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Abstract 

In metal powder compaction, density non-uniformity due to friction can be a source of 

flaws. Currently in industry, uniform density distribution is achieved by the optimization of 

punch motions through trial and error. This method is both costly and time consuming. 

Over the last decade, the finite element (FE) method has received significant attention 

as an alternative to the trial and error method; however, there is still lack of an accurate 

and robust material model for the simulation of metal powder compaction. In this study, 

Cam-clay and Drucker-Prager cap (DPC) material models were implemented into the 

commercial FE software ABAQUS/Explicit using the user-subroutine VUMAT. The Cam-

clay model was shown to be appropriate for simple geometries. The DPC model is a 

pressure-dependent, non-smooth, multi-yield surface material model with a high 

curvature in the cap yield surface. This high curvature tends to result in instability issues; 

a sub-increment technique was implemented to address this instability problem.  The 

DPC model also shows instability problems at the intersection of the yield surfaces; this 

problem was solved using the corner region in DPC material models for soils. The 

computational efficiency of the DPC material model was improved using a novel 

technique to solve the constitutive equations. In a case study it was shown that the 

numerical technique leads to a 30% decrease in computational cost, while degrading the 

accuracy of the analysis by only 0.4%. The forward Euler method was shown to be 

accurate in the integration of the constitutive equations using an error control scheme. 

Experimental tests were conducted where cylindrical-shaped parts were compacted from 

Distaloy AE iron based powder to a final density of 7.0 g/cm3. To measure local density, 

metallography and image processing was used. The FE results were compared to 

experimental results and it was shown that the FE analysis predicted local relative 

density within 2% of the actual experimental density.
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Chapter 1 Introduction 

 

1.1 Introduction to powder compaction 

For the North American PM (Powder Metallurgy) industry, 2004 was a record-breaking 

year (Capus 2005). The PM industry in North America continues to occupy the highest 

position in the world as the largest PM industry and the most innovative market. Even 

after suffering due to structural changes in the automotive market and production cuts, 

the PM industry is optimistic about its growth and continues to lead the world in 

consumption of iron and steel powders (Paullin 2008). 

One of the most common processes in powder metallurgy (PM) is the fabrication of parts 

from metal powders by compaction and sintering. All stages of this PM process are 

shown in Figure �1-1. First, the die is filled with metal powder (filling, stages 1 and 2 in 

Figure �1-1), then the upper and/or lower punch compact the powder to obtain the 

desired shape and density (compaction, stages 3 and 4), and lastly the part is ejected by 

the punches (ejection, stage 5). The ejected part before sintering is called the green 

part.  

These stages may take up to five seconds depending on the complexity of the part. If 

both of the punches move during the compaction stage it is called double action 

compaction, and if only one of the punches moves it is called single action compaction. 

The process shown in Figure �1-1 is a double action compaction process.  
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Figure �1-1. Stages of compaction (German 1984). 

 

Depending on the complexity of the part, multiple punches may be needed for the 

compaction. For example in the synchronizer hub shown in Figure �1-2 three top punches 

and three bottom punches are needed to compact the powder and a core rod is needed 

to create a hole in the middle of the part (Figure �1-3). 

 

Figure �1-2. Synchronizer hub; A complex, multi-level part (ASM 1984). 
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Figure �1-3. Different stages of the compaction process for a multi-level part (SACMI 
group 2010). 

 

To increase the strength after ejection, the green part is placed in a furnace and sintered 

at a temperature about 80% of the melting point during which metallurgical bonds are 

created between the particles. The focus of this research is on the compaction and 

ejection stages of the process (stages 3, 4 and 5 in Figure �1-1). 

The two most common types of defects in green PM parts are high density variation and 

cracks. There are three main reasons why a non-uniform density distribution is not 

desirable. Density gradients, if severe enough, can form an associated crack. Secondly, 

high variations of density in the green part can lead to warpage during sintering, 
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because the areas with lower densities shrink more than those with higher densities. 

Thirdly, high density variation around an internal corner can be a fatal flaw because the 

corner can be a point of stress concentration when the part is loaded in service (German 

1984). These problems make obtaining a uniform density distribution one of the major 

objectives in this process. 

In reality, density distribution in green compacts is not uniform, mainly due to pressure 

non-uniformity. Unlike fluids, metal powders cannot transfer pressure to all areas of the 

part. In metal powders the punch pressure is mostly transferred only in the direction in 

which the pressure is applied. The axial friction force between powder and the die 

surface causes a decrease in pressure as we move deeper into the part from the surface 

of the punches. It has been shown using the slab method (German 1984), that this 

decrease in pressure is approximately exponential.  

During the early stage of compaction, the powder redistributes itself by flowing between 

sections of the die cavity. When the pressure increases and the powder movement is 

restricted, shearing of the compact occurs on the planes parallel to the punch axis. Such 

shear is the major reason for a density gradient (Zenger, Cai 1997). This can only be 

avoided by proper coordination of punch motions. 

Density distribution in green parts resulting from double action compaction is more 

uniform than that of single action compaction. This is because in single action 

compaction the pressure decreases exponentially with depth for the whole height of the 

part, while in double action compaction this length is half the height of the part. This 

shows the important effect of punch movements during compaction on density 

distribution of the compact. Furthermore, for multi-level parts (Figure �1-3 and Figure 

�1-2), the optimum punch movements are even more difficult to obtain. A secondary and 
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less crucial source of density non-uniformity is initial density variation during the filling 

process. 

Currently, due to shortcomings in the numerical simulation of metal powder compaction 

processes, determination of tooling motions and forces is done by trial and error 

procedures which can be expensive both in time and cost. High costs and delays of 

several weeks or months result from these trial and error procedures in optimization of 

tool sets for pressing powders. In addition, the existence of defects and the need for final 

quality control, which is often a result of less effective optimization, imposes strong 

increase in the overall production cost (Salak 1995).  

Numerical simulation of powder compaction using the finite element (FE) method is a 

promising tool in the study of the effect of punch motions on density distribution. Finite 

element analysis of cold compaction of metal powders, however, still needs further 

development. There is no consensus among researchers on a specific material model 

that is capable of accurately simulating metal powder compaction (Biswas 2005). The 

Drucker-Prager cap (Drucker 1957), Cam-clay (Roscoe, Burland 1968), and DiMaggio-

Sandler models (Sandler, Rubin 1979), which are designed for soils and geotechnical 

materials, have been modified and used by researchers to simulate metal powder 

compaction processes (Coube, Riedel 2000, Sun, Kim 1997, Jonsen 2006, Chtourou, 

Gakwaya & Guillot 2002). Also some models for porous materials such as Shima’s 

model (Shima, Oyane 1976) have been modified for the simulation of metal powder 

compaction.  
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1.2 The Drucker-Prager cap (DPC) material model 

The most widely used material model for metal powder compaction is the Drucker-

Prager cap (DPC) model. The yield surfaces and potential functions for this model are 

shown in Figure �1-4, where p is the hydrostatic pressure and q is von Mises equivalent 

stress. In Figure �1-4, dεij
p is the plastic strain increment tensor caused by yielding of the 

material at point (p0,q0). According to the flow rule (normality rule), dεij
p, is normal to the 

potential function. The flow rule and the potential function will be explained further in 

chapter 3. 

 

Figure �1-4. The Drucker-Prager cap material model. 

 

As shown in Figure �1-4, the material model consists of two yield surfaces; a hardening 

elliptical cap surface and the Drucker-Prager yield surface (a shear failure surface). The 

cap yield surface follows an associated flow rule (the yield function, F1, is equal to the 

potential function, G1) and has the form 
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2 2
1 1 ( ) ( ) ( tan )a aF G p p Rq R p dβ= = − + − +  Equation �1-1 

 

where F1 is the yield function for the cap surface, G1 is the potential function for the cap 

surface, R is the ratio between the semi-minor axis and the semi-major axis of the 

elliptical cap, pa is the hardening parameter defining the location of the center of the cap, 

d is the cohesion for the Drucker-Prager yield surface, and β is the friction angle for the 

Drucker-Prager yield surface. All of the four parameters R, pa, d, and β are dependent on 

the density of the metal powder. The Drucker-Prager yield surface has the form 

 

2 tanF q p dβ= − −  Equation �1-2 

 

where F2, d, and β are the yield function, the cohesion and the friction angle for the 

Drucker-Prager yield surface, respectively. The shear resistance of metal powders 

increase as a result of an increase in hydrostatic pressure. Physically, the internal 

friction angle, β, is the ratio between the change in shear resistance of the powder and 

the change in hydrostatic pressure exerted on the powder. The Drucker-Prager yield 

surface has a non-associated flow rule (the yield function, F2, is different from the 

potential function, G2), in which the potential function has the form 

 

2 2
2 (( ) tan ) ( tan )a aG p p q p dβ ε β= − + − +  Equation �1-3 
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where G2 is the potential function for the Drucker-Prager yield surface. The parameter � 

scales the elliptical potential function down so that it passes through the yield point, (p0, 

q0) and is equal to (Wang 2007, ABAQUS Inc.) 

 

2 2 2
0 0

2 2

( ) tan
( tan ) ( tan )

a

a a

q p p

p d p d

βε
β β

−
= +

+ +
 Equation �1-4 

 

When � =1, the potential function passes through the ends of the shear failure surfaces 

(Figure �1-4). Both the cap and the Drucker-Prager line are hardening yield surfaces for 

metal powders and the hardening parameter (the state variable in the numerical 

algorithm) for both is the volumetric plastic strain, εv
p.  

 

1.3 Computational plasticity 

Constitutive equations define the stress-strain behaviour of the material. Since the 

elastic-plastic behaviour is not reversible the constitutive equations have to be 

expressed by differential equations and be solved incrementally. In finite element 

analysis, constitutive equations can be implemented using material sub-routines. The 

inputs of the material subroutine are the stress state and the state variables at the 

beginning of a given strain increment and the outputs are those values at the end of it. 

The ‘return mapping algorithm with the closet projection point’ is the algorithm used in 

literature to solve constitutive equations involving plasticity. This algorithm calculates the 

stress increment tensor based on a fully elastic deformation for the total strain increment 

(elastic trial stress) and a plastic return to the yield surface. Depending on the trial stress 

state the material can be in elastic mode (negative yield function) or in elastic-plastic 
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mode (positive yield function). In the elastic mode the stress increment tensor (dσij) is 

calculated based on elastic deformation for the total strain increment 

 

ij ijkl kld C dσ ε=  Equation �1-5 

 

where Cijkl is the fourth order elastic constitutive tensor and dεkl is the given total strain 

increment tensor. Note that the Einstein summation convention is used in the equation; 

this summation convention will be used exclusively in this thesis. For elastic-plastic 

mode, the stress increment tensor is calculated by an elastic predictor and a plastic 

return  

 

( )p
ij ijkl kl kld C d dσ ε ε= −  Equation �1-6 

 

where dεp
kl is the increment of plastic strain tensor and is found from the flow rule 

 

p m
kl

kl

G
d dε λ

σ
∂

=
∂

 Equation �1-7 

 

where dλ is the proportionality factor and m identifies the index of the active potential 

function (m=1 for the cap and m=2 for the Drucker-Prager yield surface). The stress 

state at the end of the strain increment should satisfy the hardened yield function. This is 
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imposed by the consistency equation. The consistency equation for the cap yield surface 

in the Drucker-Prager cap material model is 

 

1( , , , , ) 0ij ij a aF d d dd d R dR p dpσ σ β β+ + + + + =  Equation �1-8 

 

and the consistency equation for the Drucker-Prager yield surface for metal powders is 

 

2 ( , , ) 0ij ijF d d dd dσ σ β β+ + + =  Equation �1-9 

 

For metal powders, d, β, R and pa are all functions of density which can mathematically 

be related to volumetric plastic strain by 

 

0

p
vp

v

d
d e ερε ρ ρ

ρ
= → =  Equation �1-10 

 

where ρ is the current density of the powder, ρ0 is the initial density of the powder and εv
p 

is the volumetric plastic strain, which is assumed here to be positive for compressive 

deformations. The material parameters, d, β, R and pa in Equation �1-8 and Equation �1-9 

are obtained by 
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p
vp

v

d
d dd d d ε

ε
∂+ = +
∂

 Equation �1-11 

p
vp

v

d d
ββ β β ε
ε

∂+ = +
∂

 Equation �1-12 

p
vp

v

R
R dR R d ε

ε
∂+ = +
∂

 Equation �1-13 

pa
a a a vp

v

p
p dp p d ε

ε
∂

+ = +
∂

 Equation �1-14 

 

The consistency equation (Equation �1-8 or Equation �1-9) and Equation �1-6 should be 

solved to find the state of stress and the state variable at the end of the strain increment. 

The potential function derivative in the flow rule (Equation �1-7) can be calculated either 

at the beginning or end of the strain increment. These correspond to the forward and 

backward Euler method, respectively. Since the state of stress at the end of the strain 

increment is unknown, the derivative of the potential function is also unknown making 

the backward Euler method more difficult to solve. The backward Euler method cannot 

be solved without the use of iterative methods, whereas the forward Euler method may 

not need iterative solution methods. The DPC material model for metal powders is 

complex enough that an iterative solution method is required with the forward Euler 

method. The backward Euler method is numerically more accurate than the forward 

Euler method when large strain increment sizes are used. However, in the dynamic 

explicit analysis, where very small time increment sizes are used, the forward Euler 

method gives equally accurate results. 
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1.4 Motivation 

Formulations for solving the constitutive equations for the general class of pressure-

dependent material models have been discussed in the literature (Aravas 1987, Chen, 

Mizuno 1990). However, algorithms for solving the constitutive equations for the material 

models for compaction of metal powders have not been discussed in detail and the need 

for that is strongly felt.  

Implementation of the DPC material model for metal powder compaction, as the most 

commonly used material model for metal powders, faces challenges, because of its 

relatively new application in this field. In the literature material models for 

soils/geotechnical materials and porous materials have been used for metal powders. 

However, metal powders have inherent differences with soils/geotechnical materials as 

well as porous materials. As a result, the material models designed for soils and porous 

materials encounter numerical instability problems and high computational costs when 

used for metal powders.  

 

1.4.1 Instability problems 

Calculations that can be proven not to magnify approximation errors are said to be 

numerically stable. Instability problems – which magnifies approximation errors, resulting 

in large errors and/or termination of the analysis – can rise from four reasons in material 

models for metal powders: (a) randomness of loading path directions in geometrically 

complex parts, (b) the existence of two yield surfaces and consequent abrupt change in 

local stiffness by switching from one yield surface to the other, (c) stress transition over 
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the intersection between the two yield surfaces and (d) not having control over increment 

size in material user-subroutines.  

(a) In metal powder compaction of complex geometries, a wide range of loading 

paths can be experienced by infinitesimal material elements depending on their 

location in the part. Especially at the corners a high diversity of loading paths is 

experienced.  

(b) Elements under high hydrostatic pressures yield under a different criterion from 

elements experiencing high shear stresses. This causes difference in the local 

stiffness of different elements in the part and can be a source of instability.  

(c) The DPC material model, having two yield surfaces, encounters numerical 

problems at the intersection of the two yield surfaces. The same element can 

yield under compaction and later on shear failure, or vice versa. This numerically 

translates to transmission from one yield function to the other in the numerical 

procedure. The material model has to be robust in order to handle these 

situations. One method used in the literature (ABAQUS Inc.) to tackle the yield 

surface transition problem was to use a circular corner region. This corner region 

approximates the behaviour of the material at the intersection of the yield 

surfaces and may not be accurate enough. In addition, it is not capable of 

resolving all the instability patterns observed in the DPC model when the user 

does not have any control over the increment size. This will be shown more in 

detain in chapter 4. 

(d) Stability is especially important when the material model is implemented using a 

material subroutine under a finite element (FE) software. In this case, the FE 

program determines the size of the time increment based on certain criterion that 
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may not be relevant to the material model and the change in local stiffness 

variations. Some researchers (Wang 2007) assume that the increment size 

determination criteria in FE programs are more restrictive than the criteria in the 

integration of constitutive equations, concluding that there is no need for a 

separate stable time increment size determination criterion. In this work, it will be 

shown that this is not true and as a result the user, who has no control over time-

increment determination procedure, needs to develop the material model 

algorithm in a way that addresses possible instability patterns. 

 

1.4.2 High computational cost 

Solution of the constitutive equations for metal powders is more expensive time 

consuming than soils/geotechnical materials and porous materials. Compaction ratios 

(height reduction percentage) in metal powder applications are much higher, going up to 

50%. This is because the particles in metal powder compaction can undergo high plastic 

deformation and the material parameters change during compaction and do not stay 

constant in contrast to soils and geotechnical materials. In metal powders, cohesion for 

the Drucker-Prager yield surface, d, friction angle for the Drucker-Prager yield surface, β, 

and the ratio between the semi-minor axis and the semi-major axis of the cap, R, are 

functions of density, while they remain constant in soils and geotechnical materials.  

In solving elastic-plastic constitutive equations (i.e., yield surface, flow rule and 

hardening rule) a higher number of material parameters as functions of the state variable 

add to the complexity and non-linearity of the constitutive equations.   
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It will be discussed in chapter 3 that, in integration of constitutive equations using the 

forward Euler method, the stresses and state variables can be expressed more explicitly 

than other methods such as the backward Euler method. However, because of the 

existence of four state variable-dependent material parameters in material models for 

metal powders, even with the use of the forward Euler method, the solution needs 

iterative techniques such as the Newton–Raphson method. These iterative solutions 

make the material model algorithms very computationally expensive (Coube, Riedel 

2000, Wang 2007, Khoei 2005). High computational cost is especially a serious concern 

when optimization of the punch motions is conducted and many simulations have to be 

performed. 

 

1.5 Objectives 

The objectives of this research are to develop an efficient and stable numerical model for 

the simulation of the compaction of metal powers and to experimentally validate the 

numerical model.  Seven sub-objectives are identified as follows 

(1) Implement different material models and identify the most effective and accurate 

model for different geometries of metal powder compacts 

(2) Improve the numerical algorithm in terms of stability and accuracy 

(3) Set up an experimental apparatus for compaction of metal powders and measure 

loads and displacements during compaction 

(4) Measure the density distribution in the compacts using metallography and image 

processing 

(5) Compare finite element results with experimental measurements to validate the 

numerical model 
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(6) Compare different methods for the integration of constitutive equations in explicit FE 

programs and identify the appropriate one in terms of accuracy and computational cost 

(7) Discuss the findings and make recommendations for future work to improve the 

material model 

 

1.6 Contributions 

The DPC and Cam-clay material models were implemented in the FE program 

ABAQUS/Explicit, considering density-dependency of the material parameters. 

