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Abstract

The unique frequency range and robustness of surface acoustic wave (SAW) devices

has been a catalyst for their adoption as integral components in a range of consumer

and military electronics. Furthermore, the strain and piezoelectric fields associated

with SAWs are finding novel applications in nanostructured devices. In this thesis,

the interaction of SAWs with periodic elastic structures, such as photonic or phononic

crystals (PnCs), is studied both computationally and experimentally.

To predict the behaviour of elastic waves in PnCs, a finite-difference time-domain

simulator (PnCSim) was developed using C++. PnCSim was designed to calculate

band structures and transmission spectra of elastic waves through two-dimensional

PnCs. By developing appropriate boundary conditions, bulk waves, surface acoustic

waves, and plate waves can be simulated. Results obtained using PnCSim demon-

strate good agreement with theoretical data reported in the literature.

To experimentally investigate the behaviour of SAWs in PnCs, fabrication proce-

dures were developed to create interdigitated transducers (IDTs) and PnCs. Using

lift-off photolithography, IDTs with finger widths as low as 1.8µm were fabricated

on gallium arsenide (GaAs), corresponding to a SAW frequency of 397 MHz. A citric

acid and hydrogen peroxide wet-etching solution was used to create shallow air hole

PnCs in square and triangular lattice configurations, with lattice constants of 8µm
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and 12µm, respectively. The relative transmission of SAWs through these PnCs as

a function of frequency was determined by comparing the insertion losses before and

after etching the PnCs. In addition, using a scanning Sagnac interferometer, displace-

ment maps were measured for SAWs incident on square lattice PnCs by Mathew (Cre-

ating and Imaging Surface Acoustic Waves on GaAs, Master’s Thesis). Reasonable

agreement was found between simulations and measurements. Additional simulations

indicate that SAW waveguiding should be possible with a PnC consiting of air holes

in GaAs.

The phononic properties of a commonly used photonic plate were also determined.

Band structure simulations of the plate displayed no complete elastic band gaps.

However, transmission simulations indicated that a pseudo-gap may form for elastic

waves polarized in the sagittal plane.
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Chapter 1

Introduction

In 1885, Lord Rayleigh predicted a type of elastic wave, called a surface acoustic

wave (SAW), that could travel along a solid surface and be confined to a depth

comparable with its wavelength [Rayleigh1885]. It was not until eighty years later,

after it was discovered that interdigitated transducers (IDTs) on a piezoelectric sub-

strate could efficiently generate and detect SAWs, that the use of SAW technology

in microelectronics would begin to soar. SAW devices have become an increasingly

important fixture in microelectronics due, in large part, to the unique frequency

range over which they can operate. Originally developed for military applications,

such as pulse compression filters in radar and sonar, SAWs are now used in almost

all televisions and cellphones, pushing the global production of IDTs to several mil-

lion per day [Campbell1989]. With the success that SAWs have had in consumer

and military applications, novel devices incorporating this technology are becom-

ing more common. Some particularly ingenious uses of SAWs include: microfluidic

pumps [Guttenberg2005], chemical sensors [Lange2008], and single photon emitters

[Couto2009].
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CHAPTER 1. INTRODUCTION 2

Three years after Lord Rayleigh’s inaugural SAW publication, he demonstrated

the existence of photonic band gaps in periodic dielectric stacks, thereby pioneering

another important topic in science, namely, photonic crystals (PtCs) [Rayleigh1888].

By the late 1980s, PtC research was quickly growing and it was not long before interest

in phononic crystals (PnCs) also began to rise. A PnC is the elastic analogue of the

wider known PtC. While PtCs are composed of periodic arrangements of materials

with different dielectric constants and deal with electromagnetic waves, PnCs are

made up of materials with differing stiffness and density and deal with elastic waves1.

Interestingly, the two are usually coincident, since materials of differing dielectric

properties will often differ in their elastic properties as well.

In this thesis, the interaction of SAWs with PnCs is investigated by developing an

elastic finite-difference time-domain (FDTD) simulator and performing experiments

on microfabricated PnCs.

1.1 Historical Context

The study of PnCs is relatively young. The earliest publications in the field date

back to the late 1980s, when articles by Lakhtakia et al. and Economou et al.

first looked at the properties of periodic arrays of elastic composites [Economou1989,

Lakhtakia1988]. Through the 1990s, partially fueled by the success of PtCs, interest

in PnCs grew as possible applications harnessing this technology were devised. The

publication rate has now reached a couple hundred per year and still seems to be on

the rise2.

1See Table B.1 for a more thorough comparison of PtCs and PnCs.
2Number of publications estimated by searching and analyzing Web of Science results.



CHAPTER 1. INTRODUCTION 3

Figure 1.1: Reproduced from [Kushwaha1994]. Acoustic band structure and density
of states for nickel cylinders in aluminum in a 2D square lattice with a filling fraction
of 0.35. From left to right, the first plot shows the band structure in the three
principal symmetry directions (as shown in the inset), the middle plot illustrates the
eigenvalues as a function of |k|, and the final plot shows the density of states.

Kushwaha et al. were among the first to publish a detailed theory of elastic com-

posite band strucutre [Kushwaha1993, Kushwaha1994]. In their work, they adopted

the plane wave expansion (PWE) technique, which has been used with great success

for PtCs, to compute elastic band structures of 2D periodic systems and found that

complete acoustic band gaps exist for particular geometries of cylindrical nickel in-

clusions in an aluminum host. Figure 1.1 is representative of their findings and shows

more than one complete band gap forming for a filling fraction of 0.35.

One of the first measurements done to prove the existence of phononic band gaps

was performed by Martinez et al. [Martinez1995]. They found that a sculpture, by
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Figure 1.2: Reproduced from [Martinez1995]. Demonstration of acoustic attenua-
tion by a PnC. a) Sculpture (acting as the PnC) by Eusebio Sempere. b) Sound
attenuation as a function of frequency for a wave vector aligned with the [100] lattice
direction.

Eusebio Sempere, which consisted of hollow stainless steel cylinders arranged in a 2D

square lattice with a lattice constant of 10 cm, attenuated sound of certain frequencies.

Notably, the relevant frequencies for such a large structure are in the audible range for

humans. Figure 1.2 shows the sculpture they used and the corresponding transmission

measurement along the [100] lattice direction.

PnC research continues to focus primarily on 2D crystals3 and results typically

deal with elastic waves belonging to one of three categories, namely, bulk waves

[Kuang2004], SAWs [Laude2005], or plate waves [Hsu2006]. Although somewhat

rare, there are examples in the literature dealing with both 1D [Dhar2000] and 3D

[Hsieh2006] lattices as well. Recent developments in PnC research have involved:

3A 2D PnCs is a structure in which material properties vary in two dimensions and are uniform
in the third (with the exception of being truncated by surfaces).
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Figure 1.3: Reproduced from [Benchabane2006]. Measurement of SAW transmission
through a PnC consisting of a square lattice of air holes in lithium niobate. On the
left is an SEM image of their IDTs and PnC. On the right are relative transmission
measurements along the ΓX, ΓM, and ΓY directions, indicating a complete phononic
band gap.

waveguiding [Miyashita2005], cavitation [Khelif2003], filters [Khelif2003b], collima-

tion [Shi2008], focusing [Yang2004], coupled photonic-phononic systems [Eichenfield2009],

and negative refraction [Feng2005, Zhang2004].

In the past few years, measurements of SAW transmission through PnCs have

started to emerge. For example, Benchabane et al. predicted that a band gap would

exist for SAWs in a square lattice of air holes in lithium niobate [Benchabane2006].

They then microfabricated IDTs and PnCs to test their prediction, the results of

which are shown in Fig. 1.3. There has also been considerable interest in the phononic

properties of plates, as they are often used in photonics. Several computational

articles have examined the phononic band structure of plates and have found band

gaps to exist for a range of thicknesses [Vasseur2007, Vasseur2008]. Furthermore,

recent results from Mohammadi et al. have experimentally demonstrated the effect

of acoustic stop bands in plates [Mohammadi2008].
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Figure 1.4: Reproduced from [Stotz2005]. Coherent spin transport using dynamic
QDs. The figure on the left shows the experimental setup, consisting of two orthog-
onal IDTs (note: in this figure, SAWs are referred to as coherent acoustic phonons,
or CAPs). The central figure shows the resulting QD array as demonstrated by a
stroboscopic photoluminescence, where high intensity corresponds to negative QDs
that carry electrons. The figure on the right shows the spin precession by measuring
the polarization of light, ρz, as a function of distance (or time) and demonstrates
coherence being maintained over relatively long distances.

1.2 Motivation

The present research of the Stotz group is devoted to novel uses for SAWs in micro-

fabricated devices. Thus far, emphasis has been placed on two distinct applications,

namely, spintronic and single photon. By including PnC derived structures in either

of these applications one could hypothetically open up a wealth of new opportunities

by exploiting effects such as acoustic waveguiding and cavities.

SAWs have previously been used to coherently transport spin up to 100µm by

means of dynamic QDs. Stotz et al. produced dynamic QDs by interfering two

orthogonally travelling SAWs on a gallium arsenide (GaAs) sample with an embedded
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quantum well [Stotz2005]. Here, the quantum well provided vertical confinement,

while the piezoelectric potential of the interfering SAWs provided a traveling lateral

confinement. The result was a traveling QD with confinement dimensions controlled

by the SAW wavelength. Figure 1.4 illustrates the experimental setup, the formation

of dynamic QDs, and the resulting prolongation of spin coherence.

In the same vein as the experiment just described, using a single SAW and a

PnC waveguide, one can conceivably transport spin coherently using the confinement

of a quantum well, SAW and PnC. The benefit of using a PnC waveguide is in

the flexibility of transport path that it provides, including the ability to coherently

transport spin around sharp bends.

The Natural Sciences and Engineering Research Council, National Research Coun-

cil, and the Business Development Bank of Canada recently funded a collaborative

research effort, bringing together groups from the National Research Council, Queen’s

University, University of Waterloo, University of Victoria, and the University of

British Columbia to design and fabricate commercially viable single and entangled

photon sources for use in quantum information processing4. Devices that can pro-

duce indistinguishable photons are a much sought after tool for, among other things,

quantum optics, cryptography, and computing. A recent review article by Lounis

et al. discusses the merits of different types of single photon emitters (SPEs), and

emphasizes that the choice of a particular SPE is dependent on the intended use for

the single photons it produces [Lounis2005]. Of the current SPE schemes, most gen-

erate photons at low repetition rates, making them unsuitable for some applications,

including high speed quantum cryptography. One of the goals of the NNB SPE is to

address this problem by employing high frequency SAWs as a triggering mechanism

4This device will henceforth be referred to as the NNB SPE.
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Figure 1.5: Reproduced from [Gell2008]. Modulation of QD transitions using a SAW.
On the left, the emission spectrum with (red) and without (blue) a SAW present is
shown. On the right, the emission lines as a function of acoustic power.

for on-chip QD based SPEs. In 2008, Gell et al. were able to show that the strain

of a SAW is able to modulate QD transition energies [Gell2008] (cf. Fig. 1.5). By

exploiting this fact, it is proposed that one can periodically tune exciton recombina-

tion into resonance with a cavity coupled QD, thereby emitting single photons both

on demand, and at high repetition rates. In order to successfully integrate SAWs

into such a device, an understanding of how SAWs interact with PnCs and PtCs is

essential.

A considerable amount of work has already been accomplished by the groups

involved with the NNB collaboration. For example, researchers at the National Re-

search Council are making tremendous progress in growing QDs and nanofabricating

photonic crystal cavities [Dalacu2005]. Furthermore, computational work done at
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12 P. Yao et al.: On-chip single photon sources using planar photonic crystals

Figure 13 (online color at: www.lpr-journal.org) The slab-center
distribution of electric-field amplitude corresponding to the peak
Purcell factor in Fig. 12.

With the integrated coupler, more than 60% of the emitted
field overlaps with the output waveguide mode (! > 0.6).
To obtain these parameters, we first calculate the ratio be-
tween the left propagating power Pl, at the output target
waveguide (after the coupler), and the total emission power
emitted by the dipole Pt; then a mode overlap integration
is performed between the destination waveguide mode and
the computed propagating electromagnetic fields, whereby
the ! is the product of the overlap integration and the power
ratio. Since all of these coupling parameters are not opti-
mized, and given the complexity of single QD coupling,
these numbers are already quite impressive. To put these re-
sults in context, we have nano-engineered a situation where
the probability of emitting one photon with a vacuum wave-
length of " = 1500 nm, into a standard 200 nm-thick wire
waveguide, is more than 60% with a significant Purcell ef-
fect.

6.2. Single photon source using a PC waveguide,
a cavity, and an output coupler

We next propose a device that exploits some of the advan-
tages of integrated cavities, waveguides, and couplers. The
proposed single photon source is shown schematically in
Fig. 14. The parameters of the two-hole shifted cavity and
the waveguide are the same as before. In this case, how-
ever, the cavity is now deliberately over-coupled to the PC
waveguide; the PC waveguide is then coupled to an output
wire waveguide.

Here, the direct 3D FDTD calculation is once more
adopted. Although the Purcell factor (see Fig. 15) and the
quality factor are significantly reduced in comparison with
the unloaded cavity, they are still very large (Fy ! 1100
and Q ! 10 300), and are one order of magnitude larger
than that of the previous waveguide example; this is be-
cause of the the increased LDOS at the QD position; al-
though the increased coupling between the cavity and the
waveguide leads to the decrease of the Purcell factor com-
pared to the bare cavity, the major advantage is that on-chip
emission is possible with the integrated waveguide. The
spatial distribution of the field, at the maximum Purcell

Figure 14 (online color at: www.lpr-journal.org) Schematic
diagram of waveguide-cavity single photon source, which is com-
posed of one cavity and one waveguide, one QD (indicated by
green dot) is placed within the cavity.

Figure 15 (online color at: www.lpr-journal.org) Purcell factor
(Fy) versus frequency for a QD embedded in the shifted-hole cav-
ity (a) and no-shift cavity (b) which are “loaded” by a waveguide.

factor (see Fig. 15a), is shown in Fig. 16, which highlights
how the emitted field leaks predominantly into the output
waveguide. We also highlight that the peak Purcell factor is
certainly larger than that required to enter the strong cou-
pling regime for a typical QD exciton. The analytical forms
of the Purcell factors, ! factor, and an investigation of the
strong coupling regime is reported elsewhere [93].

Intuitively, one might imagine that the scattered light
from a large-Q/Ve! cavity will mainly escape through the
vertical decay channel. But here, even with the coupling
with the waveguide, the quality factor of the loaded cavity
is still high (larger than 10 000); however, surprisingly, the
! factor is still as high as 50%, which is again without
optimization. It can be anticipated that the collection effi-
ciency can be further increased if we increase the coupling
between waveguide and cavity, for example, by resizing or
reducing the air hole radius at the interface between cavity
and waveguide. We also highlight that the frequency of the
peak Purcell factor now is 192.7 THz, which is strategically
away from the waveguide band edge. Also, by looking at
the band structure, one has a very large bandwidth with
which to efficiently couple to the output waveguide prop-
agation mode. For comparison, the no-shift cavity case is
also investigated, where the peak Purcell factor is reduced
to about 350, which is significantly smaller than that of

© 2009 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.lpr-journal.org

Figure 1.6: Highlights of from two recent publications relating to the NNB collabora-
tion. On the left, an SEM image of a nanofabricated photonic crystal with embedded
QDs is shown [Dalacu2005] (from National Research Council collaborators). On the
right, a possible SPE design that was simulated by Yao et al. [Yao2009] (from Queen’s
University collaborators).

Queen’s University, under the supervision of Prof. Stephen Hughes, has made great

progress towards designing more robust on-chip SPEs [Yao2009] (cf. Fig. 1.6).

There are many additional reasons to study the interaction of SAWs with PnCs.

SAWs have been very successful when used in devices such as multiplexers, filters,

resonators, so it is expected that by integrating PnCs, devices of this sort can be

enhanced as well and will likely play crucial roles in the technology of the future.

Also, the benefit of progressing the knowledge of fundamental physics should not be

understated.

1.3 Thesis Outline

To better understand how elastic waves interact with phononic structures, the goals

of this thesis are as follows.
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• Develop an elastic FDTD simulator that can:

– Determine the band structure of arbitrary 2D PnCs.

– Determine the transmission of elastic waves, including SAWs and plate

waves, through PnCs.

• Develop fabrication recipes to produce:

– SAW IDTs and PnCs with feature sizes as small as 1.8µm.

• Validate the simulation results by:

– Measuring the transmission of SAWs through microfabricated PnCs.

– Measuring the vertical displacement of SAWs interacting with PnCs.

The main content of this thesis is divided into six chapters.

Chapter 2 reviews the essential elastic theory. Plate waves and SAWs are intro-

duced and discussed. Next, an overview of IDTs as a means to generate and detect

elastic waves is provided.

Chapter 3 describes, in detail, the FDTD method used for the PnC simulator. The

elastic equation of motion is discretized and the update equations for the simulator

are derived. Boundary and initial conditions are discussed. Details relating to the

simulator’s implementation are provided. The chapter concludes by demonstrating

the simulator’s ability to reproduce published data.

Chapter 4 outlines the procedures and devices used to fabricate IDTs and PnCs.

Specific topics covered include: pattern definition using photolithography, thin film

deposition by thermal evaporation, and wet-etching of holes.



CHAPTER 1. INTRODUCTION 11

Chapter 5 presents new results. Band gaps predicted by the simulator are com-

pared with transmission measurements of microfabricated devices. Additionally, the

phononic band structures of possible PtCs to be used in the NNB collaboration are

provided.

The thesis concludes in chapter 6 with a summary and discussion of possible future

work.



Chapter 2

Background

Elasticity is the concept around which this thesis revolves. From the generation of

SAWs using IDTs to the simulation of PnCs, elasticity plays a central role. Conse-

quently, this chapter begins by introducing elasticity and acoustic waves and finishes

with a discussion of IDTs. [Campbell1989, Nye1986, Royer1996] were the primary

sources of information for the topics covered in this chapter.

2.1 Elasticity

It has long been known that for materials in the linear elastic regime, a displacement

from equilibrium results in a restoring force that aims to return the body to its

unperturbed state. This is commonly conveyed by Hooke’s law

F = −k∆x, (2.1)

12
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where ∆x is a displacement, k is the stiffness, and F is the resulting force. More

generally, when dealing with 3D materials of arbitrary shape, this phenomenon can

be described in terms of stresses and strains.

