clearly the two optimal control problems we will deal with, and state the
relevant conditions as provided by the maximum principle of Lewis [2000].

2.2. Time-optimal control. First we look at time-optimal control. To ensure well-
defined solutions to all time-optimal control problems, we must place bounds on the controls.
For a control affine system such as (2.1), control bounds are often specified by requiring
that each control take values in a compact interval, typically symmetric about the origin.
However, we shall use bounds which are elliptical. We do this for two reasons: (1) elliptical
control bounds are more useful for flushing out the geometry of the system since they do not
rely on a specific choice of basis for the input vector fields, and (2) for the hovercraft model
we will study, the elliptical control bounds are consistent with a thruster whose maximum
output in independent of the direction in which it points. In any event, we introduce a
Riemannian metric g on Q and ask that controls satisfy the bound

g(ua(t)Ya(c(t)), ub(t)Yb(c(t))) ≤ 1 (2.2)

along a controlled arc γ = (u, c). In order to ensure that this defines for us an affine
connection control system as in our definition, the set of u ∈ Rm which satisfy the bound
should not depend on the point along the controlled arc. This is possible, for example, if
the vector fields in Y are orthonormal with respect to the Riemannian metric g. Since our
planar rigid body has this property with an appropriate choice of basis, we shall make the
assumption in the time-optimal problem that Y is orthonormal. In this case, the control
set U is simply given by

U = {u ∈ Rm | ‖u‖ ≤ 1} , (2.3)

where ‖·‖ is the standard Euclidean norm. For a controlled arc γ = (u, c) defined on [0, T ]
we define Jtime(γ) = T .

2.1 Definition: Let Σaff = (Q,∇,Y , U) be an affine connection control system with
U defined by (2.3) and the vector fields Y orthonormal with respect to the Riemannian
metric g on Q. Let q1, q2 ∈ Q and let vq1 ∈ Tq1Q and vq2 ∈ Tq2Q.

(i) A controlled arc γ∗ is a solution of Ptime(Σaff , vq0 , vq1) if Jtime(γ∗) ≤ Jtime(γ) for every
γ ∈ Carc(Σaff , vq1 , vq2).

(ii) A controlled arc γ∗ is a solution of Ptime(Σaff , q0, q1) if Jtime(γ∗) ≤ Jtime(γ) for every
γ ∈ Carc(Σaff , q1, q2). �
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To state the maximum principle for time-optimal control, and indeed for any optimal
problem for affine connection control systems, we need a few simple notions corresponding
to the affine connection ∇. The torsion and curvature tensors for ∇ are denoted T and R,
respectively, and the symbols T ∗ and R∗ are defined by

〈T ∗(αq, uq);wq〉 = 〈αq;T (wq, uq)〉 and 〈R∗(αq, uq)vq;wq〉 = 〈αq;R(wq, uq)vq〉,

for uq, vq, wq ∈ TqQ and αq ∈ T ∗qQ. Thus T ∗ and R∗ are “the same” as T and R, except
that they take a one-form in the first argument. Given an (r, s) tensor field τ on Q, we may
define an (r, s+ 1) tensor field ∇τ on Q by

∇τ(α1, . . . , αr, X1, . . . , Xs;Xs+1) = (∇Xs+1τ)(α1, . . . , αr, X1, . . . , Xs).

If τ is an (r, s) tensor field, and α1, . . . , αr are one-forms and X1, . . . , Xs are vector fields,
then ∇τ(α1, . . . , αr, X1, . . . , Xs) denotes the one-form defined by

〈∇τ(α1, . . . , αr, X1, . . . , Xs);Y 〉 = ∇τ(α1, . . . , αr, X1, . . . , Xs;Y ), Y ∈ Γ∞(TQ).

We shall only encounter the cases (r, s) = (1, 0) and (r, s) = (2, 0). In particular, if X is a
vector field, ∇X is a (1, 1) tensor field which may be regarded as an endomorphism of TQ.
We denote the dual endomorphism by (∇X)∗.

With this notation, we have the following maximum principle for time-optimal control
of affine connection control systems.

