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Abstract

In cancer clinical trials, longitudinal Quality of Life (QoL) measurements on a patient

may be analyzed by classical linear mixed models but some patients may drop out of

study due to recurrence or death, which causes problems in the application of classical

methods. Joint modelling of longitudinal QoL measurements and survival times may

be employed to explain the dropout information of longitudinal QoL measurements,

and provide more efficient estimation, especially when there is strong association

between longitudinal measurements and survival times.

Most joint models in the literature assumed classical linear mixed model for longi-

tudinal measurements, and Cox’s proportional hazards model for survival times. The

linear mixed model with normal-distribution random effects may not be sufficient to

model longitudinal QoL measurements. Moreover, with advances in medical research,

long-term survivors may exist, which makes the proportional hazards assumption not

suitable for survival times when some censoring times are due to potential cured

patients.

In this thesis, we propose new models to analyze longitudinal QoL measurements

and survival times jointly. In the first part of this thesis, we develop a joint model

which assumes a linear mixed tt model for longitudinal measurements and a promo-

tion time cure model for survival data. We link these two models through a latent

variable and develop a semiparametric inference procedure. The second part of this
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thesis considers a special feature of the QoL measurements. That is, they are con-

strained in an interval (0, 1). We propose to take into account this feature by a

simplex-distribution model for these QoL measurements. Classical proportional haz-

ards and promotion time cure models are used separately to the situations, depending

on whether a cure fraction is assumed in the data or not. In both cases, we charac-

terize the correlation between the longitudinal measurements and survival times by a

shared random effect, and derive a semiparametric penalized joint partial likelihood

to estimate the parameters. The above proposed new joint models and estimation

procedures are evaluated in simulation studies and applied to the QoL measurements

and recurrence times from a clinical trial on women with early breast cancer.
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Acronyms

AIDS: Acquired Immune Deficiency Syndrome.

BCQ: Breast Cancer Questionnaire.

BLUP: Best linear unbiased predictor.

CEF: A new and intensive treatment of cyclophosphamide, epirubicin, and fluo-

rouracil.
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times based on the classical linear mixed effect model but ignoring the constraint on
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the longitudinal measurements.
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ror.
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QEM: Quasi expectation maximization.
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Chapter 1

Introduction

1.1 Quality of Life Measurements in Cancer Clinical Trials

In cancer clinical trials, the patient’s quality of life (QoL) is an important subjective

endpoint beyond the traditional objective endpoints such as tumor response and

relapse-free or overall survival. Specially, when the improvement in survival may

be limited by a new treatment for a specific type of cancer, patients’ QoL may be

important to determine whether this new treatment is useful (Richards and Ramirez

1997). Several studies (Dancey et al. 1997, Ganz et al. 2006) have also found that

QoL measurements such as overall QoL, physical well-being, mood and pain are of

prognostic importance for patients with cancer, so they may help to make a treatment

decision. Moreover, QoL measurements could be communicated with future patients,

enabling them to anticipate and understand the consequences of their illness and

treatments (Brundage et al. 2005).

As an example, we consider the data from NCIC Clinical Trials Group (CTG)

MA.5 trial, which is a study of two chemotherapy regimens for early breast can-

cer, a new and intensive treatment of cyclophosphamide, epirubicin, and fluorouracil
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Figure 1.1: Kaplan-Meier survival curves of patients in the two treatment groups of
MA.5

(CEF) and the standard treatment of cyclophosphamide, methotrexate, and fluo-

rouracil (CMF) (Levine et al. 1998; 2005). In this study, 356 patients were randomly

assigned to CEF and 360 patients to the CMF arm. Both CEF and CMF were ad-

ministered monthly for six months. Relapse is the primary clinical end point of MA.5,

and death and QoL measurements are secondary. The 10-year relapse-free survival of

two treatment arms are 52% and 45%, respectively, and the 10 year overall survival

was respectively 62% and 58%. The survival time of our interest in this trial is the

time to relapse or recurrence free survival time (RFS). The median follow-up time

of all patients is 59 months, and there are 169 and 132 uncensored RFS times from

patients randomized to CEF and CMF respectively in the data set updated in 2002.

In the Cox model, the hazard ratio for a recurrence in the CMF arm compared with

2



CEF is 1.3 (p-value 0.02; 95% CI, 1.06 to 1.61; Levine et al, 2005). Standard objec-

tive end-points, such as RFS, may not be able to completely determine the relative

advantages of these two treatments since the difference in this endpoint is small as

shown in Figure 1.1. In this trial, the patients were seen at every cycle of treatment,

and then every 3 months after the completion of 6 treatment cycles. At each follow-up

visit, the patient underwent a history and physical examination. The self-answered

Breast Cancer Questionnaire (BCQ) was administered at each of these visits until

the end of the second year or until recurrence or death, whichever came first. The

BCQ consists of 30 questions measuring different dimensions of QoL. The global QoL

of patients can be summarized from answers to these 30 questions and we plot the

population average of global QoL versus the time of measurement for patients of two

treatment groups in Figure 1.2. There are totally 7769 QoL measurements from both

arms. This QoL information collected on BCQ is important to compare treatments

when only small difference in survival was observed.

1.2 Joint Modelling of Quality of Life Measurements and

Survival Data

The longitudinal QoL measurements from cancer clinical trials can be analyzed by

standard statistical methods for repeated measurements, such as linear mixed models.

These models provide valid statistical inference when complete longitudinal measure-

ments from all patients are available or the missing longitudinal measurements can be

assumed missing at random. In cancer clinical trials, some seriously ill patients who

have worse QoL may drop out of the study because of disease recurrence or death.

The QoL measurements are not available from these patients. In this case, dropping

3
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Figure 1.2: Population average of BCQ score for patients in the two treatment groups
of MA.5

out is directly related to what is being measured, and the missing of QoL measure-

ments caused by the dropout of these patients is informative and may not be assumed

as missing at random. Application of a standard longitudinal data analysis in this

context could give biased results. Tu et al. (2004) analyzed the longitudinal QoL

data of trial MA.5 based on a nonparametric test taking into account of informative

censoring.

Patients’ worse QoL can lead to both informative dropout for QoL measurements

and censoring or development of events for survival time. A joint modelling framework

for longitudinal QoL measurements and survival data not only allows investigation

for both endpoints, but accommodates the association between them. Therefore, it

may provide a valid inference in longitudinal QoL study with missing measurements

4



caused by the dropout of patients.

Many approaches have been proposed for jointly modelling longitudinal measure-

ments and survival data. For example, Schluther (1992) proposed to analyze the

longitudinal measurements jointly with the dropout time by a multivariate normal

distribution. Hogan and Laird (1997) proposed a two-stage model for longitudinal

outcomes given survival times. Recently, Zeng and Cai (2005) incorporated a shared

normal-distribution random effects in longitudinal and survival model. A review of

relevant literature can be found, for example, in Tsiatis and Davidian (2004) and Dig-

gle et al. (2008). These joint models allow an assessment of QoL measurements in

cancer clinical trials where informative missing QoL measurements are caused mainly

by disease recurrence or death. It has also been demonstrated that joint modelling

would also improve the accuracy of the estimation for parameters in both models when

the longitudinal measurements and survival times are highly correlated (Ibrahim et

al. 2010).

1.3 The Objectives and Organization of this Thesis

In most of the earlier literature, joint models were developed by assuming respectively

normal distribution based models for longitudinal measurements and Cox’s propor-

tional hazards models for the survival time. These models may not be sufficient to

analyze QoL and survival data from cancer clinical trials. The major objective of

this thesis is to develop new models which can be used for the joint analysis of QoL

measurements and survival data from cancer clinical trials.

In the first part of thesis, the existence of cured patients and outliers in longitudi-

nal QoL measurements are considered. With advances in the development of cancer

5



treatment, the existence of cured patients becomes possible and their longitudinal tra-

jectory may be different from others. For example, the longitudinal prostate-specific

antigen (PSA) values keep stable after an initial decline for an early stage prostate

cancer patient cured by radiation therapy; the longitudinal QoL may be improved

after treatment for an early stage breast cancer patient cured by treatment. Thus,

the longitudinal measurements can be useful for predicting cancer recurrence and

determining the proportion of cured, and using all of the information from the lon-

gitudinal measurements and survival data with a cure fraction will lead to a more

precise assessment of disease recurrence. Yu et al. (2008) proposed a joint model

which employed a nonlinear mixed effect model with normal random effects for lon-

gitudinal data and a mixture proportional hazards cure model (Peng and Dear 2000,

Sy and Taylor 2000) for the survival data. We propose a new joint model to jointly

analyze the longitudinal measurements and survival data with a cure fraction based

on the hierarchical structure (Lange et al. 1989) of t distribution. The longitudinal

data analysis using t distribution may be more robust than that using the classical

linear mixed effects model. We link longitudinal measurements and survival data by

a random effects and derive an EM algorithm for the estimation of the parameters in

the proposed joint model.

A special feature of QoL measurements in cancer clinical trials is that they are

restricted to an interval. A questionnaire of QoL assessment usually consists of sev-

eral questions on a Likert scale which are answered by patients. For a given patient,

based on the classical test theory (Revicki and Leidy 1998), his/her final score on a

QoL domain is obtained by the sum of the answers to all the questions in the domain

and transformed linearly to the scale from 0 to 100 or from 0 to 1 for the analysis. For

example, the score on the global QoL scale in the BCQ for a patient is defined as the

sum of her answers to 30 questions in the questionnaire, each on the Likert scale from

6



0 to 7 with the best outcome marked as 7, after transformation to the unit interval

(0, 1). Song and Tan (2000) defined the data confined in a known interval, say (0,

1), as the continuous proportional data, which may also be called compositional data

(Aitchison 1986) or bounded data (Lesaffre et al. 2007) in the statistical literature.

Assuming these data are normally distributed may lead to bias in the analysis. Song

and Tan (2000) proposed a method to directly model the marginal means of the longi-

tudinal proportional responses using the simplex distribution of Barndorff-Nielsen and

Jørgensen (1991). The second part of this thesis is to consider modelling survival data

and longitudinal proportional measurements jointly by an indirect approach through

logit transformation and a direct approach through the simplex distribution of Qiu

et al. (2008). Cox’s proportional hazards model is used for survival data. We employ

the random effects to incorporate the relation between longitudinal component and

survival component and derive the semiparametric penalized partial likelihood for the

joint model. Generalization of these results to survival data with a cure fraction is

then considered in the last part of this thesis.

The rest of this thesis is organized as follows. In Chapter 2, we review the models

for the longitudinal analysis, including the linear mixed effects model and its exten-

sion. For the survival data, Cox’s proportional hazards model and cure model are

introduced. We also review the current approaches of joint modelling of longitudi-

nal measurements and survival data. In Chapter 3, we present the new joint model

of longitudinal measurements and survival data with a cure fraction based on the t

distribution and derive EM algorithm for the estimation procedure. We propose two

approaches to jointly model the longitudinal proportional measurements and survival

data in Chapter 4. The penalized semiparametric partial joint likelihood is derived

using the Laplace approximation. In Chapter 5, the proposed joint model based

7



on the simplex distribution is extended to the joint modelling of longitudinal pro-

portional data and survival times with a cure fraction. The Newton-Raphson and

Quasi-EM (QEM) algorithms for the penalized joint partial likelihood are developed

to estimate the parameters in the model, respectively. Chapter 6 presents a summary

of the research in this thesis and point out some further research directions.
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Chapter 2

Background and Literature Review

Joint modelling of longitudinal measurements and survival times has been developed

by many researchers. In this chapter, we introduce the models for longitudinal mea-

surements, survival times and joint analysis of longitudinal measurements and survival

data. The Chapter is organized as follows. In Section 2.1, we present the classical

linear mixed effects model and its extensions for the longitudinal data. We introduce

Cox’s proportional hazards model and cure models for the survival times in Section

2.2. In Section 2.3 the approaches of joint modelling for longitudinal measurements

and survival data are reviewed.

2.1 Statistical Models for Longitudinal Data

The longitudinal data are measurements taken repeatedly from the same individuals

over time, thereby allowing the direct study of change over time. The primary goal

of a longitudinal study is to characterize the change in response over time and the

factors that influence the change. In this Section, we will review some basic models

and their extensions for the longitudinal measurements that we will consider to build

joint models in later chapters.

9



2.1.1 (Classical) Linear Mixed Effects Model

Let a column vector Yi = (Yi1, ..., Yini
)T be the longitudinal measurement of ith

subject with ni repeated observations, and its jth component Yij is the observation

at the jth occasion, where ni is the number of observations for subject i, i = 1, ..., n,

and n is the number of subjects. For subject i, assume Xi = (Xi1, ..., Xini
)T is a

(ni × p) design matrix of covariates for fixed effects, and X̃i = (X̃i1, ..., X̃ini
)T is a

(ni × q) matrix of covariates for random effects, where Xij and X̃ij are (p × 1) and

(q × 1) vector of covariates at the jth occasion, respectively. The (classical) linear

mixed effects model is a linear regression model for Yi defined as

Yi = Xiβ + X̃iαi + ei, (2.1)

where ei is a (ni×1) vector of measurement errors, αi is a (q×1) random effects, and

β is a (p × 1) fixed effects. Model (2.1) is called linear mixed effects model since it

allows for both fixed effects β and random effects α. The random effects αi describes

the between-subject variability and is assumed to followN (0, Σα) independently of ei,

while ei explains the within-subject variability and it is assumed to follow N (0, Σe).

Usually Σe = σ2
eIni×ni

due to the conditional independence assumption between Yij

and Yij′ for j 6= j′ given αi. All of (Yi, Xi, X̃i, ei) could be time-dependent. In model

(2.1), the response Yij for the ith subject at the jth observation occasion is modelled

by three components, a population mean XT
ijβ, a subject effect X̃T

ijαi, and a within-

subject measurement error eij. In particular, the columns of X̃i are a subset of the

columns of Xi. It ensures that X̃iαi can be interpreted as a zero-mean between-

subject residual trajectory. It allows us to partition the columns of Xi into a set

of columns corresponding to the effects that are fixed and a complementary set of

columns corresponding to the effects that are random.

10



The subject-specific mean and the population-averaged mean trajectory responses

are

E[Yi|αi] = Xiβ + X̃iαi, E[Yi] = Xiβ.

Thus, the fixed effects β relates the covariates to the population mean response,

and the random effects αi reflects the unobserved subject trend deviation from the

population mean. The conditional variance of Yi given αi and the marginal variance

of Yi are

var[Yi|αi] = Σe, var[Yi] = X̃iΣαX̃T
i + Σe ≡ Σi.

The latter implies that the random effects αi accounts for the correlation between

each measurements for the ith subject.

The marginal likelihood of the linear mixed model (2.1) is

lm(β, Σα, Σe) =
n∏

i=1

Pi (2.2)

where Pi is the density function of Yi ∼ N (Xiβ, Σi) given by 1
(2π)ni/2|Σi|1/2 exp[−1

2
(yi−

Xiβ)T Σ−1
i (yi − Xiβ)] with a variance matrix Σi. When Σα and Σe are fixed, the

solution to maximize (2.2) with respect to β is β = β̂(Σα, Σe) = (
∑n

i=1 XT
i Σ−1

i Xi)
−1

∑n
i=1 XT

i Σ−1
i Yi. When an estimate Σ̂i of Σi is given, the maximum likelihood estima-

tor of β is

β̂ = (
n∑

i=1

XT
i Σ̂−1

i Xi)
−1

n∑
i=1

XT
i Σ̂−1

i Yi.

One estimator for Σ̂i is the maximum likelihood estimator which maximizes the log-

arithm of (2.2) with respect to (Σα, Σe) by taking β = β̂(Σα, Σe).
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The best linear unbiased predictor(BLUP) of random effects αi in (2.1) is

α̂i = E[αi|Yi] = Σ̂αX̃T
i Σ̂−1

i (Yi −Xiβ̂)

which is obtained from the jointly normal distribution of Yi and αi. BLUP is an

unbiased predictor by an extension of the Gauss-Markov theorem to cover random

effects (Harville 1976; 1977), which has a linear form of Yi and the minimum mean

squared error. Thus, the ith subject’s predicted response can also be expressed as

a weighted average of the estimated population-average mean response and the ith

subject’s observed response by plugging BLUP α̂i into Xiβ + X̃iαi, i.e.

Ŷi = Xiβ̂ + X̃iα̂i = Σ̂eΣ̂
−1
i Xiβ̂ + (Ini×ni

− Σ̂eΣ̂
−1
i )Yi

since Σ̂iΣ̂
−1
i = Ini×ni

= (X̃iΣ̂αX̃T
i + Σ̂e)Σ̂

−1
i .

An alternative to the maximum likelihood estimator of Σi is the restricted max-

imized likelihood estimator (Patterson and Thompson 1971, Harville 1974), which

maximizes

n∑
i=1

log P̃i =
n∑

i=1

[− 1

2
log(|Σi|)− 1

2
(Yi −Xiβ̂(Σα, Σe))

T Σ−1
i (Yi −Xiβ̂(Σα, Σe))]

− 1

2
log(|

n∑
i=1

XT
i Σ−1

i Xi|)

derived by the density function P̃i of Ỹi = AT
i Yi. Here, (Ai)ni×(ni−p) satisfies AiA

T
i =

Ini×ni
−Xi(X

T
i Xi)

−1XT
i , and AT

i Ai = I(ni−p)×(ni−p) if Xi is with rank p. It is known

Ỹi follows the normal distribution with mean 0. The restricted maximum likelihood

takes into account of the loss in degrees of freedom that results from estimating β, by

inference based on the likelihood function associated with (ni−p) linear independent
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error contrast AT
i Yi (s.t. E[AT

i Yi] = 0, i.e. AT
i Xi = 0) rather than on that associated

with the full data. Laird (1982) used EM (expectation-maximization) algorithm to

estimate parameters based on both the likelihood and the restricted likelihood.

2.1.2 Linear Mixed tt Model

The normal distribution of random effects in the linear mixed effects model may be

replaced by other distributions, such as t distribution. Lange et al. (1989) considered

the robust statistical modelling approach in which the t distribution is suggested for

measurement error. The t distribution provides a useful alternative of error distri-

bution for modelling of data sets with longer-than-normal tails. Clearly, this model

extends the classical linear mixed effects model because the normal distribution is a

special case of t distribution when the degree of freedom is large.

The density of a q-dimensional t distribution tq(0, Σ, η) with mean 0, a positive

definite scale matrix Σ and a positive degree freedom η is,

P (x) =
Γ(η+q

2
)

(πη)
q
2 Γ(η

2
)
|Σ|− 1

2{1 +
xT Σ−1x

η
}− q+η

2 , x ∈ Rq.

It is known that its variance matrix is η
η−2

Σ when η > 2, otherwise it is infinite.

The linear mixed tt model is defined as the model in the form of (2.1) with t

distributions for both random effects αi and measurement error ei,

Yi = Xiβ + X̃iαi + ei, αi ∼ tq(0, Σα, η), ei ∼ tni
(0, Σe, η). (2.3)

We may define other models based on t distribution when one of αi, ei is assumed

to follow t distribution. For example, the linear mixed normal t model is the linear

mixed effects model (2.1) with normal distributed random effects and t distributed

measurement error. Pinheiro et al. (2001) considered the linear mixed tt model (2.3)

13



with subject-specific degree of freedom,

αi ∼ tq(0, Σα, ηi), ei ∼ tni
(0, Σe, ηi), i = 1, ..., n.

In this case, a hierarchical structure of the linear mixed tt model can be expressed in

terms of conditional normal and gamma distributions,

Yi|αi, ξi ∼ind N (Xiβ + X̃iαi,
Σe

ξi

), αi|ξi ∼ind N (0,
Σα

ξi

), ξi ∼ind Gamma(
ηi

2
,
ηi

2
)

with shape parameter ηi

2
and rate parameter ηi

2
. Here αi|ξi is independent of ei|ξi,

which implies that αi, ei are uncorrelated.From properties of t distribution, it follows

that for ηi > 2,

var[αi] =
ηi

ηi − 2
Σα, and var[ei] =

ηi

ηi − 2
Σe, i = 1, ..., n.

Therefore, ηi

ηi−2
Σα explains the between-subject variability due to the random effects,

and ηi

ηi−2
Σe explains the within-subject variability due to the measurement error. Thus

the interpretation of Σα and Σe is different from the linear mixed effects model (2.1).

Let P (yi|αi, ξi), P (αi|ξi), P (ξi) denote the densities for Yi|(αi, ξi), αi|ξi, ξi, respectively.

The complete likelihood under this model can be written as

lcp =
n∏

i=1

P (yi|αi, ξi)P (αi|ξi)P (ξi).

Pinheiro et al. (2001) proposed to estimate the parameters in the linear mixed tt

model by the EM algorithm and other versions of EM such as ECM (expectation

constrained maximization).

Song et al. (2007) compared the maximum by parts (MBP) approach with the
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EM algorithm for estimating parameters in the linear t normal mixed effects model

which assumes

αi ∼ tq(0, Σα, ηi), ei ∼ N (0, σ2
eIni×ni

),

i.e. t distribution for the random effects αi and normal distribution for the measure-

ment error in (2.1). The corresponding marginal likelihood is

lm =
n∏

i=1

∫
P (yi|αi)P (αi)dαi,

where P (yi|αi) and P (αi) are densities of (Yi|αi) and αi, respectively. Since the

marginal likelihood could not be integrated out, they first decomposed Lm = log(lm)

into the sum of the log-likelihood of working model Lw where the classical linear

mixed effects model (2.1) is chosen as the working model, and the reminder Le. With

this decomposition, the Hessian matrix of Lm is replaced by that of Lw in the kth

iteration of Newton-Raphson algorithm, Θk+1 = Θk − [∂2Lw(Θ)
∂Θ2 |Θ=Θk

]−1 ∂Lm(Θ)
∂Θ

|Θ=Θk
,

where Θ = (β, Σα, Σe) are all parameters in the model. They concluded that MBP and

EM take almost the same number of iterations to converge under the same convergence

criteria. They also compared the performance of four types of linear mixed effect

models (t-t, normal-normal, t-normal, norma-t) when outliers are presented in the

longitudinal data.

For the longitudinal proportional data (i.e. the responses are confined within the

unit interval (0, 1) ), Zhang et al. (2009) applied the linear mixed tt model to the

logit transformed data,

log(
Yi

1− Yi

)|αi ∼ind tni
(Xiβ + X̃αi, Σe, η), αi ∼ tq(0, Σα, η), i = 1, ..., n.

Gaussian-Newton type algorithm is implemented to estimate parameters, where the

15



second order derivatives of the log-likelihood are not needed. The iteration proceeds as

Θk+1 = Θk+εB−1(Θ)|Θ=Θk

∂L(Θ)
∂Θ

|Θ=Θk
, where B(Θ) = 1

n

∑n
i=1

∂L(Θ)
∂Θ

∂L(Θ)
∂Θ

T
, and ε is the

step-halving term that usually starts at 1 and halves each time until L(Θk+1) > L(Θk)

in each iteration.

The above linear mixed effects (normal-normal, normal-t, t-normal, t-t) models

are also compared in the presence of outliers, which can arise from either the source

of random effects or the source of measurement error. For example, for the jth com-

ponent of β, Pinheiro et al. (2001) calculated empirically the ratio of the respective

mean square errors E[β̂NN
j − β0j]

2/E[β̂TT
j − β0j]

2 from models NN(normal-normal)

and TT (t-t), where β̂NN
j is the maximized likelihood estimator of βj in the linear

mixed normal normal model and β0j is the jth component of true parameter β0.

Another criterion is the standardized relative change criteria

SRC(βj) =
|β̂NN

j,o − β̂NN
j,n |

s.e.(β̂NN
j,n )

/
|β̂TT

j,o − β̂TT
j,n |

s.e.(β̂TT
j,n )

,

employed in Song (2007, Page 113) and Zhang et al. (2009), where β̂NN
j,o , β̂NN

j,n are the

maximized likelihood estimators of the fixed effects for model NN (normal-normal)

based on the two data sets with and without outliers, respectively. Obviously, SRC >

1 implies that TT (t-t) model is more robust than the NN in the estimation of

parameters. As a result, they conclude the t distribution is helpful to achieve robust

estimation which agrees with conclusions of Lange et al. (1989), Pinheiro et al. (2001)

and Song et al. (2007).
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2.1.3 Generalized Linear Mixed Effects Model with Simplex Distribution

In the generalized linear mixed model, it is assumed that given a vector of random

effects αi, Yij, j = 1, ..., ni are independent and follows a distribution in the exponen-

tial family with var[Yij|αi] = V (E[Yij|αi])%, where % is the dispersion parameter, and

variance function V (·) is determined by the specific distribution of Yij|αi. The mean

of conditional response µij is linked to the fixed and random effects through a linear

predictor ζij,

µij = E[Yij|αi], g(µij) = ζij, ζij = XT
ijβ + X̃T

ijαi,

for some known link function g(·). The distribution of random effects αi is commonly

assumed as N (0, Σα). For example, model (2.1) is a special case of the generalized lin-

ear mixed effects model with identity link function g(µ) = µ and normal distribution

N (0, σ2) for Yij|αi. In this case, var[Yij|αi] = σ2, % = σ2, V (·) = 1. Parameters in the

generalized linear mixed effects model can be estimated either by directly maximiz-

ing the likelihood with numerical integration, by EM algorithm, or by maximizing an

approximation of the log-likelihood function.