Strain is a dimensionless measure of deformation and takes the place of ∆x in

Eqn. 2.1. To account for both tensile and shear deformations, strain is a second rank

tensor written as1

Skl =
1

2

(
∂uk
∂xl

+
∂ul
∂xk

)
(k, l = 1, 2, 3), (2.2)

where u is displacement, x is a coordinate axis, and Sij are components of the strain

tensor. Being a second rank tensor in 3D, S contains nine elements, of which six are

unique due to symmetry.

Stress is a force per unit area acting within an elastic body

Tij = lim
∆Aj→0

(
∆Fi
∆Aj

)
, (2.3)

where F is the force, A is the area, and Tij are components of the stress tensor. Stress,

too, is a second rank tensor since a deformation in one direction can cause a stress

in another direction. In the absence of an applied torque, Tij = Tji, thus making the

stress tensor symmetric with six independent components, where Tii and Tij(i 6= j)

are normal and shear stresses, respectively. Stress takes the place of F in Eqn. 2.1

and has units of N/m2.

1Roman subscripts take a value corresponding to one of the three coordinate axes.
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If the stress is written as a Taylor expansion in terms of strain2

Tij(Skl) = Tij(0) +

(
∂Tij
∂Skl

)
Skl +

1

2

(
∂2Tij

∂Skl∂Smn

)
SklSmn + . . . , (2.4)

it is found that most materials can be well described, for small deformations, by the

first order term

Tij(Skl) ≈
(
∂Tij
∂Skl

)
Skl, (2.5)

since Tij(0) = 0. The term relating stress to strain is called the elastic stiffness and

takes the place of k in Eqn. 2.1. Since stress and strain are second rank tensors, the

elastic stiffness must be a tensor of rank four

Cijkl =

(
∂Tij
∂Skl

)
. (2.6)

Now, Hooke’s law states that for strains below the elastic limit, the amount of

stress is proportional to the strain, and the proportionality constant is the elastic

stiffness. This general version of Hooke’s law can be written mathematically as

Tij = CijklSkl or Sij = sijklTkl, (2.7)

where s is the elastic compliance. Since both T and S are symmetric

Cijkl = Cijlk (2.8)

Cijkl = Cjikl, (2.9)

2Using the notation of summation over repeated indices appearing only on the right.
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which allows Eqn. 2.7 to be further simplified to

Tij =
1

2
Cijkl

∂uk
∂xl

+
1

2
Cijkl

∂ul
∂xk

= Cijkl
∂ul
∂xk

. (2.10)

Fourth rank tensors in three dimensions, such as C, contain 81 terms in general,

making them quite cumbersome. Luckily, due to the aforementioned symmetry of S

and T, it can be shown that the number of independent terms in C can be reduced

from 81 to 36. This simplification allows the indices of C, S, and T to be relabeled

according to Voigt notation (cf. Table 2.1). Using this simplified notation, Eqn. 2.7

is occasionally rewritten as3

Tα = CαβSβ (α, β = 1, 2, . . . 6), (2.11)

where S1 = S11, S2 = S22, S3 = S33, S4 = 2S23, S5 = 2S13, and S6 = 2S12.

Table 2.1: Voigt tensor index notation.

Tensor notation 11 22 33 23,32 31,13 12,21
Voigt notation 1 2 3 4 5 6

2.1.1 Equation of Motion

Consider a small amount of vibrating material with mass density ρ, volume dV and

surface area dA. The forces due to elasticity acting on the volume of material can be

3Greek subscripts take a value from 1 . . . 6 according to Table 2.1.
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found by integrating the stress over the surface

F =

∫
dA

T · n̂ dA. (2.12)

Inserting Eqn. 2.12 into Newton’s second law results in

∫
dV

ρ
∂2u

∂t2
dV =

∫
dA

T · n̂ dA, (2.13)

where u = u1x̂1 + u2x̂2 + u3x̂3 is the vector representation of displacement, and t is

time. If dV is sufficiently small, the integrand in the volume integral is approximately

constant, so

ρ
∂2u

∂t2
=

1

dV

∫
dA

T · n̂ dA. (2.14)

The limit of the right-hand side of the above equation can be shown to be

lim
dV→0

1

dV

∫
dA

T · n̂ dA = ∇ ·T, (2.15)

where

∇ =
∂

∂x1

x̂1 +
∂

∂x2

x̂2 +
∂

∂x3

x̂3. (2.16)

Consequently, the equation of motion can be compactly expressed as

ρ
∂2u

∂t2
= ∇ ·T, (2.17)

or more explicitly

ρ
∂2ui
∂t2

=
∂Tij
∂xj

, (2.18)
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where ui is the displacement in the xi direction, Tij are components of the stress

tensor, as defined in the previous section, and xj is one of the three coordinate axes.

Equation 2.18 and the constitutive law (Eqn. 2.11) are the primary equations required

by the FDTD simulator described in Ch. 3.

2.2 Elastic Waves

In this section, some waves that arise in bulk, on surfaces and in plates are introduced.

In particular, plane waves, SAWs and Lamb waves are discussed. Solving arbitrary

structures for elastic modes can be extremely challenging. Methods commonly em-

ployed in such endeavours include: potential theory, superposition of partial waves,

and finite element analysis. The details of these methods and their application will

not be described here, instead, important results will be summarized and discussed.

There are many classes of waves beyond the ones to be mention in the following sec-

tions, and the reader is referred to [Auld1973] and [Royer1996] for more information

on these topics.

2.2.1 Plane waves

One problem that can be easily solved is the case of plane waves in an isotropic bulk

material4. Consider a solution to Eqn. 2.17 that takes the following form

u = u0 exp [i(ωt− k · x)] , (2.19)

4The characteristics of isotropic materials can be found in App. A.
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Figure 2.1: Crystal and coordinate axes. Crystal axes are specified by Xi and co-
ordinate axes are specified by xi. Note that the two systems need not be the same.
For information on how to rotate crystal properties into the coordinate axes, see Sec.
A.1. For the case of SAWs, a surface is located at x3 = 0 and the material extends
to infinity below.

where u0 is a constant vector indicating polarization, k is the wave vector, x is

position, and ω is the angular frequency. Noting that ∂u/∂xj = −ikju and ∂u/∂t =

iωu, substituting Eqn. 2.19 into Eqn. 2.17 yields

ω2ρu0 = (C12 + C44)(k · u0)k + C44|k|2u0. (2.20)

In Eqn. 2.20, there is a term parallel to k and two terms parallel to u0. If u0 ⊥ k,

then k·u0 = 0 and the resulting solution gives transverse waves. Otherwise, k·u0 6= 0,

and for non-trivial solutions k‖u0, resulting in longitudinal waves.

To determine the wave velocities, first consider the case when u0 ⊥ k then Eqn.

2.20 reduces to

ω2ρ = C44|k|2, (2.21)



CHAPTER 2. BACKGROUND 19

Figure 2.2: Particle motion of plane waves. Snapshots of the a) longitudinal mode,
and b) transverse mode. The arrows on the right indicate the direction of particle
motion. Red and blue correspond to positive and negative longitudinal displacements,
respectively.

and by identifying Eqn. 2.21 with ω = vk, one finds the transverse wave velocity to

be vt =
√
C44/ρ. If instead, u0‖k, Eqn. 2.20 reduces to

ω2ρ = (C12 + 2C44)|k|2, (2.22)

and in this case, noting that C12 = C11 − 2C44 for isotropic materials (cf. App. A),

the longitudinal wave velocity is found to be vl =
√

(C12 + 2C44)/ρ =
√
C11/ρ.

In summary, for an isotropic material, one obtains two types of plane wave so-

lutions: transverse and longitudinal, the motion of which is depicted in Fig. 2.2.

If the material is anisotropic, one would obtain longitudinal waves with a velocity

that depends on the specific direction of propagation and two accompanying trans-

verse waves that are usually slower. The two transverse waves are often classified

as shear-horizontal and shear-vertical, in reference to the plane in which the oscil-

lations are occuring. Furthermore, in some anisotropic materials, the waves will be
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quasi-longitudinal or quasi-transverse, meaning that the wave vector and displace-

ment polarization will be neither exactly parallel nor perpendicular.

2.2.2 Surface Acoustic Waves

Elastic waves that propagate along a solid surface with their amplitude confined to

a depth comparable to their wavelength were discovered by Lord Rayleigh in 1885

[Rayleigh1885]. Named Rayleigh waves after their founder, in this thesis these waves

are referred to as SAWs5. With a coordinate system as illustrated in Fig. 2.1, a SAW

travelling in the x1 direction can be described by displacement components

ul = ul0 exp(−γkx3) exp [i(ωt− kx1)] , (2.23)

where γ is the decay constant, k = (k, 0,−iγk) and Re[γk] > 0. This problem can

be solved using the superposition of partial waves method which gives the general

solution as a combination of partial waves, all of velocity vSAW

ul =

(
3∑
r=1

Aru
(r)
l0 exp(−γrkx3)

)
exp [i(ωt− kx1)] , (2.24)

where Ar are the partial wave amplitudes. The traction free boundary condition at

the surface requires that Ti3 = 0 or

3∑
r=1

T
(r)
i3 Ar = 0. (2.25)

5Rayleigh waves are technically one of several distinct types of SAWs [Auld1973].
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Using the compatibility condition for this linear homogenous system of equations,

vSAW can be found.

For anisotropic materials this problem is almost always solved numerically by vary-

ing vSAW until the boundary conditions are satisfied. When the material is piezoelec-

tric, additional boundary conditions must be enforced on the electric displacement,

thus complicating matters further. However, for the case of an isotropic substrate, it

is possible to obtain analytical solutions. Now, vSAW is specified implicitly by

16

(
1− v2

SAW

v2
l

)(
1− v2

SAW

v2
t

)
−
(

2− v2
SAW

v2
t

)
= 0, (2.26)

where vl and vt are the bulk longitudinal and transverse velocities, respectively. The

components of displacement in x1 and x3 can also be found to be

u1 = A [exp(−γ1kx3)−√γ1γ3 exp(−γ3kx3)] exp [i(ωt− kx1)] (2.27)

u3 = i

√
γ1

γ3

A [exp(−γ3kx3)−√γ1γ3 exp(−γ1kx3)] exp [i(ωt− kx1)] , (2.28)

where

γ1 =

√
1− v2

SAW

v2
l

and γ3 =

√
1− v2

SAW

v2
t

. (2.29)

From Eqns. 2.27 and 2.28 it is apparent that the displacement components are in

phase quadrature and the particles undergo elliptical motion which changes with

depth as illustrated in Fig. 2.3. The displacement components for isotropic steel6

were calculated and are plotted in Fig. 2.4. The displacement is essentially zero by a

depth of 2λ for steel and most other materials.

Equations 2.26 and 2.29 imply that isotropic materials have a constant vSAW

6The properties of steel and all other materials used in this thesis can be found in App. A.
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Figure 2.3: Particle motion of SAWs in the sagittal plane defined by x1x3. Dis-
placements in x3 are indicated by the black line and decay with depth. Positive and
negative x1 displacements are indicated by regions of red and blue, respectively. On
the right, the elliptical particle motion is illustrated.
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Figure 2.4: Displacement components of a SAW on steel calculated from Eqns. 2.27
and 2.28. At a depth of 2λ the amplitude is practically zero. Notice that u1 changes
sign at a depth of ≈ 0.2λ, corresponding to the depth at which the elliptical motion
changes from counter-clockwise to clockwise.
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in all directions and vSAW < vt, vl. In anisotropic materials, vSAW depends on the

propagation direction and γr are not always real, meaning that displacements will

oscillate as well as decay in x3. Furthermore, it is possible to have vSAW > vt, giving

rise to pseudo surface acoustic waves (PSAWs) which are SAWs that radiate into bulk

waves and are therefore much more lossy.

2.2.3 Lamb Waves

A type of elastic wave existing in plates that exhibits particle motion in the sagittal

plane7 was discovered in 1917 by Horace Lamb [Lamb1917]. The mathematics of

plate waves in anisotropic solids are beyond the scope of this thesis, however, the

qualitative properties of Lamb waves can be determined by considering the isotropic

case, providing general insight regarding their nature.

Assuming coordinate axes as shown in Fig. 2.1 with surfaces at x3 = ±d/2, the

modes of an isotropic plate propagating in the x1 direction without diffraction into

x2 will have displacement components

u1 = A1f1(x3) exp [i(ωt− kx1)] (2.30)

u3 = A3f3(x3) exp [i(ωt− kx1)] , (2.31)

where Ai are constants, fi are functions describing particle motion in the x3 direction,

and k is the wave vector. This problem can be solved using potential theory, the

details of which can be found in [Royer1996]. In doing so, one enforces traction free

boundary conditions T13 = T23 = T33 = 0 at x3 = ±d/2, to discover that f1(x3) and

f3(x3) must be of opposite parity. Further, one can determine the final form of the

7The sagittal plane is defined by the propagation direction and the plate’s surface normal.
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displacement components to be

u1 = qA [cos(qx3 + α)−B1 cos(px3 + α)] exp [i(ωt− kx1)] (2.32)

u3 = ikA [cos(qx3 + α)−B2 sin(px3 + α)] exp [i(ωt− kx1)] , (2.33)

where α = 0 or π/2, p2 = ω2/v2
l − k2, q2 = ω2/v2

t − k2,

B1 =
2k2

k2 − q2

cos(qd+ α)

cos(pd+ α)
and B2 =

2pq

k2 − q2

cos(qd+ α)

cos(pd+ α)
. (2.34)

The two allowed values for α give rise to symmetric (α = 0) and antisymmetric

(α = π/2) modes. It is difficult to visualize the particle motion directly from Eqns.

2.32 and 2.33; instead, consider low frequency modes such that d/λ � 1. In this

limiting case, one finds that either f → 0 or f → fc as 1/λ→ 0. For the modes that

tend to zero frequency rather than a cut-off frequency

u1 = qA

(
1 +

C11

C12

)
and u3 = iqA

(
1 +

C12

C11

)
kx3 for α = 0 (2.35)

u1 = −kAk
2 + q2

k2 − q2
kx3 and u3 = ikA

k2 + q2

k2 − q2
for α =

π

2
, (2.36)

where the exp [i(ωt− kx1)] factor has been omitted. The particle motion of this

case is illustrated in Fig. 2.5. If the modes that tend to a cut-off frequency fc are

considered, one finds two infinite sets of modes such that symmetric modes alternate

between fcd = nvt and fcd = (m+ 1
2
)vl, and antisymmetric modes alternate between

fcd = nvl and fcd = (m+ 1
2
)vt, where both n and m are integers.

Finally, from the boundary conditions it is also possible to obtain a dispersion
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Figure 2.5: Particle motion of zeroth order modes in an isotropic solid plate (dis-
placements are exaggerated). a) antisymmetric or flexural mode, b) symmetric or
extensional mode. Vertical displacement is indicated by black lines, lateral displace-
ment is indicated by red (positive) and blue (negative) regions.
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Figure 2.6: Lamb wave dispersion curves for steel. Solid lines represent symmetric or
flexural modes and dotted lines represent antisymmetric or extensional modes (data
reproduced from [Royer1996].)
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relation relating ω and k that can be solved numerically

ω4

v4
t

= 4k2q2

[
1− p

q

tan(ph+ α)

tan(qh+ α)

]
where α = 0 or π/2. (2.37)

The dispersion relation for an isotropic plate of steel is shown in Fig. 2.6 [Royer1996].

2.3 Interdigitated Transducers

As was alluded to in the introduction, the adoption of SAW technology by the elec-

tronics industry was ignited by the discovery that IDTs could be used to excite and

detect SAWs in microfabricated structures8. This section reviews the operation of

IDTs, their frequency response, and their characterization.

An IDT, in the simplest conceivable configuration, consists of a series of evenly

spaced parallel metal strips or “fingers” on a piezoelectric substrate. If an rf voltage

is applied such that neighbouring fingers are opposite in voltage, electric fields are

established within the substrate that agitate the surface due to the piezoelectric effect,

and are capable of generating a SAW. For rf frequencies satisfying f = (2n−1)vSAW/λ,

where n is an integer, vSAW is the SAW velocity, and λ is the periodic length of the

finger array, SAWs are launched normal to the array in both directions as illustrated in

Fig. 2.7. In addition to SAWs generated by the finger array, bulk waves propagating

at a velocity vb are generated9 at angles θ = arcsin [(2n− 1)vb/fλ].

The most practical way to realize an array of metal fingers in which fingers alter-

nate in voltage is to construct interdigitated combs, as shown in Fig. 2.8a. As will be

8IDTs can also be used to excite plate waves [Mohammadi2008]
9This can be problematic since bulk waves can reflect from the opposite side of the wafer and

produce unwanted interference with the SAWs.
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Figure 2.7: Illustration of SAW generation using an IDT [Matthews1977]. SAWs are
generated at a wavelength of λ. The metalization ratio η is 0 for infinitely thin fingers
and 0.5 for a finger width equal to finger spacing. Bulk waves are also generated at
θ = arcsin [(2n− 1)vb/fλ], where n is an integer and vb is the bulk wave velocity.

discussed in the following sections, under some circumstances it is desirable to arrange

the electrodes into a split finger configuration, shown in Fig. 2.8b. The geometry of

IDTs can be an extremely complicated matter depending on their intended use and

desired properties. [Campbell1989] should be consulted for information on other IDT

structures and their uses.

For this thesis, IDTs are always used in pairs so that the transmission of SAWs

through PnCs can be measured. One IDT is used to excite SAWs, and the other is

used to detect them as depicted in Fig. 2.9. The detection process is essentially the

excitation process in reverse. When the periodic spacing of the output IDT equals

the wave length of a SAW, the SAW’s associated piezoelectric field will induce an

rf voltage in the IDT. Since a SAW traveling between IDTs takes a finite and well

defined amount of time, determined by their separation and vSAW, this setup is often

called a delay line.
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Figure 2.8: Schematic representation of IDTs. a) Single finger configuration. b)
Double or split finger configuration. λ indicates the wavelength of SAWs that will be
generated, where λb = 2λa, and W indicates the IDT aperture width.

