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Abstract

Parasites may express proteins that mimic host proteins such that the host immune

system cannot discriminate between host and parasite. An immune response to host

proteins results in autoimmunity, and therefore, mechanisms to avert autoimmunity

also limit the capacity of the immune system to respond to parasites that are mimics.

In failing to elicit an immune response, parasites that are mimics appear to have a

selective advantage and so it is unclear why all parasites do not evolve to be mimics.

In this thesis, I demonstrate that next-generation methods can be used to perform

an evolutionary invasion analysis. Subsequently, I use this method to identify evo-

lutionarily stable strategies and to investigate three hypotheses for why all parasites

are not mimics. These are: (1) that mimicry increases the risk of inducing autoim-

munity and that hosts with autoimmunity are less likely to transmit the parasite;

(2) that proteins which mimic host proteins have a reduced ability to perform the

vital functions necessary for parasite replication; and (3) that owing to a feedback

between the types of parasites that infect a host and the host’s immune response,

when parasites are likely to re-infect the same hosts, mimics are more likely to elicit

an immune response.

I show that each of these hypotheses explain why all parasites are not mimics.

The key data needed to assess the applicability of these results is to quantify the
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number of secondary infections generated by hosts infected with parasites that are

molecular mimics. This thesis motivates a new question in evolutionary epidemiology,

furthers the field of evolutionary medicine and contributes novel methodologies for

host-parasite multi-scale modelling in mathematical biology.
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Chapter 1. Introduction

“Autoimmune disease is a price of our remarkable ability to attack in-

vaders. Cancer is the price of tissues that can repair themselves... In

such paradoxical benefits, some may find a gentle satisfaction... after all,

nothing in medicine makes sense except in the light of evolution.”

–Nesse & Williams 1995, p. 249.

Chagas’ disease may have long debilitated and eventually killed Charles Darwin

(Alder 1997). Darwin describes being attacked by the insect vector which carries Try-

panosoma cruzi and suffering from chronic gastrointestinal dysfunction commencing

5 years later and lasting more than 30 years (Alder 1997). Once infected the T. cruzi

parasite remains in the bloodstream for life. During the chronic phase of Chagas’

disease damage occurs to the colon, heart and oesophagus but there are often few or

no parasites at the sites of inflammation (Tarleton et. al. 1999, Gironés et. al. 2005).

The cause of tissue damage during Chagas’ disease is unclear. One hypothesis is

that tissue deterioration is not due to the parasite, but because the lymphocytes of

the human immune system destroy human tissues. The protozoan T. cruzi mimics

several human proteins including myosin (Gironés et. al. 2005). Under this view,

Chagas’ disease is an infection-induced autoimmune disease where lymphocytes that

harm human tissues are activated by the parasite and then cross-react and destroy
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human tissues. In the light of evolution, Nesse and Williams (1995) suggest that au-

toimmunity is of paradoxical benefit. One such benefit could be that autoimmunity

selects for parasites that are less harmful to humans.

My thesis investigates three hypotheses that may explain selection against mimicry

in parasites. The first hypothesis is that the risk of infection-induced autoimmunity

selects against molecular mimicry. The second hypothesis is that mimicry is selected

against owing to a life history tradeoff whereby parasites that are conspicuous to the

immune system are better at replicating. The final hypothesis is that when parasites

are likely to re-infect the same hosts, mimicry is selected against owing to a feedback

between the host immune response and the types of parasites that infect that host.

In all cases the effect of selection is determined using an evolutionary invasion anal-

ysis. In this introduction, I discuss evolutionary invasion analysis and then describe

molecular mimicry, infection-induced autoimmunity and the logic of why molecular

mimics are less likely to activate the immune system. This provides support and

motivation for the assumptions made in Chapters 3 and 4 of the thesis concerning

molecular mimicry, the immune system, and the type of diseases that occur in hosts.

Finally, I outline the role each chapter has in contributing to the overall objectives of

the thesis.

1.1 Evolutionary invasion analysis

In the thesis, I use evolutionary invasion analyses to understand parasite evolution.

As such, I have assumed that new strains of parasites arise slowly, and so new mu-

tant strategies that arise do so in a population of parasites where the existing parasite

strategy is established. Furthermore, there are never more than two strains of parasite
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present in the population at one time: a new mutant either dies out or fully displaces

the established strain before the next mutant arises. Evolutionary invasion analysis

is used to find a parasite strategy which, if it arises in the population and becomes es-

tablished, cannot be displaced (i.e., an evolutionarily stable strategy; Maynard Smith

1982). These methods are used in Chapter 3 to identify the necessary conditions for

mimicry to be an evolutionarily stable strategy.

1.2 Molecular mimicry

Chapters 3 and 4 of the thesis investigate the evolution of mimicry in parasites. Perel-

son & Oster (1979) estimate that there are at least 103 to 104 distinct human epitopes

that a parasite may mimic. Molecular mimicry leads to autoimmunity because the

parasite activates lymphocytes that cross-react. In one study, 3.5% of antibodies

specific for 11 viruses cross-reacted with normal mice tissues (Shrinivasappa et. al.

1986). In addition to being associated with infection-induced autoimmunity, molec-

ular mimicry may reduce the chance that a parasite activates the immune system

(Elde & Malik 2009). Most commonly, molecular mimicry is discussed with respect

to parasite mimicry of host factors that manipulate apoptosis, immunity, cytoskele-

ton dynamics and the cell cycle (Elde & Malik 2009, Stebbins & Galán 2001). In

Chapters 3 and 4, I do not consider mimicry of host factors and instead focus on

parasite mimicry of host proteins in general.
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1.3 Infection-induced autoimmunity

In Chapter 3, I assumed that parasites may induce autoimmunity in their host. Com-

mon microbes such as Escherichia coli, Campylobacter, Helicobacter pylori, Epstein

Barr virus, herpes virus, measles, mumps, hepatitis C, and cytomegalovirus acti-

vate cross-reactive lymphocytes. These viruses and bacteria are associated with the

later onset of various autoimmune diseases. Furthermore, these parasites mimic

human proteins including human leukocyte antigens, myelin basic protien, cardiac

myosin, gangliosides and the acetylcholine receptor (Oldstone 1998). The observa-

tion that some autoimmune diseases were preceded by a parasitic infection dates back

to over a century when Syphillis and Streptococcus infections were known to some-

times pre-empt specific autoimmune diseases (Rose 2001). In 1973, muscle weakness

resembling myasthenia gravis was experimentally induced in rabbits that were in-

jected with acetylcholine receptors from electric eels (Patrick & Lindstrom 1973).

The experimentally-induced autoimmunity was caused by cross-reacting antibodies

that reacted with the rabbit’s acetylocholine receptors and demonstrated that foreign

stimuli could trigger autoimmunity.

1.4 Mimicry and activation of the immune system

In Chapters 3 and 4, whether a parasite that is a mimic induces autoimmunity or fails

to activate the host immune system depends on host self tolerance. Self tolerance is

the tolerance of the immune system to its own cells and proteins. Autoimmune disease

results from a failure to distinguish self from non-self. Self tolerances consists of two

processes: 1) central tolerance: the destruction of self-reactive immature lymphocytes
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in the lymphoid tissue, which includes the process of clonal deletion, and 2) peripheral

tolerance: the suppression of self-reactive lymphocytes in the blood and lymph.

Lymphocytes are the cells of the immune system that respond to specific types

of antigens, where ‘antigen’ and ‘epitope’ refers to parts of proteins, potentially of

parasite or self origin, that have immunological significance. During central tolerance,

to avoid autoimmune disease, each immature lymphocyte is tested with self epitopes,

and lymphocytes that are strongly self-reactive are destroyed (Goodnow et. al. 2005,

Hogquist et. al. 2005). When lymphocytes are produced they have a specificity for

a particular epitope (or epitopes) determined by random gene rearrangements. T-

cells are a type of lymphocyte and in mice there are more than 1.38 × 107 different

possible T-cells, resulting in a wide range of epitopes that the T-cells can react with

(Kindt et. al. 2007, p. 229). The large diversity of possible lymphocytes allows the

immune system to respond to a wide variety of parasites. A drawback of generating

lymphocyte diversity through gene rearrangements is that some of the randomly

generated lymphocytes may be self-reactive. Therefore, the effect of central tolerance

is to eliminate these lymphocytes and to prevent autoimmunity.

Despite central tolerance, a small fraction of lymphocytes that circulate in the

peripheral lymphoid tissues of healthy people will be self-reactive. Regulatory T-

cells are a key inhibitory molecule for peripheral tolerance. Peripheral tolerance

occurs when regulatory T-cells suppress self-reactive T-cells preventing a potential

autoimmune disease (Wing & Sakaguchi 2010). An additional consideration is that

peripheral tolerance may be influenced by exposure to antigens during early childhood

(Yazdanbakhsh et. al. 2002, Bloomfield et. al. 2006, Okada et. al. 2010, Rook 2010).

This is referred to as the ‘hygiene hypothesis’ and the effect of childhood exposure
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to antigens on self tolerance, and how this then affects the evolution of mimicry in

parasites, is investigated in Chapter 4.

1.5 Organization of the thesis

The main objective of the thesis is to identify factors that select against molecular

mimicry in parasites. The methodological approach is to perform an evolutionary in-

vasion analysis. Chapter 2 discusses this framework and how next-generation methods

widely used in epidemiology could simplify the method. Next-generation methods are

then used to quantify parasite fitness in Chapter 3.

In Chapter 3, I derive the central model of the thesis where parasite evolution is

investigated given that molecular mimicry increases the risk of autoimmunity. Par-

asite proteins serve specific functions such as adhesion to target cells, cell cleavage,

enzyme secretion and acting as ion pumps. In this chapter, I investigate how a tradeoff

between the detection of parasite proteins by the immune system and the contribu-

tion of these proteins to parasite replication impacts parasite evolution. Finally, I

describe how the risk of certain types of infections in the host population changes

given parasite evolution.

In Chapter 4, I consider the effect of local mixing amongst hosts on the evolution

of molecular mimicry. For populations with a high level of local mixing, the same

parasite is likely to re-infect the same host and this may select against mimicry.

Under the hygiene hypothesis the immune system is educated by the antigens that

it is exposed to in early childhood. This is a form of immunological plasticity that

allows the host to respond to the local characteristics of the parasite population. The

feedback between the parasites that infect a host and host tolerance then affects the
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evolution of mimicry.

In Chapter 5, I summarize my findings on the factors that influence the evolution

of mimicry in parasites. I suggest several avenues of future research. To conclude,

I stress the importance of understanding the impact of medical interventions that

manipulate host immunology with regard to how these would alter parasite evolution.

Throughout the thesis, notation is defined separately for each chapter. Definitions

for terminology used in the thesis are provided in the Glossary.

1.6 Summary

“The ridiculous question has been asked, ‘If Mimicry is of such value why

are not all defenceless species mimics?’”

–Carpenter & Ford 1933, p. 28.

For parasites that are molecular mimics, the same lymphocytes that have a specificity

for self proteins have a specificity for the parasite. Therefore, it seems that parasites

that are molecular mimics should have a selective advantage in that they are less likely

to activate the immune system. The question of why all species that are subject

to predation are not mimics was first discussed in evolutionary ecology. In 1933,

Carpenter and Ford suggested that if all species were mimics there would be no food

that appeared palatable to predators, and since predators must eat something, this

must not be the case. This is an unsatisfying explanation and more than seventy

years later explaining why all defenseless prey species are not mimics is still an open

question (Ruxton et. al. 2004). In evolutionary epidemiology, answering the question

of why all parasites are not mimics is an equally pressing problem.
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Chapter 2. Next-generation tools for evolutionary

invasion analyses

2.1 Introduction

Evolutionary invasion analysis has its roots in evolutionary game theory and has be-

come a standard tool in evolutionary biology. The central ingredient of this approach

is the so-called ‘invasion fitness’, which quantifies the growth rate of a novel rare vari-

ant (Metz et. al. 1992). A strategy (or allele), X, is then termed evolutionarily stable

if the invasion fitness of all potential alternative variants is negative when found in a

population dominated by X (Hamilton 1967, Maynard Smith & Price 1973, Maynard

Smith 1982). The evolutionarily stable strategy is significant because it is a potential

resting point of phenotypic evolution (Heino et. al. 1998).

Although this approach to modeling evolution was initially formulated in the con-

text of relatively simple scenarios, it has been greatly elaborated upon over the past 20

years, most notably by the inclusion of explicit ecological processes (Reed & Stenseth

1984, Abrams et. al. 1993, Dieckmann & Law 1996, Abrams 2001). Such processes

are typically modeled using a system of differential equations, with invasion fitness

then being derived explicitly from this model of ecological interactions. A great many

such models have been developed and analyzed, and these have provided a wealth of
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important insights, including the realization that ecological interactions can generate

disruptive selection endogenously, thereby leading to evolutionary diversification or

‘branching’ (Eshel 1983, Taylor 1989, Abrams et. al. 1993, Dieckmann & Law 1996,

Geritz 1998).

The successes of this approach have led researchers to develop ever more realistic

and complex models of ecological processes, to the point where the high dimensionality

of some models has made the calculation of invasion fitness quite difficult. Invasion

fitness is typically calculated by performing a linear stability analysis of the ecological

model at the equilibrium where the novel rare variant (often termed, the mutant) is

absent. The dominant eigenvalue of this analysis is then the growth rate of the mutant

(Otto & Day 2007). This can be difficult to determine if the model in question is

high-dimensional because one must determine the eigenvalues of a large matrix.

Another alternative is to use ‘next-generation’ methods (Diekmann et. al. 1990,

Diekmann & Heesterbeek 2000) to calculate invasion fitness. Next-generation meth-

ods are frequently used to study the evolution of parasites. To study virulence evolu-

tion, parasite fitness is almost always defined as R0, the basic reproduction number

(Anderson & May 1982, Frank 1996, Alizon et. al. 2009). Few authors have extended

these next-generation matrix techniques to other types of evolutionary invasion analy-

ses (but see van Baalen 1998, Gyllenberg & Metz 2001, Boldin 2006). Next-generation

methods are a useful alternative measure of invasion fitness because they can some-

times be both easier than the traditional approach, and more biologically informative.

This next-generation technique has not yet gained widespread use in evolutionary in-

vasion analyses, however, despite its potential utility. Our goal is to bring wider

attention to this approach within the community of evolutionary biologists. We aim
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to do this in two ways. First, we provide a brief review of the general logic behind

the next-generation approach by explicitly tying it to traditional stability analyses.

Second, we present a series of three examples that illustrate how this approach can

be applied in evolutionary invasion analyses, and that highlight its potential utility

in this area.

2.2 Next-generation theorem

The next-generation theorem (NGT) provides a simple and powerful approach for

determining the stability properties of a linear system of ordinary differential equa-

tions (ODEs). Such linear systems of ODEs might be of interest in and of themselves,

but more often in biological modeling they arise from conducting a linearization of a

non-linear system of differential equations around an equilibrium point of interest.

To better understand the NGT, consider the following linear system of ODEs:

~̇x = A~x, ~x(0) = ~x0 6= ~0, (2.1)

where ~x(t) is an n-dimensional vector of variables and A is a non-singular n×n matrix

of constants. For concreteness we might think of the elements of the vector ~x(t) as

representing the densities of different stages through which an organism develops

or different patches on which the organism resides. Now, if we denote the spectral

bound of a matrix M by s(M) (i.e., the maximum real part of all the eigenvalues),

then the typical approach for determining whether the origin of system (2.1) is stable

(i.e., whether all variables decay to zero) is to evaluate the spectral bound, s(A). If

s(A) < 0, then the origin is stable, whereas if s(A) > 0 the origin is unstable. What

13



the NGT does is provide an alternative way to characterize these stability properties.

Define ρ(M) to be the spectral radius of a matrix M (i.e., the maximum absolute

value (or modulus) of all the eigenvalues).

Next-Generation Theorem (van den Driessche & Watmough 2002). For any

decomposition of the form A = F−V satisfying s(−V) < 0, V−1 > 0, and F > 0,

s(A) < 0 ⇐⇒ ρ(FV−1) < 1,

s(A) > 0 ⇐⇒ ρ(FV−1) > 1,

s(A) = 0 ⇐⇒ ρ(FV−1) = 1. (2.2)

Here, F ≥ 0 requires that all elements of F are greater than or equal to 0. The

theorem can be understood graphically in the complex plane as a statement that all

the eigenvalues of A have negative real parts, if, and only if, (denoted by ⇐⇒) all

the eigenvalues of FV−1 lie within the unit circle.

Although the above theorem is phrased in terms of the properties of the eigenvalues

of matrices, it has clear significance with respect to the above question of stability

in dynamical systems. The conditions on the lefthand side are the ‘standard tool’

for assessing equilibrium stability, and the next-generation theorem allows one to

replace these with alternative conditions. For many problems of biological interest, F

and V can be chosen in a natural way to satisfy the conditions of the theorem (van

den Driessche & Watmough 2002). Then one essentially moves from the analysis of

one eigenvalue problem involving s(A) to another involving ρ(FV−1). The benefit

of doing so is that the second problem is easier and provides meaningful biological

information.

14



As an example, suppose ~x(t) is a vector representing the number of individuals

in each of several classes in a structured population. Then we can usually find a

biologically meaningful decomposition, A = F−V, where F is a matrix which gives

the rate at which new individuals appear in class j, per individual of type i. Given

this definition, all the elements of F are non-negative as required by the NGT. When

F is chosen in this way, the matrix V describes the movement of existing individuals

among the different classes, as well as the loss of these individuals. For this V,

the system ~̇x = −V~x would eventually result in the loss of all individuals (due to

death) and therefore, the other requirement for applying the NGT, s(−V) < 0, is also

satisfied. Although, there are other choices of F and V that will satisfy the NGT,

all future biological interpretations of quantities that appear in this chapter assume

F and V have been chosen as described above. Specific examples of how biologically

meaningful F and V can be chosen for evolutionary models are provided in Sec. 2.3.

Given the above decomposition, the (i, j)th element of the matrix FV−1 then has

a very useful interpretation; it is the expected lifetime number of type i individuals

produced by a type j individual. In other words, the elements of FV−1 represent the

‘generational’ output of type i by type j. Hence FV−1 is sometimes referred to as

the next-generation matrix. Moreover, when F and V are chosen as described above,

then ρ(FV−1) = R0, which has an interpretation as the expected lifetime reproductive

output of a newborn individual.

Although the NGT is frequently used to determine the local stability of fixed points

of ODEs like equations (2.1), proofs of the NGT use results from matrix theory such

as the Perron-Frobenius theorem (Nold 1980, Lemma 3.1; Diekmann & Heesterbeek

2000, Theorem 6.13) or properties of singular and non-singular M-matrices (van den
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Driessche & Watmough 2002, Theorem 2). To gain a better intuition for the NGT,

it is helpful to view it explicitly in a dynamical systems context. Specifically, as we

will outline next, we can view the theorem as a means of connecting the asymptotic

dynamics of system (2.1), with an associated discrete-time recursion. The NGT sits

at the interface between these two different ways of describing the same dynamical

process.

To begin, from the statement of the NGT, system (2.1) can be rewritten as,

~̇x = (F−V)~x, ~x(0) = ~x0 6= 0, (2.3)

for F and V satisfying the requirements of the NGT. To connect equation (2.3) to

ρ(FV−1), recall that when biologically meaningful F and V are chosen, ρ(FV−1) =

R0 which is the expected number of offspring generated by a single individual over

its entire lifespan. These offspring are referred to as the next-generation. At any

point in time the population, ~x(t), consists of individuals from a mixture of different

generations where a generation is defined as the offspring of individuals from the

previous generation. We now reformulate equation (2.3) as an infinite-dimensional

system of ODEs where ~Ik(t) is an n-dimensional vector representing the number of
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‘generation k’ individuals in each of the n classes,

~̇I0 = −V~I0,

~̇I1 = F~I0 −V~I1,

~̇I2 = F~I1 −V~I2,

... (2.4)

~̇Ik = F~Ik−1 −V~Ik.

...

Note that ~x(t) =
∞∑

k=0

~Ik(t) (since all individuals must belong to one of the genera-

tions), and with initial conditions ~I0(0) = ~x0 and ~Ik(0) = ~0 for all k ≥ 1. As such, the

population starts with ~I0(0) individuals in the different classes, and these individuals

transition between classes (and are removed from the system) while producing ‘gen-

eration 1’ individuals in each of the classes (whose numbers are denoted by the vector

~I1(t)). These ~I1(t) individuals then transition between the different classes (and are

removed) while producing ‘generation 2’ individuals, and so on.

Now define ~Lk = lim
t→∞

F

∫ t

0

~Ik(τ) dτ ; ~Lk is therefore an n-dimensional vector whose

elements represent the total number of offspring that generation k individuals produce

over all time, in each of the n classes. Integrating both sides of equation (2.4) from

0 to t and taking the limit t →∞ we derive a recursive relation for ~Lk,

lim
t→∞

∫ t

0

~̇Ik(τ) dτ = lim
t→∞

∫ t

0

F~Ik−1(τ)−V~Ik(τ) dτ,

lim
t→∞

~Ik(t)− ~Ik(0) = ~Lk−1 −V lim
t→∞

∫ t

0

~Ik(τ) dτ, (2.5)
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and therefore for all k > 0,

~Lk = FV−1~Lk−1, (2.6)

where the final equality makes use of the fact that lim
t→∞

~Ik(t) = ~0 for all k (see Appendix

A). Equation (2.6) tells us that the total number of offspring in each class that are

produced by a particular generation changes by FV−1 for every successive generation

(also see Diekmann & Heesterbeek 2000, p. 74).

We can proceed further and solve the first differential equation in equation (2.4),

to obtain ~I0 = e−Vt~x0. Therefore,

~L0 = lim
t→∞

∫ t

0

F~I0(τ) dτ,

= F lim
t→∞

∫ t

0

e−Vt~x0 dτ,

= F lim
t→∞

−V−1
(
e−Vt − e0

)
~x0,

= FV−1~x0, (2.7)

which uses the condition that s(−V) < 0. With this initial value of ~L0, we then

arrive at the recursion,

~Lk = (FV−1)k~L0,

=
(
FV−1

)k+1
~x0. (2.8)

Therefore, from system (2.1) which tells us how the number of individuals of all

generations changes over time, we were able to derive equation (2.8) which tells us

how the total offspring produced changes through successive generations. The NGT
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tells us that the number of individuals in all generations, ~x(t), blows up over time

if, and only if, the total number of offspring produced by a particular generation,

~Lk, blows up as generations pass. In other words, the asymptotic dynamics of ~Lk are

governed by ρ(FV−1) whereas the asymptotic dynamics of ~x(t) are governed by s(A),

and the NGT theorem reveals that there is a strict correspondence between the two.

Asymptotically, it takes a constant amount of time for the population to increase by

a factor ρ(FV−1) (i.e., see de Camino-Beck & Lewis 2008), and therefore the NGT

can be viewed as converting a continuous time dynamical system to a discrete-time

dynamical system that grows only when the original system grows. We note that

the above manipulations are possible because F and V do not depend on time or

generation number and that this is a necessary condition of the NGT.