Formulations for the algorithms were discussed thoroughly to fill the gap in the literature 

for the computational aspect of the material models.  

As discussed, the algorithms in the literature lack robustness. In order to resolve the 

numerical instability problems, many different loading paths were studied at many 

integration points and the patterns causing instability problems were found. Close study 

of instabilities led to the recognition of a few patterns. Two techniques were proposed 

and implemented into the material code to address the following two instability problems.  

The first instability problem was due to high curvature of the cap yield function, in which 

case large strain increments do not lead to sensible results. The details are discussed in 

chapter 4. To solve this problem, the increments at integration points with instability 

problems were split to sub-increments and the calculations were performed for each 

sub-increment separately. The stresses and state variables from all the sub-increments 

were integrated and returned to the FE program at the end of the total increment. 

The second cause for instability is the intersection of the two yield surfaces. When the 

material yields on the shear failure surface, the material dilates (undergoes plastic 
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volumetric increase) and the cap retracts towards the origin. This does not represent 

softening, but is rather similar to kinematic hardening. Once the cap reaches the yield 

stress point on the shear failure surface, however, kinematic hardening is no longer 

necessarily true and the backward cap motion must be limited to prevent softening.  

Corner region was developed in soil mechanics by researchers to resolve this problem. 

The corner region is an intermediate region between the cap and the shear failure 

regions that returns the elastic trial stress to the corner. This will be discussed in detail in 

chapter 3 and 4. The corner region was never implemented in material models for metal 

powders (Coube, Riedel 2000, Jonsen 2006, Khoei, Azami 2006). Some researchers 

(Coube, Riedel 2000) considered a von Mises cut-off instead of a corner region. 

However, the von-Mises cut-off does not seem to ever affect the material model, 

because during compaction, the material never reaches full-density. In this work, the 

corner region was used in the DPC material model for metal powder compaction.  

The importance of the sub-increment method and the corner region in improving the 

robustness of material models for metal powder compaction is recognized especially 

when complex, multi-level parts are analyzed. In parts with complex geometry, the 

loading paths are very random and the algorithms in literature encounter instability 

problems (Wang 2007, Kashani Zadeh, Kim & Jeswiet 2010).  

As mentioned before, existence of three additional density-dependent material 

parameters in the DPC model for metal powders makes the constitutive equations more 

complex in comparison to their implementation to soils and geotechnical materials. The 

constitutive equations were solved by considering all of the density-dependent material 

parameters in this work.  
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Due to the complexity of the constitutive equations in the case of metal powders, even 

the forward Euler method needs iterative solution schemes when solving the constitutive 

equations to find the stress state and state variables. This leads to high computational 

costs and is of crucial concern when an optimization of the process is to be performed. 

In geometrically complicated parts with a few punches, there are a high number of 

design variables defining the speeds of the punches at each time, and a high number of 

function evaluations are needed for the sensitivity analysis. Thus it is important to 

decrease the computational cost of each function evaluation, while keeping the accuracy 

at an acceptable level. This can be referred to as increasing the computational efficiency 

of the material model algorithm.  

In order to improve the computational efficiency of the DPC material model, the values of 

the parameters d, R and tanβ at the beginning of the strain increment were proposed to 

be used in solving the consistency equation (Equation �1-8). The constitutive equations 

were solved and it was shown that the accuracy of the density predictions did not 

degrade much and significant savings in computational cost were made, thus improving 

the computational efficiency of the model. As mentioned, this is especially important in 

numerical simulation for compaction of multi-level parts where the optimum tooling 

motion is to be obtained from a wide range of possibilities.  

In order to validate the simulation results with experiments, an iron based metal powder 

was compacted and the density distribution was measured. To measure the density 

distribution, the parts were cut using a water jet cutting machine. Then the parts were 

polished and metallographic images were taken. The images were then changed into 

binary black and white pictures and an automatic pixel count was performed in order to 

find the void ratio of the samples. The density distributions predicted by FE analysis 
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were compared with measured quantities and it was shown that the FE model is capable 

of accurately predicting the density in the part.  

The accuracy of the forward Euler method was assessed by comparing its results with 

results obtained by integrating the constitutive equations using a modified forward Euler 

method with error control. It was shown that the drift from equilibrium at each integration 

time in the forward Euler method is so small that the overall error is negligible.  

 

1.7 Organization of Thesis 

Sections 2.1 and 2.2 in chapter 2 discuss the literature on micromechanical and 

phenomenological material models. Literature survey of algorithms for solving 

constitutive equations, their implementation and their stability and accuracy are 

presented in sections 2.3, 2.4 and 2.5. Methods of measuring density in powder 

metallurgy (PM) parts can be found in section 2.6. Chapter 3 starts with discussions on 

metal powder behaviour in compaction in section 3.1. The theory of incremental or flow 

plasticity are discussed in section 3.2 where concept of yield surface, hardening rule and 

flow rule are explained. Section 3.3 is on full-density, frictional and porous material 

models which account for different aspects of metal powder behaviour. It is shown how 

material models for metal powders use both porous and frictional material behaviours. 

Theory of dynamic explicit FEM and computational plasticity are the subjects of sections 

3.4 and 3.5 in chapter 3. Chapter 4 shows the formulation of the Cam-clay material 

model, and presents a case study that shows the Cam-clay model can predict the 

density distribution in a part with simple geometry. To follow, the formulation for the DPC 

model and the contributions made in improving the stability and computational efficiency 

of the DPC model are discussed and their effectiveness is proven by case studies. 
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Chapter 5 details the experimental set-up used to make the parts and measure the 

density distribution of the parts. It also includes numerical simulations for the conducted 

experiments and a comparison of the results. Numerical simulations for two different 

integration schemes are performed and compared.  Chapter 6 summarizes and 

concludes the thesis and suggests future work.  
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Chapter 2 Literature Review 

 

The major challenge in finite element (FE) analysis of powder compaction is choosing 

the appropriate material model and implementing the model into an FE program. 

Sections 2.1 and 2.2 review the advantages and limitations of most of the existing 

material models used for modeling metal powders. Sections 2.3, 2.4 and 2.5 are 

dedicated to the numerical implementation of the models and a critical review of the 

techniques for the integration of constitutive equations. Since FE analysis of metal 

powder compaction is relatively new field, the majority of the discussions on 

implementation of the constitutive equations are chosen from research into soils and 

geotechnical materials. The last section of this chapter discusses several different 

experimental methods for the measurement of local density. 

The behaviour of metal powders can be described using either a micromechanical or a 

phenomenological approach. Both will be described; however the focus will be on 

phenomenological material models. 

 

2.1 Micromechanical material models 

The micromechanical approach looks at particles individually and considers the elastic-

plastic deformation of each particle as well as the contacts between particles. This 

approach assumes a specific arrangement of the particles and then calculates the 

macroscopic material properties based on micro scale behaviour. In micromechanical 

approaches both analytical and numerical methods have been used. An example of the 

analytical micromechanical approach is Fleck’s model (Fleck 1995, Fleck, Kuhn & 
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McMeeking 1992) which considers perfect plasticity in the indentation of spherical, 

perfectly packed particles to derive the yield functions. A more detailed discussion about 

this model can be found in chapter 3. In the numerical micromechanical approach (also 

called the discrete element method), compaction of a group of particles is simulated 

using the finite element method by considering the contact between the particles and the 

plasticity in each particle (Procopio, Zavaliangos 2005). The drawback of this method is 

its high computational cost.  

 

2.2 Phenomenological material models 

Phenomenological approaches are based on the assumption of a continuum media with 

certain yield and potential functions calibrated using experimental data. The material 

model can consist of one yield surface (Shima, Oyane 1976, Hartmann, Bier 2006) or 

multiple yield surfaces.  

An example of a model with one yield surface is that of Shima and Oyane (Shima, 

Oyane 1976) which is characterized by a single elliptical yield surface. This model has 

been used for metal powders (Sun, Kim 1997, Yang, Kim & Kim 2004, Shima 2002, 

Ashok et al. 2001, Kwon, Lee & Kim 1997). However, it is less accurate than material 

models that capture the frictional behaviour of metal powders (i.e. have two yield 

surfaces).  

In multi-yield surface models, the surfaces generally represent shear failure or 

consolidation. Occasionally a tension cut-off and/or a von Mises cut-off are also 

considered (Coube, Riedel 2000). Some examples of multi-yield surface material models 

are the DiMaggio-Sandler cap model, Drucker-Prager cap (DPC) model and Cam-clay 

model. The DPC material model with a tension cut-off and a von Mises cut-off is shown 
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in Figure �2-1. Sun and Kim (Sun, Kim 1997) showed that multi-yield surface material 

models can simulate actual behaviour during die compaction significantly better than the 

Shima material model (Shima, Oyane 1976). 

 

 

Figure �2-1. The Drucker-Prager cap material model. 
 

Multi-yield surface phenomenological material models have two major yield surfaces: the 

shear failure yield surface and the cap yield surface. The shear failure yield surface 

represents plastic distortion of the powder whereas the cap yield surface represents 

consolidation of the powder. The following sections review each of the yield surfaces 

and their flow rules.  

 

Shear failure yield surface in multi-yield surface phenomenological models 

The shear failure yield surfaces are derived from the yield criteria for frictional materials, 

the first such model being the Mohr-Coulomb model (Coulomb 1776). This shear failure 

yield surface has been implemented both for soils (Chen, Mizuno 1990) and metal 

powders (Khoei 2005). However, due to numerical problems in its implementation, it is 
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not used widely in either of the two applications. Another shear failure yield surface, the 

DiMaggio-Sandler yield surface, has the form (Sandler, Rubin 1979)  

 

33 e 0D pq p βθ γ α− + − =  Equation �2-1 

 

where α ,γ , βD and θ are material parameters and p and q are the hydrostatic pressure 

and von Mises equivalent stresses, respectively. This yield function is perfectly plastic 

meaning that the material parameters are constants and do not depend on density 

(Sandler, DiMaggio & Baladi 1976, Hofstetter, Simo & Taylor 1993, Jardaneh 1994). 

Jonsen (Jonsen 2006) used this yield function for metal powders, neglecting the 

evolution of the material parameters with density, thus limiting the accuracy of his model.  

In the Drucker-Prager cap model (Coube, Riedel 2000, Wang 2007, Chen, Mizuno 1990, 

Lee, Kim 2008, Bejarano, Riera & Prado 2003, Lu, Rice & Kim 2007) the failure surface 

is called the Drucker-Prager yield surface and has the form 

 

2 tanF q p dβ= − −  Equation �2-2 

 

where F2 is the yield function for the surface and d and β are the cohesion and friction 

angle, respectively. The flow rule for this yield surface has been considered both as 

associated (Coube, Riedel 2000, Chen, Mizuno 1990) and non-associated (Wang 2007, 

ABAQUS Inc.). In the non-associated flow rule, the potential function has an elliptical 

shape.  

Only Coube and Riedel (Coube, Riedel 2000) have modeled the hardening of the 

Drucker-Prager line in metal powder compaction. However, they did not discuss how 



 25 

 

they solved the constitutive equations with density dependent material parameters. This 

gap in literature will be covered in detail by this work in chapter 5. 

In the Cam-clay material model (Roscoe, Poorooshasb 1963), a critical state surface is 

considered (Sun, Kim 1997, Schneider, Cocks 2002, Luccioni, Pestana & Taylor 2001, 

Yu 1998, Kamath 1996, Tripodi 1994), instead of a yield surface for the shear failure, 

meaning that upon shear failure the change in void ratio is zero.  

This model is easier to implement numerically and has been used for metal powders 

(Sun, Kim 1997, Kashani Zadeh, Kim & Jeswiet 2010). The Cam-clay model was 

designed for clays, which are highly incompressible upon permanent shear deformation; 

therefore, the Cam-clay model is most accurate for metal powders when the geometry of 

the part is simple and permanent shear deformation is negligible (Kashani Zadeh, Kim & 

Jeswiet 2010).  

For comparing the shear failure surfaces, the Drucker-Prager yield surface is found to be 

the most appropriate for applications to metal powders as it can take into consideration 

the density dependency of the material parameters. 

 

Cap yield surface in multi-yield surface phenomenological models 

While the shear failure surface can take several different forms, the cap surface always 

has an elliptical shape. The cap surface was first implemented to frictional material 

models by Sandler and Rubin (Sandler, Rubin 1979) using the following equation 
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Equation �2-3 
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where pa and pb are shown in Figure �2-1 and R is the ratio between the semi-minor axis 

and the semi-major axis of the cap. The implementation by Sandler and Rubin (Sandler, 

Rubin 1979) caused numerical instabilities (square root of negative numbers) in solving 

the consistency equation as discussed in chapter 1. To solve this problem, Hofstetter et 

al. (Hofstetter, Simo & Taylor 1993) suggested a formula based on 

 

32 2
2

1
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R

βθ γ α= − + − + −  
Equation �2-4 

 

where FH is the yield function for the cap suggested by Hofstetter et al. (Hofstetter, Simo 

& Taylor 1993),α ,γ ,βD and θ are material parameters of the failure surface. Jardaneh 

(Jardaneh 1994) claimed that the cap surface used by Hofstetter et al. (Hofstetter, Simo 

& Taylor 1993) is sometimes unable to select the appropriate mode, sometimes 

identifying an elastic model as a cap model. However, this problem has not been 

detected in this work or any other researchers’ work (Kashani Zadeh, Kim & Jeswiet 

2010).  

The solution of the constitutive equations on the cap surface (Equation �1-8) is difficult 

due to the curvature of the surface. While Chen and Mizuno (Chen, Mizuno 1990) used 

the Regula-falsi method for cap calculations, Wang (Wang 2007) used an analytical 

method. A Newton-Raphson method is used in this work (Kashani Zadeh, Kim & Jeswiet 

2010). The yield function for the cap used in this work is expressed in Equation �1-1. 

 

Additional yield surfaces in multi-yield surface material models 

As discussed, the main two yield surfaces in multi-yield surface material models are the 

shear failure surface and the elliptical cap. An additional tension cut-off (Coube, Riedel 
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2000, Chen, Mizuno 1990, Hofstetter, Simo & Taylor 1993), and/or a von Mises cut-off 

(Coube, Riedel 2000) have also been added to the material model by some researchers. 

While tension cut-off (Figure �2-1) may be useful in material models for soils, it does not 

seem to contribute to a better representation of the behaviour of metal powders during 

compaction. The powder is continually under compression during the compaction 

process and no loading path activates the tension cut-off. This is shown in chapter 4 by 

a case study (Kashani Zadeh, Kim & Jeswiet 2009).  

The von Mises cut-off is a horizontal line in the p-q plane (Figure �2-1) that cuts off the 

yield envelope formed by the shear failure yield surface and the cap surface (Coube, 

Riedel 2000). This yield surface does not help the material model in producing a better 

representation of the material behaviour. In metal powders the shear failure yield surface 

hardens during compaction and approaches the horizontal von Mises surface (Figure 

�2-1) upon densification. However, since the material never reaches full density, the 

shear strength of the material never reaches that of a full-density material and the shear 

failure yield surface is always below the von Mises cut-off in the p-q plane.  Thus, there 

is no need to add the von Mises cut-off to the material model of metal powders. This will 

be illustrated in chapter 4 by a case study (Kashani Zadeh, Kim & Jeswiet 2009).  

 

Corner region in material models for soils 

In multi-yield surface models it was observed that when the material yields on the shear 

failure surface, dilation (permanent volumetric expansion) occurs and the cap contracts 

as a result of the decrease in density (Chen, Mizuno 1990). This retraction of the cap 

surface can be attributed to kinematic hardening. However, the cap surface should not 

contract beyond the current stress point as it causes softening and instability according 
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to Drucker’s stability postulate (Chen, Mizuno 1990). To avoid this problem, a corner 

region (shown in Figure �2-2) has been used in the Drucker-Prager cap model (Chen, 

Mizuno 1990) and the DiMaggio-Sandler cap model (Hofstetter, Simo & Taylor 1993). 

The corner region modification has been applied to soil models but has never been 

implemented in metal powder applications.  In this work, the corner region was 

implemented in the DPC model (Kashani Zadeh, Kim & Jeswiet 2010) and is discussed 

in chapter 4. 

 

Figure �2-2. The corner region in the DPC model. 

 

The volumetric plastic strain is treated as 
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Equation �2-5 

 

where dεp
v is the volumetric plastic strain which is positive for densification and negative 

for dilation (volumetric plastic expansion), p is the hydrostatic pressure (positive for 

compression and negative for tension), and pa is always positive. As long as p<pa the 
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stress point is not on the cap, and any contraction of the cap (due to dεp
v being negative) 

does not represent softening, but is rather similar to kinematic hardening; thus, it does 

not lead to instability according to Drucker’s stability postulate (Chen, Mizuno 1990). 

Once the cap reaches the stress point, however, this is no longer necessarily true and 

the backward cap motion must be limited to prevent softening and instability. This is 

represented by the second line in Equation �2-5. At the corner region the elastic trial 

stress is returned to the intersection of the shear failure surface. 

Sandler and Rubin (Sandler, Rubin 1979), Hofstetter et al. (Hofstetter, Simo & Taylor 

1993) and Jardaneh (Jardaneh 1994) assumed perfect plasticity for the compressive 

region according to  

 

1n a np p+ =  Equation �2-6 

 

where the subscripts n and n+1 indicate the values at the beginning and end of the 

increment, respectively.  

ABAQUS (ABAQUS Inc.) has a DPC material model for soils that uses a transition curve 

to connect the cap with the Drucker-Prager line in the p-q plane. The size of the 

transition curve can be chosen by the user. This transition surface solves the instability 

problems at the intersection of yield surfaces and prevents softening of the cap. 

However, it reduces the accuracy of the calculations by approximating the yield surface, 

especially during the initial stages of compaction when the size of the transition surface 

is comparable to the size of the cap. 
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Summary of implementation of multi-yield surface material models in the literature 

A summary of the characteristics of multi-yield surface material models in the literature 

are shown in Table �2-1. As discussed, all of them use an elliptical cap surface. Hence, 

the yield functions and the potential functions shown in Table �2-1 are for shear failure. In 

the formulations p is the hydrostatic pressure, q is the von Mises equivalent stress, and, 

β, βD, R, d, A, B, �, �, �, pa are material parameters. 