2.2 Theorem: Let Σaff = (Q,∇,Y , U) be an affine connection control system with U
defined by (2.3) and with the vector fields Y orthonormal with respect to the Riemannian
metric g on Q. Suppose that γ = (u, c) ∈ Carc(Σaff) is a solution of Ptime(Σaff , vq0 , vq1)
with u and c defined on [0, T ]. Then there exists a LAD one-form field λ : [0, T ] → T ∗Q
along c and a constant λ0 ∈ {0, 1} with the properties

(i) for almost every t ∈ [0, T ] we have

∇2
c′(t)λ(t) +R∗(λ(t), c′(t))c′(t)− T ∗(∇c′(t)λ(t), c′(t)) = ua(t)(∇Ya)∗(λ(t));

(ii) either λ0 = 1 or θ(0)⊕ λ(0) 6= 0;
(iii) for each t ∈ [0, T ] we have ua(t)〈λ(t);Ya(c(t))〉 = min

ũ∈U
ũa〈λ(t);Ya(c(t))〉;

(iv) λ0 + 〈θ(t); c′(t)〉+ ua(t)〈λ(t);Ya(c(t))〉 = 0,
with

θ(t) = 1
2T
∗(λ(t), c′(t))−∇c′(t)λ(t), t ∈ [0, T ].

If γ = (c, u) is a solution of Ptime(Σaff , q0, q1) then the conditions (i)–(iv) hold and, in
addition, λ(0) = 0 and λ(T ) = 0.

2.3 Remark: Clearly, in stating this theorem, we have made full use of the affine con-
nection structure in interpreting the classical maximum principle. Indeed, this is the point
of the article [Lewis 2000]. Let us try to relate each of the parts of Theorem 2.2 to the
statements of the classical maximum principle.
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(i) This condition is equivalent to that condition of the maximum principle which says
that the extremals satisfy Hamilton’s equations for a certain Hamiltonian. As we
can see, it turns out that when one interprets these Hamiltonian equations for affine
connection control systems, the structure of the affine connection is illuminated in
an interesting way. The left-hand side of the equation in part (i) of Theorem 2.2 is
called by Lewis the adjoint Jacobi equation , and is related to the Jacobi equation
of geodesic variation [Kobayashi and Nomizu 1963].

(ii) This condition is the usual nonvanishing condition for the adjoint vector of the max-
imum principle.

(iii) In the maximum principle, one has a condition which says that a certain Hamiltonian
function is minimised with respect to the control (or maximised, depending on one’s
sign conventions) along an extremal. For time-optimal control for affine connection
control systems, this minimisation condition is our part (iii) in Theorem 2.2.

(iv) For certain optimal control problems, one can assert that the Hamiltonian function
is constant along extremals. For problems with a variable time interval, this constant
may be chosen to be zero. This is our statement (iv) of Theorem 2.2.

Note that we wish to avoid actually introducing the Hamiltonian as to do so requires some
significant effort which has little if any payoff. �

One can use part (iii) of Theorem 2.2 to determine the form of the control for time-
optimal problems. This is quite simple to do as it involves minimising a linear function of
u subject to the constraint that u lie in a ball of unit radius. To express the result, we need
some notation. We define a distribution Y on Q by

Yq = span
R
{Y1(q), . . . , Ym(q)} ,

and we suppose this distribution to have constant rank (but not necessarily rank m). The
map PY : TQ → TQ denotes the g-orthogonal projection onto the distribution Y, with
PYq being its restriction to TqQ. We may then define a (0, 2) tensor field gY on Q by
gY |TqQ = P ∗Yq(g|TqQ). That is, gY is the restriction to Y of g. We also have the associated
(2, 0) tensor hY defined by

hY(αq, βq) = gY(g](αq), g](βq)).

Here g] : T ∗Q→ TQ is the canonical musical isomorphism associated with the Riemannian
metric g. We also define the vector bundle mapping h]Y : T ∗Q → TQ by 〈αq;h]Y(βq)〉 =
hY(αq, βq). One can readily show [see Coombs 2000] that the value of u which achieves the
minimum satisfies

uaYa(c(t)) = −
h]Y(λ(t))∥∥P ∗Y (λ(t))

