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Abstract 

Uncertainty in rockmass and in situ stress parameters poses a critical design challenge in 

geotechnical engineering. This uncertainty stems from natural variability (aleatory) due to the 

complex history of formation and continual reworking of geological materials as well as 

knowledge-based uncertainty (epistemic) due to a lack of site specific information and the 

introduction of errors during the testing and design phases. While such uncertainty can be dealt 

with subjectively through the use of conservative design parameters, this leads to a lack of 

understanding of the variable ground response and the selection of an over-conservative design 

that can have a negative impact on both the project cost and schedule. 

Reliability methods offer an alternative approach that focuses on quantifying the 

uncertainty in ground conditions and utilizing it directly in the design process. By doing so, a 

probability of failure can be calculated with respect to a prescribed limit state, providing a 

measure of design performance. When multiple design options are considered, reliability methods 

can be paired with a quantitative risk analysis to determine the optimum design on the basis of 

safety and minimum cost rather than subjective conservatism. 

Despite the inherent benefits of such an approach, the adoption of reliability methods has 

been slow in geotechnical engineering due to a number of technical and conceptual challenges. 

The research conducted pertaining to this thesis aims to address these issues and remove the 

perceived “cloak of mystery” that surrounds the use of reliability methods. The scientific and 

engineering research in this thesis was divided into four sections: (1) the assessment of 

uncertainty in geotechnical input parameters, (2) a review of reliability methods in the context of 

geotechnical problems, (3) the development of a reliability-based, quantitative risk approach for 

underground support design and (4) the application of such a method to existing case studies. The 

completion of these areas is critical to the design of underground structures and may bring about a 

shift in design philosophy in the geotechnical industry. 
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M  Bending moment in a liner 

n  Number of data points or number of random variables 

N  Axial thrust in a liner 

pf  Probability of failure 

P  Hydrostatic pressure 

qx,y  Sample covariance between variables x and y 
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Q  Deviatoric stress or shear force in a liner 

Q  Tunnelling quality index 

rx,y  Sample Pearson correlation coefficient between variables x and y 

R  Strength ratio 

R*  Normalized plastic zone radius 

R
2
  Coefficient of determination 

RP  Plastic zone radius 

RT  Tunnel radius 

s  Sample standard deviation and estimate of standard error (regression analysis) 

s, a  Hoek-Brown rockmass constants 

t  Critical t-distribution value 

u*  Normalized radial displacement 

u0  Radial displacement at the tunnel face 

ur  Radial displacement 

Vb  Block size  

w(X)  Regression model 

x, y  Coordinates of data point 

 ̂,  ̂  Point on regression line 

 ̅  Sample (arithmetic) mean 

X  Collection of random input variables 

X*  Normalized distance from tunnel face 
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List of Definitions 

Aleatory variability: natural randomness in a process. In geotechnical engineering, natural 

variability in rockmass and in situ stress parameters is typically represented as aleatory. 

Confidence interval (CI): an estimate of the interval within which the mean regression line is 

expected to fall. 

Covariance: a measure of how much two random variables change together. 

Epistemic uncertainty: the scientific uncertainty due to limited data and knowledge (things we 

could in principle know but don't in practice). 

Prediction interval (PI): provides an estimate of the interval within which future data points will 

fall, given the existing information. 

Probability: a measure of the degree of certainty. It can be an estimate of the likelihood of the 

magnitude of an uncertain quantity, or the likelihood of the occurrence of an uncertain 

future event. 

Probability theory: the branch of mathematics concerned with random phenomena. 

Random variable: a variable that can take on a set of different values, each with an associated 

probability. 

Risk: a measure of the probability and severity of an adverse effect to life, health, property, or the 

environment. Quantitatively, it is equal to the hazard times the consequence. 

Risk analysis: the use of available information to estimate the risk to individuals or populations, 

property or the environment, from hazards. 

Risk assessment: the process of making a decision recommendation on whether existing risks are 

tolerable and present risk control measures are adequate, and if not, whether alternative 

risk control measures are justified or will be implemented. 

Risk management: the systematic application of management policies, procedures and practices to 

the tasks of identifying, analyzing, assessing, mitigating and monitoring risk. 

Statistic: any mathematical function of a set of measured data. 

Uncertainty quantification: the science of quantitative characterization and reduction of 

uncertainties in applications. This process aims to determine how likely certain outcomes 

are based on input uncertainties. 

Uncertainty propagation: the quantification of uncertainties in system output(s) propagated from 

uncertain inputs. 
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Chapter 1 

Introduction 

1.1 Purpose of Study 

Since the development of standardized field and laboratory testing procedures for the 

study of geological materials in the early 20
th
 century, it has been understood that uncertainty is 

prevalent in both rockmass and stress parameters. In general, sources of uncertainty include the in 

situ variability or natural heterogeneity of the material as well as knowledge-based uncertainties 

stemming from a lack of site specific information and errors made during the measurement and 

testing phases. Such uncertainty poses a challenge for obtaining reliable design or hazard 

prediction calculations from mechanistic or empirical models of rockmass behaviour. 

This issue is illustrated in Figure 1-1 for the Yacambú-Quibor tunnel in Venezuela, which 

was excavated through heavily sheared graphitic phyllite. Due to the chaotic nature of the 

material, significant uncertainty is associated with both the rockmass strength and stiffness 

properties. Naturally, the uncertainty in input parameters will result in uncertainty in design 

performance, which is represented in the figure by a continuous distribution of Factor of Safety 

values. Given the potential for variable rockmass behaviour, the engineer is faced with a critical 

issue: how to design a support system that will be stable over the range of possible ground 

conditions? To simplify this problem, the uncertainty is typically dealt with subjectively through 

the selection of a single set of representative parameters. Conservative design parameters are 

most often used, resulting in the selection of a heavier class of support. While such an approach 

may produce a design that is robust enough to withstand a range of possible loading conditions, it 

does so without fully understanding the uncertainty in ground response. This leads to a lack of 

awareness of the relative likelihood of undesirable occurrences that can result in design 

deficiencies. 
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Figure 1-1 – Variable response in the Yacambú-Quibor tunnel in Venezuela showing (a) 

stable conditions, (b-c) moderate damage and (d) complete collapse (photos courtesy of M.S. 

Diederichs & R. Guevara). 

 

To truly address the issue of uncertainty in design, a comprehensive approach is needed 

that provides a logical basis for describing this uncertainty and assessing its impact on 

performance. Reliability methods, when used in conjunction with more traditional design 

approaches, provide a possible solution. After quantifying uncertainty in input parameters, 

reliability methods can be used to obtain an estimate of the variable ground response and support 

loads through forward uncertainty propagation. In doing so, the probability of failure can be 

assessed with respect to a prescribed limit state to provide a measure of design performance. 

When multiple design options are considered, such an approach allows for the selection of the 

optimum design on the basis of safety and minimum cost rather than subjective conservatism. 
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While reliability approaches have been used for decades in structural and chemical 

engineering, their adoption in geological engineering has been slow and the vast majority of 

reliability analyses in this field have been focused on surface geotechnical projects, such as 

retaining wall design (Tandjiria et al., 2000; Basma et al., 2003; Sayed et al., 2010), foundation 

design (Fenton & Griffiths, 2005; Massih & Soubra, 2008; Honjo, 2011) and slope stability 

assessments (Duncan, 2000; El-Ramly et al., 2002; Kavvadas et al., 2009). This evolution has 

been spurred forward by modern design codes such as Eurocode 7 (EC7), which have embraced 

probabilistic approaches focused on quantifying design uncertainty. 

Despite the inherent benefits, such approaches have yet to achieve widespread use in the 

design of underground structures. While some excellent work has been done in this area 

(Brinkman, 2009; Mollon et al., 2009a; Mollon et al., 2009b; Mollon et al., 2009c; Papaioannou 

et al., 2009; Cai, 2011; Fortsakis et al., 2011), there are there are several issues that need to be 

addressed before reliability methods can be used in the assessment of variable ground response 

and support performance. In addition to a number of complex technical challenges (described in 

the following sections), many practitioners are concerned by the unfamiliar statistical terms and a 

misconception that such analyses require considerably more effort than conventional design 

methods. By addressing such issues, uncertainty analyses can be integrated seamlessly with 

traditional design approaches such as the one proposed by Stille & Palmstrom (2003) (Figure 

1-2). Such a shift in philosophy has the potential to revolutionize the geotechnical industry, and 

move it towards an era of efficient design.  

The purpose of this study is to develop a reliability-based approach that can be used to 

optimize the design of underground structures. As will be seen in this thesis, such projects present 

a unique challenge for reliability analyses given the different components of uncertainty 

associated with material and stress parameters and the interdependency between rock loads and 

support resistance. 
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Figure 1-2 – The principal relationships between ground behaviour and rock engineering 

design (Stille & Palmstrom, 2003). 

 

1.2 Challenges with Reliability-Based Approaches 

In order to develop an integrated reliability-based design approach for the design of 

underground structures, the technical challenges associated with this process must be understood.  

These are shown graphically in Figure 1-3 for a tunnel design problem. 

The first issue to be addressed is the nature of the input uncertainties and the impact these 

have on rockmass characterization. As geotechnical engineers must work with materials provided 

by nature, the degree of uncertainty associated with rockmass strength and stiffness values is 

significantly greater than that of manufactured materials. Both natural variability and errors 

introduced during the design phase due to a lack of information must be quantified. The 

uncertainty in in situ stress conditions must also be considered in order to understand the 

rockmass behaviour and possible failure mechanisms along the length of the tunnel alignment. 

The second challenge is the selection of an appropriate reliability method that provides an 

accurate assessment of the variable ground response based on input uncertainties. Unlike simple 
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problems where a design equation can be written explicitly (i.e. shallow foundation design), 

numerical models are required to assess the excavation response and possible support loads. An 

appropriate method for tracking how these uncertainties propagate through the design process is 

therefore needed to accurately assess the probability of failure with respect to a limit state. 

The final issue is to determine how best to interpret the results of such an analysis. While 

the probability of failure can provide important insight into the behaviour of the system, a risk 

framework is needed to fully understand the impact this has on the performance of the structure. 

By understanding what “failure” means in the context of design acceptability and quantifying the 

potential consequences, an optimum design can be selected on the basis of safety and economic 

risk. Each of these challenges is discussed briefly in the following sections. 

 

Figure 1-3 – Finite element output for a circular excavation showing displacement vectors 

(arrows), deformed contours (grey profile) and the major principal stress field. Overlain are 

the primarily issues associated with using reliability approaches for the design of 

underground structures. A simplified shallow foundation design is shown for comparison. 
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1.2.1 Understanding Input Uncertainty and Variable Ground Response 

Given the complexity associated with geotechnical engineering projects, there are a 

number of different unknowns that need to be considered. Some of these will be defined in the 

contract document and are understood from the beginning of the design process. Others are 

known to be uncertain and are therefore investigated through in situ and laboratory testing during 

the site investigation phase. There are also residual risks during construction due to unknown 

geological conditions, the likelihood of which can be reduced by an investigation program and 

monitoring during construction, but not entirely eliminated. These three classes of design 

uncertainty were identified by former US Secretary of Defense Donald Rumsfeld during a press 

conference as “known knowns,” “known unknowns,” and “unknown unknowns,” respectively 

(Figure 1-4) (US DoD, 2002). While the quote refers to military uncertainty, such classes are also 

relevant to geotechnical engineering problems. This thesis will focus on understanding the 

“known unknowns”, as these play the most critical role in the design process. 

 

Figure 1-4 – Classes of design uncertainty and the associated geotechnical design 

components for each. Original quote is from former US Secretary of Defense Donald H. 

Rumsfeld (US DoD, 2002). 

 

The “known unknowns” in geotechnical design projects provide a significant challenge to 

obtaining an accurate geological model. This sentiment was echoed by Bieniawski (1984) when 
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he wrote that the “Provision of reliable input data for engineering design of structures in rock is 

one of the most difficult tasks facing engineering geologists and design engineers.” This issue is 

still present today, as natural variability and knowledge-based uncertainty play a critical role in 

the accurate assessment of rockmass parameters, discontinuity characteristics and in situ stress 

conditions. While statistical tools are available to quantify this uncertainty, engineering judgment 

is needed to understand the nature of the uncertainty for each parameter and how best to reduce 

the impacts of testing and measurement errors. Uncertainty in these parameters also affects the 

possible failure modes, leading to a single failure mode with variable severity or multiple failure 

mechanisms along the length of the excavation (Figure 1-5). As support design is dependent upon 

these inputs, it is important that a method be established to quantify uncertainty in rockmass 

behaviour so an appropriate excavation and support sequence can be developed. The process for 

understanding and quantifying uncertainty in geological systems is discussed further in Chapter 2. 

1.2.2 Selecting an Appropriate Reliability Method 

The next challenge is to determine how best to propagate the uncertainty in input 

parameters through the design process to assess uncertainty in ground response. For gravity-

driven problems, the loads and resistances can be factored separately, allowing for a relatively 

straightforward analytical calculation of system performance. For underground excavations, 

however, there is a complex relationship between the displacements around the excavation, the 

loads that have been induced by rockmass stresses and the capacity of the support. This 

complicates the factoring logic, meaning the system behaviour can only be determined accurately 

through the use of numerical models. As a result, direct reliability methods must be used to 

approximate the system response and determine the uncertainty in the output parameter of interest 

(e.g. displacements, yield radius, support loads). As each method has different characteristics and 

makes different assumptions, certain methods will be more appropriate for specific geotechnical 

applications. The limitations of each method must therefore be understood and documented to 
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ensure an accurate assessment of the system performance is obtained. Ideally, improvements 

should also be recommended for each of these methods to expand their applicability for solving 

geotechnical problems. This is discussed in Chapter 3. 

 

Figure 1-5 – Examples of tunnel instability and brittle failure (highlighted grey squares) as 

a function of Rock Mass Rating (RMR) and the ratio of the maximum far-field stress to the 

unconfined compressive strength (modified after Hoek et al., 1995). 
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1.2.3 Interpreting the Results 

After a reliability analysis has been performed, the system performance can be evaluated 

with respect to a set of acceptability criteria. The performance of the system is quantified using 

the probability of failure (according to an ultimate or serviceability limit state) and the reliability 

index, which provides a measure of the confidence the engineer has in the design. At this point, 

the question becomes: what is an acceptable probability of failure? This question was not 

considered in deterministic analyses as design acceptability was typically defined with respect to 

a limiting material parameter such as a maximum convergence value or a minimum factor of 

safety. To interpret these performance values, they must be considered within a risk context to 

allow for an assessment of the expected cost of failure based on the consequence of the event. 

While this still means that an acceptable risk level must be defined, quantitative risk studies do 

offer some guidance in this regard (Whitman, 2000; Christian, 2004). An example of an 

economic risk approach is shown in Figure 1-6. In this case, the total cost for different support 

classes are compared to determine the optimum design. This is discussed further in Chapter 4. 

 

Figure 1-6 – Example of a quantitative risk approach for support design that considers both 

support costs and the expected cost of failure to determine the optimum design option. 
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1.3 Thesis Objectives 

The primary objectives of this thesis are as follows: 

1. Classify the different components of uncertainty for geotechnical parameters and 

determine what methods are most appropriate to quantify variability for the purposes of 

design. This will involve the interpretation of statistical data with respect to rockmass 

behavior and in situ stress conditions.  

2. Assess the relationship between the collective uncertainty in the input parameters and 

the subsequent impact on design behaviour for both ultimate and serviceability limit 

states. Existing reliability methods will need to be reviewed and their advantages and 

limitations understood with respect to geotechnical applications.  

3. Understand what the probability and consequence of failure means with respect to 

different support elements such as rockbolts and lining systems. This will depend on 

the intended purpose of the support element and also the acceptability criteria that has 

been developed for the system. 

4. Create a design methodology that combines reliability methods and a quantitative risk 

approach. This will allow for the assessment of support performance and the 

optimization of support systems for underground excavations on the basis of both 

safety and economic risks. 

1.4 Thesis Scope 

In order to meet these objectives, the scope of this thesis includes the following: 

1. Completing a critical review of the various components of uncertainty for intact and 

rockmass parameters, in situ stress conditions and failure mechanisms. 

2. Assessing the accuracy and limitations of the various direct reliability methods. Where 

possible, appropriate modifications should be provided that improve their usefulness in 

geotechnical design applications. 