Figure 2.9: Schematic of an IDT delay line. An rf voltage is applied at one IDT,
thereby creating a SAW. The SAW then travels along the substrate and induces an
rf voltage in the receiving IDT. The characterization of a device in this configuration
is typically done by measuring the scattering parameters using a network analyzer.
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Figure 2.10: Schematic diagram of delta function model. a) Configuration of IDT as
viewed from the top. b) Illustration depicting electric field due to finger electrodes
being approximated by delta functions beneath each finger.

2.3.1 Frequency Response

The frequency response of SAW filters is a well documented topic [Campbell1989,

Feldmann1989, Matthews1977]. The easiest way to calculate the frequency response

of a delay line is to use the delta function model. If an rf voltage is applied to an

IDT like the one depicted in Fig. 2.10a, opposite amounts of charge accumulate on

adjacent fingers. Inevitably, the charge will migrate to the finger edges since charge

from neighboring electrodes will be attracted. As a result of the increased charge

density at the finger edges, the charge distribution can be modeled as a series of delta

function sources of electric field. Since the delta function model does not distinguish

between IDTs with different metallization ratios, one can assume η = 0, effectively

placing a delta source under each electrode, as depicted in Fig. 2.10b.

Using this model, the overall transfer function of a delay line can be computed

from

H(f) =
Vout
Vin

= H1(f)H?
2 (f) exp [−2πifd/vsaw] , (2.38)

where vSAW is the SAW velocity, d is the centre to centre spacing of the transducers,
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and f is frequency. Hj(f) is the response function of an individual transducer and is

calculated from

Hj(f) =

N/2∑
n=−N/2

An(−1)n exp [−2πifxn/vsaw] , (2.39)

where the sum is performed over the number of fingers N , An is the finger overlap

weighting of pair n, and xn is the location of finger n. Using Eqns. 2.38 and 2.39,

the response of a 200 finger pair delay line on GaAs with a finger widths of 1.87µm

was calculated and is shown in Fig. 2.11.

There are a number of second order effects which are not accounted for by the

delta function model that degrade IDT performance [Campbell1989]. Firstly, electro-

magnetic feedthrough directly couples the input and output IDTs via electromagnetic

radiation and results in a passband ripple at a frequency of fef = 1/τ = vsaw/d, where

d is the centre to centre separation between IDTs. Secondly, when a SAW arrives

at the receiving IDT, the current it induces in the IDT acts to regenerate the SAW,

thus sending a SAW back to the input IDT. This SAW reflects again and returns

to the receiving IDT, causing an interference in the signal known as triple transit

interference (TTI). The effect of TTI is to produce a ripple in the passband at a

frequency of

ftti =
1

2τ
=

1

2

vsaw

d
. (2.40)

Finally, the use of a metal film to define IDTs causes mass loading and impedance

discontinuities on the substrate resulting in reflections from the front and back of each

finger. The mass loading problem can be limited by using a light metal and reducing

its thickness. The reflection problem can be inhibited by using the split finger IDT
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Figure 2.11: Frequency response of a single finger IDT delay line composed of 200
finger pairs with finger widths of 1.87µm on GaAs. The solid blue line is H(f),
computed using Eqn. 2.38. The dotted blue line is H1(f), computed using Eqn. 2.39.
The black line is the measured insertion loss of such a device (normalized since H(f)
can only provide relative information). Note that the discrepancy between measured
insertion loss and H(f) is attributed to second order effects.
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configuration that was introduced in the previous section (cf. Fig. 2.8b). In this

configuration, reflections cancel at the operating frequency, rather than constructively

interfering, as is the case in the single finger design. Despite the advantages of the split

finger design, it requires twice the fabrication resolution to maintain the frequency of

a single finger IDT, which can be problematic. If single finger IDTs are required due

to their frequency advantage, de Lima et al. have demonstrated that reflections can

be reduced by embedding the fingers in the substrate [deLima2004]. There are ways

that an IDT designer can combat many of these effects and others that have not been

mentioned. [Campbell1989] should be consulted for ways to mitigate these effects.

The delta function model is the least complicated model that is commonly used

as a starting point in IDT design. Should one desire a more accurate model, the

options are plentiful: the impulse response model, coupling of modes, and equivalent

circuit method are all commonly used and can address some second order effects.

Furthermore, accurate modeling using finite element analysis is possible, although

computationally expensive. For more information on these models see [Campbell1989,

Feldmann1989, Kannan2006, Matthews1977].

2.3.2 Device Characterization

An IDT delay line, as shown in Fig. 2.9, can be treated as a two port network (cf.

Fig. 2.12). For two port networks, the output voltage at port 1 is related to the

input voltage at port 2, as well as a reflection term from port 1 [Choma2008]. This
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Figure 2.12: Schematic representation of a 2 port network where Vni and Vno are the
input and output voltages at port n, respectively.

is mathematically represented by

 V1o

V2o

 =

 S11 S12

S21 S22


 V1i

V2i

 , (2.41)

where Vni and Vno are the incident and output voltages of port n, respectively, and

Sij are the scattering parameters or S-parameters. Notice that

S11 =
V1o

V1i

∣∣∣∣∣
V2i=0

S22 =
V2o

V2i

∣∣∣∣∣
V1i=0

S21 =
V2o

V1i

∣∣∣∣∣
V2i=0

S12 =
V1o

V2i

∣∣∣∣∣
V1i=0

(2.42)

which implies that Sii are reflection coefficients and Sij(i 6= j) are transmission coeffi-

cients. The scattering parameters all vary with frequency and can be easily measured

using standard network analysis tools and techniques.

Although Sij(i 6= j) is a measure of the transmission of SAWs from port j to port

i, it does not distinguish between losses at the input port versus losses in the device.

Ideally, one would like to know the amount of power transferred to port i given the

amount of power that makes it in to port j. The insertion loss is a measure of this
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and can be calculated from the S-parameters as

IL[dB] = −10 log

[ |Sji|2
1− |Sii|2

]
. (2.43)

There are a number of factors that contribute to insertion loss. Of the power

that is converted to acoustic energy, only a fraction of that goes into SAWs. A large

portion of the SAW power will be trapped inside the IDT and of the power that makes

it out, half leaves the IDT in the opposite direction. Furthermore, when SAWs are

detected by an IDT there is a conversion efficiency that is much less than unity. The

delay lines used in Ch. 5 typically had insertion losses of more than 40 dB at their

operational frequency.

2.4 Piezoelectric Considerations

Experimentally, a piezoelectric material is always used as a substrate when investi-

gating SAWs to fascilitate their generation using IDTs (cf. Sec. 2.3). A piezoelectric

material is a material in which electric fields are established as a result of a mechanical

deformation and vice versa. As a result, the elastic equation of motion (Eqn. 2.17)

includes a piezoelectric term that was not considered in Sec. 2.1.1.

Since elastic velocities are typically five orders of magnitude smaller than the speed

of light, the electric field may be considered under the quasi-static approximation.

Consequently, ∇× E = 0, and so the field may be written as, E = −∇Φ, or

Ek = − ∂Φ

∂xk
. (2.44)
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Due to the electric field there will be an additional force per unit area that can be

added to Eqn. 2.7

Tij = CE
ijkl

∂ul
∂xk

+ ekij
∂Φ

∂xk
, (2.45)

where ekij are components of the piezoelectric constant and CE is the stiffness tensor

at a constant electric field. Now, the equation of motion can be written as

ρ
∂2ui
∂t2

= CE
ijkl

∂2ul
∂xj∂xk

+ ekij
∂2Φ

∂xj∂xk
. (2.46)

The electric displacement can be related to the stress and electric potential by

Dj = ejklSkl + εSjkEk = ejkl
∂ul
∂xk
− εSjk

∂Φ

∂xk
, (2.47)

and for insulating solids must satisfy Poisson’s equation, ∂Dj/∂xj = 0, so

ejkl
∂2ul
∂xj∂xk

− εSjk
∂2Φ

∂xj∂xk
= 0. (2.48)

Solving for plane wave solutions to Eqn. 2.46, the problem reduces to that of Sec.

2.2.1, with a “piezoelectrically stiffened” stiffness tensor

C̄ijkl = CE
ijkl(1 +K2

ijkl), (2.49)

where K is the electromechanical coupling constant. For GaAs, Eqn. 2.49 results in

less than a 0.5% change in C and even the strongest piezoelectric materials exhibit

less than a 5% change [Oliner1978]. If piezoelectric effects are included in the analysis

of SAWs, it is found that the vSAW is modified at most by a few percent [Royer1996].



Chapter 3

Phononic Crystal Simulator

The process of microfabricating prototype phononic devices is very expensive and

time consuming. Therefore, it is not practical to produce useful devices through

trial and error. The ability to predict the behaviour of a particular device geometry

is indispensable to the efficient and economic development of phononic devices. To

better understand how to apply SAWs to novel phononic devices, a PnC simulator

was developed and is referred to as PnCSim in this thesis.

Calculations and simulations to determine the modes of PnCs have been done

previously using a variety of techniques [Olsson2008]. The two most prominent tech-

niques are the PWE and FDTD methods. Each technique has advantages and disad-

vantages, some of which are listed in Table. 3.1 [Joannopoulos2008, Miyashita2005,

Taflove2000]. For this thesis, the FDTD method was chosen for three main reasons.

Firstly, FDTD explicitly calculates the displacement everywhere in the computational

domain using simple finite differences, thus avoiding complicated linear algebra. Sec-

ondly, the transmission of elastic waves through a PnC can be easily calculated and

compared to experiment. Finally, the response of a device under narrow or wide band

36
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excitation can be obtained and easily visualized, providing insight into the physical

motion of arbitrary systems. Although FDTD often demands a substantial amount

of computational resources, memory capacities and processor speeds continually rise,

allowing systems of increasing complexity to be addressed. Furthermore, as com-

putational power grows, approximation errors inherent in FDTD can be reduced by

simulating over finer spatial grids and temporal steps.

Table 3.1: Comparison of the PWE and FDTD methods.

Method Advantages Disadvantages
FDTD - Conceptually easy to understand - Substantial processing and

- Readily compared to experiment memory requirements
- Can model finite sized structures - Errors are introduced by using
- Can simulate transient behaviour approximations (e.g. numerical
- Fields are easily visualized as a dispersion, difference

function of time approximations)

PWE - Extremely fast for some problems - Not suitable for finite structures
- Accurate, no approximations nor non-periodic structures

- Convergence problems for large
acoustic mismatch and fluids

- Requires complex linear algebra
- Cannot model transients

Given the nature of SAWs and recent trends in phononic structures, the simulator

was designed to simulate 2D PnCs in which material parameters are variable but

periodic in x1 and x2 and are invariant in x3 (up to boundaries). For simplicity and

speed, PnCSim was designed to use materials with orthotropic symmetry1,2. By using

only orthotropic materials, the stiffness tensors have twelve non-zero components,

allowing the FDTD update equations to be significantly simplifed and thus execute

1Orthotropic materials have stiffness components Cαβ = 0 when α or β > 3 and α 6= β.
2The properties of all the materials used for this thesis can be found in App. A.
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faster. In the future, PnCSim could be extended to simulate materials of triclinic

symmetry, and devices that have varying properties in all directions.

3.1 Finite-Difference Time-Domain Method

The FDTD method was introduced by Yee in 1966 and was initially used to solve

Maxwell’s equations [Yee1966]. Due to the similarities between elastic and electro-

magnetic systems3, a great deal of insight into the best way to apply the FDTD

method to elasticity can be found in the vast amount of photonic FDTD literature

[Sullivan2000, Taflove2000].

Elastic FDTD simulations work by dividing up a physical simulation space into

a discrete set of points in space and time. At each point the displacement u and

stress tensor T are calculated explicitly from adjacent points using finite difference

approximations. If a 3D space of dimensions a1 × a2 × a3 is divided up into an

N1 × N2 × N3 grid, then the separation between nodes is ∆xi = ai/Ni. Time is

also divided up such that ∆t = tmax/Nt, where tmax is the total simulation time and

Nt is the number of simulation time steps. Each point on this grid is called a node

and is indexed by (i, j, k, l), such that its location in space is (i∆x1, j∆x2, k∆x3)

and its location in time is l∆t. The goal of the FDTD method is to calculate the

displacement and stress at each point on this discretized grid from neighbouring nodes

in space and time. In doing so, if ∆xi and ∆t are sufficiently small the elastic response

of the system can be accurately captured.

In order to derive the update equations for u and T at each node, Eqns. 2.11 and

2.17 must be discretized using finite differences.

3See App. B for a comparison of PtCs and PnCs.
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3.1.1 Finite Differences

Consider the Taylor expansion of a function f(x) at points x+ ∆x/2 and x−∆x/2

f

(
x+

1

2
∆x

)
= f(x) +

∆x

2
f ′(x) +

(
∆x

2

)2
f ′′(x)

2!
+

(
∆x

2

)3
f ′′′(x)

3!
+ . . . (3.1)

f

(
x− 1

2
∆x

)
= f(x)− ∆x

2
f ′(x) +

(
∆x

2

)2
f ′′(x)

2!
−
(

∆x

2

)3
f ′′′(x)

3!
+ . . . . (3.2)

By subtracting Eqn. (3.2) from (3.1) one obtains

f

(
x+

1

2
∆x

)
− f

(
x− 1

2
∆x

)
= ∆xf ′(x) + O

[
(∆x)3

]
. (3.3)

By rearranging Eqn. 3.3, a second order accurate expression for f ′(x) is found to be

f ′(x) =
f
(
x+ 1

2
∆x
)
− f

(
x− 1

2
∆x
)

∆x
+ O

[
(∆x)2

]
, (3.4)

and is called the centre difference approximation.

An expression for the second time derivative of f(t) can be found by making the

substitutions x → t and 1
2
∆x → ∆t in Eqns. (3.1) and (3.2), and adding them to

find

f(t+ ∆t) + f(t−∆t) = 2f(t) + 2 (∆t)2 f
′′(t)

2!
+ O

[
(∆t)4

]
. (3.5)

Solving for f ′′(t) yields the second order centre difference approximation

f ′′(t) =
f(t+ ∆t)− 2f(t) + f(t−∆t)

(∆t)2 + O
[
(∆t)2

]
. (3.6)
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3.1.2 Discretization of the Equation of Motion

Recall from Sec. 2.1 that the equation of motion and constitutive relation are4

ρ
∂2ui
∂t2

=
∂Tij
∂xj

, and Tij = Cijkl
∂ul
∂xk

, (3.7)

respectively. Using Eqn. 3.6 with the equation of motion, and ignoring position,

results in

ui(l) = 2ui(l − 1)− ui(l − 2) +
(∆t)2

ρ

∂Tij
∂xj

. (3.8)

Thus, to calculate ui one requires the partial derivatives of Tij with respect to all xj.

From Eqn. 3.4, this implies that the values of Tij surrounding ui in the xj direction

must be known (cf. Fig. 3.2). This requirement can be satisfied by distributing

the components of displacement and stress on staggered half grids as shown in Fig.

3.1, much like the “Yee cell” used in electromagnetic simulations [Hsieh2006]. This

arrangement is also compatible with the constitutive relation for orthotropic materials

and results in second order accuracy.

With the physical locations of ui and Tij as shown in Fig. 3.1, full update equations

can be easily found by applying Eqns. 3.4 and 3.6 and are provided explicitly in App.

C. For example, the update equation for u1 is

u1

(
i+

1

2
, j, k, l

)
= 2u1

(
i+

1

2
, j, k, l − 1

)
− u1

(
i+

1

2
, j, k, l − 2

)
(3.9)

+
(∆t)2

ρ
(
i+ 1

2
, j, k

) {D1

[
T11

(
i+

1

2
, j, k, l − 1

)]
+D2

[
T12

(
i+

1

2
, j, k, l − 1

)]
+D3

[
T13

(
i+

1

2
, j, k, l − 1

)]}
,

4Note that the subscripts of u and T are not to be confused with the FDTD indices (i, j, k, l).
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Figure 3.1: A single FDTD node. Components of displacement and stress are de-
fined on half grids such that the distance between adjacent displacement and strain
components is ∆xi/2. The computational domain of a simulation typically contains
thousands of these nodes. Note that Cαβ (α, β < 4) are defined at (i, j, k), C44 is de-
fined at (i, j+ 1

2
, k+ 1

2
), C55 is defined at (i+ 1

2
, j, k+ 1

2
), C66 is defined at (i+ 1

2
, j+ 1

2
, k),

and ρ is defined at each u.

Figure 3.2: Displacement update schematic for u1 showing the required components
of stress and displacement from time steps l − 1 and l − 2 to calculate u1(l).
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where Di is the discrete spatial derivative in the xi direction. Spatial and temporal

locations are set by (i, j, k) and l, respectively. Note that indices that include one-half

imply that the component is located on a half grid (c.f Fig. 3.1). From Eqn. 3.9,

it is apparent that updating the displacement requires the displacement at the same

location from the previous two time steps and six stress values from the previous

time step, as indicated in Fig. 3.2. Note that the spatial separation of u and T

conveniently allows the material properties to be defined on a grid with a resolution

of ∆xi/2. Still, representing shapes that are curved is problematic. Since material

properties are assigned based on a point’s location relative to the ideal shape, a curved

line will appear “staircased”. Due to the staircasing problem, simulations done with

PnCSim require a high number of nodes for convergence (cf. Sec. 3.5). One possible

solution to this problem is to use effective material parameters that are determined by

the particular way a curve intersects a node and a smoothing algorithm (for example,

see [Farjadpour2006]).

3.1.3 Choosing ∆x and ∆t

The two primary concerns in choosing ∆xi and ∆t are simulation stability and accu-

racy. In order to prevent divergence, ∆t is chosen to satisfy the Courant condition5

∆t =
Mc

vmax

√(
1

∆x1

)2

+
(

1
∆x2

)2

+
(

1
∆x3

)2
, (3.10)

5The Courant condition is necessary, but not sufficient for convergence.
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where vmax is the maximum elastic velocity in the simulation and Mc is a measure of

material contrast given by [Miyashita2005]

Mc = min

(
ρmin

ρmax

,
Cmin

Cmax

)
. (3.11)

From the previous two equations, it is evident that using materials of high contrast

requires a smaller ∆t and increased Nt to maintain the same total simulation time

tmax. When air and a solid are to be simulated, material properties are different by

orders of magnitude, thus requiring Nt to be orders of magnitude larger. This problem

can be avoided by substituting vacuum6 in place of air, and can be rationalized based

on acoustic power reflection arguments. The amount of acoustic power reflected at

an interface is given by

Γ2 =

(
Z1 − Z2

Z1 + Z2

)2

, (3.12)

where Zi = ρivi is the acoustic impedance of material i, with density ρi and wave

velocity vi [Olsson2008]. Compared to most solids, air’s acoustic impedance is several

orders of magnitude smaller, rendering Eqn. 3.12 extremely close to unity. For

example, at a GaAs and air interface the amount of reflected power is greater than

99.99%, thus making the vacuum for air substitution valid. For simulations of a PnC

with vacuum inclusions, ∆t can be chosen by Eqn. 3.10 with Mc = 1.