∥∥
g

, (2.4)

where ‖·‖g denotes the norm with respect to the Riemannian metric g. Note that (2.4) gives
a feedback control which gives the character of the extremals by integrating the control
equations (2.1) with the equation from part (i) of Theorem 2.2. When λ annihilates the
input distribution along the interval of its definition, then one cannot use the condition (iii)
to determine the control, and an extremal with this property is called singular . For the
planar rigid body example we look at, it is possible to obtain a complete characterisation
of the singular extremals.
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2.4 Remark: It is true that (2.4) defines the controls even when the set of input vector
fields is not orthonormal with respect to the Riemannian metric g. Indeed, for Theorem 2.2
to hold, it only needs to be possible to choose an orthonormal basis of input vector fields.
One can then use (2.4) to define the controls, even when the vector fields {Y1, . . . , Ym}
are not orthonormal. When it is not possible to choose an orthonormal basis for the
input distribution (as, for example, with fully actuated systems on S2), then one loses
condition (iv) in Theorem 2.2. �

2.3. Force-optimal control. For force-optimal control we take U = R
m, and thus make

no assumptions on the nature of the input vector fields Y except (as we shall see) that
they should generate a distribution of constant rank. We again suppose that we have a
Riemannian metric g on Q and define the cost function for a controlled arc γ = (u, c)
defined on [0, T ] by

Jforce(γ) =
∫ T

0

1
2
g(ua(t)Ya(c(t)), ub(t)Yb(c(t))) dt. (2.5)

In what follows, we shall tacitly assume that we are always talking about controlled arcs
for which the integral in (2.5) exists. We may define clearly the force control problem as
follows.

2.5 Definition: Let Σaff = (Q,∇,Y , U) be an affine connection control system with
Uq = R

m for q ∈ Q. Let q0, q1 ∈ Q, and let vq0 ∈ Tq0Q and vq1 ∈ Tq1Q.
(i) A controlled arc γ∗ = (u∗, c∗) is a solution of Pforce(Σaff , vq0, vq1, [0, T ]) if

Jforce(γ∗) ≤ Jforce(γ) for every γ ∈ Carc(Σaff , vq0 , vq1 , [0, T ]).
(ii) A controlled arc γ∗ = (u∗, c∗) is a solution of Pforce(Σaff , q0, q1, [0, T ]) if

Jforce(γ∗) ≤ Jforce(γ) for every γ ∈ Carc(Σaff , q0, q1, [0, T ]). �

For the force-optimal problem, we consider optimising with respect to a fixed interval. As we
shall see in Section 3.3, this is necessary to guarantee well-definedness of the force-optimal
problem.

Recall the notation for hY introduced in the previous section, and define BY ∈
Γ∞(L(ann(Y)× Y;T ∗Q)) by

〈BY(α, Y );X〉 = 〈α;∇XY 〉 .

BY is multilinear by virtue of α being in Γ∞(ann(Y)) and Y ∈ Γ∞(Y). For force-optimal
control, we sidestep the initial statement of the maximum principle in favour of providing
a more explicit description of the extremals. As usual, we adopt the convention that an
extremal is a controlled trajectory (possibly not defined on a compact interval) which
satisfies the necessary conditions of the maximum principle. Associated with an extremal
for an affine connection control system is a constant λ0 ∈ {0, 1} and a one-form field λ
along c. Readers wishing to see the details of how the following conditions for extremals
are derived from the maximum principle are referred to [Lewis 2000].

2.6 Theorem: Let Σaff = (Q,∇,Y , U) be an affine connection control system with
Uq = R

m for q ∈ Q. Suppose that γ = (u, c) is a controlled extremal for
Pforce(Σaff , vq0 , vq1 , [0, T ]) with λ the adjoint vector field and λ0 the Lagrange multiplier.
We have the following two situations.
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(i) λ0 = 1: In this case it is necessary and sufficient that c and λ together satisfy the
differential equations

∇c′(t)c′(t) = −h]Y(λ(t))

∇2
c′(t)λ(t) +R∗(λ(t), c′(t))c′(t)− T ∗(∇c′(t)λ(t), c′(t)) = 1

2∇hY(λ(t), λ(t))−

T ∗(λ(t), h]Y(λ(t))).

(2.6 )

(ii) λ0 = 0: In this case it is necessary and sufficient that

(a) ∇c′(t)c′(t) = ua(t)Ya(c(t)),
(b) λ(t) ∈ ann(Yc(t)) for t ∈ [0, T ] and
(c) λ satisfies the equation along c given by:

∇2
c′(t)λ(t) +R∗(λ(t), c′(t))c′(t)− T ∗(∇c′(t)λ(t), c′(t)) = BY(λ(t), ua(t)Ya(t)).