 

Table �2-1. Yield surfaces, flow rules and potential functions used by researchers. 

Researcher Failure surf Flow rule Yield function Potential function software 

Chen and 

Mizuno(Chen, 

Mizuno 1990) 

Drucker-

Prager 
Associated q-ptan�-d q-ptan�-d 

Implicit 

Inhouse 

ABQ 

cap(ABAQUS 

Inc.) 

Drucker-

Prager 

Nonassoci

ated 
q-ptan�-d 

Sqrt((p-pa)2+(Rq)2)-

R(d+patan�) 

ABQ/EXP 

Built-in 

Wang(Wang 

2007) 

Drucker-

Prager 

Nonassoci

ated 
q-ptan�-d 

Sqrt((p-pa)2+(Rq)2)-

R(d+patan�) 

ABQ/EXP 

VUMAT 

Coube and 

Riedel(Coube, 

Riedel 2000) 

DP & 

VonMises 
Associated Min(q, q-ptan�-d) Min(q, q-ptan�-d) 

ABQ/EXP 

VUMAT 

Jardaneh(Jarda

neh 1994) 
Modified DP Associated 

q-3�p+�exp 

(3�Dp)-� 

q-3�p+�exp(3�Dp)-

� 

DYNA-3D 

USERMAT 

 

2.3 Numerical algorithms for solving constitutive equations 

As discussed briefly in chapter 1, the elastic-plastic flow problem at the integration point 

level can be formed in terms of a system of differential/algebraic equations that have to 
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be integrated numerically. Based on the ‘return mapping algorithm with the closest 

projection point’ (Hofstetter, Simo & Taylor 1993, Luccioni, Pestana & Taylor 2001, Simo, 

Taylor 1986, Simo, Kennedy & Govidjee 1988, Zhang 1995, Chtourou 1996, Rosati, 

Valoroso 2004), the stress increment, dσij, caused by an elastic-plastic strain increment, 

dεkl, is obtained by a trial elastic prediction, Ce
ijkl dεkl , and a plastic return to the 

hardened yield surface, Ce
ijkl dεp

kl. The direction of the plastic strain increment is obtained 

by the flow rule (Equation �1-7).  Using Equation �1-6 and Equation �1-7 the stress-strain 

relationship obtains the form 

 

( )e
ij ijkl kl

kl

G
d C d dσ ε λ

σ
∂= −

∂
 Equation �2-7 

 

In solving the consistency equation (as discussed in chapter 1) either a forward Euler 

(explicit) or a backward Euler (implicit) method can be used. If the stress at the 

beginning of the increment is given by σij n, and at the end of the increment by σ ij n+1, 

then according to the flow rule (∂G/∂σkl)n is used by the forward Euler method (Groves, 

Allen & Haisler 1985, Halilovic, Vrh & tok 2009) and (∂G/∂σkl)n+1 is used by the backward 

Euler method(Lush, Weber & Anand 1989, Li, Thomas & Fan 1999). Since the stress 

state at the beginning of the increment is known, the stress can be expressed more 

explicitly using the forward Euler method and therefore it is sometimes referred to as an 

explicit method (Gear 1971). The backward Euler method is referred to as an implicit 

method.  

Sandler and Rubin (Sandler, Rubin 1979) and Chen and Mizuno (Chen, Mizuno 1990) 

used the forward Euler method for integrating the constitutive equations of soils. For 

relatively large strain increments, they suggested splitting the given strain increment into 
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several equal increments and sequentially going through the numerical algorithm several 

times. In an attempt to improve the accuracy of the calculations, Chen and Mizuno 

(Chen, Mizuno 1990) suggested splitting the strain increment into elastic and elastic-

plastic parts using a scaling factor. This method is also implemented in the formulations 

in this work and is discussed in chapter 4. 

Aravas (Aravas 1987), Hofstetter et al. (Hofstetter, Simo & Taylor 1993) and Jardaneh 

(Jardaneh 1994) used the backward Euler method for integration of constitutive 

equations for soils and solved one non-linear scalar equation for each of the different 

modes of the cap model, instead of performing iterations for a system of equations.  

 

2.4 Stability and accuracy in numerical algorithms for solving 

constitutive equations 

The accuracy and stability of methods to integrate elastic-plastic constitutive equations 

has been the subject of several papers. Krieg and Krieg (Kreig, Krieg 1977) were the 

first to study the accuracy of several integration algorithms for the special case of the 

von Mises yield condition with the associated perfect plasticity. Schreyer et al. (Schreyer, 

Kulak & Kramer 1979) presented similar study, including hardening. The stability 

properties of several schemes were discussed by Nagtegaal and De Jong (Nagtegaal, 

De Jong 1981), who showed that techniques which use the explicit method for the 

integration of the elastic-plastic equations are conditionally stable and that the implicit 

methods are preferred. Ortiz and Popov (Ortiz, Popov 1985) presented a systematic 

study of the accuracy and stability of integration methods. They showed that for strain 

increments which are several times the size of the yield surface in strain space, the 

backward Euler method leads to better accuracy, whereas for strain increments smaller 
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than the yield strain, the forward Euler method provides optimal accuracy. They also 

found that the stability properties of each algorithm depend on the curvature of the yield 

surface. 

When the backward Euler method is used, the strain increments can be larger in size 

than the strain increments used in the forward Euler method. They preserve the 

quadratic rate of convergence in a Newton solution procedure, by deriving the tangent 

operators consistent with the integration algorithm.  

Gear (Gear 1971) showed results indicating that fully explicit algorithms (forward Euler 

method) are, in general, unstable and do not converge, suggesting that such algorithms 

should not be used to integrate this type of system. Gear also argued that the 

incremental technique, as opposed to the iterative technique, in integration of the global 

equations tends to drift from equilibrium as the solution proceeds, leading to doubtful 

solutions. However, Abbo and Sloan (Abbo, Sloan 1996) showed that, in the context of 

numerical implementation into a computer code, one has to think in terms of finite 

precision. Indeed, it is not required to guarantee yield conditions exactly (i.e. F=0) but 

only in an approximated way, �F��TOL where TOL may be the machine precision or an 

even less restrictive constraint. 

Abbo and Sloan (Abbo, Sloan 1996) presented an incremental algorithm based on an 

automatic load stepping scheme with error control to solve this problem. This technique 

is also implemented in this work for integration of the constitutive equations to minimize 

drift and control error. It is shown in chapter 5 that the forward Euler integration method 

results are very close to results from automatic time stepping with error control. This 

proves that the forward Euler method is accurate enough for the DPC material model in 

dynamic explicit FE codes and the results do not drift too far from equilibrium. 
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2.5 Dynamic explicit FEM in modeling metal powder compaction 

Implicit FE solution of the global equations of motion encounters convergence problems 

in simulation of metal powder compaction due to large deformations, large 

displacements, and contact analysis. Researchers (Coube, Riedel 2000, Jonsen 2006, 

Khoei 2005) used the dynamic explicit FE method to solve the equations of motion. 

Since the time increment sizes are very small in the dynamic explicit FEM, the forward 

Euler method is more appropriate for the integration of the constitutive equations in 

comparison with the backward Euler method. Drawbacks of the forward Euler method for 

local equations are its instability issues and its tendency to drift from equilibrium (Gear 

1971). As part of the contributions in this work, these problems are studied and 

addressed in chapter 5 using techniques proposed by Abbo and Sloan (Abbo, Sloan 

1996).  

 

2.6 Local density measurement 

Even with a simple geometry, such as a circular cylinder, conventional pressing of a part 

to an overall relative density of 80% will result in a distribution of density within the part 

ranging from about 72 to 82%. Relative density is the ratio between current density and 

the density of solid material. The addition of simple features, such as a central hole and 

gear teeth, presents minor problems compared with the introduction of a step or second 

level in the part (ASM 1984). 

Several different methods exist to measure the local density in parts made of metal 

powders. Typical methods of measuring the density depend on Archimedes' principle, in 

which hydrostatic forces in liquids exert buoyant forces proportional to the part’s volume. 

This measurement is standardized in ASTM B 328 (ASTM 2003), MPIF test method 42 



 35 

 

(MPIF 2009), and the International Organization for Standardization test method ISO 

2738 (ISO 1999). However, this measurement is not capable of accurately capturing the 

density variation. There are two reasons this method is not feasible for finding local 

density. Firstly, the parts have to be cut into sections that are very small, and since the 

parts can be fragile it is very difficult. Secondly, the cutting machine removes some 

material and it is impossible to perform the measurement on the material removed from 

the part. 

The most appropriate nondestructive testing methods for powder metallurgy (PM) 

applications include metallography and image processing, electrical resistivity testing, 

gas permeability testing, and γ-ray density determination. The capabilities and limitations 

of each of the techniques are briefly summarized in Table �2-2. Metallography and image 

processing techniques were used in this work due to their high resolution, low cost, and 

the limitations of other possible techniques in measuring density distribution for fragile 

green parts. This method is not widely used in industry because it can be time 

consuming. 
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Table �2-2. Comparison of the applicability of various nondestructive evaluation methods 
of flaw detection in PM parts (ASM 1984). 

Method Measured/detected Advantages Disadvantages 

Metallography and 

image processing 

Density variations, 

cracks 

High resolution, low 

cost 

Time consuming 

Gamma-ray density 

determination 

Density variations High resolution and 

accuracy; relatively 

fast 

High initial cost; 

radiation hazard 

Electrical resistivity Subsurface cracks, 

variations of density 

Low cost, portable Sensitive to edge 

effects 

Pore pressure 

rupture/gas 

permeability 

Laminations, 

ejections, cracks, 

sintered density 

variations 

Low cost, simple, 

fast 

Gas-tight fixture 

required; cracks in 

green parts must 

intersect surface 

 



 37 

 

 

Chapter 3 Theory 

 

In chapter 3, first, physical behaviour of powder during compaction is discussed. Then 

the flow theory of plasticity and its three assumptions, i.e. yield surface, hardening rule 

and flow rule will be presented. To follow, material models for full-density metals, 

frictional/granular materials, porous materials and metal powders will be discussed. The 

dynamic explicit finite element method is the subject of the next section. To conclude, 

solution strategies for the constitutive equations for pressure-dependent material models 

will be examined. 

 

3.1 Metal powder behaviour in compaction 

The deformation response of metal powders to an applied stress is considerably more 

complicated than that of solid metals. This response under pure hydrostatic pressure 

may be categorized into two regiments: (a) an aggregate of loose particles during the 

early stages of consolidation and (b) a porous body at the latter stages of compaction. 

During the initial stages of compaction, the densification of aggregates of loose particles 

occurs by particle reorientation and sliding. As compaction continues, localized particle 

deformation occurs at the particle contact points, and then particle yielding occurs on a 

broader scale. At this stage of compaction, the powder compact begins to deform similar 

to a porous body. 

During the process of densification, the compaction pressure increases as the resistance 

of the metal powder compact increases. At low compaction pressures, particle sliding is 
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the operative mechanism and substantial increases in density per unit compaction 

pressure occur. In the latter stage of the compaction process, the particle rearrangement 

and packing associated with the sliding mechanism are inhibited and particle 

deformation begins to occur. Higher compaction pressures are required to continue 

densification, as a result of the need to locally exceed the flow stress of the powder 

particles. Thus, the rate of densification per unit compaction pressure is reduced. 

 

3.2 Flow theory of plasticity 

In the most fundamental sense, metal powders behave as elastic-plastic materials. Their 

deformations are primarily inelastic since unloading follows an entirely different path 

from that followed by loading. With this characteristic the flow (or incremental) theory of 

plasticity should be used. The flow theory is based on three fundamental assumptions: 

(1) the existence of an initial yield surface; (2) the evolution of subsequent yield surfaces 

(hardening rule); and (3) the formulation of an appropriate flow rule. 

The formulation based on the flow theory of plasticity generally provides a good match 

with data from laboratory tests. Plasticity models are generally defined by a few material 

parameters that can usually be determined from standardized tests. For metal powders, 

these models can represent such important characteristics as dilatancy and dependency 

of strength on stress and strain history and satisfy the basic requirements of continuum 

mechanics such as uniqueness, stability and continuity (Chen, Mizuno 1990). Discussion 

about the assumptions of the flow theory of plasticity follows. 
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3.2.1 Yield criteria 

It is necessary to define the onset of plasticity where elastic relations cease to be valid. 

This is defined mathematically by surfaces and curves as the yield criteria. These yield 

criteria define the stress and strain conditions under which plastic deformation will occur 

for a material. Stress paths within the yield surface result in purely recoverable 

deformations, while paths which intersect the yield surface produce both recoverable 

and permanent deformations (plastic strains).  

In general, the yield function (or criterion), F, for a perfectly plastic material can be 

described as 

 

( ) 0ijF σ =  Equation �3-1 

 

For strain or work hardening materials the yield function can be described as 

 

( , ( )) 0, 1,2,...,p
ijF H nασ ε α= =  Equation �3-2 

 

where εp is the effective plastic strain. The effective plastic strain gives a measure of the 

hardening of the yield surfaces and is the volumetric plastic strain in the case of the DPC 

material model. Hα are material parameters that are functions of the effective plastic 

strain and determine the size and/or shape of the yield surface in strain or work 

hardening materials. The fundamental difference between the theory of perfect plasticity 

and the theory of hardening plasticity is that in the latter the yield surface is not fixed in 

stress space and a stress state σij is permitted to move outside the initial yield surface. 

The hardening rule is used to define the motion of the yield surface during plastic loading. 
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3.2.2 Loading/unloading for perfectly plastic materials 

As shown in Figure �3-1 the loading condition for elastic-plastic flow for a perfectly plastic 

material is given by 

 

( ) 0 0ij ij
ij

F
F and dF dσ σ

σ
∂= = =
∂

 
Equation �3-3 

 

On the other hand, elastic behaviour occurs if, after an increment of stress, the new 

state of stress is within the elastic domain that is 

 

( ( ) 0) ( ( ) 0 0)ij ij ij
ij

F
F or F and dF dσ σ σ

σ
∂< = = <
∂

 
Equation �3-4 

 

 

Figure �3-1. Yield surface for a perfectly plastic material. 

 

In Figure �3-1 two elastic and one elastic-plastic load increments are shown using arrows. 

The elastic-plastic loading path corresponds to Equation �3-3 and elastic loading paths 

correspond to Equation �3-4.  
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3.2.3 Loading/unloading for hardening materials 

As shown in Figure �3-2, the elastic-plastic behaviour occurs if the state of stress 

intersects the yield surface and attempts to move beyond the present boundary. In this 

case, the loading condition for the plastic deformation is defined by 

 

( , ( )) 0 0p
ij ij

ij

F
F H and dF dασ ε σ

σ
∂= = >
∂

 
Equation �3-5 

 

 
Figure �3-2. Yield surface for a hardening material. 

 

In a similar manner to that for the perfectly plastic material, the elastic behaviour occurs 

under the conditions such that 

 

( ( , ( )) 0) ( ( , ( )) 0 0)p p
ij ij ij

ij

F
F H or F H and dF dα ασ ε σ ε σ

σ
∂< = = ≤
∂

 
Equation �3-6 

 

In Figure �3-2 three elastic and one elastic-plastic load increments are shown using 

arrows. The elastic-plastic deformation corresponds to Equation �3-5. The Neutral 
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deformation which is basically an elastic deformation corresponds to the case F = 0 and 

dF = 0 in Equation �3-6.  

 

3.2.4 Hardening rule  

According to experiments, it is generally known that during the process of incremental 

plastic deformation, the yield surface changes size, shape and location. A law governing 

this aspect of the problem, i.e., one which defines the manner of constructing the 

subsequent yield surfaces, is referred to as the hardening rule. Mathematically, 

hardening is characterized by parameters that vary with the plastic load history. For 

metal powders the hardening parameter is dependent on the amount of plastic 

compaction.  

There are several hardening rules that have been proposed to describe the growth of 

subsequent yield surfaces for strain-hardening materials. In general, three types of 

hardening rules have been commonly utilized: isotropic hardening, kinematic hardening 

and mixed hardening. According to the isotropic hardening rule, the initial yield surface is 

assumed to expand (or contract) uniformly without distortion as plastic flow continues. In 

kinematic hardening the yield surface translates in stress space in the direction of plastic 

loading. Mixed hardening uses a combination of the two mentioned hardening types.  

 

3.2.5 Flow rule 

By separating any stress increment, dσij, into two components: the tangent and normal 

stress components to the yield surface, only the normal stress component produces the 

plastic strain. Mathematically, we may write 
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p
ij

ij

F
d dε λ

σ
∂=
∂

 
Equation �3-7 

 

where dλ is the proportionality value and F is the yield function. The form described 

above is based on the associated flow rule assumption (normality condition). In non-

associated flow rule, however, the plastic strain increment is normal to a function, 

referred to as the plastic potential function, G, and Equation �3-7 can be rewritten as 

 

p
ij

ij

G
d dε λ

σ
∂=
∂

 
Equation �3-8 

 

The potential function, G, is a function of stress and state variables, defined in order to 

specify the direction of plastic strain upon yielding, and is obtained by experimental tests.  

Based on the flow theory of plasticity, models were introduced to predict material 

behaviour. The following discusses some material models.  

 

3.3 Material models 

Metal powders present a combination of frictional material behaviour and porous 

material behaviour. In the following text, first, material models for full-density metals, i.e. 

Tresca and von Mises, are discussed. Then material models for frictional/granular 

materials, i.e. Coulomb model and Drucker-Prager model, and material models for 

porous materials, i.e. Gurson (Gurson 1977) and Shima and Oyane (Shima, Oyane 

1976) models, are presented. Finally, materials that involve both frictional and porous 

behaviour such as metal powders are examined. 
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All of the material models to be discussed below fall within the flow theory of plasticity for 

materials which exhibit temperature- and time-independent properties.  