The spatial resolution ∆xi is typically chosen to balance computation time with

accuracy. However, two other effects must also be considered. First, numerical dis-

persion causes velocities in FDTD to vary with frequency and direction. The amount

6An elastic “vacuum” perfectly reflects elastic waves.
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Figure 3.3: Gaussian pulse propagation on a uniform GaAs substrate in the [011]
direction. The displacement as a function of time is shown for nodes separated from
the source by the distances shown. It is believed that the pulse distortion is due to the
Gaussian impulse being extended above fmax in frequency. For N = 20, fmax ≈ 4 GHz
and for N = 50, fmax ≈ 10 GHz. The impulse had fFWHM = 1 GHz.

of numerical dispersion can be reduced by making ∆xi smaller. The topic of numer-

ical dispersion is discussed, in detail, in [Taflove2000]. Second, since waves are being

sampled on a grid, there is a frequency limit set by Nyquist’s sampling theorem such

that fmax = v/2∆x. Thus, ∆xi must be made small enough to accurately capture

the frequencies of interest. The consequences of using a narrow temporal Gaussian

impulse on a variety of grids can be seen in Fig. 3.3. The quality of a Gaussian

pulse is shown to degrade significantly when the number of nodes is reduced (or ∆x

is increased) and is attributed to the impulse containing frequency components above

fmax in frequency.

The effect that the number of nodes used for a simulation (and consequently ∆xi)

has on a band structure is discussed in Sec. 3.5.
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3.2 Boundary Conditions

The computational domain of an FDTD simulation will always be finite; thus, there

will exist nodes at the perimeter of the domain in which u and T can not be updated

using the equations derived previously. As a result, boundary conditions (BCs) must

be applied to truncate the domain. Moreover, appropriate BCs must be deployed so

that the computational domain is small enough to reside in the computer’s memory,

the simulation does not take an excessively long time to run, and the physics of the

problem is captured. For the simulations presented in this thesis, three types of BCs

were needed: periodic, absorbing and traction free.

3.2.1 Periodic

Using periodic boundary conditions (PBCs), a crystal with infinite repetition in the

direction normal to the boundaries can be simulated by transforming an incident

wave at one boundary into an emerging wave at the opposite boundary. This is

accomplished by linking the boundary’s displacement and stress to the displacement

and stress just inside the opposite boundary of the periodic region as shown in Fig.

3.4a. For example,

u1

(
N1 +

1

2
, j, k, l

)
= u1

(
1

2
, j, k, l

)
. (3.13)

An ideal 2D crystal is infinitely periodic in both the x1 and x2 directions and can

easily be modelled this way. The simulated propagation of a wave through a PBC is

provided in Fig. 3.5 for reference.

In order to determine the band structure of a PnC, one must determine the modes
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of the crystal for wave vectors belonging to the boundary of its irreducible Bril-

louin zone. This is accomplished using Bloch periodic boundary conditions (BPBCs).

Bloch’s theorem allows ui and Tij in a periodic structure to be written as

ui(x, t) = exp[ik · x]ui(x, t) (3.14)

Tij(x, t) = exp[ik · x]T ij(x, t), (3.15)

where k = (k1, k2, k3) is the wave vector, and ui and T ij satisfy

ui(x + a, t) = ui(x, t) (3.16)

T ij(x + a, t) = T ij(x, t), (3.17)

where a = (a1, a2, a3) is the lattice translation vector of the PnC [Hsieh2006]. Thus,

for BPBCs ui and Tij are given by

ui(x, t) = exp[−ik · a]ui(x + a, t) (3.18)

Tij(x, t) = exp[−ik · a]Tij(x + a, t). (3.19)

Therefore, much like PBCs, BPBCs transport incoming waves to an opposite bound-

ary, however they also multiply the emerging wave by a phase corresponding to the

wave vector of interest (cf. Fig.3.4b). For example, u1 at i = N1 is given by

u1

(
N1 +

1

2
, j, k, l

)
= exp [ik1a1]u1

(
1

2
, j, k, l

)
(3.20)

The remaining BPBC equations can be found in App. C.
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Figure 3.4: Schematic of the a) PBC and b) BPBC. The green regions are at
the boundaries of the computational domain and must be computed using the BC.
BPBCs relate the same points in space as PBCs, but introduce a phase corresponding
to the wave vector being simulated.
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Figure 3.5: Snapshots of the normalized displacement (u/umax) of a pulse incident
on a periodic boundary (t0 < t1 < t2). As expected, a pulse traveling in the direc-
tion indicated by the arrows emerges on the other side as it reaches the boundary.
Note that PBCs are also used in the boundaries orthogonal to the pulse propagation
direction.
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3.2.2 Absorbing

If a finite sized device is to be simulated, absorbing boundary conditions (ABCs)

must be employed to remove waves from the computational domain. For this thesis,

ABCs were primarily used to absorb bulk waves during surface simulations and to

remove waves from the ends of transmission simulations. These uses did not require

the magnitude of spurious reflections to be extremely low; thus, a simple ABC was

chosen over a more accurate, but computationally expensive ABC such as perfectly

matched layers7.

The specific implementation used for absorbing boundaries was Mur’s first order

ABC. Originally developed in 1981 for use in electromagnetic FDTD simulations

[Mur1981], Mur showed that by solving a “one-way” wave equation, FDTD update

equations could be derived for a boundary that simulated incident waves leaving

the computational domain. Since the angle of incidence a wave will make with the

boundary is not known a priori, approximations must be made, giving rise to the

different orders of Mur’s ABCs. For the first order ABCs used here, waves with normal

incidence are most effectively removed, and the amplitude of reflections increases with

the angle of incidence.

When Mur’s method is applied to elastic waves, the BC equations are easily

obtained [Norris2005]. For example, the equation for u3 at x1 = 0 is

u3

(
0, j, k +

1

2
, l

)
= u3

(
1, j, k +

1

2
, l − 1

)
+

(
vt∆t−∆x1

vt∆t+ ∆x1

)
× (3.21)[

u3

(
1, j, k +

1

2
, l

)
− u3

(
0, j, k +

1

2
, l − 1

)]
,

7Higher order ABCs or perfectly matched layers can be used to obtain reflections that are orders
of magnitude lower than the ABCs used in this work [Drossaert2007]. Implementing more accurate
ABCs might be necessary for future work involving waveguiding and cavities.
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where vt is used as the wave velocity since u3 is being considered on an x1 boundary.

If, for example, u1 was being considered on an x1 boundary, the longitudinal velocity

vl should be used instead. Analogous BC equations for all components of displacement

are included in App. C. Notice that Eqn. 3.21 only requires the displacement from

one node away and one time step previous to be computed, thus making the process

very efficient.

In Fig. 3.6, a 24× 24µm2 area of GaAs on a 120× 120 grid was given a Gaussian

impulse at its centre. As time evolves, it is evident that the initial pulse is largely

absorbed by the first order ABC. The amplitude of the primary reflections (urefl/uin)

returning to the source point are less than 1%. For this work, reflections of this order

were acceptable.

3.2.3 Traction Free

In the absence of external forces, the traction Tijnj at an interface between two

materials must be continuous

Tijnj = T ′ijn
′
j, (3.22)

where nj are components of the surface normal, Tij are components of the stress

and primed parameters reside in the second material at the interface. If an interface

between a solid and vacuum is considered, the stress in vacuum must be zero, therefore

the traction must be zero at the interface as well. For a surface at x3 = β with its

normal pointing in the x3 direction the traction free boundary condition (TFBC)

becomes

Ti3

∣∣∣∣
x3=β

= 0. (3.23)
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Figure 3.6: Demonstration of ABC. Snapshots of the normalized displacement due
to a Gaussian impulse at the centre of the domain (t0 < t1 < t2 < t3). The primary
reflections returning to the source point are observed to be less than 1%, even with
obliquely incident waves. The domain is 24 × 24µm2 and is composed of 120 × 120
nodes. The displacement at t3 has been multiplied by 25 so that the reflection pattern
can been seen.
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Figure 3.7: Demonstration of the TFBC allowing a SAW to propagate on steel. A
300 MHz sinusoidal excitation is applied at the surface and the travelling SAW is
captured at an instant in time. Plots are of the normalized displacement components
a) u1 and b) u3 in the sagittal plane. Extremes in u3 correspond with nulls in u1 as
expected from the particle’s elliptical motion. The area shown is 17.5µm× 76.5µm.
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Figure 3.8: Displacement depth profiles for a SAW on steel. u1 and u3 are taken
at regions of maximum displacement from Fig. 3.7. Very good agreement with the
expected result of Fig. 2.4 is obtained.
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Using Eqn. 3.23, it is possible to set up a surface on which a SAW can travel.

Shown in Fig. 3.7 is a SAW that was produced by a 300 MHz sinusoidal impulse on

steel. The bottom boundary used an ABC so as to remove bulk waves. The remaining

SAW exhibits the expected u1 and u3 profiles (cf. Fig. 3.8).

From Fig. 3.7, the wavelength of the SAW was found to be ≈ 9.93µm. For the

driving frequency of 300 MHz that was used, this means that the SAW velocity on

steel, as determined by the simulator, is vSAW = λf ≈ 2979 ms−1. This agrees well

with the calculated value from Eqn. 2.26 of 2982 ms−1. Repeating this procedure for

a SAW on GaAs travelling in the [011] direction, vSAW was found to be ≈ 2830 ms−1.

This is close to the accepted value of 2862.5 ms−1 [Flannery1999], and the difference is

likely due to PnCSim not accounting for piezoelectric effects [Royer1996]. From these

results, it is apparent that the difficult problem of calculating vSAW for anisotropic

materials, as discussed in Sec. 2.2.2, is trivial using the output of a simple simulation.

Finally, using TFBCs at the top and bottom of the computational domain, it is

possible to simulate plate modes. From Fig. 2.6, it is expected that a steel plate with

d/λ = 0.4, will have zeroth order antisymmetric and symmetric modes with fd =

930 ms−1 and fd = 1950 ms−1, respectively. Two such simulations were executed,

and the results are shown in Fig. 3.9. The displacements in the sagittal plane of u1

and u3 are as expected (cf. Sec. 2.2.3).

3.2.4 Simulation Types

The periodic placement of inclusions in a 2D PnC can take a variety of forms. For this

thesis, square and triangular lattices were considered. Thus, the phononic structures

in this thesis were comprised of rectangularly tiled unit cells, like the ones shown in
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Figure 3.9: Zeroth order antisymmetric and symmetric plate modes with a thickness
to wavelength ratio of d/λ = 0.4. Normalized displacement components in the sagittal
plane of the antisymmetric (upper two plots) and symmetric (bottom two plots) are
shown. a) u1 antisymmetric, b) u3 antisymmetric, c) u1 symmetric, d) u3 symmetric.
The Lamb wave characteristics are as expected from the discussion in Sec. 2.2.3.
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Figure 3.10: Configuration of BCs for a) band structure and b) transmission simula-
tions.

Figs. 3.11a and 3.12a. These unit cells have mechanical properties that vary in x1

and x2 and are invariant in x3. Depending on the choice of BCs and the layout of

inclusions, different types of simulations can be performed. The two most common

types of simulations and their configurations are shown in Fig. 3.10.

The BCs at the top and bottom of the computational domain determine the type

of waves that will be simulated. If the domain is flattened such that N3 = 1 (and

∆x3 →∞), bulk waves can be simulated. To simulate SAWs, TFBCs are applied at

the surface and ABCs are used at the bottom to remove bulk waves. Plate waves can

be simulated by applying TFBCs at both the top and bottom of the domain.

To calculate the band structure of an infinite PnC, BCs should be used as shown

in Fig. 3.10a. In this case, all four boundaries in the x1 and x2 directions are

BPBCs. The band structure is computed by performing simulations for a series of

wave vectors along the boundary of the irreducible part of the first Brillouin zone.

Figures 3.11b and 3.12b show the Brillouin zones for square and triangular lattices,

respectively. For a square lattice, the band structure is composed of wave vectors

taken from Γ → X → M → Γ. Likewise, for a triangular lattice, wave vectors follow
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Figure 3.11: Square lattice a) unit cell and b) Brillouin zone. For lattice constant a
and circular inclusions of radius r, the filling fraction is given by the equation shown.
The irreducible part of the first Brillouin zone is given by the path Γ→ X→ M→ Γ.

Figure 3.12: Triangular lattice a) super cell and b) Brillouin zone. For lattice constant
a and circular inclusions of radius r, the filling fraction is given by the equation shown.
The irreducible part of the Brillouin zone is given by the path Γ→ K→ M→ Γ.
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Γ→ K→ M→ Γ.

The primitive unit cell of a triangular lattice is a rhomboid and therefore cannot

be tiled rectangularly8. The solution is to form a rectangular super cell containing

more than one primitive unit cell, the result of which is shown in Fig. 3.12a. In

doing so, the impulse must be applied at equivalent points in each primitive unit cell

therein, related by the phase exp[ik · r], where r is the vector relating the two inputs.

If a second impulse is not used, the resulting band structure will contain folded bands.

Figure 3.10b shows the configuration used for transmission simulations. Here,

ABCs are used to remove waves incident on x1 boundaries and PBCs are used in x2

to make the lattice infinitely periodic in that direction. Note that PnCSim is not

limited to these configurations; an arbitrary layout of inclusions can be simulated.

Thus far, only simulations of intact finite and infinite PnCs have been discussed.

From photonics and phononics literature it is known that interesting devices can be

made by strategically removing inclusions from the domain or otherwise disrupting

the periodicity. For example, an elastic waveguide can be constructed by removing a

path of inclusions [Miyashita2005]. Also note that the inclusions need not be circular;

Kuang et al. investigated a variety of shapes and found band gaps to exist for all of

them [Kuang2004].

3.3 Excitation

The stress and displacement everywhere will remain at zero until the system is per-

turbed by an excitation. The bandwidth and wave properties associated with the

8Rectangular tiling is required by PnCSim due to the use of a Cartesian coordinate system.
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excitation are determined by an impulse function. The type of function and ge-

ometry used for the impulse can significantly alter PnCSim’s output and should be

carefully chosen depending on the type of simulation being performed.

Any function can be used as an impulse, however it is desirable to use a func-

tion that will excite a well defined frequency and bandwidth. This way, modes of a

particular frequency range or individual modes can be excited and their behaviour

analyzed. Furthermore, an impulse function I(l) is applied at (i, j, k) such that

u(i, j, k, l) = I(l) + u(i, j, k, l). (3.24)

This way, waves arriving at the impulse location are allowed to pass through. If, on

the other hand, the displacement was simply forced to be the impulse function, waves

arriving at the impulse location would be reflected, which is not ideal [Sullivan2000].

A Kronecker delta9 is the simplest impulse function that can be used

I(l) = Aδl,l0 , (3.25)

where A is the amplitude, and the impulse is being forced at time step l0 [Hsieh2006].

Since the function is nonzero for only one time step, it will excite all frequencies up

to 1/∆t. Instead of using a delta impulse, it is generally preferred to use a narrow

temporal Gaussian. In doing so, it is possible to maintain wide band frequency

excitation, but the impulse is gradually introduced instead of being an abrupt change,

and the excited frequency range can be kept below fmax.

9The Kronecker delta δa,b = 1 if a = b, 0 otherwise.
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A Gaussian impulse with amplitude A and peak time l0 is given by

I(l) = A exp

[
−(l − l0)2

B

]
, (3.26)

where B is related to the full width at half max (FWHM) in time and frequency by

2
√
B ln(2) =

tFWHM

∆t
=

1√
2∆tfFWHM

. (3.27)

The Fourier transform of the impulse Gaussian gives a Gaussian in frequency centred

around zero, with their widths related through Eqn. 3.27. Therefore, by varying the

temporal width of the impulse Gaussian, one can effectively set an upper limit on

which frequencies will be excited. Note that l0 should be at least 3tFWHM/∆t to avoid

an abrupt jump in displacement at l = 0.

Impulses at a specific frequency can be useful for exciting SAWs or Lamb waves,

as was done in the previous section. A sinusoidal source can be used such that

I(l) = A sin(2πfl∆t), (3.28)

where f is the frequency at which the system will be driven.

Finally, a Gaussian modulated sine can be used to excite modes at a particular

centre frequency f with bandwidth given by Eqn. 3.27

I(t) = A sin(2πfl∆t) exp

[
−(l − l0)2

B

]
. (3.29)

The impulse location is determined by the nature of the simulation. If a band

structure is being calculated, the impulse location is randomly chosen to be in the
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host material at a single point10. On the other hand, for transmission simulations,

impulses are typically applied such that wave fronts propagate normal to the PnC

edge.

3.4 Implementation

PnCSim was written in C++ to achieve high computational speed, while maintain-

ing readable and reusable code11. A simplified overview of PnCSim’s operation is

provided in Fig. 3.13. In order to keep the simulator flexible, it is initialized from

a configuration file in which numerous simulation parameters can be altered at run

time. For example, the geometry, materials, impulses, outputs and boundary condi-

tions can all be set in PnCSim’s configuration file.

The Blitz++ library was used for its fast multidimensional array classes [blitz],

and OpenMP was used to parallelize portions of the code [openmp]. By relying on only

these two open source libraries, the PnCSim code can be compiled on any platform

supported by Blitz++ and OpenMP12.

Thus far, parallelization has been limited to distributing multi-wave vector sim-

ulations across all available processing cores. Ideally, simulations of large domains

should be split up over multiple computers with a message passing interface to re-

late each subdomain. In this way, even extremely large domains could be efficiently

computed using a cluster.

PnCSim provides three different types of outputs: the displacement of single nodes

versus time, snapshots of the displacements of a particular 2D slice at an instant in

10In the case of a triangular lattice a complementary impulse is also used (cf. Sec. 3.2.4).
11See App. D for sample code.
12PnCSim has been successfully built and executed in Linux, MacOS X and Windows.
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Figure 3.13: Simplified overview of PnCSim’s progression.
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time, and the rms displacements of a particular 2D slice.