For a random variable in (0, 1), Jørgensen (1997) presented a simplex distribution

S−(µ, σ2) with mean µ ∈ (0, 1) and dispersion parameter σ2. Its density is

P (y; µ, σ2) = a(y; σ2) exp[−d(y; µ)

2σ2
], (2.4)

d(y; µ) =
(y − µ)2

y(1− y)µ2(1− µ)2
, a(y; σ2) = [2πσ2(y(1− y))3]−

1
2 ,

where d(·; ·) is the nonnegative unit deviance satisfying Propostion 2.19 in Song (2007)
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and the unit variance function is defined as

V (µ) = 2/(
∂2d(y; µ)

∂µ2
|y=µ) = µ3(1− µ)3.

The simplex distribution is one of the dispersion family with location parameter

µ and dispersion parameter σ2 (Jøgensen 1997). The density of dispersion family

is P (y; µ, σ2) = a(y; σ2) exp[−d(y;µ)
2σ2 ], y ∈ F , µ ∈ T , usually T ,F ⊆ (−∞, +∞),

where a(·; ·) ≥ 0 is a suitable parameter normalizing term that is independent of

µ and that will allow to estimate µ separately from estimating σ2. For instance,

Poisson distribution with parameter µ is the dispersion distribution with d(y; µ) =

2(y log y
µ
−y+µ), a(y; σ2) = 1

y!
exp[y log(y)−y], σ2 = 1 for F = {0, 1, ...}, T = (0,∞).

The dispersion family distribution extends the Euclidean distance (y−µ)2 in normal

density to a general discrepancy function d(y; µ). The dispersion distribution includes

the exponential family which the simplex distribution does not belong to. When

the dispersion parameter σ2 is small, the simplex density is similar to the normal

distribution with the same mean and variance, due to the small-dispersion asymptotic

(Propositions 2.5, and 2.6 of Song (2007)); when the dispersion parameter is large, the

simplex density provides a more flexible distribution accommodating various features

of data.

Qiu et al. (2008) proposed a generalized linear mixed effects model for longitudinal

proportional data in (0, 1) using the simplex distribution. That is

Yij|αi ∼ S−(µij, σ
2), αi ∼ N (0, Σα), g(µ) = log(

µ

1− µ
).

It is an extension of generalized linear mixed effects model since the simplex distribu-

tion is one of dispersion family that is analytically similar to the exponential family
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distributions. If the dispersion parameter σ2 is known, the complete likelihood is

lcp = |Σα|−n/2 exp{− 1

2σ2

n∑
i=1

ni∑
j=1

d(yij; µij)− 1

2

n∑
i=1

αT
i Σ−1

α αi}.

The marginal log-likelihood is

Lm ∝ −n

2
log |Σα|+ log

∫

Rnq

eλ(α)dα (2.5)

where λ(α) =
∑n

i=1 λ(αi) with λ(αi) = − 1
2σ2

∑ni

j=1 d(yij; µij) − 1
2
αT

i Σ−1
α αi. From the

Taylor expansion of λ(αi) at the stationary point α̂i such that the first derivation

λ(1)(α̂i) = 0, they obtain the Laplace approximation for
∫

Rq eλ(αi)dαi given as

∫

Rq

eλ(αi)dαi ≈ (2π)q/2|Ui|1/2 exp[λ(α̂i)]E[exp(Ri)] (2.6)

where E[·] is taken over a multivariate normal distribution with mean vector 0 and

covariance matrix Ui = [−E[λ(2)(α̂i)]]
−1, Ri =

∑∞
k=3 Tik with Tik = [⊗k−1(αi −

α̂i)
T ]λ(k)(α̂i)(αi − α̂i)/k!, ⊗kα = α ⊗ ... ⊗ α denotes k α values in the Kronecker

product and λ(k)(α̂i) is the kth-order derivative of λ(αi) w.r.t αi evaluated at α̂i.

The replacement of [−λ(2)(α̂i)] is by its expectation U−1
i . Through the properties in

Raudenbush et al. (2000),

E[exp(Ri)] ≈ exp{E[T4i] +
1

2
E[T 2

3i] + E[T6i]}. (2.7)

The parameter inference is based on the high-order Laplace approximation of likeli-

hood by taking (2.7) and (2.6) into (2.5).
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2.2 Statistical Models for Survival Data

In survival analysis, the time to an event is modelled. Censoring commonly occurs

since there is insufficient time to observe the event of interest. In the right censoring

case, all that is known is that the time to event exceeds some observed date. Let

T ′ represent the survival time and t′ be the realization of T ′. The observed data

are {ti, δi}n
i=1 where ti = min{t′i, ci}, δi = I(t′i < ci) and ci is the censoring time for

the ith individual. Denote {τ1, ..., τK} as the increasing ordered uncensored time.

Correspondingly, denote Dj, Ej, Rj as the labels for the sets of subjects having an

event at τj, censored at [τj, τj+1), and at risk at τj, respectively.

We regard T ′ as a random variable with cumulative distribution function Fpop(t) =

P (T ′ < t), the survival function Spop(t) = 1−Fpop(t) = P (T ′ ≥ t) and the probability

density function fpop(t) = lim∆t→0
P (t≤T ′<t+∆t)

∆t
. Another characterization of T ′ is the

hazard function

hpop(t) = lim
∆t→0

P (t ≤ T ′ < t + ∆t|T ′ ≥ t)

∆t

assessing the instantaneous failure rate. Its cumulative hazard function is

Hpop(t) =

∫ t

0

hpop(x)dx

satisfying Spop(t) = exp[−Hpop(t)].

2.2.1 Cox’s Proportional Hazards Model

A broadly applicable model is Cox’s proportional hazards regression model, which

assumes

hpop(t|z) = h0(t)exp(γT Z), (2.8)

20



where γ is a column vector of unknown parameters without intercept, and h0(t) is

an unknown function giving the hazard function for Z = 0 named as baseline hazard

rate. The hazard ratio for two observations Zi, Zj of covariate Z is

hpop(t|Zi)

hpop(t|Zj)
=

exp(γT Zi)

exp(γT Zj)

which is independent of time t. When there is one covariate taking value 0 and 1, the

term exp(γ) is the relative risk of an individual with Z = 1 relative to Z = 0.

Breslow (1972) proposed the profile likelihood to estimate the parameters in Cox’s

proportional hazards model. The likelihood can be written as

l =
K∏

j=1

[
∏
i∈Dj

fpop(ti|Zi)
∏
i∈Ej

Spop(ti|Zi)] =
K∏

j=1

[
∏
i∈Dj

hpop(ti|Zi)
∏

i∈Dj
⋃

Ej

Spop(ti|Zi)]. (2.9)

Fixing γ, the baseline hazard maximizing (2.9) is

H0(t) =
∑

j:τj≤t

dj∑
i∈Rj

exp(γT Zi)
, h0(t) =

dj

(τj − τj−1)
∑

i∈Rj
exp(γT Zi)

if τj−1 < t ≤ τj.

(2.10)

Once (2.10) is plugged in (2.9), the profile likelihood of γ is obtained and it is pro-

portional to the partial likelihood,

lp(γ) =
K∏

j=1

exp(γT Zj)∑
i∈Rj

exp(γT Zi)
. (2.11)

The partial likelihood does not include the baseline hazard function. One can easily

obtain the maximum partial likelihood estimator of γ by Newton-Raphson method

from its score function and information matrix of (2.11) without specifying the base-

line hazard function. Once γ̂ is known, Ĥ0(t) and ĥ0(t) which are called Breslow
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estimators (Brewslow 1974) can be derived by taking γ̂ into (2.10).

2.2.2 Cox’s Proportional Hazards Model with Shared Gamma Frailty

When individuals within a certain subset of the population share a common, un-

observable and random frailty, Cox’s proportional hazards model for the observable

covariates can be extended by taking random effects as a multiplicative factor on the

hazard rate. This is called Cox’s proportional hazards model with frailty. Specially,

for the jth individual in the ith subgroup, conditional on the frailty αi, we have

hpop(t|Zij, αi) = h0(t) exp{γT Zij + αi}. (2.12)

It also can be written as a linear form in the scale of log hazard ratio, i.e., log
hpop(t|Zij ,αi)

h0(t)

= γT Zij + αi. The frailty of Cox’s proportional hazards model could be an unob-

servable environment effect or genetic effect shared in the subgroup. If the size of

subgroup is 1, it can be used to model unobservable individual factors as well, such

as stress status or physical status etc. Conditional on the frailty αi, the individuals

within a subgroup are independent, and thus the conditional log-likelihood of ith

subgroup is

Lconi
= Lconi

(γ, h0|αi) =

ni∑
j=1

{δij(log h0(tij) + γT Zij + αi)−H0(tij)e
γT Zij+αi}.

Klein (1992) considered a gamma frailty for (2.12), i.e.,

ξi = eαi , ξi ∼ind Gamma(η, η), η ≥ 0, i = 1, ..., n. (2.13)

It is known that the density function of ξi is P (ξi|η) = ηη

Γ(η)
ξη−1
i exp(−ξiη) with E[ξi] =

1, var[ξi] = 1
η
. The parameter η of gamma distribution provides information on the
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variability in the population of subgroups. This specific type of frailty makes it

possible to integrate out the frailties of the conditional survival probability and to

obtain an explicit and simple expression for the unconditional survival function of T ′

Spop(t) = {1 +
1

η
H0(t) exp(γT Z)}−η,

which lead to the marginal likelihood

lm(γ, h0, η) =
n∏

i=1

∫

R

eLconiP (ξi|η)dξi =
n∏

i=1

Γ(di + η)
∏ni

j=1(h0(tij) exp(γT Zij))
δijηη

{η +
∑ni

j=1 H0(tij) exp(γT Zij)}η+diΓ(η)
,

where di =
∑ni

j=1 δij.

If we could observe the ξi’s, the complete log-likelihood is

Lcp(γ, h0, η) = log
n∏

i=1

eLconiP (ξi|η) =
n∑

i=1

{Lconi
(γ, h0|ξi) + log P (ξi|η)}. (2.14)

Conditional on the observed data O = {tij, δij, Zij, j = 1, ..., ni}n
i=1, ξi, i = 1, ..., n are

independent gamma random variables

ξi|O d≡ ξi|Oi ∼ Gamma(G1i, G2i), G1i = η + di, G2i = η +

ni∑
j=1

H0(tij) exp(γT Zij)

(2.15)

with a shape parameter G1i, an inverse scale parameter G2i, E[ξi|O] = G1i

G2i
and

var[ξi|O] = G1i

(G2i)2
. Klein (1992) used EM algorithm to estimate the parameters in the

model. The E-step calculates the expectation of (2.14) with respect to conditional

distribution of ξi on the observed data

Q(γ, h0, η) = E[Lcp(γ, h0, η)] = Q1(γ, h0) + Q2(η),
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where Q1, Q2 are

Q1(γ, h0) =
n∑

i=1

ni∑
j=1

{δij(log h0(tij) + γT Zij)− G1i

G2i

H0(tij) exp(γT Zij)}, (2.16)

Q2(η) = −n[log Γ(η)− η log η] +
n∑

i=1

[(η + di − 1)(Ψ(G1i)− log G2i)− G1i

G2i

η]

with E[log(ξi|O)] = Ψ(G1i)− log G2i and Ψ(·) denotes the digamma function. In the

M-step, it is easy to maximize Q2 numerically and obtain the updated η. To obtain

the updated γ, h0 from Q1, fixing γ, by the way of constructing a profile likelihood

of (2.9), the updated estimate of H0(t) is
∑

j:τj≤t
dj∑

i∈Rj
exp(γT Zi+log

G1i
G2i

)
, where τj is

the jth smallest event time regardless of subgroups. Taking Ĥ0(t) into the profile

likelihood, Klein (1992) obtained the partial likelihood for the updating of γ,

K∏
j=1

eγT Z(j)

(
∑

i∈Rj
exp[γT Zi + log[G1i

G2i
]])dj

,

where Z(j) is the sum of the covariate vectors of individuals failed at time τj. Q1 is also

proportional to a Cox’s-proportional-hazard-like log-likelihood structure with linear

predictor part γT Zij + log G1i

G2i
, thus, the process is equivalent to maximize the log-

likelihood of Cox’s proportional hazards model with the linear predictor γT Zi+log G1i

G2i
.

Since G1i, G2i both contain the parameter γ, h0(t), EM step iterates until convergence

and the estimators of γ, η, h0 are obtained.

Vaida and Xu (2000) considered the following model

hpop(t|xij, Zij, αi) = h0(t) exp{γT Zij + αT
i xij}

with multivariate frailty. If αi are observed, the complete likelihood of ith subgroup
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is

lcpi
(γ, h0, σ

2
α) =

ni∏
j=1

[h0(tij)e
γT Zij+αT

i xij ]δij exp[−H0(tij)e
γT Zij+αT

i xij ]P (αi).

They used EM algorithm to estimate the parameters. When q ≤ 2, E-step employs

the numerical integration. For higher dimensions, they obtained E[αT
i ], E[eαT

i xij ] the

conditional expectation of frailty in E-step from Gibbs sampler. On the other hand,

Abrahantes and Burzykowski (2005) proposed to approximate the expectation of

complete likelihood by Laplace approximation to reduce the burden of computation.

They compared biases and empirical standard errors of their method with those from

method where the marginal likelihood is approximated by the Laplace approximation.

Both approaches produce on average similar performance.

Ripatti and Palmgren (2000) proposed a model for the subgroup i based on mul-

tiplicative frailties with a multivariate log-normal joint distribution,

hpop(t|xi, Zi, α) = h0(t) exp{γT Zi + αT xi} (2.17)

with xi and Zi vectors of explanatory variables. They assumed that α follow a mul-

tivariate normal distribution with mean 0 and covariance matrix Σα. The marginal

likelihood for (2.17) in terms of the parameters (h0(t), γ, Σα) is

lm(h0(t), γ, Σα) =

∫ n∏
i=1

[h0(ti) exp(γT Zi + αT xi)]
δi exp[−H0(ti) exp(γT Zi + αT xi)]P (α)dα.

(2.18)

The integral in the likelihood function is difficult to compute. They used a Laplace ap-

proximation for the integral in (2.18). This leads to the first-order Laplace-approximated
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log-likelihood:

L̃(h0(t), γ, Σα) = −1

2
log |Σα|+ λ(α̂)

where λ(α̂) =
∑n

i=1{δi[log h0(ti)+γT Zi+α̂T xi]−H0(ti) exp(γT Zi+α̂T xi)}− 1
2
α̂T Σ−1

α α̂,

and α̂ = α̂(γ, Σα) denotes the solution to ∂λ(α)
∂α

= 0. If Σα were known and α was

considered as a fixed effects parameter, then L̃ would be a penalized log-likelihood,

where −1
2
α̂T Σαα̂ is the penalty term penalizing for extreme values of α. Since it is the

full likelihood for a Cox model with α as another set of parameters and a penalty term,

it turns out that it can be maximized using penalized fixed effects partial likelihood

n∑
i=1

δi[(γ
T Zi + α̂T xi)− log

∑

j∈R(ti)

exp(γT Zj + α̂T xj)]− 1

2
α̂T Σ−1

α α̂ (2.19)

to estimate γ. Ripatti and Palmgren (2000) showed that the first-order Laplace-

approximated of likelihood provided a reasonable estimation of γ in the simulation

studies and reduced the computation complexity. To estimate the variance parame-

ters, they employed the second-order Laplace-approximated log-likelihood:

L(h0(t), γ, Σα) = −1

2
log |Σα|+ λ(α̂)− 1

2
log |λ(2)(α̂)|,

where λ(α̂)(2) = −∑n
i=1 H0(ti) exp(γT Zi + α̂T xi)xix

T
i − Σ−1

α . The maximization of

likelihood is done in two steps, where maximizing the first-order and second-order

Laplace-approximated likelihood iterates until convergence.
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2.2.3 Mixture Cure Model

When there are ’long-term survivors’ or ’immunes’ present in survival data, we will

consider a cure model. A mixture cure model

Spop(t) = πSu(t) + 1− π (2.20)

contains two parts which can be interpreted separately: Su(t) is the survival function

of the failure time for the uncured patient, and 1 − π is the probability of being

cured. For a cured patient, the failure time T ′ = ∞ and the corresponding survival

function is degenerated and thus appear in the model always as 1. It is obvious in the

mixture cure model that Spop(t) is an improper survival function (limt→+∞ S(t) 6= 0)

while Su(t) is a proper survival function. Boag (1949) first proposed the mixture cure

model. Farewell (1982, 1986) studied the logistic Weibull mixture cure model when

Su(t) is the Weibull distribution and covariates are related to the cure probability

by π = exp[bT x]
1+exp[bT x]

. Maller and Zhou (1996) provided a detailed review of the mixture

cure model. Peng et al. (1998) proposed to use a generalized F distribution for the

survival function of uncured patient. Taylor (1995) implemented EM algorithm to

the parameter inference in the mixture cure model by a Kaplan-Meier type estimator

of Su(t).

Kuk and Chen (1992) proposed to model the effect of covariates on the failure

time of uncured patients in (2.20) by the proportional hazards assumption

Spop(t|z) = π(x)S0(t)
exp(γT Z) + 1− π(x).

Peng and Dear (2000) and Sy and Taylor (2000) employed EM algorithm for this

Cox’s proportional hazard cure model. To take account for unobserved heterogeneity
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which cannot be explained via observed covariates, Peng and Zhang (2008) included

a frailty into Cox’s proportional hazards mixture cure model,

Spop(t|ξ) = π(x)S0(t)
exp(γT Z)ξ + 1− π(x) (2.21)

with the assumption of a gamma frailty (2.13) and a logistic form proportion

π(x) =
ebT x

1 + ebT x
. (2.22)

Then, the unconditional survival function of (2.21) is

Spop(t) = π(x)(1 +
H0(t)e

γT Z

η
)−η + 1− π(x). (2.23)

Define c̃i as the cure status latency variable, i.e. c̃i = 0 if ith subject is cured,

otherwise c̃i = 1. If ξi and c̃i are observed, the complete log-likelihood is

Lcp = Lc1(b) + Lc2(γ, H0(t)) + Lc3(η)

with three components of exclusive parameters, where

Lc1(b) =
n∑

i=1

[(1− c̃i) log(1− π(xi)) + c̃i log π(xi)],

Lc2(γ, H0(t)) =
n∑

i=1

[δi(log h0(ti) + γT Zi)− ξic̃iH0(ti)e
γT Zi ]

Lc3(η) =
n∑

i=1

[η log η − log Γ(η)− ξiη + (δi + η − 1) log ξi].

In the E-step of EM-algorithm, the expectation p̃i of c̃i conditional on the observed
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data O is obtained from (2.23)

p̃i = δi + (1− δi)
π(xi)(1 + H0(ti)e

γT Zi

η
)−η

1− π(xi) + π(xi)(1 + H0(ti)eγT Zi

η
)−η

.

Similar to (2.15), the distribution of ξi conditional on c̃i and the observed data O is

ξi|c̃i, O ∼ Gamma(δi + η, η + c̃iH0(ti)e
γT Zi).

Thus, the expectation of Lcp with respect to the conditional distribution of c̃i, ξi is

Q(b, γ,H0) = Q1(b) + Q2(γ, H0) + Q3(η),

where

Q1(b) =
n∑

i=1

[p̃i log π(xi) + (1− p̃i) log(1− π(xi))],

Q2(γ, H0) =
n∑

i=1

[δi log(h0(ti) + γT Zi)− E[ξic̃i|O]H0(ti)e
γT Zi ],

Q3(η) =
n∑

i=1

[η log η − log Γ(η)− E[ξi|O]η + (δi + η − 1)E[log ξi|O]].

Numerical root search can be used to maximize Q1, Q3. The function Q2 is a Cox’s-

proportional-hazards-like log-likelihood with an additional covariate log(E[ξic̃i|O])

with fixed coefficient 1. The maximizing Q2 is similar to the process for (2.16). The

above EM process could be considered as a frailty extension (two-missing variables

ξi and c̃i) of EM for Cox’s proportional hazard cure model in Peng and Dear (2000),

which is the case with η → +∞ and the expectation of complete log-likelihood com-

prises of Q1, Q2 with E[ξic̃i|O] being replaced by E[c̃i|O].
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2.2.4 Promotion Time Cure Model

Another popular cure model is promotion time cure model which can be introduced

based on a biological background. For an individual in the population, we let N be the

number of tumor cells that have the potential of metastasizing, i.e., N is the number

of metastasis-component tumor cells. Assume that N has a Poisson distribution

with mean θ. Let (W1, ..., WN) be the promotion times for all the N tumor cells,

where Wk is the time for the kth metastasis-competent tumor cell to produce a

detectable tumor mass with a common distribution function F0(t) (= 1 − S0(t)),

and independent of N . The time to relapse of cancer can be defined by the random

variable T ′ = min{Wk, k = 0, ..., N} where P (W0 = ∞) = 1. The survival function

of T ′, and hence the survival function for the population is

Spop(t) = P (no cancer by time t)

= P (N = 0) + P (W1 ≥ t, ..., WN ≥ t, N ≥ 1)

= e−θ +
∞∑

k=1

S0(t)
k θke−θ

k!

= exp(−θ + θS0(t)) = exp(−θF0(t)). (2.24)

This model is called the promotion time cure rate model, with the cure fraction

Spop(∞) = P (N = 0) = exp(−θ). The corresponding population density and hazard

rate are

fpop(t) = θf0(t) exp(−θF0(t)), hpop(t) = θf0(t).

It is easy to show that Spop(t) is not a proper survival function and hence
∫∞

0
hpop(t)dt <

∞. Thus, (2.24) is also named as bounded cumulative hazard cure model. Specially,

we see that hpop(t) is multiplicative in θ and f0(t), thus has the proportional hazards
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structure with the covariates through θ. Let the covariates depend on θ by the re-

lationship θ = exp(γT Z). In the promotion time cure model, the entire population

is treated as a proportional hazards model, whereas in the mixture cure rate model,

only the uncured group is modelled by a proportional hazards structure.

Tsodikov (2002) and Tsodikov et al. (2003) reviewed the promotion time cure

model as a member of the non-linear transformation model. For model (2.24), it

can be formulated from a nonlinear transformation model r(x), on the range [0, 1].

Specially, denoting the population survival function Spop(t) as G(t|z) = r(S0(t)|Z), a

function of S0(t), the promotion time cure model can be written as

Spop(t) = G(t|Z) = r(S0(t)|Z) = exp[−θ(Z)(1− S0(t))].

Introduce a set of times t̃i, i = 1, ..., ñ ordered increasingly with tñ+1 = ∞. Associated

with each t̃i is a set Di of individuals with covariates Zij, j ∈ Di who have an event

at t̃i and the other set Ci of individuals with covariates Zij, j ∈ Ci who are censored

at t̃i. Let τk, k = 1, ..., K be the time points in ascending order where events occur.

Denote by rk the rank of τk in the set {t̃i}. The rank rk locates the points τk on the

set {t̃i} : τk = t̃rk
. We set τK+1 = t̃ñ+1 = ∞, τ0 = 0. Then, the log-likelihood can be

written as

L =
ñ∑

i=1

{
∑
j∈Di

log[r(S0i−1|Zij)− r(S0i|Zij)] +
∑
j∈Ci

log r(S0i|Zij)} (2.25)

under the restrictions S0(t̃ñ) = 0, S0(0) = 1, S0i = S0(t̃i). Assume that we have a

method to obtain the global maximum of L with respect to S0 = (S01, ..., S0ñ), given
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γ, then the profile log-likelihood as an implicit function form of γ,

Lpf (γ) = L(γ, S∗0(γ)), (2.26)

where S∗0 is the solution of the problem

Lpf = max
S0

L (2.27)

and the maximizing is over the proper discrete survival functions. The steps are

summarized below

Step 1: maximize Lpf (γ) by a conventional search method;

Step 2: for any γ as demanded in the preceding maximization procedure, solve the

(2.27).