3. Developing a reliability-based design approach that considers the different components 

of uncertainty in rockmass and in situ stress parameters. Such an approach should also 

provide guidance in assessing uncertainty in ground response and support performance. 

4. Applying this approach to a variety of different case studies with different input 

uncertainties and rockmass conditions to demonstrate its usefulness. 
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1.5 Thesis Outline 

This thesis has been prepared in accordance with the requirements outlined by the School 

of Graduate Studies at Queen’s University, Kingston, Ontario. It consists of ten chapters, which 

are outlined below. All references are presented at the end of the thesis. 

Chapter 1 presents a brief overview of the advantages of reliability-based design (RBD) 

methods as well as a discussion of the challenges associated with applying these tools to solve 

geotechnical problems. Chapter 1 also summarizes the primary research goals and scope. 

Chapter 2 outlines the difference between in situ variability and sources of knowledge-

based uncertainty and reviews statistical methods that can be used to quantify uncertainty in 

random variables. A detailed discussion of managing uncertainty in intact rock parameters, 

rockmass characterization approaches, in situ stress conditions and failure modes is then 

presented in the context of underground design problems. 

Chapter 3 discusses the various methods available to deal with uncertainty, including the 

advantages and limitations of applying these methods to the design of underground structures. 

The steps in a reliability-based design assessment are then presented including a critical review of 

the various direct reliability methods that are available. A comprehensive design approach that 

utilizes reliability methods is then presented that extends from the site investigation phase 

through to construction and monitoring. 

A discussion of risk management is presented in Chapter 4. Underground support 

elements such as bolts and lining systems are reviewed with respect to empirical methods of 

selection, simulation using numerical modelling and risk acceptability. A method for the selection 

of an optimum support system is then presented based on a reliability-based quantitative risk 

approach that considers the costs of excavation and support installation as well as the expected 

cost of failure. Implications for design contracts are then discussed. 
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Chapter 5 takes an in-depth look at a critical problem in geotechnical engineering: the 

selection of appropriate input parameters. The primary components of uncertainty are discussed 

as well as issues with quantifying uncertainty in intact Hoek-Brown strength envelopes. A series 

of regression methods are compared and different options for varying these strength envelopes in 

design are presented. A reliability-based approach is then used to assess the ground response of a 

hydro tunnel under hydrostatic loading conditions. 

Chapter 6 presents a new reliability-based design approach to evaluate the performance 

of a composite tunnel lining system using a modified Rosenblueth Point Estimate Method (PEM), 

First Order Reliability Method (FORM), Monte Carlo sampling method and finite element 

analysis. This approach is then used to assess the variable ground response and support 

performance at the Yacambú-Quibor tunnel in Venezuela. Hydrostatic and non-hydrostatic 

conditions are assessed to demonstrate the importance of understanding in situ stress conditions. 

Methods for quantifying uncertainty in input parameters for spalling analyses are 

discussed in Chapter 7. An adaptation of the combined FORM and Response Surface Method 

(RSM) is used to capture the discontinuous behaviour of this failure mechanism and provide an 

accurate assessment of uncertainty in displacements, depth of yield and bolt loads. To 

demonstrate the usefulness of this approach, a preliminary design option for the deep geologic 

repository for low and intermediate nuclear waste in Canada is reviewed. 

Chapter 8 presents a reliability-based quantitative risk assessment of the initial support 

system along a section of the Driskos twin tunnel in northern Greece. Rockmass parameters are 

determined using a weighted average approach and support performance is assessed for three 

different support categories using a modified PEM. A quantitative risk assessment is used to 

determine the optimum support for each tunnel section and the construction approach as a whole. 

Chapters 9 and 10 provide a general discussion as well as a summary of the key findings 

and contributions made during this research. 
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Chapter 2 

Uncertainty in Geological Systems 

2.1 Components of Total Uncertainty 

Unlike structural and mechanical engineers, who deal with a world almost entirely of 

their making, geotechnical engineers must deal with materials provided by nature. As the natural 

processes associated with the formation of such materials are unknown to the engineer, a 

geological model must be inferred based on observations made during the site investigation and 

testing phases. Given the complex process of formation, as well as the cost and practical 

constraints that act to limit the number of observations, significant uncertainty exists in rockmass 

and in situ stress parameters. As such parameters form the basis for design, understanding and 

quantifying this uncertainty is critical to assessing the performance of underground structures. 

2.1.1 Categories of Uncertainty 

Uncertainty in geological systems is typically divided into two categories: variability 

caused by random processes (aleatory) and knowledge-based uncertainty that exists due to a lack 

of information (epistemic). 

The natural variability in rockmass and in situ stress parameters is typically represented 

as a random process and is therefore considered to be aleatory. The process of formation and 

continuous modification over geologic history results in a real variation in properties from one 

spatial location to another over both the micro and macro scale (spatial variability), variability in 

properties at a single location over time (temporal variability), or both. While the parameters at a 

specific point may not be random, it is reasonable to assume that the variation over the project 

area can be simulated as a random process. As this variability is inherent in the material, 

continued testing will not eliminate the uncertainty, but will provide a more complete 

understanding of it when used in conjunction with mathematical simplifications or models. 
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Conversely, epistemic uncertainty exists as a consequence of a lack of data, limited 

information about events and processes, or a lack of understanding of physical laws that limits 

one’s ability to model the real world. The word “uncertain” implies that while the value may be 

unknown, it is not unpredictable. An example of epistemic uncertainty is the issue of trying to 

determine the order of cards in a given deck. While the answer is not apparent, the order of the 

deck is set and can therefore be determined. For geotechnical problems, knowledge uncertainty 

can be subdivided into three categories: 

 Site characterization uncertainty: refers to the accuracy of the geological model, which 

is affected by data and exploration uncertainties such as measurement errors, data 

handling/transcription errors and inadequate data coverage. 

 Parameter uncertainty: results from inaccuracy in assessing geotechnical parameters 

from test data. The major components are statistical estimation errors and 

transformation errors (i.e. transforming intact to rockmass parameters), both of which 

are exacerbated by too few observations. 

 Model uncertainty: deals with the degree to which a mathematical model adequately 

mimics reality. This stems from either an inability to identify the best model or the 

inability of a model to represent a system’s true physical behaviour. 

2.1.2 Total Uncertainty Analyses 

The total uncertainty for a given parameter or process can be defined according to the 

equation proposed by Phoon & Kulhawy (1999): 

      
  

 

 
    

      
       

      
      (2.1) 

where COVtot is the total coefficient of variation (standard deviation divided by the mean 

value) of the design property, κ/L is the ratio of the scale of fluctuation of the design property 

over the spatial extent of interest for design (an approximation of the variance reduction due to 

spatial averaging), COVω is the coefficient of variation of inherent variability of the measured 

property, COVm is the coefficient of variation of measurement uncertainty, COVse is the 

coefficient of variation of statistical estimation uncertainty and COVM is the coefficient of 
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variation of the transformation uncertainty. Although the form of Eq. (2.1) implies that these 

sources of uncertainty are independent of one another, this is not entirely accurate. As an 

example, consider the uniaxial compressive strength (UCS) of a material, which is determined 

through laboratory testing of intact samples. These tests will display information about the 

inherent variability, however different failure mechanisms are possible during the testing process 

(simple extension through to simple shear). As a result, the measured data will be related to test-

specific failure modes, and therefore the measurement uncertainty (m). Such relationships 

between different sources of uncertainty must be considered either qualitatively or quantitatively 

through the use of cross terms to ensure the total uncertainty is accurately estimated. 

As only the aleatory uncertainty is to be considered when assessing system behaviour, 

sources of epistemic uncertainty must be systematically reduced to ensure the total level of 

uncertainty is not over-estimated. Ideally, a quantitative parameterization of epistemic uncertainty 

(such as that presented in Eq. 2.1) would be performed, however most statistical methods do not 

address epistemic uncertainty explicitly, and even for those that do, there is rarely enough 

information available. As such, practical methods must be considered for each parameter to 

reduce the epistemic uncertainty to acceptable levels. These will be discussed later in this chapter 

for specific geological engineering parameters. 

While it may seem more convenient to neglect the compound nature of geotechnical 

uncertainty, and instead use the total uncertainty (including epistemic sources) in design, there are 

several reasons why such an approach is undesirable. First, total uncertainty analyses are 

dependent upon site specific characteristics, meaning the results cannot be used to obtain a 

general indication of the variability in intact parameters for a given material (i.e. understanding 

the characteristic variability in UCS for a shale). The strong influence of exogenous factors such 

as the testing equipment used, the experience of the site personnel and depositional history of the 

material would make it impossible to use total uncertainty information at any other site, which 
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limits the usefulness of such an approach. Second, using the total uncertainty introduces a 

subjective degree of conservatism into the analysis as both aleatory and epistemic components 

will be present. This hinders one of the main goals of an uncertainty-based analysis, which is to 

reduce excessive conservatism in design and instead use an accurate estimate of the variability to 

assess the range of possible ground conditions. Third, by quantifying each component of 

uncertainty for a given material, specific actions can be taken to reduce the total uncertainty more 

efficiently. As an example, if estimation uncertainty were determined to be the dominant 

component for a given project area, a strong case could be made for increasing the site 

investigation budget so more data can be collected. By quantifying the individual components of 

uncertainty, project funds can be used more efficiently to maximize their impact, thus reducing 

uncertainty in future project stages. 

2.2 Quantifying Uncertainty 

To understand uncertainty in geological systems, various methods are used to quantify 

the uncertainty in individual parameters and the relationships that exist between parameters. The 

following section provides an introduction to the use of statistical methods and the application of 

probability theory in the context of geotechnical design problems. This section is intentionally 

brief as the fundamentals of probability theory are well described in Ang & Tang (1975, 1990), 

Harr (1987) and Baecher & Christian (2003). 

While the nomenclature in this section may be new to some engineers, it has been 

selected to ensure it is consistent with statistics textbooks. Explanations have been provided 

where possible to reduce confusion. From the outset, the following definitions are established: 

 Statistic: any mathematical function of a set of measured data. 

 Probability theory: the branch of mathematics concerned with random phenomena. 

 Random variable: a variable that can take on a set of different values, each with an 

associated probability. 
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2.2.1 Single Variable Analysis 

A number of statistical methods can be used in conjunction with probability theory to 

quantify the total uncertainty for a single parameter and assess the spatial relationships that exist 

across the project area. These tools are discussed in the following section. 

2.2.1.1 Summary Statistics 

One of the simplest ways to visualize scattered data is to represent it graphically through 

the use of a histogram, which plots the number of measurements falling within a series of specific 

intervals as a vertical bar. The arrangement of the bars allow the engineer to visually assess the 

location of the average value (mean), the value for which half of the observations are smaller and 

half are bigger (median) and the most common value (mode) for the data set. The width also 

provides an indication of the dispersion and the balance of the data set indicates if it is symmetric 

or asymmetric. A cumulative frequency distribution can also be generated from these data by 

dividing the number of measurements smaller than a certain value by the total number of 

measurements made. An example of a histogram can be seen in Figure 2-1. 

While frequency distributions are helpful for visual inspection, statistics of distribution 

characteristics are more useful for subsequent calculations. Summary statistics can therefore be 

used to describe the characteristics of a data set consisting of repeated laboratory test values or 

observations. This approach quantifies uncertainty in a set of data x = {x1, …, xn} by defining the 

sample mean ( ̅) and the sample standard deviation (sx). Together, these define the central 

tendency and the dispersion of the data set. The dimensionless coefficient of variation (COV) is 

also defined by normalizing the standard deviation with respect to the mean. Credible minimum 

and maximum values can also be used to provide bounds for the data set. For a data set consisting 

of n data points, the equations are: 

 ̅  
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          (2.3) 
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         (2.4) 

Where a reliable estimate of the standard deviation cannot be established from the raw 

data, the three-sigma approach can be used to provide an estimate of the standard deviation. This 

method is based on the assumption that the data are normally distributed, and therefore 99.73% of 

all values will fall within three standard deviations of the mean (Dai & Wang, 1992). By dividing 

the credible range for a given variable by six, an estimate of the standard deviation can then be 

obtained. While determining the standard deviation through statistical techniques is preferred, the 

three-sigma rule can still provide a logical way to quantify the uncertainty for a given variable 

(Duncan, 2000). When the scatter for a given variable is high, a two-sigma rule may be more 

appropriate, which assumes that the credible range covers 95% of all data. 

 

Figure 2-1 – Example of a histogram and cumulative distribution of UCS data. 
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2.2.1.2 Random Variables 

By assuming that the natural variability in geological parameters can be attributed to 

random processes (aleatory), probability theory can be applied and the input parameters can be 

considered as random variables. This means that each measurement of that parameter comes from 

a random process that generates specific and a priori (i.e. marginal probability before taking into 

account the observations) unknown results or outcomes. The set of all possible outcomes is the 

sample space while an individual outcome (e.g. single measurement) is a sample point. 

When considering repeated observations for a given parameter, a function can be used to 

define the probability of occurrence for any value over the sample space. This function is referred 

to as a probability mass function (PMF) for discrete sample spaces and a probability density 

function (PDF) for continuous sample spaces. Most geotechnical parameters are considered to be 

continuous variables and are represented by normal, lognormal, or exponential distributions. 

It is mathematically convenient to represent probability distributions by their moments. 

Due to the lack of available data, a second moment analysis is typically used to quantify the 

uncertainty in geotechnical parameters that have been determined through repeated laboratory 

testing (i.e. UCS, tensile strength, Young’s modulus) or repeated observations, such as the 

Geological Strength Index (GSI). This approach quantifies uncertainty in a random variable (x) 

by defining its first two moments; the mean or expected value (μx) and the variance (σx
2
):  

                (2.5) 

             
         (2.6) 

As it is unlikely that a statistical model will provide a “perfect fit” for the test data, 

statistical estimation error (epistemic) will be introduced during this process. This error can be 

minimized by selecting the fit that results in the least amount of information lost from the original 

data set. To accomplish this, hypothesis tests such as the Chi-square goodness-of-fit test and the 

Kolmogorov-Smirnov maximum deviation test can be used to test whether the match between the 
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data and the theoretical model is close enough that the differences could simply be due to 

sampling variability (Baecher & Christian, 2003). One of the simplest methods to measure the 

relative quality of a set of statistical models is the Akaike Information Criterion (AIC). The AIC 

is based on information entropy, meaning it offers an estimate of the information lost when a 

given model is used to represent the actual data. The chosen model is the one that minimizes the 

difference between the statistical model and the truth (referred to as the Kullback-Leibler 

distance) and has the fewest number of parameters. While the AIC does not provide an absolute 

test of goodness of fit (i.e. does not quantify the amount of information lost), it can provide a 

comparative test between two or more statistical models, with the model with the lowest AIC 

value being the most appropriate. The AIC can be calculated using the following equation: 

             (
   

 
)       (2.7) 

where k is the number of parameters in the statistical model (k = 2 for both the normal 

and lognormal PDF), n is the number of data points (observations) and RSS is the residual sum of 

squares, which is the sum of the squared distances in the y-direction between the data points and 

the statistical model. An example of the fitting process is shown in Figure 2-2 for the set of UCS 

test data shown in Figure 2-1. In this case, a normal distribution is more appropriate. 

In selecting a PDF, the argument is sometimes made that a bounded distribution (e.g. 

Beta) should be used for a parameter that extends over a closed interval. An example of this is the 

internal friction angle, which ranges from 0 to 90 degrees. In such cases, the probability of 

obtaining a value outside of the interval is usually small as the probability falls rapidly outside of 

a few standard deviations from the mean. As such, it is recommended that the most appropriate 

distribution be used for each variable rather than trying to force a more complicated fit. 
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Figure 2-2 – (a) Probability density function and (b) cumulative distribution function for a 

set of UCS test data. Normal and lognormal distributions were fitted to the data. The 

normal distribution was determined to be the optimum fit for this data as it has the smallest 

AIC value. 
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2.2.1.3 Spatial Correlation 

As the variation of rockmass properties over a project area is not considered when 

developing appropriate distribution fits, spatial variability analyses must be used to assess how 

much, and in what way, a given property changes along a pre-determined spatial orientation. 