 

3.3.1 Models for full-density materials 

3.3.1.1 Tresca and von Mises models 

The first invariant of the total stress tensor, σij, is denoted by 

 

1 3iiI pσ= = −  Equation �3-9 

 

where I1 is the first invariant of stress and p is the hydrostatic pressure. Since the 

hydrostatic pressure has little or no effect on plastic deformation and yielding of full-

density metals, the invariants of the deviatoric stress tensor, sij, not the total stresses, σij, 

are critical and play key roles. The deviatoric stress is defined as 

 

1
3ij ij kk ijs σ σ δ= −  Equation �3-10 

 

where δij is the Kronecker delta. J1, J2 and J3 are the invariants of the deviatoric stress 

tensor and are described as 

 

03213322111 =++=++== sssssssJ ii  

2

2

1
2 3ij ij

q
J s s= =  

Equation �3-11 
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3213 det
3
1

sssssssJ ijkijkij ===  

 

where s1, s2 and s3 are the principal stresses of the deviatoric stress tensor and q is the 

von Mises equivalent stress.  

Tresca or the maximum shear stress yield criterion is formulated as 

 

k=− )(
2
1

31 σσ  Equation �3-12 

 

where, σ1 and σ3 are the maximum and minimum principal stresses, respectively, and k 

is the yield stress of material determined from pure shear test.  

The three-dimensional view of the Tresca yield criterion in principal stress space is 

shown in Figure �3-3 where Equation �3-12 represents a cylindrical surface whose 

generator is parallel to the hydrostatic axis (σ1=σ2=σ3), and whose cross-sectional shape 

is a regular hexagon. 

Von Mises yield function has the simple form 

 

02
2 =− kJ  Equation �3-13 

 

or using the components of a state of stress, we have 

 

0]666)()()[(
6
1 22

31
2
23

2
12

2
1133

2
3322

2
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Equation �3-14 
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Von Mises yield surface is an infinitely long cylinder whose axis is on the hydrostatic 

pressure line in the principal stress space (Figure �3-3).  

The von Mises criterion considers the effect of intermediate principal stress on the yield 

strength, while Tresca criterion neglects this principal stress and considers only the 

maximum shear stress.  
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Figure �3-3. The Tresca (left) and von Mises (right) yield surfaces in principal stress 

space. 

 

Because of numerical complications required for the corner treatment along the edges of 

Tresca hexagon, the von Mises criterion is mathematically more convenient in practical 

terms. Since both criteria are developed primarily for full-density metals whose yield 

strength is insensitive to the hydrostatic pressure, they are not generally suitable for 

application in metal powder compaction. 
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3.3.2 Models for frictional/granular materials 

3.3.2.1 The Coulomb model 

The Coulomb model is the first type of failure criterion that takes into consideration the 

effect of the hydrostatic pressure on the strength of granular materials. The main 

principle in granular or frictional materials is that the shear strength of the material 

increases by increase in hydrostatic pressure. Thus the hexagonal cross-section in 

Tresca yield criterion, which is for full-density materials, expands as the hydrostatic 

pressure increases. Coulomb model is shown in Figure �3-4 in the principal stress space 

where σ1, σ2 and σ3 are the compressive principal stresses. This criterion states that 

failure occurs when the maximum shear stress τ and the normal stress σ=(σ1+σ3)/2 

acting on any element in the material satisfy the linear equation  

 

tan 0cτ σ φ− − =  Equation �3-15 

 

where c and φ denote the cohesion and the friction angle for Coulomb model, 

respectively. Cohesion for Coulomb model, c, is the maximum shear stress that the 

material can hold when the normal stress is zero. The friction angle for Coulomb model, 

φ, is the ratio between the change in shear strength of the material and the change in the 

normal stress. The numerical values for c, cohesion, and φ, friction angle, in Coulomb 

model are different from those for d, cohesion, and β, friction angle, in the Drucker-

Prager material model explained in chapter 1. In the special case of frictionless materials 

for which φ = 0, Equation �3-15 reduces to the maximum shear stress criterion of Tresca, 
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τ = c. For this reason, the Coulomb’s model is sometimes referred to as the extended 

Tresca model.  

Although the Coulomb criterion as mentioned above is generally simple in form, it 

exhibits corners or singularities that give rise to some difficulties in numerical analysis. In 

addition to this limitation, the Coulomb criterion neglects the influence of intermediate 

principal stress, σ2, on shear strength. 

 

3.3.2.2 The Drucker-Prager model 

As stated earlier, there are some difficulties in treatment of the plastic flow at corners of 

the Coulomb model. Therefore, for practical purposes in elastic-plastic finite element 

analyses, a smooth surface is often used to approximate yield surfaces with singularities. 

The Drucker-Prager model (Drucker, Prager 1952) can be considered as the first 

attempt to approximate the well-known Coulomb criterion by a simple smooth function. 

This criterion is expressed as a simple function of the first invariant of stress tensor, I1, or 

p and the second invariant of the deviatoric stress tensor, J2, or q together with two 

material constants β and d. It has the simple form 

 

2 tanF q p dβ= − −  Equation �3-16 

 

where F2 is the yield function for the Drucker-Prager surface, β is the internal friction 

angle for the Drucker-Prager yield surface, and d is the cohesion for the Drucker-Prager 

yield surface. The yield or failure surface of Equation �3-16 in the principal stress space 

depicts a circular cone with symmetry about the hydrostatic axis. The Drucker-Prager 
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model is shown in Figure �3-4 in the principal stress space where σ1, σ2 and σ3 are the 

compressive principal stresses. 
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Figure �3-4. The Coulomb (left) and Drucker-Prager models (right). 

 

The Drucker-Prager surface can be looked upon as an extension of the von Mises 

surface for pressure-dependent materials. From Figure �3-4, as the hydrostatic pressure 

increases the von Mises equivalent stress increases, changing the cylinder in the von 

Mises model to the shape of a cone. Thus, this criterion is also known as the extended 

von Mises criterion. If β is zero, Equation �3-16 reduces to the von Mises yield condition.  

 

3.3.3 Models for porous materials 

Zero unrecoverable volume changes are assumed for pore-free metals. In the 

deformation of porous metals, however, the volume does not remain constant and in 

yield criteria and stress-strain relations the effect of hydrostatic stress is considered. A 

yield surface is parameterized by the void ratio or relative density. A yield function for 
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porous materials has been considered by many researchers (Shima, Oyane 1976, Kuhn, 

Downey 1971, Green 1972, Doraivelu et al. 1984) as  

 

2 2 2 2 2 2
0 0DAq Bp Y Aq Bp Yδ+ − = + − =  Equation �3-17 

 

where Y0 and YD are the yield stress of the solid material and yield stress of aggregate 

or partially dense material with relative density D, respectively. The parameters A, B and 

 are functions of the relative density. Typical yield surfaces for a porous material with a 

relative density D, expressed by Equation �3-17, have the form of an ellipsoid whose 

major axis coincides with p axis, and is shown in Figure �3-5. Equation �3-17 represents a 

prolate spheroid in principal stress space which is a smooth, convex, bounded surface of 

a very simple form. In this model, if A=1, B=0 and =1 the yield criterion of von Mises is 

left.  

 

 

Figure �3-5. A typical yield surface for porous material. 

 

Metal powders behave similar to porous materials under isostatic pressing and the same 

yield function can be used for both. As the metal powder hardens, the elliptical yield 

surface will move to higher levels of deviatoric and hydrostatic stress combinations (as 
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shown by the arrow in Figure �3-5). This hardening or increase in flow stress of the bulk 

material is due both to the densification of the porous body and work hardening of the 

individual particles.  

Two examples of models for porous materials are Shima’s model (Shima, Oyane 1976) 

and Gurson’s model (Gurson 1977). Shima and Oyane (Shima, Oyane 1976) proposed 

constitutive equations to describe the compaction of metallic and ceramic powders. The 

equations are of the form 

 

2 2 2( ) ( )n
s

s

p
F q

f
ρ σ= + −  Equation �3-18 

 

where Fs is the yield function proposed by Shima and Oyane (Shima, Oyane 1976), ρ is 

the current density, fs is given by  

 

1
(1 )s mf

a ρ
=

−
 Equation �3-19 

 

and σ , m, n and a are material parameters and are calibrated experimentally for each 

specific powder. Some of the calibration tests are the three point bending test, the 

Brazilian test (Diametral compression test) and the triaxial test. 

Gurson (Gurson 1977) developed approximate yield criteria and flow rules for porous 

materials to be applied to the process of ductile fracture. Gurson’s model (Gurson 1977) 

is given by 
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2
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2 cosh( ) 1

2G
oo

q p
F f f

YY
= + − −  Equation �3-20 

 

where FG is the yield function proposed by Gurson, Yo is the yield stress of the full-

density material, and f is the porosity.  

Two reasons make models for porous materials unsuitable for metal powder compaction. 

Most of the case studies reporting compaction using porous material models (Shima, 

Oyane 1976, Gurson 1977, Kuhn, Downey 1971, Green 1972, Doraivelu et al. 1984, 

Oyane, Shima & Kono 1973, Corapcioglu, Uz 1978) start at a relative density of about 

0.7; however, for the powder compaction process, the relative density of the loose 

powder is about 0.25 to 0.40. Secondly, the strength is the same in tension and in 

compression for porous materials, but this is not the case for metal powders.  

 

3.3.4 Material models for metal powders 

Three models for metal powders will be discussed. The first one, Fleck’s model, uses a 

micromechanical approach and the second and third models, Drucker-Prager cap and 

Cam-clay models, utilize a phenomenological approach. 

 

3.3.4.1 Fleck’s model 

Analytical micromechanical models divide the material response into three major stages: 

stage 0, which is dominated by particle rearrangement; stage 1, in which plastic 

deformation is confined to the contact regions between particles; and stage 2, in which 

the entire particle deforms plastically. Models to capture stage 1 have received the most 

attention in the literature. These models generally assume an initial dense random pack 
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of monosized spherical particles which are free to slide with respect to each other. Fleck 

et al. (Fleck, Kuhn & McMeeking 1992) used the contact forces between the particles to 

find the yield function for multi-axial stress states 
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3 1
1 1 1

( ) 2 ( ) 4 ( )Fp

q p p
F

p D p D p D
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Equation �3-21 

2 0
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0
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� �−= � �−� 	

 Equation �3-22 

 

where FFp is the yield function proposed by Fleck for porous materials, D is the current 

and D0 is the initial relative densities, respectively and Yo is the yield stress of the full-

density metal. p is the hydrostatic pressure, q is the equivalent von Mises stress and 

p0(D) is a material parameter. This constitutive model can be implemented into FE codes. 

The presence of a vertex at p=p0(D) (Figure �3-6) can, however, lead to numerical 

problems, since the direction of the strain increment vector is non-unique for pure 

hydrostatic stress states. In practice, this non-uniqueness can be bypassed by inserting 

a circular arc at the vertex to ensure a smooth continuous yield surface (Govindarajan, 

Aravas 1994). 

The yield function in Equation �3-21 assumes that the contacts have the same strength in 

compression and tension. Fleck et al. (Fleck, Kuhn & McMeeking 1992) subsequently 

modified this assumption in favor of metal powders. In many powder systems some 

interlocking of the particles occurs during compaction; however the tensile strength is 

much less than the compressive strength and can be taken as equal to zero. The 

resulting yield surface is given by 
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Equation �3-23 

 

where FF is Fleck’s yield function for materials with zero tensile strength and p0(D) can 

be found from Equation �3-22. This surface is plotted in Figure �3-6, where it can be 

compared with the surface of Equation �3-21. The tangent for both surfaces at the vertex 

where p=p0(D) is the same. 

 

Fleck's model
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Figure �3-6. Yield surfaces for porous materials (diamond, Equation �3-21) and metal 
powders (square, Equation �3-23). 

 

In Figure �3-6, by moving to the left from the vertex where p=p0(D), the surface for 

Equation �3-23 (square/metal powders) gradually curves away from the surface of 

Equation �3-21 (diamond/porous materials) towards the origin. If the contacts are unable 

to support a tensile stress the compact cannot carry any tensile loading. This type of 

behaviour is similar to that of Cam-clay and Drucker-Prager cap modes for metal 

powders to be described later in this chapter.  
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Fleck (Fleck 1995) demonstrated that the shape of the yield surface depends on the 

loading history and cannot be represented in terms of a single state variable such as the 

relative density. Also, apart from pure hydrostatic stress histories the response is 

anisotropic and can no longer be described in terms of stress invariants. According to 

Fleck’s model, a second-order tensor, which is related to the Green strain (Reddy 2004), 

is required to describe the state of the material. Fleck further demonstrated that for 

simple monotonically increasing loading histories there is a convex at the yield surface 

which is coincident with the instantaneous stress state. A series of yield surfaces 

predicted by this model for a rigid-plastic particle response are shown in Figure �3-7 for 

three different initial loading paths.  

 

 

Figure �3-7. Three yield surfaces for different stress histories (Fleck 1995). 
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3.3.4.2 The Drucker-Prager cap model 

Metal powders depending on their loading condition may experience consolidation or 

shear failure. The Drucker-Prager model cannot capture consolidation under hydrostatic 

loading and the porous material models cannot capture shear failure of the material. To 

improve these limitations cap models were introduced. They consist of a shear failure 

surface and a hardening cap. The DiMaggio-Sandler cap model is an example, which 

uses DiMaggio-Sandler shear yield surface (described in chapter 2) and an elliptic cap 

(Sandler, Rubin 1979). 

More commonly used for metal powders, the Drucker-Prager cap (DPC) model consists 

of the Drucker-Prager failure surface (Equation �3-16) and a cap proposed by Drucker 

(Drucker 1957) (Figure �3-8). In Figure �3-8 dεij
p is the tensor of plastic strain increment 

caused by yielding of the material at point (p0, q0).  

 

 

Figure �3-8. The Drucker-Prager cap material model. 

 

The strain-hardening cap is represented by 
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2 2
1 1 ( ) ( ) ( tan )a aF G p p Rq R p dβ= = − + − +  Equation �3-24 

 

where R is the ratio between the semi-minor axis and the semi-major axis of the cap, 

and pa is a hardening parameter controlling the movement of the cap and is a function of 

the plastic volumetric strain. 

 

( )p
a a vp p ε=  Equation �3-25 

 

The movement of the cap is controlled by the increase or decrease in the plastic 

volumetric strain, through the hardening parameters pa, R, d, and β.  

Some researchers used associated flow rule for the shear surface (Coube, Riedel 2000, 

Chen, Mizuno 1990), but experiments on metal powders show that the dilatancy 

(increase in volumetric plastic strain) predicted by associated flow rules are greater than 

the actual measured dilatancies (Khoei 2005). Thus, for metal powders, a proper non-

associated flow rule for the failure surface gives more realistic results. In the DPC model 

used in this work, the potential function has an elliptical shape and is parallel to the p-

axis at the intersection with the cap as shown in Figure �3-8 leading to less dilation 

prediction close to that point (Wang 2007, ABAQUS Inc.).  

 

2 2
2 (( ) tan ) ( tan )a aG p p q p dβ ε β= − + − +  Equation �3-26 

 

where G2 is the potential function for the Drucker-Prager yield function and � is a scaling 

parameter. When � =1 the potential function passes through the ends of the shear failure 
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surfaces (Figure �3-8). The parameter � scales the elliptical potential function down so 

that it passes through the yield point, (p0, q0) (Figure �3-8). 

 

2 2
0 0

2 2

(( ) tan )
( tan ) ( tan )

a

a a

q p p

p d p d

βε
β β

−
= +

+ +
 Equation �3-27 

 

Considering a sample, initially isotropically consolidated up to some level A (Figure �3-9), 

if the sample is now subjected to the stress path AB, subsequent yielding occurs on the 

failure surface at B. The non-associated flow rule for the Drucker-Prager surface 

requires a plastic volumetric expansion that results in change in the hardening 

parameters pa, R, d and β. Since the strain-hardening is reversible in this model, a 

contraction of the cap towards the origin is allowed. This contraction continues until the 

corner of the cap coincides with the stress point B. When this occurs the potential 

surface is chosen to coincide with the yield surface of the cap (Figure �3-8). The 

incremental plastic strain vector now becomes vertical and plastic volumetric expansion 

ceases. Such a mechanism leads to an effective control of dilatancy, which can be kept 

small as required for many metal powders. 
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Figure �3-9. Illustration of dilation in the Drucker-Prager cap model. 

 

3.3.4.3 The Cam-clay model 

The Cam-clay model was originally formulated by Roscoe and Poorooshasb (Roscoe, 

Poorooshasb 1963) for clays and then developed to a three-dimensional stress state by 

Roscoe and Burland (Roscoe, Burland 1968). The model introduces a distinction 

between yielding and ultimate collapse of the material by employing the concept of a 

critical state line in conjunction with a strain dependent yield surface. The material is in a 

critical state if during deformation there is no change in the void ratio. 

The Cam-clay model is an isotropic model. The cap in the Cam-clay model and the 

critical state line in p-q plane are shown in Figure �3-10. The normality principle, 

assuming associated flow rule, applies to the elliptical surface, thus defining the direction 

of plastic straining. Since at the intersection of the critical-state line and the ellipse the 

normal to the cap surface is vertical, there is at this point no component of plastic 

volumetric strain. Consequently, any intersection to the right of this point causes plastic 
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volumetric decrease (consolidation) hence strain hardening, whereas any intersection to 

the left results in zero volumetric change. 

 

 

Figure �3-10. The Cam-clay material model. 

 

The cap yield surface is expressed in terms of I1 and J2 in the literature (Ariffin, Gethin & 

Lewis 1998) and has the form  

 

2
3 2 1 13 ( 2 ) 0cF J M I I σ= + + =  Equation �3-28 

 

where σc is the critical stress and is equal to the semi-major axis of the ellipse in I1-q 

plane, and M is the tangent of the friction angle for the Cam-clay model in I1-q plane. 

Having q = (3 J2)1/2 and I1 = σii = -3 p, the yield surface on p-q plane has an elliptic 

shape and is expressed by 
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2 2
3 3 (3 2 )cF q M p p σ= + −  Equation �3-29 

 

The critical-state line, which controls the failure of material, intersects the elliptic yield 

surface at its maximum point and is defined by an extended von Mises type expression 

 

3crF q Mp= −  Equation �3-30 

 

where Fcr is the critical state line for the cam-Clay material model. As shown in Figure 

�3-10, if an element of material is initially isotropically compacted to the point B and then 

the load path BC is followed, the cap contracts towards the origin until the mid-point on 

the cap coincides with the stress point C. At this point, the potential function for the cap 

is chosen and the incremental volumetric plastic strain is zero, because the normal to 

the cap is vertical. The application of the Cam-clay model to powder compaction 

processes was proposed by Sun and Kim (Sun, Kim 1997).  