The cumulative hazard H0(t) is corresponding to S0(t), and ∆H0i = H0(t̃i) −
H0(t̃i−1) for ∆t̃i = t̃i − t̃i−1. The increment ∆Gi is used to provide a contribu-

tion of a failure to the likelihood. Its approximation ∆Gi = r(S0i−1|Z)− r(S0i|Z) ≈
r(1)(S0i|Z)S0i∆H0i, i = 1, ..., rK−1 by the first term of the Taylor expansion of r(S0i−1|Z)

at H0i as ∆t → 0. The log-likelihood (2.25) is written as

L =

rK−1∑
i=1

∑
j∈Di

log[r(1)(S0i|Zij)S0i∆H0i] +
∑

j∈DrK

log[r(S0rK−1|ZrKj)− r(0|ZrKj)] +

ñ∑
i=1

∑
j∈Ci

log r(S0i|Zij) (2.28)

with r(1)(x) = ∂r(x)
∂x

.

Differentiation (2.28) with respect to ∆H0l, l = 1, ..., rK−1, and taking into account
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S0l = exp[−∑l
j=1 ∆H0j], the score equations for S0 in the form

∆H0l =
d̃l∑

ij∈Rl
Ω(Zij)

, (2.29)

where Rl is the risk set at t̃l, d̃l is the number of failures at t̃l and

Ω0(Zij) =





r(1)(S0i|Zij)

r(S0i|Zij)
S0i j ∈ Ci, i ≤ rK − 1 ;

1 +
r(2)(S0i|Zij)

r(1)(S0i|Zij)
S0i j ∈ Di, i ≤ rK−1 ;

r(1)(S0rK−1|Zij)

r(S0rK−1|Zij)−r(0|Zij)
S0rK−1 j ∈ Di, i = rK ;

0 j ∈ Ci, i ≥ rK .

(2.30)

The fact that the contributions of observations ij to the likelihood as well as Ω0(Zij)

at or after the last failure (i ≥ rK) are different from their counterparts before the

last failure (i ≤ rK−1) is due to the restriction S0i = 0, i = rK , ..., ñ. Note that (2.29)

has a form of Breslow estimator of the PH model with predictor Ω0(Z). Since Ω0(Z)

depends on S0, an iteration procedure is named as QEM (quasi-EM):

Step 2.1 QE: use the k-th iteration Sk
0 to compute Ωk

0(Z) for each subject by (3.3);

Step 2.2 M: update S0 using (2.29).

It iterates between Step 2.1 and Step 2.2 to achieve the Step 2. The above whole

procedure is named as the profile version QEM, which maximizes the profile likelihood

of γ in Step 1 and does the QEM iterations in Step 2.

Yin (2005) extended the promotion time cure model (2.24) with frailty by an

additional random effect ξ. The random variable ξi accounts for the within-subject

correlation among the time for the kth metastasis-component tumor cell to produce a

detectable tumor mass in subject i, and thus Wik|ξi follows a distribution with hazard
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rate h0(t)ξi, then the population survival function is

Spop(t|Z, ξ) = exp[−θ(Z) + θ(Z) exp[−ξH0(t)]]

with the population hazard rate function

hpop(t|Z, ξ) = ξh0(t) exp[−ξH0(t)]θ(Z). (2.31)

The common assumptions are gamma frailty (2.13) for ξ and θ = eγT Z . When η →∞,

model (2.31) reduce to (2.24). Another promotion time cure gamma frailty proposed

in Yin (2005) is

Spop(t|ξ, Z) = exp[−ξeγT ZF0(t)] (2.32)

where ξ follows (2.13). The random effects ξ can account for the within-subject

correlation of promotion time W , as well as the between-subject heterogeneity of θ(Z).

Moreover, the conditional hazard rate hpop(t|ξ) = ξθ(Z)f0(t) keeps the structure of

Cox’s proportional hazards model with frailty. For the two promotion time models

(2.31) and (2.32) with frailty, Yin (2005) proposed a Bayesian method for the inference

of parameters.

Chi and Ibrahim (2007) proposed a generalization of the promotion time cure

model (2.24) that allows for a zero as well as a nonzero cure fraction. A nonho-

mogeneous Poisson process with mean λnp(t) is assumed for N(t) the number of

metastasis-competent tumor cell occurring at time t. Let Wk(k = 1, .., N∗) denote

the promotion time for the kth cell to produce a detectable cancer mass with a com-

mon distribution function F0(t). N∗ =
∫ t

0
N(u)du represents the total number of

metastasis-competent tumor cells that have occurred before event time T ′ = t. Thus,
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N∗ is a Poisson random variable with parameter Λnp(t) =
∫ t

0
λnp(u)du. Moreover,

denote T̃ as the exact time of the occurrence of a metastasis-competent tumor before

T ′ = t. For u ∈ (0, t), the conditional distribution of T̃ given N∗ > 0 is indepen-

dent and identical with probability density function f̃(u) = λnp(u)

Λnp(t)
, u ∈ (0, t). The

conditional survival function given N∗ can be derived as

Spop(t|N∗) = P (T ′ > t|N∗)

=
N∗∏
i=1

∫ t

0

(1− F0(t− u))
λnp(u)

Λnp(t)
du

= {
∫ t

0

f̃(u)S0(t− u)du}N∗

and the unconditional population survival function is

Spop(t) = P (N∗ = 0) + P (W1 > t, ..., WN∗ > t, N∗ ≥ 1)

= exp[−Λnp(t)] +
∞∑

k=1

[

∫ t

0

f̃(u)S0(t− u)du]k
Λnp(t)

ke−Λnp(t)

k!

= exp[−
∫ t

0

λnp(u)F0(t− u)du].

From the properties of a distribution function of F0(t) and λnp(t) ≥ 0,

Spop(∞) = exp[− lim
t→∞

Λnp(t)].

A nonzero cure rate model is characterized by a bounded cumulative risk Λnp(t),

while a proper survival model is characterized by an unbounded cumulative risk.

Accordingly,

hpop(t) =

∫ t

0

λnp(u)f0(t− u)du,
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which has the proportional hazards structure when the baseline covariates are mod-

elled through λnp(t).

2.3 Joint Models for Longitudinal Measurements and Sur-

vival Data

2.3.1 Joint Modelling of Longitudinal Measurements and Survival Data

without a Cure Fraction

Joint model of the longitudinal measurements and survival times are becoming in-

creasingly essential, such as in the studies of AIDS(Acquired Immune Deficiency

Syndrome), cancer vaccine and quality of life. The change in longitudinal data over

time and the time to event can be considered as two simultaneous processes occur-

ring in patients, and can be modelled jointly. It enables the separate longitudinal and

survival processes to be modelled while accounting for the other process and allows

the interrelationship between the two processes.

Schluchter (1992) employed (2.1) for the longitudinal data, and use a parametric

trivariate normal distribution to model the logarithm of time to event, the random

intercept and random slope. Gruttola and Tu (1994) also used the model (2.1) for

longitudinal data, and model the transformed event time K(T ′
i ) by a linear mixed

effects model, K(T ′
i ) = γT

1 Zi + γT
2 αi + εi, εi ∼ N (0, σ2

ε ), with parameter γ2 linking αi

to the event time. Since the complete data models in Schluchter (1992) and Gruttola

and Tu (1994) belong to the regular exponential family, the EM takes a simplified

form through the conditional expectation of the sufficient statistics (E-step).

Hogan and Laird (1997) used the linear mixed effects model (2.1) to model the

longitudinal observed response Yi given the time to event T ′
i in a two-stage process.

In the first stage, it is assumed that Yi|T ′
i = X̃i(T

′
i )βi + ei. At the second stage, the
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regression parameter is assumed to satisfy βi|T ′
i = X̆iβ + αi. This implies the mean

of each βi is a function of event time T ′
i and any other covariates of interest through

the q × p matrix X̆i = X̆i(T
′
i ) and a p-vector β of parameters. The parameters αi, ei

are defined same as for (2.1). The design matrix X̆i does not require specifying βi

as a linear or nonlinear function of T ′
i ; it arbitrarily describes the conditional mean

of βi given a particular realization of T ′
i . These two stages can be combined in the

standard formulation of a linear mixed effects model

Yi|T ′
i = Xiβ + X̃iαi + ei

where Xi = X̃iX̆i. Hogan and Laird (1997) assumed a multinomial formulation for

the cumulative distribution function estimator of T ′
i . Let {τ1, ..., τK} be the set of

ordered uncensored times. There is a multinomial vector õi = (õi1, ..., õiK) to indicate

if the event time T ′
i of ith subject is at point (τ1, ..., τK) with P (õik = 1) = π̃k.

Because of censoring, õi is incomplete data, and they implement EM algorithm to

parameter inference. The complete log-likelihood is

Lcp(β, Σα, σ2
e , π̃) =

n∑
i=1

K∑

k=1

õik log[π̃kfYi|õik
],

where fYi|õik
is the multivariate normal density of Yi with design matrixes Xi =

Xi(τk), X̃i = X̃i(τk) configured according to T ′
i = τk. The observed data is O =

(Yi, ti, δi, Xi, X̃i), where δi is the censoring indicator and ti is the observed time. In

the E-step,

Q = E[Lcp(β, Σα, σ2
e , π̃)|O] =

n∑
i=1

K∑

k=1

ωik log[π̃kfYi|õik
],
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where π̃ = (π̃1, ..., π̃K), ωik = E[õik|O] = δiõik + (1− δi)P (õik = 1|O) and

P (õik = 1|O) =
π̃k|Σik|− 1

2 exp{−1
2
ẽT

ik|Σik|−1ẽik}I{τk > ti}∑K
j=1 π̃j|Σij|− 1

2 exp{−1
2
ẽT

ij|Σij|−1ẽij}I{τj > ti}
.

Here, ẽik is the residual Yi −Xi(τk)β, and Σik = X̃i(τk)ΣαX̃i(τk)
T + σ2

eIni×ni
. In the

E-step, ẽik, Σik, π̃k, i = 1, ..., n, k = 1, ..., K are determined from the last iteration and

hence ωik is obtained. Complete case contributes only one term to Q, while incomplete

case makes a separate weighted contribution for every potential event time beyond

ti. The maximization of Q with respect to β, Σα, σ2
e can be separated from that with

respect to π̃ = (π̃1, ..., π̃K) in the M-step such that the maximizing step is straight

forward. Finding the updates of β, Σα, σ2
e amounts to maximize

n∏
i=1

K∏

k=1

(fYi|õik
)ωik

the likelihood of a linear mixed model fit to observations with non-zero contributions

to Q. These observations are treated as independent, but their log-likelihood con-

tributions in the conditional model are weighted with ωik. This procedure can be

described as a linear mixed model with missing discrete covariates. By assuming that

the distribution of T ′
i is discrete with positive mass observed at the observed event

times, T ′
i can be viewed as a discrete covariate which is only partially observed under

censoring. The estimators of β, Σα, σ2
e , π̃ could be obtained after the EM iteration

converge.

Wulfsohn and Tsiatis (1997) developed a model where Cox’s proportional haz-

ards model with longitudinal covariates is employed. The hazard depends on the

longitudinal covariates through the true longitudinal trajectory Y ∗(t)

hpop(t) = h0(t) exp[γY ∗(t)].
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The random effects in the model for the longitudinal data

Yij = Y ∗
ij + eij, Y ∗

ij = α0i + α1itij (2.33)

are assumed to be distributed normally αi = (α0i, α1i) ∼ N (α, Σα), where Y ∗

is the true longitudinal response and Y is the observed one. Independent of αi,

eij ∼ind N (0, σ2
e), j = 1, ..., ni. A joint maximization of the likelihood from both the

longitudinal data and the survival data occurs. The observed likelihood is

n∏
i=1

[

∫
{

ni∏
j=1

P (Yij|αi)}P (αi)P (Ti, δi|αi)dαi] (2.34)

where P (Yij|αi) is the density of Yij|αi ∼ N (α0i + α1itij, σ
2
e), P (αi) is the normal

density of αi with mean α and variance matrix Σα, δi is censoring indicator and

P (Ti, δi|αi, h0, γ) = {h0(ti) exp[γ(α0i +α1iti)]}δi exp[−
∫ ti

0

h0(u) exp[γ(α0i +α1iu)]du].

EM algorithm is implemented to estimate the parameters. This joint model is in-

vestigated as well by Faucett and Thomas (1996) where they used Gibbs sampling

approach to estimate the parameters.

Zeng and Cai (2005) extended (2.33) to incorporate the covariates by (2.1) for the

longitudinal data

Yi = Xiβ + X̃iαi + ei,

and assume a multiplicative hazards model for survival time

hpop(t) = h0(t) exp[γT
1 Zi(t) + (γ2 ◦ αi)

T Z̃i(t)],

where Z̃i(t), Zi(t) are the column vectors of the observed covariates and may share
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the same components, h0(t) is the baseline hazard rate, γ1 is a column vector of

coefficients for Zi(t), γ2 is the coefficient for the random effect αi, and γ2 ◦ αi de-

notes the component-wise product of γ2 and αi. The random effects αi is shared

by Yi and T ′
i , and reflects the unobserved heterogeneity as well. Thus, γ2 charac-

terizes the dependence between the longitudinal QoL and the survival time. EM

algorithm is implemented similarly to (2.34), with the density of N (Xijβ + X̃ijαi, σ
2
e)

for P (yij|αi), N (0, Σα) for P (αi), the linear predictor [γT
1 Zi(t) + (γ2 ◦ αi)

T Z̃i(t)] re-

placing γ(α0i + α1it) in P (Ti, δi|αi). To calculate the maximum likelihood estimate

for Θ = (β, Σα, σ2
e , γ1, γ2), H0(t), it is clear that the maximum likelihood estimates for

H0(t) can be chosen as a step with jumps only at the observed failure times. Specially,

the Gaussian-Hermite Quadrature is employed to do the numerical integration of E-

step, and M-step solves the score equations from the complete likelihood conditional

on the observed data, where conditional expectation can be evaluated from E-step.

These authors propose a method to compute the variance estimate of Θ̂. Define the

logarithm of the profile likelihood function of Θ as Lpf (Θ) = maxH0

∑n
i=1 Li(Θ,H0)

n
,

where Li(Θ, H0), i = 1, ..., n is the logarithm of observed likelihood function for the

ith subject. Then the second order numerical difference of Lpf (Θ) at Θ = Θ̂ can be

used to approximate the asymptotic variance of Θ̂,

−Lpf (Θ̂ +One)− 2Lpf (Θ̂) + Lpf (Θ̂−One)

O2
n

≈ eT IΘe

for any norm-1 vector e and any constant On = O( 1√
n
), IΘ is the efficient information

matrix for Θ which is also equal to the inverse of the asymptotic variance of
√

nΘ̂.

An alternative estimate of the variance is based on the equality IΘ = E[L
(1)
Θ L

(1)
Θ ],
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where L
(1)
Θ denotes the score function of Θ.

1

nO2
n

n∑
i=1

[Li(Θ̂ +One, Ĥ0 Θ̂+One)− Li(Θ̂, Ĥ0)]
2 ≈ eT IΘe.

In this variance estimation, Ĥ0Θ is the baseline cumulative hazard function which

maximize the observed log-likelihood for a given Θ. They need to compute Ĥ0Θ for

a fixed Θ in the neighborhood of Θ̂. Such calculation can be done via EM, and the

only change is holding Θ always fixed in both E and M steps, only updating H0(t).

Xu and Zeger (2001) presented a general latent variable model for the joint analysis

[T, Y |X] of longitudinal data Y and survival time data T ,

P (T, Y |X) =

∫
P (T |ξ,X)P (ξ|X)P (Y |ξ)dξ.

with assumptions that T, Y are conditionally independent given a latent process ξ,

and X is the covariate which only affects Y through its influence on ξ. Here, ξ(t) is

an underlying stochastic process, which represents the interaction between Y and T .

The relationship between Y and ξ(t) is established by a GLM with linear predictor

ξ(t),

g(E[Yi(t)|ξi(t)]) = ξi(t), ξi(t) = Xi(t)β + X̃i(t)αi + GSi(t),

with αi being the associated Gaussian random effects with mean zero and variance

matrix Σα, X̃i(t) is assumed to be a subset of Xi(t), and GSi(t) is a mean-zero sta-

tionary Gaussian process with autocovariance function c(t) = cov(ξi(t), ξi(t + u)) =

σ2 exp[−η|u|2] to introduce serial autocorrelation that dies away to 0 as two obser-

vations for an individual become further separated in time. Given ξ and X, the
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conditional hazard of an event is

hpop(t|ξi(t), Xi(t)) = h0(t, γ0) exp[s1(Xi(t), γ1) + s2(ξi(t), γ2)],

where s1, s2 are parametric model for the direct effect of X, ξ, and the unknown param-

eters are γ = (γ0, γ1, γ2). The simplest case is hpop(t|ξi(t), Xi(t)) = h0(t, γ0) exp[Xi(t)γ1+

ξi(t)γ2]. The authors implement MCMC method to the parameter inference.

Henderson et al. (2000) formulated a bivariate process model for the longitudinal

measurements and survival data. The longitudinal measurement is determined by

(2.1) with the second term replaced by ξ1i(t),

Yi(t) = Xi(t)β + ξ1i(t) + ei(t),

and the event intensity is given by (2.8) with additional term ξ2i(t) in the linear

predictor

hpop(t|Zi) = h0(t)exp(γT
0 Zi + ξ2i(t)).

Note that conditional on (ξ1(t), ξ2(t)), Y and T ′ are independent, and the depen-

dence between Y and T ′ can arise through stochastic dependence between ξ1(t) and

ξ2(t). For the simplicity of computation, they assume that ξ1(t) = α1 + α2t, ξ2(t) =

γ1α1 + γ2α2 + γ3ξ1(t) + α3. In this model, (α1, α2) are zero-mean bivariate Gaussian

variables with variance σ2
α1

, σ2
α2

and coefficient ρα, and α3 ∼ N (0, σ2
α3

) independently

of (α1, α2). The parameters γ1, γ2, γ3 measure the association induced through the

intercept, slope and the current ξ1 value, while α3 models frailty orthogonal to the lon-

gitudinal measurement process. They employ EM with Gaussian Hermitte numerical

integration in E-step to estimate the parameters.

Furthermore, Lin et al. (2002) used a latent class model which incorporates both
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a longitudinal process and an event process. When the heterogeneity in the observed

longitudinal trajectories can not be fully explained by the linear mixed effects model

and measured covariates, the latent class model offer a way to handle additional

heterogeneity, to uncover distinct subpopulation, and to classify individuals into risk

classes. The uncertainty of latent class membership is specified through a logit model

πik = P (oik = 1) =
exp[bT

k xi]∑K
j=1 exp[bT

j xi]

with covariate xi = (xi1, ..., xim)T and associated class specific coefficient vector bk,

where oi = (oi1, ..., oiK)T is the multinomial class indicator and b1 = 0. The class-

specific longitudinal model is specified by (2.1) plus an additional latent-class-specific

term X̃oi
·B · oi,

Yi = Xiβ + X̃iαi + X̃oi
·B · oi + ei.

Here, X̃oi
is the covariates to class-specific effects ni × q2 matrix. The class-specific

parameters are q2 × 1 column vectors of the q2 ×K matrix B = (B1, .., BK). Given

oik = 1, we have B · oi = Bk, k = 2, ..., K with B1 = 0 to make the model identifi-

able. Conditional on the latent class membership, the survival data is assumed to be

independent of the longitudinal data. For subject i, it is

hpop(t|oik = 1, ξi) = ξihk(t) exp[γT Zi(t)].

hk(t) describes the class-specific baseline hazard and ξi is assumed to be gamma frailty

with mean 1 and variance η. If oi, αi and ξi is observed, the complete log-likelihood

is

Lcp =
n∑

i=1

[log P (Yi|αi, oi) + log P (Ti|ξi, oi) + log P (oi) + log P (αi) + log P (ξi)].
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They use the EM algorithm to estimate the parameters in the latent class model.

Ye and Taylor (2008) proposed a joint model with a linear growth curve model

with random intercept and slope for the longitudinal covariate measurements,

Yij = α0i + α1itij + eij,

where eij is independently distributed N(0, σ2
e) and the vector of subject-specific

random effects αi = (α0i, α1i) is normally distributed with mean µαi
= (µα0i

, µα1i
)

and covariance matrix Σα(σ2
1, σ

2
2, σ

2
12). The mean parameters is a function of some

time-independent covariates, µα0i
= XT

0iβ0, µα1i
= XT

1iβ1, where XT
0i is a (1×p′) vector,

including the number 1 and time-independent covariates related to the intercept of

subject i through α0i, and XT
1i is a (1× p′′) vector, including the number 1 and time-

independent covariates related to the slope for subject i through α1i. They modelled

the hazard of failure through a proportional hazards model

hpop(t|αi, Zi) = h0(t) exp(γ1(α01 + α1it) + γ2α1i + γT
3 Zi)

where Zi is the vector of covariates related to the hazard directly. They used an

estimation procedure based on a penalized joint likelihood generated by Laplace ap-

proximation of a joint likelihood, and their simulation study show that the penalized

likelihood approach performs well and only require a fraction of the computational

time compared to the corresponding EM algorithm.

2.3.2 Joint Modelling of Longitudinal Data and Survival Data with a

Cure Fraction

Law et al. (2002) modelled the longitudinal disease progression marker and the event

time process in joint longitudinal-cure model setting. For the longitudinal data Y (t)
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with true longitudinal trajectory Y ∗(t), they assume

log(Y (t) + 1) = log(Y ∗(t) + 1) + e(t), Y ∗(t) = α1 exp[−α2t] + α3 exp[α4t] (2.35)

with measurement error e(t) ∼ N (0, σ2
eI), αi > 0, i = 1, 2, 3, 4. It’s also called a

nonlinear exponential-decay-exponential-growth model. The transformation for the

longitudinal process is to adjust for the skewness of the distribution and to minimize

the influence of extremely low longitudinal value. The term α1 +α3 is the intercept of

the longitudinal process, α2 is its rate of declines, and α4 is the rate of rises following

the initial decline. In particular, the exponential growth part eα4t reflects the fact

that in a recurring tumor, the longitudinal process is proportional to the volume of

the tumor which grows approximately exponentially. Assume the probability that

an individual is not cured is (2.22). Denote c̃ = 0 for a subject in the cured group;

c̃ = 1 otherwise. Depending on the cured status of patients, different distributions

are assumed for A = (log α1, log α2, log α3, log α4)
T ,

A|c̃ = 1 ∼ N (XT
1 a1, Σ1),

A(−4)|c̃ = 0 ∼ N (XT
2 a2, Σ2), α4|(c̃ = 0) = 0 (2.36)

with A(−4) = (log α1, log α2, log α3)
T . The assumption for the cure group reduce the

longitudinal process to an exponential-decay model. The covariates XT
1 = (I4×4 ⊗

X)T , XT
2 = (I3×3⊗X)T are the mean of random effects where ⊗ is kronecker product,

and Im×m is a (m×m) identity matrix. It means that the baseline covariates X are

allowed to influence the trajectories of longitudinal process in different ways in the

two groups. Matrices Σ1 and Σ2 are the corresponding covariance matrices in the

two groups. For the event time, a mixture cure model (2.20) is assumed, where in
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the uncured group, conditional on the unobserved random effects, a time-dependent

proportional hazards model is assumed

h(t|c̃ = 1,A) = h0(t) exp[γT
1 X + γT

2 log(Y ∗(t) + 1)].

If Ai, c̃i are observed, the complete likelihood is lcp =
∏n

i=1 li with

li = {P (c̃i = 1)f(ti|c̃i = 1,Ai)P (Yi|Ai)P (Ai|c̃i = 1)}I(δi=1)I(c̃i=1) ×

{P (c̃i = 1)S(ti|c̃i = 1,Ai)P (Yi|Ai)P (Ai|c̃i = 1)}I(δi=0)I(c̃i=1) ×

{P (c̃i = 0)P (Yi|Ai)P (Ai|c̃i = 0)}I(δi=0)I(c̃i=0).

where P (Yi|Ai) and P (Ai|c̃i) are probability densities of Yi|Ai,Ai|c̃i and can be ob-

tained easily from (2.35) and (2.36). They utilize MCEM algorithm to estimate the

parameters. In the E-step, E[log lcp] = E[Lc1(b)] + E[Lc2(σ
2
e)] + E[Lc3(a1, Σ1)] +

E[Lc4(a2, Σ2)] + E[Lc5(h0, γ1, γ2)]. They calculate the expectation of complete log-

likelihood conditional on the observed data through the importance sampling. Its

maximization comprises the maximizing of the five parts with exclusive parameters.

For (γ1, γ2, h0), they use the profile likelihood approach as we discussed for Cox’s

proportional hazards model. In their simulation study, there is a comparison between

the joint-cure model and survival modelling (Sy and Taylor 2000).