If γ = (u, c) is a solution of Pforce(Σaff , q0, q1, [0, T ]) then we additionally have λ(0) = 0
and λ(T ) = 0.

2.7 Remark: Note that the abnormal extremals, i.e., those with λ0 = 0, for the force-
optimal problem satisfy the condition λ(t) ∈ ann(Yc(t)) for each t ∈ [0, T ]. This condition
is the same condition encountered for singular extremals in the time-optimal problem, and
indeed there is an exact correspondence between singular extremals for the time-optimal
problem and abnormal extremals for the force-optimal problem (modulo the fact that we
have control bounds for the time-optimal problem). �

3. Equations for extremals of the simplified hovercraft model

The system we consider consists of a single rigid body moving in a plane which is
orthogonal to the direction of the gravitational force. Thus the configuration space of the
system is the group SE(2) of orientation preserving isometries of the Euclidean plane. As
input force, we take a variable direction and variable magnitude force which acts on a
point on the body which is a distance h from the centre of mass. We decompose this force
into a component along the body x′-axis and along the body y′-axis. We use coordinates
(x, y, θ) as indicated in Figure 1. Without loss of generality, we assume that the point
of application of the force is situated along the body x′-axis through the centre of mass
(again, see Figure 1). This system was investigated first by Lewis and Murray [1997] and
then by Bullo and Lewis [1996], in the latter case as a left-invariant system on the Lie group
SE(2). In these papers, the system was shown to be controllable.

This is a left-invariant control system on a Lie group [see Bullo and Lewis 1996]. We
shall not take much advantage of this additional structure. However, we will occasionally
make use of the following fact.

3.1 Fact: Let γ = (u, c) be a controlled arc for the planar rigid body through the point
(x0, y0, θ0). If (x̄0, ȳ0, θ̄0) is the image of (x0, y0, θ0) by an element of the group SE(2) and
c̄ is the image of the curve c under the same group element, then γ̄ = (u, c̄) is a controlled
arc through the point (x̄0, ȳ0, θ̄0). �
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x

y

x′
y′

F 1

F 2

θ

h

Figure 1. Coordinates and input forces for the simplified hov-
ercraft

3.1. System data. The Riemannian metric for the system is

g = m(dx⊗ dx+ dy ⊗ dy) + Jdθ ⊗ dθ,

where m is the mass of the body and J is its moment of inertia about the centre of mass.
The Christoffel symbols for the Levi-Civita affine connection in the coordinates (x, y, θ)
are all zero (the Riemannian metric is constant in these coordinates), and the input vector
fields are

Y1 =
cos θ
m

∂

∂x
+

sin θ
m

∂

∂y
, Y2 = −sin θ

m

∂

∂x
+

cos θ
m

∂

∂y
− h

J

∂

∂θ
.

With this information the equations of motion for the system are

ẍ =
cos θ
m

u1 − sin θ
m

u2

ÿ =
sin θ
m

u1 +
cos θ
m

u2

θ̈ = − h

J
u2.

(3.1)

One also computes

∇Y1 = −sin θ
m

dθ ⊗ ∂

∂x
+

cos θ
m

dθ ⊗ ∂

∂y
,

∇Y2 = −cos θ
m

dθ ⊗ ∂

∂x
− sin θ

m
dθ ⊗ ∂

∂y
,

as these will be needed for the equations for the time-optimal extremals. We use the
Riemannian metric g to define our time-optimal control bounds as in (2.2) and to define
our force-optimal cost function as in (2.5). It is possible, of course, to use other metrics, but
in lieu of further information, we stick with the one given by the physics of the problem for
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the sake of naturality. As we shall see, this choice also leads to interesting singular extremals.
We will need explicit representations for PY and hY . Straightforward calculations give the
matrix representation of PY as

1
J +mh2

R(θ)

J +mh2 0 0
0 J −Jh
0 −mh mh2

R−1(θ),

and the matrix representation of hY as

1
J +mh2

R(θ)

J+mh2

m 0 0
0 J

m −h
0 −h mh2

J

R−1(θ),

where

R(θ) =

cos θ − sin θ 0
sin θ cos θ 0

0 0 1

 .
For force-optimal control we also need to know ∇hY . In fact, we need only know the value
of ∇hY when evaluated on a single one-form in both contravariant arguments. Another
straightforward but tedious computation gives

∇hY(λ, λ) =
2h(λθ + hλy cos θ − hλx sin θ)(λx cos θ + λy sin θ)

J +mh2
dθ.