As a final note, the connection between system (2.1) and its associated recursion

equation (2.8) can be better appreciated by considering the case where x(t) is a

scalar (and thus F and V are scalars). An explicit solution of equation (2.4) can

then be found as Ik(t) = (Ft)ke−V t(1/k!)x0. Thus, the number of individuals in the

kth generation, Ik(t), is proportional to a gamma probability density. The number of

individuals in generation 1 increases until a time when births from generation 0 are

too few to offset the mortality rate of the aging cohort (Fig. 2.1, equation (2.4)). The

same is true of later generations, and this gives the number of generation k individuals

for k > 1 a ‘hump’ shape as a function of time. Over successive generations, the plots

form successive waves either growing in size, or decaying, depending upon whether

F/V > 1 or F/V < 1 respectively (Fig. 2.1).
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Figure 2.1: The number of individuals in each generation as a function of time (a)-(c)
was determined by numerically solving equation (2.4). The line originating at (0,1)
shows the size of the founding population decreasing exponentially. These panels
show the temporal dynamics of the number of individuals in generation 1 (bold,
solid), generation 2 (bold, long-dash), generation 3 (bold, short-dashed) and all other
generations in plain style lines. The right side panels (d)-(f) show the temporal
dynamics of the cumulative number of individuals in the 0 to kth generation. The
top most line is the total number of individuals summed across all generations. The
population grows exponentially when F/V > 1 (d) remains unchanged when F/V = 1
(e) and decreases exponentially for F/V < 1 (f). The bold solid line is the number
of individuals in the founding and first generation. The bold long-dashed line is the
number of individuals in the founding, first and second generation, and the bold
short-dashed line is the number of individuals in the founding to third generation.
Parameter values are F = 1 (all panels), V = 0.9 (a),(d); V = 1 (b),(e); and V = 1.1
(c),(f).
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2.3 Evolutionary invasion analysis

Our next aim is to illustrate how the NGT can be used in evolutionary invasion anal-

yses. Below we present a series of three examples that build in complexity. The first

example is simple enough that both the traditional approach and the NGT approach

are equally easy to apply. This helps to illustrate the connection between the two.

The second example is motivated by autoimmunity and host-parasite interactions

and illustrates how the NGT approach can sometimes be substantially simpler than

the traditional approach. Finally, the third example demonstrates how the NGT

approach can be extended to even more complex models.

Example 1

Consider a stage-structured population of juveniles (young), Y , and adults, A. Adults

give birth to juveniles at a rate dependent on the density of adults. When A is near

zero the per capita birth rate is b and as A increases the per capita birth rate decreases

at an exponential rate a due to crowding. Juveniles mature at a constant rate, µ,

and adults die at a constant rate, p. In a monomorphic population, the population

dynamics are given by,

Ẏ = be−aAA− µY,

Ȧ = µY − pA, (2.9)

where unless preceded by a negative sign each of the terms on the right-hand side

are positive or zero. Let us now suppose that we are interested in the evolution of

the birth, maturation and/or death rate, b, µ and p respectively. Proceeding using
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the typical approach to evolutionary invasion analyses (Otto & Day 2007), we find

the conditions for the system (2.9) to reach a stable non-trival equilibrium and then

introduce a mutant with altered b, µ and/or p values. To do so, we augment sys-

tem (2.9) to account for the mutant dynamics and modify the equations to reflect

interactions between the mutants and individuals with the original trait (referred to

as the resident trait). We will assume that the resident interacts with the mutant

through crowding which reduces the mutant birth rate. The mutant-resident system

of equations is therefore,

Ẏ = be−a(A+Am)A− µY,

Ȧ = µY − pA, (2.10)

Ẏm = bme−a(A+Am)Am − µmYm,

Ȧm = µmYm − pmAm,

where Ym and Am denote the number of individuals with the mutant trait. The

non-trivial resident equilibrium from equations (2.9) is therefore an equilibrium of

equations (2.10) when Ym = 0 and Am = 0. The stability properties of the equilibrium

of equations (2.10) tells us whether the mutant can invade or not.

To examine the local stability of the mutant-free equilibrium, we obtain the Ja-

cobian matrix of equations (2.10),

J
∣∣∣
(Ŷ ,Â,0,0)

=

 Jres S

0 Jmut

 , (2.11)

where the upper block, Jres, contains the partial derivatives of Ẏ and Ȧ with respect
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to Y and A, S contains the partial derivatives of Ẏ and Ȧ with respect to Ym and

Am, and the lower block (sometimes referred to as the mutant sub-matrix) is,

Jmut =

 −µm bme−aÂ

µm −pm

 . (2.12)

The resident-only system is stable, and therefore s(Jres) < 0, for b > p. Since J is

block diagonal, the equilibrium (Ŷ , Â, 0, 0) is unstable when s(Jmut) > 0.

In this example, we can understand the evolution of the traits bm, µm, and pm

by the form of the interaction between residents and mutants. In equations (2.10)

the density-dependent effect of resident individuals on the mutant birth rate is mul-

tiplicative. Therefore, we know that selection will maximize bm

pm
(Mylius & Diekmann

1995, Result 1). In this example we show that this conclusion can be reached using

either the traditional approach or next-generation methods. First proceeding with

the traditional approach, we calculate s(Jmut),

s(Jmut) = Re

−µm − pm +
√

(µm + pm)2 − 4µm(pm − bme−aÂ)

2

 , (2.13)

and the mutant invades if s(Jmut) > 0 and fails to invade if s(Jmut) < 0. The condition

for mutant invasion looks complicated, but it can be reduced to,

pm − bme−aÂ < 0, (2.14)

by using the Routh-Hurwitz criteria (Edelstein-Keshet 1998, Sec. 6.4) or by noting

that only the correct sign of s(Jmut) is needed to correctly characterize invasibility.
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The final step is then to evaluate this expression at Â. There are two ways in which

this might be done. First, we can solve for the equilibrium values directly from

equations (2.9) to obtain Â = Log(b)−Log(p)
a

, and then insert this into equation (2.13).

Alternatively, we can use the fact that s(Jmut) = 0 when pm = p and bm = b because,

in this case, the mutant is identical to the resident and thus should have neutral

stability and this property is used to eliminate the unknowns in equations (2.13). In

either case, the final result is,

s(Jmut) = pm − bm
p

b
. (2.15)

This can be interpreted as the instantaneous growth rate of the mutant when the

resident population is at equilibrium. The mutant will invade if s(Jmut) > 0 meaning

that the mutant growth rate must be positive in the resident-only population. This

occurs only if pm

bm
> p

b
.

We can now compare the above ‘traditional’ approach to one using the NGT.

Everything proceeds exactly as above up until the point where we have calculated

the mutant submatrix, Jmut. Then, instead of calculating s(Jmut), we use the NGT

to decompose Jmut into Jmut = F − V. To apply the NGT, all the elements of F

must be non-negative and the maximum real parts of the eigenvalues of −V must be

negative. Next, we discuss how F and V can be chosen for evolutionary models.

Recalling that the elements of F represent the appearance of new individuals,

we return to equation (2.10) and determine for every term of every element of Jmut

whether that term arose from a process describing the appearance of new individuals,

or from a process describing the movement or death of existing individuals. In bio-

logical systems, new individuals appear as either births or immigration terms and all
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other terms are assigned to V. For models of parasite evolution, ‘births of the para-

site’ refers to the appearance of newly infected hosts. Such terms are assigned to the

F matrix. The movement of individuals, usually refers to either physical movement

between spatial patches, maturation to a new life stage, or progression to a more

advanced type of disease. These terms, as well as death and emigration terms are

assigned to the V matrix. When F and V are chosen so that the matrix elements have

this interpretation, then ρ(FV−1) = R0 and is referred to as the basic reproduction

number.

Finally, there are some restrictions on the types of evolutionary models to which

evolutionary invasion analyses of this type can be applied. The formal requirements

on the non-linear model are (A1)-(A5) in van den Driessche & Watmough (2002) and

these can be simply recast in terms of evolutionary models by replacing ‘infectives’

with ‘mutants’. These requirements are needed so that J will be of the form described

in (2.11) and are needed for both the traditional approach and the next-generation

method. The most notable requirement is that immigration cannot occur at a con-

stant rate. This is because constant immigration of mutants makes it unlikely that

(Ŷ , Â, 0, 0) is a stable equilibrium of equations (2.10).

In equation (2.10) new individuals arise due to the birth term in the Ẏm equation,

the maturation of juveniles reflects the movement of individuals between states, and

therefore,

F =

 0 bme−aÂ

0 0

 and V =

 µm 0

−µm pm

 . (2.16)

Here, the elements of V have the opposite sign as they do in equations (2.10) so

that Jmut = F − V to satisfy the NGT. If we are not interested in the biological
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interpretation of ρ(FV−1), then F and V can be chosen differently providing they

satisfy the conditions of the NGT; the threshold condition for the mutant trait to

invade, ρ
(
FV−1

)
> 1 is equivalent for alternative decompositions (van den Driessche

& Watmough 2002). For this decomposition, one can then readily calculate,

V−1 =

 1
µm

0

1
pm

1
pm

 and FV−1 =

 bme−aÂ

pm

bme−aÂ

pm

0 0

 . (2.17)

Clearly then,

ρ(FV−1) =
bm

pm

e−aÂ. (2.18)

The final step is to evaluate equation (2.18) at the mutant-free equilibrium. As with

the traditional approach, there are two ways in which this might be done; we can solve

for the equilibrium values directly as before or we can use the fact that ρ(FV−1) = 1

when pm = p and bm = b to eliminate the unknowns in equation (2.18). Either way,

we get

ρ(FV−1) =
bm

pm

p

b
. (2.19)

The mutant will invade if ρ(FV−1) > 1, meaning that a single mutant in a resident

population at equilibrium produces more than one new mutant during its lifetime.

This condition can be seen as equivalent to the condition s(Jmut) > 0, since both

correspond to the condition bm

pm
> b

p
.

Example 2

The above example is simple enough that the NGT does not afford any substantial

advantage over the traditional approach. As the dimensionality of the model gets
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larger, however, the NGT can sometimes provide a much simpler analysis, as the

following example illustrates.

Consider an epidemiological model where S is the number of susceptible individ-

uals and where, upon infection, three different types of disease can occur: an acute

infection, I, an autoimmune disease, A, or a chronic infection, C. Here, we view

an autoimmune disease as occuring when lymphocytes that react with the parasite

cross-react with host tissues. The parameter that determines the cross-reactivity of

lymphocytes is p. The probability that the host produces lymphocytes specific for

the infecting parasite is y. Here, we will consider the evolution of a host trait, y. A

simple model for the epidemiological dynamics is,

Ṡ = −ΛS + bSS + bII + bAA + bCC − dS,

İ = ΛSy(1− p)− vII − dI, (2.20)

Ȧ = ΛSyp− vAA− dA,

Ċ = ΛS(1− y)− vCC − dC,

where Λ = βII + βAA + βCC (i.e. the force of infection), vi is the per capita death

rate due to the disease of type i, bi is the per capita birth rate of type i individuals

and d is the per capita background mortality rate (Fig. 2.2). The parameter values

for which (2.20) reaches a stable equilibrium can be determined numerically. We then

introduce a mutant host type with an altered value of the trait y (denoted ym). The
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(v +d)I

(v +d)A

(v  +d)C
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dS

Figure 2.2: Susceptible individuals, S, can contract one of three different diseases:
an acute infection, I, an autoimmune disease, A, or a chronic infection, C. The per
capita mortality rates for each of the diseases are vC , vA, and vI and the background
mortality rate is d. The birth rates are bS, bI , bA and bC respectively and all newborns
are susceptible. The host produces lymphocytes against the infection with probability
y. The probability that the lymphocytes cross-react with host tissues causing an
autoimmune disease is p. In example 2, we derive the expression for fitness when a
rare mutant with the trait ym arises in the host population.
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augmented system, including the mutant, is then

Ṡ = −ΛS + bSS + bII + bAA + bCC − dS,

İ = ΛSy(1− p)− vII − dI, (2.21)

Ȧ = ΛSyp− vAA− dA,

Ċ = ΛS(1− y)− vCC − dC,

Ṡm = −ΛSm + bSSm + bIIm + bAAm + bCCm − dSm,

İm = ΛSmym(1− p)− vIIm − dIm,

Ȧm = ΛSmymp− vAAm − dAm, (2.22)

Ċm = ΛSm(1− ym)− vCCm − dCm,

where the new force of infection is Λ = βI(I + Im) + βA(A + Am) + βC(C + Cm). For

equations (2.21) the matrix Jmut is,

Jmut =



bS − d− Λ̂ bI bA bC

(1− p)ymΛ̂ −vI − d 0 0

pymΛ̂ 0 −vA − d 0

(1− ym)Λ̂ 0 0 −vC − d


, (2.23)

where Λ̂ = βI Î + βAÂ + βCĈ. The characteristic polynomial is,

0 = λ4 + a3λ
3 + a2λ

2 + a1λ + a0,
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where,

a0 = −(bS − d)(vI + d)(vA + d)(vC + d)− Λ̂(bC(1− ym)(vI + d)(vA + d)

+bApym(vI + d)(vC + d) + bI(1− p)ym(vA + d)(vC + d)

−(vA + d)(vI + d)(vC + d)),

a1 = 4d3 + 3d2vA + 3d2vC + 3d2vI + 2dvAvC + 2dvAvI + 2dvCvI + vAvCvI

+Λ̂(3d2 + 2dvA + 2dvC + vAvC + 2dvI + vAvI + vCvI − bC(2d + vA + vI)(1− ym)

−bI(1− p)ym(2d + vA + vC)− bAp(2d + vC + vI)))− bS(3d2 + vAvC

+(vA + vC)vI + 2d(vA + vC + vI)),

a2 = 6d2 + vAvC + vAvI + vCvI − bS(3d + vA + vC + vI) + 3d(vA + vC + vI + Λ̂)

+Λ̂(vA + vC + vI − bC + ym(bC − bI(1− p)− bAp)),

a3 = Λ̂ + 4d + vI + vA + vC − bS.

The traditional approach then requires one to determine the properties of the roots of

this 4th order polynomial. While such an analysis can sometimes be done (e.g., using

the Routh-Hurwitz criteria or the Perron-Frobenius theorem) this approach clearly

can rapidly become cumbersome.
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The next-generation approach, however, is often much simpler. Under the inter-

pretation of F and V given earlier, we decompose Jmut as,

F =



bS bI bA bC

0 0 0 0

0 0 0 0

0 0 0 0


and V =



Λ̂ + d 0 0 0

−(1− p)ymΛ̂ vC + d 0 0

−pymΛ̂ 0 vA + d 0

−(1− ym)Λ̂ 0 0 vI + d


.

(2.24)

Here, we are interested in host evolution so the appearance of new individuals refers

to the birth of new hosts. Note that s(−V) < 0 since vC , vA, vI , d, and Λ̂ are positive,

and it is easy to check that the other conditions of the NGT are satisfied as well. The

next-generation matrix is therefore,

FV−1 =



bS

Λ̂+d
+ Λ̂

Λ̂+d

(
bI(1−p)ym

vI+d
+ bApym

vA+d
+ bC(1−ym)

vC+d

)
bI

vI+d
bA

vA+d
bC

vC+d

0 0 0 0

0 0 0 0

0 0 0 0


, (2.25)

and thus,

ρ
(
FV−1

)
=

bS

Λ̂ + d
+

Λ̂

Λ̂ + d

(
bI(1− p)ym

vI + d
+

bApym

vA + d
+

bC(1− ym)

vC + d

)
. (2.26)

Clearly the NGT provides a much simpler approach to obtaining invasion conditions

for this model than does the traditional analysis. Perhaps even more significantly,

it also immediately provides an expression that has a clear and useful biological

interpretation. The first term on the righthand side of (2.26) represents the total
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reproductive output of a mutant host while susceptible, and the remaining three

terms represent the expected total reproductive output of such a host once infected

(each of these terms corresponds to one of the infection outcomes, weighted by its

probability of occurrence). The mutant host type will therefore invade provided that

the sum total of all this reproductive output is greater than one.

To finish the analysis, we need to evaluate the expression (2.26) at the mutant-free

equilibrium. Although the equilbrium values of the variables can be obtained directly

from system (2.20) the calculations are somewhat long and tedious. As mentioned in

the previous example, however, we can instead use the fact that ρ(FV−1) = 1 when

ym = y to greatly simplify matters. In particular, this reveals that,

Λ̂ =
bS − d

1− bIy(1−p)
vI+d

− bAyp
vA+d

− bC(1−y)
vC+d

,

and therefore the expression for the mutant growth factor is,

ρ
(
FV−1

)
= 1 +

bS − d

bS − T (y)d
(T (ym)− T (y)) , (2.27)

where,

T (y) =
(1− p)ybI

vI + d
+

bAyp

vA + d
+

bC(1− y)

vC + d

is the number of expected offspring from a single infected individual. Here, ρ
(
FV−1

)
=R0

because we chose biologically meaningful F and V. To interpret the expression for

R0, it is best to consider equation (2.26). We also note that at the mutant-free

equilibrium, resident individuals affect the mutant through the scalar quantity, Λ.

Therefore, there is no chance of a stable polymorphism for this model (Heino et. al.
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1998).

Before proceeding to the final example, it is useful to pause for a moment to

consider why the NGT technique provides an easier approach in this example. Math-

ematically, the answer has to do with the forms of F and V in the decomposition.

If we define F and V as discussed in Sec. 2.2, then frequently F has only one row

with non-zero elements. As a result, the matrix FV−1 will be upper triangular even

though the original matrix F−V need not be. This makes it is easier to evaluate the

eigenvalues of FV−1 than to evaluate those of F−V.

From a biological standpoint, the fact that F has only one row with non-zero

elements means that new individuals are always born into a single class. This is

typically the case for age and stage structured models, but it is often true in other

forms of population structure as well. For example, with infectious diseases new

infections often arise in only one class (e.g., exposed, but uninfectious individuals)

and then move into other classes afterwards. In either case, one can think of a

typical new individual as being one that starts in this ‘newborn’ class. We then

simply imagine following this individual throughout its lifetime and adding up all of

the new individuals that it produces in this newborn class. The resulting quantity is

simply ρ
(
FV−1

)
, which is the lifetime reproductive output of a newly formed mutant

individual.

Example 3

The above example illustrates that when all new individuals enter the model through

a single class, the NGT typically provides a very simple and biologically meaningful

approach to conducting evolutionary invasion analyses. In this final example we will
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demonstrate that, even when new individuals enter the model through more than one

class, the NGT approach can still be useful. In such cases the matrix FV−1 will no

longer be upper triangular, and thus finding its eigenvalues need no longer be any

easier than finding those of F−V. Nevertheless, working in terms of FV−1 can still

have its advantages in terms of providing biological insight. We will work primarily

with a two-dimensional system to simplify the presentation, but the same principles

hold in higher dimensions as well.

Before getting into the details of a specific example, let’s first consider some general

remarks. Starting with the matrix FV−1, an elementary result of matrix algebra

shows that,

λ =
~vTFV−1~u

~vT~u
, (2.28)

where ~v and ~u are the left and right eigenvectors of FV−1 associated with the eigen-

value λ. Since FV−1 ≥ 0, the Perron-Frobenius theorem tells us that the eigenvalue

of maximum modulus is real (Seneta 1973) and therefore,

ρ
(
FV−1

)
=

~vTFV−1~u

~vT~u
, (2.29)

where ~v and ~u are the eigenvectors associated with the leading eigenvalue. The

elements of the left eigenvector are proportional to the reproductive values of each

type of individual, and the elements of the right eigenvector are proportional to the

equilibrium numbers of each type. Furthermore, we can choose these eigenvectors in

such a way that ~vT~u = 1.

Now let’s consider the 2 × 2 case with eigenvectors normalized so that ~vT~u = 1.
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We have,

ρ(FV−1) = ~vTFV−1~u

=
[v1 v2]

 K11 K12

K21 K22


 u1

u2


= v1K11u1 + v1K12u2 + v2K21u1 + v2K22u2, (2.30)

where Kij is the (i, j)th element of the next-generation matrix, and corresponds to the

expected lifetime number of type i individuals produced by a single type j individual.

Recall that, in the previous example, where all newborns entered through a single

class, we made no use of the concept of reproductive value. Now, however, because

newborns can enter through multiple classes, we need to convert these newborns of

different classes into a common currency. The reproductive values, vi, do this for us.

Given these considerations, we can interpret equation (2.30) as the sum of contri-

butions from each stage in the stage-structured population. For example, grouping

terms by ui we have,

ρ(FV −1) = u1(K11v1 + K21v2) + u2(K12v1 + K22v2). (2.31)

The first term in equation (2.31) accounts for the contribution of type 1 individuals.

Here the fraction of individuals that are of type 1 is u1, each of which produces a total

of K11 type 1 offspring during their lifetime (with type 1 offspring having a value of

v1), as well as a total of K21 type 2 individuals (with type 2 offspring having a value

of v2). Likewise, the second term accounts for type 2 individuals’ contributions. If

the sum total of these contributions is greater than 1, then invasion will occur.
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Equation (2.31) provides a useful biological interpretation of the invasion fitness,

but as already mentioned, when it comes time to actually calculate this expression

explicitly, it is no easier than working with the original matrix F−V. The reason is

that, even though the elements of the matrix FV−1 can sometimes be relatively easy

to derive, the eigenvectors, ~u and ~v are also functions of the elements of this matrix.

Nevertheless, in many evolutionary invasion analyses we can still use the NGT to

make easy progress because we are often interested in mutant trait values that are

very close to the resident trait value (i.e., mutations of small effect). In such cases,

we can approximate ρ(FV−1) as

ρ
(
FV−1

)
≈ 1 + ~vT ∂FV−1

∂ym

~u (ym − y), (2.32)

where all terms of equation (2.32) are evaluated at ym = y (see Appendix B). Equa-

tion (2.32) is often relatively easy to evaluate because the eigenvectors are now cal-

culated for the special case where ym = y, and the matrix ∂FV−1

∂ym
involves only differ-

entiating the elements of FV−1.

We now illustrate these ideas using an example of a spatially structured popula-

tion. Consider a population subdivided into two patches with migration of newborns

between patches. The question of interest is this: if there is a trade-off between adap-

tation to patch 1 versus patch 2, how do the demographic dynamics affect the way

this trade-off is resolved?

Define N1 and N2 as the population size of the resident phenotype in each patch.

Suppose that a fraction, qi, of the new births in patch i migrate to the other patch

and vice versa. Assume that births are density-dependent (within a patch) and use

bi(Ni, Nim, y) to denote the per capita birth rate. Density-dependence in the birth
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rate is due to competition for resources, but the fraction of newborns that migrate is

a constant. Use µi(y) as the per capita death rate where y is an underlying trait that

mediates the trade-off in adaptation to each patch. The model for the resident only

system is then,

Ṅ1 = (1− q1)b1(N1, 0, y)N1 + q2b2(N2, 0, y)N2 − µ1(y)N1,

Ṅ2 = (1− q2)b2(N2, 0, y)N2 + q1b1(N1, 0, y)N1 − µ2(y)N2. (2.33)

Next, we suppose the necessary conditions for this system to reach a stable non-

trivial equilibrium have been determined and we introduce a mutant genotype with

an altered value of y (denoted ym). The augmented system is as above but with

bi(Ni, Nim, y), plus the same equations for the mutant,

Ṅ1m = (1− q1)b1(N1m, N1, ym)N1m + q2b2(N2m, N2, ym)N2m − µ1(ym)N1m

Ṅ2m = (1− q2)b2(N2m, N2, ym)N2m + q1b1(N1m, N1, ym)N1m − µ2(ym)N2m.

(2.34)

The mutant submatrix for this model is,

Jmut =

 (1− q1)b̃1(ym, y)− µ1(ym) q2b̃2(ym, y)

q1b̃1(ym, y) (1− q2)b̃2(ym, y)− µ2(ym)

 , (2.35)

where we have suppressed some arguments of functions for notational simplicity (e.g.,

we are using b̃i(ym, y) to denote bi(0, N̂i, ym) where N̂i is the equilibrium value of the

resident population in patch i and the dependence of b̃i(ym, y) on y is because N̂i is
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a function y). The traditional approach would then calculate s(Jmut), which can be

readily done by solving for the roots of the characteristic polynomial of Jmut using the

quadratic formula. Note, however, that the resulting expression is not particularly

easy to interpret.

The next-generation approach first calculates FV−1, giving

FV−1 =

 (1−q1)b̃1(ym,y)
µ1(ym)

q2b̃2(ym,y)
µ2(ym)

q1b̃1(ym,y)
µ1(ym)

(1−q2)b̃2(ym,y)
µ2(ym)

 . (2.36)

The (i, j)th element of the matrix (2.36) is the number of new patch i offspring

produced over the lifespan of a patch j individual. Using formula (2.31) for ρ(FV−1),

we have

ρ(FV−1) = u1

(
(1− q1)b̃1(ym, y)

µ1(ym)
v1 +

q1b̃1(ym, y)

µ1(ym)
v2

)

+u2

(
q2b̃2(ym, y)

µ2(ym)
v1 +

(1− q2)b̃2(ym, y)

µ2(ym)
v2

)
.(2.37)

Thus, invasion fitness can be viewed as the sum of contributions from patch 1 and

patch 2. The first term is the number of offspring produced by a patch 1 mutant that

stay on patch 1, plus the number of offspring produced by a patch 1 mutant that

move to patch 2 (each weighted by the appropriate reproductive value). The fraction

of such mutant individuals on patch 1 is u1. The second term can be interpreted

analogously.