Furthermore, Yu et al. (2004) made a slight modification in the joint-cure model

setting of Law et al. (2002) by assuming

log[α4|c̃ = 0] ∼ N (−6, σ2
44)

where −6 is chosen from the fact that the longitudinal value doubles on average in

about 20 years for a healthy individual (exp[exp[−6]×240] ≈ 2). A normal model for
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log[α4] allows for variation of the growth in the cured group. A parametric Weibull

distribution is assumed to be the baseline hazard function h0(t) = ιλtι−1 and they

analyze this joint model by the Bayesian approach. Data-driven vague normal priors

are taken for b, γ1, γ2 with the prior means derived from estimates of separate analysis.

They treat all patients as cured by some criterion of censoring time > 60 months and

the last observed longitudinal measurement < 4, for example, and thus a logistic

model is fitted to all subjects in order to get the mean of the normal prior of b and

100 times the variance estimate from this simple method. Similarly, the prior means

of γ1, γ2 are obtained by fitting the Cox proportional hazards to uncured subject

and using the nearest preceding value of longitudinal process as the current value.

Inflating the variance estimate from the simpler method by approximately 100 leads to

the prior variance. Vague conjugate priors are used for other parameters. Multivariate

normal for a1, a2, inverse gamma for σ2
e , σ2

44, inverse Wishart for Σ1, Σ2, gamma for

the scale parameter λ, and discrete uniform for ι. The posterior distributions for

all the parameters can be derived from the product of full complete likelihood and

prior distribution. The estimator of parameters are gotten from Gibbs samplers after

burn-in. They compare the MCMC and EM with respect to the parameter estimates.

Both methods of estimation work well and are usually close.

Yu et al. (2008) further extended the model of Yu et al. (2004) and use a

time-dependent Cox proportional hazards model including the slope of longitudinal

value, the value of salvage therapy, as well as the current longitudinal value, besides

including additional baseline covariates,

h(t|c̃ = 1,A) = h0(t) exp[γT
1 X + γT

2 log(Y ∗(t) + 1) + γ3(sl(t))
s + γ4HT (t, b̃)],

where sl(t) = |∂ log(Y ∗(t)+1)
∂t

| is the absolute value of the slope of log(Y ∗(t) + 1) at
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time t and is raised to power s. HT (t, b̃) = (1 − t−th
b̃

)I(th ≤ t < th + b̃) with th

is the time of initiation of salvage therapy for a patient receiving hormone therapy,

and b̃ is the time span of hormone therapy. Thus HT (t) = 0 before th and is 1

when t = th and it decreases linearly to 0 at t = th + b̃ because of effect of hormone

therapy diminishing over time as the resistant to the therapy. The generalized Weibull

family is chosen as the baseline h0(t) = ϑιλtι−1(1 + λtι)ϑ−1 which is flexible family

incorporating increasing/decreasing/∩/∪ shaped hazard rate. They implement the

longitudinal data by (2.35). To accommodate the heavy tail and possible outliers,

mean-0 t distribution is applied to the measurement error e ∼ t(0, σ2
e , η). They

implement Bayesian MCMC approach to estimate parameters. Thus they predict the

performance of patients and compare it with a validation data set through further

follow-up patients.

Brown and Ibrahim (2003) extended a mixture model to longitudinal data, which

has a discrete and a continuous components. Assume Yij is the transformed observed

longitudinal data by the function log(1 + Y ), then its distribution is

f(Yij) = (1− πij)I(Yij = 0) + πij f̆(Yij)I(Yij 6= 0)

with Yi0 = 0, πij = P (Yij 6= 0). To allow the probability that the longitudinal

observation of subject having mass at zero point to change over time, a two-state

discrete-time Markov chain for the ith subject {MCij, j ≥ 1} is used with state space

{0, 1}. If this is a zero point for Yij, MCij = 0; if this is not zero point for the

longitudinal observation, then MCij = 1. Assume P (MCi1 = 1) = pMC and the

transition matrix is P =
(

1− p0 p0

1− p1 p1

)
, i.e.

P (MCij = 0|MCi(j−1) = 0) = 1− p0, P (MCij = 1|MCi(j−1) = 0) = p0
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P (MCij = 0|MCi(j−1) = 1) = 1− p1, P (MCij = 1|MCi(j−1) = 1) = p1

Thus, the distribution of MCi is

P (MCi1, ..., MCini
) =

ni∏
j=2

p
MCijMCi(j−1)

1 (1− p1)
(1−MCij)MCi(j−1)p

MCij(1−MCi(j−1))

0

(1− p0)
(1−MCij)(1−MCi(j−1))pMCi1

MC (1− pMC)1−MCi1

They employ a linear model to the nonzero longitudinal response, Yij|(Yij 6= 0) =

β0+β1tij +eij, eij ∼ N (0, σ2
e). The true trajectory of Yij is Y ∗(tij) = MCij(β0+β1tij).

Therefore, f̆(Yij) is the density of normal distribution with mean β0 + β1tij and

variance σ2
e . (Yi|MCi) follows the distribution

P (Yi|MCi) =

ni∏
j=1

I(Yij = 0)1−MCij f̆(Yij)
MCij ,

thus P (Y, MC) =
∏n

i=1 P (Yi|MCi)P (MCi). As well as modelling the point mass at

zero in the longitudinal model, it is possible that a patient is cured in the survival

component of the model. The promotion time cure model (2.24) is employed with

the assumption

h0(t) = h00(t) exp[νY ∗(t)].

h0(t) is the hazard rate function of promotion time Wk for each metastasis-competent

tumor cell, i.e. h0(t) = −∂(1−F0(t))/∂t
1−F0(t)

= f0(t)
S0(t)

. h00(t) is the hazard rate of Y ∗(t) =

0 which is assumed to be piecewise constant. ν link the longitudinal data to the

promotion time of cell. Spop(t) = exp[−θF0(t)] and hpop(t) = θf0(t) with cure rate

Spop(∞) = exp(−θ) where θ = exp[γT Z]. Since h0(t) may include the subject-

covariate, hpop(t) does not retain a proportional hazards structure. Thus, conditional

on the longitudinal process, the likelihood contribution of event time and the latent
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count of metastasis-competent tumor cells is

n∏
i=1

[hpop(ti, Ni|Yi)]
δiSpop(ti, Ni|Yi) =

n∏
i=1

N δi
i hδi

0 (ti)e
−NiH0(ti) exp[Niγ

T Zi−log(Ni!)−eγT Zi ]

by Spop(t, N |Y ) = P (T ′ > t|N, Y )P (N |Y ) = [S0(t)
N ] θNe−θ

N !
, where N is the number

of metastasis-competent tumor cell. The complete likelihood

lcp =
n∏

i=1

P (ti, Ni|yi)P (yi|MCi)P (MCi)

where P (ti, Ni|Yi) = [hpop(ti, Ni|Yi)]
δiSpop(ti, Ni|Yi). In Brown and Ibrahim (2003),

they employ Bayesian method for parameter inference.
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Chapter 3

Joint Modelling of Longitudinal

Measurements and Survival Times with a

Cure Fraction Based on t Distribution

3.1 Introduction

In this Chapter, we propose a new joint model for longitudinal measurements and

survival times with a cure fraction. Specifically, we employ a linear mixed tt model

(Pinheiro et al., 2001; Song et al. 2007; Zhang et al. 2009) for the longitudinal data,

where the random effects and the error term are assumed to follow t distributions

(Cornish 1954, Lange et al., 1989). The t distribution has a heavier tail than the

normal distribution and can better accommodate extreme observations. For the sur-

vival data, the promotion time cure model is extended with a gamma frailty. We

explore the interrelation between longitudinal and survival data by a hierarchical

structure of t distribution. An EM algorithm is developed to estimate the parameters

of the proposed joint model when a nonparametric baseline function is assumed, and

the variance estimates for the estimated parameters are obtained from the observed

information matrix (Louis 1982).
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The rest of this Chapter is organized as follows. In Section 3.2, we present the

new joint model for longitudinal measurements and survival data with a cure fraction.

The semiparametric estimation procedure including the EM algorithm is introduced

in Section 3.3. We show the results of a simulation study in Section 3.4 to assess the

performance of the proposed estimation method and to compare results from the joint

model with those from separate models. In Section 3.5, the new model and proposed

estimation method are applied to the longitudinal QoL measurements and recurrence-

free survival data from a breast cancer clinical trial conducted by the NCIC Clinical

Trials Group. This Chapter is concluded with some discussions in Section 3.6 and

mathematical derivations in the Appendix.

3.2 The New Joint Model

Let Yij be a longitudinal measurement from the ith subject at the jth occasion,

j = 1, ..., ni, i = 1, ..., n, and Yi = (Yi1, ..., Yini
)T , T ′

i be the survival time of the ith

subject with the survival function Spop(t). Motivated by the potential dependence

between Yi and T ′
i from the same subject, we consider a model to analyze Yi and

T ′
i jointly to accommodate the dependence, which is summarized by a latent gamma

variate ξi with the density function P (ξi|η, η) so that E[ξi] = 1 and var[ξi] = 1/η.

Given ξi, the longitudinal measurements Yi in the joint model is assumed to follow

the following linear mixed tt model,

Yi = Xiβ + X̃iαi + ei, (3.1)

where Xi and X̃i are the design matrices of covariates for the fixed effects, β and

the random effects αi respectively, and ei is the random error. We further assume

that given ξi, αi and ei are independent and both are normal random variates with
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αi|ξi ∼ N(0, σ2
α/ξi) and ei|ξi ∼ N(0, Ini×ni

σ2
e/ξi).

Equation (3.1) is often called the linear mixed tt model because the marginal

distributions of αi and ei are respectively t(0, σ2
α, 2η) and tni

(0, σ2
eIni×ni

, 2η), where

tni
(0, σ2

eIni×ni
, 2η) is an ni-dimensional t distribution with mean 0, a positive definite

scale matrix σ2
eIni×ni

and a degree of freedom 2η, and t(0, σ2
α, 2η) is that distribution

for univariate variable (Cornish 1954). Since the marginal variances of αi and ei are

respectively var[αi] = η
η−1

σ2
α and var[ei] = η

η−1
σ2

eIni×ni
, a condition η > 1 in the joint

model is required to guarantee the existence of the variances.

This model is similar to the models that were proposed for longitudinal data only

(Song et al. 2007 and Zhang et al. 2009), and using t distribution instead of the

normal distribution for the random effects and the error terms in the model enhances

the robustness of the model to potential outliers in longitudinal data (Lange et al.

1989, Pinheiro et al. 2001). It is easy to see that, when the degree of freedom is

sufficiently large, the t distribution reduces to the normal distribution and the linear

mixed tt model reduces to the classical linear mixed model.

It is easy to show that the unconditional covariance between Yij and Yij′ is

cov[Yij, Yij′ ] = η
η−1

X̃ijX̃ij′σ
2
α. It depends on the variance parameter η of ξi, the design

matrix X̃ij and the variance parameter σ2
α of the random effects. The impact of ξi on

the covariance becomes small if the variance of ξi is small (η is large). When η →∞,

the covariance reduces to the covariance arising from the classical linear mixed effects

model for longitudinal data. Therefore, the joint model adjusts the covariance from

the classical linear mixed effects model by η/(η − 1). The adjustment is minimal

when η is large and the covariance is dominated by X̃ij and σ2
α in this case. When

the variance parameter σ2
α decreases, the correlation between the longitudinal data

from the same subject decreases. The model allows both negative and positive corre-

lation between two longitudinal measurements from one subject. If X̃i only includes
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time-independent covariates, the correlation is positive.

The survival time T ′
i in the joint model is assumed to follow a conditional distri-

bution given ξi with the following survival function,

Spop(t|Zi, ξi) = exp[−ξiθ(Zi)F0(t)], (3.2)

where F0(t) is an arbitrary proper distribution function, θ(Zi) = exp[γT Zi] with Zi

the vector of covariates which may have partial or complete overlap with Xi, and γ

is the corresponding regression coefficients.

Equation (3.2) is often called the promotion time cure model and has been used to

model clustered survival data with a cure fraction (Yin 2005). Given ξi, Spop(t|Zi, ξi) is

an improper survival function because limt→∞ Spop(t|Zi, ξi) = exp[−ξiθ(Zi)] > 0, and

the limit is the cure probability of a subject with Zi given ξi. The unconditional cure

probability for a subject with Zi is limt→∞
∫∞

0
Spop(t|Zi, ξi)P (ξi|η, η)dξi = ( θ(Zi)

η
+1)−η.

When ξi ≡ 1, equation (3.2) reduces to the cure model of Yakovlev et al. (1993) and

Chen et al. (1999), which has an appealing biological interpretation as described in

Chapter 2. When ξi is a latent random variable in the proposed model, it represents

hidden heterogeneity in survival time that cannot be described fully by the observed

covariates Zi.

Equation (3.1) and equation (3.2) in the joint model are associated by the latent

gamma variate ξi, which acts multiplicatively on the hazard function of T ′
i and on the

variances of αi and eij in the model for Yi. When ξi increases, the subject’s risk of

developing the event increases, and the conditional variances of αi and eij decrease.

This may be true in the example of the breast cancer study with the longitudinal

QoL and survival data in Section 3.5 because patients with higher risks to fail from

breast cancer may tend to have more consistent low global quality of life scores. It is
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easy to show that under the proposed joint model, Yi and T ′
i are dependent because

the joint density function of T ′
i and Yij, given by

θ(Z)f0(t)√
2π(σ2

e + X̃2σ2
α)

ηη

Γ(η)

(η + 1
2
)Γ(η + 1

2
)

(θ(Z)F0(t) + (y−Xβ)2

2(σ2
e+X̃2σ2

α)
+ η)η+ 3

2

is not equal to the product of the marginal densities of T ′
i and Yij, which are re-

spectively θ(Z)f0(t)
ηη+1

(θ(Z)F0(t)+η)η+1 and 1√
2π(σ2

e+X̃2σ2
α)

ηη

Γ(η)

Γ(η+ 1
2
)

(
(y−Xβ)2

2(σ2
e+X̃2σ2

α)
+η)η+1

2
. The equal-

ity holds only when η = ∞, which corresponds to ξi ≡ 1. It is worth noting that

cov(T ′
i , Yij) = E[cov(Ti; Yij|ξi)] + cov[E(Ti|ξi), E(Yij|ξi)] = 0. It implies that T ′

i and

Yij are not linearly dependent under the joint model.

We choose the gamma distribution for ξi in the joint model because the gamma

distribution has been widely used as the distribution of the latent frailty or random

effects in statistical models. For example, Klein (1992) extended the popular Cox’s

proportional hazards model by including a gamma-distributed latent frailty to model

potential correlation/heterogeneity among subjects within a cluster due to shared

environments in the Framingham Heart Study. Rondeau et al. (2003) employed the

shared gamma frailty to model the subjects with shared geographical drinkable water

area. The gamma distribution as the latent frailty distribution has some attractive

features, such as computational simplicity and a connection to the Clayton copula in

the bivariate case (Andersen 2005). It would be desirable to provide a justification

for the gamma distribution when used as the distribution of ξi. However, this is a

challenging task, if not impossible, due to the elusive nature of the latent variable, and

there are very few studies to date providing any justification or tests for the choice

of the gamma distribution in the models (Balakrishnan and Peng, 2006). In fact, it

has been shown that the estimation of regression parameters is less sensitive to the

choices of the frailty distribution than to the choices of the hazard rate function in a
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model (Manton, Stallard and Vaupel, 1986). We will examine the sensitivity of the

regression parameter estimation to the choice of the distribution for ξi in Section 3.4.

3.3 Estimation Method

Let ti be the observed survival time, δi be the censoring indicator, and yi be the

observed value of Yi. Conditional on αi, ξi, the contribution of yi to the likelihood

under (3.1) is

lli(yi|αi, ξi) =
1

(
√

2πσ2
e/ξi)ni

exp[− 1

2σ2
e/ξi

(yi −Xiβ − X̃iαi)
T (yi −Xiβ − X̃iαi)]

and the contribution of (ti, δi) to the likelihood under (3.2) and independent censoring

is

lsi(ti|αi, ξi) = [ξiθ(Zi)f0(ti)]
δi exp[−ξiθ(Zi)F0(ti)].

The observed likelihood for the proposed joint model based on all n subjects is

l =
n∏

i=1

∫∫
lli(yi|αi, ξi, σ

2
e , β)lsi(ti|αi, ξi, γ, F0(t))P (αi|0, σ2

α/ξi)P (ξi|η, η)dαidξi,

where P (·|0, σ2
α/ξi) is the density function of the normal distribution with mean 0

and variance σ2
α/ξi. The unknown parameters in this model are denoted as Θ = (β,

γ, η, σα, σe, F0(t)).

We use EM algorithm to obtain the maximum likelihood estimates of parameters.

If αi and ξi are observed, the complete log-likelihood from the joint model is

Lc = Ll + Ls + Lα + Lξ,
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where

Ll =
∑n

i=1[
ni

2
(log ξi − log σ2

e)− ξi

2σ2
e
(yi −Xiβ − X̃iαi)

T (yi −Xiβ − X̃iαi)],

Ls =
∑n

i=1[δi(log f0(ti) + log ξi + log θ(Zi))− ξiθ(Zi)F0(ti)],

Lα =
∑n

i=1[
1
2
(log ξi − log σ2

α)− ξiα
2
i

2σ2
α
],

Lξ =
∑n

i=1[η log η − log Γ(η) + (η − 1) log ξi − ηξi].

Denote the entire observed data as O = {yi, ti, δi, Xi, X̃i, Zi}. Let Θk be the estimate

of Θ in the kth iteration. The E-step in the (k + 1)th iteration of the EM algo-

rithm computes the conditional expectation of Lc with respect to αi and ξi, which is

equivalent to evaluating the following four conditional expectations,

E[Ll|Θk, O] =
∑n

i=1{ni

2
(ãi − log σ2

e)− 1
2σ2

e
[(yi −Xiβ)T (yi −Xiβ)r̃i−

2(yi −Xiβ)T X̃ig̃i + X̃T
i X̃ib̃i]};

E[Ls|Θk, O] =
∑n

i=1{δi[log f0(ti) + ãi + log θ(Zi)]− θ(Zi)F0(ti)r̃i};
E[Lα|Θk, O] =

∑n
i=1{1

2
[ãi − log σ2

α]− b̃i

2σ2
α
};

E[Lξ|Θk, O] =
∑n

i=1[η log η − log Γ(η) + (η − 1)ãi − ηr̃i],

where ãi, b̃i, g̃i and r̃i are given in the Appendix.

The M-step of the EM algorithm updates the estimate of Θ by maximizing

E[Ll|Θk, O], E[Ls|Θk, O], E[Lα|Θk, O] and E[Lξ|Θk, O]. Maximizing E[Ll|Θk, O],

E[Lα|Θk, O], and E[Lξ|Θk, O] can be accomplished through the Newton-Raphson

method (due to constraint η > 1, we actually estimate ε̃ = log(η − 1) instead of η to

avoid the constraint in the maximization). Maximizing E[Ls|Θk, O] is equivalent to

maximizing
n∑

i=1

[δi(log f0(ti) + r̃i + log θ(Zi))− θ(Zi)F0(ti)r̃i],

which can be viewed as a log-likelihood function of the promotion time cure model
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with an additional offset term log r̃i. Therefore, updating the parameters (γ, F0(t))

in E[Ls|Θk, O] can be carried out by using the semiparametric method of Tsodikov

et al. (2003). Let τ1 < · · · < τK be the K distinct uncensored times and, Dl, El, Rl

be the sets of subjects with uncensored times equal to τl, censored times at [τl, τl+1),

and times greater than or equal to τl respectively. Under the same assumption as

Tsodikov et al. (2003) that F0(t) is a proper cumulative distribution function and

only increases at the observed event times, the maximum likelihood estimator of F0(t)

can be obtained by iteratively calculating S0(t) = exp[−∑
τl≤t ∆H0l] and ∆H0l =

dl∑
j∈Rl

Ω0(Zj)|γ=γ̂
until convergence, where

Ω0(Zj) =





θ(Zj)r̃jS0(tj−) if subject j is censored and tj < τK ;

1 + θ(Zj)r̃jS0(tj) if subject j failed and tj ≤ τK−1 ;

exp[θ(Zj)r̃jS0(τK−1)]θ(Zj)r̃j

exp[θ(Zj)r̃jS0(τK−1)]−1
S0(τK−1) if subject j failed and tj = τK ;

0 if subject j is censored and tj >= τK .

and dl is the number of failure at τl. Note that ∆H0l has a form of the Breslow

hazard estimator for the proportional hazards model with a predictor Ω0(Z). Given

the updated S0(t), we maximize E[Ls|Θk, O] with respect to γ to obtain the updated

γ.

The maximum likelihood estimates of the parameters are obtained after iterating

the E-step and M-step until convergence. To calculate the variance estimates for the

parameter estimates, we employ the method of Louis (1982) to obtain the observed

information matrix I as follows

I =
n∑

i=1

EΘ̂[Bi]−
n∑

i=1

EΘ̂[SiS ′i]− 2
∑
i<j

EΘ̂[Si]EΘ̂[S ′j]− (
n∑

i=1

EΘ̂[Si])(
n∑

i=1

EΘ̂[S ′i]),

(3.3)
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where Si and Bi are respectively the first derivative and negative the second derivative

matrix of the complete log-likelihood function from subject i. The first term in (3.3)

is the conditional expectation of the full data observed information matrix, while the

rest terms form the conditional expected information matrix of the full data. The

last term is 0 if evaluated at the estimate Θ̂ of EM algorithm. The details of Si and

Bi are given in the Appendix.

3.4 Simulation Study

We conducted an simulation study to investigate the performance of the proposed

estimation method for the proposed joint model. In the simulation study, we gen-

erated 200 datasets with the sample size 300 from the proposed joint model. The

number of longitudinal observations for each subject varies from 6, 7 to 8. A single

binary covariate xi, i = 1, ..., n taking values 0 and 1 with equal probability is in-

cluded in both Zi = (1, xi) and XT
ij = (1, xi, tij), where tij = 0.2(j − 1) is the time

for observing yij. The coefficient of X is βT = (1, 1, 1), and the coefficient of Z is

γT = (0.4, 0.4), which corresponds to the cure fractions 32.8% and 22.4% for the

group xi = 0 and 1 respectively. The shared random effect ξi is generated from the

gamma distribution with parameter η = 2 or 5. Given ξi, the random effect αi is

generated from the normal distribution with mean 0 and variance 1
ξi

. Given ξi, αi, the

longitudinal observation yij’s were obtained from (3.1) with the error term from the

normal distribution with mean 0 and variance 1
ξi

. The true survival times were gen-

erated from (3.2) with the baseline function F0(t) from the exponential distribution

with mean 1. The censoring times were generated from some uniform distributions

to have the overall censoring rate around 30% and 48%. To be practical, we truncate

the longitudinal measurements of each subject by their survival times.
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We fit the data with the proposed joint model, and the biases and empirical

variances of the estimates of the parameters are presented in Table 3.1. The table

also contains the biases and empirical variances of the estimates of the parameters

from a separate analysis of the longitudinal model (3.1) and the survival model (3.2)

and the ratios of the mean square errors (MSEs) of the estimates from the joint model

analysis and the separate analysis. The numbers in the row of F̂−1
0 (0.5) in the table

indicate biases and variances of estimates of the 50th percentile of F0(t). Comparing

to those from the separate analysis, the proposed joint model and estimation method

are more efficient than the estimation methods based on separate models since the

ratios of MSEs (the column ‘Ratio of MSE1’) of the estimates are less than 1 in all

the cases and much smaller than 1 for the parameters in the survival component.

When the censoring becomes heavier, the empirical variances of estimates for the

parameters in the survival component of the joint model becomes larger and the

joint model loses some advantages, while those for the parameters in the longitudinal

component are fairly robust to the change in censoring rate. When η increases, the

biases and empirical variances of η in the joint model tend to increase and the joint

model also loses some efficiency, which may be due to a weak dependence between

the longitudinal measurements and survival times for a large value of η. We also

fit the data by the joint model (JMNP) in Zeng and Cai (2005) where the linear

normal mixed effect longitudinal model and proportional hazards model shared the

random effect. Since these two joint models are formatted differently, the biases and

variances for the estimates of fixed effects are calculated in Table 3.1 as well as the

ratio of MSEs of the proposed joint model over JMNP (the column ‘Ratio of MSE2’).

As we can see that the proposed joint model is more efficient than JMNP since the

ratio of MSEs are smaller than 1, and tends to lose the benefit when η becomes larger.