3.2. Nonsingular time-optimal control. With the computations from the previous
section, it is a simple matter to write down the equations governing the time-optimal
extremals, at least in the case when the controls may be determined from condition (iii) of
Theorem 2.2. Indeed, one may use (2.4) to derive

u1 = −λx cos θ + λy sin θ∥∥P ∗Y (λ)
∥∥
g

,

u2 =
mhλθ + Jλx sin θ − Jλy cos θ

(J +mh2)
∥∥P ∗Y (λ)

∥∥
g

.

(3.2)

The expression for ‖P ∗Y (λ)‖g is a lengthy one, and we shall not give it here explicitly.
We may also express the equation of part (i) of Theorem 2.2 as

λ̈x = 0

λ̈y = 0

λ̈θ = − sin θ
m

(λxu1 + λyu
2) +

cos θ
m

(λyu1 − λxu2).

(3.3)

Given the controls (3.2), the nonsingular time-optimal extremals satisfy (3.3), along with
the equations of motion (3.1).

It is not our intention to give a complete analysis of the extremal equations. However, we
can make some rather prosaic remarks about some of the more simple extremals. Perhaps
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the simplest extremals are those for which we undergo linear motion. To consider such
motions, since the system is rotationally invariant it suffices to consider linear motion in
the inertial x-direction. Similarly, we may as well start at the initial configuration (0, 0, 0).
(Here we are using Fact 3.1.) If we choose the other initial conditions so that vy(0), vθ(0),
λy(0), λθ(0), λ̇y(0), and λ̇θ(0) are all zero, then one can readily see from the extremal
equations (3.1) and (3.3) that these quantities remain zero. The resulting motion is then
along the line through (0, 0, 0) in the x-direction, and the equations governing the resulting
extremals are

ẍ =
u1

m
, λ̈x = 0. (3.4)

The control satisfies the bounds u1 ∈ [−
√
m,
√
m]. One determines [see, for example, Jur-

djevic 1997] that the time-optimal control which takes one from (0, 0, 0) at rest to (x1, 0, 0)
at rest is given by

u1(t) =

{√
m, t ∈ [0, Ts]
−
√
m, t ∈ [Ts, 2Ts]

(3.5)

where Ts =
√√

mx1. Without loss of generality we suppose that x1 > 0. It is possible to
explicitly derive the time-optimal controls for nonzero initial and terminal velocity, but this
is an inappropriate degree of generality for what we wish to accomplish here. In Figure 2 we
represent two such linear extremals corresponding to various initial conditions, including
one case where the initial and terminal velocity are nonzero. These motions are quite
intuitive, and are essentially what one might affect by ad hoc methods.

Observe that we see why bounds on control are necessary. For the situation on the
left in Figure 2, if we had no control bounds, then by increasing the value of the control,
we could execute the same manoeuvre in arbitrarily small time, making the time-optimal
problem ill-defined.

3.3. Nonsingular force-optimal control. For force-optimal control, we work with the
normal case, which is also the nonsingular case. With Theorem 2.6 and the computations
of Section 3.1, the equations governing the motion of the configurations and the adjoint
vector are readily computed to be

ẍ = − (2J +mh2 +mh2 cos θ)λx + 2mh sin θ(λθ + h cos θλy)
2m(J +mh2)

ÿ =
2mh cos θλθ + (−2J −mh2 +mh2 cos 2θ)λy −mh2 sin 2θλx

2m(J +mh2)

θ̈ = − h(mhλθ − J cos θλy + J sin θλx)
J(J +mh2)

λ̈x = 0

λ̈y = 0

λ̈θ = =
h(λθ + hλy cos θ − hλx sin θ)(λx cos θ + λy sin θ)

J +mh2
.