To proceed further, if we assume that the mutant trait value is close to that of

the resident, we can then use the approximation (2.32). In this case, when y = ym
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we have ~uT = [q2, q1] and ~vT = [1, 1]. Therefore, equation (2.32) gives,

ρ(FV−1) ≈ 1 + [1 1]

 (1− q1)z1 q2z2

q1z1 (1− q2)z2


 q2

q1

 (ym − y), (2.38)

where the zi are selection gradients defined as,

z1 =
∂
(

b̃1(ym,y)
µ1(ym)

)
∂ym

∣∣∣∣∣∣
ym=y

and z2 =
∂
(

b̃2(ym,y)
µ2(ym)

)
∂ym

∣∣∣∣∣∣
ym=y

.

Equation (2.38) simplifies to,

ρ(FV−1) ≈ 1 + (q2z1 + q1z2) (ym − y). (2.39)

Therefore, invasion fitness depends on the weighted sum of the selection gradient, zi,

in each patch. The approximation (2.39) illustrates that when q2 is larger than q1

selection favours adaptation to patch 1. This makes sense since migration to patch 1

exceeds migration away from patch 1 when q2 > q1.

2.4 Summary

The quantity R0 has been called ‘one of the most important concepts in epidemic

theory’ (Heesterbeek 1996, Heffernan et. al. 2005), as it provides a natural way to

characterize the potential for an infectious disease to spread. Not surprisingly then,

researchers have sought various ways to simplify the calculation of this quantity. Next-

generation methods (Diekmann et. al. 1990, Diekmann & Heesterbeek 2000, van den

Driessche & Watmough 2002) have become one of the most important tools in this
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regard, because they provide a convenient way to perform such calculations. Other,

related approaches, have recently been developed based on graph-theoretic techniques

(de Camino-Beck et. al. 2008).

Given that the NGT essentially provides a simplified way of performing some

linear stability analyses, it is not surprising that this approach might also be useful in

the context of evolutionary invasion analyses. Although a few authors have employed

this approach it is vastly under utilized. The purpose of this chapter is to bring this

technique to a broader evolutionary audience, by providing an intuitive connection

between it and the more traditional approach in evolutionary invasion analyses and

by illustrating its utility through a series of three examples.

In Sec. 2.2, we illustrated that, when dealing with the stability properties of a

linear system of ordinary differential equations, one can derive an associated recur-

sion where the increase in population size due to the contribution of a generation

corresponds to an equivalent increase in the population by all generations over some

discrete-time step. The original system of differential equations models how the num-

ber of individuals of all generations changes over time, whereas the associated re-

cursion models how the number of offspring produced by a generation over all time

changes through successive generations. The key result of the NGT is that the num-

ber of individuals of all generations increases over time if, and only if, the number

of offspring produced by a particular generation also increases as generations pass.

Given that the former system essentially quantifies the dynamics in terms of real time,

whereas the latter does so in terms of numbers of generations, this correspondence

makes good intuitive sense.

In Sec. 2.3, we then illustrated how the NGT can sometimes make evolutionary
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invasion analyses simpler. In particular, this approach often offers a substantial ad-

vantage whenever new individuals are always born into a single class. In this case we

typically find that the next-generation matrix, FV−1 is triangular, thereby making

the calculation of its eigenvalues easy. From a biological point of view, the domi-

nant eigenvalue of this matrix can be viewed as the lifetime reproductive output of

a newly introduced individual. Such an interpretation is straightforward because all

such offspring always enter in the same class.

When new individuals are not always born into the same class, the NGT typically

does not yield much mathematical advantage and the approach is not often used in

this context in mathematical epidemiology. Nevertheless, we have also demonstrated

in Example 3 that the approach can still be of considerable value in this case, par-

ticularly in the context of evolutionary invasion analyses. First, it provides a very

helpful form for invasion fitness that can be easily interpreted, even when the ensuing

calculations are difficult. Second, because we are often interested in small mutational

steps in evolutionary invasion analyses, it can also provide some helpful mathematical

machinery.

Taken together, the above considerations demonstrate that next-generation meth-

ods can be a very useful way to approach evolutionary invasion analyses. Certainly

it will not always make such analyses easier, but it provides an important additional

tool to have at ones disposal, especially when dealing with models of high dimension.
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Chapter 3. The evolution of mimicry in parasites

3.1 Introduction

Parasites that are molecular mimics express proteins that resemble host proteins (also

termed ‘self proteins’). There are numerous examples of parasites that mimic human

cells (Oldstone 1998) including Campylobacter jejuni which causes food-poisoning

and mimics a human ganglioside (Ang et. al. 2004), human cytomegalovirus which

infects 10% of infants under 6 months age (Landolfo et. al. 2004) and mimics endothe-

lial receptors (Michelson 2004) and the protozoan Trypanosoma cruzi which mimics

myocardial cells (Petkova et. al. 2000).

Parasites that are mimics are likely to evade the immune system because the host

is adverse to harming itself. Autoimmunity refers to host tissue damage caused by

the host immune system. To the extent that mimicking parasites are structurally

similar to self proteins, the immunological processes that protect the host against

autoimmunity leave mimics protected from an immune response as well. The process

that prevents autoimmunity is clonal deletion. During clonal deletion lymphocytes

are tested against self proteins and highly self-reactive lymphocytes are destroyed as

a means of preventing an immune response to self (Goodnow et. al. 2005, Hogquist

et. al. 2005). Therefore, parasites that are molecular mimics presumably obtain a
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fitness advantage over their non-mimicking counterparts through the evasion of an

immune response (Tortorella et. al. 2000, Hornef et. al. 2002, Young et. al. 2002, Elde

& Malik 2009).

While these benefits of mimicry seem clear (Begon et. al. 1990, p. 963, Elde &

Malik 2009), the costs of such mimicry are less obvious. Such costs presumably

exist, however, because there are a great number of parasite species that have not

evolved to be molecular mimics. Although hypotheses for why mimicry does not

evolve have been presented, understanding why such mimicry is not a ubiquitous fea-

ture of most organisms is a long-standing, and unanswered, problem in evolutionary

ecology (Ruxton et. al. 2004). In this chapter, we use mathematical models to explore

two hypotheses for how molecular mimicry might be selected against in parasites.

The first hypothesis (Hyp 1) is that the cost of mimicry comes from an increased

likelihood of inducing an autoimmune response (Kirchoff 1993, Appelmelk et. al.

1996, Kohm et. al. 2003, Ang et. al. 2004, Rahbar et. al. 2006, Dobbs et. al. 2008).

Although clonal deletion in hosts removes a large number of self-reactive lymphocytes,

some self-reactive lymphocytes nevertheless remain in circulation (Wing 2006). These

lymphocytes might then be activated by parasites that are molecular mimics and

cross-react with self tissues causing autoimmunity (von Herrath & Oldstone 1995,

Ohashi 1996, von Herrath & Oldstone 1996, Hausmann & Wucherpfennig 1997). If

hosts that develop an autoimmune response are less productive for the parasite in

terms of generating fewer new infections, then the risk of autoimmunity may select

against high levels of mimicry (Damain 1964).

The second hypothesis (Hyp 2) is that a life history tradeoff selects against the

evolution of mimicry. In particular, we hypothesize that evolution balances selection
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for immune evasion with selection for parasite proteins to perform other vital func-

tions that contribute to parasite replication. For example, for influenza A the viral

nucleoprotein that is targeted by cytotoxic T-cells also plays a critical role in viral

replication (Docherty et. al. 2006, Ye et. al. 2006). As a result, there might be little

scope for evolving mimicry in this molecule without also compromising its function in

viral replication. Such a tradeoff would ultimately lead to different degrees of mimicry

depending on the nature of this constraint.

To determine the conditions under which each of the above hypotheses might

provide a plausible explanation for the lack of complete mimicry in parasites, we con-

struct a general mathematical model for the epidemiological dynamics of an infection.

We then use this model to determine the evolutionarily stable (Maynard Smith 1982)

degree of parasite mimicry under each hypothesis. The results are used to determine

if there are predictions specific to each hypothesis that might allow one to distinguish

between them using empirical data. Finally, we consider the potential consequences

of certain public health interventions on the evolution of parasite mimicry, and thus

on the occurrence of the different types of disease in the host.

3.2 Model

The goal of our analysis is to identify a parasite phenotype that is an evolutionarily

stable strategy (ESS). This is done by finding the parasite phenotype that maximizes

fitness (Appendix C). Deriving a relationship between the parasite phenotype and

fitness requires several intermediate steps (Fig. 3.1). In this section, we work back-

wards from a model of the epidemiological dynamics to an expression for fitness, to

the immune response that causes each type of disease, and then to how the parasite

48



phenotype influences the characteristics of the immune response. The two different

hypotheses for why mimicry does not evolve are then incorporated into the model

framework.

3.2.1 Parasite fitness

The epidemiological dynamics allow for three different types of disease (or pathology)

once an infection occurs and the parasite phenotype influences the chance of each type

of disease occuring. An uncontrolled infection can occur if the immune response is

ineffective against the parasite, and we use U to denote the number of such infections

in the population. Second, an acute infection can occur if lymphocytes effectively

react with the parasite but not with self, and we use I to denote the number of these

infections. Third, an autoimmune disease can occur if lymphocytes react with both

the parasite and with self (i.e., cross-react), and we use A to denote the number of

infections that lead to this type of disease.

The parasite phenotype determines, q, the probability of an effective immune

response to the parasite, and p, the probability of an autoimmune disease given that

an immune response occurs. Then, the epidemiological dynamics of a host population

that is infected by parasites with identical phenotypes is given by,
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Figure 3.1: The parasite ESS maximizes fitness where the parasite phenotype, ~α, is
related to fitness, R0, via several intermediate steps. We consider two hypotheses that
may explain why not all parasites are mimics. Hyp 1 assumes that parasite phenotypes
are constrained to a fixed level of antigenicity (equation (3.10)) and Hyp 2 assumes
a relationship between the infection transmission rate and the parasite phenotype
(equation (3.12)). Characteristics of the the host immune response and the parasite
phenotype jointly determine the probability that a particular type of disease will
occur in a host (equations (3.4),(3.6)). Parasite fitness is then the expected number
of secondary infections generated by a parasite with the phenotype, ~α, where the
expectation is across the three different possible types of infections (equation (3.2)).
Mimicry is defined as the similarity between how lymphocytes react to the parasite
and to self proteins (equation (3.8)). All notation is defined in Tab. 3.1
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Table 3.1: List of Notation

Characteristics of the parasite
αj the probability the parasite activates a type j lymphocyte.
~α a vector of length k with elements given by the αj’s.
zj the potential contribution that a protein targeted by a type

j lymphocyte makes to parasite replication.
ρ = corr(αj, ∆j) mimicry. If ρ > 0 a parasite is then classified as is a mimic.

|~α| = 1
k

∑k
j=1 αj antigenicity, the potential for a parasite to elicit an immune

response.

‖~α‖ =
∑k

j=1 αjzj the parasite replication rate.

Characteristics of host immunology
∆j the self-reactivity of a type j lymphocyte.
ωj the frequency of type j lymphocytes.
r the total number of lymphocytes that the parasite is tested

against.
Jointly determined immunological parameters

ᾱ =
∑

αjωj the probability that a randomly selected lymphocyte reacts
to the parasite.

α∆ =
∑

αj∆jωj the probability that a randomly selected lymphocyte
cross-reacts.

q = 1− (1− ᾱ)r the probability of an effective immune response.
p = (1− (1− α∆)r)/q the probability of an autoimmune disease given an effective

immune response.
Epidemiological parameters

Ri the number of secondary infections generated by a host with
a disease of type i.

βi = β(·)νi the transmission rate for a disease of type i. The parameter
νi is a scalar that reflects effect of the type of disease on the
transmission rate.

β(·) the transmission rate of the parasite as it depends on the
parasite replication rate or antigenicity.

Ri = Ri/β(·) a factor that multiplies β(·) to give Ri.
φ = RU−RI

RU−RA
the infection transmission factor.

τ = 1−(1−ωkc)r

1−(1−ω1c)r the lymphocyte prevalence factor.

η = (1−α∆)r−1

(1−ᾱ)r−1 an alternative form of the lymphocyte prevalence factor.
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Figure 3.2: Given an infection susceptible hosts, S, will develop one of three types
of diseases: an acute infection, I, an autoimmune disease, A, or an uncontrolled
infection, U . The prevalence of lymphocytes and the types of lymphocytes that are
activated by the parasite determines the probabilities of these different pathologies
occurring in the host. Biological evidence to justify this framework is provided in
Tab. 3.2.
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dS

dt
= −ΛS + bSS + bII + bAA + bUU + γII + γAA− dS,

dI

dt
= ΛS(1− p)q − vII − dI − γII,

dA

dt
= ΛSpq − vAA− dA− γAA− uA,

dU

dt
= ΛS(1− q)− vUU − dU,

(3.1)

where Λ = βAA + βII + βUU is the force of infection, bi is the birth rate, γi is the

recovery rate and vi is the disease-induced mortality rate for hosts with a disease

of type i. The background mortality rate is d and the rate that individuals with

infection-induced autoimmunity progress to a non-infectious type of autoimmunity is

u (Fig. 3.2). Examples of parasites that can produce these three different types of

disease are provided in Tab. 3.2.

If there are two different types of parasites present in the population simultane-

ously, and these parasites compete to infect susceptible hosts, then the ESS is the

phenotype p and q that maximizes,

R0 = RI(1− p)q + RApq + RU(1− q), (3.2)

(Appendix C). This quantity is the expected number of secondary infections that the

host generates while infected with a parasite of a particular phenotype. Here Ri is

the expected number of secondary infections generated by a host with a disease of
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type i where,

RI =
βI

vI + d + γI

RA =
βA

vA + d + γA + u
RU =

βU

vU + d
.

Throughout the chapter, we assume that hosts with uncontrolled infections generate

the most secondary infections and hosts with autoimmune disease generate the fewest

(RU > RI > RA).

3.2.2 Linking immunological response to the parasite to the probabilities

of the different types of infections

Next we describe how characteristics of the immune response determine which type

of pathology occurs in the host. The model assumes that parasites with different

phenotypes will generate different types of immune responses leading to different

probabilities of each type of infection occurring.

Upon infection we assume that a parasite is ‘tested’ against a subset of r lympho-

cytes, where rj is the number of type j lymphocytes in this subset, and r =
∑k

j=1 rj.

Prior to an infection, many different unactivated lymphocytes circulate in the lym-

phatic system and the blood. These lymphocytes have a particular specificity which

is indexed by j. The specificity of a lymphocyte determines whether that lymphocyte

will be activated by the parasite when it is tested. The probability that a type j

lymphocyte reacts with the infecting parasite and is activated is αj.

Unactivated circulating lymphocytes may also be activated by proteins derived

from self. The probability that a type j lymphocyte is activated by a self protein is

∆j. While the self-reactivity of a type j lymphocyte may be any value between zero

and one, for simplicity we assume that the lymphocytes of all different specificities
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Table 3.2: The model assumes that a given parasite may generate any of three different possible diseases (Fig. 3.2).
Biological evidence justifying this framework is provided for four different parasites. An acute infection occurs when
parasite proliferation is limited by the immune system. Autoimmunity occurs when the lymphocytes activated by
a parasite cross-react and destroy human tissues. Uncontrolled infections are defined by the absence of an immune
response to the parasite.

Parasite Acute infection Autoimmunity Uncontrolled infection
Campylobacter -Gastroenteritis -Guillain Barré -In an immunocompromised

jejuni -Asymptomatic -Miller-Fisher Syndrome patient
(Havelaar et. al. 2009) (Rees et. al. 1995, Nachamkin 2002) (Johnston et. al. 1984)

Human -Latent infection shed throughout -Systemic lupus erythematosus - In immunocompromised
cytomegalovirus lifetime -Crohn’s disease and ulcerative patients

-Asymptomatic colitis (Landolfo et. al. 2004)

(Landolfo et. al. 2004) (Hrycek et. al. 2005, Rider et. al. 1997,

Chang et. al. 2003, Rahbar et. al. 2006)

Trypanosoma -None -Chagas’ disease -Chagas’ disease
cruzi (Higuchi et. al. 1993, Kirchoff 1993) (Tarleton et. al. 1999, Arnold 2002)

Helicobacter -None -Idiopathic Parkinsonism -Gastritis, peptic ulcers
pylori -H. pylori -linked autoimmunity (Kuipers et. al. 1995)

-Thyrobocytopenia
(Dobbs et. al. 2008, Appelmelk et. al. 1996,

Franchini et. al. 2007)
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are evenly spaced such that,

∆j =
j − 1

k − 1
for j from 1 to k where k is large. (3.3)

To prevent autoimmunity, lymphocytes that are highly self-reactive are less common,

and so ωj, the expected fraction of lymphocytes that are of type j, is a decreasing

function of ∆j with
∑k

j=1 ωj = 1.

The composition of the subset of lymphocytes that the parasite is tested against

is given by a multinomial distribution with parameters ωj and r. We assume that

the probability of an uncontrolled infection, 1 − q, is the probability that none of

the r receptors that are tested are activated by the parasite. From the multinomial

theorem, this is calculated as,

1− q =
∑

r1,r2,...,rk

r!

r1! · · · rk!
ωr1

1 · · ·ω
rk
k (1− α1)

r1 · · · (1− αk)
rk ,

=

(
k∑

j=1

ωj(1− αj)

)r

= (1− ᾱ)r . (3.4)

Here,

ᾱ =
k∑

j=1

αjωj, (3.5)

is the probability that a randomly selected lymphocyte reacts with the parasite.

A similar argument is used to derive an expression for the probability that an

autoimmune disease occurs, pq, which is assumed to be the probability that at least
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one lymphocyte cross-reacts. In particular,

pq = 1−

(
k∑

j=1

ωj(1− αj∆j)

)r

= 1− (1− α∆)r. (3.6)

Here,

α∆ =
k∑

j=1

αj∆jωj, (3.7)

is the probability that a randomly selected lymphocyte cross-reacts.

Parasites with different phenotypes express different types of surface proteins

which will activate lymphocytes of different specificities. Each parasite phenotype

is assumed to be associated with a specific set of values, 0 ≤ αj ≤ 1, which are the

elements of the vector ~α. So far we have related the parasite phenotype to charac-

teristics of the immune response which then corresponds to parasite fitness, but we

also need to determine whether a particular parasite phenotype should be classified

as mimicry. When random mutations produce a parasite with different surface pro-

teins the result is that a different type of lymphocyte j will be activated and this

lymphocyte type will correspond to a different chance of self-reaction, 0 ≤ ∆j ≤ 1.

We develop a definition of mimicry that captures the functional significance of

mimicry. A parasite is classified as a mimic if lymphocytes respond in the same way

to the parasite and to self. Our definition of mimicry accounts for the similarity

between the parasite and self that might occur by chance, depending on the range

of parasite phenotypes that are possible. To this end, we define mimicry as the

correlation,

ρ = corr(αj, ∆j), (3.8)

between the probability that a lymphocyte reacts with the parasite and the probability
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that the same lymphocyte reacts with self (Fig. 3.3) where the correlation is taken

over the frequency of the different lymphocyte types, j. Thus, if there is no difference

between how lymphocytes react to the parasite and self this correlation will be one.

On the other hand, if the correlation is zero, then there is no relationship between the

parasite and self on average, and thus no mimicry. For this definition, anti-mimicry

occurs if the correlation is negative. Then, the parasite would react most strongly

with lymphocytes that are very unreactive to self, and in this way, parasites that are

anti-mimics would be more noticeable to the immune system than phenotypes that

occur purely by chance. The correspondence between this definition of mimicry and

one based on the structural similarity of the parasite to self is shown in Fig. 3.3.

3.2.3 Formalizing Hyp 1 and Hyp 2

Finally, the types of parasite phenotypes, ~α, that are possible are constrained. Host

lymphocytes can theoretically respond to almost any protein (Kindt et. al. 2007;

p. 12, 111, 248), and so unless a lymphocyte is destroyed during clonal deletion, a

parasite will always activate at least one lymphocyte. The term ‘antigenic’ refers to

the potential to cause an immune response, while ‘immunogenic’ is when this potential

is actually realized (Sulitzeanu & Weiss 1981). For this model the antigenicity of a

particular parasite is,

|~α| = 1

k

k∑
j=1

αj. (3.9)

This is in contrast with the immunogenicity of a parasite which is ᾱ (equation (3.5)).

The difference between the values of antigenicity and immunogenicity reflects the

benefit of mimicry, namely that parasites that are mimics are less immunogenic for

a fixed level of antigenicity (owing to the lower prevalence of highly self-reactive
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Figure 3.3: A normal parasite (a) and a molecular mimic (b) drawn in structural space
as conceptualized in Perelson & Oster (1979). There are many different self proteins
and these are broken down into immunologically significant units termed epitopes.
Collectively all self epitopes are referred to as ‘self’. The structure of self epitopes
are represented in two-dimensional space as ‘s’ and the structure of the parasite is
shown as ‘p’. The distance in structural space is proportional to the probability a
lymphocyte reacts to the parasite or a self epitope. The probability that a lymphocyte
reacts to self is the maximum probability that the lymphocyte reacts to a self epitope.
Lymphocytes (labelled as 1,2,3,4) react strongly with self epitopes in the red region,
react strongly with the parasite in the blue region and cross-react in the purple region.
The reaction probabilities for the normal parasite (a) and the mimic (b) are graphed
in (c) and (d). If αj = ∆j for all j, then lymphocytes cannot discriminate between
self and the parasite. As such, we define mimicry as the correlation between αj and
∆j.
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lymphocytes).

We consider two hypotheses that may select against mimicry and both hypothe-

ses involve a relationship between the antigenicity of a parasite and the number of

secondary infections generated by an infected host. The first hypothesis (Hyp 1) is

that parasites of all different phenotypes are constrained to have the same antigenic-

ity, |~α| = c. This constraint ensures that in the absence of clonal deletion (i.e., if

all lymphocytes are equally prevalent) then all parasite variants would be equally

likely to cause an uncontrolled infection (equation (3.4)). This constraint specifically

isolates the effect of clonal deletion on selection for mimicry. We assume that the

transmission rate of an infection of type i can be written as,

βi = β(|~α|)νi, (3.10)

where β(|~α|) is a function that describes how characteristics of the parasite influence

the transmission rate, βi, and νi is the effect of the immune response that occurs for

a disease of type i on the transmission rate. Hyp 1 assumes that no transmission

occurs unless |~α| = c (i.e., β(|~α|) = δ|~α|,c is a Kronecker delta function).

The second hypothesis (Hyp 2) assumes that the parasite can only increase the

infection transmission rate, βi, by increasing antigenicity. Specifically, let the parasite

replication rate be,

‖~α‖ =
k∑

j=1

αjzj, (3.11)

where zj is the maximum contribution that the parasite protein targeted by a lym-

phocyte j could make to parasite replication. The immune system targets proteins
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that are essential to parasite function and so the maximum contribution of a particu-

lar protein can only be realized when αj = 1. The contributions of different proteins

to total parasite replication are assumed to be additive. The parasite transmission

rate depends on the replication rate such that,

βi = β(‖~α‖)νi, (3.12)

where β(‖~α‖) is an increasing function so that parasites that have high replication

rates produce high transmission rates. Given that the zj are fixed, the parasite may

only evolve a higher transmission rate through increased antigenicity.

Equations (3.10) and (3.12) highlight the similarities between the two different

hypotheses. Hyp 1 assumes that the vigilance of the immune system restricts possible

parasite phenotypes to a fixed level of antigenicity. Hyp 2 relaxes this constraint

slightly by allowing parasite phenotypes with a different potential for causing an

immune response to occur, while acknowledging that there is little scope for changes

to improve the chance of evading the immune system without also compromising

functionality.