 

3.4 Nonlinear explicit dynamics finite element method 

This section examines the global equations in finite element analysis and is not related 

to the constitutive equations at element/integration point level. An algorithmic description 

of explicit dynamics procedures in finite element analysis code ABAQUS/Explicit will be 

presented. To follow, a comparison between implicit and explicit time integration will be 

discussed, and to conclude the advantages of the explicit method will be presented.  
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There are two distinguishing characteristics of the explicit and implicit methods from a 

user standpoint. First, explicit methods require a small time increment size that depends 

solely on the highest natural frequencies of the model and is independent of the type 

and duration of loading. Simulations generally take on the order of 10,000 to 1,000,000 

increments, but the computational cost per increment is relatively small. 

Secondly, implicit methods do not place an inherent limitation on the time increment 

size; increment size is generally determined from accuracy and convergence 

considerations. Implicit simulations typically take orders of magnitude fewer increments 

than explicit simulations. However, since a global set of equations must be solved in 

each increment, the cost per increment of an implicit method is far greater than that of 

an explicit method. 

 

3.4.1 Explicit time integration 

ABAQUS/Explicit uses a central difference rule to integrate the equations of motion 

explicitly through time, using the kinematic conditions at one increment to calculate the 

kinematic conditions at the next increment (ABAQUS Inc.). At the beginning of the 

increment the program solves for dynamic equilibrium. 

 

..

=M u P - I  
Equation �3-31 

 

which states that the nodal mass matrix, M, times the nodal accelerations, 
..

u , equals the 

total nodal forces (the difference between the external applied forces, P, and internal 

element forces, I). In this section, matrix variables are shown using bold face fonts.  
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The acceleration at the beginning of the current increment (time t) is calculated as  

 

..
1

( )
( )

( ) .( )
t

t

−= −u M P I  
Equation �3-32 

 

Since the explicit procedure always uses a diagonal, or lumped, mass matrix, solving for 

the accelerations is trivial; there are no simultaneous equations to solve. The 

acceleration of any node is determined completely by its mass and the net force acting 

on it, making the nodal calculations very inexpensive. 

The accelerations are integrated through time using the central difference rule, which 

calculates the change in velocity assuming that the acceleration is constant. This change 

in velocity is added to the velocity from the middle of the previous increment to 

determine the velocities at the middle of the current increment 

 

( ) ( )

( ) ( ) ( )
2 2

( )

2
t t t

t t
t t t

t t
+∆

∆ ∆+ −

∆ + ∆
= +

. . ..
u u u  

Equation �3-33 

 

The velocities are integrated through time and added to the displacements at the 

beginning of the increment to determine the displacements at the end of the increment 

 

( )
( ) ( ) ( )

2

t t t
t t t t

t
+∆ ∆

+∆ +

= + ∆
.

u u u  
Equation �3-34 

 

Thus, satisfying dynamic equilibrium at the beginning of the increment provides the 

accelerations. Knowing the accelerations, the velocities and displacements are 
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advanced “explicitly” through time. The term “explicit” refers to the fact that the state at 

the end of the increment is based solely on the displacements, velocities, and 

accelerations at the beginning of the increment. This method integrates constant 

accelerations exactly. For the method to produce accurate results, the time increments 

must be quite small so that the accelerations are nearly constant during an increment. 

Since the time increments must be small, analyses typically require many thousands of 

increments. Fortunately, each increment is inexpensive because there are no 

simultaneous equations to solve. Most of the computational expense lies in the element 

calculations to determine the internal forces of the elements acting on the nodes 

(constitutive equations). 

 

3.4.2 Comparison of implicit and explicit time integration procedures 

For both the implicit and the explicit time integration procedures, equilibrium is defined in 

terms of the external applied forces, P, and the internal forces, I. Both procedures solve 

for nodal displacements and use the same element calculations to determine the internal 

element forces. The biggest difference between the two procedures lies in the manner in 

which the nodal displacements are computed. In the implicit procedures a set of linear 

equations is solved by a direct solution method. The computational cost of solving this 

set of equations is high when compared to the relatively low cost of the nodal 

calculations with the explicit method. 

Static implicit FEM uses automatic increment size determination based on the Newton 

iterative solution method. Newton’s method seeks to satisfy equilibrium at the end of the 

increment at time t+∆t and to compute displacements at the same time. The time 

increment, ∆t, is relatively large compared to that used in the explicit method because 
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the implicit scheme is more stable. For a nonlinear problem each increment typically 

requires several iterations to obtain a solution within the prescribed tolerances.  

However, if the model contains highly discontinuous processes, such as contact and 

frictional sliding, quadratic convergence may be lost and a large number of iterations 

may be required. Cutbacks in the time increment size may become necessary to satisfy 

equilibrium. In extreme cases the resulting time increment size in the implicit analysis 

may be on the same order as a typical stable time increment for an explicit analysis, 

while still carrying the high solution cost of implicit iteration. In some cases, including 

metal powder compaction, convergence may not be possible using the implicit method. 

Advantages of the explicit time integration method is in contact conditions and other 

extremely discontinuous events, because contact is readily formulated in the explicit 

method and can be enforced on a node-by-node basis without iteration.  

The most striking feature of the explicit method is the absence of a global tangent 

stiffness matrix, which is required with implicit methods. Since the state of the model is 

advanced explicitly, iterations and tolerances are not required. 

 

3.4.3 Automatic time increment size determination and stability 

The stability limit dictates the maximum time increment used by the explicit solver, and is 

a critical factor in the performance. The following describes the stability limit and 

discusses how this value is determined. Issues about the model design parameters that 

affect the stability limit are also addressed. These model parameters include the model 

mass, material, and mesh. 

With the explicit method the state of the model is advanced through an increment of time, 

∆t, based on the state of the model at the start of the increment at time t. The amount of 
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time that the state can be advanced and still remain an accurate representation of the 

problem is typically quite short. If the time increment is larger than this maximum amount 

of time, the increment is said to have exceeded the stability limit. A possible effect of 

exceeding the stability limit is a numerical instability, which may lead to an unbounded 

solution. It generally is not possible to determine the stability limit exactly, so 

conservative estimates are used instead. The stability limit has a great effect on 

reliability and accuracy, so it must be determined consistently and conservatively. For 

computational efficiency the time increments should be chosen to be as close as 

possible to the stability limit without exceeding it. 

The stability limit is defined in terms of the highest frequency in the system (wmax). 

Without damping the stability limit is defined by the expression (Cook 2002)  

 

max

2
stablet

w
∆ =

 

Equation �3-35 

 

The actual highest frequency in the system is based on a complex set of interacting 

factors, and it is not computationally feasible to calculate its exact value. Alternately, a 

simple estimate is used that is efficient and conservative. Instead of looking at the global 

model, the highest frequency of each individual element in the model is estimated. It can 

be shown that the highest element frequency determined on an element-by-element 

basis is always higher than the highest frequency in the assembled finite element model. 

Based on the element-by-element estimate, the stability limit can be redefined using the 

element length, Le, and the wave speed of the material, cd.  
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e

stable
d

L
t

c
∆ =

 

Equation �3-36 

 

For most element types, the above equation is only an estimate of the actual element-

by-element stability limit because it is not clear how the element length should be 

determined. As an approximation the shortest element distance can be used, but the 

resulting estimate is not always conservative. Shorter element lengths lead to smaller 

stability limits. The wave speed is a property of the material. For a linear elastic material 

the wave speed is 

 

d

E
c

ρ
=

 

Equation �3-37 

 

where E is Young's modulus and ρ is the density. Stiffer materials lead to higher wave 

speeds, resulting in a smaller stability limit. Higher densities lead to lower wave speed, 

resulting in a larger stability limit. 

 

3.5 Computational plasticity 

In this section the numerical solution of elastic-plastic pressure-dependent constitutive 

relations are analysed (Aravas 1987). In inelastic rate-independent constitutive models, 

the plastic strain is defined in terms of stress and a set of state variables. Typically, the 

solution to these non-linear constitutive equations is performed incrementally and 

numerical integration of the stresses and state variables becomes necessary. The 

choice of the integration scheme is very important for the accuracy and stability of the 
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solution, especially for problems of finite strain, such as metal forming, where plastic 

strains are two to three orders of magnitude larger than elastic strains. 

A detailed analysis of the backward and forward Euler method for the integration of 

isotropic, pressure-dependent, rate-independent plasticity laws is presented in this 

section. The formulations are not restricted to any particular yield condition or flow rule. 

 

3.5.1 Elastic-plastic constitutive relations for pressure-dependent material 

models 

Isotropic yield functions require the functions F and G be unchanged with respect to any 

transformation of coordinates and calls for the use of invariants of stress. For isotropic 

hardening models �F/�σij and �G/�σij can be generally written respectively as 

 

31 2

1 2 3ij ij ij ij

JI JF F F F
I J Jσ σ σ σ

∂∂ ∂∂ ∂ ∂ ∂= + +
∂ ∂ ∂ ∂ ∂ ∂ ∂

 
Equation �3-38 

31 2

1 2 3ij ij ij ij

JI JG G G G
I J Jσ σ σ σ

∂∂ ∂∂ ∂ ∂ ∂= + +
∂ ∂ ∂ ∂ ∂ ∂ ∂

 
Equation �3-39 

 

Since 

 

1
ij

ij

I δ
σ
∂ =
∂

 

2
ij

ij

J
s

σ
∂

=
∂

 

Equation �3-40 
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3
2

2
3ij ik kj ij

ij

J
t s s J δ

σ
∂

= = −
∂

 

 

 

Equation �3-38 and Equation �3-39 can be represented as 

 

1 2 3
ij ij ij

ij

F F F F
s t

I J J
δ

σ
∂ ∂ ∂ ∂= + +

∂ ∂ ∂ ∂
 Equation �3-41 

1 2 3
ij ij ij

ij

G G G G
s t

I J J
δ

σ
∂ ∂ ∂ ∂= + +
∂ ∂ ∂ ∂

 Equation �3-42 

 

Here the yield and potential functions involving only the first and second invariants of the 

stress tensor are considered and can be given by  

 

( , , ) 0F p q H α =  Equation �3-43 

( , , ) 0G p q H α =  Equation �3-44 

 

where p is the hydrostatic stress from Equation �3-9, q is the von Mises equivalent stress 

from Equation �3-11 and Hα, α=1, 2, …,n, is a set of material parameters. Different 

conditions of F and its relation with elastic or elastic-plastic deformation modes were 

discussed earlier in this chapter in sections 3.2.2 and 3.2.3.  

The flow rule is given by Equation �3-8. Using Equation �3-42, Equation �3-9 and Equation 

�3-11, with some mathematical manipulation, the flow rule becomes 
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1
( )

3
p
ij ij ij

G G
d d n

p q
ε λ δ∂ ∂= − +

∂ ∂
 Equation �3-45 

 

where  

 

ijij s
q

n
2
3=  Equation �3-46 

 

With this notation, using Equation �3-10, Equation �3-9, and Equation �3-46, the stress 

tensor can be written as  

 

ijijij qnp
3
2+−= δσ  Equation �3-47 

 

3.5.2 Numerical solution of elastic-plastic constitutive equations using 

return mapping algorithm with the closest projection point 

Return mapping algorithm with the closest projection point is the algorithm used in 

computational plasticity (Simo, Taylor 1986, Zhang 1995, Simo, Govindjee 1991, Simo 

1992) to solve elastic-plastic constitutive equations. In the context of finite element 

analysis the integration of the constitutive equations is carried out at the integration point. 

The analysis is done incrementally and the solution is assumed to be known at the start 

of each increment, denoted here with subscript n. Given a total strain increment tensor, 

dεij, one needs to calculate the stresses and state variables at the end of the increment, 

denoted by subscript n+1. 



 71 

 

Elastic-plastic constitutive models are described in this section. We assume strain rate 

decomposition 

 

e p
ij ij ijd d dε ε ε= +  Equation �3-48 

 

where dεij, dεij
e and dεij

p  are differential changes in total, elastic and plastic strains, 

respectively. 

In solving the constitutive equations, the return mapping algorithm uses the concept of 

elastic deformation for the total strain increment and plastic return to the yield function. A 

simple graphical representation of this method in 1-D tensile test is shown in Figure �3-11.  

 

Figure �3-11. The return mapping algorithm in one-dimension. 

 

The stress increment, dσ, as a result of a total strain increment, dε, is calculated by an 

elastic predictor, Edε, and a plastic return, Edεp. 
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( )pd E d dσ ε ε= −  Equation �3-49 

 

For the 3-D case assuming linear isotropic elasticity, the fourth-order elastic constitutive 

matrix is  

 

2
( ) ( )

3
e e e e
ijkl ij kl ik jl il jkC K G Gδ δ δ δ δ δ= − − + +  Equation �3-50 

 

where Ge and Ke are the elastic shear and bulk moduli, respectively. The elasticity 

equations using Equation �3-48 give 

 

e e p
ij ij ijkl kld d C dσ σ ε= −  Equation �3-51 

 

where  

 

e e
ij ijkl kld C dσ ε=  Equation �3-52 

 

is the elastic predictor. The yield function at the end of the increment (consistency 

equation) is written as 

 

1 1 1( , , ) 0n n nF p q H α
+ + + =  Equation �3-53 

 

where pn+1 and qn+1 are the components of stress in Equation �3-47 and the flow rule is 
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1
3

p p p
ij v ij ijd d de nε ε δ= − +  Equation �3-54 

 

where nij can be found from Equation �3-46, and 

 

1( )p
v n

G
d d

p
ε λ +

∂=
∂

 Equation �3-55 

1( )p
n

G
de d

q
λ +

∂=
∂

 Equation �3-56 

 

These components of the plastic strain increments are used in the backward Euler 

integration method. In forward Euler integration method we have 

 

( )p
v n

G
d d

p
ε λ ∂=

∂
 Equation �3-57 

( )p
n

G
de d

q
λ ∂=

∂
 Equation �3-58 

 

3.5.3 Backward Euler integration 

Elimination of dλ from Equation �3-55 and Equation �3-56 gives 

 

1 1

0p p
v

n n

G G
d de

q p
ε

+ +

� � � �∂ ∂− =� � � �∂ ∂� 	 � 	
 Equation �3-59 

 

Equation �3-47 is written as 
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1 1 1

2
3ij n n ij n ijp q nσ δ+ + += − +  Equation �3-60 

 

and the evolution of the state variables in the general form is given by 

 

1 1( , , )p
ij ij n ndH h d Hα α βε σ + +=  Equation �3-61 

 

Figure �3-12 shows the geometric interpretation of the algorithm in stress space. The 

stress at the start of the increment, σIj n, incrementally progresses to σij
e assuming elastic 

deformation for the total strain increment and returns on the updated yield surface. Using 

Equation �3-54, Equation �3-55 and Equation �3-56, and noting that nii=0, we can rewrite 

Equation �3-51 as 

 

2e e p e p
ij ij v ij ijd d K d G de nσ σ ε δ= − −  Equation �3-62 
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Figure �3-12. Geometric interpretation of the backward Euler algorithm in stress space. 
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The above equation shows that, in deviatoric stress space, the ‘return’ to the yield 

surface is along nij which means that sij
e and sij are coaxial, and therefore nij can be 

simply determined from the elastic predictor σij
e as  

 

3
2

e
ij ijen s

q
=  Equation �3-63 

 

This is a consequence of the flow rule being independent of the third invariant of the 

stress tensor, so that nij and sij are coaxial, and linear isotropic elasticity, which means 

the inner product Ce
ijkl nkl is coaxial with nij. 

The above observation simplifies the calculations very much and reduces the number of 

unknowns. In general, for a 3-dimensional problem, it is required to solve for all 6 

independent stress components at n+1; however, Equation �3-60 shows that, with nij 

known, the two scalar quantities pn+1 and qn+1 completely define the stress tensor at the 

end of the increment. Similarly, Equation �3-55 and Equation �3-56 show that the tensor of 

plastic strain increment dεij
p is determined in terms of the two scalars dεv

p and dep. 

Projecting Equation �3-62 onto δij and nij, and using Equation �3-60, we find 

 

1
e e p

n vp p K d ε+ = −  Equation �3-64 

1 3e e p
nq q G de+ = −  Equation �3-65 

 

Summarizing, the problem of integrating the elastic-plastic equations reduces to the 

solution of the following set of non-linear equations 
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1 1( ) ( ) 0p p
v n n

G G
d de

q p
ε + +

∂ ∂− =
∂ ∂

 Equation �3-66 

1 1 1( , , ) 0n n nF p q H α
+ + + =  Equation �3-67 

1
e e p

n vp p K d ε+ = −  Equation �3-68 

1 3e e p
nq q G de+ = −  Equation �3-69 

1 1 1( , , , , )p p
v n n ndH h d de p q Hα α βε + + +=  Equation �3-70 

 

for dεv
p, dep, pn+1, qn+1 and dHα, α=1, 2, …, n. These equations should be solved using 

Newton’s method. Usually dεv
p and dep are chosen as the primary unknowns, treating 

Equation �3-66 and Equation �3-67 as the basic equations in which pn+1, qn+1 and dHα are 

defined by Equation �3-68, Equation �3-69 and Equation �3-70.  