We also examined the variance estimates for the parameter estimates in joint
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Table 3.1: Bias and variance of parameters for joint model and separate model

Censor Joint model Separate model JMNP Ratioof Ratioof
η rate n=300 n=300 n=300 MSE1 MSE2

Bias Var Bias Var Bias Var

2 0.30 β̂0 0.0143 0.0139 0.0138 0.0148 0.0145 0.0243 0.9409 0.5755

β̂1 −0.0103 0.0235 −0.0095 0.0264 −0.0149 0.0481 0.8911 0.4885

β̂2 −0.0003 0.0110 −0.0007 0.0114 0.0120 0.0200 0.9649 0.5461
σ̂2

e 0.0001 0.0092 0.2306 0.0124 - - 0.1403 -
γ̂0 0.0096 0.0183 −0.0202 0.0413 - - 0.4410 -
γ̂1 −0.0044 0.0259 0.0004 0.0352 - - 0.7363 -

F̂−1
0 (0.5) 0.0015 0.0076 −0.0075 0.0165 - - 0.4592 -

σ̂2
α −0.0154 0.0135 0.0361 0.0166 - - 0.7673 -
η̂ 0.0329 0.0611 0.1697 0.0846 - - 0.5484 -

0.48 β̂0 0.0128 0.0149 0.0131 0.0156 0.0133 0.0264 0.9551 0.5668

β̂1 −0.0078 0.0271 −0.0074 0.0295 −0.0126 0.0524 0.9190 0.5168

β̂2 0.0026 0.0188 0.0011 0.0192 0.0163 0.0344 0.9795 0.5425
σ̂2

e 0.0007 0.0113 0.2043 0.0145 - - 0.2009 -
γ̂0 −0.1193 0.0428 −0.1396 0.0573 - - 0.7427 -
γ̂1 −0.0018 0.0323 0.0059 0.0392 - - 0.8233 -

F̂−1
0 (0.5) −0.0887 0.0320 −0.0970 0.0357 - - 0.8838 -

σ̂2
α −0.0117 0.0154 0.0214 0.0182 - - 0.8327 -
η̂ 0.0355 0.0756 0.1612 0.1031 - - 0.5954 -

5 0.30 β̂0 0.0075 0.0120 0.0077 0.0120 0.0066 0.0127 0.9997 0.9461

β̂1 −0.0023 0.0236 −0.0025 0.0236 0.0018 0.0252 0.9999 0.9366

β̂2 −0.0042 0.0115 −0.0047 0.0116 −0.0051 0.0146 0.9910 0.7875
σ̂2

e 0.0026 0.0065 0.1102 0.0059 - - 0.3606 -
γ̂0 0.0106 0.0214 0.0589 0.0541 - - 0.3737 -
γ̂1 −0.0027 0.0270 0.0182 0.0355 - - 0.7537 -

F̂−1
0 (0.5) 0.0120 0.0246 0.0391 0.0342 0.6926 -

σ̂2
α −0.0086 0.0166 0.0039 0.0177 - - 0.9412 -
η̂ 0.5588 2.8308 0.4548 4.5157 - - 0.6656 -

0.48 β̂0 0.0079 0.0125 0.0080 0.0125 0.0073 0.0133 0.9999 0.9408

β̂1 −0.0004 0.0250 −0.0001 0.0251 0.0023 0.0266 0.9960 0.9397

β̂2 −0.0154 0.0256 −0.0159 0.0259 −0.0139 0.0290 0.9879 0.8850
σ̂2

e 0.0052 0.0092 0.0938 0.0084 - - 0.5365 -
γ̂0 −0.2323 0.0409 −0.2138 0.0499 - - 0.9922 -
γ̂1 −0.0042 0.0363 0.0029 0.0418 - - 0.8687 -

F̂−1
0 (0.5) −0.1783 0.0188 −0.1692 0.0222 - - 0.9953 -

σ̂2
α −0.0052 0.0204 −0.0028 0.0222 - - 0.9198 -
η̂ 3.8321 5.8841 3.3777 1.7201 - - 0.9773 -
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model based on (3.3) and compared them with the empirical variances. For instance,

when n = 300, η = 2 with 30% subjects being censored, for regression coefficients β0,

β1, β2, γ0 and γ1, the asymptotic variances are 0.0126, 0.0242, 0.0116, 0.0244 and

0.0239 while the empirical variances are 0.0139, 0.0235, 0.0110, 0.0183 and 0.0259.

For the variance parameters σ2
e , σ2

α and η, the asymptotic variances are 0.0101, 0.0194

and 0.0830 while the empirical variances are 0.0092, 0.0135 and 0.0611. The results

show that the suggested variance estimator (3.3) worked well and produced variance

estimates close to the empirical variances.

The simplicity of the proposed estimation method relies on the gamma distribution

assumption for ξ. However, ξ is a latent frailty variable and it is usually difficult to

verify a parametric assumption for the latent frailty. Therefore it will be of practical

importance to examine the sensitivity of the regression parameter estimation of the

joint model to misspecification of frailty distribution of ξ. We conducted a further

simulation study to examine the performance of the proposed estimation method for

data generated from the joint model above except that the frailty variable ξ follows a

different distribution. We considered ξ from the lognormal distribution with the mean

of log ξ equal to −0.2 and variance equal to 0.4 so that the mean and the variance of

ξ are the same as those from the gamma distribution with η = 2. We also considered

an unequal frailty ξ in the two components of the joint model, where the frailty in the

survival component is ξ from the gamma distribution with η = 2 and the frailty in

the longitudinal component is mξ, and m is set to 2. The log-t frailty with different

degree freedom 3, 10 are considered as well. Table 3.2 summarizes the biases and

variances of the parameter estimates. It can be seen that the proposed estimation

method has considerable robustness in estimating the regression parameters and the

baseline distribution. It is not surprising that the biases of the estimates of σ2
e and

σ2
α become large because the random effect α and the error term e depend on ξ more

62



Table 3.2: Biases and empirical variances of parameter estimators in sensitivity anal-
ysis for n = 300, η = 2 and overall censoring rate 30%

(ξLN , ξLN) (2ξG, ξG) (ξLT3, ξLT3) (ξLT10, ξLT10)
Bias Var Bias Var Bias Var Bias Var

β0 −0.0025 0.0127 0.0101 0.0070 0.0124 0.0110 0.0008 0.0105
β1 0.0124 0.0248 −0.0073 0.0118 −0.0029 0.0230 −0.0034 0.0226
β2 0.0151 0.0109 −0.0002 0.0055 −0.0064 0.0111 −0.0049 0.0091
σ2

e 0.0990 0.0096 −0.4994 0.0023 −0.0753 0.0058 −0.0835 0.0055
γ0 −0.0721 0.0170 0.0088 0.0184 0.0876 0.0153 0.1138 0.0160
γ1 −0.0028 0.0238 −0.0045 0.0259 −0.0128 0.0191 −0.0125 0.0249
F−1

0 (0.5) −0.0156 0.0074 0.0001 0.0074 0.0042 0.0087 −0.0073 0.0082
σ2

α 0.0576 0.0205 −0.5072 0.0033 −0.0932 0.0141 −0.1122 0.0167
η 1.6417 0.5007 0.0354 0.0621 4.7725 6.2595 2.7920 1.4339

than the regression parameters do. We also performed the sensitivity analysis for

unequal gamma frailty with m = 0.6 and log-t frailty with degree freedom 6. The

conclusions are similar here so we omit them.

3.5 Joint Analysis of Quality of Life and Breast Cancer Sur-

vival Data

We apply the proposed joint model and the estimation method to analyze the data

from the MA.5 trial (Levine et al., 1998, 2005) described in Chapter 1. The changes

in the QoL scores from the baseline in the two treatment groups were compared by

Tu et al. (2004). We analyzed the QoL data jointly with RFS times observed from

this trial. Preliminary examination of data in Figure 1.2 revealed that patterns of

change in the scores are different at different time periods and in different treatment

groups, also as shown by the green and grey color lines in Figure 3.1, representing

trajectories of the QoL scores from patients in the CMF and CEF arms, respectively.

This led us to consider the following piecewise polynomial linear mixed model which
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Figure 3.1: Individual trajectories of QoL scores from CMF (left) and CEF (right)
arms respectively(an outlier individual in green line) and the correspond-
ing fitted population mean curves from (4.13) by the joint model analysis
(white color lines).

has a better interpretation of the change in scores over time: :

Yij = [β0 + β1xi + β2tij + β3xitij + β4t
2
ij + β5xit

2
ij]Itij∈[0,2)+

[β6 + β7xi + β8tij + β9t
2
ij]Itij∈[2,9)+

[β10 + β11xi + β12tij]Itij≥9 + αi + eij, (3.4)

where xi is the binary treatment indicator (= 1 for CEF and = 0 for CMF) and tij

denotes the time (in month from the randomization) when the QoL of a patient was

assessed. The RFS times were modeled by (3.2) with covariate xi only.

Table 3.3 summarizes the estimates of the parameters and their standard errors

in the fitted joint model. We can see from this table that the hazard of the RFS

times was significantly lower for patients randomized to CEF than those to CMF

(γ̂1 = −0.2863 and its p-value 0.0138 and the hazard ratio is e−γ̂1 = 1.3315) and

the estimated cure fractions for CEF and CMF groups are respectively 0.5194 and

0.4280 (standard errors 0.0268 and 0.0259). In addition, the estimate η̂ is 3.6392,

64



which indicates a dependence between longitudinal QoL and RFS data. We plotted

individual profiles of observed changes in score for each treatment group and the fitted

curves of the means of the longitudinal data from the joint model in Figure 3.1. The

fitted mean curves and their confidence bands of the longitudinal data from the two

treatment groups were also plotted together in Figure 3.2 for easy comparison. The

plots show that the mean of the change in BCQ score in the CMF group decreases to

a nadir approximately 5 months after randomization and then increases steadily over

the next 7 months. In contrast, the mean change in BCQ scores in the CEF group

decreases more quickly to a nadir approximately 1 month after randomization and

then gradually increases in the remaining months of chemotherapy treatment. After

the 6-month of the chemotherapy treatments, the scores of both arms tend to be

stable. This implies that patients treated by CEF had worse QoL than those treated

by CMF at very beginning but gradually recovered to the same or higher level as

those treated by CMF.

To further explore the differences in the QoL measurements between the two

treatment groups, we computed the difference in mean change of the BCQ scores

between CEF and CMF groups at a given time t

DIFF(t) = {[β0 + β1 + (β2 + β3)t + (β4 + β5)t
2]It∈[0,2) +

[(β6 + β7) + β8t + β9t
2]It∈[2,9) + [β10 + β11 + β12t]It≥9} −

{[β0 + β2tij + β4t
2]It∈[0,2) + [β6 + β8t + β9t

2]It∈[2,9) +

[β10 + β12t]It≥9}

= (β1 + β3t + β5t
2)It∈[0,2) + β7It∈[2,9) + β11It≥9

= U(t)T β,

where U(t) = (0, It∈[0,2), 0, tIt∈[0,2), 0, t
2It∈[0,2), 0, It∈[2,9), 0, 0, 0, It≥9, 0)T . The difference
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in the rate of change in BCQ scores between two treatments at the time t is

DIFFRATE(t) =
∂

∂t
DIFF (t) = (β3 + 2β5t)It∈[0,2) = v(t)T β

where v(t) = (0, 0, 0, It∈[0,2), 0, tIt∈[0,2), 0, 0, 0, 0, 0, 0, 0)T . Therefore testing the dif-

ferences in the mean changes in QoL scores from the two groups or the differ-

ences in the rates of mean changes in QoL scores from the two groups is equiva-

lent to testing H01 : U(t)T β = 0 vs Ha1 : U(t)T β 6= 0, or H02 : v(t)T β = 0 vs

Ha2 : v(t)T β 6= 0. The corresponding Wald test statistics at a given time t are

U(t)T β̂[U(t)T I−1(β̂)U(t)]−1β̂T U(t) ∼ χ2
1, and v(t)T β̂[v(t)T I−1(β̂)v(t)]−1β̂T v(t) ∼ χ2

1.

Note that for the test for H02 we only considered t < 2. The results of the tests are

presented in Table 3.4. The results show that there is a statistically significant differ-

ence in mean change of BCQ scores from the baseline scores between two treatment

groups at all time points considered except for month 2 after randomization. The

difference in the rates of change between two treatment groups is only significant at

month 2 and is insignificant at month 1. Together with Figure 3.2, we may conclude

that the QoL of patients in both treatment groups had deteriorated QoL after receiv-

ing their treatment. They started recovery during the treatment and reached a better

QoL status than that before the treatment after completion of treatments. The pa-

tients in CEF group had a significantly worse QoL than those in CMF group initially,

but they became comparable two months after randomization. Afterwards, patients

in the CEF group had a significantly better QoL than those in the CMF group. This

implies that, although CEF causes more problems to patients at beginning of their

treatment, it improves the QoL of patients in the long run.

Finally, we compared the performance of our proposed joint model and a joint

model with normal-distributed random effects for longitudinal data (Zeng and Cai
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Table 3.3: Parameter estimates, standard errors and the p-values of the Wald tests
in joint model for MA.5
Parameter β0 β1 β2 β3 β4 β5

Estimate 0.0382 0.0679 −0.4426 −0.5360 0.1380 0.2662
Standard error 0.0306 0.0433 0.0597 0.0841 0.0309 0.0436

Parameter β6 β7 β8 β9 β10 β11

Estimate −0.0278 0.0732 −0.2174 0.0297 0.3630 0.1192
Standard error 0.0553 0.0355 0.0207 0.0019 0.0356 0.0361

Parameter β12 σ2
e γ0 γ1 σ2

α η
Estimate 0.0062 0.1112 −0.0454 −0.2863 0.1499 3.6392

Standard error 0.0015 0.0001 0.0788 0.1163 0.0099 0.2991

Table 3.4: Wald tests of the differences and the rates of changes of BCQ scores at
various times
t 1 2 3 6 9 10 15 24

H01 20.952 1.302 4.262 4.262 4.262 10.919 10.919 10.919
H02 0.020 29.337 - - - - - -
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Figure 3.2: Fitted population mean curves and their confidence bands
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2005) for handling potential outlier longitudinal data. As we may see from Figure 3.1,

there is a potential outlier (green color) with unusually high BCQ scores. To assess

to what extent the potential outlier affects the performance of the proposed model,

we use the standardized relative change (SRC) in the estimation for each regression

coefficient in the longitudinal part of the joint model, defined by

SRC(βj) =
|β̂TT

j,o − β̂TT
j,n |

s.e.(β̂TT
j,n )

/
|β̂NN

j,o − β̂NN
j,n |

s.e.(β̂NN
j,n )

where β̂j,o, β̂j,n are MLE of the fixed effects based on the two datasets with and

without outlier. The supscripts TT, NN stand for the joint model with t distribution

and the joint model with normal distribution. Obviously, SRC < 1 implies that the

joint model with t distributions is more robust than the joint model with normal

distributions in estimating the parameters in the model. Table 3.5 summarizes the

SRC values, and it clearly indicates that the SRC values tend to be substantially

smaller than 1. It impies that the use of t distribution is beneficial in obtaining

robust estimates from joint modeling longitudinal and survival data.

3.6 Conclusion and Discussion

We proposed a joint model which can be used to simultaneously analyze longitudinal

and survival data. The model assumed a linear mixed tt model for longitudinal

measurements, which is more robust to the potential outliers in the longitudinal

measurements than other existing methods. A promotion time cure model is used for

survival data to take into account of possible cured patients in treatments. Therefore,

the proposed model will have broad applications in health research.

Moreover, the proposed model allows us to develop a simple semiparametric es-

timation method based on the EM algorithm. The simplicity of the conditional
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Table 3.5: Comparison of regression coefficients for the longitudinal data between the
joint model with t distributions and the joint model with normal distribu-
tions

Parameter β0 β1 β2 β3 β4 β5 β6

|β̂TT
j,o − β̂TT

j,n | 0.0005 0.0005 0.0011 0.0011 0.0001 0.0000 0.0000

s.e.(β̂TT
j,n ) 0.0306 0.0433 0.0597 0.0841 0.0309 0.0436 0.0553

|β̂NN
j,o − β̂NN

j,n | 0.0028 0.0031 0.0054 0.0060 0.0012 0.0008 0.0014

s.e.(β̂NN
j,n ) 0.0358 0.0506 0.0669 0.0939 0.0349 0.0490 0.0246

SRC 0.0289 0.1885 0.2282 0.2047 0.0941 0.0000 0.0000
Parameter β7 β8 β9 β10 β11 β12

|β̂TT
j,o − β̂TT

j,n | 0.0014 0.0006 0.0000 0.0013 0.0013 0.0000

s.e.(β̂TT
j,n ) 0.0354 0.0207 0.0019 0.0356 0.0360 0.0015

|β̂NN
j,o − β̂NN

j,n | 0.0080 0.0028 0.0003 0.0076 0.0074 0.0001

s.e.(β̂NN
j,n ) 0.0390 0.0090 0.0010 0.0387 0.0397 0.0016

SRC 0.1928 0.0932 0.0000 0.1859 0.1937 0.0000

distributions of the latent variables in the model greatly reduces the complexity of

estimation, and the estimation method is faster than many computational-intensive

estimation methods for joint models in the literature.

The proposed estimation method relies on the parametric assumptions of the

latent random effects in the model. Our numerical studies demonstrate that the

estimation of the fixed effects in the joint model is robust to some misspecifications

of the latent random effects, which makes wide applications of this model possible.

We considered a single random effect in the linear mixed effects model for the

longitudinal measurements in the joint model in this chapter. However, the proposed

estimation method can be extended to more than one random effect. Similarly, non-

linear fixed effects can be considered for the longitudinal data too. But in these cases

the computation in the M-step of the EM algorithm will be more complicated.

Model diagnostics are important in the application of the joint model, but we do

not address this issue formally in this work. Unlike the linear regression model, there

is very little study on model diagnostics for the linear mixed effect model and the
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promotion time cure frailty model. We will examine some methods for these models

and apply them to the joint model in our future work.
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Appendix: Conditional Expectations in E-step and Variance

Estimation

Conditional Expectations in E-step

The conditional expectation of the complete likelihood function in the E-step of the

EM algorithm is

E[Lc|Θk, O] = E[Ll|Θk, O] + E[Ls|Θk, O] + E[Lα|Θk, O] + E[Lξ|Θk, O].

It involves conditional expectations of log ξi, α
2
i ξi, αiξi, ξi with respect to the condi-

tional distributions of αi and ξi. We use P (αi, ξi|Θk, O) = P (αi|ξi, Θk, O)P (ξi|Θk, O)

to obtain the bivariate distribution of αi and ξi. It is known that

(αi|ξi, Θk, O) ∼ N(N1i, N2i), (ξi|Θk, O) ∼ G(G1i, G2i),

where

N1i =
σ2

αX̃T
i (yi −Xiβ)

σ2
αX̃T

i X̃i + σ2
e

|Θk,O, N2i =
σ2

eσ
2
α

ξi(σ2
αX̃T

i X̃i + σ2
e)
|Θk,O, G1i = (

ni

2
+ η + δi)|Θk,O,

G2i = {θ(Zi)F0(ti) +
(yi −Xiβ)T (yi −Xiβ)

2σ2
e

− ((yi −Xiβ)T X̃i)
2σ2

α

2σ2
e(σ

2
αX̃T

i X̃i + σ2
e)

+ η}|Θk,O.

As a result, if we denote the following expectations as respectively ãi = E[log ξi|Θk, O],

b̃i = E[α2
i ξi|Θk, O], g̃i = E[αiξi|Θk, O], r̃i = E[ξi|Θk, O], we have

ãi = Ψ(G1i)− log(G2i)|Θk,O; b̃i = [
σ2

eσ
2
α

σ2
αX̃T

i X̃i + σ2
e

+ (N1i)
2G1i

G2i

]|Θk,O;

g̃i = [N1i
G1i

G2i

]|Θk,O; r̃i =
G1i

G2i

|Θk,O,
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where Ψ(x) is the digamma function. Substituting them back into E[Lc|Θk, O], we

can obtain the expectation of complete log-likelihood function in the E-step.

Variance Estimation

We take the values of F0(t) at the observed time as a vector of parameters, and let

Lc =
∑n

i=1 Lci,

∂Lc

∂βT
=

n∑
i=1

(yi −Xiβ − X̃αi)
T ξiXi

σ2
e

,

∂Lc

∂σ2
e

=
n∑

i=1

[− ni

2σ2
e

+
(yi −Xiβ − X̃iαi)

T (yi −Xiβ − X̃iαi)ξi

2σ4
e

],

∂Lc

∂F0(τk)
=

K∑

i=k

∑
j∈Di

[−θ(Zij)ξijS0(τi)− 1] +
∑
j∈Dk

1

λk

+

∑
j∈DK

−Spop(τK−1|ZKj)θ(ZKj)ξKjS0(τK−1)

Spop(τK−1|ZKj)− Spop(τK |ZKj)

+
K−1∑

i=k

∑
j∈Ei

[−θ(Zij)ξijS0(τi)], k = 1, ..., K

∂Lc

∂σ2
α

=
n∑

i=1

[− 1

2σ2
α

+
ξiα

2
i

2σ4
α

],

∂Lc

∂η
=

n∑
i=1

[log(η) + 1−Ψ(η) + log(ξi)− ξi]

∂Lc

∂γT
=

K∑

i=k

∑
j∈Di

[−ξij(1− S0(τi))θ(Zij) + 1]ZT
ij +

∑
j∈DK

[−Spop(τK−1|ZKj)(1− S0(τK−1)) + Spop(τK |ZKj)]ξKjθ(ZKj)Z
T
Kj

Spop(τK−1|ZKj)− Spop(τK |ZKj)
−

K−1∑

i=k

∑
j∈Ei

θ(Zij)ξij(1− S0(τi))Z
T
ij .
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As a result,

Si = (
∂Lci

∂β′
,
∂Lci

∂σ2
e

,
∂Lci

∂F0(τ1)
, ...,

∂Lci

∂F0(τK)
,
∂Lci

∂γT
,
∂Lci

∂σ2
α

,
∂Lci

∂η
)T ,

and Bi is a symmetric matrix

Bi = −




∂2Lci
∂β∂βT

∂2Lci
∂β∂σ2

e

∂2Lci
∂β∂F0(τ1) ...

∂2Lci
∂β∂F0(τK )

∂2Lci
∂β∂γT

∂2Lci
∂β∂σ2

α

∂2Lci
∂β∂η

...
∂2Lci

∂σ2
e∂σ2

e

∂2Lci
∂σ2

e∂F0(τ1)
...

∂2Lci
∂σ2

e∂F0(τK )
∂2Lci

∂σ2
e∂γT

∂2Lci
∂σ2

e∂σ2
α

∂2Lci
∂σ2

e∂η

... ...
∂2Lci

∂F0(τ1)∂F0(τ1) ...
∂2Lci

∂F0(τ1)∂F0(τK )
∂2Lci

∂F0(τ1)∂γT
∂2Lci

∂F0(τ1)∂σ2
α

∂2Lci
∂F0(τ1)∂η

... ... ... ...
∂2Lci

∂F0(τK )∂F0(τK )
∂2Lci

∂F0(τK )∂γT
∂2Lci

∂F0(τK )∂σ2
α

∂2Lci
∂F0(τK )∂η

... ... ... ... ...
∂2Lci
∂γ∂γT

∂2Lci
∂γ∂σ2

α

∂2Lci
∂γ∂η

... ... ... ... ... ...
∂2Lci

∂σ2
α∂σ2

α

∂2Lci
∂σ2

α∂η

... ... ... ... ... ... ...
∂2Lci
∂η∂η

.




Then we perform the expectation calculation as in (3.3). Note that some expectations

may have to be approximated by the Monte Carlo method.
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Chapter 4

Joint Modelling of Longitudinal

Proportional Measurements and Survival

Times

4.1 Introduction

In this Chapter, we focus on the QoL data from the BCQ of MA.5, which are con-

fined to (0, 1) known as longitudinal proportional data (Song and Tan, 2000). In

practice, the QoL score is usually treated as a continuous, and most often as nor-

mally distributed, random variable for the further statistical analysis. Song and Tan

(2000) pointed out that the common analysis using normal-distribution-based models

ignores the constraint that the data are between 0 and 1, and may result in misleading

conclusions, and proposed a direct approach to model the mean of longitudinal pro-

portional response using simplex distribution. Recently, Qiu et al. (2008) proposed

a new type of generalized linear mixed model based on the simplex distribution for

longitudinal proportional data. Another more intuitive approach to analyze propor-

tional data would be first to transform the proportional data using a logit function

and then to assume a normal distribution for the logit-transformed proportional data,
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as suggested by Aitchison (1986) and Lesaffre et al. (2007), although, as pointed by

Song and Tan (2000) and Qiu et al. (2008), it may be difficult to interpret the results

obtained from this approach.