3.3 Results

Having defined the relationships between the parasite phenotype, mimicry, and fit-

ness, we now determine the conditions for when mimicry is evolutionarily stable. The

parasite ESS is denoted as ~α∗ which is a vector with elements α∗
j and it can be shown

that the parasite ESS maximizes equation (3.2) (Appendix C). In this section, we

describe the general characteristics of the parasite ESS (Sec. 3.3.1) and the specific
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characteristics of the ESS for Hyp 1 (Sec. 3.3.2) and Hyp 2 (Sec. 3.3.3). Finally, we

determine how shifts in the parasite ESS would impact the types of infections that

occur in hosts (Sec. 3.3.4).

3.3.1 General properties of the parasite ESS

There are two properties of the parasite ESS that apply generally for both Hyp 1 and

Hyp 2. First, a parasite phenotype that is evolutionarily stable will either always or

never activate each lymphocyte (i.e., α∗
j = 0 or 1 for all j). Second, the parasite ESS

has the general form,

α∗
j =


1 for ∆j < x∗,

0 for x∗ < ∆j < y∗,

1 for y∗ < ∆j,

(3.13)

and as such the ESS is either to activate strongly (∆j > y∗) or weakly (∆j < x∗) self-

reactive lymphocytes or both. The quantities x∗ and y∗ correspond to the minimum

and maximum self-reactivities of lymphocytes that are not activated by a parasite

that is evolutionarily stable and 0 ≤ x∗ < y∗ ≤ 1.

The parasite ESS is of the form given by equation (3.13) owing to the shape of

the selection gradient. The selection gradient is a vector with elements whose sign

and magnitude describe the strength of the effect of natural selection to increase or

decrease the probability that a particular lymphocyte reacts to the parasite. Dif-

ferentiating R0 (equation (3.2)) with respect to αj, the jth element of the selection

gradient is,

∂R0

∂αj

= −r(RU −RI)(1− ᾱ)r−1ωj − r(RI −RA)r−1(1− α∆)r−1∆jωj. (3.14)
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Here, β(·) was treated as independent of αj because the Karash-Kuhn Tucker theorem

is used to enforce the constraint that |~α| = c for Hyp 1 (Appendix D) and for Hyp 2,

the selection gradient is discussed in more detail in Sec. 3.3.3.

The selection gradient is negative for all j because an increase in the probability

that a type j lymphocyte reacts to the parasite decreases the chance of an uncon-

trolled infection and decreases fitness (equation (3.2)). The parasite ESS is to activate

the lymphocytes that correspond to the least negative values of the selection gradi-

ent which are j = 1 or j = k (Lemma 1, Appendix D). When RI − RA is large,

autoimmunity is costly and the maximum in the selection gradient occurs at j = 1

because then the parasite activates weakly self-reactive lymphocytes that are unlikely

to cause autoimmunity. When autoimmunity is less costly, the maximum in the se-

lection gradient occurs at j = k since these lymphocytes are rare and likely to cause

an uncontrolled infection. The complete justification that equation (3.13) maximizes

equation (3.2) is provided in Appendix D. The parasite ESS has the general form

(equation (3.13)) except for Hyp 2 when there is a relationship between the self-

reactivity of lymphocytes and the functioning of the proteins that they target (see

Case 3, Sec. 3.3.3).

Given the general form of the parasite ESS (equation (3.13)), mimicry (equa-

tion (3.8)) is selected when the number of different types of highly self-reactive lym-

phocytes that are activated is greater than the number of types of weakly self-reactive

lymphocytes since,

1− y∗ > x∗ =⇒ ρ ≈

√
3(y∗ − x∗)

1 + x∗ − y∗
(1− y∗ − x∗) > 0, (3.15)

where the approximation assumes that there are many different types of lymphocytes
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(i.e., k is large so that the sums in the correlation formula can be approximated with

integrals). When x∗ = 0 then only highly self-reactive lymphocytes are activated.

This is referred to as ‘complete mimicry’. We now determine whether the parasite

ESS corresponds to mimicry for four different cases (two each for Hyp 1 and Hyp 2).

3.3.2 The costly autoimmunity hypothesis (Hyp 1)

For Hyp 1, selection against mimicry is governed by three factors: (1) antigenicity,

|~α|, (2) the relative number of secondary infections generated by hosts with each

of the different types of infections (denoted as φ, the transmission factor), and (3)

the prevalence of weakly self-reactive lymphocytes relative to strongly self-reactive

lymphocytes (denoted by τ or η, the lymphoctye prevalence factors). In the next

subsections, we precisely determine how each of these factors combine to determine

the conditions for mimicry to be selected.

Case 1: c is small

For Hyp 1, we make the assumption that the antigenicity constraint, c, is small. In

other words, of all the lymphocyte types that circulate, only a small fraction have

the specificity to react to a parasite of a given phenotype. This interpretation of c is

possible since α∗
j is always zero or one (Lemma 2, Appendix D).

The parasite ESS is of the form (equation (3.13)) with y∗ = 1+x∗−c since |~α| = c

for Hyp 1. The condition for mimicry to be selected is determined by comparing the

values of R0 (equation (3.2)) when the parasite phenotype corresponds to mimicry

(x∗ = 0) and when the parasite phenotype corresponds to anti-mimicry (y∗ = 1).
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These are,

mimicry: RU + (RA −RU)(1− (1− ωkc)
r) and,

antimimicry: RU + (RI −RU)(1− (1− ω1c)
r),

(3.16)

where ωjc is an approximation of
∑

j αjωj for small c. The condition that mimicry

is selected is that the first line of equation (3.16) is greater than the second and this

reduces to the inequality τ < φ where τ , the lymphocyte prevalence factor is,

τ =
1− (1− ωkc)

r

1− (1− ω1c)r
, (3.17)

and φ, the infection transmission factor is,

φ =
RU −RI

RU −RA

, (3.18)

where both τ and φ are between zero and one. When τ = 1 there is no difference

between the frequency of highly self-reactive lymphocytes and weakly self-reactive

lymphocytes and so mimicry is selected against because there is no real advantage.

When φ = 1 there is no difference between the number of infections transmitted

by a host with autoimmunity and a host with an acute infection; then there is no

cost of autoimmunity and so mimicry is selected. The case where c is small and

τ < φ is shown in Fig. 3.4(a). Here, mimicry is selected and, as such, the correlation

between the probability that lymphocytes react to a parasite and to self is positive

(equation (3.8)).
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Figure 3.4: The parasite ESS is to activate some lymphocytes with probability one
(shown in grey) and to never activate other lymphocytes. For Cases 1,2, and 4 the ESS
is to activate only weakly and/or strongly self-reactive lymphocytes (equation (3.13)).
If the correlation ρ = corr(αj, ∆j) is positive, then the parasite ESS is mimicry. For
the examples shown, mimicry is selected for Case 1 (a) and Case 3 (c) and the general
conditions for mimicry to be selected for each case are discussed in the text. Where
graphical methods as described in Sec. 3.3.2-3.3.3 can be used to determine the ESSs
the relevant curves are shown. The ∆j are given by equation (3.3) but since k is large
the ∆j are very closely spaced. Details on the numerical methods used to generate
this figure are provided in Appendix E.
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Case 2: c is not small

The basic intuition that mimicry is selected against when hosts with autoimmunity

generate few secondary infections (φ ≈ 0) or when highly self-reactive lymphocytes

are quite common (τ ≈ 1) still holds when c is not small. One difference when c is

not small is that the parasite ESS may be to activate several lymphocyte types which

are a mixture of being strongly and weakly self-reactive.

Dividing the righthand side of equation (3.14) by r(RU −RI)(1− ᾱ)r−1 leaves the

sign of equation (3.14) unchanged and allows us to more clearly understand the shape

of the selection gradient,

s(∆j) = −ωj −
(

1

φ
− 1

)
η∆jωj, (3.19)

where η = (1−α∆)r−1

(1−ᾱ)r−1 . The quantity η is similar to τ but where the sums ᾱ and α∆

are evaluated rather than being approximated as was done in equation (3.16). From

equation (3.19) selection for mimicry occurs when
(

1
φ
− 1
)

η is large. Therefore,

mimicry is selected against when either φ is large or η is small. This condition is

qualitatively similar to the condition τ < φ as was discussed in Case 1.

The parasite ESS for Case 2 can be determined graphically (Fig. 3.4(b)). The

selection gradient (equation (3.14)) multiplied by -1 is the hump shaped curve in Fig.

3.4(b). From Lemma 2 (Appendix D) the parasite ESS consists of α∗
j = 0 or 1. The

the parasite ESS is determined by adjusting the vertical height of a horizontal line

such that the sum of all the αj that are below the line, multiplied by 1/k, is c. This

is a graphical method for identifying a set of αj that correspond to the least negative

values of the selection gradient (equation (3.14)) while ensuring that the antigenicity
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constraint for Hyp 1 is met.

3.3.3 The parasite ESS (Hyp 2)

For Hyp 2, selection for parasites to activate lymphocytes occurs, in part, because

the protein that a given lymphocyte targets is essential to parasite replication and

mutations that make the parasite less conspicuous would compromise the parasite’s

ability to replicate.

Case 3: A relationship between the self-reactivity of lymphocytes and the con-

tribution of the proteins they target to parasite replication

For lymphocytes of different self-reactivities the proteins that they target may vary

with respect to how vital they are to parasite replication and this relationship is

described by zj. Differentiating, R0 with respect to αj, we can determine whether

there is selection for the parasite to activate lymphocytes that react to self with

different probabilities,

∂R0

∂αj

= −r(RU −RI)(1− ᾱ)r−1ωj − r(RI −RA)(1− α∆)r−1∆jωj)

+((1− q)RU + pqRA + (1− p)qRI)zjβ
′(‖~α‖), (3.20)

where Ri = Ri/β(‖~α‖), β′(‖~α‖) = dβ
d‖~α‖ and where βi is given by equation (3.12).

Here, α∗
j = 0 for all ∆j where equation (3.20) is negative and α∗

j = 1 for all ∆j

where equation (3.20) is positive. The similar selective forces that applied for Hyp

1 still apply for Hyp 2, however, now the parasite ESS activates some lymphocytes

of intermediate self-reactivity because this is necessary for maintaining the ability to

replicate.
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The parasite ESS for Hyp 2 is shown in Fig. 3.4(c). The change in sign of equa-

tion (3.20) can be determined graphically as the intersection of two curves. These

are the first and second lines of equation (3.20) where the first line of equation (3.20)

is multiplied by -1. These curves represent selection against activating different lym-

phocytes due to the cost of causing autoimmunity and acute infections (this has a

‘hump shape’) and selection to activate lymphocytes that target the proteins that are

most vital to parasite replication (this curve may have any shape, but for the example

shown it is a wavey curve). When the incentive to activate a lymphocyte exceeds the

cost, the wavey line is higher than the hump shaped line, and the parasite ESS is

to activate the corresponding lymphocytes with probability 1. For the parasite ESS

shown in Fig. 3.4(c) mimicry is selected (ρ = 0.57), however this is only because the

lymphocytes that target parasite proteins that are essential to parasite replication

are also highly self-reactive. Therefore, for Hyp 2, the evolution of mimicry is highly

dependent on the values of zj.

Case 4: All parasite proteins contribute equally to parasite replication

If we assume that zj is a constant then there is no relationship between the con-

tribution of parasite proteins to parasite replication and the self-reactivity of the

lymphocytes that target them. Then the selection gradient (equation (3.20)) has

the same shape as equation (3.14) and so the parasite ESS is to activate highly and

weakly self-reactive lymphocytes. The difference between the parasite ESSs for Case

4 and for Hyp 1, is that |~α| = c is fixed for Hyp 1, whereas antigenicity is a property

that can evolve under Hyp 2.

Fig. 3.5(a) shows selection for increased values of x∗ and y∗ as τ increases. Here,
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mimicry decreases as a function of the lymphocyte prevalence factor (Fig. 3.5(b))

which is qualitatively consistent with the effect of increasing τ on mimicry from

Hyp 1. As τ increases, for Case 4 there is selection for the parasite to be more

antigenic (equation (3.9) because x∗ increases more rapidly than y∗). In the next

section, we will explain how this selection for increased antigenicity then translates

into the probability that the ESS parasite phenotype causes an uncontrolled infection

(equation (3.4)) or infection-induced autoimmunity (equation (3.6)).
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Figure 3.5: The parasite ESS for Hyp 2 when there is no difference in the contribution
that parasite proteins that are targeted by different lymphocytes make to parasite
replication (Case 4). (a) The parasite ESS to is activate lymphocytes with self-
reactivity ∆j < x∗ and ∆j > y∗ with probability one. There is a critical value at
approximately τ = 0.06 where selection shifts away from complete mimicry. After the
switch there is an increase in antigenicity, x∗+1−y∗ (equation (3.9), equation (3.13)).
This increase is the reason for the counter-intuitive result that the probability of an
autoimmune disease given an infection increases when mimicry is selected against
(Fig. 3.6(d)). (b) The level of mimicry for the ESS parasite decreases as a function τ .
For this figure the values of x∗ and y∗ were determined using a numerical maximization
procedure as described in Appendix E.
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3.3.4 The effect of intervention strategies on the probability of infection-

induced autoimmunity and an uncontrolled infection

Now we consider possible intervention strategies to reduce the prevalence of disease,

how these would impact parasite evolution, and ultimately how the probability of an

uncontrolled infection and the probability of autoimmunity given an infection would

change. The compound parameters φ (equation (3.18)) and τ (equation (3.17)) reflect

the quantities that affect selection for mimicry and these may be affected by human

actions.

Fig. 3.6 shows three distinct relationships. First, there will be a sudden change in

the frequency of the types of diseases that occur in hosts when selection shifts to favor

mimicry. Second, when there is a sudden increase in the frequency of uncontrolled

infections (and if this is not attributable to temporal transience, and does, in fact,

represent a parasite ESS), there will also be a rise in the frequency of infection-

induced autoimmunity (Fig. 3.6(a)-(c)). These two increases always occur together

when mimicry is selected, except if the parasite has evolved to be less antigenic

which occurs for Hyp 2 when mimicry is selected through decreasing τ (Fig. 3.6(d)).

Finally, since a shift in the parasite ESS results in a sudden change in the probability

that hosts experience the different disease types, gradual changes in the frequency of

infection types that are not attributable to transience are attributable to changes in

the frequency of lymphocytes of different self-reactivities (Fig. 3.6(b),(d)).

Fig. 3.6 shows a rapid shift in the probability of an uncontrolled infection (equa-

tion (3.6)) and autoimmunity (equation (3.4)) for changes in the transmission factor,

φ, or the lymphocyte prevalence factor, τ . The rapid shifts correspond to selection

for mimicry when φ is large and τ is small (Sec. 3.3.2-3.3.3, Fig. 3.6(a) (inset), Fig.
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Figure 3.6: The effect of treatments that change φ or τ on the change in the probability
of an uncontrolled infection (dashed line) and infection-induced autoimmune disease
(solid line) for Hyp 1 (a),(b) and Hyp 2 (c),(d). When mimicry is selected, ρ > 0,
((a) inset) there is a sudden change in the probability that the parasite ESS causes
an uncontrolled infection and autoimmunity. In general when mimicry is selected the
ESS parasites will increase the chance of an uncontrolled infection (equation (3.4))
and infection-induced autoimmunity (equation (3.6)) (a)-(c). The one exception is
shown in (d). Here, for Case 4, mimics are less likely to cause autoimmunity because
reduced antigenicity (equation (3.9), Fig. 3.5) is also selected. The sharp transitions
shown in (a)-(d) reflect the underlying threshold conditions to select against mimicry
(see the inset panel for (a)). In (c), 1 − q ≈ 0 for all φ. The parameter values and
functions that were used to generate this figure are provided in Appendix E.

72



3.5(b)). The threshold conditions that influence selection for mimicry (Sec. 3.3.2,

Fig. 3.5(b)) then translate into a sudden change in the probability of an uncontrolled

infection and the probability of autoimmunity given an infection (Fig. 3.6).

Changes in the number of secondary infections generated by any of the pathologies

will alter the transmission factor, φ, and changes in the prevalence of lymphocytes

with different self-reactivities will affect τ . In general, when mimicry is selected there

is an increased chance that the evolutionarily stable parasite phenotype will cause

an uncontrolled infection (equation (3.6)) and autoimmunity (equation (3.4)). This

occurs for Hyp 1 and for Hyp 2 when mimicry is selected owing to increased φ (Fig.

3.6(a)-(c)). However, for Hyp 2 when mimicry is selected owing to decreased τ ,

parasites that are mimics have lower antigenicity, and so, the risk of autoimmunity is

lower when mimicry is selected (Fig. 3.6(d)).

Finally, changes in the lymphocyte prevalence factor (equation (3.17)), in and of

themselves, will affect the probability of an uncontrolled infection (equation (3.4))

or an autoimmune disease (equation (3.6)) even in the absence of any differences

owing to parasite evolution (Fig. 3.6(b),(d)). Changes in the lymphocyte prevalence

factor (equation (3.17)) occur through ω1 and ωk. In Fig. 3.6(b),(d), for small values

of τ , mimics are affected by the increase in ωk for increasing τ , and this gradually

decreases the chance of an uncontrolled infection. After the switch point, anti-mimics

are affected by the decrease in ω1 for increasing τ , and this has the opposite effect:

increasing the chance of an uncontrolled infection.
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Table 3.3: Summary of main results

Conditions for mimicry to be selected
Case Conditions

Cases 1,2,4 Mimicry is selected when the relative number of secondary
infections generated by hosts with autoimmunity (φ) is large
and/or highly self-reactive lymphoctyes are rare (τ or η are
small, Sec. 3.3.2).

Case 3 Mimicry is selected when the lymphocytes that contribute
most to parasite replication are targeted by lymphocytes
that are highly self-reactive (Sec. 3.3.3).

The probability of uncontrolled infections and autoimmunity
Case Results

Hyp 1, Increased probability of uncontrolled infections and
Hyp 2 (φ only) autoimmunity when mimicry is selected (Fig. 3.6(a)-(c)).
Hyp 2 (τ only) Increased probability of an uncontrolled infection, but a

decreased probability of autoimmunity when mimicry is
selected (Fig. 3.6(d)).
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3.4 Discussion

To our knowledge this is the first analysis of factors that could select against the

evolution of mimicry in parasites. A central problem in evolutionary epidemiology is

to understand why parasites are not more transmissible. Parasites that are molecular

mimics are more likely to evade the immune response, and in doing so, are more

likely to produce a highly transmissible uncontrolled infection that generates many

secondary infections. One suggestion is that the risk of autoimmunity could select

against molecular mimicry (Damain 1964, Graham et. al. 2005). Throughout our

analysis we assumed that hosts with autoimmunity generated the fewest secondary

infections and we found that under certain conditions this cost of autoimmunity

selects against molecular mimicry (Tab. 3.3, Sec. 3.3.2-3.3.3).

We find that if the risk of autoimmunity affects selection then a parasite will

activate intermediately self-reactive lymphocytes with the lowest probability (equa-

tion (3.13)). The same mechanism that underlies this result is used to explain why

Qa-1-restricted CD8+ T cells protect mice against autoimmunity (Chen et. al. 2007):

these T-cells destroy intermediately self-reactive lymphocytes because highly self-

reactive lymphocytes are rare and pose less of a risk of autoimmunity. An implica-

tion of this result is that higher evolved levels of mimicry do not necessarily cause a

higher probability that an infection leads to an autoimmune disease. This is a direct

consequence of the definition of mimicry (equation (3.8)) and the expression for the

probability of autoimmunity given an infection (equation (3.6)).

In Sec. 3.3.4, we discussed the effect of changes in the frequency of lymphocytes

with different self-reactivities on the types of diseases that occur in hosts, but without

giving any specific details of what such medical interventions could be. Among the
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proposed treatments for autoimmune diseases are gene therapies (Alderuccio et. al.

2009), the targeted elimination of self-reactive lymphocytes, and immunosuppressive

agents (Lopez-Diego & Weiner 2008, Berger & Houff 2009).

The suggested method of action of gene therapy is that the increased expression

of defined self antigens leads to an increase in the presentation of these self antigens

in the thymus and an increased chance that the lymphocytes specific for these self

antigens are destroyed during clonal deletion (Alderuccio et. al. 2009). This type of

medical intervention would decrease the frequency of highly self-reactive lymphocytes,

decreasing τ , which could possibly catalyze selection for mimicry and increase the

chance that a parasite would cause autoimmunity (Fig. 3.6(b)) or an uncontrolled

infection (Fig. 3.6(b),(d)).

Antigen-specific therapies, such as oral myelin basic protein (MBP) or intrave-

neous MBP8298, result in the presentation of these self antigens (which resemble

human MBP) to lymphocytes in the absence of costimulatory molecules. This results

in partial activation of the self-reactive lymphocytes which then undergo apoptosis

owing to the lack of full activation (Lopez-Diego & Weiner 2008). The effect that

these antigen specific therapies would have on parasite evolution is similar to that of

gene therapy because, again, highly self-reactive lymphocytes become less prevalent.

Other proposed therapies such as B-cell depletion agents destroy both self-reactive

and non-self-reactive B-cells. For some clinical studies no subsequent opportunistic

infections were reported as resulting from treatment with B-cell depleting agents (Gi-

acomini et. al. 2009), however, such treatments severely impair humoral immunity

and an increased risk of opportunistic infections seems likely (Berger & Houff 2009).
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Parasites that cause such opportunistic infections may generate many secondary in-

fections owing to the lack of humoral immunity, however, because B-cell depletion

affects all lymphocytes there is no reason that mimics or anti-mimics would have a

particular selective advantage.

Our results on possible intervention strategies consider only the probability of the

different types of pathologies given an infection and not the overall prevalence of the

diseases which would also depend on the rate of infection. For autoimmunity, we only

refer to infection-induced autoimmunity, noting that autoimmunity is caused by many

factors and only a subset of observed autoimmune disease is caused by cross-reacting

lymphocytes activated by parasites that are molecular mimics.

Our work suggests a new definition for mimicry, which is based on the ability

of lymphocytes to discriminate between a parasite and self. This definition avoids

anthropogenic biases in the definition of mimicry and instead defines mimicry from

the point of view of the lymphocyte. Past work has shown that approximately 5% of

800 monoclonal antibodies that reacted with one of fifteen viruses cross-reacted with

normal tissues (Shrinivasappa et. al. 1986, Bahmanyar et. al. 1987). To experimen-

tally quantify mimicry from our definition the in vivo probability that lymphocytes

are activated by self and a parasite is required. In immunology, the different mea-

sures of sequence homology, the relationship between primary and quaternary protein

structure, and the complexity of antigen processing and presentation make it diffi-

cult for general links between sequence homology and the probability of lymphocyte

activation to be established. Here, we have suggested bypassing these complications

by defining mimicry using the lymphocyte reaction probability. Therefore, we have

developed a definition of mimicry that is simple and meaningful, in that our definition
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reflects how mimicry relates to parasite survivorship via immune evasion.

The immunological details of why some individuals develop autoimmunity and

others do not are not known (Arnold 2002). We have modelled the type of disease that

a host experiences given an infection (i.e., autoimmunity versus acute infection), as

stochastic and we derived a model to show how immunology and parasite phenotypes

affect the probability of the different types of diseases. We use our model to show

that the risk of inducing autoimmunity in the host may select against the evolution

of mimicry in parasites. We note, however, that the prevalence of mimicry among

parasite species is difficult to assess, particularly, if parasites activate cross-reactive

lymphocytes that are suppressed or do not lead to a clinical form of disease.

Parasite evolution has practical consequences in terms of evolutionary medicine

and the exact implications may depend on the constraints and life history tradeoffs

that act on the parasite (i.e., the differences shown for Hyp 1 and Hyp 2 in Fig. 3.6).