 

3.5.4 Modified forward Euler method with error control 

In section 2.4 it was discussed that in forward Euler method the equations tend to drift 

from equilibrium. To address this problem a modified forward Euler method with error 

control and automatic time stepping was suggested. The error control scheme (Luccioni, 

Pestana & Taylor 2001, Gear 1971, Sloan 1987) requires that the constitutive laws be 

reintegrated with a second-order method. In the modified forward Euler method with 

error control, first, forward Euler method is used to find the new state of stress and state 

variable as follows 
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 Equation �3-71 
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1 3e e
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 Equation �3-72 

1 1p
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ij n

G
d dε λ

σ
� �∂= � �� �∂� 	

 
Equation �3-73 

 

Then the new stresses and state variable are again calculated by 

 

2 2 1
1 2

e e n n
n

G G
p p

p p K d λ +
+
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Equation �3-74 

2 2 1
1 3

2
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n

G G
q q

q q G d λ +
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Equation �3-75 

2 2 1

2
ij ijp n n
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G G
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σ σ

ε λ +
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Equation �3-76 
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where (∂G/∂σij)n+1 is obtained by using 1σij n+1 which is obtained using the forward Euler 

method by Equation �3-71 and Equation �3-72. The error in the two calculations is 

calculated by 

 

2 1 2 1
1 1 1 1

1 2 2
1 1

max( , )n n n n
n

n n

p p q q
E

p q
+ + + +

+
+ +

− −
=  Equation �3-77 

 

At the end of the strain increment the error is compared to the tolerance 

 

1nE TOL+ ≤  Equation �3-78 

 

If error is less than the tolerance the stresses and state variable values from Equation 

�3-74, Equation �3-75 and Equation �3-76 are returned to the program, but if error is larger 

than the tolerance, the increment is divided to two equal sub-increments. This procedure 

is continued until the solution reaches convergence. This algorithm is used in chapter 5 

to check the accuracy of forward Euler method in solution of the constitutive equations 

for a case study.  
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Chapter 4 Implementation, improvement and validation of the 

Cam-clay and Drucker-Prager cap material models 

 

In this chapter, first, the formulations and the algorithm used in this work for 

implementing the Cam-clay model into FE program ABAQUS/Explicit using the material 

user-subroutine VUMAT is presented. A case study is examined to show that this model 

is capable of predicting density distribution in geometrically simple parts. The next 

section explores the formulations and the algorithm used in this work for implementing 

the Drucker-Prager cap (DPC) model. Two techniques to improve numerical robustness 

and one technique to improve the computational efficiency of the DPC material model 

are proposed and implemented in sections 4.2.3 and 4.2.4. The effectiveness of the 

three proposed techniques is proven by four case studies in section 4.2.5. The chapter 

concludes in section 4.3 with a comparison between the Cam-clay and the DPC material 

models in terms of their accuracy in local density prediction for geometrically 

complicated parts. The effect of the number of yield surfaces in the DPC material model 

on its accuracy is also presented.  

VUMAT is the user-defined material subroutine in ABAQUS/Explicit for solving the 

constitutive equations. The goal of VUMAT is to calculate the stress components and the 

internal variable (volumetric plastic strain for the case of the Cam-clay and the DPC 

material models) at the end of a given strain increment using the stresses and the 

internal variable at the beginning of the increment. The procedure used in VUMAT is 

algorithmically consistent with the forward Euler integration scheme (Papadopoulos, 

Taylor 1995).  
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4.1 The Cam-clay model 

The Cam-clay model consists of a cap yield surface and a critical state line. The 

formulations for both are presented and a case study for a bush component is solved to 

examine this model in prediction of density distribution.  

 

4.1.1 The cap surface 

From Equation �3-29 the yield function for the cap in the Cam-clay model is 

 

2 2
3 3 (3 2 ) 0cF q M p p σ= + − =  Equation �4-1 

 

where M is the tangent of the friction angle for the Cam-clay material model in the I1-q 

plane and σc is the critical stress which is equal to the semi-major axis of the ellipse in 

the I1-q plane.  Since the cap has an associated flow rule, the potential function and the 

yield function are equal. 

 

3 3F G=  Equation �4-2 

 

According to Equation �3-39, ∂G/∂σij can be written in terms of the invariants of stress, I1, 

J2 and J3. Knowing that G3 is not a function of J3 and that p = -I1/3 and q = (3 J2)1/2, using 

Equation �3-40 one can write  
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ij
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δ
σ

∂ ∂ ∂
= − +

∂ ∂ ∂
 

Equation �4-3 

 

where δij is the Kroneker delta and sij is the deviatoric stress tensor. From the potential 

function of the cap in Equation �4-1, the derivatives of G3 with respect to p and q will be 

obtained as 

 

23 3 (6 2 )c

G
M p

p
σ∂ = −

∂
 

Equation �4-4 

3 2
G

q
q

∂ =
∂

 
Equation �4-5 

 

By replacing the volumetric plastic strain in Equation �3-64 from Equation �3-57 and the 

equivalent deviatoric plastic strain in Equation �3-65 from Equation �3-58, the forward 

Euler method gives 
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1
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Equation �4-6 
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1 3e e
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q q G d
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Equation �4-7 

 

The elastic material properties, Ke and Ge are not constant and increase with density. 

These parameters at the beginning of the time increment are denoted by ke
n and Ge

n and 
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are used in Equation �4-6 and Equation �4-7. From Equation �3-47, the stress state at the 

end of the strain increment is 

1 1 1

2
3ij n n ij n ijp q nσ δ+ + += − +  

Equation �4-8 

 

where nij=3/(2q)sij. Subscripts n and n+1 correspond to values at the beginning and end 

of the increment, respectively. The hardening rule expresses σc in terms of the plastic 

volumetric strain 

 

( )p
c c vσ σ ε=  Equation �4-9 

 

The volumetric plastic strain, εp
v, is assumed to be positive for compressive strains. The 

consistency equation dictates that after the elastic trial and plastic return the stress is on 

the yield surface 

 

3 1 1( , ( )) 0p
ij n c v nF σ σ ε+ + =  Equation �4-10 

 

where the hardening parameter at the end of the increment can be found by 

 

1
pc

c n c n vp
v n

d
σσ σ ε
ε+

� �∂= + � �∂� 	
 

Equation �4-11 
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According to the forward Euler method, the derivative of σc at point n is used. Replacing 

the stresses from Equation �4-6 and Equation �4-7 and the hardening parameter from 

Equation �4-11 into Equation �4-10 (the consistency equation) one gets 

 

2 23 3

3 3
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− + −� � � �∂ ∂� 	 � 	

� �∂ ∂ ∂� � � �
− − + =� �� � � �∂ ∂∂� 	 � 	� 	

 

Equation �4-12 

 

In the last term in Equation �4-12, dεp
v was replaced by dλ(∂G3/∂p)n using the hydrostatic 

part of the plastic strain in the flow rule shown previously in Equation �3-57. Terms 

(∂G3/∂q)n and (∂G3/∂p)n should be replaced by Equation �4-4 and Equation �4-5.  

The resulting equation will be quadratic with respect to dλ and can be solved analytically. 

The new stress components are calculated using Equation �4-6, Equation �4-7 and 

Equation �4-8, and the volumetric component of the plastic strain increment is calculated 

by  

 

3p
v

n

G
d d

p
ε λ � �∂= � �∂� 	

 Equation �4-13 

 

Knowing the volumetric plastic strain, the elastic material properties at the end of the 

time increment can be updated by 
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e
e e p
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ε+
∂= +
∂

 Equation �4-14 
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 Equation �4-15 

 

4.1.2 The critical state line 

The critical state mode is activated when Fcr(σe) >0, which gives 

 

3 0e eq Mp− >  Equation �4-16 

 

Scaling technique (Chen, Mizuno 1990) splits the strain increment to elastic and elastic-

plastic portions, if the initial state of the stress is in the elastic mode (F(σij n)<0) and the 

elastic predictor is in the plastic model (F(σe
ij)>0). This is shown in Figure �4-1.  
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Figure �4-1. The scaling technique in stress space. 

 

Based on the scaling technique, the intersection of the trial loading path and the critical 

state line can be found. The trial loading path is  
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 Equation �4-17 

 

By calculating the intersection point, we find pint as  
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Equation �4-18 

 

and  

 

int intq Mp=  Equation �4-19 

 

The stresses at the beginning of the elastic-plastic strain increment are now 

 

int
np p=  Equation �4-20 

int
nq q=  Equation �4-21 

 

As stated in chapter 3, when the stress state is on the critical state line, the cap 

contracts towards the origin until the mid-point on the cap coincides with the stress point 

and the potential function for the cap is chosen. Hence, the new state of stress is  

 

1
1 3

c n
n np p

σ +
+ = =  Equation �4-22 
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Using Equation �4-22 for pn+1 and σc n+1 and Equation �4-7 for qn+1, the consistency 

equation for the cap (Equation �4-1) gives 
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Equation �4-23 

 

Since in the p-q plane the normal to the cap at the intersection with the critical state line 

is vertical (Figure �3-10), (∂G3/∂p)n is equal to zero. This can also be seen from Equation 

�4-4 by replacing p with σc/3. Thus, the volumetric plastic strain remains unchanged 

because 

 

3
1

p p
v n v n
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G
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p
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p
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Equation �4-24 

 

The deviatoric plastic strain dep
ij = dεp

ij + dεp
v δij, where dεp

ij is the total strain increment 

tensor, is updated by  

 

3p
ij ij

n

G
de d n

q
λ � �∂= � �∂� 	

 Equation �4-25 

 

where nij can be found by Equation �3-63.  
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4.1.3 Case study 

4.1.3.1 Modeling 

A simple plain bush component was modeled. The geometries of the model before and 

after compaction are shown in Figure �4-2. A 2-D axisymmetric model with rigid tools and 

640 CAX3 elements were used. In ABAQUS/Explicit, CAX3 is a 2D four-node 

axisymmetric element with one integration point (ABAQUS Inc.). The filling height of the 

die is 20 mm and the final height at the end of compaction is 9.5 mm. The inside and 

outside diameters of the bush were 17 mm and 25 mm, respectively. The top punch 

moved and the bottom punch remained stationary. A height reduction of 52.5% was 

achieved during compaction. 
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Figure �4-2. Geometry of the part before and after compaction (dimensions in mm). 

 

The initial density of the powder was 3.150 g/cm3. Relative density is the ratio of the 

current density and the density of the solid material. The relative density of the powder at 

the beginning of compaction was 0.4. The modulus of elasticity increases as a function 

of relative density during compaction. The relationship between the modulus of elasticity 

and relative density obtained from experimental tests (Gethin, Lewis & Ariffin 1995) is 



 88 

 

3.93640E D=  Equation �4-26 

 

where D is the current relative density and E is expressed in MPa. The Poisson’s ratio 

was taken to be 0.35 (Gethin, Lewis & Ariffin 1995), and M, the tangent of the friction 

angle for the Cam-clay model, was 0.65. In this case study, the parameters ν and M 

were held constant. The hardening formula gives the relationship between the critical 

stress and the volumetric strain 

 

exp( / )p
c co vσ σ ε χ=  Equation �4-27 

 

where σco is the initial critical stress, and εv
p is the volumetric plastic strain. The initial 

critical stress, σco, was 2.5 MPa and the plastic hardening constant χ was 0.161 (Gethin, 

Lewis & Ariffin 1995). A penalty method was used by ABAQUS/Explicit for the contact 

between the tools and the powder. A coefficient of friction of 0.08 was used. A mesh 

sensitivity analysis was performed in order to ensure convergence of the stresses.  

 

4.1.3.2 Results 

Distribution of the relative density at the end of compaction for this simulation is shown in 

Figure �4-3. Relative density distributions obtained by this work and obtained by FE 

analysis by Ariffin et al. (Ariffin, Gethin & Lewis 1998), which was validated by 

experiment (Gethin, Lewis & Ariffin 1995), are shown in Figure �4-4. As stated earlier, the 

height of the part after compaction was 9.5 mm. Figure �4-4 shows the average relative 
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density with height, zero mm height representing the bottom surface of the part and 9.5 

mm representing the top surface of the part. It can be seen that they are in very good 

agreement, showing that the Cam-clay model is capable of predicting the density 

distribution achieved during the compaction of metal powders. 

The contour of density distribution was generated with the ABAQUS scripting interface 

using the Python programming language. Python reads the values of plastic volumetric 

strains at each integration point from a file generated by VUMAT, creates a new field 

output variable representing the relative density, and generates the contour on the 

deformed shape (ABAQUS Inc.). The density was calculated using volumetric strain with 

the formula 

 

0 e
p

vερ ρ=  Equation �4-28 

 

where " is the current density, "0 is the initial density, and εv
p is the volumetric plastic 

strain. 
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Figure �4-3. Distribution of relative density (the ratio of the current density to the density 
of solid material, no unit). 
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Figure �4-4. Relative density with height for current work and Ariffin et al. (Ariffin, Gethin 
& Lewis 1998). Zero mm is the bottom and 9.5 mm is the top of the part. 

 

It can be seen that the maximum error when predicting the average relative density with 

height is 2% and occurs at the top of the part. 
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4.2 The Drucker-Prager cap model 

4.2.1 The cap surface 

The stresses at the end of the strain increment are obtained from Equation �3-64 and 

Equation �3-65 and have the form  
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 Equation �4-29 
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 Equation �4-30 

 

The elastic material parameters Ke and Ge are not constant but increase with density. 

These parameters at the beginning of the time increment are denoted by Ke
n and Ge

n 

and are used in Equation �4-29 and Equation �4-30. The derivatives of the potential 

function, G1, (Equation �3-24) with respect to p and q are  

 

1
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 Equation �4-31 
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Thus, Equation �4-29 and Equation �4-30 will have the form  
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The proportionality value, d#, is calculated by satisfying the yield function for the cap in 

Equation �3-24 at the end of the strain increment (consistency equation for the cap) 

 

2 2
1 1 1 1 1 1 1 1 1( ) ( ) ( tan ) 0n a n n n n a n n nF p p R q R p dβ+ + + + + + + += − + − + =  Equation �4-35 

 

In Equation �4-35, qn+1, pn+1, pa n+1, dn+1, Rn+1 and tan�n+1 are all represented in terms of d#. 

Parameters d n+1, R n+1, tan� n+1 and Pa n+1 in Equation �4-35 are functions of d# using the 

Taylor series expansion 
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where d�p
v is the incremental volumetric plastic strain and is substituted from the 

hydrostatic part of the strain increment in the flow rule (Equation �3-57). Equation �4-35 is 

a sixth order polynomial with respect to dλ. Equation �4-35 can be solved for d# and then 

qn+1 and pn+1 can be calculated using Equation �4-33 and Equation �4-34, and the stresses 

at the end of the increment can be found from Equation �3-60. To solve Equation �4-35, a 

Newton-Raphson method can be used. The initial guess is determined by solving the 

consistency equation for the cap shown in Equation �4-35 for the specific case where, 

instead of dn+1, Rn+1 and tanβn+1 the values dn, Rn and tanβn are used. This makes it 

possible to solve Equation �4-35 analytically. Once the initial guess is calculated, the root 

is calculated iteratively until satisfying the convergence criterion using Newton-Raphson 

method. 
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F d
d d

F d
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λ λ

λ
++ = −
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Equation �4-40 

 

where (∂F1/∂dλ)m is the derivative of F1 with respect to dλ at the point dλm and can be 

found from the consistency equation in Equation �4-35 by taking the derivative of F1 with 

respect to dλ and replacing dλ with the value of dλm.  

 

4.2.2 Shear failure yield surface 

For the shear failure surface, new stresses are calculated using the potential function in 

Equation �3-26 and Equation �3-27. Finding the derivatives of the potential function with 

respect to p and q in a similar manner done for the cap surface and substituting them in 
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Equation �3-64 and Equation �3-65 (strains should be replaced from Equation �3-57 and 

Equation �3-58) gives 
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Equation �4-42 

 

The consistency condition for the shear failure yield surface from Equation �3-16 is 

 

2 1 1 1 1tan 0n n n nF q p dβ+ + + += − − =  
Equation �4-43 

 

where, similar to calculations for the cap, Equation �4-39 and Equation �4-37 are used for 

βn+1 and dn+1, respectively. The consistency equation is a quadratic equation with respect 

to dλ and can be solved analytically. Then, the new stresses and the state variable are 

updated using Equation �4-41, Equation �4-42 and Equation �3-54. The material 

parameters are then updated using Equation �4-36, Equation �4-37, Equation �4-38 and 

Equation �4-39. 

 

4.2.3 Stability of the forward Euler method in integration of constitutive 

equations 

As discussed in chapter 3, the stable time increment size in the dynamic explicit FEM is 

determined based on a certain criterion which is independent of the elastic-plastic 

behaviour of the material. The same increment size is used by FE programs in the 
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stress-strain calculations (constitutive equations) in their material user-subroutines. The 

following discusses two reasons why the stability criterion by the dynamic explicit FEM 

may not be sufficient for material user-subroutines. 

Firstly, in multi-surface plasticity models, such as the DPC model, the stiffness of an 

element may change drastically when the material changes mode from one yield surface 

to the other. This can cause problems of high nonlinearity. Secondly, during compaction, 

the modulus of elasticity increases drastically. E can increase by ten times depending on 

the compaction ratio. This increase, based on Equation �3-36 and Equation �3-37, leads to 

a decrease in strain increment limit.  

Thus, the stability limit for dynamic explicit FE programs does not guarantee local 

stability in integration point level. Integration of the global equations of motion (discussed 

in the dynamic explicit FEM section in chapter 3) and integration of the constitutive 

equations happen at two different levels. However, researchers for example (Wang 

2007) assume that stability limit determined by the global equations of motion can be 

considered restrictive enough for integration of constitutive equations. This will be shown 

not to be true in this chapter by case studies. 

 

4.2.3.1 Improvement in stability of the DPC model by proposing and 

implementing a sub-increment technique 

In material user subroutines, the strain increment sizes should be small enough so that 

stress calculation and integration are accurate and stable. Only for simple geometries 

and loading paths (Wang 2007), is the time increment size limit determined by an explicit 

FE package reliable. In this work it is shown that, for complicated geometries, instability 
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problems may arise if no additional criterion is considered to determine the size limit of 

the time increments.    

When simulating compaction for multi-level parts, many integration points experience 

complicated loading paths causing the material model to become unstable due to large 

time increments or high curvature of a yield surface. In these conditions the consistency 

equations do not provide valid solutions.  

One way to tackle this problem is to scale down the time increments for the entire model. 

This leads to high computational costs and there is no systematic method to determine a 

sufficiently small scale factor. To address this problem, an increment splitting algorithm 

was used in the determination of time increment sizes. When a time increment for a 

specific integration point was so large that it led to unacceptable solution of Equation 

�4-35, the time increment was split into two equal increments until an acceptable solution 

was obtained. A schematic representation of how large increment sizes can lead to 

instability in plasticity formulations and how sub-increments solve this problem is shown 

in Figure �4-5. 
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Figure �4-5.  Stability problem caused by large increment sizes (the first and second 
figures) and solution of the instability problem using sub-increments (the third figure). 

 

If the returned stress state is unacceptable, the increment for that integration point is 

split into two increments. Stresses and state variables are calculated and integrated over 

all the sub-increments and the final stresses and state variable are returned to ABAQUS. 

If the returned stresses from one of the sub-increments are not acceptable, the 

increment is further split. Bisection of the increment size is repeated until all the sub-

increments yield acceptable solutions.  