Knowledge of the spatial behaviour of geomaterials is important as in situ factors can have a 

substantial impact on the local values of geotechnical parameters of interest. To illustrate this, 

Figure 2-3 shows two sets of measurements with similar second moment values and distribution 

functions, but substantial differences in spatial correlation (represented by the parameter ξ). The 

upper distribution has a weak correlation, meaning the variability is consistent throughout the 

project area, while the lower distribution has a strong spatial correlation. 

Spatial variability can either be a function of heterogeneity (abrupt changes in the nature 

or type of material over a short distance) or a more gradual spatial trend, such as a change in 

stiffness or strength with depth. While several approaches exist to investigate spatial variability, 

random field theory is the most commonly used in geotechnical literature (Uzielli, 2008). A 

random field is a set of values that are associated with a one- or multi-dimensional space. Each 

value within the field is defined according to its first two statistical moments (mean and standard 

deviation), the scale of fluctuation and an autocorrelation function, which describes the way in 

which a given property is correlated in space. The scale of fluctuation is used to define the size of 

the zone over which deviations are expected to be minimal. Where the separation distance 

between two fields is greater than the scale of fluctuation, it can be assumed that little correlation 

exists between the fluctuations in the measurements (Uzielli, 2008). It is important to note that 

the scale of fluctuation is not an inherent material property, but rather a function of the in situ 

environment. It can therefore be estimated through autocorrelation model fitting. The major 

principles of spatial variability analyses and their application to geotechnical problems are 

summarized in Fenton & Griffiths (2008) and Uzielli et al. (2006). 
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Figure 2-3 – Examples of data sets with similar histograms that show a low (top) and high 

(bottom) degree of spatial correlation (El-Ramly et al., 2002). 

 

As spatial variability is a function of scale, it is important that it be considered within the 

context of the excavation or structure being designed. The spatial variability at a site is typically 

assessed with respect to in situ or laboratory test values, meaning the volume of material tested is 

quite small. While such an analysis may yield a strong spatial correlation between parameters, it 

may not have a significant impact on the performance of the structure. Take for example a 

conventional slope stability analysis in which the contributions of shear strength are summed 

along the failure surface. While there may be significant scatter in the shear strength along the 

surface, this scatter will average out, meaning the contribution of the scatter to the failure of the 
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structure is minimal (Christian, 2004). A similar statement could be made for a large underground 

tunnel excavation through a metamorphic material with a persistent, but random, fabric. While 

spatial variability would exist within the tunnel face and immediate influence zone due to large 

scale heterogeneity along the tunnel axis, given the scale of the excavation it would be reasonable 

to consider the material uniform within a particular face and longitudinally variable. Conversely, 

in situations where failure is governed by a single plane of weakness or potential seepage path, 

spatial variability is likely to play a critical role in the performance of the structure. The scale of 

the problem, the mode of failure and the orientation of the excavation with respect to the spatial 

variability must therefore be considered in order for spatial analyses to be effective. 

2.2.1.4 Expert Opinion and Literature Values 

In cases where insufficient data exists for a statistical analysis, more subjective methods 

can be used to estimate the statistical moments (e.g. mean and variance) for geotechnical 

parameters at the initial stages of design. While such methods are simple to use and are applied 

regularly in industry, they have significant limitations that must be considered. 

The first method for obtaining estimates of uncertainty is to use expert opinions. One 

challenge with this approach is in defining what constitutes an expert. This is a difficult question 

to address as the use of the term “expert” is often subjective and based on the amount of trust that 

one has in a person or group. In geotechnical engineering, “experts” may come from academia, in 

which case their study area specifically relates to the problem at hand, or industry, due to their 

extensive experience in similar projects. Procedures are therefore needed to determine what 

constitutes an expert for a specific problem. Further to this, while experts provide a good estimate 

of the mean or median value for a parameter, the dispersion is typically underestimated due to 

over-confidence (Christian, 2004). This was observed in a study completed by Hynes & 

Vanmarcke (1976), in which seven experts were asked to provide an estimate of how much 

additional fill would be needed to cause failure in a stable embankment. In addition to an estimate 
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of the expected amount of fill, each expert was also asked to provide a range within which the 

confidence was 50% (the interquartile range). From this study, it was determined that the average 

of the expected values from all seven experts (15.6 ft) provided a fairly good estimate of the 

actual amount of fill required to cause failure (18.7 ft). In no case, however, did the actual amount 

of fill to cause failure fall within the 50% confidence range, indicating each expert was too 

confident of his own estimate. 

Another approach is to use values from literature, which may provide mean values and 

coefficients of variation for various parameters for similar materials from different projects. 

While recent publications have begun to include uncertainty assessments for various material 

parameters (Bond & Harris, 2008; Massih & Soubra, 2008; Duncan, 2000), it is likely that such 

values are from total uncertainty analyses and therefore contain both inherent and knowledge 

based sources of uncertainty that may not be applicable for other areas. If attempting to export 

uncertainty information from a similar case study, it is important to consider the impact of both 

the endogenous factors (pertaining to the compositional characteristics of the intact rock) and the 

exogenous factors (related to the history of formation and the in situ conditions at site) on the 

magnitude of a given parameter (Uzielli, 2008). While such estimates can be used at initial stages 

of the project, a critical review of these factors as well as the different sources of error would be 

required to apply them to later stages of design. 

2.2.2 Relationships between Variables 

As many geotechnical parameters are related (e.g. strength and stiffness), it is important 

to quantify the relationship that exists between them. While it is often considered conservative to 

assume parameters are uncorrelated, this introduces a subjective degree of conservatism that can 

introduce errors into an uncertainty-based assessment. Further, assuming a lack of correlation can 

lead to the development of incorrect geomechanical models and the development of “extreme” 

output values (e.g. displacements, yield radius), which play a significant role in the design of high 
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risk structures such as hydro projects and nuclear waste repositories. As with uncertainty in a 

single parameter, various statistical approaches exist that help quantify the relationship between 

two or more parameters. These are discussed in the following section. 

2.2.2.1 Covariance and Correlation 

For the case where two or more random variables can be measured at the same location in 

a sample (i.e. UCS and Young’s modulus), a measure of how the variables change together can 

be quantified by determining the sample covariance (q): 

     
 

   
∑      ̅      ̅  

         (2.8) 

where x and y are the parameters being analyzed and n is the number of tests. If the 

parameters tend to increase in the same way (i.e. the greater values of one parameter mainly 

correspond with the greater values of the other), the covariance will be positive while parameters 

that show the opposite behaviour will have a negative covariance. The magnitude of the 

covariance is not straightforward to interpret, however, as it will depend on the magnitude of the 

parameters themselves. 

A more useful measure of the relationship between parameters can be obtained through 

the correlation coefficient, which normalizes the covariance with respect to the standard 

deviations of the parameters and provides a measure of the strength of the linear dependence. A 

commonly used form is the sample Pearson correlation coefficient (r), which is calculated by: 

  
    

√∑      ̅   
   √∑      ̅   

   

       (2.9) 

The r value ranges from -1 to 1, the sign of which shows the nature of the relationship 

(i.e. positive or negative correlation) and the magnitude indicates the strength of the correlation. 

Figure 2-4 shows examples of various correlation coefficients. As can be seen, the magnitude of 

the correlation coefficient reflects the strength of the linear relationship only, and will not provide 

information on the strength of higher order relationships (e.g. quadratic functions).  
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Figure 2-4 – Correlation coefficients (r) for different correlation strengths. As the 

correlation coefficient quantifies a linear relationship, higher order trends (middle bottom) 

will not be detected. 

 

2.2.2.2 Regression Analysis 

While the correlation coefficient can be used to provide a measure of the degree to which 

two variables are linearly related, it cannot be used where a parameter is calculates according to a 

mathematical relationship between a series of test results, as is the case with the Mohr-Coulomb 

cohesion and friction angle or the Hoek-Brown intact strength parameters. Instead, a regression 

analysis must be used to determine the mean fit for a set of test data and quantify the data scatter. 

A regression is performed by first selecting a regression model w(X). This can either be 

linear or nonlinear depending on the nature of the relationship being considered. The primary 

goal is to select an appropriate regression model that minimizes the residual sum of squares 

(RSS), where the residual (δi) is defined as the distance from an observed value (data point [x, y]) 
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to its corresponding point on the regression curve (modeled value [ ̂,  ̂]). An example RSS 

equation for a two dimensional problem is: 

    ∑     
  

           (2.10) 

When comparing the suitability of several different regression models, the coefficient of 

determination (R
2
) can be used to assess how well a curve fits a set of data points. In the case of 

linear regression, the R
2
 value is simply equal to the square of the sample correlation coefficient 

(r), meaning it ranges from 0 (no relation) to 1 (perfect linear relation). A negative coefficient of 

determination can be obtained when a linear regression is used without an intercept, or when 

fitting nonlinear functions to data. The general equation for the coefficient of determination is: 

   
   

∑      ̅   
   

        (2.11) 

If the data points are imperfect measurements that include random measurement errors, 

the standard error (s) for the data set can be calculated. Typically, the standard deviations of 

measurement errors are not known a priori, meaning the standard error must be estimated from 

the residuals. To do so, the following assumptions must be made: (1) the random errors at each 

data point are normally and independently distributed with zero mean and a common variance σ
2
 

(referred to as homoscedastic) and (2) that the independent variables are either fixed, 

deterministic variables or they are random variables independent of the random errors. If these 

assumptions are valid, the standard error can be determined based on the RSS, the number of data 

points (i.e. laboratory tests) that the curve was fitted to (n) and the number of parameters in the 

regression model. For a regression model with two parameters, the standard error is calculated by: 

  √
   

   
         (2.12) 

The reason for using (n–2) as a divisor rather than n is an important one. As two variables 

are considered in this regression, only two points are needed to define the mean fit (the fit has two 
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degrees of freedom). As such, an estimate of the standard error can only be obtained if more than 

two data points are available. The divisor (n–2) therefore makes ε an “unbiased estimator” of σ. 

In order to visualize what the standard error means at a given point along the mean 

regression line, confidence and prediction intervals are used. A confidence interval (CI) is an 

estimate of the interval within which the mean regression line is expected to fall. Conversely, a 

prediction interval (PI) provides an estimate of the interval within which future data points will 

fall, given the existing information. To develop a CI or PI, a confidence level is first defined to 

determine the number of standard deviations spanned by the interval. As only an estimate of the 

standard deviation (s) is available, the model errors follow the Student’s t-distribution (t) and the 

inverse of this distribution function must be used to approximate the number of standard 

deviations. The t-distribution is similar in shape to the normal distribution, however it is a 

function of the number of degrees of freedom (for a regression model with two parameters, this is 

the number of data points minus two, or n-2) and the gamma function (Γ). The PDF for the 

Student’s t-distribution is defined by: 
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       (2.13) 

As an example, consider the case where a 95% confidence level is needed for a data set 

consisting of 10 observations. A 5% chance (called the alpha level, α) exists that the estimate will 

fall outside of that interval. As the confidence level is centred about the mean, a 2.5% chance 

(α/2) exists above or below the interval. The number of standard deviations in this range is 

calculated by using the inverse of Eq. (2.13) to find t2.5%, n-2 based on the number of data points 

(for n = 10, t2.5% , 8 = 2.23). As n increases, this value will trend towards the expected answer of 

1.96. Once the t value has been determined, the interval can be calculated at a series of points 

along the mean regression line ( ̂,  ̂) by using the following equations:  
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The terms within the square root sign add uncertainty to the interval as the number of 

data points decrease and the distance from the mean of the data set increases. The latter impact is 

referred to as “statistical extrapolation uncertainty”, and is due to the fact that the total uncertainty 

in the data set is composed of uncertainty in both the slope and in the intercept of the line. This 

results in an increase in the uncertainty as one extrapolates further away from the mean x value. 

An example of a linear regression relating the depth to UCS at a given site is shown in 

Figure 2-5. The mean regression line and equation is shown in Figure 2-5a. Confidence intervals 

(dotted lines) and prediction intervals (dashed lines) for 68% and 95% levels of confidence are 

shown in Figure 2-5b. As can be seen from this figure, the 95% prediction intervals form suitable 

upper and lower bounds for the data set. 

2.2.2.3 Empirical and Analytical Relationships 

In the absence of suitable in situ or laboratory test data, empirical and analytical methods 

can be used to establish a relationship between parameters during the initial stages of design. 

Unfortunately, little work has been done to quantify the relationship that exists between 

parameters, meaning there is little guidance in this area. Additionally, the few studies that have 

been completed likely used total uncertainty analyses, thus limiting their applicability. 

Among the relationships that have been reviewed are the negative correlation between 

friction angle and cohesion when using the Mohr-Coulomb criterion, the positive correlation 

between compressive strength and stiffness, and the change in rockmass parameters with depth. 

Given the lack of available data in this regard, local assessments of correlation must be used to 

properly understand the relationship between parameters for a given project. 
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Figure 2-5 – (a) Mean regression line for a set of UCS test values taken with respect to 

borehole depth. (b) Confidence intervals (CI) and prediction intervals (PI) are also shown 

based on the standard error. 
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2.2.3 Dealing with Outliers 

Even with careful measurement techniques, there is still the possibility of having data 

points that differ markedly (i.e. three or more standard deviations from the mean) from other 

samples. Such points are referred to as outliers and can have a significant impact on the statistical 

analysis, especially when limited data is available. These points can be identified through various 

statistical methods such as the maximum normed residual, as outlined in Montgomery et al. 

(2002). Outliers can also be assessed in a less rigorous fashion by defining an outlier as a 

measurement that falls outside of a certain quartile range. 

While these methods are useful in determining if an outlier exists, they do not necessarily 

provide justification for the removal of a data point. In some cases, there may be a valid 

geomechanical explanation for a value outside of the normal range, such as a defect within the 

sample or a more systematic explanation such as the presence of a fabric within the rock that 

makes the strength sensitive to the direction of loading. As removing outliers is considered a 

controversial practice, all data should first be recorded in the geotechnical data report before such 

an action is considered. 

2.2.4 Statistical vs. Engineering Significance 

Although uncertainty will be present in each parameter, it is not necessary that each be 

treated as a random variable. While the most accurate approach would be to include uncertainty 

in all parameters in design, the number of evaluations required for most uncertainty-based design 

methods are a function of the number of random variables being considered (Chapter 3). 

Significant computational and time savings can therefore be made by treating parameters with 

little impact on system performance deterministically, and only those that have a significant 

impact as random variables. 

Parametric sensitivity analyses are therefore used to determine the individual contribution 

made by each parameter to design performance over its credible range as well as the compound 
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impacts of two or more parameters. Such techniques allow each parameter to be ranked according 

to its level of importance and a cut off applied to determine those that should be varied. While 

each technique will result in a slightly different ranking, those parameters that are consistently at 

the top can be treated as the most important and considered as random variables. 

One of the most commonly used techniques is the sensitivity index (SI). To calculate the 

SI for a given parameter, it is changed over μ ± 3σ while all other parameters are kept at the 

expected (mean) value. The SI for the parameter is then equal to the percent change in the output 

parameter of interest over that range (e.g. displacements, plastic zone radius). This simple 

indicator provides a good indication of parameter and model variability (Hamby, 1994). An 

example of the SI calculation for an unsupported tunnel analysis consisting of three parameters 

can be seen in Figure 2-6. As can be seen, while all three parameters have a significant impact on 

the performance of the unsupported tunnel, the two most important parameters in this analysis are 

the GSI and the Hoek-Brown material constant, mi. As such, subsequent analyses could be 

simplified by treating UCS and mi as random variables and GSI as deterministic. 

 

Figure 2-6 – Example of a sensitivity index (SI) calculation for a weak rockmass 

experiencing squeezing failure. 



 

 

 

34 

2.3 Uncertainty in Geological Systems 

By using the tools described in the previous section, the uncertainty in geological 

parameters can be quantified. Unlike man made materials, which undergo careful manufacturing 

and QA/QC procedures during their development, geomaterials (soil and rock) have a 

significantly greater degree of uncertainty associated with them due to the complex history of 

formation and the fact that they have been continually reworked over geological history. This is 

illustrated in Figure 2-7 where COV values are compared for a number of man-made, soil and 

rock parameters. Based on the classification system developed by Harr (1987), ranges of COV 

can be used to define the degree of uncertainty associated with parameters as low (<10%), 

moderate (10-30%) and high (>30%). As shown by this figure, man-made materials such as steel 

and concrete have a low to moderate uncertainty with respect to the strength value. Conversely, 

most geotechnical parameters (soil and rock) are in the moderate to high range with respect to 

both strength and stiffness values. This highlights the challenges associated with quantifying 

uncertainty in geomaterials versus those materials that have been quality controlled. 