In that the immune system aims to destroy parasites, the immune system likely has

a strong selective effect on parasites. The possible significance of autoimmunity as

an unavoidable cost of the immune system to respond to a wide range of parasites

has been highlighted by evolutionary biologists (Nesse & Williams 1995, Graham

et. al. 2005). Now that several broadly immunosuppressive therapies are promising

treatments for autoimmune diseases (Lopez-Diego & Weiner 2008), a timely consid-

eration is how these therapies would impact parasite evolution and ultimately what

the consequences would be for human health.
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Chapter 4. The hygiene hypothesis and the evolu-

tion of mimicry in spatially structured populations

4.1 Introduction

The prevalence of autoimmune diseases has risen in industrialized countries, while

at the same time, there has been a decline in the incidence of infectious diseases

(Bach 2002). A leading explanation is the ‘hygiene hypothesis’ which argues that

exposure to a wide range of infectious antigens in early childhood aids in preventing

allergies and autoimmunity as an adult (Yazdanbakhsh et. al. 2002, Bloomfield et. al.

2006, Okada et. al. 2010, Rook 2010). Exposure to a wide range of antigens may

occur from infections acquired from other people or from exposure to antigens in

the environment and each of these are associated with a lower risk of allergy and

autoimmunity in adulthood.

That infections can decrease the risk of autoimmunity is surprising, given that in-

fection with pathogens that are molecular mimics can cause autoimmunity (Damain

1967, Oldstone 1998, Abu-Shakra et. al. 1999, Kohm et. al. 2003, Ang et. al. 2004,

León et. al. 2004). Why infections lower the risk of autoimmunity is unknown (but

see León et. al. 2004). Here, we develop a hypothesis that takes the perspective of
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‘ecological immunology’ (Sadd & Schmid-Hempel 2009). We assume that immunolog-

ical responses are determined via a gene-environment interaction where ‘individuals

respond to the prevailing environment and the perceived future risk’ (Sadd & Schmid-

Hempel 2009). Specifically, for the hygiene hypothesis the environmental factor that

influences how the immune system functions is exposure to antigens. We will show

that immunological tolerance, as determined by a gene-environment interaction, ex-

plains why frequent infections lower the risk of autoimmunity. Our argument relies on

several key assumptions and these are outlined in the next sections. The application

of an existing mathematical model (Johnstone 2002) to immunological discrimination

is justified and the necessary conditions for the model to explain the paradox that a

higher risk of infection leads to a lower risk of autoimmunity are then determined.

Immunological tolerance is determined by a gene-environment interaction

The hygiene hypothesis suggests that childhood exposure to antigens reduces the

risk of autoimmunity. Evidence to support the hypothesis comes from migration and

epidemiological studies. Migration studies show that the children of first-generation

immigrants have the same risk of autoimmunity as local residents (Okada et. al. 2010)

suggesting that the local prevalence of infecting antigens determines the risk of au-

toimmunity rather than genetic inheritance. Attending daycare for children aged 1

or less decreases the chance of developing type I diabetes mellitus (McKinney et. al.

2000). Children with a large number of older siblings are less likely to develop hay

fever (Strachan 1989) and individuals that live in rural areas in both Ethopia (Ye-

maneberhan et. al. 1997) and Germany (von Ehrenstein 2000) are less likely to develop

asthma. Therefore, interacting with other children or living in a rural areas exposes
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individuals to a wider variety of benign and pathogenic microbiota and allergens such

as dust and pollen. The risk of autoimmunity and allergies cannot be explained by

genetics alone and is instead affected by a complex interplay between genes and the

environment (Vercelli 2006).

Immunological tolerance depends on the structure of antigens

The immunological basis for the hygiene hypothesis is unclear (Bach 2002, Yazdan-

bakhsh et. al. 2002). The explanation that frequent infections boost type 1 helper

T-cells, and so lack of infection leads to an increase in type 2 helper T-cell medi-

ated allergies, was intially appealing but is now disfavored because it cannot explain

the observation that type 1 mediated autoimmune diseases have increased in the

western world (Vercelli 2006, Bach 2002, Yazdanbakhsh et. al. 2002). The leading

explanation is that regulatory T-cell responses are boosted by infections (Bach 2002,

Yazdanbakhsh et. al. 2002). Regulatory T-cells act by suppressing conventional T-

cells and dampening the immune response, particularly an immune response to self

that could lead to autoimmunity. Several past studies have modelled the immunol-

ogy of regulatory T-cells in preventing autoimmunity and preserving immunological

tolerance (summarized in Alexander & Wahl, in press).

León et. al. (2004) provide an immunological explanation for why infections could

decrease the prevalence of autoimmunity. León et. al. (2004) assume that infections

increase the rate of self antigen presentation on antigen presenting cells (APCs).

An alternative explanation is that frequent common infections stimulate bystander

suppression (León et. al. 2004, Alexander & Wahl, in press). Bystander suppression

occurs when regulatory T-cells suppress conventional T-cells without regard to the
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specificity of the conventional T-cell.

We suggest a different reason: our argument is that common infections alter the

types of antigens that the immune system will respond to. A key justification for

the model formulation we use is that each regulatory T-cell suppresses a conventional

T-cell of a particular specificity. While non-specific bystander suppression does occur,

the primary action of regulatory T-cells is to suppress a specific clone of conventional

T-cell (Bluestone & Abbas 2003) and dynamic interactions between conventional T-

cells, regulatory T-cells, and other cells influence whether an immune response occurs

to a specific antigen or not.

This immunology is the basis of the model we use, however, we will not model the

specific details of the immune molecule interactions. The heuristic model formulation

supposes that selection on hosts favors hosts that can effectively respond to pathogens

without responding to innocuous or benign antigens such as self cells (i.e., nerve cells

or myocardial tissues), commensal biota, pollen, dust and food. This fits with the

assertion of Elde & Malik (2009) that discriminating mimics from self antigens can

be crucial for host survival.

The model we use assumes that the ability of the host to discriminate pathogen and

benign antigen affects fitness and the mechanisms of how this occurs are unspecified.

While the immunological details of the model will be subsumed, a main motivation

for the model formulation is that the structure of an infecting antigen (either benign

or pathogenic) determines the probability of an effective immune response. The

immunological basis for this assumption is that specific antigens activate specific

conventional T-cells leading to an effective immune response. When no immune

response occurs, this is owing to the suppressive effect of regulatory T-cells that
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target specific T-cell clones.

Human movements influence the spread of pathogens

The immune system responds to environmental factors and this affects the types of

pathogens that survive the immune response and are spread to new hosts. The degree

of local mixing in hosts will impact pathogen transmission. As an example, human

migration influences the spread of Helicobacter pylori, and as such, the diversity of

H. pylori strains decreases with increasing distance from East Africa, the geographic

birthplace of modern humans (Linz 2007).

H. pylori infects over half of the world’s population (Bani-Hani & El-Migdadi

2005) and frequently has no symptoms (Brown 2000). The example of H. pylori

illustrates several key themes of this chapter. In addition to illustrating the role of

human movement in spreading the pathogen, for H. pylori there is a critical interplay

between pathogens and the human immune system which affects the type of pathology

that ensues. The adaptive immune system is activated by H. pylori but regulatory

T-cells are also activated explaining why H. pylori infections are often chronic (Goll

et. al. 2007). Finally, mimicry is a central theme of this chapter. There are many

different strains of H. pylori and some strains mimic gastric peptides (Appelmelk

et. al. 1996).

In that the host immune system recognizes different antigens, the structure of

pathogen antigens will influence pathogen survival. In particular, the risk of au-

toimmunity or allergy is the cost of responding to an antigen that is not harmful.

Pathogens that are mimics express antigens that resemble benign antigens and the
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immune system will respond differently to these owing to the perceived risk of au-

toimmunity. Furthermore, there is a dynamical feedback between how the structure

of pathogens affects immunological tolerance and how immunological tolerance affects

the evolved structure of pathogens.

In this chapter, we argue that under the assumptions outlined above, the predator-

prey model of Johnstone (2002) can be used to model host immunological tolerance. It

is then shown that the model can capture the observation in the developed world that

increasing hygiene increases the risk of autoimmunity while decreasing the prevalence

of acute infections. Finally we use the model to investigate an alternative explanation:

that global mixing of hosts and pathogen evolution may explain why autoimmunity

is more common in developed countries.

4.2 Model

Based on the assumptions described above, the model of Johnstone (2002) can be used

to understand how a gene-environment interaction could determine immunological

tolerance. Although, Johnstone (2002) is a model of predator-prey interactions, the

analogies between predator-prey models and immune system-pathogen dynamics have

long been recognized and the relevance of predator discrimination to immunological

discrimination has been recently highlighted (Fairlie-Clarke et. al. 2009).

The Johnstone (2002) model considers two prey species: an unpalatable model

species and a palatable mimic species. Given the choice, the predator would consume

only the palatable species, however, because the prey species look similar, and preda-

tor perception is imperfect, this is impossible. The predator uses a visual cue such

as color, to determine whether to attack the prey species or not given an encounter.
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The predator perceives all prey species as lying somewhere on a one-dimensional axis.

The value of the cue the predator perceives is normally distributed around the true

value of the cue. The prey species can evolve to be more similar to the model species

(i.e., the evolution of mimicry) and this has two effects. Firstly, it reduces the prob-

ability that the predator will attack the mimic, and secondly, it decreases the attack

threshold of the predator (Johnstone 2002). In a population where the predator is

likely to encounter prey species that are related (i.e., share a common ancestor), the

evolutionarily stable strategy (ESS) for the mimic species can be inaccurate mimicry

which is to not completely resemble the model species. This is because such inac-

curate mimicry leads to a higher attack threshold for the predator and this protects

relatives from predation (Johnstone 2002).

Phrasing the previous work (Johnstone 2002) in the context of immunological

tolerance, the host elicits an immune response based on how different the antigen

is perceived to be to benign antigens. Recognition of antigens by lymphocytes is

determined by the strength of binding between the two. Perception of the antigen by

the lymphocyte depends on the orientation of the molecules when they collide and

the duration of the interaction. Therefore, the probability of lymphocyte activation

by a given antigen is stochastic (Chao et. al. 2004, Chan et. al. 2005, Burroughs &

van der Merwe 2007) and in this way the lymphocytes’ perception of an antigen is

imperfect. We assume that all types of antigens can be mapped to a one-dimensional

axis (Fig. 4.1). As for Johnstone (2002), the perceived value of both benign antigens

and pathogen antigens are assumed to be normally distributed and throughout we

assume that the variance of this normal distribution is equal to 1.
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Table 4.1: List of Notation

Parameter Definition
i an index of the number of pathogenic infections in an infant host.
ai dissimilarity: the difference between the immunodominant antigen

of the ith pathogen that infects an infant and the benign antigen
the immunodominant antigen it is most similar to.

â the dissimilarity perceived by the host immune system between an
antigen and a benign antigen.

ā the mean value of dissimilarity in pathogens that infect an infant.
¯̄a the mean value of dissimilarity in the pathogen population.
a• the value of dissimilarity in a pathogen that infects an adult host.
a∗ the ESS level of dissimilarity in pathogens.
b the benefit to the host of eliciting an immune response to pathogen

antigen per infection with a pathogen.
c the cost to the host of eliciting an immune response to benign

antigen per exposure to a benign antigen.
n the number of pathogen antigens an infant is infected with.
m the number of benign antigens an infant is exposed to.
K = Log

[
bn
cm

]
, the incentive to attack an antigen.

t the tolerance threshold. If â > t an immune response occurs.
t∗(ā) the adult host’s value of t based on forecasting. This value weights

the costs and benefits of an immune response based on antigenic
exposure, ā, as an infant.

ri the coefficient of relatedness between a pathogen that infects an
adult host and the ith pathogen that infected that host as an infant.

r̄ the mean coefficient of relatedness between a pathogen that infects
an adult host and the pathogens that infected that host as an infant.

χ the probability of autoimmunity given an exposure to benign antigen.
s the fraction of pathogen antigens that are destroyed by sanitation

(hygiene).
g(s) the fraction of benign antigens that are destroyed by sanitation.
µ the probability that an infant host matures to become an adult per

time step.
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In fact, there may be many different types of benign antigens. For any particu-

lar pathogen it is the minimum difference between the immunodominant pathogen

antigen (the pathogen antigen that the immune system targets) and benign antigens

that determines whether an immune response occurs. This is because autoimmu-

nity or allergy will occur if the immune system responds to any benign antigen.

Specifically, the pathogen trait for the ith infecting pathogen is ai, which is the true

distance between the immunodominant pathogen antigen and the benign antigen that

the pathogen antigen most closely resembles. Molecular mimicry in pathogens (i.e.,

ai ≈ 0) has been linked with both immune evasion and autoimmunity. Which of these

two outcomes occurs depends on whether an immune response occurs.

To model the concept of ecological immunity, we assume that the type of antigens

that the host is infected with during infancy are used to determine the level of im-

munological tolerance, t∗(ā), in that host during adulthood. Here, ā = 1
n

∑n
i=1 = ai

is the mean value of pathogen dissimilarity for pathogens that an infant is exposed

to. This tolerance is a dissimilarity threshold of the perceived antigen relative to the

nearest benign antigen. If an antigen is perceived to be more similar to benign anti-

gen than t then no immune response occurs. If the host perceives a benign antigen

as exceeding t an immune response is mounted leading to autoimmunity.

We now use the principle of ecological immunity: that the developing immune

system forecasts the payoff of a particular choice of t based on antigen exposure as an

infant. Furthermore, we assume that the choice of t is made to maximize the perceived

expected payoff. We assume a perceived cost, c, of an immune response to a benign

antigen per exposure and a perceived gain, b, for mounting an immune response to

a pathogen per infection. If an infant is infected with n pathogenic antigens and
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Figure 4.1: Infection with different types of antigens affects immune tolerance, t.
The host’s optimal level of immune tolerance balances the likelihood of misclassify-
ing benign antigen (dark gray) with the likelihood of correctly identifying pathogen-
derived antigen (light gray). The difference between the immunodominant antigen
of a pathogen that infects an infant and the benign antigen that the pathogen most
closely resembles is ai. The perceived difference between an antigen and benign anti-
gen is â. The benefit of correctly identifying pathogen-derived antigen is b and the
cost of an immune response to benign antigen is c.
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exposed to m benign antigens during infancy the forecasted payoff is,

H =
n∑

i=1

b(1− Z[t− ai])−mc(1− Z[t)]),

≈ bn(1− Z[(t− ā)])−mc(1− Z[t]), (4.1)

where i indexes the dissimilarity of the ith infecting pathogen and where Z[t] is

the integral of the standard normal distribution from −∞ to t. The second line in

equation (4.1) is the expected payoff under the assumption that the difference between

the pathogen trait among different strains is small.

Our assumption is that immunological tolerance is set to the level t∗(ā) that

maximizes the forecasted payoff as given by equation (4.1),

t∗(ā) =
ā

2
− K

ā
, (4.2)

where K = Log
[

bn
cm

]
. This is the identical equation to the one found in Johnstone

(2002) except here the formula is expressed in terms of n and m because the number

of pathogenic and benign infections experienced as an infant is a key element of the

hygiene hypothesis.

This formula for t∗(ā) shows that n alone does not determine the level of immuno-

logical tolerance in infants, but rather the key quantity is the risk of infection with a

pathogenic antigen relative to benign antigens n/m. The effect of hygiene is to reduce

n, however, if m is reduced by an equal amount immunological tolerance, t∗(ā), and

the risk of autoimmunity is unchanged.
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Hygiene hypothesis

Above we have formalized the idea that the developing immune system is influenced

by the type and number of infecting antigens. This level of immunological tolerance

in the host, t∗(ā), then influences the risk of autoimmunity or allergy in adulthood.

Given exposure to a benign antigen, the chance of an autoimmune disease or allergy

is,

χ = 1− Z[t∗(ā)], (4.3)

and so higher levels of immunological tolerance lead to a lower probability of au-

toimmunity given an infection. In terms, of the hygiene hypothesis, sanitation and

cleanliness may differentially reduce host exposure to benign and pathogen antigens.

Let ñ = n(1 − s) and m̃ = m(1 − g(s)) be the number of pathogenic and benign

antigens that infect an infant where s is sanitation such that if s = 1 all pathogens

are destroyed by cleaning and if s = 0 no pathogen antigens are destroyed. Let g(s)

be the fraction of benign antigens that are destroyed for a given level of sanitation.

A reasonable assumption for g(s) is that g(1) < 1 since it is not feasible that per-

fect sanitation could eliminate all benign antigens because some benign antigens are

expressed on host cells themselves.

Equation (4.3) is the probability of autoimmunity or allergy given exposure to a

benign antigen. The probability that a host with a tolerance of t∗(ā) develops an

autoimmune disease during its adult lifetime is assumed to depend on the level of

exposure to benign antigens, v(m̃), such that,

1− Z[t∗(ā)]v(m̃), (4.4)
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where this expression represents one minus the probability that during adulthood

no infections with benign antigens lead to autoimmunity or allergy. Equation (4.4)

assumes that if at least one benign antigen that the adult host is exposed to generates

an autoimmune response then this host experiences autoimmunity or allergy.

Pathogen evolution

In the above example, hygiene impacts immunological tolerance, however, this change

in immunological tolerance impacts pathogen fitness leading to pathogen evolution.

To further investigate this model as a mechanism for the hygiene hypothesis we allow

for pathogen evolution. One complication is that the hygiene hypothesis states that

exposure to antigen during early childhood influences immunological development and

so the host population needs to be structured into infant and adult hosts. We assume

that although pathogens can infect either infants or adults, that there is no difference

in the fitness of different pathogen strains when they infect infants: only in adults

when the level of immunological tolerance has been set do different pathogen strains

have different fitnesses. Pathogen fitness for a strain with an antigen dissimilarity

value of a• is the probability that no immune response is elicited. This is,

w(a•, ā) = Z[t∗(ā)− a•], (4.5)

where t∗(ā) is the value of immunological tolerance in the adult population of hosts

at a fixed point in time, which is a function of the mean value of dissimilarity in

pathogens that infected that host as an infant.

The ESS level of pathogen dissimilarity is determined using the inclusive fitness

approach. Specifically, the ESS pathogen dissimilarity maximizes equation (4.5) as
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described in Appendix F. Differentiating equation (4.5) with respect to ai then the

inclusive fitness effect of a particular strain of pathogen, a•, is,

W = N [t∗(ā)− a•]

(
1

n

n∑
i=1

ri

(
1

2
+

K

a2
•

)
− 1

)
, (4.6)

where ri is the relatedness of the pathogen infecting the adult host to the ith pathogen

that infected that host as an infant. These are trans-generational relatedness coeffi-

cients (i.e., see equation 2 in Lehmann 2007). In the above differentiation replacing

∂ā
∂ai

with ri assumes that mutations have small effects and the variance in trait values

of the pathogen population is small (Taylor & Frank 1996). The sign of the inclusive

fitness effect (equation (4.6)) determines whether a pathogen trait, a•, will increase

in frequency. Where r̄ = 1
n

∑n
i=1 ri is the mean relatedness of the pathogen that

infects the host as an adult to pathogens that infected that host as an infant, then

the ESS pathogen dissimilarity is determined by solving equation (4.6) equal zero for

ā = a• = a∗,

a∗ =


√

2Kr̄
2−r̄

for K > 0,

0 for K ≤ 0,
(4.7)

and verifying that this a∗ corresponds to a fitness maximum. This equation states that

the ESS level of pathogen dissimilarity to benign antigen depends on r̄. Some factors

that will influence r̄ are how likely it is that infections are spread between different

hosts and the duration of the infancy period. The inclusive fitness approach treats

this correlation implicitly, but by directly specifying a spatial structure in the host

population and describing how infections are spread between hosts, this correlation

can be generated explicitly through a numerical simulation.

99



The numerical simulations performed assumed that the host population is struc-

tured into patches where each patch was occupied by a fixed number of infant and

adult hosts (see Appendix G). Every host is always infected, which is a common as-

sumption for inclusive fitness models in epidemiology (Gandon & Michalakis 2000).

The parameter, h, is the probability that the infection is spread locally to another

host on the same patch and 1 − h is the probability that the infection is spread to

another host on a different patch. If h is high, there is a high chance that the same

host is infected by the same pathogen as an infant and an adult (i.e., high r̄). For

each time step, µ is the probability that an infant matures to become an adult.

Changes in h and µ will influence r̄ and affect pathogen evolution. This is un-

derstood by tracking the mean value of pathogen dissimilarity, ¯̄a, in the pathogen

population over time. During the simulation, new pathogen phenotypes arise through

mutations and so if ¯̄a is unchanged for an extended length of time then this indicates

a numerically determined local ESS which can be compared to equation (4.7). For

example, equation (4.7) states that inaccurate mimicry, a∗ > 0, will evolve for K > 0

and that pathogens evolve to be less similar to benign antigens when the correlation

coefficient, r̄, is larger. These relationships will be investigated computationally and

the computational procedure is described in Appendix G.

4.3 Results

Under the assumptions outlined in the introduction and taking the ecological im-

munology perspective that ‘individuals respond to the prevailing environment and

the perceived future risk,’ increased hygiene will lead to an increase in the prevalence

of autoimmunity only if increased hygiene leads to a bigger decrease in the number of
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benign antigens than in the number pathogenic antigens. If ñ/m̃, and therefore K,

does not increase as a result of increased hygiene, then it is not possible for increased

hygiene to increase the risk of autoimmunity. For K to increase with sanitation then

a restriction on g(s) is that g(s) > s. However, for extremely effective sanitation

g(s) > s cannot hold because it is not feasible to eliminate all benign antigens, and

so, for extreme levels of sanitation, increasing sanitation does not increase the risk of

autoimmunity. Even when sanitation destroys a greater fraction of benign antigens

relative to pathogen antigens (g(s) > s), increasing hygiene does not always increase

the probability that a host develops autoimmunity as an adult (Fig. 4.2(a)). This

is because while given exposure to a benign antigen there is a greater probability of

autoimmunity (Fig. 4.2(b)) the effect of hygiene is to reduce the number of exposures

that occur.

Next, we look at the effect of pathogen evolution in response to changes in host

immunological tolerance. When pathogens evolve, host immunological tolerance de-

pends not only on the effect of hygiene, but also on how shifts in tolerance owing to

hygiene alters pathogen evolution. Fig. 4.2(b) shows that pathogen evolution reduces

the risk of autoimmunity per exposure to benign antigen for all levels of sanitation

(i.e., the dashed line lies below the solid line). This result can be understood by

considering the derivative of χ (equation (4.3)) with respect to K when ā = a∗,

dχ

dK
= −N(t∗(a∗))

(
a∗′

2
− a∗ −Ka∗′

(a∗)2

)
, (4.8)

where a∗′ denotes the derivative with respect to K. Pathogen evolution decreases the

risk of autoimmunity given exposure relative to when no evolution occurs because

a∗′ > 0 (equation (4.8), when no evolution occurs a∗′ = 0). The explanation for
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Figure 4.2: Immunological tolerance depends on the proportion of infectious antigens
that are pathogenic and the level of similarity between pathogen antigens and be-
nign antigens. ‘No evolution’ means that the value of pathogen dissimilarity is held
fixed while the value of host immunological tolerance adjusts to the new value of
hygiene, s. ‘Evolution’ means that pathogens evolve in response to changes in im-
munological tolerance. (a) Increasing hygiene (sanitation) leads to an increase in the
probability that a host develops autoimmunity (equation (4.4)). (b) This is because
given exposure to a benign antigen there is a higher chance of an immune response,
χ (equation (4.3)). Pathogen evolution decreases the probability of autoimmunity
and the chance of autoimmunity given exposure. Parameters are m = 10, n = 1,
g(s) =

√
s− κs, r = 0.75, b = c = 1, κ = 0.005, v(m̃) = m̃ and ā = 1 for (a) and (b).
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why a∗ is an increasing function of K is owing to the mutual dependence of the

host’s value of t∗(ā) and the pathogen determined value of ā on each other. If the

pathogen population evolves so that the value of ā is lower, the host will decrease

t∗(ā) (equation (4.2)). Whether lower values of a• are adaptive depends on how

much t∗(ā) is lowered for a given change in ā. The larger K is, the more t∗(ā) will

decrease for a fixed decrease in ā (equation (4.2)). The overall result is that when K

is large the incentive to reduce a∗ is lower and this, in part, explains why a∗ is an

increasing function of K, and thus why when pathogens evolve in response to changes

in immunological tolerance the risk of autoimmunity given an infection is decreased

for all levels of sanitation (Fig. 4.2(b)).