Two methods are used to determine the dominant modes of the system being

simulated. The easiest way is to perform a Fourier transform of the displacement

versus time data and search the resulting spectrum for peaks. Alternatively, the

modes and their properties can be determined by harmonic inversion using the open

source harminv program, which, in principle, provides much better accuracy than

peak finding in a Fourier transform [harminv]. A representative plot of displacement

versus time and the resulting Fourier transform are shown in Fig. 3.14.

Python scripts utilizing the NumPy, SciPy, matplotlib, and PyGTK modules were

written to help analyse data generated by PnCSim [matplotlib, numpy, pygtk2,

scipy]. By using NumPy and SciPy, data is quickly loaded, processed, and passed

to matplotlib for plotting. PyGTK was used in conjunction with the other modules

to construct a graphical user interface for loading, plotting, and analysing an arbi-

trary number of plots simultaneously (cf. App. E). Python and the modules used for

analysis are available for most operating systems, thus making these tools platform

independent.

3.4.1 Computational Considerations

As the number of nodes in the computational domain Nd or the number of time steps

Nt increases, the computational time ts increases as well

ts ∝ Nd ×Nt. (3.30)

Since Nd = N1×N2×N3, where Ni is the number of FDTD nodes in the xi dimension,

ts can become large quickly for 3D simulations. Moreover, when the spatial resolution
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Figure 3.14: Representative simulator output showing displacement as a function
of time (top) and the resulting frequency spectrum obtained via Fourier transform
(bottom). From the Fourier transform the dominant modes can be easily found.
Alternatively, the displacement versus time data can be processed by harminv to find
the modes of oscillation.
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is increased, one must also increase the temporal resolution to satisfy the Courant

condition (Eqn. 3.10). Consequently, when Nd increases, Nt must also increase to

maintain the desired frequency resolution. By choosing a time step ∆t to satisfy Eqn.

3.10, the number of time steps required to achieve the desired frequency resolution

and computational time are minimized.

Table 3.2: Summary of computing platforms used for simulations.

System OS Processor Cores Memory GCC

Cluster Node
CentOS 5.2 AMD Opteron

8 16 GB 4.1.2
(64 bit) 2350 (2.0 GHz)

Quad Core
Arch Linux AMD Phenom II

4 4 GB 4.4.2
2009.08 (64 bit) X4 920 (2.8 GHz)

PnCSim was compiled with GCC flags: -03 -ffast-math.

The simulations performed for this thesis were executed on one of the two com-

puting platforms listed in Table 3.2. Development, testing and some simulations were

executed on the quad core machine. Other simulations were executed on Lagavulin,

the computing cluster of the Hughes research group at Queen’s University. The clus-

ter contains 120 nodes that are managed by the Sun Grid Engine queuing system,

thus allowing many simulations to be run simultaneously and efficiently. Computa-

tional time and memory usage for a few representative simulations are summarized

in Table 3.3. Notice that although a cluster node is outperformed by the quad core

for a single simulation due to the clock speed difference, the parallelization benefits

afforded by the cluster are not accounted for in this table.
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Table 3.3: Comparison of memory and CPU usage for simulation computers.

Simulation Machine Memory Time [hh:mm:ss]
60× 60, Cluster Node 15 MB 00:01:08
20000∆t Quad Core 15 MB 00:00:44

100× 100, Cluster Node 32 MB 00:03:15
20000∆t Quad Core 32 MB 00:02:15

60× 60× 60, Cluster Node 105 MB 01:26:55
20000∆t Quad Core 105 MB 00:59:12

100× 100× 100, Cluster Node 452 MB 11:19:30
20000∆t Quad Core 452 MB 07:33:36

3.5 Validation

Before using PnCSim to produce new results, numerous simulations were performed

to validate its output against published data. In the following subsections, highlights

of a few such simulations are provided.

First, consider the effect that the number of nodes used for a simulation has on

its output. It has already been established that by increasing the node density, one

increases the accuracy of the simulation. However, it is also known that as the node

density increases, the simulation will asymptotically approach the true behaviour.

Thus, it is desirable to choose Ni such that the result is sufficiently accurate and the

simulation need not take excessively long.

To investigate the question of how many nodes is sufficient, several simulations

were executed to obtain the bulk wave band structure of a square lattice of vacuum

inclusions in GaAs with a filling fraction of 0.6. The simulations were performed for

a range of node densities from 20 × 20 to 120 × 120 (N = 20 . . . 120). To illustrate

the effect that changing the number of nodes has on a simulation, the ΓX portion of
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Figure 3.15: Simulated band structures of a square lattice of vacuum inclusions in
GaAs with a filling fraction of 0.6 for different node densities. Here, the number of
nodes in the domain is Nd = N2. As N increases, a significant shift in the band
structure is observed.

the band structure is plotted for different N in Fig. 3.15. A significant shifting of

the band structure is evident as N decreases. However, even for a grid as small as

30× 30, the overall shape of the band structure is fairly well represented.

The upper and lower edges of the band gap at Γ are plotted as a function of N

in Fig. 3.16. Considering that the time to compute a bulk wave band structure is

proportional to N2, the N = 100 simulation took nearly three times as long as the

N = 60 simulation, but the band structure is only marginally different. It is clear,

that for N & 60 there is little gained for the increased computational times.
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Figure 3.16: Band edges as a function of node density. The total number of nodes in
the simulation Nd = N2. It is apparent, that as N increases past 60, there is little
gained for the increased computational time.

The preceding results dealt with bulk wave simulations of PnCs with circular in-

clusions. To properly assess the effect of node density for other inclusion geometries

and in 3D, a similar procedure could be followed. Circular inclusions require a large

number of nodes in orthogonal FDTD due to the staircasing problem. It is expected

that a more rectangular shape would converge with much fewer nodes. In the fu-

ture, by implementing effective material parameters in PnCSim (as discussed in Sec.

3.1.2), it should be possible to drastically reduce the number of nodes required for

the convergence of simulations involving curved shapes.
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3.5.1 Bulk Waves

PnCSim testing began by considering 2D bulk wave simulations13. Bulk wave simu-

lations are valuable because, not only are 2D simulations much faster and easier than

3D simulations, but the behaviour of bulk waves is linked with other types of waves.

For example, several articles note that gaps in a bulk wave band structure suggest

the existence of gaps in the SAW band structure [Benchabane2006, Laude2005].

To test the ability of PnCSim to accurately produce the band structure of bulk

waves in a square lattice of cylindrical inclusions, the results of Tanaka et al. were

reproduced [Tanaka2007]. Their system uses a filling fraction of 0.4 and is composed

of an epoxy host with steel inclusions. The band structure is plotted as normalized

frequency14 (2πfa/vt) versus wave vector in Fig. 3.17. For this simulation, a 60× 60

grid was used with a frequency resolution of ≈ 20 kHz. The transmission through

the PnC in the ΓX direction was also simulated and is shown in Fig. 3.17. Only six

inclusions were used in the propagation direction, however the observed reductions in

transmission correspond nicely with the band structure simulation.

As was discussed previously, the simulation of triangular lattices in PnCSim re-

quires the use of a super cell (cf. Sec. 3.2.4). To ensure PnCSim was simulating

triangular lattices properly, the results of Kuang et al. were reproduced [Kuang2004].

For this simulation, steel cylinders in epoxy were used with a filling fraction of 0.57.

The band structure and transmission are shown in Fig. 3.18. The super cell used for

these simulations was a 50 × 85 grid. Although a complementary impulse was used

to stop band folding, some folded modes needed to be removed.

13Recall that bulk waves are simulated by having N3 = 1.
14Using normalized frequency allows the results to be independent of the lattice dimensions. The

value of vt is taken to be the slowest transverse wave velocity.
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Figure 3.17: Simulator output versus Tanaka et al. [Tanaka2007]. In the band
structure plot (top), the circular symbols are data from Tanaka and the crosses are the
modes obtained using PnCSim. Using PnCSim, the transmission along ΓX is shown
on the bottom for x1 polarized waves (solid line) and x3 polarized waves (dashed line).
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Figure 3.18: Simulator output versus Kuang et al. [Kuang2004]. In the band structure
plot (top), the circular symbols are data from Kuang and the crosses are the modes
obtained using PnCSim. Using PnCSim, the transmission along ΓK is shown on the
bottom for x1 polarized waves (solid line) and x3 polarized waves (dashed line).
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Figure 3.19: Simulator output versus Wu et al. for SAWs. The grey region is the
predicted and experimentally confirmed SAW band gap for air holes in silicon with a
filling fraction of 0.385 and lattice constant of 10µm from [Wu2005]. The solid line
is a transmission simulation for SAWs obtained with PnCSim.

3.5.2 Surface Waves

There are relatively few publications concerning SAWs in PnCs, and the majority of

published results use materials that are not orthotropic. The only suitable results

that could be directly compared with PnCSim’s output are from Wu et al. [Wu2005].

They predicted a SAW band gap to exist for cylindrical air holes in silicon with a

filling fraction of 0.385. For a lattice constant of 10µm, the predicted band gap was

between 183 − 215 MHz. To test their prediction, air holes were etched in a silicon

substrate using reactive ion etching (RIE) and broadband IDTs were fabricated on

a zinc oxide film15 to generate SAWs at frequencies surrounding the band gap. By

15The zinc oxide film was required to generate SAWs using IDTs since silicon is not piezoelectric.
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doing electric measurements, they were able to confirm the existence of a SAW band

gap in the predicted frequency region.

In an effort to reproduce the results of Wu et al. using PnCSim, a transmission

simulation was performed for a computational domain of 400 × 50 × 150, consisting

of six inclusions. A Gaussian modulated sine impulse function was used to excite the

region surrounding their predicted band gap. The resulting transmission spectrum in

the ΓX direction is shown in Fig. 3.19, and displays strong attenuation in the band

gap region predicted by Wu et al., thus confirming PnCSim’s sensitivity to SAW band

gaps.

3.5.3 Plate Waves

PnCSim’s ability to simulate PnC plates was confirmed by reproducing the data of

Hsu et al. [Hsu2006]. A plate consisting of gold cylinders in epoxy with a filling

fraction of 0.283 and height of h = 0.25a was simulated with a 60× 60× 15 unit cell.

The resulting band structure and transmission along ΓX are shown in Fig. 3.20.

The results of Hsu were computed using the PWE method, and show good agree-

ment with the data obtained using PnCSim’s FDTD implementation. Two absolute

band gaps appear for the frequency range investigated. The larger partial band gaps

along ΓX are captured by the transmission simulation. The transmission drops off

before reaching the first gap at a normalized frequency of ≈ 2.6 because that band

is an x2 polarized mode. Note that not all the modes of a plate PnC are necessarily

Lamb waves. The type of mode associated with a specific branch of a band structure

could be investigated by using a Gaussian modulated sine to excite individual modes
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Figure 3.20: Comparison of PnCSim output with results of Hsu et al. for a plate
of gold cylinders in epoxy [Hsu2006]. In the band structure plot (top), the circular
symbols are data from Hsu and the crosses are the modes obtained using PnCSim.
The transmission along ΓX is shown on the bottom for x1 polarized waves (solid line)
and x3 polarized waves (dashed line). The blue and grey shaded regions indicate the
absolute and ΓX band gaps, respectively.
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after which the displacements could be visualized. Alternatively, the running dis-

crete Fourier transform technique described in [Sullivan2000] could be implemented

in PnCSim, which would allow the behaviour of multiple modes to be determined

simultaneously.

3.5.4 Summary

This section has shown that PnCSim can be used to determine the band structure

of, and transmission through 2D PnCs involving bulk waves, SAWs and plate waves.

New results obtained using PnCSim are reported in Ch. 5.



Chapter 4

Fabrication

This chapter is focused on describing the instruments and procedures used for the

fabrication of IDTs and PnCs to experimentally test the validity of PnCSim. Fabrica-

tion was done on campus at the Queen’s University nanofabrication facility (QFAB)

in Jackson Hall, and photomasks were made at the University of Alberta’s NanoFab

facility [NanoFab]. A flowchart of the process for making transducers and crystals

is shown in Fig. 4.1. The IDTs were made by lift-off photolithography, and the air

hole PnCs were made from a combination of photolithography and wet-etching. The

details for each processing step are discussed in the subsequent sections.

4.1 Substrate

For this thesis, the choice of substrate was directly related to the production of

SAWs as well as the etching of PnCs. As a result, the first fabrication decision

was which substrate to use and depended on: orientation, doping, piezoelectricity,

wet-etchability, cost and availability.
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Clean wafer: § 4.2

Spin coat: § 4.3.2

Expose: § 4.3.3

Develop: § 4.3.4

Evaporate
§ 4.4.1

Wet etch
§ 4.5.1

Lift-off
§ 4.4.2

Removal
§ 4.2

CrystalsTransducers

Figure 4.1: Overview of fabrication process with the relevant sections indicated. Dark
grey is the substrate, red is photoresist, yellow is the mask, and light grey is metal.
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As was discussed in Sec. 2.3, the use of IDTs for SAW excitation requires a

piezoelectric substrate and the crystal orientation must be such that IDTs are able

to excite SAWs efficiently without significant coupling to PSAWs. In addition, the

substrate must be undoped, as the electric potential of dopants will screen the SAW’s

piezoelectric potential, thus disrupting SAW production. Many substrates have been

successfully used to generate SAWs using IDTs, including lithium niobate, quartz,

zinc oxide, and GaAs [Campbell1989]. PnCs were to be fabricated by wet-etching air

holes in the substrate. Ideally, the side wall profile resulting from the etch should be

vertical, and the chemicals used for etching should be relatively safe to handle.

GaAs has been used previously as a substrate for SAW devices, and it is easily

etched by a mixture of citric acid and hydrogen peroxide (cf. Sec. 4.5). Although

GaAs has a relatively low electromechanical coupling constant when compared to

other substrates1, it was chosen due to its potential use in future applications in

quantum information processing.

The GaAs wafers used in this thesis were obtained from Semiconductor Wafer, Inc.

The wafers were undoped, two inches in diameter, and had a single face polished. The

orientation was (100), with the major flat along the [011] crystal direction, and each

had a thickness of 350± 25µm. The properties of GaAs and other materials used in

this thesis are listed in App. A.

4.2 Cleaning

To begin the fabrication process, the sample was cleaned to remove unwanted organic

matter, dust and other particulates from the surface. Wafer cleaning and surface

1For example, GaAs: K2 = 0.074 % versus LiNbO3: K2 = 5.3 % [Campbell1989]



CHAPTER 4. FABRICATION 77

preparation is a very complex topic in the semiconductor industry, with books devoted

to the subject [Kern1993]. However, the fabrication done for this thesis employed a

simple and harmless cleaning processes as follows:

1. Rinse with deionized (DI) H2O.

2. Rinse with acetone.

3. Rinse with isopropal alcohol (IPA).

4. Rinse with DI H2O.

5. Dry with N2.

6. Place on hot plate for 5 minutes at 180◦C.

The acetone is reasonably successful at removing organics from the surface, and the

IPA serves to remove the residue left behind by the acetone. Any solvents and water

that remain on the wafer were blown off by the N2 or evaporated by the hot plate.

Wafers with photoresist on them were quickly cleaned by submersion in the ap-

propriate remover2. Photoresist “scum” may be left behind, even after using the

appropriate remover. To eliminate photoresist scum, an oxygen plasma etch is rec-

ommended for a couple of minutes [Microresist]. Particularly stubborn contaminants

may require the use of a more aggressive cleaning procedure such as an RCA clean

or Piranha etch3[Kern1993]; however, these processes were not needed for this thesis.

The samples prepared for this thesis had aluminum (Al) IDTs on GaAs, and the Al

was readily etched away by submersion in Microposit MF-319, allowing wafers to be

reused.

2Acetone also effectively removes the ma-N 405 photoresist used here.
3RCA cleaning and Piranha etching are industry standard wafer cleaning processes requiring

strong acids and should therefore be used with extreme caution.
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4.3 Patterning

The prevalent technique for pattern definition in microfabrication is photolithography.

Using photolithography, patterns with feature sizes as small as ≈ 1µm are readily

transferred to a photoresist film by high intensity radiation and a photomask4. Pho-

toresists are broadly classified into two groups: positive or negative. When a negative

photoresist is subjected to light it undergoes a chemical change that stops the asso-

ciated developer from washing it away. Conversely, a positive photoresist becomes

soluble when exposed to light. Naturally, the different types of photoresist vary sig-

nificantly in their properties. For example, positive photoresists can typically achieve

smaller feature sizes than negative photoresists, however, negative photoresists are

usually better at resisting wet-eching chemicals [Madou2002].

A negative photoresist from Micro Resist Technology, well suited for lift-off pho-

tolithography and etch masking was used for this thesis. The specific chemicals are

ma-N 405 (photoresist), ma-D 331S (developer), and ma-Rem 660 (remover).

The patterning done for this thesis was accomplished in three primary steps: spin

coating of photoresist, exposure in the presence of a photomask, and development.

Each of these steps will now be described.

4.3.1 Photomasks

Before patterning can take place, one must design and have made suitable pho-

tomasks. Since a negative photoresist was chosen, photomasks used to define IDTs

and PnCs were designed to block light in the regions where metal was to be deposited

4IDTs to be used in the NNB SPE collaboration can also be fabricated using electron beam
lithography to provide smaller features resulting in higher SAW frequencies [Mathew2009].
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Figure 4.2: An overlay of the transducer and crystal photomasks.

or holes were to be etched.

Photomasks were made by the University of Alberta’s NanoFab facility [NanoFab].

Their process for mask fabrication uses a rasterized laser and photolithography to

transform mask designs in to a chrome film on glass. The chrome acts as an absorber

for light incident on the mask, and the glass is essentially transparent, allowing the

photoresist coated substrate below to be preferentially exposed.

Photomask designs must be given to NanoFab in GDSII format. A range of soft-

ware exists that can be used to construct masks, such as the free LasiCAD [LasiCad],

and export designs to GDSII. However, due to the repetitive nature of the masks being

made for this thesis, layout was done using the Python programming language and

the IPKISS module [ipkiss]. Routines were written that make IDTs and PnCs given

a set of parameters, this way, the masks shown in Fig. 4.2 were quickly constructed

and directly output to the GDSII format to be processed by [NanoFab].
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(a) (b) (c)

Figure 4.3: Alignment marks used to ensure IDTs and PnCs are fabricated such that
a crystal is directly in the middle of a delay line. a) Pattern on the IDT mask, b)
pattern on the PnC mask, and c) masks successfully aligned. By aligning several
cross and box patterns on the mask, one can accurately place the PnCs relative to
the IDTs.