 

Figure 2-7 – Coefficient of variation (COV) values for various man-made (blue) and 

geotechnical (green and red) materials (with data from Bond & Harris, 2008; Ruffolo & 

Shakoor, 2009; Marinos & Hoek, 2000). 
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2.3.1 Intact Strength and Stiffness 

In order to properly characterize the intact strength, the uniaxial compressive strength 

(UCS) and tensile strength (σt) must be determined through laboratory testing of intact samples. 

In addition, the intact stiffness of the material can also be determined by examining the stress-

strain curve during a uniaxial compressive test. While often treated deterministically, there is 

significant aleatory and epistemic uncertainty associated with each of these parameters. This 

uncertainty must be quantified in order to properly understand the strength of the intact samples 

in both the tensile and compressive regions and to properly assess the excavation convergence 

that is expected to occur in various stress regimes. 

2.3.1.1 Uniaxial Compressive Strength (UCS) 

The uniaxial compressive strength (UCS) of a material is typically determined through 

repeated laboratory testing of intact samples. Natural variability in UCS values stems from 

variability both in index properties (e.g. density and porosity) and petrographic characteristics 

(e.g. grain size and shape, nature of cement). While index properties should be approximately the 

same for samples taken from the same formation, changes in petrographic characteristics result in 

the creation of micro defects that will be different within each sample. These micro defects 

contribute to different modes of failure of the intact rock (Figure 2-8) and therefore have a 

significant impact on the UCS value obtained (Szwedzicki, 2007). As such, in order to obtain an 

accurate estimate of the expected value and uncertainty in compressive strength, UCS values 

should be classified according to the failure mode and analyzed separately. 
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Figure 2-8 – A matrix form of failure modes for rock samples tested in uniaxial 

compression. Simple extension is shown in the upper left down to simple shear in the lower 

right, with multiple fracturing mechanisms between (modified after Szwedzicki, 2007). 
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Knowledge-based errors, such as measurement and statistical estimation errors, must also 

be considered when assessing the uncertainty in UCS. As laboratory testing procedures have been 

well established by the ISRM Suggested Method (Fairhurst & Hudson, 1999), measurement error 

should be small so long as a lab of suitable quality is used and appropriate quality control and 

quality assurance procedures are followed. To reduce the impact of statistical estimation error 

(i.e. error in the establishment of the mean and variance of the UCS), a suitable number of tests 

must be analyzed. While testing agencies recommend anywhere from three to 10 samples, an 

indication of the degree of confidence in the mean value for a given number of tests is usually not 

quantified. Ruffolo & Shakoor (2009) examined five different rock types and, using a confidence 

interval approach, determined the number of test results required to estimate the mean value 

within a certain deviation (confidence) given the uncertainty in the data set (Figure 2-9). 

 

Figure 2-9 – Minimum number of samples needed to estimate the mean UCS value with 

respect to an acceptable confidence (deviation) level. The number of samples is based on 

rock type and the coefficient of variation for the UCS data (Ruffolo & Shakoor, 2009). 
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According to this study, for a 95% confidence interval and a maximum of 20% 

acceptable strength deviation from the mean, 10 UCS samples are needed. While only a limited 

number of rock types were included in this assessment, the recommendation of a minimum of 10 

samples is consistent with testing agencies and is therefore believed to be an appropriate 

guideline. By ensuring an appropriate number of samples are tested based on the rock type, 

knowledge-based errors (epistemic) should be minimized, meaning the uncertainty in UCS can be 

quantified using a second moment analysis. 

2.3.1.2 Tensile Strength (σt) 

Similar to compressive strength, natural variability in the intact tensile strength (σt) is 

dependent upon variability in both index properties and petrographic characteristics. To quantify 

this variability, repeated testing of laboratory samples is conducted using either direct or indirect 

(Brazilian) testing methods (Figure 2-10). 

For the direct tensile test, a piece of core is gripped at the ends and subjected to an axial 

pulling force, resulting in the propagation of cracks perpendicular to the direction of the long axis 

of the sample. Such tests provide an accurate estimate of the mean tensile strength, but can 

experience uneven stress loading conditions across the specimen ends when gripping platens are 

used. This source of epistemic uncertainty can be reduced by following the ASTM guideline for 

determining direct tensile strength (ASTM, 2008) and using appropriate QA/QC procedures.  

A greater issue with this method is the expense of both preparing and testing samples in 

direct tension, which can be considerable if multiple tests are desired. As a result, Brazilian 

(indirect) tensile strength tests are often used. Such tests are performed by point loading thin disks 

of core in compression between steel loading platens until diametric cracks form between the 

contact platen points and the sample fails. By compressing the disk at two points, the sample is 

forced to fail in tension as though a tensile force had been exerted to pull the sample apart. This 

testing method has also been standardized and is described in the ISRM guideline for determining 
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tensile strength (ISRM, 1978). While these tests are inexpensive and easy to perform, the cracks 

do not always initiate at the centre of the sample due to micro defects, leading to a bias in the 

tensile strength measurement. As such, calibration may be required to account for these errors. 

 

Figure 2-10 – Example of (a) direct tensile testing arrangement with glued caps for a 

cylindrical sample (ASTM, 2008) and (b) indirect (Brazilian) tensile strength testing 

arrangement with curved loading jaws (ISRM, 1978). 

 

As with UCS tests, a minimum of 10 tensile strength tests are recommended to ensure an 

accurate estimate of the aleatory uncertainty is obtained and statistical estimation error is 

sufficiently reduced. 

2.3.1.3 Young’s Modulus (Ei) 

The Modulus of Deformation, also known as the Young’s Modulus (Ei), is a physical 

parameter used to characterize the stress/strain behaviour of an intact rock sample. It is a critical 

parameter for any analysis of rockmass behaviour that involves deformations and plays an 
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important role in the design of the primary support and final lining. The Young’s Modulus is 

equal to the ratio of the sample normal stress to the induced normal strain during the elastic 

portion of a UCS test. Natural variability in the Young’s Modulus stems from variability in index 

and petrographic properties. As it is determined through a UCS test, measurement and statistical 

estimation errors are the primary components of epistemic uncertainty, which can be reduced 

through the same approach described for UCS. 

As both the Young’s Modulus and UCS are determined for each test, the relationship 

between these two parameters can be assessed directly. Two methods can be used to this end. The 

first method is to use a second moment analysis and fit an appropriate distribution to quantify 

uncertainty in UCS and Ei separately, and then determine the sample Pearson correlation 

coefficient (r) for the paired data. The second option is to assume that the ratio of strength over 

stress (referred to as the Modulus Ratio, MR) is an intrinsic rock property and should therefore be 

quantified separately from UCS and Ei. To do so, an MR value will be determined for each test 

and uncertainty in that variable quantified using a separate second moment analysis and 

distribution fit. Both of these options are shown in Figure 2-11. 

In both cases, two random variables are needed to define the strength and stiffness. For 

Option A, uncertainty in UCS and Ei are quantified as well as the correlation coefficient, while in 

Option B, uncertainty in one of UCS or Young’s Modulus must be quantified as well as the 

uncertainty in MR. As the sources and magnitude of epistemic uncertainty are going to be 

roughly the same between UCS and Ei, uncertainty in the MR value should be minimized so long 

as appropriate testing procedures have been used and an adequate number of samples were tested. 

As such, the selection of Option A or B depends upon the strength of the relationship between the 

two parameters. For rocks where there is a weak correlation between strength and stiffness (the 

magnitude of the correlation coefficient is small) it is recommended that Option A be used, 

whereas both options will be appropriate for materials with a strong strength/stiffness correlation. 
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Figure 2-11 – Plot showing the relationship between UCS and Young’s Modulus test data. 

Two different methods of interpretation are shown: Option A considers the variables 

separately and determines the correlation coefficient, while Option B calculates the 

Modulus Ratio (MR) for each point and treats it as a random variable. 

 

2.3.2 Rockmass Characterization 

With the uncertainty in intact rock parameters quantified, a strength criterion is needed to 

characterize the rockmass and delineate the principal stress space into those combinations of 

stresses that are stable and those that will result in yield. In geotechnical engineering, two criteria 

are typically used to describe the strength of a material: the bilinear Mohr-Coulomb criterion and 

the nonlinear Hoek-Brown criterion. In the special case of massive, brittle rocks, a special 

spalling criterion must be used. Uncertainty in each of the parameters used in these systems and a 

discussion of possible transformation errors are discussed in the following sections. 
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2.3.2.1 Mohr-Coulomb Criterion 

The Mohr-Coulomb criterion defines a bilinear strength envelope based on both the 

tensile and shear strength of the rock. The criterion can be defined in either normal stress-shear 

stress (σ-τ) space as shown in Eq. (2.16) and (2.17) or in principal stress space (σ1-σ3) as shown 

in Eq. (2.17) and (2.18). These two zones are illustrated in Figure 2-12. 

                  (2.16) 

                      (2.17) 

      
      

      
   

       

      
       (2.18) 

 

Figure 2-12 – Mohr-Coulomb criterion showing equations in shear & normal stress space. 

 

From the equations it is clear that the strength envelopes are defined by three parameters: 

the tensile strength (σt), the internal friction angle (φ) and the cohesion (c). As mentioned earlier, 

the tensile strength of the material is typically assessed through direct or indirect tensile strength 

tests. The friction angle and cohesion can be assessed through direct shear tests, however these 

can be extremely difficult to perform and are often too expensive. It is therefore more common to 
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calculate these parameters through a linear regression of UCS and triaxial test data, as shown in 

Figure 2-13. In this case, the friction angle and cohesion are calculated using the equations for the 

slope and intercept of the line: 

      
      

      
         (2.19) 

          
       

      
        (2.20) 

 

Figure 2-13 – Results of a linear regression analysis on UCS and triaxial test data for the 

purposes of determining the friction angle and cohesion. The mean regression line as well as 

confidence and prediction intervals (68% and 95%) are shown. 

 

Based on Figure 2-13, the slope appears to remain fairly consistent across the data set, 

while there is significant uncertainty in the y-intercept. Based on Eq. (2.19) and (2.20), only 

minor uncertainty would be expected for the friction angle while a greater degree of uncertainty 

would be expected for the cohesion. This is logical from a geomechanics perspective as the 
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friction angle is dependent upon the macro-scale roughness along failure surfaces. It would 

therefore be less sensitive to small scale changes or micro-defects, resulting in a relatively 

consistent value across multiple samples. As the cohesion is based on micro-scale petrographic 

characteristics, the scatter in cohesion values across several tests would likely be high. 

While the Mohr-Coulomb criterion provides a means of developing a strength envelope, 

there are several limitations associated with its use. Primarily, having a bilinear envelope assumes 

that the tensile cutoff can be considered separately from the shear strength. This will not always 

be an appropriate assumption, as the same properties that make a rock strong in tension also tend 

to make it strong in compression. Additionally, the shear strength is assumed to be independent of 

confinement in the Mohr-Coulomb criterion. Based on fracture mechanics, it is more likely that a 

greater increase in shear strength occurs in the low confinement regions, while a more stable, 

consistent shear strength is obtained at higher confinements. 

2.3.2.2 Generalized Hoek-Brown Criterion 

To overcome the limitations identified with the Mohr-Coulomb criterion, the generalized 

Hoek-Brown criterion and Geological Strength Index (GSI) characterization system were 

developed. This system uses laboratory test results of intact rock samples in conjunction with a 

measure of rockmass quality (the Geological Strength Index, or GSI) to develop a single strength 

envelope over the tensile and compressive regions (Hoek et al., 2002). The estimate of rockmass 

strength is based on the assumption that the rock behaves in an isotropic fashion due to the 

presence of several closely spaced discontinuities. The strength envelope for the generalized 

Hoek-Brown criterion is defined by the following equation: 
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  )

 

       (2.21) 

where UCS is the intact uniaxial compressive strength, mb is the rockmass value of the of 

the intact Hoek-Brown material constant mi for the rockmass, s and a are rockmass constants and 
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σ1 and σ3 refer to the major and minor principal stresses, respectively. This envelope delineates 

those combinations of principal stresses that are stable (plot below the envelope) and those that 

would result in yield. For the intact case, Eq. (2.21) is simplified according to mb = mi, s = 1 and  

a = 0.5 (Hoek et al., 2002). This allows it to be rewritten as: 
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            (2.22b) 

Once an appropriate intact strength envelope has been developed according to the intact 

test data, a GSI value is assigned to the rockmass based on the blockiness of the rockmass and the 

quality of the discontinuities. Rockmass parameters are then calculated by modifying the intact 

parameters according to the GSI and the disturbance factor (D): 
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where mb, s and a are rockmass constants and σc and σt are the rockmass compressive and 

tensile strengths, respectively. It is important to note that the D factor is only to be applied to the 

zone of rock that has experienced excavation damage (typically 0.5 to 2.0 m for a tunnel). A 

residual D value can also be used to reduce the post-yield strength of the rockmass, simulating 

strain weakening behaviour. 

Using Hoek & Diederichs (2006), an estimate of the rockmass stiffness (Erm) can also be 

obtained from the intact stiffness (Ei) as well as GSI and D: 
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In order to properly characterize the rockmass strength using the generalized Hoek-

Brown approach, three parameters must be estimated: UCS and mi for the intact rock component 

and GSI for the rockmass (which allows for the direct calculation of mb, s and a). The first two 

parameters are determined through laboratory testing of intact samples, while GSI is typically 

obtained through either a qualitative or quantitative assessment of the blockiness of the rockmass 

and the condition of the discontinuities. While often treated deterministically, there is significant 

uncertainty associated with each of these parameters, meaning a single strength envelope will not 

be able to capture the range of rockmass behaviour. As such, this uncertainty must be quantified 

to obtain a complete understanding of the variable ground response for a given rockmass. 

2.3.2.2.1 Material Constant (mi) 

The intact material constant mi is an intact rock parameter that defines the shape of the 

intact strength envelope. Natural variability in this parameter stems from variability in mineral 

content, foliation and grain size (texture). As homogeneous rocks have relatively uniform 

petrographic characteristics, the uncertainty in mi is expected to be small for these units while 

heterogeneous rocks will have a greater degree of uncertainty. 

It is recommended that mi be determined through a regression of tensile, uniaxial 

compressive and triaxial test data (Hoek et al., 2002). Given the costs associated with triaxial 

tests, projects often focus on UCS and tensile testing and obtain an empirical estimate of mi based 

on tables such as those found in Marinos & Hoek (2000) (Figure 2-14). Such tables are typically 

organized by rock group and show a clear trend of higher mi values for coarse grained rocks and 

lower mi values for finer grained rocks. Recognizing that uncertainty exists within these values, 

general estimates of the relative minimum and maximum mi values are typically provided. 

Although empirical estimates of the mean and variance for mi may reduce testing costs, 

such general values contain both inherent and knowledge based sources of uncertainty that may 

not be applicable for other project areas. While such general estimates can be used during the 
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preliminary design stage, a regression of site specific test data should be used to determine an 

accurate mi value for later stages of design. 

 

Figure 2-14 – Expected values and ranges for the Hoek-Brown material constant organized 

by rock group. Note that values in parentheses are estimates (Marinos & Hoek, 2001). 
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2.3.2.2.2 Intact Strength Envelope 

The first step in developing a rockmass strength envelope is to determine the intact 

strength envelope based on laboratory test results. For the intact case, the strength envelope is 

defined by the UCS and the intact material constant (mi). While these parameters have been 

discussed separately up to this point, together they define a single strength envelope for the intact 

material. In addition to calculating the statistical moments for each parameter, the correlation 

between them must also be understood to accurately assess the uncertainty in intact strength. 

To do so, a linear or nonlinear regression must be performed using Eq. (2.22) as the 

regression model. As the Hoek-Brown criterion defines a continuous function between tensile and 

shear failure (unlike the Mohr-Coulomb criterion), the direction of the residual must be 

considered to ensure an appropriate fit algorithm is used. According to three-dimensional 

Griffith’s Theory (Murrell, 1962), intact rock samples experience tensile failure when σ1 < 5σt. In 

this region, errors would be measured in the σ3 direction relative to the mean regression line, 

f(σ3). For σ1 > 5σt (uniaxial and triaxial tests), rocks will fail under compression, meaning the 

error will be defined in the σ1 direction. 