So far we have considered a fixed value of r̄ and now we determine how the

maturation rate of hosts and local infection spread influences r̄. Fig. 4.3 supports

equation (4.7) because pathogens evolve to be inaccurate mimics, ¯̄a > 0, when K > 0

(Fig. 4.3). That ¯̄a remains unchanged for a long period of time while random new

mutations are continuously being generated, and that these new mutants do not

thrive, is evidence that a local ESS has been reached. The value of ¯̄a averaged over

time 9,000 to 10,000 was assumed to be an ESS, a∗, and was used to calculate the

value of r̄ in equation (4.7) as it depends on the host maturation rate, µ (Fig. 4.4).

Fig. 4.4 show that as hosts mature at a faster rate the mean correlation between the

phenotype of the pathogen infecting a host and pathogens that infected that host as

an infant, r̄, increases.

Finally, r̄ depends on the probability, h, that infections are spread locally between

hosts on the same patch. When, h, decreases the value of ¯̄a in the pathogen population

also decreases (Fig. 4.5). Lower values of ¯̄a indicate the evolution of mimicry in
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Figure 4.3: Numerical simulations show that the mean value of the pathogen dissim-
ilarity in the population evolves to a value ¯̄a > 0. Pathogen evolution is shown for
two different values of the incentive to attack: (a) K = 0.2 and (b) K = 0.6. The
maturation rate, µ, is the probability that an infant matures per time step. The pop-
ulation consisted of 10 patches each with 5 infants and 5 adults where the probability
of infection spread within a patch is h = 0.8. Full details of the numerical procedure
are provided in Appendix G.
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Figure 4.4: Numerical simulations were performed as shown in Fig. 4.3. (a) The mean
value of the pathogen phenotype ¯̄a from time 9000 to 10,000 was recorded for different
values of µ and K. (b) The mean value of ¯̄a over this period was then assumed to be
equal to a∗ and used to estimate the coefficient of relatedness in equation (4.7) where
the estimates of r̄ for the different values of K are indicated by the symbols.
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Figure 4.5: The value of the pathogen trait for a spatially structured host population
with different probabilities of infection spread within patches. The probability that
an infant matures per time step, µ, increases from panel (a) to panel (d). The
mean value of the pathogen trait increases as h, the probability of infection spread
within a patch increases. The figure shows the mean value of the pathogen trait in
the host population averaged for all pathogens and over time steps 9,000 to 10,000.
Results are shown for 100 realizations where the boxplots show the upper and lower
quartiles and the mean. The whiskers show the extreme values within 1.5 times the
interquartile range and the crosses mark outliers. The host population was structured
into 50 patches with 5 infant and 5 adult hosts on each. The incentive to attack was
K = 0.2. For further details on the simulation implementation see the text and
Appendix G.
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pathogens (i.e., pathogen are more similar to benign antigens), and therefore, the

non-local spread of infections selects for pathogens that are more likely to cause

autoimmunity in their hosts (equation (4.3)).

4.4 Summary

Extensive data and observations suggest that exposure to antigens in early childhood

decreases the risk of autoimmunity as an adult (Yazdanbakhsh et. al. 2002, Bloom-

field et. al. 2006, Okada et. al. 2010, Rook 2010). However, these observations are

difficult to explain because, if anything, the risk of autoimmunity should increase

with increasing rates of pathogenic infections since some pathogens are molecular

mimics that cause autoimmunity (León et. al. 2004). Explanations for the observed

increase in autoimmunity in developed countries (Bach 2002) have focused on under-

standing specific immunological details. Rather than take a reductionist approach to

explaining the observation, we take a wider view and ask, ‘if the immune system were

constructed optimally, how would it respond to pathogens?’ Therefore, we focus on

the end result of the immune response and not the specific contributing processes.

Our first key result is that given the assumptions on which our model is based,

a necessary condition for hygiene to increase the risk of autoimmunity is that hy-

giene must reduce the exposure of infant hosts to benign antigens to a greater extent

than it reduces exposure to pathogenic antigens. Given this effect, K increases and

immunological tolerance decreases leading to a greater risk of autoimmunity given

exposure to a benign antigen. However, in that hygiene decreases the number of

antigens that infect a host, it is possible that even though the risk of autoimmunity

given exposure is greater, the overall risk of autoimmunity decreases because there
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are fewer exposures. Combining the risk of autoimmunity per exposure with the total

number of exposures, Fig. 4.2(a) shows that the risk of autoimmunity for an adult

host increases for low levels of hygiene and decreases for high levels of hygiene.

Next, we showed that the maturation rate of hosts influences the relatedness

coefficient among pathogens, and that inaccurate mimicry evolves in pathogens when

infections are spread locally (Figs. 4.4, 4.5). The dependence of pathogen evolution

on other pathogen strains that have infected the same host as an infant then suggests

an alternative reason for the rising rate of autoimmunity in developed countries (Bach

2002), which is that the non-local spread of infections selects for mimicry in pathogens

(Fig. 4.5). This assumes that the propensity to travel long distances by car, train,

and by air contributes to the non-local spread of infections, that pathogens evolve

to be mimics, and the risk of autoimmunity is increased. This finding builds on

other results, for example that increased connectivity between hosts makes the world

appear ‘smaller’ and pathogens adapt to these highly mixed ‘small world’ networks

(Boots & Sasaki 1999, Wild et. al. 2007).

The result that local mixing impacts pathogen evolution occurs only when infant

hosts mature slowly (Fig. 4.5). We note that local mixing does not always impact

evolution (Taylor 1992, Taylor et. al. 2007a), however, in that pathogen infections of

an infant host affect the fitness of pathogens that infect that host as an adult, the

expressed pathogen traits have a trans-generational effect and so the previous results

of Taylor (1992) no longer apply (Lehmann 2007; 2010).

Sadd & Schmid-Hempel (2009) suggested that the ecological immunity perspective

could be used to understand pathogen immune evasion and the evolution of molecular

mimicry. We have shown that the modelling approach and results from Johnstone
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(2002) are applicable in this respect. The immune system has a strong selective effect

on pathogens. If hosts adjust their immunological tolerance based on environmental

exposure to antigens then the pathogen strain that will be transmitted to new hosts

will be affected. We find that a reduction in the relative number of benign antigens

that an infant host is exposed to may increase the risk of autoimmunity. We also find

global mixing will select for mimicry and may increase the risk of autoimmunity in

hosts.
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Chapter 5. Summary and conclusions

The aim of the thesis was to identify factors that could explain why all parasites are

not mimics. An evolutionary invasion analysis was used to understand how parasites

would evolve. The applicability of next-generation methods to evolutionary invasion

analyses was detailed in Chapter 2, and in the first section of this Summary, I discuss

the next-generation methodology for local stability analyses in mathematical biology.

In Chapters 3-4, I investigated three hypotheses that could explain why all parasites

are not mimics. In Sec. 5.2, I comment on the relative importance of each of these

factors and suggest data that would distinguish between these explanations. In the

final two sections, I provide an in-depth discussion of immunomodulatory drugs and

their possible effects on parasite evolution. I end by describing several avenues for

future research.

5.1 Next-generation methods in mathematical biology

In mathematics the ‘traditional method’ for characterizing the local stability of a fixed

point is to find the Jacobian matrix of a system of ordinary differential equations and

if the spectral bound of the Jacobian matrix is negative then the fixed point is locally

stable. Alternatively, in mathematical biology it is common to calculate R0, and if

R0 < 1 then the fixed point of interest is locally stable. This relationship is proved
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in van den Driessche & Watmough (2002) and in Chapter 2 we provide an intuitive

explanation for why the theorem holds. A second novel contribution is that we explain

that for certain types of mathematical models the next-generation method, involving

the calculation of R0, will be easier.

The value of the next-generation method in simplifying local stability analyses

should not be underappreciated. It is striking that a local stability analysis using the

traditional method can require finding the roots of an nth order polynomial while the

same analysis using the next-generation method requires only extracting a diagonal

element from an upper triangular matrix. As discussed in Chapter 2, this is the

case for a specific type of biological model when ‘all new individuals are born into

a single class’. This leads to an interesting possibility: if an alternative method

for characterizing local stability has naturally arisen in mathematical biology, is it

possible that other equivalent but simpler methods for characterizing local stability

exist for other matrices that arise in other areas? It is rare that mathematical biology

contributes to mathematics rather than the other way around (but see May 1976),

however, next-generation methods do just this by extending the methodology to assess

the local stability for a special class of Jacobian matrices. These next-generation

methods were helpful for characterizing parasite fitness and were used to understand

the evolution of mimicry in parasites in the subsequent chapters of the thesis.

5.2 Factors that may select against mimicry in parasites

In the thesis, three factors that could explain why all parasites are not mimics were

presented:

i) the risk of autoimmunity (Chapter 3);
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ii) a tradeoff between the probability that the immune system recognizes a protein

and the contribution of that protein to parasite function (Chapter 3); and,

iii) a gene-environment interaction that determines host immunological tolerance

and the non-homogeneous spread of infections (Chapter 4).

I will describe the critical assumptions and predictions of each of i) - iii) and

provide criteria that could be used to evaluate the merit of each hypothesis. This

draws together the competing hypotheses expressed in the thesis and describes the

data that would be needed to distinguish between them.

The first hypothesis, that the risk of infection-induced autoimmunity selects against

molecular mimicry, both uses assumptions and makes predictions that could be ver-

ified. An assumption was that the number of secondary infections generated by

hosts that have autoimmunity was less than the number generated by hosts that

have acute infections. This is a necessary assumption since if it does not hold then

mimicry increases the chance of the ‘best’ (an uncontrolled infection) and ‘second

best’ (infection-induced autommmunity) outcomes for the parasite, and so mimicry

is always selected.

A first step in understanding if infection-induced autoimmunity impacts parasite

evolution is to verify this condition. Estimating the number of secondary infections

generated by hosts with acute infections is a routine calculation that uses data on how

many new infections are observed over time. Verifying the above assumption is more

difficult, because it is necessary to correctly classify observed infections as ‘autoim-

munity’ or ‘acute infection’. In some cases, the onset of molecular mimicry-induced

autoimmunity related symptoms may occur several months after the parasitic infec-

tion that percipitated it (Oldstone 1998) and so the designation of ‘autoimmunity’
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would need to be done retrospectively.

The hypothesis i) also makes other assumptions that could be tested. In analyz-

ing the model derived in Chapter 3, a notable feature was that highly self-reactive

lymphocytes do not pose the most significant risk of autoimmunity. This is because

the risk of autoimmunity depends both on the prevalence of lymphocyte types and

how self-reactive they are, and so, intermediately self-reactive lymphocytes pose the

greatest risk of autoimmunity. Other work recognizes this relationship (Chen et. al.

2007), but some additional considerations are immunodominance (Nowak 1996) and

lymphocyte competition (Kedl et. al. 2003) where these effects could diminish the

importance of the frequency of lymphocytes in determining the risk of autoimmunity.

Therefore, it should be demonstrated that intermediately self-reactive lymphocytes

pose the highest risk of autoimmunity in vivo. Furthermore, a connection between

the type of lymphocytes that a parasite activates and the type of disease that occurs

in the host needs to be confirmed as being consistent with equations (3.4) and (3.6).

If each of these assumptions are verified, and if the risk of autoimmunity influences

selection, then Chapter 3 makes a testable prediction that it should not be possible

to find parasite species that activate intermediately self-reactive lymphocytes.

The second hypothesis was that proteins that mimic host tissues are less effective

at performing the vital functions necessary for parasite replication and survival. This

argument was advanced by Elde & Malik (2009), although their definition of mimicry

is slightly different from the one used in this thesis. The most challenging aspect of

verifying this hypothesis is understanding the nature of the tradeoff between evading

the immune system and the efficacy of proteins in performing vital functions. Parasite

genomes, especially viral genomes, are quite compact and the types of constraints
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that act on parasites are a strong determinant of how parasites evolve. Past work

in microbiology has identified the functional significance of parasite antigens but

a greater emphasis and understanding of constraints and tradeoffs would facilitate

advances in evolutionary epidemiology.

The third hypothesis is that a gene-environment effect on self tolerance and the

non-homogeneous spread of infections selects against mimicry. This explanation was

motivated by the observation that the prevalence of autoimmunity has increased in

developed countries and is correlated with increasing levels of hygiene. The results

form Chapter 4 related to iii) use key assumptions which are carefully justified in Sec.

4.1. While verifying these assumptions would be beneficial, a limiting aspect of this

problem is that a clear explanation of why the risk of autoimmunity increases with

increased hygiene has not been presented in the immunology literature. Therefore,

rather than focusing on immunological details which are difficult to confirm, I will

suggest a different type of evidence that would support the hypothesis.

There is significant geographic variation in the prevalence of autoimmune diseases

and allergies and there is a lower prevalence of autoimmune diseases in developing

countries (Bach 2002). If there exist correlations between mimicry in pathogens, a

high frequency of visitors from distant locations, and a high prevalence of autoimmu-

nity in a particular geographic location this would provide supporting evidence for

a role of social mixing and a gene-environment interaction affecting self tolerance in

hosts on the evolution of mimicry.

In sum, several reasonable hypotheses as to why all parasites are not mimics

where put forth in the thesis. Each hypothesis has its own merits and it is not

possible to advocate one over another. This is partially because the data required for
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an evolutionary interpretation of infection spread is frequently lacking. Specifically, it

would be beneficial if epidemiological studies were designed to quantify trade-offs and

focused on the characteristics of hosts and pathogens that lead to the highest rates

of parasite transmission. Although data on other factors might be more relevant to

quantifying the immediate health risk of a disease, epidemiologists and evolutionary

biologists can agree that managing the long-term effect of a disease is also a necessary

public health priority.

5.3 Immunomodulatory drugs and parasite evolution

The applied significance of the evolution of mimicry is in understanding how parasites

will evolve in response to immunomodulatory drugs and therapies that are used to

treat autoimmune diseases. Past studies have noted that individuals that have infec-

tion induced-autoimmunity may spread infections (Abu-Shakra et. al. 1999). Whether

individuals that develop autoimmunity generate more secondary infections than other

hosts is of more evolutionary, rather than epidemiological, significance and as a conse-

quence may have been overlooked. This is unfortunate because it certainly is possible

that human actions could influence parasite evolution. The most studied and well

supported examples are the evolution of virulence (reviewed in Alizon et. al. 2009)

and the evolution of antimicrobial resistance (Bergstrom & Feldgarden 2008, Marshall

2008, Roberts & Simpson 2008, Chambers & DeLeo 2009). This work demonstrates

that parasites evolve in response to external factors. Outside of antimicrobials, the

human immune system is likely the most important factor that shapes parasite evolu-

tion because the parasite’s ‘life’ literally depends on being able to outfox the immune

system.
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Hosts and parasites share a long evolution history (Rook 2010) and while some

adaptive features of the human immune system have been identified (Bergstrom &

Antia 2006), these are relatively few. The prevalence of autoimmunity is rising in

developed nations and it is now possible to manipulate the immune system to a

much greater extent than has been possible in the past: this has lead to several

immunomodulatory drugs having reached the clinical trial stage in the United States

(Berger & Houff 2009). The mode of action for these drugs is varied (Giacomini

et. al. 2009, Lopez-Diego & Weiner 2008) but in many cases the effect on the immune

system is dramatic. For example, Rituximab is a B-cell depleting agent that leads to

the rapid depletion of all B-cells (Cohen 2009). Plasma cells that produce antibodies

are unaffected and the efficacy of B-cell depletion agents is thought to arise from

the reduction in the rate of self antigen presentation (Cohen 2009). Eventually, the

B-cells will repopulate and the hope is that the B-cell population ‘resets’ without the

self-reactive B-cells that cause autoimmunity (Dörner 2006).

Several potential therapies act very generally and suppress the action of lympho-

cytes of many specificities, i.e., not only self-reactive lymphocytes (Giacomini et. al.

2009). In that these proposed treatments for autoimmune diseases have broad impacts

on the immune system, it seems likely that these treatments would expose treated

individuals to infections, although the evidence to support this is mixed (Berger &

Houff 2009). One argument that immunomodulatory treatments would not impact

parasite evolution is that only very few people would receive these treatments and so

this may represent a negligible change in selection pressure in the parasite population.

On the other hand, this remains to be seen and whether patients being treated with

particular drugs transmit infections, including avirulent ones, needs to be considered
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in addition to whether the patients themselves are more susceptible to opportunistic

infections. A further consideration is how the specific mode of action of different

drugs will affect parasite evolution.

5.4 Future research

The rapid development of immunomodulatory drugs to alleviate the symptoms of

autoimmunity makes understanding how parasites would respond to these therapies

an important priority, however, there are also several promising future avenues for

theoretical research.

5.4.1 The adaptive significance of autoimmunity

The thesis focuses on the evolution of mimicry in parasites. Throughout the thesis

the host does not evolve. One key consideration is that parasite evolution occurs on a

much faster time scale than host evolution. Methods in evolutionary game theory are

available to analyze this type of problem (Wild et. al. 2007). The possible adaptive

significance of autoimmunity is discussed in Graham et. al. (2005), but as yet no

mathematical models that demonstrate the adaptive significance of autoimmunity

have been developed.

5.4.2 The evolution of virulence and mimicry in parasites

Parasites face a dilemma: their hosts possess resources that the parasite can exploit

to increase reproduction, but the host is an important vehicle for spreading new

infections and exploiting the host diminishes this capacity. For the parasite, immune

evasion via molecular mimicry has three effects: that the parasitic infection is longer
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in duration, that a source of mortality to the parasite is eliminated, and that the

parasite’s access to host resources is unrestricted. Therefore, it seems likely that

there is a relationship between virulence and molecular mimicry. Furthermore, if

parasites that are molecular mimics are less virulent, then they may be less likely to

be detected and this may bias estimates of how common mimicry is. Further work

should consider the joint evolution of mimicry and virulence.

5.4.3 Quantitative realism

The probability of autoimmunity given an infection for most parasites is unknown

although it is likely to be small. Only 5-8% of the U.S. population are affected by

autoimmune disease (U.S. Department of Health and Human Services 2002) and only

a fraction of these cases are triggered by infection with parasites that are molecular

mimics. For Campylobacter jejuni, a bacterial species of molecular mimic, serological

evidence and stool samples show that 30% of Guillain Barré patients where recently

infected with the parasite. This, together with the reported number of cases of C.

jejuni in the general population, implies that the probability of developing Guillain

Barré syndrome given an infection is approximately 0.001 (Allos 1997). Uncontrolled

infections are even rarer and so the probability of an uncontrolled infection given an

infection, for most parasites, is very small. Future modelling efforts need to elucidate

how the immune system can operate so that both the probability of autoimmunity

given an infection is low and the prevalence of uncontrolled infections is low. If all

parasites are mimics, then this may be difficult to explain (see Fig. 3.6).
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5.4.4 Non-epitope cues

The current understanding of how self tolerance occurs is incomplete and identi-

fying signals that lead to immunity or tolerance is a major aim of immunological

research (Arnold 2002). This thesis focuses entirely on the immune system identify-

ing a parasite based on the antigens that the parasite expresses. Among the factors

that were not considered are costimulatory signals due to inflammation (Steinman &

Nussenzweig 2002), costimulatory signals in the presence of parasite-derived signals

(Beutler 2004), bystander suppression which inhibits T-cells without respect to the

antigens that these T-cell are specific for (Fujinami et. al. 2006), the destruction of

B-cells that encounter high doses of antigen (Goodnow et. al. 1989), and competition

among B-cells that may lead to the exclusion of self-reactive lymphocytes (Cyster

et. al 1994). In each of these cases, the immune system uses a biochemical cue as

a proxy for epitope origin to discriminate self from non-self with remarkable accu-

racy. These factors could be built into the equation for the probability of an effective

immune response (equation (3.4)) and the probability of autoimmunity given an in-

fection (equation (3.6)). This would result in a more accurate model that could yield

accurate quantitative predictions, however, these factors act uniformly on parasites

of all phenotypes, and therefore, might not lead to any differences in selecting for

mimicry.

5.5 Conclusion

Although, Nesse and Williams (1995) suggest that ‘autoimmunity is a price of our

remarkable ability to attack invaders’ there is limited evidence to support this claim.
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In this thesis, I motivated the question of ‘why are all parasites not mimics’ and

investigated several possible explanations. I have shown that the risk autoimmunity

selects against molecular mimicry in parasites. The thesis builds towards addressing

a question that is relevant to evolutionary medicine by aiming to understand how

parasites would evolve in response to immunomodulatory drugs. A main contribution

of the thesis is having derived new models which consider the role of both the parasite

and the host in determining the resulting type of infection and that link characteristics

of the within-host biology to the spread of infections. Therefore, the thesis develops

methods and motivates a new question such that there is significant potential for

future advances to arise from this beginning.

5.6 Literature cited

Abu-Shakra, M., Buskila, D., Shoenfeld, Y. 1999 Molecular mimicry between host and

parasite: examples from parasites and implications. Immunol. Lett. 2, 147–152.

Alizon, S., Hurford, A., Mideo, N., van Baalen, M. 2009 Virulence evolution and the

trade-off hypothesis: history, current state of affairs and future. J. Evol. Biol. 22,

245–259. (doi: 10.1111lj.1420-9101.2008.01658.x)

Allos, B.M. 1997 Association between Campylobacter infection and Guillain-Barré

syndrome. J. Inf. Dis. 176, S125–S128.

Arnold, B. 2002 Levels of peripheral T cell tolerance. Transpl. Immunol. 10, 109–114.

Bach, J.F. 2002 The effect of infections on the susceptibility to autoimmune and

allergic diseases. N. Engl. J. Med. 347, 911–920.

124



Berger, J.R., Houff, S. 2009 Opportunistic infections and other risks with newer

multiple sclerosis therapies. Ann. Neurol. 65, 367–377. (doi: 10.1002/ana.21630)

Bergstrom, C.T., Antia, R. 2006 How do adaptive immune systems control parasites

while avoiding autoimmunity? TREE 21, 22–28.

Bergstrom, C.T., Feldgarden, T. 2008 The ecology and evolution of antibiotic-

resistant bacteria. In Evolution in health and disease, pp. 454–502. UK: Oxford

University Press.

Beutler, B. 2004 Inferences, questions and possibilities in Toll-like receptor signalling.

Nature 430, 257–263.

Chambers, H.F. & DeLeo, F.R. 2009 Waves of resistance: Staphylococcus auerus in

the antibiotic era. Nat. Micro. Biol. Rev. 7, 629–641.

Chen, W., Liang, B., Saenger, Y., Li, J., Chess, L., Jiang, H. 2007 Perceiving the

avidity of T cell activation can be translated into peripheral T cell regulation.

PNAS 104, 20472–20477.

Cohen, J.A. 2009 Emerging therapies for relapsing multiple sclerosis. Neurol. Rev.

66, 821–828.

Cyster, J.G., Hartley, S.B., Goodnow, C.C. 1994 Competition for follicular niches

excludes self-reactive cells from the recirculating B-cell repertoire. Nature 371,

389–395.

Damian, R.T. 1964 Parasite immune evasion and exploitation: reflections and pro-

jections. Am. Nat. 98, 129–149.

125



Dörner, T. 2006 Crossroads of B cell activation in autoimmunity: rationale of target-

ing B cells. J. Rheumatol. 77, 3–11.

Elde, N.C., Malik, H.S. 2009 The evolutionary conundrum of parasite mimicry. Nat.

Rev. Micro. 7, 787–797. (doi:10.1038/nrmicro2222)

Fujinami, R.S., von Herrath, M.G., Christen, U., Whitton, J.L. 2006 Molecular

mimicry, bystander activation, or viral persistence: infections and autoimmune

disease. Clin. Microbiol. Rev. 19, 80–94. (doi:10.1128/CMR.19.1.8094.2006)

Giacomini, P.S., Darlington, P.J., Bar-Or, A. 2009 Emerging multiple

sclerosis diseases-modifying therapies. Curr. Opin. Neurol. 22, 226–232.