When joint modelling longitudinal proportional measurements and survival data

as those from the MA.5 trial, the (0, 1) constraint is often ignored due to complicated

likelihoods involved in a joint model and there is little study of the potential biases

of this method in the literature. In this Chapter, we investigate the performances of

this joint modelling approach and propose two alternative joint modelling approaches

for the data, one based on logit transformed longitudinal proportional data and the

other based on directly modelling the longitudinal proportional data using the sim-

plex distribution. Cox’s proportional hazards model is used in both approaches for

the survival times. A penalized joint partial log-likelihood is derived through Laplace

approximation and a semiparametric method is proposed to maximize the marginal

likelihood. We perform the simulation studies and compare these two proposed ap-

proaches of joint modelling with the approach that ignores the bounded nature of the

longitudinal proportional data.

The rest of this Chapter is organized as follows. In Section 4.2 and Section 4.3, we

present the two joint models for longitudinal proportional measurements and survival

data. A semiparametric estimation procedure is propose to estimate the parameters

in the joint model based on simplex distribution. We report a simulation study in

Section 4.4 to assess the performance of the proposed models and to compare results

from the proposed joint models with those from model that ignores the bounded

nature of the proportional data. In Section 4.5, we apply the proposed models and

estimation methods to jointly analyze the longitudinal proportional QoL scores and

recurrence-free survival times from the MA.5. Some discussions are presented in

Section 4.6. We include some mathematical derivations in the Appendix.
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4.2 A Joint Model Based on Transformed Longitudinal Data

Let Yij be the longitudinal proportional measurement observed from the subject i

at the time j, i = 1, ..., n and j = 1, ..., ni, and T ′
i the survival time of subject i

subject to non-informative censoring. Without loss of generality, we assume that

0 < Yij < 1. As mentioned by Lesaffre et al. (2007), a logistic transformation was

suggested a long time ago by Johnson (1949) to achieve standard normality for a

random variable restricted in an interval. Specifically, we can define Y ′
ij = log

Yij

1−Yij
.

The distribution of transformed random variable Y ′
ij would be closer to the normal

distribution than that of the original random variable. With this transformation,

we can use the joint model studied by Zeng and Cai (2005) to model jointly the

transformed longitudinal proportional data Y ′
ij and survival data T ′

i . Specifically, Y ′
ij

is modelled by the following linear mixed effects model,

Y ′
ij = XT

ijβ + X̃T
ijαi + eij, (4.1)

where β is a p-dimension vector of fixed effects for a covariate vector XT
ij , αi is a

random effect with covariate X̃T
ij , and eij is a measurement error. We further assume

that αi and eij are independent, and

α1, ..., αn ∼i.i.d. ϕ(α|0, σ2
α), (4.2)

and

ei1, ..., eini
∼i.i.d. ϕ(e|0, σ2

e) (4.3)
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for fixed i, where ϕ(.|µ, σ2) is the density function of the normal distribution with

mean µ and variance σ2. For the survival time T ′
i , we assume it follows a proportional

hazards model:

hpop(t|Zi, αi) = h0(t) exp[γT Zi + φαi], (4.4)

where Zi is a vector of covariates and γ is the corresponding regression coefficients, φ

is a coefficient of the random effect αi, and h0(t) is an arbitrary unspecified baseline

hazard function.

We refer to the above joint model as the JMT model. Both model (4.1) and

(4.4) are specified conditional on the random effect αi, which reflects the unobserved

heterogeneity in the mean of Y ′
ij and the hazard of T ′

i for different subjects. The

parameter φ characterizes the correlation between the longitudinal proportional mea-

surements and survival times, which can be seen from the joint density function of T ′
i

and Yij,

f(t, y) = h0(t)[2πσ2
e ]
−1/2eγT Z

×
∫ +∞

−∞
eφα−H0(t)eγT Z+φα

exp

[
−

(log y
1−y

−XT β − X̃T α)2

2σ2
e

]
1

y(1− y)
ϕ(α)dα.

The maximum likelihood method can be used to estimate the parameters in the

JMT model via the EM algorithm using Gauss-Hermite numerical integration in Zeng

and Cai (2005).

This approach is conceptually simple and computationally easy, but the results

obtained may be difficult for interpretation (Qiu et al. 2008). For example, the

covariate effects are directly linked to E[Y ′
ij] in model (4.1) and it is not easy to

interpret the effects on E[Yij]. Thus it is of practical interest to model the proportional
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data directly based on a distribution that has the same support as the data.

4.3 A Joint Model Based on the Simplex Distribution

To model longitudinal proportional measurements with a suitable distribution in a

joint model, we consider the so-called simplex distribution (Barndorff-Nielsen and

Jørgensen, 1991). Qiu et al. (2008) proposed a new generalized linear mixed model

based on the simplex distribution to model longitudinal proportional data. We ex-

tend this idea and propose to use the simplex distribution to model the longitudinal

proportional measurements in the joint model. Specifically, we assume the longitu-

dinal proportional measurement Yij follows a simplex distribution (2.4) conditionally

given a random effects αi:

Yij|αi ∼ S−(y|µij, σ
2), (4.5)

where µij satisfies g(µij) = XT
ijβ + X̃T

ijαi for a link function g(·) between the linear

predictor ηij = XT
ijβ + X̃T

ijαi and the mean µij. For the survival time T ′
i , we still

model it by the proportional hazards model (4.4). The assumptions for αi’s are the

same as in (4.2). This new joint model is referred to as the JMSIM model.

Similar to the JMT model, the random effect αi in the JMSIM model reflects

the unobserved heterogeneity in the mean of Yij and the hazard of T ′
i for different

subject, and φ characterizes the correlation between the longitudinal proportional

measurements and survival times, which can be seen from the joint density function
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of T ′
i and Yij

f(t, y) = h0(t)[2πσ2(y(1− y))3]−1/2eγT Z

×
∫ +∞

−∞
eφα−H0(t)eγT Z+φα

exp


−

(y − eXT β+X̃T α

1+eXT β+X̃T α
)2

2σ2y(1− y) e2(XT β+X̃T α)

(1+eXT β+X̃T α)4


ϕ(α)dα.

When φ = 0, the survival times and longitudinal measurements will be independent

conditional on the observed covariates since f(t, y) = fT ′(t)
∫ +∞
−∞ fY (y|α)ϕ(α)dα =

fT ′(t)fY (y), where fT ′(t) is the density function of T ′
i , fY (y) is the density function of

Yij, and fY (y|α) is the density function of Yij given αi. In contrast to JMT, JMSIM

employs a direct modelling approach based on the generalized linear mixed effects

model for the longitudinal proportional data, where the expectation of the response

is modelled as a function of covariates and hence it is easier to interpret the results

of the model fit.

Let (ti, δi) be the observed survival time and censoring indicator, and yij be the

observed value of Yij. To estimate the parameters in the JMSIM model, denoted as

Θ = (β, φ, γ, h0(t), σ2, σ2
α), we consider the marginal log-likelihood of the proposed

joint model based on the observed data:

lm(Θ) = log
n∏

i=1

∫ [
ni∏

j=1

P (yij|µij, σ
2)

]
[h0(ti)e

γT Zi+φαi ]δie−H0(ti)e
γT Zi+φαiϕ(αi|0, σ2

α)dαi

(4.6)

where H0(t) =
∫ t

0
h0(t)dt. Since the marginal log-likelihood function (4.6) involves an

integration that does not have a closed form, it is difficult to maximize (4.6) directly.

We follow Ripatti and Palmgren (2000) and Qiu et al. (2008) to use a Laplace

approximation to simplify the marginal likelihood. As shown in the Appendix, the
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approximations to the log-likelihood (4.6) based on the first order and second order

Laplace approximation are, respectively,

L̃L(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λ(α̂i),

LL(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λ(α̂i)− 1

2

n∑
i=1

log |λ(2)(α̂i)|,

where λ(αi) = − 1
2σ2

∑ni

j=1 d(yij; µij)+δi(log h0(ti)+γT Zi+φαi)−H0(ti)e
γT Zi+φαi− α2

i

2σ2
α
,

λ(2)(αi) = − 1
2σ2

∑ni

j=1
∂2d(yij ;µij)

∂αi
2 −H0(ti)e

γT Zi+φαiφ2− 1
σ2

α
and α̂i = argmaxαi

λ(α). We

noted that if σ2
α is known and αi is considered as a fixed effects parameter, then

λ(αi) can be viewed as a penalized joint log-likelihood for subject i with − α2
i

2σ2
α

as the

penalty term. Following Ripatti and Palmgren (2000) and Ye et al. (2008), we replace

the two middle terms in λ(αi), which correspond to the log-likelihood function for

the survival times, by the corresponding partial likelihood and obtain the following

first-order and the second-order penalized joint partial log-likelihoods (PJPL):

L̃LPJPL(Θ′) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λPJPL(α̂i),

LLPJPL(Θ′) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λPJPL(α̂i)

−1

2

n∑
i=1

log |λ(2)
PJPL(α̂i)|,
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where Θ′ = (β, φ, γ, σ2, σ2
α),

λPJPL(αi) = − 1

2σ2

ni∑
j=1

d(yij; µij) + δi[γ
T Zi + φαi − log(

∑

k∈R(ti)

eγT Zk+φαk)]− α2
i

2σ2
α

,

λ
(2)
PJPL(αi) = − 1

2σ2

ni∑
j=1

∂2d(yij; µij)

∂αi
2

−δi
eγT Zi+φiαiφ2

∑
k∈R(ti)

eγT Zk+φαk
(1− eγT Zi+φiαi

∑
k∈R(ti)

eγT Zk+φαk
)− 1

σ2
α

.

and α̂i = argmaxαi
λPJPL(α) can be obtained by solving the following equation

∂λPJPL(α)

∂αi

= − 1

2σ2

ni∑
j=1

∂d(yij; µij)

∂αi

− αi

σ2
α

+ δiφ−
i∑

l=1

δl
eγT Zi+φαiφ∑

k∈R(tl)
eγT Zk+φαk

= 0.

(4.7)

To estimate Θ′, we first fix σ2, σ2
α and φ at some initial values and estimate β and

γ by maximizing the first-order PJPL L̃LPJPL(Θ′). It is equivalent to maximize
∑n

i=1 λPJPL(α̂i) by solving the following estimating equations with respect to β and

γ

∂L̃LPJPL(Θ′)
∂β

=
∂

∑n
i=1 λPJPL(α̂i)

∂β
= − 1

2σ2

n∑
i=1

ni∑
j=1

∂d(yij; µij)

∂β
= 0 (4.8)

∂L̃LPJPL(Θ′)
∂γ

=
∂

∑n
i=1 λPJPL(α̂i)

∂γ
=

n∑
i=1

δi(Zi −
∑

k∈R(ti)
eγT Zk+φαkZk∑

k∈R(ti)
eγT Zk+φαk

) = 0. (4.9)

As suggested in Ripatti and Palmgren (2000) and Ye et al. (2008), omitting the

complicated term log |λ(2)(α̂i)| would have a negligible effect on the parameter esti-

mation but could make the computation fast, so we estimate β and γ by maximizing

L̃LPJPL(Θ′). Then we fix β and γ at their current estimates and maximize the second-

order PJPL LLPJPL(Θ′) to estimate σ2, σ2
α and φ, which is equivalent to solving the
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following equations with respect to σ2, σ2
α, and φ:

∂LLPJPL(Θ′)
∂σ2

= −
∑n

i=1 ni

2

1

σ2
− 1

2

n∑
i=1

1

λ
(2)
PJPL(α̂i)

∂λ
(2)
PJPL(α̂i)

∂σ2
+

n∑
i=1

∂λPJPL(α̂i)

∂σ2
= 0,

(4.10)

∂LLPJPL(Θ′)
∂σ2

α

= − n

2σ2
α

+
n∑

i=1

∂λPJPL(α̂i)

∂σ2
α

− 1

2

n∑
i=1

1

λ
(2)
PJPL(α̂i)

∂λ
(2)
PJPL(α̂i)

∂σ2
α

= 0,

(4.11)

∂LLPJPL(Θ′)
∂φ

=
n∑

i=1

∂λPJPL(α̂i)

∂φ
− 1

2

n∑
i=1

1

λ
(2)
PJPL(α̂i)

∂λ
(2)
PJPL(α̂i)

∂φ
= 0. (4.12)

The maximum likelihood estimates of Θ′ can be obtained by iterating (4.7) to (4.12)

until convergence. After they converge, the baseline hazard function can be estimated

by using Breslow’s estimator (Breslow 1972).

The variances of these parameter estimates can be approximated from invert-

ing the information matrices B1 of first-order PJPL for parameters (β, γ) and B2 of

second-order PJPL for parameters (σ2, σ2
α, φ) as in Ripatti and Palmgren (2000) and

Ye et al. (2008). The details of these matrices are given in the Appendix.

4.4 A Simulation Study

We conducted a simulation study to compare the proposed two joint models for

longitudinal proportional data and survival data, and investigate the performance of

the proposed estimation methods for the joint models.

We generated 200 data sets with the sample size n = 100 from a JMSIM model.

The maximum number of longitudinal observations for each subject is 8. A single

binary covariate taking values 0 and 1 with equal probability is used both as Zi and

as xi in XT
ij = (1, xi, tij), where tij = 0.2(j− 1). The coefficient of X is βT = (1, 1, 1),
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and the coefficient of Z is γ = 1. The random effect αi is generated from the normal

distribution with mean 0 and variance σ2
α = 0.5, 1.2. Given αi, the longitudinal

observation yij’s were obtained from the simplex distribution (4.5) with mean µij =

e
XT

ijβ+αi

1+e
XT

ij
β+αi

and dispersion σ2 = 0.5, 1.2 (some details of the data generation from

the simplex distribution are given in the Appendix). The true survival times were

generated from (4.4) with the baseline function h0(t) from the exponential distribution

with mean 1. The censoring times were generated from uniform distributions to have

the overall censoring rate around 23% and 49%. The longitudinal measurements of

the subjects were truncated by their survival times.

We fit the data with the two proposed joint models, and the biases and empirical

variances for the estimates of the parameters in these models are presented in Tables

4.1 and 4.2 respectively for censoring rate 23% and 49%. As we can see from these two

tables, the proposed estimation method for JMSIM provides estimates of parameters

with small biases toward zero. When dispersion parameter σ2 increases, the biases

and empirical variances of the estimates only increase slightly. It appears that a

change in σ2 has a minimal impact on the variance for the estimate of σ2
α. This is

not unexpected, as Qiu et al. (2008) observed a similar phenomena when modelling

longitudinal data only. When the variance of random effect σ2
α becomes larger, the

estimate of γ in the survival component of the model tends to be slightly more biased.

When the censoring becomes heavier, the empirical variances of estimates for the

parameters in the survival component of the joint model becomes larger, while those

parameters (β0, β1) in the longitudinal component are fairly robust to the change in

censoring rate. For the regression coefficient β2 of tij, its variance estimate becomes

larger since heavy censoring would make more longitudinal measurements truncated

by the survival time. The simulation results for the parameter estimates from the

JMT model are comparable to those from the JMSIM model.
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Table 4.1: Biases and variances of parameters for JMSIM, JMT, JMNT with censor-
ing rate 23%

JMSIM JMT JMNT
(σ2, σ2

α) Bias Var Bias Var Bias Var RMSE1 RMSE2

(0.5, 0.5) β̂0 0.0187 0.0120 0.0097 0.0123 −0.2835 0.0004 0.1529 0.1534

β̂1 0.0311 0.0207 0.0248 0.0215 −0.8573 0.0005 0.0295 0.0301

β̂2 0.0132 0.0029 0.0101 0.0034 −0.8463 0.0002 0.0043 0.0049

φ̂ 0.0981 0.0435 0.0574 0.0413 4.3662 3.5523 0.0023 0.0020
γ̂ 0.0535 0.0672 0.0468 0.0657 0.1178 0.0711 0.8245 0.7989

σ̂2
α 0.0006 0.0060 −0.0067 0.0061 −0.4897 < 0.0001 0.0250 0.0256

(1.2, 0.5) β̂0 0.0430 0.0141 0.0371 0.0141 −0.2831 0.0005 0.1978 0.1919

β̂1 0.0389 0.0225 0.0212 0.0234 −0.8574 0.0006 0.0326 0.0324

β̂2 0.0226 0.0067 0.0143 0.0078 −0.8455 0.0004 0.0101 0.0112

φ̂ 0.1686 0.0571 0.0741 0.0481 4.4672 4.0152 0.0036 0.0022
γ̂ 0.0727 0.0710 0.0528 0.0666 0.1196 0.0717 0.8870 0.8068

σ̂2
α 0.0083 0.0068 −0.0069 0.0073 −0.4896 < 0.0001 0.0286 0.0307

(0.5, 1.2) β̂0 0.0137 0.0269 −0.0066 0.0281 −0.3075 0.0009 0.2838 0.2948

β̂1 0.0447 0.0470 0.0460 0.0500 −0.8546 0.0012 0.0670 0.0712

β̂2 0.0107 0.0027 0.0112 0.0033 −0.8339 0.0003 0.0040 0.0049

φ̂ 0.0539 0.0189 0.0403 0.0188 3.8857 1.7221 0.0013 0.0012
γ̂ 0.0569 0.0779 0.0558 0.0778 0.1170 0.0863 0.8115 0.8092

σ̂2
α −0.0026 0.0314 −0.0161 0.0311 −1.1752 < 0.0001 0.0227 0.0227

As a comparison, we also fit the data with a joint model based on the classical

linear mixed model for the longitudinal proportional data but ignoring the constraint

on the longitudinal measurements. The results from this model, denoted as JMNT,

are also included in the tables. The estimates of the parameters from the JMNT

model tend to have larger biases although the empirical variances of the estimates

are smaller for some parameters. We also calculated the ratios of the mean square

errors of the estimates from the JMSIM and JMT models over those from the JMNT

model, denoted as RMSE1 and RMSE2 respectively, in the last two columns of the

two tables. It can be seen that both JMSIM and JMT models are more efficient than

the JMNT model since the ratios of MSEs of the estimates are less than 1 in all the
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Table 4.2: Biases and variances of parameters for JMSIM, JMT, JMNT with censor-
ing rate 49%

JMSIM JMT JMNT
(σ2, σ2

α) Bias Var Bias Var Bias Var RMSE1 RMSE2

(0.5, 0.5) β̂0 0.0240 0.0124 0.0113 0.0124 −0.2857 0.0004 0.1583 0.1527

β̂1 0.0298 0.0216 0.0233 0.0221 −0.8539 0.0006 0.0308 0.0310

β̂2 0.0105 0.0121 0.0024 0.0148 −0.8428 0.0006 0.0172 0.0208

φ̂ 0.0964 0.0687 0.0495 0.0657 4.1947 6.3326 0.0033 0.0028
γ̂ 0.0546 0.1046 0.0505 0.1028 0.1288 0.1143 0.8219 0.8049

σ̂2
α 0.0010 0.0062 −0.0055 0.0062 −0.4878 < 0.0001 0.0261 0.0262

(1.2, 0.5) β̂0 0.0531 0.0151 0.0368 0.0148 −0.2854 0.0005 0.2187 0.1971

β̂1 0.0359 0.0245 0.0220 0.0249 −0.8538 0.0007 0.0353 0.0348

β̂2 0.0220 0.0282 0.0074 0.0329 −0.8412 0.0011 0.0405 0.0465

φ̂ 0.1881 0.1008 0.0714 0.0808 4.3776 7.8694 0.0050 0.0032
γ̂ 0.0715 0.1093 0.0581 0.1036 0.1339 0.1166 0.8505 0.7952

σ̂2
α 0.0072 0.0074 −0.0051 0.0077 −0.4888 < 0.0001 0.0312 0.0323

(0.5, 1.2) β̂0 0.0172 0.0278 −0.0038 0.0285 −0.3086 0.0009 0.2923 0.2966

β̂1 0.0451 0.0486 0.0404 0.0506 −0.8531 0.0013 0.0694 0.0716

β̂2 0.0098 0.0113 0.0062 0.0141 −0.8344 0.0007 0.0163 0.0203

φ̂ 0.0602 0.0279 0.0454 0.0278 3.9168 2.8363 0.0017 0.0016
γ̂ 0.0588 0.1184 0.0567 0.1174 0.1403 0.1263 0.8347 0.8262

σ̂2
α −0.0008 0.0320 −0.0147 0.0315 −1.1740 < 0.0001 0.0232 0.0230

cases. When the dispersion parameter σ2 increases, the efficiency improvement of the

JMSIM and JMT models over the JMNT model is reduced slightly.

We also examined the variance estimates for the parameter estimates in JMSIM

based on asymptotic variances B1 and B2 defined in the Appendix and compared

them with the empirical variances. For instance, when n = 100, σ2 = 0.5, σ2
α = 0.5,

and the censoring rate is 23%, the asymptotic variances of β̂0, β̂1, β̂2, φ̂, γ̂, σ̂2
α are

respectively .0092, .0176, .0029, .0310, .0685, .0052. They are generally close to the

empirical variances reported in Table 4.1. It shows that the approximated variance

estimator worked reasonably well and it can be used in place of some computationally

intensive methods such as the bootstrap method.
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4.5 Application to Data from a Breast Cancer Clinical Trial

As an illustration, we apply the proposed joint models and the estimation methods

to analyze the data from the MA.5 trial described in the Chapter of introduction.

There are 30 questions in BCQ with each measured on a 1 to 7 Likert scale. In our

analysis, we only considered scores from the overall QoL scale, which is defined as the

sum of answers to all 30 questions and transferred linearly to the interval (0, 1). We

analyzed these longitudinal proportional QoL data jointly with RFS times observed

from this trial. As shown by the trajectories of the QoL scores in Figure 4.1 and their

averages in Figure 1.2 from patients in the CMF and CEF arms, patterns of change

in the scores are different at different time periods and in different treatment groups.

Therefore, we consider the following piecewise polynomial linear predictor to better

interpret the change in scores over time:

XT
ijβ + X̃T

ijαi = [β0 + β1xi + β2tij + β3xitij + β4t
2
ij + β5xit

2
ij]Itij∈[0,2) +

[β6 + β7xi + β8tij + β9xitij + β10t
2
ij + β11xit

2
ij]Itij∈[2,9) +

[β12 + β13xi + β14tij + β15xitij]Itij≥9 + αi, (4.13)

where xi is the binary treatment indicator (= 1 for CEF and = 0 for CMF) and tij

denotes the time (in month from the randomization) when the QoL of a patient was

assessed. Table 4.3 summarizes the estimates of the parameters and their standard

errors in the three joint models JMSIM, JMT and JMNT fitted to the data. The

estimated mean curves and their confidence bands are plotted in Figure 4.2.

All the models revealed that the hazard of the RFS time is significantly lower

for patients randomized to CEF than those to CMF (γ̂ = −0.2679 with p-value

0.0170 and the hazard ratio is 1.31 from JMSIM, for example). In addition, φ̂ is also
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Figure 4.1: Individual trajectories (gray lines) and observed average trajectories
(black lines) of QoL scores from CMF (left) and CEF (right) arms re-
spectively.

significantly different from 0 (0.3444 with p-value 0.0157 in JMSIM), which indicates

a significant correlation between longitudinal QoL and RFS data. The plots from

all three models in Figure 4.2 show that the mean of the change in BCQ score in

the CMF group decreases to a nadir approximately 2 months after randomization

and then increases steadily over the next 7 months. In contrast, the mean change

in BCQ scores in the CEF group decreases more quickly to a nadir approximately

1 month after randomization and then gradually increases in the remaining months

of chemotherapy treatment. After the 6-month of the chemotherapy treatments, the

scores of both arms tend to be stable. This implies that patients treated by CEF had

worse QoL than those treated by CMF at very beginning but gradually recovered

to a slightly better level than those treated by CMF. The curves from JMNT are

below the two other models, which implies that the mean QoL scores predicted from

this model were always lower than that from other two joint models. This may be

caused by the downward biases of the estimates for the regression coefficients in the
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Table 4.3: Parameter estimates (standard errors) in JMSIM, JMT, JMNT for MA.5
Parameter JMSIM JMT JMNT

Est. (Std.err.) Est.(Std.err.) Est.(Std.err.)