To provide upper and lower bounds for the data set, 90% or 95% prediction intervals can 

be calculated at each point along the mean regression line. An example of a Hoek-Brown fit 

produced through a nonlinear regression is shown in Figure 2-15. Prediction intervals are also 

shown at a 90% confidence level. As several different algorithms can be defined for the Hoek-

Brown criterion, a full assessment of the quality of different regression methods using absolute 

and relative residuals is needed. Additionally, it is not clear how the intact strength envelopes 

should be varied once the upper and lower bounds have been established by the prediction 

intervals. These challenges are addressed in Chapter 5. 
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Figure 2-15 – (a) Laboratory test data and (b) mean Hoek-Brown strength envelope with 

90% prediction intervals. 

 

2.3.2.2.3 Geological Strength Index (GSI) 

The rockmass Hoek-Brown strength envelope is defined by Eq. (2.21). The three Hoek-

Brown constants used in this equation (mb, s, a) are a function of the Geological Strength Index 

(GSI), the disturbance factor (D) and the intact Hoek-Brown strength envelope (defined by UCS 

and mi) as shown in Eq. (2.23) to (2.25). As these equations were derived empirically, there is an 

unknown error introduced by this transformation. While this will have an impact on the accuracy 

of the analysis, it is currently an unavoidable error when using the generalized Hoek-Brown 

approach. Further research is needed to quantify this error so it can be removed with the other 

sources of epistemic uncertainty. 
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The GSI value is determined for a given rockmass by analyzing outcrop and borehole 

data and assigning a value based on qualitative descriptions of blockiness and joint condition 

(Figure 2-16). For a statistical analysis, a mean value and credible range can be estimated based 

on repeated qualitative estimates and/or expert opinion. The standard deviation can then be 

estimated by using Eq. (2.3) if sufficient independent observations are available or through the 

three-sigma approach. 

While a qualitative approach provides an estimate of the statistical moments for the GSI, 

observations tend to be biased due to the past experiences of the user and the level of uncertainty 

tends to be underestimated. Using a quantitative method refines this process and allows for a 

direct calculation of a specific GSI value based on a calculation of joint or block wall condition 

(A) and block size (B) (Figure 2-16). Several different methods can be used to accomplish this. 

The approach presented by Hoek et al. (2013) defines GSI as a function of the joint condition 

rating (JCond89) defined by Bieniawski (1989) and the Rock Quality Designation (RQD): 

                (2.29a) 

                     (2.29b) 

                (2.29c) 

An alternative approach is to use the GSI method proposed by Cai et al. (2004), which 

quantifies GSI using the chart in Figure 2-16 and the following equations: 

     
    

  
         (2.30) 

     
      

               
        (2.31) 

where si and γi are the joint spacing and the angle between joint sets, respectively, JW is 

the large scale waviness (in meters from 1 to 10 m), JS is the small-scale smoothness (in 

centimeters from 1 to 20 cm) and JA is the joint alteration factor. 
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Figure 2-16 – Qualitative and quantitative GSI chart based on a joint condition (Scale A) 

and block size (Scale B) factor. Example statistical distributions are shown for both scales, 

as well as the resultant uncertainty in GSI (modified after Cai et al., 2004). 
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When using a quantitative approach, the mean GSI value is equal to the value obtained 

when all component parameters are set to their mean value. By quantifying uncertainty in each 

component, the standard deviation for the GSI can be calculated using error propagation 

techniques. In the case of the Hoek et al. (2013) approach, where RQD and JCond89 are likely 

uncorrelated, the standard deviation in GSI would be calculated as follows: 
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      (2.32) 

With the calculation of GSI, the rockmass Hoek-Brown failure envelope can easily be 

determined using the intact curve and Eq. (2.23) to (2.25). These equations directly capture the 

co-dependency between intact and rockmass constants, meaning correlation coefficient terms are 

not required. Further, as GSI and D represent the rockmass quality and excavation damage, 

respectively, it is reasonable to assume that they are independent variables with respect to each 

other and with respect to the parameters that define the intact failure envelopes. 

2.3.2.3 Damage Initiation and Spalling Limit (DISL) 

While the generalized Hoek-Brown method is suitable for geomaterials with a GSI < 75, 

microcracking and crack propagation play a more significant role in the macroscopic failure of 

massive, brittle materials. In the tensile and low confinement zones (σ3 < 10 MPa), the tensile 

strength (σt) of the material dominates due to the instability of sharp crack tips with crack normal 

tension (Kemeny & Cook, 1986). Crack propagation and coalescence occur rapidly, resulting in 

the development of extension fractures and slabbing parallel to the maximum compressive stress 

and to the excavation boundary. Such damage is typically observed for boundary stresses that are 

significantly less than the UCS values obtained from standard laboratory testing (Diederichs, 

2007). In the low confinement region, the damage threshold is therefore defined as a function of 

the crack initiation threshold of the material. As confinement is increased, propagation of 
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fractures is retarded and the shear strength of the material is more closely approximated by the 

values obtained from laboratory testing. These behavioural regions are shown in Figure 2-17. 

 

Figure 2-17 – Composite strength envelope for brittle materials illustrated in principal 

stress space (2-D) showing different zones of behaviour (modified after Diederichs, 2007). 

 

Two thresholds are important to consider when assessing brittle behaviour. The first is 

the upper bound strength, which follows the yielding limit of the rock rather than the peak 

envelope obtained through UCS testing. This yield limit, referred to as the critical damage 

threshold (CD), is classified as the onset of crack interaction and is identified as the onset of non-

linearity in the axial stress-strain behavior of the rock under compression (Diederichs, 2003). The 

lower bound for in situ strength is given in lab testing as the crack initiation threshold (CI), which 

is dependent upon the heterogeneity, density and nature of internal flaws (Diederichs, 2007). The 
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CI threshold typically varies from 30% to 50% of the UCS for different rocks (Martin et al., 

1999), however it can be difficult to detect this value with a high degree of accuracy through 

testing. This is due to the presence of two theoretical initiation thresholds: the first onset of 

cracking (lower) and the point at which crack initiation becomes relatively uniformly distributed 

throughout the sample and is a steadily accelerating phenomenon with increasing load (upper). 

The latter is considered to be the relevant limit for short term damage predictions and response 

over normal construction time frames (Ghazvinian et al., 2012). 

To describe the composite brittle-shear failure criterion shown in Figure 2-17, the 

Damage Initiation and Spalling Limit (DISL) method proposed by Diederichs (2007) can be used. 

The DISL method uses the crack initiation (CI), ultimate (UCS) and tensile (σt) strengths of the 

material to define generalized Hoek-Brown peak and residual parameters that can be used for 

analysis. The use of Hoek-Brown parameters as inputs is advantageous as these are standard 

inputs for most geomechanical modelling software. The equations used to determine these 

parameters are shown in Table 2-1. 

Table 2-1 – Equations for the DISL method (after Diederichs, 2007). 

Hoek-Brown Constant Peak Residual 

a 0.25 0.75 

s (
  

   
)

 
 
 0 * 

m  (
   

|  |
) 6-10 

* numerical stability in some models may require a value – suggest 10
-6 

 

To accurately determine Hoek-Brown constants for spalling failure, the uncertainty in CI, 

UCS and σt must be quantified and the relationships between these parameters must be 

understood, specifically the crack initiation ratio (CI/UCS) and the strength ratio (UCS/σt). Issues 

with quantifying uncertainty in brittle parameters are discussed in more detail in Chapter 7. 
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2.3.3 In Situ Stress: A Fundamental Uncertainty 

The in situ stress magnitude and orientation are critical engineering parameters for 

evaluating the short and long term behaviour of an underground excavation. These parameters not 

only define the induced stresses around the excavation, but also have a significant impact on 

rockmass characterization and establishing probable failure mechanisms (either structurally or 

stress controlled). By understanding the in situ stress conditions, the expected extent of failure 

can also be assessed through analytical or numerical analysis techniques, which plays an 

important role in selecting an appropriate excavation orientation, excavation method and ground 

support system. 

Understanding the nature of the in situ stress conditions is far from a trivial task however, 

as there is significant uncertainty associated with the stress magnitude and orientation. Natural 

variability is caused by variability in rockmass conditions and topographic effects along the 

length of the excavation alignment (e.g. Alpine tunnels), while epistemic uncertainty is also 

present due to a lack of information as well as errors and limitations associated with the various 

stress measurement techniques. This section reviews these issues and provides guidance in the 

determination of in situ stress parameters for analysis. 

2.3.3.1 Rockmass Stress Conditions 

The stress conditions within a rockmass are developed through a combination of all 

stress-generating mechanisms that have acted over the history of the material (Figure 2-18). 

These mechanisms can exist at any scale, from local (topography) to regional (tectonic) and even 

terrestrial (the moon’s gravitational pull). This highlights the complexity in assessing uncertainty 

in stress conditions, as a variety of different mechanisms from many different sources must be 

considered. 
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Figure 2-18 – Mechanisms for stress uncertainty at all scales (Zang & Stephansson, 2010). 

 

The rockmass stress conditions are a function of two broad categories: the in situ and 

induced stresses. In situ (or virgin) stresses are typically a function of gravitational, tectonic, 

residual and terrestrial stresses. Of these, the gravitational (or lithostatic) and tectonic stresses 

have the most significant impact on the virgin stress field. In the absence of large-scale 

topographical relief, the vertical stress (σv) is typically one of the principal stresses for both 

shallow and deep excavations. If topography is present, this will impact the magnitude and 

orientation of the principal stresses near surface, however this effect is minimized at depth. 
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Tectonic stress strongly influences the horizontal in situ stresses and can do so at both the 

regional scale (broad scale tectonic forces from plate movement) and the local scale (bending due 

to surface loads and isostatic compensation). Conversely, induced stresses are the stresses that 

exist within a rockmass that has been disturbed by excavation, swelling or applied loads. The 

induced stress around an excavation is typically determined through analytical solutions (e.g. the 

Kirsch solution) or numerical models. 

2.3.3.2 Stress Components 

The complete state of stress in two-dimensions can be defined in terms of two normal 

stress components (σn) and two shear stress components (τ), as shown in Figure 2-19.  

 

Figure 2-19 – Visualization of stress components in 2-D on a square (a) before (b) during 

and (c) after solving the eigenvalue problem of the stress matrix. The matrix expression of 

the stress tensor is also shown for each case. 

 

Due to symmetry, this can be simplified to only one shear stress component, meaning 

three terms are needed to define the stress tensor, or the fundamental point stress state. For a 

certain orientation of the stress tensor (represented by the angle ψ), the shear stresses become 

zero and two orthogonal stress components are defined. These are referred to as the major (σ1) 
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and minor (σ3) principal stresses (Figure 2-19c), which are determined by solving the eigenvalue 

problem of the stress matrix. For a three-dimensional problem, a third principal stress is also 

defined (σ2), which is referred to as the intermediate principal stress. While stress measurements 

record the total stress for a specific location, it is the magnitude and orientation of the principal 

stresses that are typically used in design. 

For the two-dimensional stress case, a Mohr circle can also be used to analyze the stress 

conditions (normal and shear) on any plane with a normal angle oriented θ degrees to the major 

principal stress direction (Figure 2-20). The stress conditions are defined by two stress invariants: 

the hydrostatic pressure (P), or the midpoint of the Mohr circle, and the deviatoric stress (Q), 

which represents the radius of the Mohr circle.  

 

Figure 2-20 – Mohr circle stress analysis for a 2-D problem. 

 

2.3.3.3 Stress Estimation Methods 

In an effort to standardize the methods for determining stress conditions, the International 

Society of Rock Mechanics (ISRM) developed a set of five suggested methods for rock stress 

estimation. The most recent ISRM Suggested Method (Stephansson & Zang, 2012) provides a 

strategy for incorporating stress estimate based on the geological setting, stress measurement 

information and numerical stress estimates into a comprehensive Final Rock Stress Model. This is 

illustrated in Figure 2-21. 
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Figure 2-21 – Schematic illustration showing the stages of a comprehensive in situ stress 

estimation program and implementation into a final rock stress model (Zang & 

Stephansson, 2010). 
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The final rock stress model is developed through three steps. First, a best estimate of the 

stress conditions is determined based on the site geology and tectonic setting, existing stress data 

and empirical/analytical relationships. The second step is to perform in situ stress measurements 

using overcoring, hydraulic fracturing and/or borehole methods. Finally, a numerical stress 

estimation is performed, which incorporates site specific geomechanical data (rockmass 

properties, structural features, stress measurements) and known events in the geological history. 

This model is then used to simulate the changes in in situ stresses over the geologic history of the 

area and to predict the current regional scale in situ stress conditions. Each of these methods is 

described in more detail in the following sections. 

2.3.3.3.1 Best Estimate Stress Model 

A best estimate stress model is developed using geological and geomorphological data 

that is typically obtained during the preliminary phase of a site investigation program as well as 

empirical and analytical relationships established in literature. This includes the identification of 

major geological structures (i.e. faults, joints) that can have an impact on the local stress 

conditions and an initial estimate of the potential for anisotropy based on the rockmass 

conditions. Information from the World Stress Map project can also be used at this stage, which 

provides a means of quickly accessing a large database of in situ stress measurements collected 

around the world from various stress indicators (Heidbach et al., 2008). 

Empirical relationships can also be used at this stage to provide a preliminary estimate of 

the stress conditions. For rocks at depth without any major tectonic influences, it is often assumed 

that topographical effects can be ignored and the vertical stress will be one of the principal 

stresses. The magnitude of the vertical stress can then be estimated by calculating the weight of 

the overlying material based on the depth (z), using the following equation: 

   ∫         
 

 
        (2.33) 
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where ρ is the average density of the rock (kg/m
3
) and g is the gravitational constant (9.81 

N/kg). For a standard rock density of 2600 kg/m
3
, the vertical stress component can be 

approximated as 0.026 MPa/m depth. Determining an estimate horizontal stress (σh) at depth is 

significantly more uncertain, however. Several equations exist relating the ratio of horizontal over 

vertical stress (also called the stress ratio, K) to the stiffness parameters of the material. Sheorey 

(1994) provided a model for the distribution of horizontal stresses with depth based on the 

spherical shell model of the earth that incorporates the rockmass Young’s Modulus, density and 

geothermal gradient. 
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Borehole imaging techniques can also provide valuable insight into the local stress 

conditions. Such methods obtain stress information indirectly though the observation of borehole 

breakouts using optical or acoustic televiewers (allows for an estimate of magnitude and 

orientation) or by estimating the upper bound of in situ stress magnitude based on the lack of 

borehole breakouts. Uncertainty in the estimation of far-field in situ stress magnitude is related to 

the uncertainty in the estimate of the local rockmass stress and stiffness adjacent to the borehole 

wall. This approach continuously collects data down the borehole, thus allowing for an estimate 

of the entire stress profile to be obtained. This is a significant improvement over point stress 

measurements, such as those obtained through overcoring and hydraulic fracturing. 

While these approaches provide an effective initial guess for the local in situ stress 

conditions, the calculated values should be viewed as estimates only. As the problem becomes 

more complex, significant transformation errors will be introduced that will reduce the accuracy 

of further analyses. 
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2.3.3.3.2 Stress Measurement Methods 

In situ stress measurement methods refer to techniques that use physical measurements of 

strain, deformation or water pressure to back analyze the stress magnitude and orientation based 

on the physical properties of the rockmass. Overcoring and hydraulic fracturing are the two 

primary methods used and are employed using either shallow or deep boreholes from surface. 

These methods provide an estimate of the local in situ stress conditions, however they are 

expensive, meaning limited information is typically available. In addition to the natural variability 

present, there are also several sources of epistemic uncertainty, including measurement errors and 

issues with testing repeatability. 

Overcoring methods are typically limited to use in shallow (< 50 m depth), dry boreholes, 

meaning deep stress measurements can only be obtained by using overcoring methods in an 

existing deep excavation. The basic premise of overcoring methods is that rock core is relieved of 

in situ stresses in a manner proportional to its elastic properties (Gaines, 2013). Overcoring tests 

are performed by drilling a large diameter borehole, followed by a smaller diameter borehole at 

the end. A recording device is then bonded to either the wall or bottom of the smaller diameter 

borehole before a larger diameter bit is advanced past the device, relieving the stress on the rock. 