(doi:10.1097/WCO.0b013e32832b4ca1)

Goodnow, C.C., Crosbie, J., Jorgensen, H., Brink, R.A. Basten, A. 1989 Induction of

self-tolerance in mature peripheral B lymphocytes. Nature 342, 385–391.

Graham, A.L., Allen, J.E., Read, A.F. 2005 Evolutionary causes and consequences

of immunopathology. Annu. Rev. Ecol. Evol. Syst. 36, 373–397. (doi: 10.1146/an-

nurev.ecolsys.36.102003.152622)

Harp, C.T., Lovett-Racke, A.E., Racke, M.K., Frohman, E.M., Monson, N.L. 2008

Impact of myelin-specific antigen presenting B cells on T cell activation in multiple

sclerosis. Clin. Immun. 128, 382–391.

Lopez-Diego, R.S. Weiner, H.L. 2008 Novel therapeutic strategies for multi-

ple sclerosis – a multifaceted adversary. Nat. Rev. Drug Discov. 7, 909–925.

(doi:10.1038/nrd2358)

126



Kedl, R.M., Kappler, J.W., Marrack, P. 2003 Epitope dominance, competition and

T cell affinity maturation. Curr. Opin. Immunol. 15, 120–127.

Marshall, E. 2008 Anti-TB drugs: and then there were none. Science 321, 363.

May, R.M. 1976 Simple mathematical models with very complicated dynamics. Nature

261, 459–467.

Nesse, R.M., Williams, G.C. 1995 Why we get sick: the new science of Darwinian

medicine. New York: Random House.

Nowak, M.A. 1996 Immune responses against multiple epitopes: a theory to immun-

odominance and antigenic variation. Sem. Virol., 7, 83–92.

Oldstone, M.B.A. 1998 Molecular mimicry and immune-mediated diseases. FASEB

J. 12, 1255–1265.

Roberts, L., Simpson, S. 2008 Deadly defiance. Science 32, 355.

Rook, G.A.W. 2010 99th Dahlem conference on infection, inflammation and

chronic inflammatory disorders: Darwinian medicine and the ‘hygiene’ or

‘old friends’ hypothesis. Clin. and Experim. Immunol. 160, 70–79. (doi:

10.1111/j.13652249.2010.04133.x)

Steinman, R.M., Nussenzweig, M.C. 2002 Avoiding horror autotoxicus: the impor-

tance of dendritic cells in peripheral T cell tolerance. PNAS 99, 351–358.

U.S. Department of Health and Human Services. 2002 Autoimmune disease coordinat-

ing committee: autoimmune disease research plan. NIH Publication No. 03-5140.

127



van den Driessche, P., Watmough, J. 2002 Reproduction numbers and sub-threshold

endemic equilibria for compartmental models of disease transmission. Math. Biosci.

180, 29–48. (doi:10.1016/S0025-5564(02)00108-6)

Wild, G., Costain, G. Day, T. 2007 An epidemiological context for the consequences

of phenotypic plasticity in host-pathogen interactions. Evol. Ecol. Res. 9, 221–238.

128



Glossary

antigens and epitopes: an antigen is a molecule recognized by the immune system.

These molecules could be part of a parasite, part of the host, or derived from

abiotic compounds such as dirt or toxins. Antigens can be large molecules

and the immune system only recognizes a specific part of the antigen called an

epitope.

antigenicity and immunogenicity: An epitope or antigen is ‘antigenic’ if it po-

tentially elicits an immune response. If this potential is realized the epitope or

antigen is termed ‘immunogenic’.

autoimmunity and immunopathology: autoimmunity is an immune response to

ones own cells. Immunopathology is when the immune response harms its host.

Allergies can be caused by an immune response to pollen or dust and are an

example of a type of immunopathology that is not an autoimmune disease.

cross-reactivity: if a lymphocyte reacts with two different epitopes it is cross-

reactive. Of specific interest is that these two epitopes could originate from

different sources, i.e., host versus pathogen. Lymphocyte cross-reactivity is

particularly likely when the epitopes involved are structurally similar.
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different types of T-cells: conventional T-cells refers to helper T-cells and cyto-

toxic T-cells but not regulatory T-cells. Regulatory T-cells are distinctly dif-

ferent because they suppress the activity of conventional T-cells. Reference

to ‘T-cells’ in the thesis refers to conventional T-cells. Finally, there are two

types of helper T-cells: type 1 and type 2. These two types stimulate different

molecules of the immune system ultimately effecting how the immune system

destroys target cells.

hosts and self: host refers to an organism that another organism lives on or in.

Tissues, proteins and cells that are part of the host are termed self.

immunodominance: although many cells possess multiple epitopes, eventually the

immune response will be targetted at just one epitope.

lymphocytes, antibodies, T-cells and B-cells: these molecules are central to a

host’s adaptive immunity which is the branch of the immune system that re-

sponds to specific antigens. Lymphocytes are molecules of the adaptive immune

system and T-cells and B-cells are types of lymphocytes. T-cells are different

from B-cells because they are activated differently and the eventual destruction

of cells that bear antigens that the T-cells and B-cells recognize are different.

B-cells will differentiate into plasma cells that produce antibodies which destroy

free antigen.

parasites and pathogens: pathogens cause disease in their host while parasites rely

on shelter or host resources to live. Parasites need not cause disease, although

many do because it is difficult to ‘rely’ on the host without causing damage and

disease.
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pathology: a type of disease.

polymorphism: polymorphism is trait variation within a population. For example,

if some parasites are mimics and others of the same species are not then the

population is polymorphic. This is in contrast with monomorphic, which refers

to a population where all individuals have the same phenotype.

self tolerance and immunological tolerance: the failure of the immune system

to respond to its own cells is self tolerance. The loss of self tolerance can result

in autoimmunity. Immunological tolerance is more general referring to the lack

of an immune response to any antigen (i.e. of self or non-self origin).
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Appendices

Appendix A

In Chapter 2, in our discussion of the next-generation theorem, we use the fact that

~Ik(t) → 0 in the limit t → ∞ to relate next-generation tools to the traditional

approach. In Appendix A we justify this claim.

Proof. We wish to show that lim
t→∞

~Ik(t) = 0. It suffices to prove that,

|~Ik(t)| ≤ e−|V|t|F|k|~x0|
tk

k!
, (A.1)

since the righthand side of expression (A.1) goes to 0 in the limit t → ∞ because

the e−|V|t factor decays exponentially whereas the tk factor of the expression only

grows polynomially. If the norm of the vector ~Ik(t) goes to zero, then we know that

the vector itself must go to zero also. The norms in (A.1) are vector norms (|~Ik(t)|

and |~x0|) and norms for bounded linear operators (|F| and |V|). Here bold face e−Vt

denotes the matrix exponential and e−|V|t is the usual exponential function with scalar

argument.

We use induction. As a base case consider ~I0(t). From equation (2.4) we have

~̇I0(t) = −V~I0(t). Solving this differential equation, with initial condition ~I0(0) = ~x0,
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we have that ~I0(t) = e−Vt~x0. Then,

|~I0| = |e−Vt~x0| ≤ |e−Vt||~x0|. (A.2)

Here, e−Vt is a bounded linear operator that maps vectors to vectors. Since V is

a finite dimensional matrix, we know that |V| is bounded. The above inequality is

a property of a norm acting on the space of bounded linear operators (Rudin 1966;

Definition 5.3). Next,

|e−Vt||~x0| ≤ |eV|−t|~x0|,

≤ e−|V|t|~x0|,

= e−|V|t|F|0 t0

0!
|~x0|, (A.3)

where the inequalities are due to the properties of the norms and the triangle inequal-

ity. This completes the proof of the base case.

Now consider |~Ik(t)| and assume |~Ik−1(t)| ≤ e−t|V||F|k−1|~x0| tk−1

(k−1)!
. From equa-

tion (2.4) we have the differential equation ~̇Ik(t) = F~Ik−1(t) − V~Ik(t) with initial

condition ~Ik(0) = 0 for all k 6= 0. Using an integrating factor and seperation of
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variables we can solve this equation as follows,

~̇Ik(t) = F~Ik−1(t)−V~Ik(t),

eVt ~̇Ik(t) + eVtV~Ik(t) = eVtF~Ik−1(t),

d

dt

(
eVt~Ik(t)

)
= eVtF~Ik−1(t),

d

dt

∫ t

0

eVτ ~Ik(τ)dτ =

∫ t

0

eVτF~Ik−1(τ)dτ,

~Ik(t) = e−Vt

∫ t

0

eVτF~Ik−1(τ)dτ, (A.4)

for k > 0. Note that the order of integration and differentiation are switched due to

the continuity of ~Ik(t) and ~̇Ik(t). Then, since our induction hypothesis applies to the

norm of ~Ik(t),

|~Ik(t)| =
∣∣∣∣e−Vt

∫ t

0

eVτF~Ik−1(τ)dτ

∣∣∣∣ ,
≤ |e−Vt|

∣∣∣∣∫ t

0

eVτF~Ik−1(τ)dτ

∣∣∣∣ ,
≤ e−|V|t

∫ t

0

|eVτF~Ik−1(τ)|dτ,

≤ e−|V|t
∫ t

0

|eVτF~Ik−1(τ)|dτ. (A.5)

Here the norm is moved inside the integral due to the triangle inequality for integra-

tion. This is justified provided
∫ t

0
eVτ F~Ik−1(τ) dτ is Riemann integrable and this

is certainly the case since ~Ik−1(τ) is the solution to an ordinary differential equation

and is therefore continuous. The justification for the other inequalities is the same as
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for the base case. Using our assumption on |~Ik−1(t)|,

e−|V|t
∫ t

0

|eVτF~Ik−1(τ)|dτ ≤ e−|V|t
∫ t

0

e|V|τ |F|e−|V|t|F|k−1|~x0|
τ k−1

(k − 1)!
dτ,

≤ e−|V|t
∫ t

0

|F|k τ k−1

(k − 1)!
|~x0|dτ,

= e−|V|t|F|k|~x0|
tk

k!
. (A.6)

Appendix B

In Chapter 2, we mention that for evolutionary invasion analysis we are often in-

terested in mutant and resident traits that are similar. This leads to the useful

approximation (2.32). We derive this formula in Appendix B.

For evolutionary models we are interested in calculating invasion fitness where

ym ≈ y. Performing a first-order Taylor series approximation of equation (2.30)

around the point ym = y simplifies equation (2.30) to equation (2.32). From equa-

tion (2.30),

ρ(FV−1) = ~vTFV−1~u, (B.1)

where ~vT and ~u are left and right eigenvectors of FV−1. The first-order Taylor series

approximation is,

ρ(FV−1) ≈ ρ(FV−1)
∣∣
ym=y

+
∂(ρ(FV−1))

∂ym

∣∣∣∣
ym=y

,

≈ 1 +
∂(ρ(FV−1))

∂ym

∣∣∣∣
ym=y

, (B.2)
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where ρ(FV−1) = 1 when the mutant and resident population have the same trait

value. In this approximation, ~u and ~vT are the eigenvectors associated with the

eigenvalue 1. Differentiating ρ(FV−1) with respect to ym we have,

ρ(FV−1) ≈ 1+
∂(~vT )

∂ym

∣∣∣∣
ym=y

FV−1~u+~vT ∂(FV−1)

∂ym

∣∣∣∣
ym=y

~u+~vTFV−1 ∂~u

∂ym

∣∣∣∣
ym=y

, (B.3)

noting that ~vTFV−1 = ~vT and FV−1~u = ~u, since these are eigenvectors for the matrix

FV−1 for the eigenvalue 1. Finally,

ρ(FV−1) ≈ 1 + ~vT ∂FV−1

∂ym

~u, (B.4)

since the eigenvectors do not depend on the mutant trait. This is equation (2.32) in

the main text.

Appendix C

The aim of Chapter 3 is to identify an evolutionarily stable strategy (ESS). This

appendix is a justification that the calculations performed in Chapter 3 can be used

to identify an ESS. In this appendix we provide formal definitions of invasion fitness

and an evolutionarily stable strategy. A justification for using optimization methods

to identify an ESS is also provided.

The term ESS originates in Maynard Smith & Price (1973) and is defined in

Maynard Smith (1982) as ‘if all members of the population adopt (the ESS), then

no mutant strategy could invade the population under the influence of natural selec-

tion’. A similar concept, that long term evolutionary outcomes can be understood

by considering the fate of a rare mutant allele, had been introduced in earlier work
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by Hamilton (1967). Using this description, we show how an ESS can be calculated

from a mathematical model describing population dynamics.

An ESS can be defined using an expression for invasion fitness which is derived

from a model describing population dynamics. Let ~x ∈ Rn be the number of indi-

viduals in each of n classes of a structured population expressing the resident trait,

y, and let ~xm ∈ Rn be the number of individuals in each of the n classes express-

ing the mutant trait, ym. Let the population dynamics of the mutant and resident

populations be described by a system of ordinary differential equations,

~̇x = f(~x, ~xm, y, ym),

~̇xm = g(~x, ~xm, y, ym), (C.1)

such that there exists a ~x∗ ≥ 0 with ~x∗m = 0 for all y and ym where (~x∗, ~x∗m) is a

fixed point of equation (C.1) termed the mutant-free equilibrium. At the mutant-free

equilibrium the number of individuals with both the resident and mutant traits is

unchanging and the mutant is absent. Whether this situation will persist in the long-

term is given by stability of the mutant-free equilibrium which is calculated from the

Jacobian matrix of equations (C.1).

For this method to be applied, the equations (C.1) must be of a form such that

when evaluated at the mutant-free equilibrium the Jacobian matrix of equations (C.1)

has a block diagonal form,

J =

 Jres S

0 Jmut

 , (C.2)

where Jres is a matrix with elements that correspond to the partial derivatives of f
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with respect to the variables for each of the n classes of the resident population and

where Jmut is a matrix with elements that correspond to the partial derivatives of g

with respect to the variables for the mutant population. Furthermore, equation (C.1)

must be such that the maximum real parts of the eigenvalues of the matrix Jres

are all negative (i.e., s(Jres) < 0 where s(A) is the spectral bound of the matrix

A). This condition is frequently satisfied for population dynamic models because it

corresponds to the condition that in isolation the resident population will persist at a

stable positive equilibrium. If s(Jres) < 0 then the local stability of the mutant-free

equilibrium is given by s(Jmut) and this quantity is an expression for invasion fitness.

Definition. An expression w(ym, y) is an invasion fitness if the following properties

are satisfied: (1) w(ym, y) > 0 implies that a rare mutant with the phenotype ym

can invade a resident population at equilibrium; (2) w(ym, y) < 0 implies that a rare

mutant with the phenotype ym cannot invade; and (3) if ym = y then w(y, y) = 0.

The method described above where s(Jmut) is used as an expression for invasion fitness

is derived in Reed & Stenseth (1984) and Otto & Day (2007). Chapter 2 shows that

an expression for invasion fitness is given by w(ym, y) = ρ(FV−1)− 1 since s(Jmut) is

an invasion fitness and s(Jmut) and ρ(FV−1)− 1 have the same sign of all y and ym

(Secs. 2.2-2.3). Next, the definition of invasion fitness is used to describe an ESS.

Definition. An evolutionarily stable strategy (an ESS), is a phenotype, y∗, that can-

not be invaded and satisfies,

w(ym, y∗) < 0 for all ym 6= y∗. (C.3)

Finally, for all the population dynamic processes (C.1) treated in this thesis finding
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an ESS reduces to an optimization problem as outlined in the following proposition.

Proposition. For a system of ordinary differential equations (C.1) that yields an

invasion fitness of the form w(ym, y) = f(ym)−f(y), the ESS is the y∗ that maximizes

f(y) since then f(y) > f(ym) implies that the mutant can never invade when ym 6= y∗.

The parasite ESS maximizes R0 in Chapter 3

In Chapter 3, we state that the parasite phenotype that maximizes R0 = (1− q)RU +

pqRA + (1− p)qRI is evolutionarily stable. For Chapter 3, the equations (C.1) struc-

ture the resident and mutant populations by infection type where individuals are

susceptible, S, or infected with a parasite that causes an autoimmune disease, A, an

acute infection, I, or an uncontrolled infection, U ,

dS

dt
= −(Λ + Λm)S + bSS + bI(I + Im) + bA(A + Am) + bU(U + Um)

+γI(I + Im) + γA(A + Am)− dS,

dI

dt
= ΛS(1− p)q − vII − dI − γII,

dA

dt
= ΛSpq − vAA− dA− γAA− uA,

dU

dt
= ΛS(1− q)− vUU − dU,

dIm

dt
= ΛmS(1− pm)qm − vIIm − dIm − γIIm,

dAm

dt
= ΛmSpmqm − vAAm − dAm − γAAm − uAm,

dUm

dt
= ΛmS(1− qm)− vUUm − dUm, (C.4)

where (1 − p)q is the probability of an acute infection, pq is the probability of an

autoimmune disease, and 1 − q is the probability of an uncontrolled infection. For
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an infection of type i the per capita birth rate is bi, the recovery rate is γi and the

disease induced death rate is vi. The rate that individuals with infection-induced

autoimmunity progress to a stage of autoimmunity where the parasite is no longer

transmitted is u and the natural mortality rate is d.

The above model considers two competing parasite strains, the resident with phe-

notype, p and q, and the mutant strain, with phenotype, pm and qm. Invasion fit-

ness is the number of secondary infections generated by a mutant strain arising in

the monomorphic resident population at equilibrium (Hurford et. al. 2010). Here,

Im, Am and Um denote hosts infected with a mutant parasite, while I, A and U

denotes hosts infected with the resident parasite and Λ = βII + βAA + βUU and

Λm = βIIm + βAAm + βUUm are the forces of infection from hosts infected with the

resident and mutant parasites respectively. It can be shown that the system of equa-

tions (C.4) have a mutant-free equilibrium where the values of the resistant variables

at the mutant free equilibrium are Ŝ, Î, Â and Û .

The Jacobian matrix of equation (C.4) evaluated at the mutant-free equilibrium
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is of the form equation (C.2) where,

Jres =



bS − d− Λ̂ −βI Ŝ + bI + γI −βAŜ + bA + γA

(1− p)qΛ̂ (1− p)qβI Ŝ − vI − γI − d (1− p)qβAŜ

pqΛ̂ pqβI Ŝ pqβAŜ − vI − γI − u− d

(1− q)Λ̂ (1− q)βAŜ (1− p)qβI Ŝ

−βU Ŝ + bU + γU

(1− p)qβU Ŝ

pqβU Ŝ

(1− q)βU Ŝ − vU − d


, (C.5)

and,

Jmut =


(1− pm)qmβI Ŝ − vI − γI − d (1− pm)qmβAŜ

pmqmβI Ŝ pmqmβAŜ − vA − u− γA − d

(1− qm)βI Ŝ (1− qm)βAŜ

pmqmβU Ŝ

(1− pm)qmβU Ŝ

(1− qm)βU Ŝ − vU − d

 , (C.6)

where Λ̂ = βI Î + βAÂ + βU Û . It can be verified that there are conditions for which

s(Jres) < 0 and so then the stability of the mutant-free equilibrium is given by the

leading eigenvalue of Jmut.

In Sec. 2.3 and (Hurford et. al. 2010) it is shown the the leading eigenvalue of
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Jmut has the same sign as ρ(FV−1)− 1. In choosing,

F =


(1− pm)qmβI Ŝ (1− pm)qmβAŜ (1− pm)qmβU Ŝ

pmqmβI Ŝ pmqmβAŜ pmqmβU Ŝ

(1− qm)βI Ŝ (1− qm)βAŜ (1− qm)βU Ŝ

 , (C.7)

and

V =


vI + γI + d 0 0

0 vA + γA + u + d 0

0 0 vU + d

 , (C.8)

then as shown in Sec. 2.3, and expression for invasion fitness is given by,

w(p, q, pm, qm) = ρ(FV−1)− 1, (C.9)

= RI Ŝ(1− qm)pm + RAŜpmqm + RU Ŝ(1− qm)− 1,

where Ri denotes the number of secondary infections generated by an infection of

type i per susceptible host and w(p, q, pm, qm)+1 is the expected number of secondary

infections where the expectation is taken over all disease types. The Ri are expressed

in terms of parameters of the epidemiological model,

RI =
βI

vI + d + γI

RA =
βA

vA + d + γA + u
RU =

βU

vU + d
.

The quantity Ŝ is the equilibrium number of susceptible hosts at the mutant-free

equilibrium and the resident traits, p and q, enter the expression for invasion fitness

equation (C.9) through Ŝ. The expression for Ŝ can either be calculated explicitly by
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setting equations (C.4) equal to zero or by solving w(p, q, p, q) = 0 for Ŝ where the

latter approach is discussed in Sec. 2.3. As such,

Ŝ =
1

RI(1− q)p + RApq + RU(1− q)
. (C.10)

Substituting equation (C.10) into equation (C.9),

w(p, q, pm, qm) = RI(1− qm)pm + RApmqm + RU(1− qm)−RI(1− q)p−RApq

−RU(1− q),

= R0(pm, qm)−R0(p, q), (C.11)

and so from the Proposition the p and q that maximize R0 = RI(1 − q)p + RApq +

RU(1 − q) are evolutionarily stable. In the text of Chapter 3, the expression R0

is referred to as ‘parasite fitness’ since R0 is the number of secondary infections

generated by a parasite over its entire lifetime.

Appendix D

Appendix D contains the justification that equation (3.13) describes the parasite

ESS. Appendix C shows that the parasite ESS maximizes R0(~α) and Theorem 1

in this appendix states that the vector, ~α∗, that maximizes R0(~α), is described by

equation (3.13).

The optimization to find ~α∗ is performed over the set S where,

S := {~α ∈ Rk for k < ∞ | 1

k

k∑
j=1

αj = c and αj ∈ [0, 1] for all j}. (D.1)
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By direct substitution of equations (3.4) and (3.6) into equation (3.2) the objective

function is,

R0(~α) = RU +(RI−RU)(1−(1−
k∑

j=1

αjω(∆j))
r)+(RA−RI)(1−(1−

k∑
j=1

αj∆jω(∆j))
r),

(D.2)

where R0 : Rk → R. The domain of R0(~α) has been extended in this section to all

real-valued k-dimensional vectors. The domain of R0(~α) was extended so that R0(~α)

is continuously differentiable at ~α∗ such that the Karash-Kuhn-Tucker Theorem can

be applied. In equation (D.2) the notation ω(∆j) is used in favor of ωj. The domain of

R0(~α) is extended by extending the domain of ω(∆) to ω : R → [0, 1]. For ∆j ∈ [0, 1],

then 0 < ᾱ < 1 and 0 < α∆ < 1 and the domain of ω(∆j) is extended to ∆j ∈ R

such that this property is preserved. Finally, even though the domain of R0(~α) has

been extended only the ~α ∈ S yield values of R0(~α) with a biological meaning.

Next, I define the selection gradient. The selection gradient is a vector with

elements whose sign and magnitude describe the strength of natural selection to

increase or decrease a particular trait value.

Definition. The selection gradient is a vector of partial derivatives,

~∇R0 =

[
∂R0

∂α1

,
∂R0

∂α2

, · · · ,
∂R0

∂αk

]
, (D.3)

where,

∂R0

∂αj

= −r(RU −RI)(1− ᾱ)r−1ω(∆j)− r(RI −RA)(1− α∆)r−1∆jω(∆j), (D.4)

such that ᾱ =
∑k

j=1 αjω(∆j) and α∆ =
∑k

j=1 αj∆jω(∆j).
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We will now prove Theorem 1. The proof of Theorem 1 uses Lemmas 1 and 2 and

the Karash-Kuhn-Tucker Theorem is used to prove Lemma 2.

Lemma 1. Let ω(∆) be a decreasing function of ∆ with
∑k

j=1 ω(∆j) = 1 where

the ∆j are given by equation (3.3). Let ∆ + ω(∆)
ω′(∆)

be monotonically increasing. Let

RU > RI > RA ≥ 0. Then the elements of the selection gradient (equation (D.3)),

from the first element to the kth element, form a sequence that either monotonically

increases, montonically decreases, or decreases and then increases.