β̂0 1.0516(0.0316) 1.1835(0.0332) 0.7402(0.0074)

β̂1 0.0350(0.0447) −0.0165(0.0480) −0.0065(0.0095)

β̂2 −0.2171(0.0624) −0.3074(0.0707) −0.0369(0.0145)

β̂3 −0.4345(0.0900) −0.4081(0.0990) −0.0701(0.0200)

β̂4 0.0393(0.0332) 0.0776(0.0387) −0.0021(0.0072)

β̂5 0.1904(0.0469) 0.1851(0.0539) 0.0287(0.0098)

β̂6 0.7431(0.0787) 1.0353(0.0412) 0.6391(0.0085)

β̂7 −0.0152(0.1118) −0.1201(0.0574) −0.0350(0.0110)

β̂8 −0.0311(0.0316) −0.1290(0.0089) 0.0062(0.0012)

β̂9 −0.0105(0.0447) 0.0259(0.0126) 0.0070(0.0017)

β̂10 0.0102(0.0028) 0.0201(0.0006) 0.0007(0.00003)

β̂11 0.0016(0.0004) −0.0023(0.0008) −0.0004(0.00004)

β̂12 1.4364(0.0397) 1.5295(0.0310) 0.7754(0.0056)

β̂13 0.0110(0.0565) −0.0464(0.0447) −0.0016(0.0060)

β̂14 0.0070(0.0019) 0.0062(0.0016) 0.0016(0.00003)

β̂15 0.0012(0.0027) 0.0023(0.0023) −0.0000001(0.0002)

φ̂ 0.3444(0.1425) 0.3146(0.1400) 1.7183(0.5390)
γ̂ −0.2679(0.1122) −0.2761(0.1140) −0.2786(0.1153)

σ̂2
α 0.1781(0.0101) 0.1742(−) 0.0057(−)

longitudinal components of the model indicated from the simulation results.

Since survival components in JMSIM, JMT and JMNT are the same, to assess the

goodness-of-fit of the models, we only calculated the leave-one-out cross validation

measurements for the longitudinal component of the joint models. Specifically, the

cross validation measure for the fit of a model is defined as:

CV =
n∑

i=1

ni∑
j=1

(yij − PPM
(−i)
ij )2,

where PPM
(−i)
ij is the predicted mean for the model based on all the data except

those from subject i. For the data analyzed, the cross validation measure of fit
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Figure 4.2: Estimated mean curves and their confidence bands for CMF (left) and
CEF (right) arms respectively.

are respectively 52.4943 for JMSIM, 51.5754 for JMT, and 69.8317 for JMNT. The

JMSIM and JMT models provide the similar degree of fit to the data and are much

better than JMNT, which are consistent with the simulation results presented in the

last section.

4.6 Conclusion and Discussion

In this chapter, we present two approaches to jointly model the longitudinal propor-

tional data and survival data, one based on a logit transformed longitudinal propor-

tional data and the other based on the simplex distribution to directly model the

longitudinal proportional data. Simulation results showed that the two approaches

are comparable in performance and both are better than the simple approach that

ignores the restrictive nature of the longitudinal proportional data. The approach

based on simplex distribution has, however, an advantage in its easier interpretation

of results on the original scale of the data. Similar to the classic generalized linear

model, this approach allows the effects of covariates on the mean of the longitudinal
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proportional data while the dispersion of the distribution stays intact.

Due to the complicated likelihood function involved, using the simplex distribution

in a joint model is not an easy task. We used the first order Laplace approximation

to approximate the likelihood function in the second joint modelling approach. A

higher order Laplace approximation may be considered. However, the extra com-

plexity of a higher order Laplace approximation may overweigh the improvement in

approximation.

In the current work, we only consider a time-independent correlation structure for

the longitudinal proportional data. A time-dependent correlation structure can also

be considered in the joint model. We will explore this further in the future work.
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Appendix: Some Derivatives Used in the Estimation Method

and Details of Data Generation

Some Derivatives Used in the Estimation Method

The marginal likelihood is

l(Θ) ∝
n∏

i=1

(σ2)−ni/2(σ2
α)−1/2

∫ +∞

−∞
eλ(αi)dαi.

We approximate λ(αi) at α̂i by Taylor expansion and

λ(αi) ≈ λ(α̂i) +
1

2
(αi − α̂i)

2λ(2)(α̂i)

since λ(1)(α̂i) = 0. Thus

l(Θ) ≈
n∏

i=1

(σ2)−ni/2(σ2
α)−1/2eλ(α̂i)

∫ +∞

−∞
e
− (αi−α̂i)

2

2(−λ(2)(α̂i))
−1 dαi

=
n∏

i=1

(σ2)−ni/2(σ2
α)−1/2eλ(α̂i)

√
2π|λ(2)(α̂i)|−1

and the first order and second-order Laplace-approximated marginal log-likelihood

L̃L(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λ(α̂i),

LL(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λ(α̂i)− 1

2

n∑
i=1

log |λ(2)(α̂i)|.
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Denote λPJPL(α) =
∑n

i=1 λPJPL(αi), α = (α1, ..., αn)T , then

∂λPJPL(α)

∂αi

= − 1

2σ2

ni∑
j=1

∂d(yij; µij)

∂αi

− αi

σ2
α

+ δiφ−
i∑

l=1

δl
eγT Zi+φαiφ∑

k∈R(tl)
eγT Zk+φαk

,

∂2λPJPL(α)

∂α2
i

= − 1

2σ2

ni∑
j=1

∂2d(yij; µij)

∂α2
i

− 1

σ2
α

−
i∑

l=1

δl
eγT Zi+φαi

∑
k∈R(tl)

eγT Zk+φαk
[1− eγT Zi+φαi

∑
k∈R(tl)

eγT Zk+φαk
]φ2,

∂2λPJPL(α)

∂αi∂αm

= eγT Zi+φαiφ

i∑

l=1

δl
eγT Zm+φαmφ

(
∑

k∈R(tl)
eγT Zk+φαk)2

I(tm∈R(tl)), i 6= m,

∂λPJPL(α)

∂β
= − 1

2σ2

n∑
i=1

ni∑
j=1

∂d(yij; µij)

∂β
,

∂2λPJPL(α)

∂β∂βT
= − 1

2σ2

n∑
i=1

ni∑
j=1

∂2d(yij; µij)

∂β∂βT
,

∂λPJPL(α)

∂γ
=

n∑
i=1

δi(Z
T
i −

∑
k∈R(ti)

eZT
k γ+φαkZT

k∑
k∈R(ti)

eZT
k γ+φαk

),

∂2λPJPL(α)

∂γ∂γT
= −

n∑
i=1

δi(

∑
k∈R(ti)

eγT Zk+φαkZkZ
T
k∑

k∈R(ti)
eγT Zk+φαk

−
∑

k∈R(ti)
eγT Zk+φαkZk ·

∑
k∈R(ti)

eγT Zk+φαkZT
k

(
∑

k∈R(ti)
eγT Zk+φαk)2

),

∂LLPJPL

∂σ2
= −

∑n
i=1 ni

2

1

σ2
− 1

2

n∑
i=1

1

λ
(2)
PJPL(αi)

∂λ
(2)
PJPL(αi)

∂σ2
+

n∑
i=1

∂λPJPL(αi)

∂σ2
,

∂2LLPJPL

∂σ2∂σ2
=

∑n
i=1 ni

2σ4
− 1

2

n∑
i=1

1

λ
(2)
PJPL(αi)

(
∂2λ

(2)
PJPL(αi)

∂σ2∂σ2
− 1

λ(2)(αi)
(
∂λ(2)(αi)

∂σ2
)2)

+
n∑

i=1

∂2λPJPL(αi)

∂σ2∂σ2
,

∂LLPJPL

∂σ2
α

= − n

2σ2
α

+
n∑

i=1

∂λPJPL(αi)

∂σ2
α

− 1

2

n∑
i=1

1

λ
(2)
PJPL(αi)

∂λ
(2)
PJPL(αi)

∂σ2
α

,
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∂2LLPJPL

∂σ2
α∂σ2

α

=
n

2σ4
α

− 1

2

n∑
i=1

1

λ
(2)
PJPL(αi)

(
∂2λ

(2)
PJPL(αi)

∂σ2
α∂σ2

α

− 1

λ(2)(αi)
(
∂λ(2)(αi)

∂σ2
α

)2)

+
n∑

i=1

∂2λPJPL(αi)

∂σ2
α∂σ2

α

,

∂LLPJPL

∂φ
=

n∑
i=1

∂λPJPL(αi)

∂φ
− 1

2

n∑
i=1

1

λ
(2)
PJPL(αi)

∂λ
(2)
PJPL(αi)

∂φ
,

∂2LLPJPL

∂φ∂φ
= −1

2

n∑
i=1

1

λ
(2)
PJPL(αi)

(
∂2λ

(2)
PJPL(αi)

∂φ∂φ
− 1

λ(2)(αi)
(
∂λ(2)(αi)

∂φ
)2)

+
n∑

i=1

∂2λPJPL(αi)

∂φ∂φ
,

∂d(yij; µij)

∂β
=

∂d(yij; µij)

∂µij

∂µij

∂β
,

∂2d(yij; µij)

∂β∂βT
=

∂2d(yij; µij)

∂µij∂µij

∂µij

∂β

∂µij

∂βT
+

∂d(yij; µij)

∂µij

∂2µij

∂β∂βT
,

∂d(yij; µij)

∂αi

=
∂d(yij; µij)

∂µij

µij(1− µij)X̃ij,

∂2d(yij; µij)

∂α2
i

=
∂2d(yij; µij)

∂µ2
ij

(
∂µij

∂αi

)2 +
∂d(yij; µij)

∂µij

∂2µij

α2
i

,

∂d(yij; µij)

∂µij

= −2
d(yij; µij)

yij − µij

− 2d(yij; µij)
1− 2µij

µij(1− µij)
,

∂µij

∂β
= µij(1− µij)Xij,

∂2d(yij; µij)

∂µ2
ij

= −2
∂d(yij; µij)/∂µij

yij − µij

− 2d(yij; µij)

(yij − µij)2

−2[∂d(yij; µij)/∂µij(1− 2µij)− 2d(yij; µij)]

µij(1− µij)
+

2d(yij; µij)(1− 2µij)
2

µ2
ij(1− µij)2

,

∂2µij

∂β∂βT
= (1− 2µij)(1− µij)µijXijX

T
ij ,

∂λPJPL(αi)

∂σ2
=

1

2

ni∑
j=1

d(yij; µij)

σ4
,

∂2λPJPL(αi)

∂σ2∂σ2
= −

∑ni

j=1 d(yij; µij)

σ6
,

∂λ
(2)
PJPL(αi)

∂σ2
=

1

2σ4

ni∑
j=1

∂2d(yij; µij)

∂α2
i

,
∂2λ

(2)
PJPL(αi)

∂σ2∂σ2
= − 1

σ6

ni∑
j=1

∂2d(yij; µij)

∂α2
i

,
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∂λPJPL(αi)

∂σ2
α

=
α2

i

2σ4
α

,
∂2λPJPL(αi)

∂σ2
α∂σ2

α

= −α2
i

σ6
α

,
∂λ

(2)
PJPL(αi)

∂σ2
α

=
1

σ4
α

,

∂2λ
(2)
PJPL(αi)

∂σ2
α∂σ2

α

= − 2

σ6
α

,

∂λPJPL(αi)

∂φ
= δi(αi −

∑
k∈R(ti)

eγT Zk+φαkαk∑
k∈R(ti)

eγT Zk+φαk
),

∂2λPJPL(αi)

∂φ2
= −δi(

∑
k∈R(ti)

eγT Zk+φαkα2
k∑

k∈R(ti)
eγT Zk+φαk

− (

∑
k∈R(ti)

eγT Zk+φαkαk∑
k∈R(ti)

eγT Zk+φαk
)2),

∂λ
(2)
PJPL(αi)

∂φ
= −δi[

eγT Zi+φαi(φ2αi + 2φ)∑
k∈R(ti)

eγT Zk+φαk
− eγT Zi+φαiφ2

∑
k∈R(ti)

eγT Zk+φαkαk

(
∑

k∈R(ti)
eγT Zk+φαk)2

−e2(γT Zi+φαi)(2φ2αi + 2φ)

(
∑

k∈R(ti)
eγT Zk+φαk)2

+
2e2(γT Zi+φαi)φ2

∑
k∈R(ti)

eγT Zk+φαkαk

(
∑

k∈R(ti)
eγT Zk+φαk)3

],

∂2λ
(2)
PJPL(αi)

∂φ2
= −δi[

eγT Zi+φαiφ2(α2
i φ

2 + 4φαi + 2)∑
k∈R(ti)

eγT Zk+φαk

−eγT Zi+φαi
∑

k∈R(ti)
eγT Zk+φαkαk(2αiφ

2 + 4φ)

(
∑

k∈R(ti)
eγT Zk+φαk)2

−eγT Zi+φαiφ2
∑

k∈R(ti)
eγT Zk+φαkα2

k

(
∑

k∈R(ti)
eγT Zk+φαk)2

+ 2
eγT Zi+φαiφ2(

∑
k∈R(ti)

eγT Zk+φαkαk)
2

(
∑

k∈R(ti)
eγT Zk+φαk)3

−4
e2(γT Zi+φαi)αi(φ

2αi + φ)

(
∑

k∈R(ti)
eγT Zk+φαk)2

− 2
e2(γT Zi+φαi)(2φαi + 1)

(
∑

k∈R(ti)
eγT Zk+φαk)2

+4
e2(γT Zi+φαi)

∑
k∈R(ti)

eγT Zk+φαkα2
k(φ

2αi + 2φ)

(
∑

k∈R(ti)
eγT Zk+φαk)3

+4
e(2γT Zi+φαi)αiφ

2
∑

k∈R(ti)
eγT Zk+φαkαk

(
∑

k∈R(ti)
eγT Zk+φαk)3

+2
e2(γT Zi+φαi)φ2

∑
k∈R(ti)

eγT Zk+φαkα2
k

(
∑

k∈R(ti)
eγT Zk+φαk)3

− 6
e2(γT Zi+φαi)φ2(

∑
k∈R(ti)

eγT Zk+φαkαk)
2

(
∑

k∈R(ti)
eγT Zk+φαk)4

].

The MLEs of Θ′ can be achieved by Newton-Raphson algorithm through approxi-

mated PJPL log-likelihoods.
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For the standard error of estimated parameters, we derive

B1 = −




∂2λPJPL

∂β∂βT
∂2λPJPL

∂β∂γT
∂2λPJPL

∂β∂αT

∂2λPJPL

∂γ∂βT
∂2λPJPL

∂γ∂γT
∂2λPJPL

∂γ∂αT

∂2λPJPL

∂α∂βT
∂2λPJPL

∂α∂γT
∂2λPJPL

∂α∂αT




, B2 = −




∂2LLPJPL

∂σ2∂σ2
∂2LLPJPL

∂σ2∂σ2
α

∂2LLPJPL

∂σ2∂φ

∂2LLPJPL

∂σ2
α∂σ2

∂2LLPJPL

∂σ2
α∂σ2

α

∂2LLPJPL

∂σ2
α∂φ

∂2LLPJPL

∂φ∂σ2
∂2LLPJPL

∂φ∂σ2
α

∂2LLPJPL

∂φ∂φ




where

∂2λPJPL

∂β∂γT
= 0,

∂2λPJPL

∂β∂αT
= (

∂2λPJPL

∂β∂α1

, ...,
∂2λPJPL

∂β∂αn

),

∂2λPJPL

∂β∂αi

= − 1

2σ2

ni∑
j=1

∂2d(yij; µij)

∂β∂αi

,

∂2d(yij; µij)

∂β∂αi

= [−2
∂d(yij; µij)/∂αi

yij − µij

− 2
d(yij; µij)∂µij/∂αi

(yij − µij)2

−2
(1− 2µij)∂d(yij; µij)/∂αi

µij(1− µij)
+ 4

d(yij; µij)∂µij/∂αi

µij(1− µij)

+2
d(yij; µij)(1− 2µij)∂µij/∂αi

µ2
ij(1− µij)

− 2
d(yij; µij)(1− 2µij)∂µij/∂αi

µij(1− µij)2
]

·µij(1− µij)Xij + [−2
d(yij; µij)

yij − µij

− 2
d(yij; µij)(1− 2µij)

µij(1− µij)
]
∂µij

∂αi

(1− 2µij)Xij,

∂2λPJPL

∂γ∂αT
= (

∂2λPJPL

∂γ∂α1

, ...,
∂2λPJPL

∂γ∂αn

),

λPJPL

∂γαi

= −eγT Zi+φαiZiφ
i∑

l=1

δl∑
K∈R(tl)

eγT Zk+φαk

+eγT Zi+φαiφ

i∑

l=1

δl

∑
K∈R(tl)

eγT Zk+φαkZk

(
∑

K∈R(tl)
eγT Zk+φαk)2

,

∂2LLPJPL

∂σ2∂σ2
α

=
1

2σ4
α

n∑
i=1

1

(λ
(2)
PJPL(αi))2

∂λ
(2)
PJPL(αi)

∂σ2
,

∂2LLPJPL

∂σ2
α∂φ

=
1

2σ4
α

n∑
i=1

1

(λ
(2)
PJPL(αi))2

∂λ
(2)
PJPL(αi)

∂φ
,

∂2LLPJPL

∂φ∂σ2
=

1

2

n∑
i=1

1

(λ(2)(αi))2

∂λ(2)(αi)

∂σ2

∂λ(2)(αi)

∂φ
.
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Details of Data Generation

To generate the longitudinal observation y following the simplex distribution (4.5)

with mean µ and dispersion σ2, we use the following property of simplex distributed

random variable, y = M
1+M

, where M = IMM1 + (1 − IM)M2 and IM is a binary

random variable with probability µ. That means M is a mixture random variable

with probability µ being M1 and probability 1−µ being M2. Here M1 is a reciprocal

of inverse-gaussian random variable with mean 1−µ
µ

and shape parameter 1
σ2µ2 , and

M2 follows the inverse gaussian distribution with mean µ
1−µ

and shape parameter

1
σ2(1−µ)2

.

We firstly generate binary random variable IM with probability µ. If IM = 1, gen-

erate the inverse-gaussian random variable M ′
1 with mean 1−µ

µ
and shape parameter

1
σ2µ2 , then obtain M1 = 1

M ′
1

and set M = M1. If IM = 0, generate M2 from the inverse

gaussian with mean µ
1−µ

and shape parameter 1
σ2(1−µ)2

, then set M = M2. Then we

transform M and obtain y = M
1+M

.
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Chapter 5

Joint Modelling of Longitudinal

Proportional Measurements and Survival

Times with a Cure Fraction

5.1 Introduction

In this Chapter, we consider joint modelling of the longitudinal proportional measure-

ments and survival data with a cure fraction. We propose to model the longitudinal

component using the simplex distribution as defined in the last Chapter, and employ

the promotion time cure model for the survival component. A shared random effect

is used for the joint modelling of these two components. We derive the penalized joint

partial log-likelihood for the parameters in the model, and use Newton-Raphson and

QEM algorithms to estimate these parameters.

This Chapter is organized as follows. Section 5.2 introduces the joint model of

longitudinal proportional measurements and survival data with a cure fraction, and

presents the penalized partial likelihood approach through a Laplace approximation

for the estimation of parameters in the model. Results of a simulation study evalu-

ating the proposed estimation procedure are given in Section 5.3. We also use the
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proposed model to fit the data from MA.5 trial in Section 5.4. The Chapter is com-

pleted with some discussions in Section 5.5 and some mathematical details in the

Appendix.

5.2 Joint Model for Longitudinal Proportional Measurements

and Survival Data with a Cure Fraction

In the last Chapter, we have considered the joint modelling of longitudinal propor-

tional measurements and survival data. The traditional proportional hazards model

is used to model the survival time. For several diseases, such as early stage of breast

cancer and prostate cancer, a significant fraction of patients with the diseases may be

cured. Therefore, it may be more appropriate to take into account of cure fraction

for the survival times in the joint analysis of the data from studies on these diseases.

We propose to use a generalized linear mixed model based on a simplex distribution

for the longitudinal proportional measurements in the joint model. That is, the lon-

gitudinal proportional measurement Yij is assumed to follow the simplex distribution

conditionally given a random effects αi as in (4.5). For the survival time T ′
i , we model

it by a promotion time cure model. That is, given αi, the survival function of T ′
i is

Spop(t|Zi, ξi) = exp[−F0(t)e
γT Zi+φαi ], (5.1)

where F0(t) is an arbitrary proper distribution function with a density function f0(t),

Zi is the vector of covariates which may have partial or complete overlap with Xi,

and γ is the corresponding regression coefficients including the intercept.

It is assumed that the random effects αi follows the normal distribution as in

(4.2) and it reflects the unobserved heterogeneity in the mean of Yij and the hazard

of T ′
i for different subjects. The correlation between the longitudinal proportional
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measurements and survival times is characterized through the parameter φ. This can

be seen from the joint density function of T ′
i and Yij

f(t, y) = f0(t)[2πσ2(y(1− y))3]−1/2eγT Z

×
∫ +∞

−∞
eφα−F0(t)eγT Z+φα

exp


−

(y − eXT β+X̃T α

1+eXT β+X̃T α
)2

2σ2y(1− y) e2(XT β+X̃T α)

(1+eXT β+X̃T α)4


ϕ(α)dα;

Since, when φ = 0, the survival times and longitudinal measurements will be indepen-

dent conditional on the observed covariates, i.e. f(t, y) = fT ′(t)
∫ +∞
−∞ fY (y|α)ϕ(α)dα =

fT ′(t)fY (y), where fT ′(t) and fY (y) are respectively the marginal density function of

T ′
i and Yij, and fY (t|α) is the conditional density function of Yij, given αi.

Denote (ti, δi) as the observed event time and censoring indicator, and yij the

observed value of Yij. We are interested in estimating the parameters Θ = (β, φ, γ,

σ2, σ2
α) of the proposed joint model. The marginal log-likelihood of observed data is

Lm(Θ) = log
n∏

i=1

∫ [
ni∏

j=1

S−(yij|µij, σ
2)

]
[f0(ti)e

γT Zi+φαi ]δie−F0(ti)e
γT Zi+φαiϕ(αi|0, σ2

α)dαi,

(5.2)

where F0(t) =
∫ t

0
f0(t)dt.

The integration in (5.2) does not have an explicit form, and thus it is difficult

to maximize the marginal likelihood directly. We use a Laplace approximation to

simplify the marginal likelihood. Similar to the Laplace approximated log-likelihood

for JMSIM in Chapter 4, the approximations to the log-likelihood (5.2) based on the
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first order and second order Laplace approximation are, respectively,

L̃L(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λc(α̂i),

LL(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λc(α̂i)− 1

2

n∑
i=1

log |λ(2)
c (α̂i)|,

where λc(αi) = − 1
2σ2

∑ni

j=1 d(yij; µij)+δi(log f0(ti)+γT Zi+φαi)−F0(ti)e
γT Zi+φαi− α2

i

2σ2
α
,

λ
(2)
c (αi) = − 1

2σ2

∑ni

j=1
∂2d(yij ;µij)

∂αi
2 −F0(ti)e

γT Zi+φαiφ2− 1
σ2

α
and α̂i = argmaxαi

λc(α). As

we reviewed in Chapter 2, the promotion time cure model (5.1) has the proportional

hazards structure with the baseline hazard function F0(t)e
γ0 , where γ0 is the inter-

cept coefficient. Following the same approach to obtain the penalized joint partial

likelihoods L̃LPJPL and LLPJPL defined in Chapter 4, we can replace the survival

times’ log-likelihood terms in λc(αi), i.e. the two middle terms, by the corresponding

partial likelihood and obtain the following first-order and the second-order penalized

joint partial log-likelihoods (PJPLC) for the proposed joint model,

L̃LPJPLC(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λPJPLC(α̂i),

LLPJPLC(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λPJPLC(α̂i)

−1

2

n∑
i=1

log |λ(2)
PJPLC(α̂i)|,

where

λPJPLC(αi) = − 1

2σ2

ni∑
j=1

d(yij; µij) + δi[γ
T
r Zri + φαi − log(

∑

k∈R(ti)

eγT
r Zrk+φαk)]

− α2
i

2σ2
α

,
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λ
(2)
PJPLC(αi) = − 1

2σ2

ni∑
j=1

∂2d(yij; µij)

∂αi
2

−δi
eγT

r Zri+φiαiφ2

∑
k∈R(ti)

eγT
r Zrk+φαk

(1− eγT
r Zri+φiαi

∑
k∈R(ti)

eγT
r Zrk+φαk

)− 1

σ2
α

.

Here γr are the coefficients of γ excluding intercept and Zri are corresponding covari-

ate.

Given Θ, αi can be estimated by α̂i = argmaxαi
λPJPLC(α), which can be obtained

by solving ∂λPJPLC(α)
∂αi

= 0. To estimate Θ, we first maximize the first-order PJPL

L̃LPJPLC(Θ) at some initial values of σ2, σ2
α and φ, and get the estimates of β and

γr. It is equivalent to maximize
∑n

i=1 λPJPLC(α̂i) with respect to β and γr by solving

∂
∑n

i=1 λPJPLC(α̂i)

∂β
= 0 and

∂
∑n

i=1 λPJPLC(α̂i)

∂γr
= 0 through Newtwon-Raphson algorithm.