Strains are measured before and after overcoring and the in situ stress conditions are back 

calculated using the elastic properties of the rock (Sjoberg et al., 2003). In addition to the limiting 

borehole depth, most overcoring methods only measure the two-dimensional stress state, meaning 

that the complete stress tensor can only be determined with three orthogonal boreholes. Not only 

is this time consuming and expensive, but the difficulties with performing such tests leads to 

issues with repeatability. Further, local sample damage due to disking or fractures within the 

rockmass as well as local geological and structural heterogeneity can result in significant 

measurement errors that reduce the reliability of the stress tensor calculation. These limitations 

can be overcome by using a triaxial cell, which allows for the determination of the three-
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dimensional stress tensor from a single measurement location with some redundancy (12 strain 

measurements for six unknowns). Using a triaxial cell can therefore lead to a more reliable 

estimate of the in situ stress conditions for a lower cost. 

Conversely, hydraulic methods are well suited to estimate in situ stress conditions in 

deep, water filled boreholes. For this test, a straddle packer is installed to seal off the borehole 

interval at the desired depth. Pressurized fluid (water) is then pumped into the borehole interval 

from surface to induce a fracture in the borehole wall or re-open an existing fracture. The 

orientation of the fracture provides an indication of the orientation of biaxial stresses while the 

fluid pressure can be used to provide an estimate of the tensile strength of the rockmass and 

subsequently the horizontal stresses in the plane perpendicular to the borehole axis. While this 

approach can result in high quality estimates of in situ stress conditions, it suffered from several 

limitations. First, it is assumed that the borehole is parallel to one of the principal stresses and that 

the rock is linearly elastic, homogeneous and isotropic. It is further assumed that the fracture 

propagates in the direction perpendicular to the minimum principal stress direction and that it 

follows the plane identified in the borehole. Additional limitations are also introduced to the 

interpretation of hydraulic fracturing tests due to the tectonic regime (normal versus reverse 

faulting), changes in the stress path due to induced fracturing, as well as presence of unknown 

pre-existing fractures. Each of these issues adds an element of epistemic uncertainty to the 

analysis that is both difficult to quantify and eliminate. As such, while hydraulic methods can 

provide valuable information regarding the in situ stress conditions, significant errors can be 

introduced and must be noted wherever possible. 

2.3.3.3.3 Integrated Stress Determination 

The last stage before a final rock stress model is developed is the integrated stress 

determination stage, which primarily focuses on the development of numerical models to assess 

in situ stress conditions. These models are particularly useful for sites where limited direct stress 
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estimates are available or where complex geology makes stress interpretation difficult (Gaines, 

2013). To develop a suitable model, sufficient information regarding the geological setting and 

rockmass properties must be known as well as the geological history of the site. A staged scenario 

incorporating all relevant events that influenced the in situ stress conditions over geologic time 

can then be developed and calibrated to known local and regional stress data. This approach is 

described in more detail in Gaines (2013).  

2.3.3.4 Issues with Quantifying Uncertainty in Stress 

Unlike intact or rockmass parameters, the in situ stress condition represents a 

fundamental uncertainty in geotechnical problems due to the difficulty in obtaining an accurate 

stress model. The first problem that must be addressed with understanding and quantifying 

uncertainty in the in situ stress conditions is to determine which parameters should be considered 

as random variables. As stress can be quantified in several different ways, a variety of 

interpretations are possible (Figure 2-22). 

 

Figure 2-22 – Two approaches to incorporate uncertainty into in situ stress. Through (a) 

tensor components and stress invariants or (b) principal stresses and their orientation. 

 

The first approach is to quantify uncertainty in the tensor components through repeated 

overcoring measurements (Figure 2-22a). From a Mohr circle stress analysis perspective, this 
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essentially means that uncertainty is being quantified for the stress invariants and orientation of 

the plane being examined. This uncertainty can then be carried through the eigenvalue problem to 

determine the mean and standard deviation in the magnitude and orientation of the principal 

stresses. While this is the most direct approach, it also requires the most information, including 

accurate estimates of: the shear and normal stress magnitudes, orientation of the plane the stresses 

are measured on and correlation between the variables. As it is unlikely that sufficient data will 

be available for such a rigorous analysis, this approach may not be suitable for most geotechnical 

projects. Even where sufficient data exists, the repeatability of overcoring methods is considered 

to be questionable. Measurement errors due to sample disturbance must be addressed as well as 

the fact that local structural heterogeneity may result in the development of outliers in the data 

set, thus reducing the number of representative data points available for analysis. 

A second approach is to estimate the uncertainty in the principal stress magnitude and 

orientation (Figure 2-22b). A preliminary estimate of these parameters can be obtained through 

the use of regional stress data, while hydraulic fracturing and borehole breakout analyses can be 

used to obtain a site specific estimate by assuming that one of the principal stresses is in the 

vertical direction. This approach provides a logical way to quantify the uncertainty stress 

conditions and may provide sufficient accuracy in simple environments where the in situ stresses 

are dominated by gravity. In more complex environments with tectonic or topographic influences, 

these estimates will become less accurate, resulting in potentially significant errors in the 

calculation of induced stresses. A more general version of this approach is to focus on the 

establishment of upper and lower bounds for the magnitudes and orientations of the principal 

stresses, which can provide useful limits for future analyses. 

Another approach is to assume that one of the principal stresses is vertical and quantify 

uncertainty in the in situ stress ratio, K, for homogeneous stress domains along the longitudinal 

axis of the excavation. This is a relatively straightforward approach as the vertical stress can be 
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approximated based on the weight of rock above the excavation. Limited information regarding 

the horizontal stress at the excavation depth is typically available however, making an assessment 

of the uncertainty in K difficult. While stress measurements could be used to capture the effects 

of topography and structure (i.e. faults), it has been shown that such tests can be difficult to 

perform at depth and can contain significant sources of error. Further, it is important to note that a 

change in behaviour occurs when the stress ratio transitions from less than one, to greater than 

one. Hydrostatic stress conditions (K =1) will result in uniform convergence around a circular 

excavation, while non-hydrostatic conditions (K ≠ 1) will lead to stress concentrations. The 

impact of stating a stress ratio of K = 1.1 ± 0.3 must therefore be understood to be truly useful. 

2.3.4 Recommended Approach 

Recognizing these challenges, it is recommended that upper and lower stress bounds be 

established along the length of the excavation based on stress ratios or borehole breakout analyses 

and assume a simple distribution shape, such as uniform or triangular. Where there is a sufficient 

amount of accurate data, a cumulative distribution function can be selected by using a statistical 

analysis. In the absence of suitable data, it is recommended that a variety of credible stress states 

(determined through numerical modelling of the geologic history) be evaluated deterministically 

and the impact on design performance quantified. Similar to a parametric sensitivity analysis, this 

will provide information on the importance of the in situ stress estimate with respect to design 

performance that can be used to justify more detailed testing. 

2.3.5 Variable Ground Response 

Together, the rockmass characterization, in situ stress conditions and groundwater define 

the ground response for a given excavation. The possible failure modes are primarily divided into 

two groups: (1) gravity driven failure of blocks or fragments that are controlled by discontinuities 

and (2) stress induced, gravity assisted failures. The latter group can be further sub-divided into 
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brittle failures (buckling, spalling, or rockbursting) and ductile failures (plastic deformation, 

creep, or squeezing) (Palmstrom & Stille, 2007). 

These failure mechanisms are shown in Figure 2-23. Despite the variety of failure 

mechanisms shown, these can be grouped into three primary failure modes: squeezing (shearing), 

brittle and structurally controlled. The likelihood of occurrence for each mechanism is dependent 

upon the uncertainty in the rockmass strength, in situ stress conditions and rockmass quality. 

Uncertainty in these parameters can either lead to a range of failure severity for a single 

mechanism or multiple failure mechanisms in the same rockmass. As such, this uncertainty must 

be understood to create an accurate geomechanical model and select an appropriate excavation 

and support sequence. 

 

Figure 2-23 – Different failure mechanisms based on rockmass quality and the ratio of 

rockmass strength over in situ stress (Hoek et al., 2007). 
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While empirical, analytical and numerical methods are typically used to assess the 

dominant failure mechanism with respect to the mean (expected) conditions, such approaches can 

easily be adapted to incorporate uncertainty information to determine the likelihood of each 

failure mode. To do this, the possible input uncertainties and design performance indicators must 

be considered. These are summarized in Figure 2-24 for the three principal failure modes. 

The following sections discuss uncertainty in each of the principal failure modes. 

Additionally, a detailed analysis of variable squeezing and brittle failure can be found in Chapters 

6 and 7, respectively. 

 

Figure 2-24 – Sources of input uncertainty and performance indicators for various failure 

mechanisms. 
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2.3.5.1 Squeezing Failure 

In jointed rockmasses (GSI < 75), the GSI plays a critical role in defining appropriate 

rockmass parameters. In this case, the GSI value is used in conjunction with the generalized 

Hoek-Brown criterion to homogenize the intact and structural features of a complex rockmass, 

thus assuming that the rockmass experiences uniform shear failure (squeezing). The degree of 

squeezing, and therefore difficulty associated with excavation, can be estimated according to the 

empirical classification provided by Hoek & Marinos (2000a), which is based on the ratio of 

rockmass strength over in situ stress (Figure 2-25). Uncertainty in these parameters will lead to a 

range of possible squeezing conditions and therefore uncertainty in the yield zone and 

convergence. 

 

Figure 2-25 – Empirical relationship between strain and the ratio of rockmass strength to in 

situ stress. Note that this curve is for tunnels with no support (Hoek & Marinos, 2000a). 
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2.3.5.2 Brittle Failure 

For more massive rockmasses (GSI > 75), microcracking and crack propagation play a 

significant role in the macroscopic failure. In the tensile and low confinement zones (σ3 < 10 

MPa), cracks created due to tensile failure propagate and coalescence rapidly, resulting in the 

development of extension fractures and slabbing parallel to the maximum compressive stress and 

to the excavation boundary (spalling). Understanding the relationship between crack initiation 

strength and UCS as well as tensile strength and UCS is critical in determining the behaviour of a 

spalling rockmass. Uncertainty in these parameters leads to a variable shape and depth of spalling 

damage, as well as the potential for variable bolt loads due to bulking. 

A classification scheme can be used to determine the likelihood of spalling failure for a 

given rockmass. This scheme uses the rockmass quality (GSI) and the strength ratio (defined by R 

= UCS/σt) to identify parametric ranges in which the GSI and the DISL method should be applied 

(Table 2-2). The table clearly shows that spalling is more likely to occur in high quality 

rockmasses with a greater strength ratio. 

Table 2-2 – Selection of constitutive model based on strength ratio and rockmass quality 

(Diederichs, 2007). 

Strength Ratio 

(R) 

Geological Strength Index (GSI) 

< 55 55-65 65-85 > 85 

< 9 GSI GSI GSI GSI 

9-15 GSI GSI GSI GSI/DISL* 

15-20 GSI GSI/DISL* DISL/GSI* DISL 

> 20 GSI GSI/DISL* DISL DISL 

* Note: ordering of methods indicates most appropriate 
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2.3.5.3 Structurally Controlled Failure 

Where structural failure in underground excavations is a concern, the GSI system cannot 

be used. Instead, intact rock (GSI = 100) should be modeled with discrete structural 

discontinuities to determine the kinematic stability of sidewall and roof (gravity) wedges. As the 

mechanism is dependent upon failure along a discontinuity surface, understanding the uncertainty 

in the orientation and persistence of discontinuity sets is critical to determining the likelihood of a 

block occurring. The likelihood of failure can then be calculated for each block by quantifying 

uncertainty in both the strength (tensile strength, cohesion and friction) and stiffness (normal and 

shear) along the applicable discontinuity surfaces as well as uncertainty in the confining stress 

around the excavation (which is dependent upon the in situ stress conditions and excavation 

geometry). By understanding the uncertainty in each of these parameters, a factor of safety 

distribution can be calculated for each block. In addition, an estimate of the distribution of loads 

on support elements, such as shotcrete and bolts, can also be obtained. 

2.3.5.4 Combined Mechanisms 

For any particular rockmass, some of the failure types in Figure 2-23 can be considered to 

be mutually exclusive and therefore the uncertainty in the input parameters will lead to 

uncertainty in severity of a single failure mechanism.  In other cases, the same rockmass and 

tunnel layout may allow combinations of two or more failure types to occur, such as block falls in 

combination with swelling, rupturing, and/or plastic behaviour. This often occurs in weakness 

zones and faulted areas. In this case, the likelihood of each mode should be assessed along the 

length of the excavation. In areas where more than one mode is expected to occur, little guidance 

is currently available for determining the overall risk to the structure. One possible solution in this 

case is to focus analyses on the critical (most likely) mode first and look at exacerbating factors 

caused by the other modes that may affect the likelihood of occurrence. 
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Chapter 3 

Reliability Based Design Methods 

3.1 Methods for Dealing with Uncertainty in Design 

As outlined in the previous chapter, significant uncertainty exists in both rockmass and in 

situ stress parameters due to natural in situ variability (aleatory) as well as knowledge-based 

sources of uncertainty (epistemic) including limited availability of information about subsurface 

conditions and errors made during the measurement and testing phase. This uncertainty poses a 

challenge for obtaining a reliable geological model for the site and therefore complicates the 

rockmass characterization process. Further, uncertainty in input parameters will propagate 

through the design process, leading to uncertainty in ground response and support performance as 

well as a residual risk during construction. 

While this uncertainty is often quantified using statistical techniques during the site 

investigation phase, present engineering design methods for tunnel response and ground-support 

interaction have yet to adopt a logical basis for assessing its impact on system performance. 

Typically, uncertainty is dealt with subjectively during the design process by selecting 

conservative input parameters for a deterministic analysis. As an example, a lower representative 

strength value could be used or the in situ stress conditions could be changed to increase the 

severity of a specific failure mechanism. This often leads to the selection of a robust support 

design that is capable of withstanding a range of possible loading conditions. While such an over-

conservative approach has limited incidents of failure in the past, it does so through a subjective 

assessment of design risk rather than through a good understanding of the mechanisms involved. 

Additionally, using an excessively robust design can have significant implications on the project 

as heavier support will add to both the construction schedule and cost. 
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A comprehensive design approach is therefore needed that combines uncertainty 

quantification in input parameters with traditional design methods to allow for the selection of an 

optimum support and excavation sequence on the basis of both safety and cost. Recent design 

codes have presented a variety of analysis methods than can be used to deal with uncertainty in 

geotechnical design. Within Europe, EN-1997-1 (commonly referred to as Eurocode 7 or EC7) 

identifies four approaches that attempt to deal with uncertainty in design. They are partial factors, 

prescriptive measures (i.e. empirical design approaches), the observational method and reliability 

analyses. Each of these is discussed in the following sections. 

3.1.1 Partial Factors 

Partial factors are used to subjectively incorporate both inherent variability and 

knowledge based uncertainty into the design process. Such an approach is used extensively in 

North America to determine load and resistance factors for limit states design of civil engineering 

structures. The load and resistance factor design (LRFD) approach represents a transition away 

from the traditional allowable stress design, which analyzed the expected case and then applied 

an overall margin of safety. In LRFD, loads and resistances are considered separately, and factors 

are applied to each to ensure unexpected states at which the structure has reached an unacceptable 

limit (either the ultimate or serviceability limit) are unlikely. The factors are selected based on 

two guidelines: (1) larger partial factors should be assigned to more uncertain parameters and (2) 

the partial coefficients should result in approximately the same design dimensions that would be 

obtained from traditional practice (Kulhawy & Phoon, 2002). 

For gravity-driven problems, such as foundation and retaining wall design, the use of 

LRFD is relatively straightforward as the loads and resistances can be considered separately 

during the analysis, allowing partial factors to be applied directly to each side of the equation. 