Proof. Since ω(∆) is defined for all real numbers, let

s(∆) = −r(RU −RI)(1− ᾱ)r−1ω(∆)− r(RI −RA)(1− α∆)r−1∆ω(∆), (D.5)

such that ∂R0

∂αj
= s(∆j) and where the definitions of ᾱ and α∆ are unchanged. The

function s(∆) will be differentiated with respect to ∆ to understand whether s(∆j)

is an increasing or decreasing sequence for ascending values of j.

Dividing the righthand side of equation (D.5) by r(RU −RI)(1− ᾱ)r−1 > 0, then,

s(∆) ∝ −ω(∆)−
(

1

φ
− 1

)
η∆ω(∆), (D.6)

where 0 ≤ η = (1−α∆)r−1

(1−ᾱ)r−1 and 0 < φ = RU−RI

RU−RA
< 1. Differentiating with respect to ∆

and dividing by −ω′(∆) > 0,

σ(∆) = 1 +

(
1

φ
− 1

)
η

(
∆ +

ω(∆)

ω′(∆)

)
. (D.7)

Since all division has been by positive values, the sign of the derivative of s(∆) with

respect to ∆ is given by equation (D.7). The term 1
φ
− 1 is positive and ω(0)

ω′(0)
≤ 0.
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Therefore, the sign of σ(∆) is given by one of the following three cases:

Case 1. if σ(0) > 0, because ∆ + ω(∆)
ω′(∆)

is monotonically increasing, then σ(∆) > 0

for all ∆, and so given the sign of σ(∆), s(∆) an increasing function.

Case 2. If σ(0) < 0, then as ∆+ ω(∆)
ω′(∆)

increases with increasing ∆, σ(∆) may become

positive. Then given the sign of σ(∆), s(∆) has a minimum.

Case 3. Finally, if σ(0) < 0, then σ(∆) may be negative for all ∆. Then s(∆) is a

decreasing function of ∆.

When s(∆) is an increasing (decreasing) function of ∆ on [0, 1] then s(∆j) is an

increasing (decreasing) sequence and so the elements of the selection gradient progres-

sively increase (decrease). When s(∆) has a minimum on [0, 1] then the elements of

the selection gradient may produce a sequence that decreases and then increases.

Karash-Kuhn-Tucker Theorem. Let the objective function f : Rn → R and the

constraint functions g : Rn → Rm and h : Rn → Rp be given. Let the constraint set S

which is assumed to be nonempty be given as

S := {x ∈ Rn | gi(x) ≤ 0 for all i ∈ {1, · · · , m} and

hi(x) = 0 for all i ∈ {1, · · · , p}}.

Let x̄ ∈ S be a minimum point of f on S. Let f and g be differentiable at x̄ and let h

be continuously differentiable at x̄. Moreover, let the following regularity assumption

be satisfied: Assume that there is a vector x ∈ Rn with

∇gi(x̄)T x < 0 for all i ∈ I(x̄)
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and

∇hi(x̄)T x = 0 for all i ∈ {1, · · · , p},

and that the vectors ∇h1(x̄), · · · ,∇hp(x̄) are linearly independent. Here let,

I(x̄) := {i ∈ 1, · · · , m} | gi(x̄) = 0}

denote the index set of the inequality constraints which are ‘active’ at x̄. Then there

are multipliers ui ≥ 0 (i ∈ I(x̄)) and vi ∈ R (i ∈ {1, · · · , p}) with the property

∇f(x̄) +
∑

i∈I(x̄)

ui∇gi(x̄) +

p∑
i=1

vi∇hi(x̄) = 0Rn . (D.8)

(Johannes 1996; Theorem 5.8). The Karash-Kuhn-Tucker Theorem is unchanged if x̄

is a maximum point and is used to prove Lemma 2.

Lemma 2. Let the elements of the selection gradient (equation (D.3)), from the

first element to the kth element, form a sequence that either monotonically increases,

montonically decreases, or decreases and then increases where the ∆j are given by

equation (3.3). Let ~α∗ maximize R0(~α) (equation (D.2)) given the constraints gj(~α) =

−αj ≤ 0, gk+j(~α) = αj − 1 ≤ 0 (for j from 1 to k) and h(~α) = 1
k

∑k
i=1 αj − c = 0.

Then, α∗
j = 0 or 1 for all j where α∗

j are the elements of the vector ~α∗.

Proof. For α∗
j ∈ (0, 1) for all j then all the inequality constraints g(~α) are inactive.

From the Karash-Kuhn-Tucker Theorem, if all the inequality constraints are inactive

the set I(~α∗) is empty. Then the condition (equation (D.8)) that the maximal point

~α∗ must satisfy is,

∂R0

∂αj

+ v
∂h

∂αj

=
∂R0

∂αj

+
v

k
= 0,
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where v ∈ R. A consequence of Lemma 1 is that there exists no such v since for j = 1

to k, the ∂R0

∂αj
are either a monotonic sequence or a sequence of values that decreases

and then increases then equation (D.9) can only be satisfied for at most two values

of j. Therefore, α∗
j /∈ (0, 1) and so α∗

j = 0 or 1 for all j.

Thereom 1. Let ω(∆) be a decreasing function of ∆ with
∑k

j=1 ω(∆j) = 1 where

the ∆j are given by equation (3.3) and let ∆ + ω(∆)
ω′(∆)

be monotonically increasing. Let

RU > RI > RA ≥ 0. Where S is the set of all vectors ~α such that 0 ≤ αj ≤ 1 are

the elements of ~α and where 1
k

∑k
j=1 αj = c with k < ∞ (equation (D.1)). Then the

~α∗ ∈ S that maximizes R0(~α) (equation (D.2)) is given by equation (3.13).

Proof. From Lemma 2 and the equality constraint we know that ~α∗ ∈ S1, where,

S1 := {~α ∈ Rk for k < ∞ | 1

k

k∑
j=1

αj = c and αj = 0 or 1 for all j}. (D.9)

The condition ~α∗ ∈ S1 is necessary but not sufficient for ~α∗ to be a local maximum.

To prove Theorem 1, we will identify, S2, a subset of S1 such that ~α∗ ∈ S2. Any ~α ∈ S1

that are not local maxima are excluded from S2. The proof of Theorem 1 is completed

by showing that S2 is comprised of only vectors that satisfy equation (3.13).

Any ~α ∈ S1 where it is possible to find another vector ~α◦ ∈ S such that R0(~α) <

R0(~α
◦) is not a local maximum. Writing R0(~α

◦) as a Taylor series expansion in the

α◦
j at ~α,

R0(~α
◦) = R0(~α) +

k∑
j=1

∂R0

∂α◦
j

∣∣∣∣
α◦j =αj

(α◦
j − αj) + O((α◦

j − αj)(α
◦
i − αi)), (D.10)

where α◦
j are the elements of ~α◦. For some n and m such that αn = 0 and αm = 1,
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let,

α◦
j =


αj for all j 6= m, n,

ε for j = n,

1− ε for j = m,

(D.11)

where ε is small and positive. Then ~α◦ ∈ S and is not too different from ~α, such that

~α is not a local maximum if,

k∑
j=1

∂R0

∂α◦
j

∣∣∣∣
α◦j =αj

(α◦
j − αj) > 0. (D.12)

For ascending values of j, the values of ∂R0

∂αj
form a sequence that either monotonically

increases, monotonically decreases or decreases and then increases (Lemma 1). The

same is true for ∂R0

∂α◦j

∣∣∣
α◦j =αj

. Since RU > RI > RA ≥ 0 and since 0 < (1 − ᾱ)r−1 < 1

and 0 < (1−α∆)r−1 < 1 then ∂R0

∂α◦j

∣∣∣
α◦j =αj

is always negative. From Lemma 1 we know

that the least negative values of ∂R0

∂α◦j

∣∣∣
α◦j =αj

occur for small j, large j, or small and

large j.

For ~α to be a local maximum it must be true that the αj = 1 are the j such

that ∂R0

∂α◦j

∣∣∣
α◦j =αj

is least negative. If this is not the case then there exists and n and

m such that ∂R0

∂α◦n

∣∣∣
α◦n=αn

> ∂R0

∂α◦m

∣∣∣
α◦m=αm

. Then for ~α◦ as defined by equation (D.11),∑
∂R0

∂α◦j

∣∣∣
α◦j =αj

αj <
∑

∂R0

∂α◦j

∣∣∣
α◦j =αj

α◦
j , which by equation (D.12) implies that ~α is not a

local maximum.

Therefore, any ~α ∈ S1 such that the αj = 1 do not all correspond to the least

negative values of ∂R0

∂α◦j

∣∣∣
α◦j =αj

are not local maxima. From Lemma 1, the least negative

values of ∂R0

∂α◦j

∣∣∣
α◦j =αj

are for small j, large j or small and large j and so local maxima

must have the form of equation (3.13) since this equation states that the αj = 1
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correspond to small j, large j or both (note also that ∆j is an increasing sequence

in j (equation (3.3))). All local maxima have the form of equation (3.13) and so the

global maximum must have this form too.

The conditions for Theorem 1 to apply are satisfied for ω(∆) = a(n+1)
(1+(1−a)n(a−1))(k−1)

(1−

a∆)n and ω(∆) = a
(k−1)(1−e−a)

e−a∆ since both these functions have the property that

∆ + ω(∆)
ω′(∆)

is monotonically increasing when a > 0 and n and k are positive integers.

It is much simpler to show that the parasite ESS for Hyp 2 when zj is a constant

(Case 4) is given by equation (3.13). For Hyp 2 there is no equality constraint and so

α∗
j = 1 for all j where the corresponding element of the selection gradient is positive

and α∗
j = 0 where the corresponding element of the selection gradient is negative.

For Case 3 the parasite ESS is not given by equation (3.13), it is as shown in Fig.

3.4(c). For Case 4, Lemma 1 and equation (3.20) implies that ~α∗ is of the form given

by equation (3.13).

Appendix E

Appendix E describes the numerical methods used in Chapter 3. The parasite ESS

was fully characterized either using a numerical gradient descent procedure or by

solving for x∗ and y∗ in equation (3.13) using a numerical maximization routine. The

gradient descent procedure is as follows:

(1) Define the ∆j as given by equation (3.3).

(2) Define a vector ~α with elements corresponding to the initial αj values.
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(3) For Hyp 1, normalize the ~α by multiplying all the αj by c and dividing by

1
k

∑
j αj. This step is omitted for Hyp 2.

(4) For any αj > 1 set αj = 1 and for any αj < 0 set αj = 0. This step and the pre-

vious step ensure that the vector ~α satisfies the constraints of the optimization

problem.

(5) Update ~α by adding ε∂R0

∂αj
(equation (3.14) or (3.20)) to each αj where ε is a

small positive constant.

(6) Repeat steps (3) - (5) T times.

In general, it is not guaranteed that a gradient descent procedure will converge to ~α∗,

however for the optimization problem posed in Chapter 3 gradient descent produces

a numerically determined ~α that agrees with equation (3.13) (Fig. E.1).

For the numerical maximization method, rather than discrete ∆j we use an ap-

proximation which assumes that there are many ∆j and that they are arbitrarily close

together such that ∆ is treated as a continuous variable. Then, since the parasite

ESS is known to be of the form of equation (3.13), numerical maximization methods

or similar numerical methods were used to solve for x∗ and y∗ in equation (3.13). For

the ESSs shown in Fig. 3.4 a mixture of gradient descent and numerical maximization

methods were used.

For Fig. 3.4(a), c = 0.025 and the ESS is fully characterized as described in

Sec. 3.3.2. For Fig. 3.4(b) a numerical maximization method was used. In that the

solution is of the form given by equation (3.13), x∗ was calculated by differentiating

R0 (equation (3.2)) with respect to x∗ and finding the x∗ such that the derivative is

zero. This was executed using the fzero function in Matlab 7.5 (Mathworks Inc.,
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Figure E.1: Convergence of the numerical gradient descent procedure to ~α∗ (filled
grey) for Case 2 as described by equation (3.13). The start of the region where
α∗

j = 0 is ∆j = x∗. The initial condition was αj = 0.3 for all j and the solid lines
show the change in αj over time.
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USA). For Fig. 3.4(b), ω(∆) = 2(1 − ∆), r = 100, c = 0.15, RU = RI = 2.5, and

RA = 1. For Fig. 3.4(c) the gradient descent method was implemented in Matlab 7.5.

Here, ωj = a(n+1)
(1+(1−a)n(a−1))(k−1)

(1− a∆j)
n (with a = 0.2 and n = 2), zj =

sin(30
p

∆j)+1

2k

and β(‖~α‖) was given by betainc(‖~α‖, 10,100). Here, RU = 3,RI = 2.5,RA =

1, r = 10, k = 1001, T = 800 and ε = 0.1. For Fig. 3.4(d), the ESS was determined

using the same numerical procedure as was used for Fig. 3.5 (described below). In

Fig. 3.4(d) the ESS is shown for a = 0.8 which corresponds to τ = 0.177 in Fig. 3.5.

For Fig. 3.5, the ESS was assumed to be of the form given by equation (3.13). The

FindMinimum function in Mathematica 5.0 (Wolfram Research Inc., USA) was used

to numerically find the x∗ and y∗ that minimize −R0 as given by equation (3.2) with

RU = 3,RI = 2,RA = 0 and r = 100 and where the sums were replaced by integrals

since ∆ was continuous. The function β(‖~α‖) was the cumulative probability density

of a beta distribution with parameters 10 and 100 (i.e., BetaRegularized[‖~a‖,10,100])

and z(∆) = 1. The clonal deletion function was ω(∆) = a(n+1)
(1+(1−a)n(a−1))

(1−a∆)n with

n = 2. Changes in τ were generated by ranging a from 0.7 to 1. Mimicry (equa-

tion (3.8)) was calculated using equation (3.15).

For Fig. 3.6, the results shown are for Case 1 where the ESS is fully characterized

as described in Sec. 3.3.2. The chance of an uncontrolled infection and infection-

induced autoimmunity as a function of φ and τ were then calculated directly from

the equations (3.4), (3.6), (3.17) and (3.18). In the inset mimcry was calculated as

ρ =
√

3(1−c)
c

(c− 2x∗).
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Appendix F

Appendix C describes an ESS and its relationship to invasion fitness. This appendix

extends this discussion to methods that are effective for identifying an ESS for a spa-

tially structured population. While it is possible to write down a spatially structured

system of equations for (C.1) this would be a system of many coupled ordinary dif-

ferential equations. Then, deriving a concise expression for invasion fitness using the

methods described in Appendix C would not be possible.

Inclusive fitness methods use the simplifying assumptions that new mutant phe-

notypes are only slightly different than existing ones (mutations of small effect) and

that fitness increments garnered from different individuals in the population are ad-

ditive, greatly simplify the analysis of phenotypic evolution in spatially structured

populations (i.e., Taylor & Frank 1996, Taylor et. al. 2007a). Assuming that the ESS

maximizes an expression for fitness, w(y, ȳ) (i.e., Taylor & Frank 1996), then a local

ESS can be identified using the standard method of differentiating to find a local

maximum.

Definition. Let fitness be given by w(y, ȳ) and assume that the ESS maximizes fit-

ness. Under the assumption that y ≈ ym, a local ESS, y∗, will satisfy the derivative

conditions for a local maximum,

dw

dy

∣∣∣∣
ȳ=y∗,y=y∗

= 0 and
d2w

dy2

∣∣∣∣
ȳ=y∗y=y∗

≤ 0. (F.1)

We note that in a structured population fitness depends on ȳ, the mean value of the

trait among individuals that interact with the individual for which fitness is being
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calculated. The derivative of w(y, ȳ) is,

dw

dy

∣∣∣∣
ȳ=y∗,y=y∗

=
∂w

∂y
+

∂w

∂ȳ

dȳ

dy

=
∂w

∂y
+

∂w

∂ȳ
r (F.2)

where r = cov(ȳ,y)
var(y)

under the assumption that mutations have small effects and the

variance in trait values of the pathogen population is small (Taylor & Frank 1996).

In some cases an equivalence relation between the sign of equation (F.2) and the

long-term frequency of phenotypes and/or the fixation probability of a phenotype,

y, can be shown (Rousset & Billiard 2000, Taylor et. al. 2007b). Since the fixation

probability and the long-term phenotypic frequency reflect the fate of an initially rare

mutant phenotype, the assumption that the ESS maximizes equation (F.2) can then

be equated with the requirement that an ESS be uninvasible as defined in Maynard

Smith (1982) and as discussed in Appendix C.

Appendix G

In Appendix G, we provide details of the numerical simulations used to understand

pathogen evolution in a spatially structured population. Equation (4.7) states that

the evolutionarily stable level of pathogen dissimilarity to benign antigens depends

on the correlation in phenotypes of pathogens that infected the host as an infant and

as an adult. Here we describe the processes of infection spread that were used to

generate this correlation to verify qualitative features of equation (4.7) such as that

a∗ increases with K and r̄ and that a∗ > 0 is a local ESS. Following the description

of the simulation procedure, the annotated code that was used to generate Figures
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4.3, 4.4, 4.5 and E.2 is provided.

For the numerical simulations, hosts are structured into z patches each with y

infants and y adults. The matrix TvI is a y by 4 matrix with rows corresponding to

different infant hosts and where the columns track (i) the value of dissimilarity, a•, for

the pathogen infecting that infant, (ii) the patch on which the infant resides, (iii) the

mean value of dissimilarity for pathogens that have previously infected that infant, ā,

and (iv) the number of times the infant has been infected by a different pathogen, n.

The matrix TvA corresponds to the same quantities for adults but where the third

column is the mean value of dissimilarity for pathogens that infected that host as an

infant, ā.

One hundred realizations of the simulation were performed from time 1 to 10000.

Initially, all hosts are infected with pathogens of the same phenotype. The pro-

cesses that occur during one time step of the simulation are: (1) infection spread, (2)

pathogen mutation, and (3) the maturation of hosts. These lead to changes in the

elements of the vectors TvI and TvA as described below.

(1) Infection spread. For each time step one pathogen is spread from one host to

another. The pathogen that generates the next infection is the one with the highest

fitness. All pathogens that infect infant hosts are assumed to have the same fitness

and the pathogen strain with maximum fitness is assumed to be one that infects an

adult. The fitness of pathogens that infect adult hosts is given by equation (4.5),

w(ā, a•) = Z[t(ā)− a•], (G.1)

where ā and a• for each pathogen are the elements of the first and third columns of

the TvA matrix, Z[·] is the cumulative normal distribution and t = ā
2
− K

ā
where the
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value of K used for the simulations is stated in the figure captions or axes.

When the pathogen with the highest fitness has been identified the host to which

the infection is spread is then determined. A random number is generated and if this

number is less than h then the infection is spread to another host on the same patch;

otherwise the infection is spread to a randomly selected host on another patch. With

equal probability the new infected host is an infant or an adult. Once the host that

the infection has been spread to has been identified the element of the first column of

the corresponding row of TvI or TvA is overwritten with the value of a• from the row

of TvA corresponding to the host that generated the new infection. If the infection is

spread to an infant, then the value of ā (the third column) for that host is updated by

recalculating the mean given the new infection that has occurred, and n (the fourth

column) is incremented by 1.

(2) Mutation. After infection spread, every pathogen may mutate with probability

0.01. If mutation occurs, the new value of the pathogen trait is drawn from a Gaussian

distribution with a mean equal to the current pathogen trait and a variance of 0.075.

The value of the pathogen trait should be non-negative and if the above procedure

results in a negative value of the dissimilarity trait the value is readjusted to instead

be 0.01.

(3) Maturation. For each time step, µ is the probability that an infant host

matures to become an adult. To keep the size of the infant and adult host populations

fixed, at the same time as an infant matures one adult on the same patch dies and a

new infant is born to that patch. This infant is infected with the pathogen that was

infecting the host that just died. The mean value of the pathogen trait infecting the

new infant is reset to the value of this first infection. When an infant matures the
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value of ā is locked and will now remain the same for all subsequent calculations of

fitness using equation (G.1).
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Figure E.2: The convergence of the pathogen strategy to the final values shown in
Fig. 4.5. The figure shows the mean value of pathogen dissimilarity in the population
and over 100 simulation runs.

Upon completion of the simulation convergence of the mean value of the parasite

trait in all hosts, ¯̄a, and across all runs of the simulation is checked (see Fig. E.2) and

Fig. 4.5 is generated.
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Sample code

The steps described above were implemented in Matlab 7.5 (Mathworks, USA). Sam-

ple code is provided below.

% (1) INFECTION

for j = 1:n*m % for every adult

abar = TvA(j,3);

a = TvA(j,1);

w(1,j) = 0.5*erfc(-(abar/2-K/abar-a)/2ˆ.5); % evaluate equation (G.1),

i.e., fitness

end

[o ii]=max(w); % Where w is a vector of length y, find the row index that corre-

sponds to the pathogen with the highest fitness

AdultSame = find(TvA(:,2)==TvA(ii,2)); % Row indices for other adults on the

same patch

ss = find(AdultSame==ii);

AdultSame(ss)=[];% The pathogen with highest fitness does not replace itself

AdultDiff = 1:m*n;

AdultDiff(AdultSame)=[];% Row indices for adults on a different patch

JuvSame = find(TvI(:,2)==TvA(ii,2)); % Row indices for infants on the same

patch

JuvDiff = 1:m*n;

JuvDiff(JuvSame)=[];

if rand(1,1)>0.5 % Infection is spread to an infant
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if rand(1,1)<h % Infection is spread to the same patch

indRep = JuvSame(ceil(length(JuvSame)*rand(1,1))); % Row index of

a random infant host on same patch

TvI(indRep,1)=TvA(ii,1); % New value of dissimilarity for the host

the infection was spread to

TvI(indRep,3)=(TvI(indRep,3)*TvI(indRep,4)+TvA(ii,1))

/(TvI(indRep,4)+1); % New value of ā in the host the infection was spread

to

TvI(indRep,4)=TvI(indRep,4)+1;

% Update number of infections experienced by the infant host the infection

was spread to

else % The infection is spread to different patch

indRep = JuvDiff(ceil(length(JuvDiff)*rand(1,1))); % as described above

TvI(indRep,1)=TvA(ii,1);

TvI(indRep,3)=(TvI(indRep,3)*TvI(indRep,4)+TvA(ii,1))

/(TvI(indRep,3)+1);

TvI(indRep,4)=TvI(indRep,4)+1;

end

else % spreads to an adult

if rand(1,1)<h % on the same patch

indRep = AdultSame(length((AdultSame)*rand(1,1))); % as described above

TvA(indRep,1)=TvA(ii,1);

else

indRep = AdultDiff(length((AdultDiff)*rand(1,1)));
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TvA(indRep,1)=TvA(ii,1);

end

end

% (2) MUTATION

% Making a cumulative normal distribution

incr = 0.001; x = -1:incr:1; sigma = .075;

g=(1/(2*pi*sigmaˆ2)ˆ.5)*exp(-x.ˆ2/(2*sigmaˆ2));

cumg = cumsum(g)*incr;

for j = 1:m*n

if rand(1,1)>h % A mutation occurs in an infant

r = rand(1,1); % New mutation randomly drawn form a normal distribution

TvI(j,1)=TvI(j,1)*(1+x(max(find(r > cumg))));

TvI(j,1)=max(TvI(j,1),0.001);

end

end

Identical code is repeated for mutations in adults.

% (3) MATURATION

for j=1:m*n % for all infants

if rand(1,1)<mm % Determine whether an infant matures

r = ceil(m*n*rand(1,1)); % Randomly select an infant

Same = find(TvA(:,2)==TvI(r,2));

r2 = ceil(length(Same)*rand(1,1));% Find an adult on the same patch

to die
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a = TvI(r,:); % List all characteristics of the maturing infant

b = TvA(Same(r2),:); % List all characteristics of adult that will die

TvA(Same(r2),:)=a; % Replace the adult

TvI(r,:)=b; % New birth has same pathogen as adult that dies

TvI(r,3)=TvI(r,1); % ā is reset

TvI(r,4)=1;

end

end
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