Since the transmission characteristics of the delay lines without PnCs in line were

required, fabrication had to be done in two steps. First, delay lines were fabricated

from a mask only containing IDTs and their S-parameters were measured. Next,

PnCs were etched in between IDT pairs from a mask only containing PnCs and the

S-parameters were measured again. Consequently, two masks were required and each

mask included a variety of strategically placed alignment marks so that PnCs could

be placed precisely between IDTs (cf. Fig. 4.3).

4.3.2 Spin Coating

Thin, uniform films of photoresist were deposited on the surface of a substrate by

spin coating. The spin coater used consisted of a vacuum chuck to securely hold and

spin substrates at high rpm in a well controlled manner. By placing an excess of

photoresist on the substrate, centrifugal forces act on the fluid to eject it off the edge

of the wafer, leaving a film with a thickness that varies with spin time and maximum
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rpm. Due to surface tension, a build up of photoresist occurs around the edge of

the wafer making the film slightly nonuniform. This edge bead can be removed with

any chemical able to cleanly wash away unexposed photoresist. Edge bead remover,

acetone, and Micro Resist Technology mr-Rem 660 were all used with reasonable

success.

The photoresist being used has a dynamic viscosity and density of 9 mPa · s and

1.025 g/cm3, respectively. Due its low viscosity, it can be spun to relatively thin

films. For example, spinning for 30 seconds at 3000 rpm − 6000 rpm results in film

thicknesses of ≈ 500 − 350 nm. Note that the final thickness of photoresist h can

normally be expressed as

h ∝
√
ν

ω
, (4.1)

where ν is the viscosity and ω is the spin speed.

Directly after spin coating, a soft bake was done to drive the remaining solvent

from the photoresist. As per the processing guidelines for ma-N 405, coated wafers

were put on a hot plate at 95 ◦C for 60 seconds [Microresist].

4.3.3 Exposure

Exposure was done using an Oriel mask aligner model 83210. This system allows for

careful alignment of a substrate to a photomask and delivers a well defined dose to

the exposed portions of photoresist.

A specialized stage holds both the mask and the sample. The mask aligner is

equipped with a microscope that can be used to inspect the alignment of the sample

to the mask. To adjust the alignment, a set of three micrometers can be used to

translate or rotate the sample relative to the mask. Prior to exposure, the space
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between the mask and sample was evacuated to ≈ 130 Torr, thus putting the sample

and mask in “contact mode”.

The radiation necessary for photolithography was provided by a 1 kW mercury

xenon lamp. Using a power meter5, the radiation from the lamp at the sample was

determined to be ≈ 20 mW/cm2. In the mask aligner housing, a series of dichroic

mirrors6 are used to direct the light through a large lens that provides a uniform

distribution of power across the sample. Power is supplied to the lamp by a 1 kW arc

lamp power supply. As the lamp ages, its output power decreases and it is necessary

to adjust the input power accordingly to maintain a constant dose. Adjustment of

the power going to the lamp is done automatically by a light intensity controller that

measures the intensity coming out of the lamp and feeds a signal back in to the lamp

power supply, tweaking the supply output to maintain a constant light power level.

The dose delivered to a sample was controlled by an electronic exposure timer that

opens and closes a shutter allowing for exposure times from a fraction of a second to

several minutes. In practice, exposure times from 1− 20 seconds have been found to

work for large structures. For small features, higher exposure times result in diffracted

light giving a significant dose to regions that are supposed to be sheltered, making the

pattern extremely difficult to develop. Consequently, to obtain feature sizes < 2µm

the exposure time7 should be limited to at most 5 seconds.

5Ultra-Violet Products Blak-Ray Model J-221.
6The dichroic mirrors also restrict the radiation to be between 350− 450 nm.
7One could reduce the power, rather than the exposure time, but for the system used, controlling

the time is more practical.
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(a) (b) (c)

Figure 4.4: Optical microscope images of successful and unsuccessful development
attempts taken with an Carl Zeiss Axio Imager.A1m with a 50× objective. a) Un-
derdeveloped: photoresist is still visibly in the trenches. b) Good: developed portion
and spaces are approximately equal. c) Overdeveloped: trenches and spaces are not
equal and edge quality is degraded.

4.3.4 Development

The portion of photoresist that was not, or was minimally subjected to light during

exposure was developed by Micro Resist Technology developer ma-D 331S, thereby

removing it from the substrate. During development, the photoresist pattern is un-

dercut and the degree of undercut increases with the amount of time the sample

spends in the developer solution. The IDT and PnC fabrication processes require

different degrees of undercut, therefore each was exposed and developed differently,

the details of which can be found in Secs. 4.4 and 4.5.

Before tweaking the development time to obtain optimal undercut, it is necessary

to determine the approximate development time, which varies substantially with ex-

posure time. Optical microscope images depicting a range of development outcomes

are shown in Fig. 4.4.
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4.4 Interdigitated Transducers

Transducers were fabricated by lift-off photolithography. First, the IDT pattern was

defined by a photomask and photolithography as described above. For GaAs, the

IDTs must be aligned such that their propagation directions are parallel to the [011]

or [01̄1] crystal direction to excite SAWs. This was accomplished by carefully aligning

a flat of the GaAs wafer to one of the outermost bars on the photomask (cf. Fig.

4.2). Once the photoresist pattern was complete, a metal film was evaporated over the

entire sample. Next, the sample was immersed in remover to dissolve the remaining

photoresist. In doing so, the portions of the metal film that reside on the photoresist

are “lifted” off, leaving metal in the pattern defined by the photoresist. The mask

contains 148 delay lines in total, with their distribution as outlined in Table. 4.1.

Table 4.1: Summary of IDTs included on photomask. IDTs are distributed so that
transmission measurements can be made on both square and triangular lattice PnCs.
The last column indicates the separation in frequency of IDTs for a GaAs substrate.

Crystal λ [µm] f for GaAs [MHz] IDTs per λ fn+1 − fn [MHz]
Square 7.24 - 29.04 100 - 400 8 12.5
Triangular 10.08 - 19.36 140 - 280 4 and 4† 12.5

† 4 IDTs running north-south and 4 IDTs running east-west.

4.4.1 Evaporation

The IDTs used in this thesis consisted of 40 nm of Al and were deposited using a

custom built thermal evaporation chamber in Jackson Hall. The evaporator works

by pumping out a bell jar to less than 2 × 10−6 Torr and heating up 99.999% pure

Al pellets beyond their melting point, causing it to evaporate. The Al is heated up
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by passing a large current through a tungsten boat on which the Al pellets reside.

This allows the deposition rate to be controlled by varying the current. Due to the

vacuum, the Al gas has a large mean free path and travels directly to the substrate

collision free, where it condenses. A quartz crystal microbalance was used to monitor

the thickness of deposited metal. Once the desired thickness was reached, a shutter

closed, preventing further deposition on the wafer.

4.4.2 Lift-off

A good undercut is necessary for a clean lift-off. When the photoresist is undercut

properly, an evaporated metal film will contain discontinuities, allowing it to be easily

lifted off using remover as illustrated in Fig. 4.5. Furthermore, the thickness of metal

that can be lifted off is limited by the thickness of the photoresist. Through trial

and error, it was found that exposing for 3 seconds and developing for 105 seconds

results in reasonably well developed IDT patterns with the required undercut for

finger widths as low as 1.8µm. After a metal film was evaporated on the substrate,

it was submerged in remover and put in the ultrasonic bath at 60◦C. Depending on

the degree of undercut, thickness of photoresist and thickness of metal, the samples

were typically ready in under 5 minutes.

An optical microscope was used to investigate the quality of each IDT and as-

sess whether the devices should be characterized using the network analyzer. If the

majority of delay lines displayed the expected S-parameters, the wafer was outfitted

with PnCs.
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Figure 4.5: Illustration of proper undercut for lift-off where red is photoresist and
grey is metal. a) Enough undercut such that metal film is not continuous. b) Not
enough undercut, resulting in a continuous film that will not lift off properly.

4.4.3 Procedure

In summary, the IDTs were fabricated by the following procedure:

1. Rinse with DI H2O, acetone, IPA, and DI H2O, then dry with N2.

2. Put on hot plate for ≈ 5 minutes at 180 ◦C.

3. Secure sample in the spin coater and transfer ≈ 2 mL of ma-N 405 to its surface.

4. Spin sample at 600 rpm for 5 s with an acceleration of 2000 rpm/s, then 6000 rpm

for 30 s with an acceleration of 10000 rpm/s.

5. Soft bake sample on hot plate for 60 s at 95 ◦C.

6. Align and expose sample for 3 s with lamp power supply at 1 kW.

7. Place sample in ma-D 331S for ≈ 105 s.

8. Rinse with DI H2O and dry with N2.

9. Ensure proper development using an optical microscope.

10. Evaporate 40 nm of Al onto sample using thermal evaporator at ≈ 1.5 Ås−1.

11. Put sample in ultrasonic bath of mr-Rem 660 at 60 ◦C.

12. After ≈ 5 minutes, remove sample and repeat step 1.

13. Check for proper lift-off using an optical microscope.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.6: Optical microscope images of IDT fabrication taken with a Carl Zeiss
Axio Imager.A1m using a 50× objective. The left and right columns are of IDTs
with finger widths of 2.15µm and 3.63µm, respectively. a,b) Pattern as it appears
on the mask. c,d) Images taken after development. e,f) Images taken after lift-off.
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4.5 Phononic Crystals

Historically, 2D phononic crystals have been fabricated using RIE [Benchabane2006],

which is an anisotropic etching technique that employs a chemically reactive plasma

to remove exposed portions of a wafer. Using this technique, deep, uniform holes

can be created in wafers, thus making it ideal for 2D PnCs. A RIE machine was

purchased for use in the Jackson Hall cleanroom; however, the building does not

yet have enough power or exhaust available to run it. Consequently, an alternative

method to fabricate PnCs was investigated.

Since SAWs are tightly confined to a substrate’s surface, shallow holes should

influence their propagation similarly to a true 2D PnC. Shallow holes can easily be

etched in GaAs, and although wet-etching does not normally provide vertical side

walls, it is much easier and less expensive than RIE, making the technique very

attractive should it prove successful.

After IDTs were fabricated and tested, the sample was patterned with PnCs. The

mask for PnCs contains two different crystal geometries, the properties of which are

listed in Table 4.2. The feature sizes listed in Table 4.2 indicate the smallest feature

size required in the lithography of the crystals. In contrast with the development

process required for lift-off, wet-etching will undercut the photoresist; thus, the resist

itself should have minimal undercut.

Table 4.2: Geometric parameters of fabricated crystals.

Lattice Hole Filling Feature
Lattice Constant [µm] Radius [µm] Fraction Size [µm]
Square 8 3 0.45 2

Triangular 12 4.5 0.5 3
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4.5.1 Wet-Etching

Citric acid and hydrogen peroxide form a solution that readily etches many semicon-

ductors. Hydrogen peroxide oxidizes the surface, after which the citric acid can dis-

solve the oxide, thus removing, in our application, GaAs [DeSalvo1992, Otsubo1976].

This process is highly dependent on the volume ratio

k =
Volume of 50% citric acid in H2O

Volume of 30% hydrogen peroxide in H2O
. (4.2)

If k . 2 the process is diffusion limited and the etch rate varies with stirring, oth-

erwise, the process is reaction rate limited and does not vary with stirring. For this

thesis, k = 10 was chosen, resulting in a GaAs etch rate of 5± 1 nm/s depending on

the ambient temperature. The etching solution was prepared as follows:

1. Put x grams of citric acid into xmL of DI H2O, making a 50% solution.

2. Completely dissolve the citric acid, stirring if necessary (5− 10 minutes).

3. Note the solution volume, V .

4. Add (V/k) mL of 30 % by weight hydrogen peroxide in H2O.

5. Mix thoroughly.

The resulting etch profile varies due to the crystal structure of GaAs and is shown

for the two orthogonal surface directions in Fig. 4.7.

Through trial and error, it was found that a combination of 7 seconds of exposure

time and 150 seconds of development time provided a photoresist pattern suitable

to etch the desired holes. The PnCs resulting from an etch for 7 minutes at 24◦C is

shown in Fig. 4.8.
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Figure 4.7: Citric acid and hydrogen peroxide etch profile along (011) and (01̄1).

Since this etching procedure produces a side wall at a well defined angle, it is

possible to use the measured lateral width of the side wall x to calculate the etch

depth as

d = x tan(51◦). (4.3)

From Fig. 4.8 and Eqn. 4.3, the etch depth of the sample shown is ≈ 1.75µm.

4.5.2 Procedure

In summary, the PnCs were fabricated by the following procedure:

1. Rinse with DI H2O, acetone, IPA, and DI H2O.

2. Put on hot plate for ≈ 5 minutes at 180 ◦C.

3. Secure sample in the spin coater and transfer ≈ 2 mL of ma-N 405 to its surface.

4. Spin sample at 600 rpm for 5 s with an acceleration of 2000 rpm/s, then 6000 rpm

for 30 s with an acceleration of 10000 rpm/s.

5. Soft bake sample on hot plate for 60 s at 95◦C.

6. Align and expose sample for 7 s with lamp power supply at 1 kW.

7. Place sample in ma-D 331S for ≈ 150 s.

8. Rinse with DI H2O and dry with N2.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.8: Results of wet-etching GaAs using citric acid and hydrogen peroxide.
a,b) The pattern as defined on the photomask. c,d) photoresist pattern after devel-
opment. e,f) the etched surface. The observed etch profile allows the etch depth to
be calculated as per Eqn. 4.3. Images were taken with a Carl Zeiss Axio Imager.A1m
using a 50× objective. Images a,c, and e are 32 × 32µm2 and images b,d, and f are
48× 42µm2.
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9. Ensure proper development using an optical microscope.

10. Prepare citric acid/hydrogen peroxide solution.

11. Put sample in a petri dish with etch solution for ≈ 7 minutes.

12. Remove sample, rinse with DI H2O, acetone, IPA, DI H2O and dry with N2.

13. Inspect in optical microscope to assess etch depth and quality.



Chapter 5

Results and Discussion

This chapter presents new results on two distinct topics. In Sec. 5.1, simulations

are compared with electrical and optical measurements of SAWs travelling through

microfabricated PnCs consisting of air holes in GaAs. In addition, preliminary results

suggest that SAW waveguiding can be achieved utilizing such crystals. In Sec. 5.2,

simulations of PnC plates relevant to the NNB SPE are discussed.

5.1 Surface Acoustic Waves in Phononic Crystals

5.1.1 Simulations

The PnCs were designed to have geometric properties as listed in Table 4.2. Due to

wet-etch undercutting of the photoresist etch mask, fabricating a crystal at the de-

signed filling fraction is extremely difficult for non-negligible etch depths. The etched

filling fraction will always be higher than the value specified on the photomask. This

effect can be seen as an advantage since it allows for feature sizes below the resolution

93
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normally attainable with photolithography. In addition, due to nonuniformities in the

photoresist layer, the resulting etch mask, and etched holes will have a filling fraction

that varies across the wafer. Although the filling fraction varies considerably between

PnCs, each crystal is relatively uniform.

For the square lattice PnCs, the mask was designed with a filling fraction F = 0.45.

Microscope images of the crystals revealed that F varied from ≈ 0.5 − 0.7 and that

PnCs towards the middle of the wafer tended to have a more ideal F due to differences

in contact between the photomask and sample. The triangular lattice PnCs were

designed with F = 0.5, and the resulting etched crystals varied from F ≈ 0.6 − 0.7.

The reduced variation of F in this case is a consequence of the crystals all being

located towards the perimeter of the GaAs wafer. Because of the observed variation

in filling fraction, simulations were performed to map out the elastic band gaps of the

crystals as a function of F .

Initially, full 3D simulations of an excited surface were performed for the square

lattice with F = 0.65. For these simulations, the depth of the domain was taken to be

four times the lattice constant (a = 8µm) and a grid of 40× 40× 160 was used. The

system was excited by a Gaussian impulse covering the frequency range of interest,

TFBCs and ABCs were used on the top and bottom, respectively, and BPBCs were

used on the remaining boundaries. The resulting band structure for the ΓX direction

is shown in Fig. 5.1. Three band gaps are predicted to be in the frequency range that

is covered by the fabricated IDTs1. The dotted and solid lines that are superimposed

on the band structure diagram represent the uniform GaAs dispersion relation for

the slowest bulk wave and a SAW, respectively. The region above the dotted line

1Recall that the IDTs were designed to cover the range of 100−400 MHz on GaAs for the square
lattice and 140− 280 MHz for the triangular lattice.
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is referred to as the sound cone, and modes in this region are lossy radiation modes

[Benchabane2006]. The transmission spectrum for SAWs through six unit cells in the

ΓX direction is also shown in Fig. 5.1(b).

In Ch. 3 it was suggested that the band structure of bulk modes was of importance

because it is related to that of SAWs. Laude et al. conjecture that the coincidence

of SAW and bulk wave band gaps applies to all PnCs2 [Laude2005]. For this work,

2D simulations to determine the bulk wave band structure were compared to full 3D

simulations, and the two were indeed found to coincide3. This allowed the band gap

map shown in Fig. 5.1 to be computed using 2D simulations, thus saving hundreds

of hours of computing time.

In a similar method to that described for the square lattice simulations, the band

structure, transmission, and band gap maps for the triangular lattice PnCs were

computed and are shown in Fig. 5.2. Again the solid and dashed lines represent

the dispersion relation for SAWs and the slowest bulk waves on uniform GaAs, re-

spectively. Note that the results are provided for the two crystal directions that are

experimentally accessible using the geometry of devices on the photomasks, specifi-

cally ΓK and ΓM.

Although it is relatively straight forward to calculate the properties of the PnCs

as a function of F , the variation of F across the sample makes it difficult to compare

measurements at different frequencies with a particular band structure or transmission

simulation. Even with this drawback, electrical and optical measurements on the

fabricated devices provide insight into the possible future use of shallowly wet-etched

holes for PnCs.