The advantage of this method is that it only splits the time increments for those elements 

that have instability problems, thereby increasing the total computational cost by only a 

few percent. While this technique is implemented to the DPC model here, it is not limited 
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to the DPC model but can be used for other material models such as the Cam-clay and 

DiMaggio-Sandler. 

 

4.2.3.2 Improvement in stability of the DPC model by implementing corner region 

As stated in chapter 3, a corner region was used in material models for soils; however, 

the algorithms for the DPC material models developed by researchers for metal powders 

do not have a corner region. A corner region was added to the DPC model to overcome 

instability issues in transition of the stresses from the shear failure surface to the cap 

surface. As shown in Figure �4-6, if the corner region does not exist, trial stresses can be 

returned incorrectly causing instability in the algorithm. By adding a corner region, the 

stresses are returned to the corner making the code more stable (Figure �4-7). 

The corner region is the area between the p=pa line in p-q plane and the line that passes 

from the intersection point of the cap and the Drucker-Prager line and is perpendicular to 

the Drucker-Prager line (Figure �4-7). The corner region in this work is based on the work 

of Sandler and Rubin (Sandler, Rubin 1979), Hofstetter et al. (Hofstetter, Simo & Taylor 

1993), and Jardaneh (Jardaneh 1994), which assume perfect plasticity.  
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Figure �4-6.  Instability issue in models without the corner region. 
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Figure �4-7. Solving the instability issue by adding a corner region. 
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4.2.4 Improvement in computational efficiency of the DPC model 

As stated in chapter 1, one of the main challenges in the powder compaction industry is 

the optimization of punch motions during compaction using finite element analysis. The 

number of design variables in the optimization process depends on the number of 

punches and the number of assumed time divisions during the compaction process. For 

example, for a part with three levels on each side, there will be a total of six punches and 

a core rod. If the duration of the compaction process is divided into three time spans, 

then two control points will define the location of each punch/core rod during compaction. 

In this case there will be seven tools and two control points, and thus 14 design 

variables. For typical optimization algorithms such as algorithms based on gradient 

methods (Arora 2004), the number of function evaluations for each sensitivity analysis is 

n+1, where n is the number of design variables. Therefore it is necessary to complete 15 

function evaluations for each sensitivity analysis for the part which is very 

computationally expensive. In this situation, it is crucial to decrease the computational 

cost of each function evaluation while maintaining acceptable accuracy. This is referred 

to as improving computational efficiency of the simulation. As discussed in chapter 3, the 

calculations for the material model account for a considerable amount of the 

computational cost in dynamic explicit FEM and any improvement in the computational 

efficiency of the material model can lead to savings in optimization time.  

In the DPC model, exact calculation of the proportionality value within the forward Euler 

integration framework requires the use of an iterative method such as Newton-Raphson 

in solution of Equation �4-35. This is because the values of d, R and tan� at the end of 

the increment (dn+1, R n+1 and tan� n+1) are used in Equation �4-35. As discussed earlier in 

this chapter, the values of these parameters at the end of the increment are unknown 

and can only be expressed as functions of dλ. Therefore the use of dn+1, R n+1 and 



 101 

 

tan�n+1 makes Equation �4-35 a sixth order polynomial which has to be solved by iterative 

methods.  

By studying the evolution of the parameters d, R and tanβ, during compaction for metal 

powders, it was seen that their values are not greatly affected by density. In this work it 

is proposed that the values of d, R and tan� at the beginning of the increment, i.e. dn, Rn 

and tan�n, can be used in Equation �4-35. This changes Equation �4-35 to a quadratic 

equation that can be solved analytically decreasing the computational cost of the 

material model while maintaining the accuracy. This increases the computational 

efficiency of both the material model and the simulation as a whole. 

 

4.2.5 Case studies 

Compaction of a two-level part was modeled using ABAQUS/Explicit and the user-

subroutine, VUMAT. The geometry and material properties were taken from related work 

(Coube, Riedel 2000), and are shown in Figure �4-8 and Table �4-1. 
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Figure �4-8.  Geometry of the part before and after compaction (dimensions in mm). 

 

The modulus of elasticity was assumed to be isotropic and vary exponentially from 20 

GPa at a density of 4.8 g/cm3 to 200 GPa at a density of 7.2 g/cm3. The Poisson’s ratio 

was assumed to be 0.28 (Coube, Riedel 2000).  

 

Table �4-1. Evolution of the material properties with volumetric plastic strain/density. 

Parameter 
relationship Constants 

1 2exp( )p
vd d d ε=  d1=0.01036, 

d2=9.50266 

1 2tan p
vb bβ ε= −  b1=3.40867, 

b2=0.85953 

2
1[1 exp( )]p c

v aW c pε = − −  
W=1, c1=0.17882 

c2=0.45462 

1 2
21 ( / )K

c

R R
R R

ρ ρ
−= +

+
 

R1=0.4, R2=0.8712 

K=33.54036, 
"c=5.82g/cm3 
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The coefficient of friction and the initial density were 0.1 and 4.8 g/cm3, respectively 

(Coube, Riedel 2000).  Punches were moved with a constant velocity, and the motions 

of the tools are shown in Table �4-2. 

 

Table �4-2. Punch motions in y direction (mm) in Figure �4-8. 

Time(s) Punch1(mm) Punch2 (mm) Punch3 (mm) Die/core rod (mm) 

0 0 0 0 0 

0.95 -24.18 0 -15 -13 

1.1 -28 0 -15 -13 

 

A total of four case studies were performed (Table �4-3) to test the three proposed 

techniques (sub-increment technique, corner region and improving computational 

efficiency). In case study I, none of the three techniques were implemented. In case 

study II, only the first stability technique was used (sub-increment technique). In case 

study III, both stability techniques (sub-increment technique and corner region) were 

implemented.  

The material parameters d, tan � and R are functions of �v
p (Table �4-1). In case studies I, 

II and III, the updated values of these parameters, dn+1, Rn+1 and tan�n+1 from Table �4-1 

were substituted in Equation �4-35, leading to an equation that has to be solved by 

iterative methods. The Newton-Raphson method was used to solve this equation with a 

convergence criterion of 10-5. A convergence of 10-1 to 10-5 was reported to be suitable 

in the literature (Sloan 1987). 

In case study IV, the values of parameters d, tan � and R at the beginning of the time 

increment (dn, Rn and tan �n) were used in Equation �4-35. This gave a quadratic 

equation with respect to the proportionality value, d#, and could be solved analytically. 
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The computational cost and accuracy of this technique were examined. A summary of 

the case studies and their features can be seen in Table �4-3. 

 

Table �4-3. Case studies and the techniques used for each of them. 
Case study Increment size limit Corner region Computational efficiency 

I No No No 
II Yes No No 
III Yes Yes No 
IV Yes Yes Yes 

 

4.2.5.1 Results 

The effectiveness of the three proposed methods is discussed below. 

 

4.2.5.1.1 Stability tests: sub-increment technique and corner region 

Case study I used neither of the two stability techniques. For case study I, the simulation 

crashed at element 305 (shown in Figure �4-9) at a time of 5.72E-8 sec with a pattern 

similar to Figure �4-5. This shows that without the use of the proposed sub-increment 

technique, the algorithm is not robust enough to handle specific loading paths that are 

large in comparison to the size of the cap. In these loading paths, the elastic predictor is 

returned on an extension of the cap in the shear failure region instead of being returned 

on the cap in the cap region. 

For case study II, in which only the sub-increment technique was used, the simulation 

crashed at element 365 (shown in Figure �4-9) at a time of 0.086 sec with a pattern 

similar to Figure �4-6. This shows that without the use of the corner region, the algorithm 

fails to yield sensible solutions for large increments close to the intersection of the two 

yield surfaces. This occurs when the program returns the elastic predictor on the 
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extension of the Drucker-Prager yield surface in the cap region instead of returning it on 

the shear failure region (Figure �4-6). 

 

 

Figure �4-9. Elements with instability. 

 

4.2.5.1.2 Computational Efficiency Test 

The contours of density distribution for case studies III and IV are shown in Figure �4-10 

and Figure �4-11. 

 

 

Figure �4-10. Density distribution in g/cm3 case study III (updated parameters). 
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Figure �4-11. Density distribution in g/cm3 case study IV (not updated parameters). 

 

Similar patterns can be seen in the contours of density distribution. Densities at different 

part zones (shown in Figure �4-8), for case III, case IV, and the experimental 

measurements by Coube and Riedel (Coube, Riedel 2000) are shown in Table �4-4. 

 

Table �4-4. Densities (in g/cm3) at part zones (Figure �4-8) for experiments and FE case 
studies III and IV. 

Case III Case IV zone Exp. 
Cost  % Err Cost  % Err 

1 6.97 -1.4 -1.4 
2 7.02 -2.8 -3.0 
3 7.04 -2.1 -2.4 
4 6.83 0.4 1.3 
5 6.78 

77 
mins 

0.1 

59 
mins 

1.8 
 

 

The computational cost for case IV decreased by 30% compared to case III. The 

average deviation from the experimentally measured densities was 1.8% for case III and 
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2.2% for case IV. This shows that the accuracy has not greatly decreased, but a 

significant reduction in computational cost has been achieved, thereby improving the 

efficiency of the model.  

 

4.3 Summary and conclusion 

It was shown that the Cam-clay model is capable of predicting the density distribution for 

parts with simple geometries. For complicated parts where the loading paths are more 

random, the DPC material model is more suitable. However, when implemented, two 

instability problems occur. Firstly, the time increment size limit criterion in dynamic 

explicit FE packages is not sufficient for the DPC model and an additional time 

increment size limit criterion should be considered. A technique to determine the time 

increment size was introduced to overcome the instability issues when solving the 

plasticity equations. 

Secondly, problems arise from transition of the stresses from one yield surface to the 

other over a non-smooth corner. The corner region had not been used in the Drucker-

Prager-Cap models for metal powders. In this work the corner region was implemented 

into the material user-subroutine. The advantage of the corner region is that it does not 

approximate and change the shape of the yield surfaces. Other proposed circular 

transition surfaces (ABAQUS Inc.), on the other hand, affect the accuracy of the model. 

By implementing a simplifying assumption for plasticity computations, the computational 

cost decreased significantly with a slight decrease in accuracy. This technique leads to 

great savings in computational cost in optimization of the punch motions for complicated 

geometries. 
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In the case study completed on the DPC material model, Coube and Riedel (Coube, 

Riedel 2000) used a von Mises cut-off and a tension cut-off, however these two yield 

surfaces were not used in this work. By comparing the FE results in this work with 

experimental results in the literature, and seeing that the FE results are within 

acceptable accuracy, it was shown that the von Mises cut-off and the tension cut-off do 

not have significant influence on the resulting density distribution. The reason is that, as 

discussed in chapter 2, the loading paths do not activate these modes during 

compaction of the powder. The von Mises cut-off is the strength of the solid material, 

which is much higher than the densities achieved during compaction. In addition, the 

tension cut-off is not activated during compaction because the part is always under 

hydrostatic pressure and the mean stress never becomes positive.  
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Chapter 5 Experimental study and finite element analysis of a 

cylindrical part 

 

In section 5.1 of this chapter, the equipment, the measuring instruments, and the 

LabVIEW program used to conduct the experiments are discussed. The press, punches, 

die, strain gauges, displacement transducers, and the components of the LabVIEW 

program are discussed in detail. The experimental procedure and the process of 

measuring density distribution are explained in section 5.2. A case study is examined in 

section 5.3, where parts are compacted, the density distribution is measured and the 

experimental results are compared with the FE predictions. The ‘forward Euler method’ 

and a ‘modified forward Euler method with error control’ are implemented in order to test 

the accuracy of the forward Euler method in integration of the constitutive equations. It is 

shown that the forward Euler method is accurate enough in the calculation of density.  

 

5.1 Equipment 

5.1.1 Press 

The capacity of the hydraulic press used to conduct the experiments is 80 tons. It is a 

double action press, meaning that both the top and bottom pistons can apply force and 

move independently. The movements of the punches are controlled independently using 

two separate servo valves. The input of the servo valves is a voltage, which is controlled 

using the data acquisition system and LabVIEW. The pistons can apply forces up to 340 
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KN. A picture and a drawing of the press are shown in Figure �5-1. Strain gauges are 

affixed to the poles of the press to measure load. 

 

 

Figure �5-1. A picture and a drawing of the hydraulic press used for the experiments. 

 

5.1.2 Punches 

Two similar punches are used to compact the powder. Each of the punches is mounted 

with four strain gauges to measure the axial strain in the punch. A drawing of the 

punches is shown in Figure �5-2. The material for the punch is AISI M2 STL Rc. 58-60. 

All the surfaces are polished to 0.1 µm. The punch retaining rings which connect the 
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punches to the rams were designed in such a way that the punch has little freedom and 

is capable of self alignment. This was necessary due to the very tight fit required in the 

compaction process.  

 

Figure �5-2. Drawings of the punches (left) and the punch retaining ring (right) 
(dimensions in mm). 

 

5.1.3 Die 

The die is made of two parts: the steel part and the carbide insert (Figure �5-3). The 

carbide insert is shrink fit into the steel die, so that it is always under compression, 

increasing its strength against radial stresses from the part during compaction. The steel 

die material is 4340 steel (E=206 GPa, ν=0.28), and the carbide insert material is c-11 

(E=567 GPa, ν=0.28). Drawings and a picture of the die are shown in Figure �5-3. 
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Figure �5-3. Picture and drawings of the die. 

 

5.1.4 Assembly of the equipment and instruments 

Due to the very tight fit between the punches and the die, the punches were inserted into 

the die before fastening the punch retaining ring bolts. This ensured that the punches 

were in alignment with the die and the punches did not collide with the edge of the die at 

the moment of entering the die. The displacement transducers were aligned with the 

punches using a digital level to eliminate any errors due to angular misalignments. A 

schematic of the equipment assembly can be seen in Figure �5-4. 
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Figure �5-4. A schematic of the assembly of the equipment. 

 

5.1.5 Strain gauges on the poles, punches, and displacement transducers 

The poles of the press, shown in Figure �5-1, are mounted with strain gauges. The 

resistances of the strain gauges are 120 ' and the gauge factor of the strain gauges is 

2.0. The strain gauges were further calibrated using a load cell (Instron) to minimize 

measuring error. The strain gauges on the poles are configured in a Wheatstone bridge, 

shown in Figure �5-5. 
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Figure �5-5. Strain gauges circuit (left) and layout of the strain gauges on a pole (right). 

 

Four gauges are mounted on each pole for a total of sixteen strain gauges. For each 

pole, there are two strain gauges in the axial direction and two strain gauges in the 

lateral direction on opposite sides (Figure �5-5). The configuration shown in Figure �5-5 

ensures that the average pressure is measured in case the punch force is off-center.  

A signal conditioning amplifier is used to filter and amplify the signal for accurate 

readings. The signal conditioning amplifier used is a Vishay Micro-Measurement 2310 

with a voltage output range of 0-10 V. All of the strain gauges were calibrated using an 

Instron. The calibration information for the punches and the poles shown in Table �5-1 is 

based on the formula 

 

1 2( ) ( )Load KN C OutputVoltage V C= × +  Equation �5-1 

 

where C1 and C2 are constants. The uncertainty in measuring the compaction force 

during the experiments was ±10 KN due to the delay in response of the servo-valves 

and the noise in the signals from the strain gauges.  
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Displacement transducers were used to measure the position of the punches during the 

process. The top linear variable differential transformer (LVDT) was an LWG 300-M12 

and the bottom LVDT was a TRS100a502. The two displacement transducers were 

connected to the data acquisition system using two MUP-100-1 signal conditioners with 

an output voltage range of 0-10 V. The calibration information for the displacement 

transducers shown in Table �5-1 is based on the formula 

 

1 2( ) ( )Displacement mm C OutputVoltage V C= × +  Equation �5-2 

 

where C1 and C2 are constants. The uncertainty of the displacement transducers when 

measuring the positions of the punches was about 0.1 mm due to the deflection of the 

connecting rods that connect the punches to the tip of the displacement transducers 

(Figure �5-6).  

 

Table �5-1. Calibration data for punches, poles, and top and bottom displacement 
transducers. 

 C1 C2 

Punch 30.3 0 

Pole 358.08 0 

Top LVDT -31.84 78.79 

Bottom LVDT 10.14 -9.28 
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Figure �5-6. Schematic of the equipment and the connecting rod. 

 

5.1.6 The LabVIEW program 

A LabVIEW program was developed to acquire the punch loads and displacements and 

control the motion of the rams. An algorithm was developed and implemented in order to 

eject the part as soon as the desired load was reached. All data was written into text files 

for further processing. The front panel and the block diagram of the LabVIEW program 

used for the tests are shown in Figure �5-7 and Figure �5-8. 
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Figure �5-7. Front panel of the LabVIEW program. 

 

 

Figure �5-8. Block diagram of the LabVIEW program. 
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5.1.7 Powder 

The powder used in the experiments was Distaloy AE from Höganäs. Distaloy AE is a 

partially prealloyed iron powder containing Copper, Nickel, and Molybdenum. The 

chemical contents of the powder were <0.01% Carbon, 1.50% Copper, 4.00% Nickel, 

and 0.5% Molybdenum. The apparent density of the powder was 3.1 g/cm3. The particle 

size ranges from 45 to 212 µm. The powder has applications in manufacturing gears for 

automotive transmission (Hoganas AB 1998). 

 

5.2 Experimental procedure 

Three parts were made at each experimental pressure to ensure repeatability. The 

compactability curve obtained by the experiments is shown in Figure �5-9, where the 

average density is plotted against compaction pressure. Average density was calculated 

by measuring the mass and the volume of the parts. Before filling the die, the amount of 

powder was weighed using a scale to ensure that all of the parts had the same mass. It 

can be seen from Figure �5-9 that compaction gets more difficult as the pressure 

increases. This is due to a decrease in void ratio and hardening of powder particles.  
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Figure �5-9. Compactability test results in this work for Distaloy AE from Höganäs 
(Hoganas AB 1998). 

 

5.2.1 Measurement of density distribution 

5.2.1.1 Cutting and preparation for metallography 

To measure the density distribution of the compacted parts, they were cut using a water 

jet cutting machine on the diametric line as shown in Figure �5-10. The samples were 

prepared for metallography by adhering to chapter 7 of the ASM handbook, Powder 

Metal Technologies and Application (ASM 1984) and ASTM.B276 (ASTM 2003).  