(3.6)

As with the time-optimal problem, we will not undergo a systematic investigation of these
equations, but will merely look at a special case. We will again restrict ourselves to the
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Figure 2. Two linear time-optimal extremals with m = 1.
(1) On the left we take ẋ(0) = 0, x(T ) = 1, and ẋ(T ) = 0.
(2) On the right we take ẋ(0) = 5, x(T ) = 1, and ẋ(T ) = −1.
The optimal time on the left is T = 2 and on the right is
T = 4(

√
3 + 1). In each plot, the top plot is x(t) and the

bottom is u1(t).

situation where we have motion in the x-direction through the initial point (0, 0, 0). As
with time-optimal control, if we choose the other initial conditions so that vy(0), vθ(0),
λy(0), λθ(0), λ̇y(0), and λ̇θ(0) are all zero, then these remain zero along extremals. One
then verifies that the relevant equations governing these extremals are

ẍ = −λx
m
, λ̈x = 0. (3.7)

These are readily solved to yield

x(t) = − λ̇x(0)
6m

t3 − λx(0)
2m

t2 + ẋ(0)t+ x(0).

To join a state (x(0), ẋ(0)) with a state (x(T ), ẋ(T )), one can readily design the initial
conditions for λx to do the job. In Figure 3 we plot force-optimal extremals for the same
boundary conditions as were used in Figure 2. Note that with force control we may vary
the final time, and we have chosen as final times the same times which arose from the
time-optimal analysis so that more useful comparisons may be made.

In contrast with the time-optimal problem, for the force-optimal problem we must choose
a time interval. If we do not, then for the situations depicted on the left in Figure 3, by
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Figure 3. Two linear force-optimal extremals with m = 1.
(1) On the left we take ẋ(0) = 0, x(T ) = 1, and ẋ(T ) = 0.
(2) On the right we take ẋ(0) = 5, x(T ) = 1, and ẋ(T ) = −1.
The cost on the left is Jforce(γ) = 3

2 (compared with Jforce(γ) =
2 for the corresponding time-optimal extremal from Figure 2)
and the cost on the right is Jforce(γ) = 3(1604791+926528

√
3)

32(19+11
√

3)
≈

7.29 (compared with Jforce(γ) = 4(
√

3 + 1) ≈ 10.93 for the cor-
responding time-optimal extremal from Figure 2). In each plot,
the top plot is x(t) and the bottom is u1(t).

stretching the time interval, we may make the force-optimal cost as low as we like. This
would render the force-optimal problem ill-defined.

4. Characterisation of the singular extremals

Now we turn to looking at those extremals which are singular for the planar rigid body
system. First let us say what we are looking for.

4.1 Definition: Let I ⊂ R be an interval, not necessarily compact, and let γ = (u, c)
be an extremal defined on I with λ0 the associated constant and λ the associated one-form
field along c. We say γ is singular if λ(t) ∈ ann(Yc(t)) for each t ∈ I. �

Dunn [1967] proposes a more refined notion of singularity where one allows for extremals
which are singular in our sense along one part of the extremal, and nonsingular on the
rest. For the purposes of classification, the two notions are clearly equivalent. Note that it
is convenient to allow singular extremals to be defined on arbitrary time intervals. As we
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have discussed, the extremals which are singular for the time-optimal problem are abnormal
and singular for the force-optimal problem. Thus there is effectively no distinction between
time-optimal and force-optimal control as concerns our discussion of singular extremals.

In the following analysis, we shall encounter the quantity

(λ̇x(0)t+ λx(0))2 + (λ̇y(0)t+ λy(0))2, (4.1)

and we shall wish for this quantity to be nonzero for all t ∈ R. We shall see that when this
quantity is zero for some t, the singular extremals reduce to a degenerate form. For now,
let us make a statement equivalent to the expression (4.1) being nonzero.

4.2 Lemma: The expression (4.1) is nonzero for all t ∈ R if and only if λ̇x(0)λy(0) 6=
λ̇y(0)λx(0).

Proof: The expression (4.1) is nonzero for all t ∈ R when and only when the equation

(λ̇x(0)t+ λx(0))2 + (λ̇y(0)t+ λy(0))2 = 0

has no real roots in t. This is a quadratic equation in t with discriminant −(λ̇x(0)λy(0)−
λ̇yλx(0))2. Therefore, it can have real roots only when and only when λ̇x(0)λy(0) −
λ̇yλx(0) = 0. �

Let us now derive the equations governing singular extremals which are defined on all
of the real line. The condition that λ be in ann(Y) is given by

λx +
mh

J
sin θλθ = 0, λy −

mh

J
cos θλθ = 0. (4.2)

This means that λ must satisfy the condition

λ2
θ =

( J

mh

)2
(λ2
x + λ2

y).