2This is, however, not always the case, see, for example, [Wu2004].
3This can be verified by comparing Fig. 5.1a,b (which were 3D) to Fig. 5.1c (which was 2D).
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Figure 5.1: (a) Band structure, (b) transmission, and (c) band gap map for the ΓX
direction of a square lattice PnC composed of air holes in GaAs with a lattice constant
of a = 8µm. Shading indicates the presence of a band gap. The solid and dotted
lines in (a) represent the dispersion relation for SAWs and the slowest bulk waves on
uniform GaAs, respectively. In (c), the dotted line indicates the filling fraction at
which (a) and (b) were generated, and the solid lines indicate the extremes in filling
fraction that resulted from fabrication (0.5− 0.6).
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Figure 5.2: (a,c) Band structures, (b,d) transmissions, and (e,f) band gap maps for a
triangular lattice of air holes in GaAs with a lattice constant of a = 12µm. Shading
indicates the presence of a band gap. (a,b,e) are for the ΓX direction and (c,d,f) are
for the ΓM direction. The solid and dotted lines in (a) and (c) represent the dispersion
relation for SAWs and the slowest bulk waves on uniform GaAs, respectively. In (e)
and (f), the dotted line indicates the filling fraction at which (a-d) were generated and
the solid lines indicate extremes in the filling fraction that resulted from fabrication.



CHAPTER 5. RESULTS AND DISCUSSION 98

(a) (b)

Figure 5.3: Images of fabricated IDTs and PnCs. a) A SAW delay line with a PnC in
its path. b) A zoomed in view of the PnC. The crystal is 30×30 holes with F ≈ 0.65.

5.1.2 Electrical Measurements

The influence of microfabricated PnCs on the propagation of SAWs was first inves-

tigated by comparing the fraction of transmitted power across delay line devices of

varying frequency with and without a PnC in their path. Images of a fabricated

device after wet-etching are shown in Fig. 5.3.

The S-parameters were measured using an Agilent E5071C ENA network analyzer.

Using the S-parameters, the insertion loss was calculated for each delay line before

and after wet-etching PnCs (cf. Eqn. 2.43). Figure 5.4 shows typical insertion losses

at frequencies that appeared to be in and out of a phononic band gap for the ΓM

direction of the triangular lattice. For the delay lines discussed here, the insertion

loss is a measure of the amount of power transferred from one IDT to the other as a

function of frequency. Thus, the relative amount of power transmitted through the
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Figure 5.4: Insertion losses for delay lines operating at frequencies below (left) and
within (right) a band gap for the ΓM direction of the triangular lattice. The black and
red lines correspond to measurements before and after etching the PnCs, respectively.

PnCs can be calculated as

η =

∫
ILa df∫
ILb df

, (5.1)

where ILb and ILa are the insertion losses before and after etching the crystals, re-

spectively. Integrating over a frequency range is required because directly comparing

the insertion loss at each frequency excited by a particular transducer would result in

spurious peaks and dips due to the shifted interference in the passband. The slight

shift is thought to be related to an effectively increased transit time when the SAW

is travelling through the PnC.

In Fig. 5.5, log10(η) is plotted as a function of frequency. It is observed that certain

frequencies pass through the crystal with relative ease while others are strongly atten-

uated. Some discrepancies between the electrical measurements of SAW transmission

through the PnCs and the simulated results are evident. However, there is sufficient
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Figure 5.5: Relative power transmitted through PnCs. Top: transmission through a
square lattice with a = 8µm in the ΓX direction. Middle: transmission through a
triangular lattice with a = 12µm in the ΓK direction. Bottom: transmission through
a triangular lattice with a = 12µm in the ΓM direction. The superimposed band
gaps correspond to the average filling fraction of the fabricated crystals. See text for
a discussion of these measurements.
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Figure 5.6: S-parameters for a delay line operating at 171 MHz before (black) and
after (red) etching a square lattice PnC. This frequency is predicted to be in a band
gap. There is clear distortion of the S-parameters but not extinction as is found in
all other band gaps.

correlation to indicate that the holes exhibit some of the predicted properties.

For the square lattice, a wide band gap was predicted at low frequency that

does not appear in the electric measurements. At these low frequencies, the SAW

wavelength is more than eight times the hole etch depth. It is speculated that the

lack of attenuation in the predicted low frequency band gap is due to the shallow

holes yielding only a small perturbation on the SAWs rather than the large contrast

assumed in the calculations. The small dip that does occur in the low frequency band

gap displays unique S-parameters as shown in Fig. 5.6. The strong ripple in the

passband is certainly related to the presence of the crystal, although, its exact origin

is currently unknown. It is suggested that this effect be investigated in the future

using the interferometer that is discussed in Sec. 5.1.3.

The higher frequency band gaps in the square lattice crystal appear to be partially
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captured by the electrical measurements. Here, the reduced amplitude of the resur-

gent waves can be explained by three effects. First, these higher frequencies are above

the sound cone and are thought to be highly lossy, as suggested in [Benchabane2006].

Secondly, the higher frequency waves will be more sensitive to (and experience in-

creased scattering from) the non-vertical side walls of the etched crystal. Finally, as

reported in [Kokkonen2007], SAWs emerging from the opposite side of the crystal

may no longer exhibit uniform wave fronts, thus being very inefficient at exciting the

receiving IDT.

For the triangular lattice PnCs, dips in the transmission are reasonably consistent

with band gaps predicted by PnCSim. Note that the dip observed at 180 MHz for

ΓM of the triangular lattice does not exhibit the effect shown in Fig. 5.6.

In summary, these electrical measurements indicate that the shallowly etched

holes do influence SAW propagation. To clarify certain areas of disagreement between

the measurements and simulations, the following experiments and enhancements to

PnCSim are recommended. To understand the relationship between hole depth and

SAW wavelength for these PnCs, the experiment should be repeated for different

etch depths. The role of high frequency SAW scattering off the sloped side walls

should be investigated by fabricating the PnCs such that SAWs are incident on the

other etch profile and repeating the experiments. PnCSim should be modified to

simulate arbitrarily shaped inclusions to better model the experiment conditions. An

alternative way to bridge the gap between the experiment and simulation would be

to etch holes using reactive ion etching4. This way, deep, vertical side walls can

be achieved, which more closely resemble the idealized simulations performed using

PnCSim.

4A reactive ion etcher is anticipated to be available at QFAB within a couple years.
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5.1.3 Displacement Mapping

A scanning Sagnac interferometer was used to measure the rms outward surface dis-

placement u3 of SAWs incident on the wet-etched PnCs. The interferometer’s sen-

sitivity5 to outward displacement is 4 ± 1 pm, and the lateral scanning resolution is

≈ 0.5µm. The apparatus was designed and built by Reuble Mathew, the details of

which can be found in [Mathew2009].

Time constraints related to the development of the interferometer permitted only

a few devices to be tested to date. In particular, displacement maps of SAWs incident

on square lattice PnCs with F = 0.65 were obtained at SAW frequencies of 355 MHz

and 390 MHz. The devices used in this section were fabricated by the author, but the

measurements were performed by Mathew. The results of these measurements are

shown in Figs. 5.8 - 5.106.

Simulations were done to predict areas of high rms surface displacement for the

PnCs and SAW frequencies being used, . For these simulations, a 360 × 40 × 120

grid was used. Since the shape of holes is not perfectly circular, simulations were also

done using rounded square holes for comparison. TFBCs and ABCs were used on the

top and bottom, respectively. ABCs were used on the boundaries in the propagation

direction and PBCs were used on the remaining boundaries. Figure 5.7 shows the

results of these simulations.

The simulations predict significant displacement between holes in both directions.

The spot size at the samples was 2.4µm, and the feature size between holes is less

than 1µm. Thus a significant fraction of light is lost to reflections off of the slanted

5With 500µW of laser power and a measurement bandwidth of 5 Hz.
6Although the displacement maps are shown as a logarithm of normalized u3, the maximum

displacement was found to be ≈ 150 pm for 13.5 dBm of applied rf power by Mathew [Mathew2009].
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Figure 5.7: Simulated rms outward surface displacement for a,b) 355 MHz and c,d)
390 MHz SAWs incident on a,c) circular and b,d) rounded square holes with a filling
fraction of 0.65. These simulations were performed on a 360 × 40 × 120 grid (note
that only a single row of holes was actually simulated).
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Figure 5.8: Measured displacement map at 355 MHz with 13.5 dBm of rf power applied
to the SAW IDT. Top: optical microscope image of fabricated crystal. Middle:
intensity of reflected light obtained from the interferometer. Bottom: log10 of the
normalized rms surface displacement (referenced to 500 pm).
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Figure 5.9: Measured displacement map at 355 MHz with 28.5 dBm of rf power applied
to the SAW IDT. Top: optical microscope image of fabricated crystal. Middle:
intensity of reflected light obtained from the interferometer. Bottom: log10 of the
normalized rms surface displacement (referenced to 500 pm).



CHAPTER 5. RESULTS AND DISCUSSION 107

0

10

20

30

40

50

60

70

x
2

[µ
m

]

0

10

20

30

40

50

60

70

x
2

[µ
m

]

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

N
or

m
al

iz
ed

In
te

ns
it

y

0 30 60 90 120 150
x1 [µm]

0

10

20

30

40

50

60

70

x
2

[µ
m

]

−9
−8
−7
−6
−5
−4
−3
−2
−1
0

lo
g
(u

3
)

Figure 5.10: Measured displacement map at 390 MHz with 28.5 dBm of rf power ap-
plied to the SAW IDT. Top: optical microscope image of fabricated crystal. Middle:
intensity of reflected light obtained from the interferometer. Bottom: log10 of the
normalized rms surface displacement (referenced to 500 pm).



CHAPTER 5. RESULTS AND DISCUSSION 108

side walls. The displacement between holes in the x1 direction is difficult to image

with the interferometer due to the slanted side walls. To determine whether or not

this is the case, the samples should be fabricated such that SAW propagation is along

the orthogonal crystal direction of the GaAs wafer. This way, the slanted side walls

would be between holes in the x2 direction. The imaging should then be repeated to

determine if the slanted side walls account for the lack of measured SAW displacement.

From the 355 MHz SAW displacement maps, distinct nodes at the centre of regions

of localized displacement are observed. This effect seems to be in agreement with the

simulation of rounded square holes (cf. Fig. 5.7b), suggesting that doing simulations

with alternate inclusion shapes will be important for future work with these wet-

etched crystals. It appears that regions of low displacement are preserved regardless

of the amount of acoustic power incident on the crystal. This indicates that although

the optical images of the etched holes appear to be fairly uniform, there must be

imperfections causing particular regions to experience increased scattering.

From Figs. 5.7 - 5.10, it is apparent that SAWs are reflected from the crystal, not

only directly backwards to produce the observed standing wave,7 but also at an angle.

This is explained by the PnC acting as a diffraction grating with a pitch equal to the

lattice constant. Reflections of this kind were previously explained by Kokkonen et

al. [Kokkonen2007].

Note that the intensity map is an indication of how well the interferometer is

focusing on the sample. The spatial resolution of the apparatus is related to its focus,

and it is evident that the focus is varying from sample to sample. Better spatial

resolution could be obtained by using a shorter wavelength light source or by using

a higher magnification objective lens. Higher spatial resolution would be required

7Note that the interferometer is not phase sensitive.
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to image SAWs in future devices related to the NNB SPE due to their reduced

dimensions.

Based on these measurements, it is recommended that future experiments should

use fewer periods of the crystal. The current mask is designed to make 30× 30 hole

arrays for the square lattice PnCs. For such large crystals, it is evident that scattering

due to imperfections severely reduced the amplitude of SAWs emerge on the opposite

side. Moreover, additional measurements should be made at other frequencies in

addition to the crystals using the triangular lattice.

5.1.4 Waveguiding

Evidence of SAW waveguiding was obtained by simulating an extended, finite PnC

with a row of inclusions removed. A domain consisting of 36 holes separated by a

channel was simulated on a 240×280×80 grid (cf. Fig. 5.12). A Gaussian modulated

sine impulse was used to excite a frequency range around the lowest predicted band

gap of the corresponding infinite PnC. TFBCs and ABCs were used at the top and

bottom, respectively, to truncate the domain in the x3 direction. On the boundaries

normal to the channel, PBCs were used. ABCs were used in the remaining directions.

In this configuration, the hope was that guided modes would propagate along the

channel indefinitely, while non guided modes would eventually be absorbed. The

simulated rms displacements at the surface are shown in Fig. 5.11 where it is observed

that displacement is being localized in the channel. The u1 and u3 displacements

along the channel in the x1-x3 plane are shown in Fig. 5.13. The profiles of u1 and

u3 strongly suggest that this guided mode is a SAW as they display the SAW profiles

discussed earlier in this thesis.
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Figure 5.11: Components of rms displacement at the surface of a phononic waveguide.
A Gaussian modulated sine was used to excite frequencies within lowest predicted
band gap of a square lattice PnC consisting of air holes in GaAs with a filling fraction
of 0.45.

Figure 5.12: Structure and BCs used for waveguiding simulations. A grid of 240 ×
280× 80 was used.
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profile of a SAW in the channel, thus providing evidence that SAW waveguiding is
possible for this system.
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Figure 5.14: Frequency spectrum for displacement in the channel. A single mode
dominates, suggesting that a frequency of 170 MHz corresponds to the guided mode.
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The displacement of a point at the surface and in the channel (located at x1 =

36µm and x2 = 28µm from Fig. 5.11) was recorded as a function of time and the

resulting frequency spectrum of the displacement is shown in Fig. 5.14. The peak at

170 MHz, which is in a band gap of the infinite crystal, further adds to the evidence

that SAW waveguiding is possible with this PnC.

The preceding results show that SAW waveguiding is likely possible using a PnC

consisting of air holes in GaAs. However, the simulations and analysis provided here

are only preliminary. The analysis of phononic waveguides typically proceeds as fol-

lows [Khelif2003]. First, the band structure of a perfect, infinite crystal is determined.

Next, the band structure is determined for a super cell capable of capturing the pe-

riodic nature of the waveguide being studied. Modes appearing for the super cell

that are in a band gap of the infinitely periodic crystal are related to the localized

modes of the waveguide. The transmission and character of guided modes can then

be studied by direct excitation and visualization.

In order to experimentally observe SAW waveguiding, the photomasks used previ-

ously were modified so that the PnCs contain straight and bent channels. Fabrication,

electrical testing, and displacement mapping of these devices will begin shortly.

5.2 Phononic Crystal Plates

SAWs are to be used as a high frequency triggering mechanism in devices for the NNB

SPE collaboration. For these devices, the strain wave of a SAW will modulate the

transition energies of a QD embedded in a PtC, resulting in single photon emission

at a repetition rate of twice the SAW frequency. To successfully implement this SAW

trigger, it is essential to understand how the SAW will interact with the PtC, and



CHAPTER 5. RESULTS AND DISCUSSION 113

Figure 5.15: Unit cell used for the plate simulations reported in Sec. 5.2. The plate
has a filling fraction of 0.275, a lattice constant of 420 nm, and a thickness of 210 nm.
BCs are shown for the band structure simulations.

consequently, how it will interact with the QD. Although the geometry of PtCs to

be used in these devices is not yet finalized, it is expected that PtC plates similar to

those studied by the group of Stephen Hughes (Queen’s University) will eventually

be used and therefore provide a good starting point for phononic analysis. In the

Hughes geometry, the plates have holes in a triangular lattice with a filling fraction

of F = 0.275, a lattice constant of a = 420 nm, and a plate thickness of d = 0.5a

[Yao2009].

The phononic band structure of these plates were calculated using a 40× 70× 20

grid. A Gaussian impulse was used to excite frequencies up to 30 GHz. TFBCs were

used on the plate surfaces and BPBCs were used in the remaining four directions.

The Hughes geometry was used to simulate silicon and indium phosphide plates. The

resulting band structures are shown in Fig. 5.16.

From the band structures, no complete gaps are predicted for silicon or indium
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Figure 5.16: Band structure of silicon (upper) and indium phosphide (lower) plates
with a triangular lattice of air holes with a lattice constant a = 420 nm, filling fraction
F = 0.275, and plate thickness of d = 0.5a.
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Figure 5.17: Transmission spectrum for x1x3 polarized waves incident on a silicon
plate with a triangular lattice of air holes. The plate had lattice constant a = 420 nm,
filling fraction F = 0.275, and thickness of d = 0.5a.

phosphide plates in the Hughes geometry. Further simulations for plates with thick-

nesses varying from 0.2a − 1.0a, and filling fractions varying from 0.2 − 0.7 also did

not exhibit any band gaps. Since no band gaps are predicted for the structures anal-

ysed, it seems plausible that an x1x3 polarized SAW or lamb wave would be able

to travel in the crystal without serious attenuation. However, this is not the case;

severe attenuation is demonstrated in the transmission spectra of silicon and indium

phosphide as shown in Figs. 5.17 and 5.18. In fact, a “pseudo-gap” is observed, where

the relative transmission drops significantly and later recovers. Such a pseudo-gap,

which is not observed in the band structure, may still be useful experimentally.

The fact that x1x3 polarized waves are reflected from these structures indicates

that certain frequency ranges of the band structure must contain only shear horizontal

modes. Once the SPE device geometry is finalized, the properties of SAWs and Lamb
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Figure 5.18: Transmission spectrum for x1x3 polarized waves incident on an indium
phosphide plate with a triangular lattice of air holes. The plate had lattice constant
a = 420 nm, filling fraction F = 0.275, and thickness of d = 0.5a.

waves in the device should be analysed in detail.

The preceding results point to further interesting studies. In particular, if it is

determined that an elastic band gap is required to more effectively waveguide SAWs

to the QD, then other structures will need to be analysed for both the required

photonic properties and phononic properties. Recent reports of so-called “deaf and

blind” structures [Maldovan2006, Sadat2009] indicate that simultaneous photonic and

phononic band gaps are possible and pose interesting opportunities not only for the

NNB SPE but for a plethora of devices.
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Conclusions

6.1 Summary

The three primary goals of this thesis were to design and program a PnC simula-

tor, develop fabrication procedures to make SAW IDTs and PnCs, and compare the

behaviour of microfabricated devices with simulator output.

The first objective was met by developing PnCSim, an elastic FDTD simula-

tor. PnCSim is capable of simulating 2D PnCs consisting of a host material with an

arbitrary layout of inclusions of a different material. Boundary conditions were estab-

lished that allow PnCSim to calculate phononic band structures and the transmission

of elastic waves through a PnC for bulk waves, SAWs and plate waves. The output of

PnCSim was validated by comparing computed results with published works. Good

agreement was found for both square lattice and triangular lattice crystals. The sim-

ulator was written in portable C++, making use of the open source libraries OpenMP

and Blitz++. In addition, Python scripts were written to process and analyse the

PnCSim output.