During the polishing process it is an important but difficult task to achieve a mirror like 

surface around the corners. Compacts were metallographically mounted into a plastic 

material after cutting so that the corners could be polished appropriately to be free of 

scratches. This also allows sample to be polished without rounding the edges.  

In the first stage of polishing, rotating sand paper was used to polish the sample. The 

samples were then ground using 100, 400, 600, and 1200 grit sand papers. A 6 µm 

diamond wheel was used to polish the surface more precisely. The last polishing stage 
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used a silicate wheel. The part was then cleaned using an ultrasonic machine to ensure 

that no debris from polishing filled the voids leading to underestimation of the void ratio. 

The part was then photographed under a microscope to view the structure of the 

compact. The resolution of the pictures was 1024 × 546 and magnifications of 50×, 100× 

and 200× were attempted to obtain the best density measurement. Over 77 pictures 

were taken for each sample. The pictures were imported into the Image Tool software 

(Wilcox et al. 2002) to be converted to binary (black and white) format. A pixel count was 

conducted by Image Tool software in order to find the ratio between the numbers of 

black and white pixels and to determine the void ratio. The threshold used for making 

binary files was adjusted manually. The threshold is defined as the degree of darkness 

(or lightness) of a pixel determining if a pixel is white or black. It is important to adjust the 

threshold properly. The particle boundaries are darker than the particles. To high 

thresholds result in considering particle boundaries as voids. This may lead to an 

overestimation of the void ratio. The coordinates of the points and the void ratios were 

imported into MATLAB to plot the density contour. An example of an image of the micro 

structure of the green sample is shown in Figure �5-11. 

 

 

Figure �5-10. The diametric plane on which the parts are cut for measurement of density 
distribution. 
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Figure �5-11. An example of the structure of the green part under the microscope. 

 

The black straight line at the top left corner of Figure �5-11 is a scratch due to insufficient 

or improper polishing of the part surface. Every effort was made to ensure that the 

scratches were minimized so that accurate results were obtained. A view of the Image 

Tool software is shown in Figure �5-12.  
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Figure �5-12. Image tool software used for pixel count to measure local densities. 

 

5.3 Case study 

5.3.1 Experiment 

Samples were pressed with an axial pressure of 592 MPa (300 KN of press compaction 

force) to a final density of 7.0 g/cm3 and a final height of 22.5 mm. Sample masses were 

80 g. The top and bottom punch positions, and the part height during compaction are 

shown in Figure �5-13. The positions are shown with respect to a reference coordinate 

system at the bottom surface of the die in Figure �5-14. To obtain repeatability, three 

samples were compacted with the same conditions. The controlling parameter in the 

compaction tests was pressure, and the part was ejected as soon as the compaction 
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force of 300 KN was reached. Figure �5-15 shows the measured load during compaction 

of one of the samples.  

 

Punch positions

10

20

30

40

50

60

90 100 110 120 130

Time(sec)

P
os

iti
on

(m
m

)

Top
Bot
Height

 

Figure �5-13. Positions of the top and bottom punches and part height with time in tests 
(dimensions in mm). 
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Figure �5-14. Drawing of the die (dimensions are in mm). 
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Figure �5-15. Load during the process for a sample measured in experiment. 
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5.3.2 Modeling  

The material properties for Distaloy AE from Hoganas were taken from Brewin et al. 

(Hoganas AB 1998, Brewin et al. 2007). The experimental curves from Brewin et al. 

(Brewin et al. 2007) for the material properties are shown in Figure �5-16. The 

formulations for the material properties are (Brewin et al. 2007) 

 

6

6.55
3( ) ( 10500 3750 ) ,e g

K MPa e in
cm

ρ

ρ ρ
� �
� �
� 	= − +  
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Equation �5-9 
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Figure �5-16. ν, E, Ke, d, and R with density (g/cm3) and tanβ with εv
p (Brewin et al. 2007). 

 

The relationship between pa and pb is 

 

( )
1 tan

b
a

p Rd
p

R β
−=

+
 

Equation �5-10 
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In Figure �5-16, the volumetric plastic strain, εv
p, can be converted to density, ρ, using 

Equation �4-28. The initial height is 44.9 mm and the initial density is 3.5 g/cm3. From 

Brewin et al. (Brewin et al. 2007) the coefficient of friction between the powder/compact 

with the die is  

 

0.0049 0.115µ ρ= − +  Equation �5-11 

 

The coefficient of friction used in the simulation was µ = 0.085. The coefficient of friction 

was assumed to be constant for the part during compaction. This is one of the limitations 

in the FE analysis in this work. The geometries of the un-deformed part, the deformed 

part after compaction and the deformed part after ejection are shown in Figure �5-17. The 

elements close to the die were considered finer in order to capture the effect of friction 

on stress and density variation in that area.  

The influence of the tool deformation on the part deformation was studied by FE analysis. 

First the materials for the tools were considered as linear elastic, and next, they were 

considered as rigid. It was found that the final dimensions of the part were very close in 

the two cases, concluding that rigid tools give equally accurate results. 
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Figure �5-17. Geometries before process (left), after compaction (middle) and after 
ejection (right). 

 

The boundary conditions for the bottom punch are based on Figure �5-13. The “use 

unsymmetric material stiffness” option was checked to account for non-symmetric 

tangent moduli. Double precision variables were used in the ABAQUS solution and in 

the user-defined material subroutine.  

 

5.3.3 FEA results 

This case study was solved using three algorithms in the material model: the forward 

Euler method, a modified forward Euler with a tolerance of 10-3, and a modified forward 

Euler with a tolerance of 10-5 according to the formulation in chapter 3. The density 

distributions for each of these cases are shown in Figure �5-18.  
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Forward Euler method, computational time=20 min 

 

Modified Forward Euler method with error control Tol=0.001, computational cost= 28 min 
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Modified Forward Euler method with error control Tol=10-5, computational cost=30 min 

Figure �5-18. Relative density distributions obtained by different integration methods for 
the constitutive equations. 

 

As shown in Figure �5-18, the density distributions in all three cases are very similar. The 

maximum error in the prediction of the local density in the forward Euler method 

compared to the modified forward Euler method with an error control of 10-5 is 0.13%. 

This shows that the forward Euler method is accurate enough and the drift from 

equilibrium at each increment, as discussed in chapter 2, is so low that the final 

difference is very small.  

The computational effort for the constitutive level calculations, which occur at every 

integration point and time increment, is at least doubled with the modified forward Euler 

method (refer to formulations in section 3.5.4), while the global calculations remain 

unchanged for both cases. As a result, the total computational cost using the modified 

forward Euler method with an error control tolerance of 10-5 is increased by 50%.  
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5.3.4 FEA and test results comparison 

The contours of density distribution obtained by FE simulation, RFEM, and experiments, 

REXP, are shown in Figure �5-19. 

 

       

Figure �5-19. Contours of relative density for FE analysis, RFEM, (left) and experiment 
(right), REXP, no unit. 

 

The contour showing the relative deviation of the FEM densities from experiments, 

(REXP-RFEM)/REXP, is shown in Figure �5-20.  
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Figure �5-20. Contour of relative deviation of relative densities obtained by FEM from 
experimental results: (REXP-RFEM)/REXP. 

 

As shown in Figure �5-20, the maximum relative deviation from the experimental results 

is about 3%. A plot showing the percentage of area with a specific error percentage is 

shown in Figure �5-21. 
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Figure �5-21. Percentage of area with specific error percentage in prediction of relative 
density. 



 133 

 

As shown in Figure �5-21, the error percentage in the prediction of the relative density in 

88% of the area is less than 2%, which shows that the FEM is capable of predicting the 

density distribution within this error range.  

Since the variation of the relative density in the part is from 0.86 to 0.95, an error of 2% 

in the prediction of the relative density means an error of 22% within the relative density 

range. This amount of error is enough to obtain an understanding of how the density is 

distributed in the part. This information is useful to study the trend in the effects of the 

tooling motions on density distribution.  
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Chapter 6 Summary, conclusion and future work 

 

6.1 Summary and conclusion 

Numerical analysis of metal powder compaction using the finite element method and 

experimental validation was completed. The conclusions obtained by achieving each of 

the sub-objectives identified in chapter 2 are discussed in this section.  

 

6.1.1 Material models 

The Cam-clay and the Drucker-Prager cap (DPC) material models for metal powders 

were formulated and implemented into the finite element (FE) program ABAQUS/Explicit. 

The Cam-clay model uses a hardening cap for densification and a critical state line as 

the failure criterion. A case study was performed to test the accuracy of this material 

model in predicting the density distribution. The Cam-clay model gave accurate results 

for simple geometries such as cylindrical parts or bush components. This is because in 

case of simple geometries the shear failure of the material does not occur and almost all 

of the integration points yield on the cap surface, which acts the same in both the Cam-

clay and the DPC material models.  

The DPC material model uses a hardening cap for densification and a shear failure yield 

surface. It was shown that the DPC model is more appropriate for geometrically complex, 

multi-level parts, as it can capture the behaviour of the metal powder under shear 

yielding with greater accuracy.  
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In chapter 4, the DPC model did not use a tension cut-off and von Mises cut-off, 

however it predicted the densities at different areas of the part within an acceptable error 

range. This shows that a simpler material model with fewer yield functions can be as 

accurate and efficient as a more complicated material model that needs more 

development time. This is because the required complexity in the material model is 

dependent on the application. The tension cut-off and the von Mises cut-off do not 

improve the DPC model because of the following reasons: (1) the tension cut-of: In 

metal powder compaction applications where the part is always under hydrostatic 

pressure, there is no need to have a tension cut-off yield surface; (2) the von Misses cut-

off: The cohesion of the material during and at the end of compaction are much less than 

the von Mises stress. Therefore, a von Mises cut-off is never activated during powder 

compaction applications. Overcomplicating the material model increases the 

development time. 

 

6.1.2 Improving the stability in the DPC material model 

The stability of numerical algorithms in solving constitutive equations especially for multi-

yield surface material models are very case dependent and it is difficult to argue that a 

specific method is stable for all material models. This is even more recognizable when 

the stable increment size determination criterion is based on the solution of the global 

equations and is independent of the stability measures of the material model. This is the 

case for metal powder material models when implemented into a finite element code 

using a material user-subroutine. Certain techniques to solve the constitutive equations, 

such as the mid-increment technique (Chen, Mizuno 1990) need to have access to both 

the constitutive equations and the global equations of motion, hence cannot be used in 
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these situations. In this work many different loading paths were tested in order to 

develop an algorithm for a robust and stable material model that is capable of handling 

troublesome loading paths occurring in a part with complicated geometry. To do that, 

two techniques were used: a sub-increment technique and a corner region.  

The sub-increment technique was proposed to address instability problems due to large 

strain increments and high curvature of the cap. When the trial stress is in the cap region, 

but the strain increment is too large, conventional algorithms (Wang 2007) return the 

stress on an unacceptable extension of the cap or can not return the stress on the cap at 

all. This is because of the high curvature of the cap (Ortiz, Popov 1985). To solve this 

problem the strain increment is split into two equal sub-increments. The calculations are 

performed separately for each sub-increment and the stresses and the state variable are 

integrated over the whole increment. If one of the sub-increments leads to similar 

instability, splitting of the increment continues until all of the sub-increments give 

sensible results.  

The advantage of the sub-increment method in comparison to methods that scale down 

the time increments for the whole model (Chen, Mizuno 1990) is that the sub-increment 

algorithm acts only on elements (integration points) with instability problems rather than 

all of them, and reduces the computational cost. In a case study for a multi-level part it 

was shown that without the use of the sub-increment technique the simulation crashes at 

an early stage of the numerical analysis.  

The corner region was used to address the instability problems at the intersection of the 

yield surfaces. When the material yields on the shear failure surface, the cap retracts 

due to dilation and approaches the stress state. In this situation, conventional algorithms 

for metal powders return the trial stress on an unacceptable extension of the Drucker-

Prager line. To solve this problem, a corner region was introduced to the DPC model for 
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metal powders that had previously been effectively used in the DPC models for soils and 

geotechnical materials. The advantage of the corner region in comparison to the 

transition curves (ABAQUS Inc.) is that it does not approximate the calculations by 

changing the yield surface. The transition curve leads to inaccurate results especially 

when the density is low and the size of the transition curve is comparable to the size of 

the cap surface. In a case study for a multi-level part it was shown that without the use of 

the corner region the simulation crashes at an early stage of the simulation.  

 

6.1.3 Improving computational efficiency in the DPC material model 

When solving the constitutive equations in the DPC material model, there are more 

density-dependent parameters for metal powders than for soils, making the equations 

more complicated and non-linear. These should be solved using iterative methods such 

as the Newton-Raphson method which are computationally expensive. In this work, the 

proposed method reduces the computational cost without drastically degrading the 

accuracy. 

In the proposed method, three of the state variable-dependent material parameters were 

assumed to be constant during the strain increment. Since the variation of these three 

material parameters and the sizes of the strain increment are very small in explicit FEM, 

the solution of the constitutive equations does not lose accuracy significantly. This 

technique simplifies the constitutive equations to a quadratic equation that can be solved 

analytically, saving computational time. In a case study for a multi-level part, the density 

distribution was obtained both with and without this technique. It was found that the 

density distribution predicted by this technique degrades the accuracy by only 0.4%, but 

decreases the computational cost by 30%. This demonstrates that the proposed method 
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is capable of significantly improving the computational efficiency of the algorithm for the 

DPC material model.  

 

6.1.4 Experiments 

Experiments were conducted to validate the FE model. An 80 ton hydraulic press was 

used to compact Distaloy AE iron based powder to cylindrical shapes. An axial pressure 

of 592 MPa (300 KN) was applied to the powder to compact it from a density of 3.5 

g/cm3 and a height of 44.9 mm to a density of 7.0 g/cm3 and a height of 22.5 mm. The 

pressure was controlled by LabVIEW using voltage signals to servo-valves that activated 

the pistons. The displacement of the top and bottom punches were measured using 

LVDT displacement transducers and the compaction pressure was measured using 

strain gauges.  

To measure the density distribution in the part, the parts were first cut using a water jet 

cutting machine. The cut surfaces were then polished and put under an optical 

microscope. Pictures were taken and turned into binary (black and white) images. A 

pixel count using Image tool software was conducted to find the void ratios at each point 

where the picture was taken. The data was imported into MATLAB and the contours of 

density distribution were generated. 

In previous research using the Archimedes method, average densities rather than local 

densities were measured in different areas of the part. Also, in previous finite element 

validations, average densities in relatively large areas were compared with finite element 

results (Coube, Riedel 2000). In this work, the metallography method was used to 

measure the compact density in an area as small as 1mm by 1mm, making the 

resolution much higher and the comparison more accurate than cases in the literature.  
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6.1.5 Comparison of FE and experiments 

The Drucker-Prager cap material model developed in this work was shown to be 

accurate in predicting the density distribution. This was done by comparing the results of 

FE analyses with the measured density distribution. 

It was shown that the lowest accuracy of the density predictions from the FE simulations 

in the prediction of density was about 3%. More than 88% of the area had an error of 

less than 2%. It should be noted that the 2% error is the absolute error in prediction of 

relative density. Since relative density variation in the part is from 0.86 to 0.95, the error 

within the density range is 22%. 

The validation was performed on a simple cylindrical part and it was shown that the 

numerical algorithm developed can effectively predict the effect of friction between the 

powder and the tools (the die and the punches) on local density. It was also shown in the 

case study in chapter 4 that the material model in this work is stable when handling 

multi-level parts. Considering both case studies, it can be concluded that the model in 

this work is capable of predicting local densities in multi-level parts both accurately and 

robustly. 

 

6.1.6 The ‘forward Euler’ and the ‘modified forward Euler method with 

error control’ methods in integration of constitutive equations 

There are arguments (Sloan 1987) that in the forward Euler method the results drift from 

equilibrium at each increment when solving the consistency equations. To address this 

problem the ‘forward Euler method with error control’ was suggested in related work 

(Sloan 1987).  
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Integration of the constitutive equations using both the forward Euler method and the 

modified forward Euler method with error control was done in this work. It was shown 

that the forward Euler method is as accurate as the modified forward Euler method with 

error control and is applicable in powder compaction simulations. Using the forward 

Euler method increases the error by just 0.13% in comparison with the modified forward 

Euler method with an error control tolerance of 10-5. This means that the forward Euler 

method is accurate enough for the purpose of predicting the density distribution. It was 

also observed that the computational cost of the simulation increases 50% when the 

modified forward Euler method with error control within a tolerance of 10-5 is used. This 

is because the number of calculations at each integration point doubles in the modified 

forward Euler method even if no sub-increment calculation is done. As shown in chapter 

5, the results change very slightly by using error control.  

6.1.7 Effects of tool motion on density variation  

One of the case studies in chapter 4 considers a bush component with single-action 

pressing. Single-action pressing means that only one of the dies moves and the other 

punch stays still. The experimental case study in chapter 5 considers double-action 

pressing, which means that both punches move and press the powder. In the single 

action pressing in chapter 4, where the bottom punch is still and the top punch does the 

compaction, the lowest density occurs at the compact bottom. Alternatively, the double 

action pressing has the lowest density in the center of the compact. This shows that the 

punch motions have a strong effect on the density and strength distribution in the part. 

Considering that the compact strength is dominated by the green density, it is easy to 

conclude that the strength and hardness patterns look similar to density profiles shown 

in Figure �4-3 and Figure �5-19. 
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In the case study for a multi-level part in chapter 4, it can be seen that high gradients of 

density occur around the corner (Figure �4-10). Corners are one of the areas most 

susceptible to crack in multi-level parts (Zenger, Cai 1997).  

 

6.2 Future work 

Because of the limitations in the experimental set-up, the experimental validation of the 

FE simulation in this work was limited to a part with simple geometry. To further validate 

the material model, future work can focus on a multi-level part to assess the FE model’s 

ability to predict density distribution around the corner where the most variation in 

density occurs. To accomplish this, a density measurement technique capable of 

measuring local densities, similar to the technique used in this work is required.  

In order to obtain the most uniform density distribution in a multi-level part, optimization 

of the punch motion can be conducted using the robust and accurate material model 

developed in this work. The computational efficiency of the material model was improved 

specifically for high numbers of function evaluations in optimization of the punches 

motions in manufacturing of a multi-level part. The design variables can be the control 

points determining the location of each punch at each time, and the objective function 

can be the density variation in the part defined by 
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where x  is the vector of design variables and ρi is the density in element i in the model. 
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