Then we fix β and γr at their current estimates, and maximize the second-order PJPL

LLPJPLC(Θ) with respect to σ2, σ2
α and φ, which is equivalent to solving ∂LLPJPL(Θ)

∂σ2 =

0, ∂LLPJPL(Θ)
∂σ2

α
= 0 and ∂LLPJPL(Θ)

∂φ
= 0. The maximum likelihood estimates of β, γr,

σ2, σ2
α and φ can be obtained by iterating these two steps until convergence. After

they converge, we estimate γ0 by maximizing the marginal likelihood L̃L(Θ) at β̂, γ̂r,

σ̂2, σ̂2
α, φ̂ and α̂ through QEM algorithm. This is equivalent to maximize

n∑
i=1

[δi(log f0(ti) + γ0 + γ̂T
r Zri + φ̂α̂i)− F0(ti)e

γ0+γ̂T
r Zri+φ̂α̂i ] (5.3)

with respect to γ0. As we can see, the function (5.3) is the log-likelihood of the

promotion time cure model with an additional offset term eγ̂T
r Zr+φ̂α̂. Therefore, it can

be maximized by using the semiparametric method described as the M-step of E[Ls]

in Chapter 3.

The variances of these parameter estimates can be approximated by inverting the

information matrices Bc1 of the first-order PJPL for parameters (β, γ) and Bc2 of the
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second-order PJPL for parameters (σ2, σ2
α, φ), and Bc3 of (5.3) for γ0. The details of

these matrices are given in the Appendix.

5.3 A Simulation Study

A simulation study is conducted to investigate the performance of the proposed joint

model and the proposed estimation procedure for longitudinal proportional measure-

ments and survival times with a cure fraction.

We generate 200 data sets with the sample size n = 100 from the proposed joint

model. The maximum number of longitudinal observations for each subject is 8. A

single binary covariate taking values 0 and 1 with equal probability is used both

as Zi and as xi in XT
ij = (1, xi, tij), where tij = 0.2(j − 1). The coefficient of X

is βT = (1, 1, 1), and the coefficient of Z is γr = −0.1 with intercept γ0 = 0.5

such that the cure fraction is 21%. The random effects αi is generated from the

normal distribution with mean 0 and variance σ2
α = 0.5, and 1.2. Given αi, the

longitudinal observation yij’s are obtained from the simplex distribution (4.5) with

mean µij = e
XT

ijβ+αi

1+e
XT

ij
β+αi

and dispersion σ2 = 0.5 and 1.2. The true survival times

are generated from (5.1) with the baseline function f0(t) as the density function of

an exponential distribution with mean 1. The censoring times are generated from

uniform distributions to make the overall censoring rate around 23% and 49%. The

longitudinal measurements of the subjects are truncated by their survival times.

We fit the data with the proposed joint model denoted as JMSIMC, and present

the biases and empirical variances for the estimates of the parameters in this model

in Tables 5.1 and 5.2 for the cases where the censoring rates are respectively 23%

and 49%. From these two tables, the estimates of parameters in JMSIMC using

the proposed estimation method have small biases toward zero. When dispersion
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parameter σ2 becomes larger, the biases and empirical variances of the estimates

only increase slightly. This is consistent with the results observed in Chapter 4

that a change in σ2 has a minimal impact on the variance for the estimate of σ2
α.

When the variance of random effects σ2
α increases, the estimates of γ0 and γ1 in the

survival component of the model tend to have slightly larger variances. When the

censoring becomes heavier, the empirical variances of estimates for the parameters

in the survival component of the joint model becomes larger, while those for the

parameters (β0, β1) in the longitudinal component are fairly robust to the change in

censoring rate. For the regression coefficient β2 of tij, its variance estimate becomes

larger when the censoring rate increases, since heavy censoring would make more

longitudinal measurements truncated by the survival time.

We also fit the simulated data with the joint model, denoted as JMttNT, pre-

sented in Chapter 3 which is based on t distribution but ignores the constraint on the

longitudinal proportional measurements; and another joint model, denoted as JMttT,

which models the logistic transformed longitudinal proportional measurements based

on the joint model in Chapter 3. The results are also presented in Tables 5.1 and

5.2. These results show that the estimates of the parameters from the JMttNT model

tend to be more biased although the empirical variances of the estimates are smaller

for some parameters. The ratios of the mean square errors of the estimates from the

JMSIMC and JMttT models over those from the JMttNT model, denoted as RMSE1

and RMSE2 respectively, are presented in the last two columns of Tables 5.1 and

5.2. As we can see that both JMSIMC and JMttT models are more efficient than

the JMttNT model since the ratios of MSEs of the estimates are less than 1 in all

the cases. When the dispersion parameter σ2 becomes large, the efficiency improve-

ment of the JMSIMC and JMttT models over the JMttNT model is reduced slightly.
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Table 5.1: Biases and variances of parameters for JMSIMC, JMttT, JMttNT with
censoring rate 23%

JMSIMC JMttTT JMttNT
(σ2, σ2

α) Bias Var Bias Var Bias Var RMSE1 RMSE2

(0.5, 0.5) β̂0 0.0210 0.0118 0.0654 0.0121 −0.1337 0.0276 0.2692 0.3601

β̂1 0.0168 0.0196 0.0064 0.0195 −0.7288 0.0745 0.0328 0.0323

β̂2 0.0086 0.0010 −0.0064 0.0012 −0.9067 0.0001 0.0013 0.0015

φ̂ 0.0823 0.0395 - - - - - -
γ̂0 0.0362 0.0327 0.1343 0.0403 0.4105 0.0759 0.1392 0.2387
γ̂1 −0.0091 0.0620 −0.1298 0.0726 −0.3253 0.1265 0.2672 0.3850
σ̂2 −0.0017 0.0020 - - - - - -
σ̂2

α 0.0003 0.0059 - - - - - -

(1.2, 0.5) β̂0 0.0462 0.0132 0.0903 0.0141 −0.2120 0.0005 0.3374 0.4897

β̂1 0.0129 0.0214 0.0029 0.0211 −0.8874 0.0030 0.0273 0.0267

β̂2 0.0159 0.0021 −0.0199 0.0028 −0.9166 0.0001 0.0028 0.0038

φ̂ 0.1461 0.0509 - - - - - -
γ̂0 0.0490 0.0348 0.1296 0.0397 0.5003 0.0807 0.1124 0.1707
γ̂1 −0.0129 0.0684 −0.1259 0.0710 −0.4483 0.1236 0.2113 0.2676
σ̂2 −0.0053 0.0116 - - - - - -
σ̂2

α 0.0075 0.0066 - - - - - -

(0.5, 1.2) β̂0 0.0159 0.0269 0.1197 0.0304 −0.1879 0.0106 0.5915 0.9743

β̂1 0.0290 0.0449 0.0178 0.0443 −0.8591 0.0299 0.0596 0.0581

β̂2 0.0070 0.0008 −0.0060 0.0012 −0.9038 0.0002 0.0010 0.0015

φ̂ 0.0450 0.0175 - - - - - -
γ̂0 0.0478 0.0367 0.1364 0.0481 0.3513 0.0812 0.1905 0.3260
γ̂1 −0.0145 0.0710 −0.1347 0.0765 −0.1916 0.1107 0.4831 0.6420
σ̂2 −0.0005 0.0019 - - - - - -
σ̂2

α −0.0009 0.0304 - - - - - -

RMES1 is equivalent to RMSE2 for all parameters except intercept in the longitudi-

nal component, and is smaller for all parameters in the survival component, which

implies JMSIMC is better than JMttT for the estimation of parameters in the cure

model. When the censoring rate increases, the amount of improvement of JMSIMC

over JMttT is decreased.

We also examine the variance estimates for the parameter estimates in the pro-

posed joint model based on the asymptotic variances Bc1, Bc2 and Bc3 defined in the
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Table 5.2: Biases and variances of parameters for JMSIMC, JMttT, JMttNT with
censoring rate 49%

JMSIMC JMttTT JMttNT
(σ2, σ2

α) Bias Var Bias Var Bias Var RMSE1 RMSE2

(0.5, 0.5) β̂0 0.0244 0.0121 0.0495 0.0129 −0.2306 0.0010 0.2343 0.2833

β̂1 0.0195 0.0208 0.0125 0.0211 −0.8772 0.0033 0.0274 0.0275

β̂2 0.0122 0.0028 −0.0088 0.0034 −0.9025 0.0002 0.0036 0.0043

φ̂ 0.1062 0.0695 - - - - - -
γ̂0 −0.1956 0.0829 −0.1305 0.0856 0.0313 0.1276 0.9423 0.7982
γ̂1 −0.0209 0.0996 −0.0924 0.1058 −0.1857 0.1361 0.5864 0.6703
σ̂2 −0.0039 0.0030 - - - - - -
σ̂2

α 0.0015 0.0059 - - - - - -

(1.2, 0.5) β̂0 0.0529 0.0144 0.0743 0.0154 −0.2209 0.0006 0.3482 0.4235

β̂1 0.0170 0.0227 0.0105 0.0231 −0.8900 0.0005 0.0290 0.0293

β̂2 0.0215 0.0065 −0.0264 0.0078 −0.9135 0.0002 0.0083 0.0102

φ̂ 0.1912 0.0960 - - - - - -
γ̂0 −0.1831 0.0868 −0.1338 0.0861 0.3881 0.1672 0.3786 0.3272
γ̂1 −0.0263 0.1027 −0.0903 0.1052 −0.6477 0.1785 0.1729 0.1896
σ̂2 −0.0094 0.0174 - - - - - -
σ̂2

α 0.0100 0.0070 - - - - - -

(0.5, 1.2) β̂0 0.0179 0.0276 0.0798 0.0316 −0.2197 0.0015 0.5610 0.7629

β̂1 0.0339 0.0472 0.0271 0.0472 −0.8931 0.0009 0.0605 0.0600

β̂2 0.0101 0.0026 −0.0084 0.0036 −0.9005 0.0005 0.0033 0.0045

φ̂ 0.0568 0.0301 - - - - - -
γ̂0 −0.1797 0.0941 −0.1210 0.0991 0.0442 0.1800 0.6946 0.6251
γ̂1 −0.0142 0.0995 −0.0803 0.0963 −0.1090 0.1210 0.7503 0.7732
σ̂2 −0.0015 0.0027 - - - - - -
σ̂2

α −0.0002 0.0315 - - - - - -

Appendix and compare them with the empirical variances. We found that they are

generally very close. For instance, when σ2 = 0.5 and σ2
α = 0.5 with 23% subjects

being censored, for the regression coefficients β0, β1, β2, γ0 and γ1, the asymptotic

variances are respectively 0.0088, 0.0172, 0.0010, 0.0171, and 0.0603 while the em-

pirical variances are respectively 0.0118, 0.0196, 0.0010, 0.0327 and 0.0620. For the

variance parameters σ2, σ2
α and φ, the asymptotic variances are respectively 0.0017,

0.0052 and 0.0307 while the empirical variances are respectively 0.0020, 0.0058 and
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0.0395. For the intercept coefficient γ0, the asymptotic variance is slightly lower than

the empirical variance because γ0 is estimated at the fixed MLEs of other parameters.

The approximated variance estimator works in general reasonably well. Therefore,

the approximated variance can be used in place of some computationally intensive

methods such as the bootstrap method for the variance estimation.

5.4 Application to Breast Cancer Data from NCIC Clinical

Trials Group (CTG) MA.5

We also apply the proposed joint model and the estimation method to analyze the

data from the MA.5 trial described in Chapter 1. We analyze the longitudinal QoL

proportional measurements jointly with RFS times observed from this trial. For the

longitudinal component, we employ the model (4.5) with the piecewise polynomial

linear predictor defined in (4.13) for the response variables defined as the change in

QoL scores from baseline over time. RFS times are modelled by the promotion time

cure model (5.1) with the treatment covariate.

In Table 5.3, we summarize the estimates of the parameters and their standard er-

rors in the three joint models JMSIMC, JMttT, and JMttNT. All the models revealed

that patients randomized to CEF tend to have a significantly higher probability of

being cured and longer survival time than those randomized to CMF. For example,

the estimated cure probability predicted from JMSIMC is 42.13% and 51.62% for pa-

tients randomized in CMF and CEF, respectively. The estimated cure probabilities

for patients of CMF arm from JMttT and JMttNT models tend to be smaller than

that from JMSIMC, while that for patients of CEF arm tend to be larger. This is

consistent with the results in the simulation study which showed the upward biases

of γ̂0 from JMttT and JMttNT, and downward biases of γ̂1 from these two models.
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Table 5.3: Parameter estimates (standard errors) in JMSIMC, JMttT, JMttNT for
MA.5
Parameter JMSIMC JMttT JMttNT

Est. (Std.err.) Est.(Std.err.) Est.(Std.err.)

β̂0 1.0516(0.0316) 1.2090(0.0304) 0.0395(0.0190)

β̂1 0.0350(0.0447) −0.0351(0.0425) 0.0445(0.0239)

β̂2 −0.2171(0.0624) −0.3421(0.0533) −0.0636(0.0085)

β̂3 −0.4345(0.0900) −0.4040(0.0742) −0.0804(0.0120)

β̂4 0.0393(0.0332) 0.0910(0.0278) 0.0192(0.0044)

β̂5 0.1904(0.0469) 0.1937(0.0387) 0.0390(0.0062)

β̂6 0.7431(0.0787) 1.1345(0.0684) 0.0300(0.0196)

β̂7 −0.0152(0.1118) −0.1540(0.0953) 0.0225(0.0252)

β̂8 −0.0311(0.0316) −0.1698(0.0263) −0.0311(0.0042)

β̂9 −0.0105(0.0447) 0.0412(0.0367) 0.0081(0.0059)

β̂10 0.0102(0.0028) 0.0237(0.0024) 0.0042(0.0004)

β̂11 0.0016(0.0004) −0.0036(0.0034) −0.0007(0.0005)

β̂12 1.4364(0.0397) 1.5397(0.0414) 0.0864(0.0193)

β̂13 0.0110(0.0565) −0.0604(0.0575) 0.0458(0.0244)

β̂14 0.0070(0.0019) 0.0053(0.0019) 0.0008(0.0003)

β̂15 0.0012(0.0027) 0.0033(0.0027) 0.0003(0.0004)

φ̂ 0.3444(0.1425) -(-) -(-)
γ̂0 −0.1457(0.0572) −0.0375(0.0773) −0.0263(0.0809)
γ̂1 −0.2679(0.1122) −0.3381(0.1150) −0.3409(0.1185)
σ̂2

α 0.1781(0.0101) -(-) -(-)

The parameter φ̂ is also significantly different from 0 with a p-value 0.0157, which

indicates a significant correlation between longitudinal QoL proportional measure-

ments and RFS data. It is not surprising that the estimates of all parameters except

the intercept γ0 in the JMSIMC are same as that in JMSIM since those parameters

are estimated by the same approach in two models. This means that same as we

observed in Figure 4.1 of Section 4.4 patients treated by CEF had worse QoL than

those treated by CMF at very beginning but gradually recovered to a slightly better

level than those treated by CMF.
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5.5 Conclusion and Discussion

In this Chapter, a joint model taking into account of a cure fraction in survival data

is proposed for longitudinal proportional QoL measurements and survival times. We

use a generalized linear mixed effects model based on the simplex distribution for the

longitudinal component, and a promotion time cure model for the survival component,

with a shared random effects linking the correlation between these two components. A

penalized joint partial log-likelihood and quasi-EM algorithm are derived to estimate

the parameters in the proposed joint model. From the simulation study, we can see

that the proposed estimation method of the proposed joint model is better than those

from other two joint approaches, which use the joint models developed in Chapter

3 to respectively raw or logit transformed longitudinal proportional measurements.

Moreover, the proposed joint model has easier interpretation than other two joint

models because it models the mean of longitudinal proportional measurement directly.

In this Chapter, we have also used the Laplace approximation to the marginal

likelihood, which provides simple estimating equations for the parameters estimation,

but results in underestimation of the estimated variances for the parameters of the

fixed effects. Similar phenomenon was reported in Ripatti and Palmgren (2000) and

Ye et al. (2008). One solution to correct this is via bootstrap, but may be more

computationally intensive and time-consuming. Some further investigation is needed

to improve efficiency in both estimation and computation.
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Appendix: Some Derivatives Used in the Estimation Method

The marginal likelihood is

l(Θ) ∝
n∏

i=1

(σ2)−ni/2(σ2
α)−1/2

∫ +∞

−∞
eλc(αi)dαi.

We approximate λc(αi) at α̂i by Taylor expansion and

λc(αi) ≈ λc(α̂i) +
1

2
(αi − α̂i)

2λ(2)
c (α̂i)

since λ
(1)
c (α̂i) = 0. Thus

l(Θ) ≈
n∏

i=1

(σ2)−ni/2(σ2
α)−1/2eλc(α̂i)

√
2π|λ(2)

c (α̂i)|−1

and the first order and second-order Laplace-approximated marginal log-likelihood

L̃L(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λc(α̂i),

LL(Θ) = −
∑n

i=1 ni

2
log σ2 − n

2
log σ2

α +
n∑

i=1

λc(α̂i)− 1

2

n∑
i=1

log |λ(2)
c (α̂i)|.

Denote λPJPLC(α) =
∑n

i=1 λPJPLC(αi), α = (α1, ..., αn)T , then replace λPJPL(α)

by λPJPLC(α) in ∂λPJPLC(α)
∂αi

, ∂2λPJPLC(α)

∂α2
i

, ∂2λPJPLC(α)
∂αi∂αm

, and ∂L̃LPJPLC(α)
∂β

, ∂L̃LPJPLC(α)
∂γr

,

∂2L̃LPJPLC(α)
∂γr∂γT

r
, ∂LLPJPLC

∂σ2 ,, ∂2LLPJPLC

∂σ2∂σ2 , ∂LLPJPLC

∂σ2
α

, ∂2LLPJPLC

∂σ2
α∂σ2

α
, and ∂LLPJPLC

∂φ
, ∂2LLPJPLC

∂φ∂φ
,

∂λPJPLC(αi)
∂σ2 , ∂2λPJPLC(αi)

∂σ2∂σ2 ,
∂λ

(2)
PJPLC(αi)

∂σ2 ,
∂2λ

(2)
PJPLC(αi)

∂σ2∂σ2 , and ∂λPJPLC(αi)
∂σ2

α
, ∂2λPJPLC(αi)

∂σ2
α∂σ2

α
, and

∂λ
(2)
PJPLC(αi)

∂σ2
α

,
∂2λ

(2)
PJPLC(αi)

∂σ2
α∂σ2

α
, ∂λPJPLC(αi)

∂φ
, ∂2λPJPLC(αi)

∂φ2 ,
∂λ

(2)
PJPLC(αi)

∂φ
and

∂2λ
(2)
PJPLC(αi)

∂φ2 , and

keep same for
∂d(yij ;µij)

∂β
,

∂2d(yij ;µij)

∂β∂βT ,
∂d(yij ;µij)

∂αi
,

∂2d(yij ;µij)

∂α2
i

,
∂d(yij ;µij)

∂µij
,

∂µij

∂β
,

∂2d(yij ;µij)

∂µ2
ij

and

∂2µij

∂β∂βT as in the Appendix of Chapter 4.

The MLEs of β, γr, φ, σ2, σ2
α can be achieved by Newton-Raphson algorithm through
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approximated PJPL log-likelihoods. To estimate γ0, it is equivalent to maximize the

log-likelihood (5.3) of the promotion time cure model with an additional offset term

log(eγ̂T
r Zri+φ̂α̂i). The maximizing can be carried out by the M-step in Chapter 3 with

replacing the offset term log r̃i by log(eγ̂T
r Zri+φ̂α̂i).

For the standard error of estimated parameters, we derive

Bc1 = −




∂2λPJPLC

∂β∂βT
∂2λPJPLC

∂β∂γT
∂2λPJPLC

∂β∂αT

∂2λPJPLC

∂γ∂βT
∂2λPJPLC

∂γ∂γT
∂2λPJPLC

∂γ∂αT

∂2λPJPLC

∂α∂βT
∂2λPJPLC

∂α∂γT
∂2λPJPLC

∂α∂αT




,

Bc2 = −




∂2LLPJPLC

∂σ2∂σ2
∂2LLPJPLC

∂σ2∂σ2
α

∂2LLPJPLC

∂σ2∂φ

∂2LLPJPLC

∂σ2
α∂σ2

∂2LLPJPLC

∂σ2
α∂σ2

α

∂2LLPJPLC

∂σ2
α∂φ

∂2LLPJPLC

∂φ∂σ2
∂2LLPJPLC

∂φ∂σ2
α

∂2LLPJPLC

∂φ∂φ




,

Bc3 = − ∂2

∂γ2
0

n∑
i=1

[δi(log f0(ti) + γ0 + γ̂T
r Zri + φ̂α̂i)− F0(ti)e

γ0+γ̂T
r Zri+φα̂i ]

where Bc1, Bc2 are same as that of Appendix of Chapter 4 by replacing λPJPL with

λPJPLC . For the standard error of estimated γ0, we derive Bc3 the negative second

order derivation of (5.3) with respect to γ0.
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Chapter 6

Summary and Further Extensions

In this thesis, we first reviewed the models for the longitudinal measurements and

survival times, respectively, and the current approaches for the joint modelling of

longitudinal measurements and survival data. We proposed new models and esti-

mation approaches for the joint analysis of longitudinal measurements and survival

times specially in the context of cancer clinical trials, and assessed their performances

through simulation studies. The proposed new joint models are applied to analyze

the longitudinal QoL measurements and relapse-free survival times from NCIC Clin-

ical Trials Group (CTG) MA.5 trial, which evaluated the effect of treatments CMF

and CEF for early stage breast cancer. The following is a summary of the results we

obtained in this thesis.

In Chapter 3, a new joint model with a semiparametric estimation method is

proposed, based on a t distribution for longitudinal measurements, and a promotion

time cure model for survival times. This model is more robust and allows for a

cure fraction in survival data than the classical joint models. Our model leads to a

simple conditional distribution of the latent variable in the E-step of EM algorithm

which reduces the computational complexity. The simulation study shows that the

estimation of parameters in the new joint model is more efficient than that in the
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separate analysis and the the existing joint model (Zeng and Cai 2005).

In Chapter 4, two new approaches of joint modelling are developed when the lon-

gitudinal response is constrained in a known interval (0, 1), such as that from QoL

studies. One approach models the logit transformed longitudinal response using clas-

sical joint models, while the other joint modelling approach models the longitudinal

proportional response by a simplex distribution. A Laplace approximated method is

developed to obtain the penalized joint partial likelihood in the second approach. It

is shown by simulations that these two approaches are comparable and both perform

better than the approach ignoring the constraint of longitudinal response in terms of

mean squared error. The advantage of the second approach is easier interpretation.

Chapter 5 extends the models of Chapter 4 to longitudinal measurements with the

constraint in (0, 1) and survival data with a cure fraction. The penalized joint partial

likelihood with a QEM algorithm is derived to estimate the parameters in this new

joint model. The simulation study shows that the proposed joint model outperforms

two existing joint models. This new model also has an easier interpretation.

The application of three models developed in this thesis to the breast cancer data

set from NCIC MA.5 clinical trial demonstrates the practical relevances of our new

models. In general, if patients may be cured by a treatment, the joint model developed

in Chapter 3 and 5 may be more appropriate to model jointly the longitudinal QoL

measurements and survival times. The models proposed in Chapter 4 may be used

when patients are unlikely to be cured, such as patients in advanced stage of a cancer.

The model developed in Chapter 3 can be used for the joint modelling of survival

times with a cure fraction and longitudinal measurements that are not confined in an

interval, such as longitudinal PSA measurements for the patients with prostate cancer,

while the model in Chapter 5 applies to the confined longitudinal measurements and

survival data with a cure fraction.
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There are a few potential extensions of the research presented in this thesis. For

example, on the original scale, the QoL measurements are categorical. Joint models

based on item response model (Wang et al. 2002), which model QoL measurements

as categorical response, may be of interest. The model assessment may be developed

through prediction if a validation data set is available as in Yu et al. (2008). It is

an interesting topic for future research to develop a flexible function of time for the

true unobserved longitudinal trajectory and baseline survival function through the

smoothing splines. There may be also competing risk for the survival times obtained

from cancer clinical trials, such as deaths due to different reasons. Also, relapse free

survival is, by nature, interval-censored since assessment of recurrence is usually done

at each clinical assessment. Extensions of models developed in this thesis to take into

account of these situations are also of interest in the applications.
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