117
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To fabricate SAW IDTs and PnCs, clean room procedures using lift-off pho-

tolithography and wet-etching were developed. Using the fabrication recipes discussed

in this thesis, it was found that the yield of transducers rapidly decreased for finger

widths smaller than 1.8µm. On GaAs, IDTs with a finger size of 1.8µm can gener-

ate SAWs at a frequency of approximately 400 MHz. If higher frequency transducers

are required, electron beam lithography should be used. A citric acid and hydrogen

peroxide wet-etching process was employed to make air hole PnCs in GaAs. The

holes resulting from this etch were found to significantly undercut the photoresist

etch mask, thus resulting in PnCs of a larger filling fraction than designed. In the

future, PnCs with feature sizes beyond the capabilities of photolithography could be

realized by exploiting this effect.

SAW delay line devices and PnCs consisting of air holes in GaAs were fabricated

and compared to PnCSim output. Two PnCs were considered: a square lattice with

an average filling fraction of 0.6 and lattice constant of 8µm, and a triangular lattice

with an average filling fraction of 0.65 and a lattice constant of 12µm. Electrical

measurements were made to determine the relative transmission of SAWs through

the PnCs as a function of frequency. The method used to fabricated PnCs resulted

in filling fraction variation across the sample, thus making a direct comparison be-

tween the measurements and a particular simulation difficult. Overall, it was found

that the predicted band gaps displayed reasonable agreement with the measurements.

Displacement maps for SAWs incident on the square lattice PnC were obtained by

Mathew using the interferometer desribed in [Mathew2009]. From the displacement

maps, it was determined that the majority of SAW power is contained within the first

few periods of the crystal, and that a significant amount of SAW power is reflected.
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Simulation results for these crystals also indicated that SAW waveguiding should be

possible in these PnCs.

Finally, PnCSim was used to determine the band structure and transmission of

elastic waves through PnC plates of relevance to the NNB SPE. It was found that

plates in the Hughes geometry, composed of silicon or indium phosphide, did not

display any complete band gaps. However, transmission simulations indicate that

waves polarized in the sagittal plane do experience significant attenuation and poten-

tial pseudo-gap. This was attributed to certain branches of the band structure being

shear horizontal waves.

6.2 Future Work

6.2.1 Extensions of Current Work

Although reasonable agreement between simulation and experiment was obtained in

Sec. 5, it became apparent that further work is needed to determine whether or not

wet-etched 2D PnCs are a viable option for novel phononic devices.

The wet-etching fabrication procedure must be refined so that a more uniform

filling fraction is achieved across the entire wafer. Possible ways to improve the uni-

formity of the etch mask include spin coating with different parameters and carefully

removing the photoresist edge bead. It is also possible that hard baking the photore-

sist after development would make it more inert to the etching solution. To address

the question of whether SAWs are strongly scattering off of the sloped etch profile,

fabrication can be done such that SAWs propagate along [01̄1] (instead of [011]). This

way, the more vertical side wall will be normal to the SAW propagation direction and
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measurements should indicate if the etch profile was a source of severe scattering

into bulk waves. Moreover, different wet-etches can be attempted in an effort to

produce more vertical side walls. For example, a mixture of ammonium hydroxide

and hydrogen peroxide in H2O is reported to produce a nearly vertical side wall for

specific crystal directions [Jones1990]. To discern whether the limited attenuation of

long wavelength SAWs was a result of the shallow holes, the measurements should be

performed at a variety of etch depths. Finally, additional displacement maps should

be measured at different SAW frequencies and for the triangular lattice.

In order to more accurately simulate the experimental conditions, PnCSim should

be modified so that PnCs with finite depth can be simulated. Furthermore, the shape

of inclusions used by the simulator should be modelled in 3D, so that the non-circular

shape resulting from the anisotropic etch can be captured.

6.2.2 Long Term Recommendations

To stay competitive in the rapidly growing field of phononics, the following experi-

ments and simulator enhancements are recommended.

Work on PnCSim should be focused on improving its accuracy and efficiency. To

improve PnCSim’s efficiency and the wall clock computation time for large domains,

parallelization should be implemented so that the computational domain is broken

up into subdomains, where each can be computed on different nodes of the cluster.

Parallelization would indirectly allow for more accurate simulations since a denser

computational grid could be simulated in less time. This would be of benefit to

simulations of finite devices, such as waveguides. A more direct way of improving the

accuracy of finite sized device simulations would be to implement perfectly matched
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layers as a BC [Drossaert2007]. Perfectly matched layers are much more effective

at removing waves from the simulation than the ABCs used here. On numerous

occasions it was found that the first order ABC eventually led to divergence. It is

believed that this could be avoided by using perfectly matched layers. Since SAW

work is often done on non-orthotropic materials, PnCSim should also be modified to

allow such materials to be simulated. Other possible enhancements that would lead

to improved accuracy include adding support for piezoelectric effects, disorder, and

effective material parameters.

Experimentally, this work can be expanded on and improved in several ways. PnCs

more closely resembling infinite 2D crystals could be fabricated using RIE or focused

ion beam milling, both of which will be possible at Queen’s University in the future.

Broadband IDTs could be fabricated so that observing a phononic band gap would

require only a single transducer. However, broadband transducers may require the use

of a different substrate. For example, slanted IDTs have been successfully used on a

zinc oxide film to study phononic band gaps [Wu2005]. To generate higher frequency

SAWs or fabricate smaller PnCs, electron-beam lithography could be used. This

way, devices similar in geometry to the NNB SPE could be fabricated. Furthermore,

using the scanning Sagnac interferometer built by Mathew, it would be possible to

accurately map the displacement at the location of the QD in the SPE.
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Appendix A

Material Properties

The only material properties required by PnCSim are the density ρ and stiffness

tensor C. For orthotropic materials, the stiffness tensor can be written as a 6 × 6

matrix with the elements arranged as shown in Eqn. (A.1) [Auld1973]. The majority

of materials considered here contain only two or three independent elements.

C =



C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66


(A.1)

Note that material properties are always given with coordinate axes and crystal axes

aligned.
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Table A.1: Symmetry characteristics of the stiffness tensor, where N is the number
of independent terms in the stiffness [Auld1973].

System N Characteristics

Isotropic 2 C11 = C22 = C33

C12 = C13 = C23

C44 = C55 = C66

C12 = C11 − 2C44

Cubic 3 C11 = C22 = C33

C12 = C13 = C23

C44 = C55 = C66

Hexagonal 5 C11 = C22

C13 = C23

C44 = C55

C66 = (C11 − C12)/2

Table A.2: Elastic properties of materials used in this thesis. Values for stiffness are
given in 1010 Nm−2. Unless noted otherwise, material parameters are from [Auld1973].

Material Symmetry ρ [kg m−3] C11 C12 C44

GaAs Cubic 4̄3m 5307 11.88 5.38 5.94
Si Cubic m3m 2332 16.57 6.39 7.956
InP Cubic m3m 4787 10.22 5.76 4.60
Al Cubic m3m 2695 10.80 6.13 2.85
Au Cubic m3m 19300 18.6 15.7 4.20
Fe Cubic m3m 7870 23.7 14.1 11.6
Steel1 Isotropic 7780 26.4 10.2 8.10
Epoxy1 Isotropic 1142 0.754 0.148 0.458
Vacuum - - 0 0 0
1 Values from [Tanaka2007].
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A.1 Rotation

The stiffness tensor in a coordinate system xi that is rotated with respect to the

crystal axes Xi by an angle of γ around X1, θ around X2, and φ around X3 can be

calculated from

Cxi = MCMT , (A.2)

where M is the Bond matrix given by

M =



a2
xx a2

xy a2
xz 2axyaxz 2axzaxx 2axxaxy

a2
yx a2

yy a2
yz 2ayyayz 2ayzayx 2ayxayy

a2
zx a2

zy a2
zz 2azyazz 2azzazx 2azxazz

ayxazx ayyazy ayzazz ayyazz + ayzazy ayxazz + ayzazx ayyazx + ayxazy

azxaxx azyaxy azzaxz axyazz + axzazy axzazx + axxazz axxazy + axyazx

axxayx axyayy axzayz axyayz + axzayy axzayx + axxayz axxayy + axyayx


,

(A.3)

and a is the Euler coordinate transformation matrix

a =


cosφ cos θ sinφ cos θ − sin θ

cosφ sin θ sin γ − sinφ cos γ cosφ cos γ + sinφ sin θ sin γ cos θ sin γ

cosφ sin θ cos γ + sinφ sin γ sinφ sin θ cos γ − cosφ sin γ cos θ cos γ

 .

(A.4)



Appendix B

Comparison of PnCs and PtCs

Table B.1: Comparison of PnCs and PtCs, adapted from [Kushwaha1993, Peng1973].

Property Photonic Crystal Phononic Crystal

Materials Two or more dielectric Two or more elastic
materials materials

Parameters Dielectric constants Densities, and stiffnesses

Lattice constant >≈ nm >≈ nm

Waves Electromagnetic (photons) Elastic (phonons)

Polarization Transverse Coupled transverse-longitudinal

Basic equations† ∇ · F̃ =
∂D

∂t
∇ · T̃ =

∂P

∂t
1

2

[
∇E− (∇E)T

]
=
∂G̃

∂t

1

2

[
∇V + (∇V)T

]
=
∂S̃

∂t

Constituitive G̃ = µ̃ : F̃ S̃ = s̃ : T̃
relations D = εE P = ρV

Free particle limit ω =
ck√
ε̄

(photons) ω = ct,lk (phonons)

Band gap No photons, no light No vibrations, no sound
Increases with |εa − εb| Increases with |ρa − ρb|

† Equations are in tensor form, where F̃ = 1̃×H, G̃ = 1
2 1̃×B, and 1̃ is an identity

dyadic. Note that P and V are particle momentum and velocity, respectively.

135



Appendix C

PnCSim Update Equations

For orthotropic materials, the update equations for ui are (see also [Hsieh2006])

u1

(
i+

1

2
, j, k, l

)
= 2u1

(
i+

1

2
, j, k, l − 1

)
− u1

(
i+

1

2
, j, k, l − 2

)
(C.1)

+
(∆t)2

ρ
(
i+ 1

2
, j, k

) {D1

[
T11

(
i+

1

2
, j, k, l − 1

)]
+D2

[
T12

(
i+

1

2
, j, k, l − 1

)]
+D3

[
T13

(
i+

1

2
, j, k, l − 1

)]}
u2

(
i, j +

1

2
, k, l

)
= 2u2

(
i, j +

1

2
, k, l − 1

)
− u2

(
i, j +

1

2
, k, l − 2

)
(C.2)

+
(∆t)2

ρ
(
i, j + 1

2
, k
) {D1

[
T12

(
i, j +

1

2
, k, l − 1

)]
+D2

[
T22

(
i, j +

1

2
, k, l − 1

)]
+D3

[
T23

(
i, j +

1

2
, k, l − 1

)]}
u3

(
i, j, k +

1

2
, l

)
= 2u3

(
i, j, k +

1

2
, l − 1

)
− u3

(
i, j, k +

1

2
, l − 2

)
(C.3)

+
(∆t)2

ρ
(
i, j, k + 1

2

) {D1

[
T13

(
i, j, k +

1

2
, l − 1

)]
+D2

[
T23

(
i, j, k +

1

2
, l − 1

)]
+D3

[
T33

(
i, j, k +

1

2
, l − 1

)]}
,
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and the update equations for Tij are

T11(i, j, k, l) = C11(i, j, k)D1[u1(i, j, k, l − 1)] (C.4)

+ C12(i, j, k)D2[u2(i, j, k, l − 1)] + C13(i, j)D3[u3(i, j, k, l − 1)]

T22(i, j, k, l) = C12(i, j, k)D1[u1(i, j, k, l − 1)] (C.5)

+ C22(i, j, k)D2[u2(i, j, k, l − 1)] + C23(i, j)D3[u3(i, j, k, l − 1)]

T33(i, j, k, l) = C13(i, j, k)D1[u1(i, j, k, l − 1)] (C.6)

+ C23(i, j, k)D2[u2(i, j, k, l − 1)] + C33(i, j)D3[u3(i, j, k, l − 1)]

T23

(
i, j +

1

2
, k +

1

2
, l

)
= C44

(
i, j +

1

2
, k +

1

2

)
× (C.7){

D3

[
u2

(
i, j +

1

2
, k +

1

2
, l − 1

)]
+D2

[
u3

(
i, j +

1

2
, k +

1

2
, l − 1

)]}
T13

(
i+

1

2
, j, k +

1

2
, l

)
= C55

(
i+

1

2
, j, k +

1

2

)
× (C.8){

D3

[
u1

(
i+

1

2
, j, k +

1

2
, l − 1

)]
+D1

[
u3

(
i+

1

2
, j, k +

1

2
, l − 1

)]}
T12

(
i+

1

2
, j +

1

2
, k, l

)
= C66

(
i+

1

2
, j +

1

2
, k

)
× (C.9){

D2

[
u1

(
i+

1

2
, j +

1

2
, k, l − 1

)]
+D1

[
u2

(
i+

1

2
, j +

1

2
, k, l − 1

)]}
,

where the discrete spatial derivatives Di are

D1[A(i, j, k, l)] =
1

∆x1

[
A

(
i+

1

2
, j, k, l

)
−A

(
i− 1

2
, j, k, l

)]
(C.10)

D2[A(i, j, k, l)] =
1

∆x2

[
A

(
i, j +

1

2
, k, l

)
−A

(
i, j − 1

2
, k, l

)]
(C.11)

D3[A(i, j, k, l)] =
1

∆x3

[
A

(
i, j, k +

1

2
, l

)
−A

(
i, j, k − 1

2
, l

)]
. (C.12)
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Bloch Periodic Boundary Conditions

For wave vector k = (k1, k2, k3). At the boundary normal to x1:

u1

(
1

2
, j, k, l

)
= exp[ik1a1]u1

(
N1 +

1

2
, j, k, l

)
(C.13)

u2

(
0, j +

1

2
, k, l

)
= exp[ik1a1]u2

(
N1, j +

1

2
, k, l

)
(C.14)

u2

(
0, j, k +

1

2
, l

)
= exp[ik1a1]u3

(
N1, j, k +

1

2
, l

)
(C.15)

T11 (0, j, k, l) = exp[ik1a1]T11 (N1, j, k, l) (C.16)

T12

(
1

2
, j +

1

2
, k, l

)
= exp[ik1a1]T12

(
N1 +

1

2
, j +

1

2
, k, l

)
(C.17)

T13

(
1

2
, j, k +

1

2
, l

)
= exp[ik1a1]T13

(
N1 +

1

2
, j, k +

1

2
, l

)
. (C.18)

At the boundary normal to x2:

u1

(
i+

1

2
, 0, k, l

)
= exp[ik2a2]u1

(
i+

1

2
, N2, k, l

)
(C.19)

u2

(
i,

1

2
, k, l
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= exp[ik2a2]u2

(
i, N2 +

1

2
, k, l

)
(C.20)

u3

(
i, 0, k +

1

2
, l

)
= exp[ik2a2]u3

(
i, N2, k +

1

2
, l

)
(C.21)
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2
, k, l
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= exp[ik2a2]T12
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1

2
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1

2
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)
(C.22)

T22 (i, 0, k, l) = exp[ik2a2]T22 (i, N2, k, l) (C.23)

T23
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1
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= exp[ik2a2]T23

(
i, N2 +

1

2
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1

2
, l

)
. (C.24)
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Absorbing Boundary Conditions

Full equations are given for the x1 = 0 boundary below. Others can be determined

by substituting the appropriate velocities and nodal positions.

u1

(
1

2
, j, k, l

)
= u1
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Appendix D

Sample Code

The majority of simulation time is spent looping through time and space, calculating

the displacement and stress at each point. Included below are the main time loop

and the u1 update loop.

Time Loop

void Simulator : : s imulate ( )
{

gett imeofday(& t s t a r t , NULL) ;

for ( t = 0 ; t < ndt ; t++)
{

i f ( t>0)
{

i f ( dset−>i s U nan ( t−1)) {
prog−>r epor t (tnum , ” ! ” ) ;

} else i f ( dset−>get ampU ( t−1) > 10∗smag ) {
prog−>r epor t (tnum , ”@” ) ;

} else { prog−>r epor t (tnum , ”#” ) ; }
}

i f ( fmod ( t , ndt∗dof ) == 0 && t>0 ) { savedata ( ) ; }

this−>apply impulse ( ) ;
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this−>update T ( ) ;
this−>apply Tbc ( ) ;

this−>update U ( ) ;
this−>apply Ubc ( ) ;

this−>s t o r e ( ) ;

this−>s tep ( ) ;
}

gett imeofday(&t end , NULL) ;
t o t a l t i m e i n h = get s im t ime ( ) / ( 6 0∗6 0 ) ;

}

Space Loop

void updateUx ( Array3Dc &Uxc , Array3Dc &Uxtmo , Array3Dc &Uxtmt ,
Array2D &dt2orho , Array3Dc &Txx , Array3Dc &Txy ,
Array3Dc &Txz )

{

for ( int z = 1 ; z < ntz ; z++)
{

for ( int x = 0 ; x < ntx−1; x++)
{

for ( int y = 1 ; y < nty ; y++)
{

Uxc(x , y , z ) = 2 .0∗Uxtmo(x , y , z ) − Uxtmt(x , y , z )
+ dt2orho (2∗x+1,2∗y )∗ ( (1/ dx )∗ (Txx( x+1,y , z ) − Txx(x , y , z ) )

+ (1/ dy )∗ (Txy(x , y , z ) − Txy(x , y−1, z ) )
+ (1/ dz )∗ ( Txz(x , y , z ) − Txz(x , y , z−1) ) ) ;

}
}

}
}



Appendix E

PnCVis

A screen shot of the analysis software that was written in Python is shown in Fig.

E.1. Python modules PyGTK, SciPy, NumPy, and matplotlib were used. The program

is capable of plotting displacement versus time, Fourier transforms, and surfaces (not

shown in Fig. E.1).
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Figure E.1: Python program for visualizing PnCSim outputs. The upper plot contains
each component of displacement versus time. The lower plot contains the correspond-
ing Fourier transforms.
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