This approach is shown in Figure 3-1, which illustrates how destabilizing (unfavourable) actions 

and stabilizing (favourable) actions and resistances are calculated using design values. The design 
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values are calculated as the product of a partial factor (γ) and a characteristic input value, which 

are “selected as a cautious estimate of the value affecting the occurrence of the limit state 

considered are used for the inputs” (DCLG, 2005). This definition is important as it states that the 

characteristic value is dependent upon engineering judgment (“selected”) and that some 

conservatism is required (“cautious estimate”), meaning it subjectively incorporates uncertainty 

into the design process. The ultimate goal is to ensure that the design resistance is always greater 

than the design action effect, which might be a load for ultimate limit state (ULS) design or a 

limiting deformation for serviceability limit state (SLS) design. Given its simplicity, the LRFD 

approach is considered to be a straightforward method to quickly determine critical design 

parameters for gravity-driven problems. 

 

Figure 3-1 – Basic procedure for partial factor design according to Eurocode 7 Design 

Approach 1 (LimitState Ltd., 2013). 
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In the case of underground works, the LRFD approach becomes more complicated as 

system performance is defined by the relationship between displacements, the loads that have 

been induced by rockmass stresses and the capacity of the support. The complexity of this 

problem becomes apparent when one considers the implications for a convergence confinement 

analysis. For the unsupported case, the displacements around the excavation are a function of the 

rockmass parameters, in situ stress conditions and internal radial pressure provided by the 

advancing face (Figure 3-2a). With the addition of support, there is a change in the behaviour of 

the rockmass, creating a feedback loop that complicates the factoring logic (Figure 3-2b). 

Calibration of these partial factors is needed to ensure a consistent level of safety is achieved for 

each design case. This can only be done through extensive back calculation and the use of 

advanced statistical methods, thus limiting the applicability of such an approach. 

3.1.2 Rockmass Classification & Domaining 

Rockmass characterization tools and empirical design methods (often referred to as 

“prescriptive measures”) have become common place in geotechnical projects. These systems 

homogenize sections along the alignment of an excavation by assigning representative rockmass 

parameters to different elements, such as the number of joint sets, joint surface condition, in situ 

stress and excavation orientation. After weighting each parameter, an index is provided that 

describes the rockmass quality and/or support requirements for the domain being considered. 

Examples of such systems include the Rock Mass Rating (RMR) system proposed by Bieniawski 

(1989) and the Tunneling Quality Index (Q) by Barton et al. (1974). Both systems focus on 

defining the blockiness of the rockmass, the surface condition of the discontinuities and the 

presence of groundwater. The RMR system also considers the strength of the intact rock and the 

orientation of the excavation with respect to the orientation of the discontinuities, while the Q 

system incorporates in situ stress conditions.  
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Figure 3-2 – (a) Ground reaction curve (GRC) showing the reduction in radial resistance 

and the increase in both deformations and the yield zone at a particular point along a 

tunnel as the face advances. (b) With the installation of support, (represented by the 

Support Reaction Curve, SRC) the ground reaction changes. This demonstrates that the 

rock loads are dependent on the stiffness and associated deformation of the support system. 
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To successfully apply these rockmass characterization systems, the alignment must first 

be divided into a series of homogeneous domains. These are typically defined with respect to 

geological characteristics, the presence of major structures, a change in the in situ stress 

conditions or geomechanical behaviour, and/or areas of intense alteration. The ability to select 

appropriate domains is directly related to the quality of the geological model as well as the 

knowledge of spatial variability along the axis of the excavation. If limited data is available, few 

domains will be identified, greatly increasing the probability of encountering unexpected 

conditions during construction. This is exemplified in Figure 3-3a, which shows an 

oversimplified longitudinal section for a tunnel in a complex, Andean mountain environment. 

Conversely, a comprehensive site investigation program can lead to a detailed understanding of 

the geology along the excavation axis and therefore a more complete set of geological domains 

(Figure 3-3b). While the latter example will have a greater initial cost during the site investigation 

phase, it will significantly reduce the residual risk during construction as fewer unknown 

conditions will be encountered. 

Once appropriate homogeneous domains have been developed, incorporating uncertainty 

into empirical classification schemes is relatively straightforward. The uncertainty in ground 

response can be estimated for each domain by treating input parameters as random variables and 

defining their relevant statistical moments. An estimate of the support requirements can then be 

calculated for each homogeneous domain using an empirical approach. This is shown for the 

tunnelling quality index (Q) system in Figure 3-4. By quantifying the uncertainty in each of the 

input parameters, a distribution of Q values can be directly assessed. When this is combined with 

the excavation geometry, a percent likelihood for each support class can be determined. 

While such an approach can provide an estimate of rockmass behaviour and support 

requirements during the preliminary design phase, its use beyond this stage is limited. For 

complex problems, accurate estimates of design performance can only be obtained by modelling 
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the expected failure modes specifically. Further, as the input parameters for empirical systems are 

often obtained qualitatively, it is extremely difficult to accurately quantify statistical moments for 

each parameter as well as correlations between parameters. As a result, simple distribution shapes 

are often assumed (e.g. normal) and the variables are assumed to be uncorrelated, which results in 

a much larger total uncertainty in the output than would normally be expected. This leads to 

“extreme” output conditions that may not be likely from a geomechanical perspective. 

 

Figure 3-3 – Examples of an (a) incomplete (Hoek & Guevara, 2009) and (b) detailed 

geological domain model. 
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Figure 3-4 – Support recommendations based on the tunnelling quality index (Q). 

Uncertainty in the Q value can be used with the excavation geometry to obtain estimates of 

the percentage likelihood for different support classes (modified after Barton et al., 1974). 

 

3.1.3 Observational Method 

In situations where insufficient data is available to properly quantify the uncertainty in 

rockmass parameters and in situ stress conditions, the observational method can be used. While 

this method is often misinterpreted as “design as you go”, a successful implementation of the 

observational approach requires sound preparation and a well-organized construction setup. 

Originally proposed by Peck (1969), this process begins during the design phase where possible 

categories of unsatisfactory performance are considered based on expected ground conditions. 
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Excavation sequences and support options are then developed based on convergence or ground 

response limits. Contingency measures are also developed and recorded in the safety management 

plan. During the construction phase, an extensive monitoring program is employed to determine 

whether the expected behaviour matches the actual conditions. In the event that unforeseen 

circumstances occur, the site is organized to ensure the excavation and support sequence can be 

changed quickly. As construction continues, the observed behavior is used to update the design 

iteratively, thus refining the approach. This process is summarized in Figure 3-5. 

 

Figure 3-5 – Observational design approach showing steps in the final design of the 

excavation and support sequence as well as the verification of system behaviour according 

to monitoring results during construction (OeGG, 2001). 
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While the observational method is used extensively in underground projects, it has 

limitations from an uncertainty perspective. Namely, the expected conditions are assessed with 

little data and largely from engineering experience, meaning a full assessment of the uncertainty 

in rockmass and in situ stress conditions is not possible. As a result, the relative likelihood of 

undesirable circumstances cannot be estimated prior to construction. While this may not be a 

critical issue in the design of temporary openings, higher risk structures such as transportation 

tunnels and nuclear waste repositories will require a more detailed design analysis and some 

assessment of the likelihood of satisfactory performance. The observational approach does, 

however, reinforce the need to compare actual conditions observed during construction to 

anticipated conditions from the design phase. By combining a more rigorous uncertainty analysis 

during the design phase with a comprehensive monitoring program, a more complete 

understanding of the variable ground response can be obtained. This will lead to a greater 

reduction in the residual risk during construction. 

3.1.4 Reliability Approach 

Reliability methods offer a more rational approach to quantify design risk by directly 

incorporating uncertainty in input parameters into the design process. Unlike the other strategies, 

this approach assesses how uncertainty in rockmass and stress parameters propagates through the 

design process to obtain a measure of uncertainty in the system performance. Ultimately, a 

probability of failure can be established with respect to a specific failure mode, with “failure” 

defined as either the complete collapse of the structure (ultimate limit state, ULS) or a loss of 

functionality (serviceability limit state, SLS). This provides a more consistent and complete 

measure of risk as it not only defines the expected case (as with a deterministic analysis) but it 

also uses uncertainty information to provide a measure of design performance based on the 

probability of failure. Given the advantages, this approach will be the focus of this thesis and is 

explained further in the following sections. 
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3.2 Reliability-Based Design (RBD) Methods 

3.2.1 Performance Function 

To perform a reliability analysis, the uncertainty in rockmass and in situ stress parameters 

must first be understood and quantified. A performance function G(X) is then used to define the 

acceptability criterion for the system (where X is the collection of random input variables). In 

simple cases where the resistances R(X) and the loads Q(X) acting on the system can be treated as 

independent random variables, this relationship can be written as: 

                      (3.1) 

In geotechnical projects, these loads and resistances can rarely be defined independently 

as the ground response is dependent upon the support type and sequence of installation. As such, 

the acceptability criterion is typically defined with respect to a limiting value for a material 

response parameter of interest. As an example, if the system were defined with respect to a 

limiting Factor of Safety (FSmin), the performance function would be written as: 

                        (3.2) 

where f(X)FS is a distribution function for the Factor of Safety based on the collection of 

random input variables X (i.e. compressive strength, Young’s Modulus etc…). When considering 

a single sample of input parameters, stable conditions are anticipated when G(X) > 0, while G(X) 

< 0 implies the design has failed to meet the prescribed acceptability criteria. The surface created 

by G(X) = 0 is referred to as the critical limit state and is of particular interest in reliability 

analyses as it defines the boundary between stable and unstable conditions. 

3.2.2 System Performance 

As G(X) is a continuous random variable, system performance can be evaluated 

according to its distribution using the probability of failure (pf) and the reliability index (β).  

The most common measure of system performance is the probability of failure, used 

herein to refer to the probability of exceeding a prescribed limit state. The probability is 
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dependent upon the distribution of the performance function and is defined as the probability that 

G(X) < 0. This can be calculated directly using the following equation: 

             ∫             
 

  
     (3.3) 

where f(X) is the joint probability density function for the collection of random variables, 

X. When evaluating an underground excavation, several performance functions may be defined 

based on a number of different material response parameters (e.g. maximum convergence, plastic 

zone radius or allowable support load), leading to multiple pf values. In the case of ultimate limit 

state design, the overall probability of failure for the system is dependent upon the critical 

(maximum) probability of failure value, while the serviceability limit state, will be defined based 

on the individual components of failure. A graphical representation of the failure region for a two 

variable system is shown in Figure 3-6. 

The other measure of system performance is the reliability index (β), which represents the 

normalized distance between the mean value of the performance function and the limit state 

surface. This is shown in Figure 3-7, where the distribution of the performance function is known. 

In simple cases, the reliability index can be defined by the following equation: 

β  
  

  
          (3.4) 

North American structural design codes have taken steps to include target reliability 

indices that have been are calibrated based on the factored resistance approach. This includes the 

third edition of the Ontario Highway Bridge Design Code (OHBDC3) for superstructures, the 

National Building Code of Canada (NBCC) for foundation and structural design, the American 

Association of State Highway and Transportation Officials (AASHTO) LRFD Bridge Code for 

driven piles, drilled shafts and spread footings, and the American Society of Civil Engineers 

(ASCE) Manual for transmission line structures. The target reliability index for SLS design are 

typically 1.0, while the indices range from 2.0 to 4.0 for ULS design depending on the risk 

associated with the structure (Kulhawy & Phoon, 2002). 
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Figure 3-6 – (a) Probability of failure (pf) for a system consisting of two variables. (b) Cross 

section through the multivariate distribution. 
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Figure 3-7 – Probability density function (PDF) for a given performance function G(X) 

showing the reliability index β and probability of failure pf. The performance function is 

shown as having a normal distribution, which may not be appropriate for all problems. 

 

Given the similarities between the definitions of the probability of failure and the 

reliability index, it is clear that a relationship exists between the two performance indicators, 

albeit a nonlinear one. In the case where the performance function can be approximated using a 

normal distribution, the following equation is typically used to relate the two variables: 

                         (3.5) 

where Φ is the standard normal cumulative distribution function evaluated at 0 with a 

mean equal to the reliability index. The accuracy of this approximation is dependent upon the 

validity of the assumption that the performance function is normally distributed. Where this 

assumption is not valid or the performance function cannot be accurately defined, a more reliable 

estimate of the probability of failure can be found by using a random sampling technique. This 

will be discussed later in the chapter. 
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In cases where a normal distribution shape can be assumed for the performance function, 

it is clear that for a constant mean value, the uncertainty in the performance function decreases as 

the system reliability increases (Figure 3-8). This results in a more narrow distribution for the 

performance function and a decrease in the probability of failure for the system. The relationship 

between the reliability index and probability of failure in this case is shown in Table 3-1 and 

Figure 3-9. An example of expected performance levels for each reliability case have also been 

shown based on the categories defined by the US Army Corps of Engineers (1997) for structures. 

Such qualitative descriptions can be used to indicate risk acceptability, however as risk is defined 

as the product of the probability and consequence of failure, these descriptions will likely be 

project specific as the consequence of failure will change depending on the case being analyzed. 

This is discussed further in Chapter 4. 

 

Figure 3-8 – Effect of changing the reliability index (β) on the uncertainty of a system with a 

mean factor of safety of 2.5 and a normal distribution. 
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Table 3-1 – Relationship between the reliability index (β) and the probability of failure (pf), 

based on Eq. (3.5). Examples of expected performance levels for each case are shown based 

on classifications proposed by the US Army Corps of Engineers (1997). 

Reliability 

Index (β) 

Probability of 

Failure (pf) 

Expected Performance 

Level 

1.0 15.9% Hazardous 

1.5 6.7% Unsatisfactory 

2.0 2.3% Poor 

2.5 0.6% Below Average 

3.0 0.1% Above Average 

4.0 0.003% Good 

5.0 0.00003% High 

 

 

 

Figure 3-9 – Relationship between the reliability index (β) and the probability of failure (pf), 

based on Eq. (3.5). 
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3.2.3 Direct Reliability Methods 

When considering the critical limit state for a simple system such as a block moving on a 

surface, the performance function would be expressed as the shear strength that resists sliding 

minus the shear force that initiates sliding. In such simple systems, the loads and resistances can 

be quantified and the performance function can be evaluated analytically with little effort. For 

more complex problems, such as evaluating the tunnel convergence in a squeezing rockmass or 

the depth of spalling failure around an excavation, the performance function cannot be written 

explicitly as the rock loads are dependent upon the stiffness and associated deformation of the 

support system, and the support capacity (moment capacity as a partial function of axial loading) 

depends on rockmass deformation. Due to these complex interactions, numerical models are 

typically required to evaluate the ground response. As a result, it would be difficult (if not 

impossible) to identify the joint density function f(X) in Eq. (3.3) and to perform the integration 

over the entire multidimensional failure domain. 

As the excavation response is an implicit function of the input parameters, another 

approach is needed to estimate the uncertainty in system performance. Selection of an appropriate 

uncertainty method depends on the amount of information that has been collected and therefore 

the confidence the engineer has in their understanding of the system (Figure 3-10). For problems 

where limited information is available, interval analyses and possibility methods (i.e. fuzzy logic) 

are more appropriate, while probabilistic methods that focus on quantifying uncertainties in 

system output(s) propagated from uncertain inputs can be used when a state of precise 

information has been obtained. Note that in this case, “precise” does not mean that uncertainty 

has been eliminated, but rather that an understanding of the individual components has been 

obtained. While the total uncertainty can be significantly reduced for man-made materials 

through careful manufacturing and the use of quality assurance and quality control measures, this 

is not possible with natural materials that can often have significant sources of in situ variability. 
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Figure 3-10 – Recommended design approaches for various uncertainty models. 

 

Given that in situ variability is treated as a random process over the project area, provided 

sufficient tests are obtained to define the random input variables, probabilistic methods can be 

used to assess the system response. In using such methods, the probability of failure can either be 

calculated directly by using pseudo-random sampling techniques (e.g. Monte Carlo analyses) or 

estimated through discrete sampling approaches (Figure 3-11). A discrete sampling approach can 

be used to approximate the low-order statistical moments of the performance function by 

evaluating the system at a series of sampling points. The number and location of these sampling 

points and the assumptions made depend on the method used. The primary advantage of a 

discrete sampling approach is that it can provide an accurate estimate of pf for significantly fewer 

evaluation points when compared to “brute force” Monte Carlo analyses. This is particularly 

advantageous when numerical models are required, as the computational requirement for Monte 

Carlo analyses can be significant. Discrete sampling approaches make several assumptions, 

however, and should only be used where appropriate. 
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Figure 3-11 – Summary of characteristics for various direct reliability approaches. 