Since λx and λy are determined from the extremal equations (3.3) (or equivalently
from (3.6)) to be simply

λx(t) = λ̇x(0)t+ λx(0), λy(t) = λ̇y(0)t+ λy(0),

this means that we are able to determine the adjoint vector explicitly as a rational function
of t. This in turn allows one to determine θ(t) from the equations (4.2). From the equations
of motion (3.1), we then have u2(t) = −J

h θ̈(t). To solve for u1(t) we employ the third of the
equations (3.3), as the remaining quantities are known as functions of t. Finally, to solve
for x(t) and y(t) we go to the equations of motion (3.1). The most relevant data for us is
the resulting form of (x(t), y(t), θ(t)), and these may be determined to be

x(t) = − J(λ̇y(0)t+ λy(0))

mh
√

(λ̇y(0)t+ λy(0))2 + (λ̇x(0)t+ λx(0))2
+ C11t+ C10

y(t) =
J(λ̇x(0)t+ λx(0))

mh
√

(λ̇y(0)t+ λy(0))2 + (λ̇x(0)t+ λx(0))2
+ C21t+ C20

θ(t) = arctan
(−λ̇x(0)t− λx(0)
λ̇y(0)t+ λy(0)

)
.

(4.3)
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It is possible to determine C11, C10, C21, and C20 using the initial conditions x(0), ẋ(0),
y(0), and ẏ(0). However, as we shall see, it is not advantageous to do so, so we will leave
these constants as they are. A singular extremal is called stationary when it is of the
form (4.3) with C11 = C21 = 0. We may also explicitly represent the controls as

u1(t) =
J(λy(0)λ̇x(0)− λx(0)λ̇y(0))2

h
(
(λ̇y(0)t+ λy(0))2 + (λ̇x(0)t+ λx(0))2

)2
u2(t) = −

2J(λy(0)λ̇x(0)− λx(0)λ̇y(0))
(
(λ̇2
x(0) + λ̇2

y(0))t+ λx(0)λ̇x(0) + λy(0)λ̇y(0)
)

h
(
(λ̇y(0)t+ λy(0))2 + (λ̇x(0)t+ λx(0))2

)2 .

(4.4)
In writing these equations we make the assumption that the expression (4.1) is nonzero for
all t ∈ R. Note that these same expressions hold even when the singular extremal does not
include 0 in its domain—in this case, the constants in the expressions for λx(t) and λy(t)
simply lose their interpretation as being values of the functions and their first derivatives
at t = 0.

The above paragraph shows that it is possible to completely determine, as explicit
functions of time, the singular extremals for our problem, at least when the expression (4.1)
is nowhere zero. Let us now investigate the case when the expression (4.1) can vanish for
some t ∈ R, recalling our characterisation of this situation in Lemma 4.2.

4.3 Lemma: Let γ = (u, c) be a stationary singular extremal defined on R. The following
conditions are equivalent:

(i) c′(t0) = 0c(t0) for some t0 ∈ R;
(ii) c′(t) = 0c(t) for all t ∈ R;

(iii) λ̇x(0)λy(0)− λ̇y(0)λx(0) = 0.

Proof: Suppose that (iii) holds and let t̄ be the time at which the expression (4.1) vanishes.
First suppose we are at a point where t 6= t̄. Then the equations (4.3) are valid in a
neighbourhood of t, and one computes

θ̇(t) =
λ̇x(0)λy(0)− λ̇y(0)λx(0)

(λ̇y(0)t+ λy(0))2 + (λ̇x(0)t+ λx(0))2
.

This means that θ̇(t) = 0 for all t 6= t̄. Similarly, one determines that ẋ(t) = ẏ(t) = 0
for all t 6= t̄. Coupled with the fact that the trajectories in Q must be differentiable,
we see that (iii) implies that c(t) = c(t0) as long as t 6= t̄. When t = t̄ then we have
λx(t̄) = λy(t̄) = 0 and so λθ(t̄) is also zero. Since the equations governing the adjoint vector
are linear in the adjoint vector, this implies that the adjoint vector is identically zero for all
t. This situation is in violation of the condition (ii) of the maximum principle. The above
arguments show that (iii) implies both (i) and (ii). These arguments are easily modified to
show that (i) and (ii) also imply (iii), and that (i) and (ii) are equivalent. �

The following result essentially determines the character of the nontrivial singular ex-
tremals.
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4.4 Lemma: Suppose that γ = (u, c) is a stationary singular extremal for the planar rigid
body system defined on the entire real line with, for some t0 ∈ R, (x(t0), y(t0) lying on
the circle of radius J

mh with centre at (0, 0) in the (x, y)-plane. If the expression (4.1) is
nowhere zero then

(i) x2(t) + y2(t) =
(
J
mh

)2 for all t ∈ R,

(ii) θ(t) = π + arctan
( y(t)
x(t)

)
for all t ∈ R,

(iii) limt→∞(x(t), y(t)) = − limt→−∞(x(t), y(t)), and
(iv) limt→∞ θ(t) = π + limt→−∞ θ(t).

Furthermore, the singular control u is analytic.

Proof: Choosing C11, C10, C21, and C20 to be zero, it is apparent from (4.3) that x2(t) +
y2(t) =

(
J
mh

)2, and so (i) holds. It is also clear from (4.3) that (ii), (iii), and (iv) hold.
Analyticity of u follows from (4.4). �

In Figure 4 we show a typical stationary singular extremal of the form described in
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Figure 4. A singular extremal for the planar rigid body with
m = 1, J = 1, and h = 1

2 . The initial conditions for the adjoint
vector are λx(0) = 1, λy(0) = 5, λθ(0) = 2

√
26, λ̇x(0) = 1, and

λ̇y(0) = 1. The time between plots of the body’s position on
the left is ∆t = 1. On the right, the controls are shown.

Lemma 4.4. Note that the limiting initial and final angles are decided by the values of
λ̇x(0) and λ̇y(0), as may be ascertained from (4.3). It is also clear from the expressions
of x(t) and y(t) from (4.3) that any singular extremal will be a copy of an extremal from
Lemma 4.4, but possibly translated away from (0, 0), and possibly moving with uniform
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velocity in the (x, y)-plane. To be succinct in stating the form of the general singular
extremals, it is convenient to introduce a equivalence relation on the set of curves on Q by
saying that curves c1 : I1 → Q and c2 : I2 → Q are equivalent when I2 = I1 + a for some
a ∈ R and c2(t) = c1(t− a) for each t ∈ I2. When curves c1 and c2 are equivalent then we
write c1 ∼ c2. The following result makes this precise, and summarises our description of
the singular extremals for the planar rigid body.

4.5 Proposition: If γ = (u, c) is a singular extremal for the planar rigid body defined
on I ⊂ R, then there exists

(i) a singular extremal γ̃ = (ũ, c̃) with the property that c̃ ∼ c and
(ii) an extremal γ̄ = (ū, c̄) which is either

(a) of the form described by Lemma 4.3 or
(b) of the form described by Lemma 4.4,

so that
(ii) x̃(t) = x0 + u0t+ x̄(t),

(iii) ỹ(t) = y0 + u0t+ ȳ(t), and
(iv) θ̃(t) = θ̄(t),

for some x0, y0, u0, v0 ∈ R.

A “typical” singular extremal appears on the right in Figure 5.

Figure 5. (1) On the left is an unforced singular extremal for
the planar rigid body with m = 1, J = 1, and h = 1

2 . (2) On
the right is the singular extremal obtained by superimposing the
linear motion on the left with the singular trajectory of Figure 4.

4.6 Remarks: 1. Note that the only unforced extremals for the planar rigid body
consist of linear motions of the centre of mass with the angle θ remaining fixed. Such
a motion is shown on the left in Figure 5.
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2. The extremals which we here name as singular would be “singular in all controls”
for Chyba, Leonard, and Sontag [2000a]. Because they use control bounds which are
polyhedral, they also would consider the linear extremals of Sections 3.2 and 3.3 to
be singular. There would potentially be more controls which are singular in the sense
of Chyba, Leonard, and Sontag.

3. While Proposition 4.5 does provide a complete description of the singular extremals for
the planar rigid body system, it does not illuminate the “reason” why these extremals
have the form they do. That is to say, there is in all likelihood a nice geometric
description for these extremals in terms of the affine connection ∇ and the input
distribution Y. However, at this point this description is unknown to the authors. �
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