 

The following subsections describe four direct reliability methods that allow for the 

determination of system performance. While each of these methods can be used individually, it is 

likely that different methods will produce different results due to the specific assumptions made 

by the method. As a result, it may be useful to compare the results from different methods to 

obtain a more accurate understanding of system performance. 

3.2.3.1 First Order Second Moment (FOSM) Method 

The evaluation of uncertainty in design performance is a special case of error 

propagation, which is addressed by recognizing that the output of interest (in this case, the 

performance G) is a function of a set of input parameters X. If G(X) is known at some value, say 

at the mean value of each input parameter or G(μX), the value of G can therefore be found at any 

other value xi by using a Taylor Series expansion: 
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This equation provides an exact solution provided all terms out to infinity are used. For 

practical applications, the Taylor Series is typically truncated to provide an approximate solution 

(Cornell, 1969). As an example, by taking xi close to μxi, the difference (xi - µxi) becomes small, 

meaning higher powers are even smaller and can therefore be ignored. This simplifies the 

equation to: 
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As only the first order terms are included in the analysis, this is referred to as the First 

Order Second Moment (FOSM) method. Through this truncation, the FOSM method assumes 

that the mean value of the performance function (μG) is approximately equal to the value of the 

function calculated at the mean value of all input random variables. The variance (σG
2
) is then 

determined by calculating the partial derivatives of the performance function with respect to each 

of the random variables. For n random variables, the variance of the performance function is: 
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where xi refers to the n random variables and qjk is the covariance between the variables xj 

and xk. As the performance function cannot be explicitly stated in most geotechnical applications, 

the partial derivatives must be calculated numerically using central differences. This linear 

approximation of the partial derivative is determined by increasing and decreasing each variable 

by a small amount while all other variables are kept at their mean value. The change in the 

performance function (ΔG) that results is then divided by the difference in the input (Δxi) to 

provide an approximation of the partial derivative about the mean: 
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To further simplify this approach, Duncan (2000) proposed that the increment for each 

variable be set equal to one standard deviation. As a result, Eq. (3.9) becomes: 
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To solve this equation, 2n + 1 sampling points are required. Once the mean and standard 

deviation have been calculated, the reliability index and probability of failure can be estimated 

using Eq. (3.4) and (3.5) by assuming that the performance function is normally distributed. This 

approach is shown graphically in Figure 3-12 for a one variable system where the performance 

function is defined with respect to the ultimate Factor of Safety (FS = 1). The sampling points for 

a two variable system are shown in Figure 3-13. 

 

Figure 3-12 – Example of a FOSM method calculation for a one variable system. 

 

The FOSM method is considered to be the simplest and most widely used reliability 

approach and is applicable for cases where the performance function is believed to be smooth and 

regular (Baecher & Christian, 2003). The popularity of the FOSM method is primarily linked to 

the minimal number of evaluations required as well as the fact that only the statistical moments of 

the input variables are needed, rather than complete knowledge of the input distributions. Further, 
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as the evaluation points are similar to those that are used for a parametric sensitivity analysis, this 

method reveals the relative contribution of each variable to the overall uncertainty in a clear way. 

 

Figure 3-13 – Sampling points and their coordinates for the FOSM method for a two 

variable system. 

 

One of the challenges associated with the FOSM method is that the accuracy of the 

results depends upon the particular values of the variables at which the partial derivatives are 

approximated or calculated (Christian, 2004). When using the method of central differences, the 

increment and decrement for each variable must therefore be selected carefully. If the increment 

is too small, rounding errors may overwhelm the calculation. Conversely, if the increment is too 

large, this will introduce an unacceptable error in the estimate of the derivative, especially if G(X) 

is strongly nonlinear. To verify the increment has been chosen correctly, the magnitude of the 

estimate of the partial derivative should be compared for different increments and decrements of 

the independent variable. If the estimates are similar for different increment values, one can 

assume that the contribution of the rounding error is insignificant. 
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Further to this, using a linear approximation for the partial derivatives can also introduce 

significant errors when extrapolating the analysis beyond the region where actual data exists. This 

is especially true when the performance function is highly nonlinear or discontinuous. As an 

example, consider the case where the performance function is dependent upon the depth of 

spalling damage around an excavation. For brittle failure, the yield zone does not grow gradually, 

but rather occurs instantaneously, increasing from zero to a minimum depth. In the case where the 

evaluation points are on either side of this threshold a linear approximation would lead to 

significant errors when calculating the standard deviation. This would, in turn, lead to an 

inaccurate assessment of system reliability. As such, it is important that the FOSM method only 

be used where the performance function is believed to be smooth. 

Finally, while the first two moments are calculated for the performance function, no 

guidance is provided regarding the selection of a probability distribution. While a normal 

distribution is often assumed, a lognormal distribution may be more appropriate when the 

response parameter is a positive function, such as the liner FS, plastic zone radius or radial 

displacements. If the assumption of a normal distribution is incorrect, this will introduce an 

unknown error into the calculation of the reliability index and the probability of failure. 

3.2.3.2 Point Estimate Method (PEM) 

Originally proposed in Rosenblueth (1975, 1981), the PEM is a numerical procedure that 

approximates the mean and standard deviation of the performance function G(X) through 

Gaussian quadrature. This is done by first replacing the continuous probability density functions 

(PDF) for each random input variable with simpler probability mass functions (PMF) consisting 

of a few discrete points. The problem is then evaluated at each point to determine an approximate 

value for the mean and variance of the performance function. The location of the points and the 

weighting values applied are used to ensure the moments of the input variables are recovered, 

meaning this method can be used regardless of the shape of the distribution, as long as the mean 
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and variance of the input variable are known. While an infinite number of probability mass 

functions can be generated for each random variable, to limit these to a unique representation, 

Rosenblueth typically selected probability mass functions with two or three discrete masses. 

To determine where the performance function needs to be evaluated, Rosenblueth (1975) 

identified three different cases, each of which deals with a different set of variable conditions: 

1. G(X) is a function of one variable whose mean, variance and skewness are known. 

2. G(X) is a function of one variable whose distribution is symmetrical and approximately 

Gaussian. 

3. G(X) is a function of n correlated or uncorrelated random variables whose distributions 

are symmetric. 

 

The section will examine the third case in more detail as it is the most commonly 

encountered. For systems with n correlated or uncorrelated random variables with symmetric 

distributions, sampling points are chosen at one standard deviation above (+) and below (-) the 

mean value for each input variable, resulting in 2
n
 evaluations. Each sampling point also has a 

weighting value (Pi) that is dependent upon the correlation between variables. For n = 3, the 8 

evaluation points and their associated weighting values are defined as follows: 
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                      (3.11d) 

where rij refers to the sample correlation coefficient between xi and xj and the subscript 

for P identifies whether the evaluation point is one standard deviation above (+) or below (-) the 

mean for each random variable. As an example, P+-+ refers to the point (µ1 + σ1, µ2 - σ2, µ3 + σ3). 

If all variables are uncorrelated, the weighting value is simply 1/2
n
 for each variable. 
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Once the locations of the evaluation points and the associated weights have been 

established, the problem must be evaluated at each. An approximation of the mean (µG) and 

variance (σG
2
) is then determined for the performance function G(X) by: 

   ∑     
  

            (3.12) 
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                  (3.13) 

Once the mean and standard deviation have been calculated, the reliability index and 

probability of failure can be estimated using Eq. (3.4) and (3.5) by assuming that the performance 

function is normally distributed. This calculation is shown graphically for a one variable system 

in Figure 3-14 where the performance function is defined with respect to the ultimate Factor of 

Safety (FS = 1). The evaluation points for a two variable system are shown in Figure 3-15. 

 

Figure 3-14 – Example of a PEM calculation for a one variable system. 

 

The Rosenblueth PEM has been used more frequently in geotechnical reliability 

problems as it is considered to be a reasonably robust and satisfactorily accurate method that can 

be used for a range of practical problems. The use of corner points also allows the user to assess 

compound impacts by multiple variables and determine which combinations have a greater 

impact on the performance of the system. 
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Figure 3-15 – Sampling points and their coordinates for the PEM for a two variable system. 

 

One of the major concerns with the PEM is the number of evaluations required. While 

methods have been developed that require fewer evaluations (Harr, 1989; Li, 1992; Chang et al., 

1995; Hong, 1998; Christian & Baecher, 1999; Tsai & Franceschini, 2005), these reductions 

introduce additional assumptions that can limit their applicability. For five or fewer random 

variables, the Rosenblueth PEM is still considered to be a competitive method when considering 

computational efficiency (Figure 3-16). As the number of random variables increases however, 

the difference between the number of evaluations for each method becomes considerable. As an 

example, there is a difference of nearly an order of magnitude between the Rosenblueth PEM and 

the Harr PEM for seven variables. This demonstrates the importance of using parametric 

sensitivity analyses to determine those parameters that do not have engineering significance and 

can therefore be treated deterministically. 
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Figure 3-16 – Comparison of computational efficiency for various point estimate methods. 

 

Although the Rosenblueth PEM is a useful numerical tool, it suffers from two major 

limitations. First, as with the FOSM method, it does not explicitly define a probability 

distribution for the performance function. While the skewness could be used to provide an 

indication as to whether the function is normal or non-normal, the assessment of skew using the 

Rosenblueth PEM is not entirely accurate. Baecher & Christian (2003) have indicated that even if 

the third moments of the input variables are used to determine the location of the sampling points 

and weights, Rosenblueth’s method is unable to solve for the appropriate value of skewness. The 

second limitation is that little information is known about low probability conditions as the 

performance function is only evaluated at points chosen within one standard deviation of the 

mean value for all random variables. Low probability events, which occur when values are 

selected at the tails of the input distributions, can have a higher consequence and therefore pose a 

greater risk to the design. With so few points being examined, it is unlikely that a change in 

behaviour (“mode switch”), would be detected by a PEM. This is discussed further in Chapter 6. 
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3.2.3.3 First Order Reliability Method (FORM) and Response Surface Method (RSM) 

While both the FOSM method and PEM are useful tools in determining the statistical 

moments for the performance function, they do make two major assumptions that can limit their 

applicability. The first is that the moments of the performance function can be estimated 

accurately by starting with mean input values and extrapolating linearly. As discussed earlier, this 

becomes less accurate as one extrapolates further from the mean and for a nonlinear or 

discontinuous performance function. The second assumption regards the relationship between the 

minimum performance function surface and the minimum β surface. The FOSM method and 

PEM assume that these two surfaces are the same, which is why the statistical moments are 

calculated before calculating the reliability index (thus minimizing the performance function over 

the range of failure surfaces). The minimum performance function surface and the minimum β 

surface may not be the same however, especially when multiple failure modes are possible. 

Hasofer & Lind (1974) addressed these concerns by proposing a geometric interpretation 

of the reliability index that can improve the estimate of system performance. This approach, 

referred to as the First Order Reliability Method (FORM), calculates the minimum distance in 

units of directional standard deviation from the mean point of the multivariate distribution of the 

input variables to the boundary of the limit state surface. The point where the reliability index 

ellipse is tangent to the limit state surface is referred to as the “design point” (Figure 3-17). The 

Hasofer & Lind reliability index (βHL) can be calculated by using the following equation: 

            √                    (3.14) 

where X is the vector of random variables, μ is the vector of mean values of random 

variables and F defines the failure region of G(X) < 0. The variable C defines the correlation 

matrix, which allows the engineer to establish either a positive or negative relationship between 

random variables. For uncorrelated variables, the matrix C simplifies to a symmetric unit matrix. 

This approach provides a more consistent and invariant measure of reliability for the system. 
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Figure 3-17 – FORM analysis showing the design point, mean point and reliability index in 

plane (modified after Low & Tang, 1997). 

 

While matrix algebra may be unfamiliar to some, programs such as Microsoft Excel or 

MATLAB can be used to easily complete these calculations. After the problem has been 

evaluated at the appropriate sampling points, methods proposed by Low & Tang (1997, 2007) 

that use the SOLVER add-in for Microsoft Excel provide a computationally efficient method to 

determine the minimum distance from the mean point to the critical limit state. Such a process 

must be used carefully however, as solving algorithms can have difficulty differentiating a local 

minimum from the global minimum, which could lead to an overestimation of the reliability 

index and therefore an underestimation of the probability of failure. 
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In cases where the performance function cannot be written explicitly, as is the case when 

numerical modelling is used to determine the response parameter of interest, the FORM can be 

coupled with the Response Surface Method (RSM) to develop an approximate performance 

function for the system. The RSM, which has been used extensively in civil engineering to 

approximate the mechanical response of a structure, allows an approximate limit state to be 

developed by relating the input and output parameters for a system by a simple mathematical 

expression. In doing so, the critical limit surface can be approximated at the point closest to the 

set of mean parameters, allowing an estimate of system reliability to be obtained. 

One of the most common forms of the RSM is the adaptive interpolation technique, 

which was proposed by Bucher & Bourgund (1990) and discussed further in Rajashekhar & 

Ellingwood (1993). In this case, the exact limit state function G(X) is approximated by a 

polynomial function G’(X). This polynomial function, which has been shown to be valid for use 

in gravity driven problems (Tandjiria et al., 2000; Massih & Soubra, 2008; Sayed et al., 2010), is 

defined as follows: 

        ∑     
 
    ∑     

  
         (3.15) 

where Xi refers to the n random variables and ai, bi and c are coefficients that must be 

determined. To standardize the problem, all input random variables are transformed into standard 

normal space (centred about the mean and normalized with respect to standard deviation) using 

an appropriate transformation function. Thus all random variables are uncorrelated and the joint 

probability density function is rotationally symmetric about the origin. It should be noted that the 

above equation does not include cross terms. While this greatly simplifies the number of 

sampling points, it may not be appropriate in all cases. This is discussed further in Chapter 7. 

To evaluate the number of unknowns in the quadratic equation, 2n + 1 sample points are 

required. For the RSM, these points are typically selected at the mean values for all variables as 

well as at µ ± hσ for each parameter, where µ and σ are the mean and standard deviations of the 
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random variables X and h is an arbitrary factor. Parameters are varied one at a time, with the other 

parameters maintained at their mean value, similar to the FOSM approach shown in Figure 3-13. 

For civil engineering applications, a value of h = 2 or 3 is often used (Rajashekhar & Ellingwood, 

1993), however this is because the probability of failure is quite low in most structural systems, 

and therefore the reliability index is located a significant distance from the mean value. In 

geotechnical systems, where the probability of failure is often higher, a lower value of h = 1 

should be used. This number can be changed for successive iterations. 

Once the problem has been evaluated at the sampling points and the approximate limit 

state function has been calculated, the FORM can be used to calculate the Hasofer-Lind reliability 

index using Eq. (3.14). The combined RSM/FORM approach is shown for a two variable system 

in Figure 3-18. As is seen in the figure, the first estimate of the approximate limit surface is not 

close enough to the actual critical limit surface at the design point. To ensure sufficient accuracy, 

the approximation G’(X) is refined through an iterative process. Each iteration has a new centre 

point (Xm) that is chosen on a straight line from the mean vector X to the design point (XD) so that 

G’(X) = 0 from linear interpolation: 

           
     

            
      (3.16) 

This strategy guarantees that the new center point will be sufficiently close to the 

expected limit state G’(X) = 0. Once Xm has been determined, a new set of 2n sample points are 

selected around the centre point and those models are evaluated. A new approximate limit surface 

is then developed and a design point found using FORM. A new approximate limit surface G’(X) 

is then developed by solving for a new set of coefficients in Eq. (3.15). A new reliability index 

and design point are then found using FORM. This process continues until the change in the 

reliability index between iterations is less than a set tolerance or a maximum number of iterations 

are reached. Once the final reliability index has been determined, the probability of failure (pf) 

can be approximated using Eq. (7.6). 
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Figure 3-18 – Combined Response Surface Method (RSM) and First Order Reliability 

Method (FORM) for a system consisting of two random variables. (a) and (b) show two 

successive iterations based on the adaptive interpolation technique. 
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Although the adaptive interpolation technique can be used for correlated and non-normal 

input variables and is suitable for any performance function, it is not without limitations. One 

such limitation is the number of evaluations required. While 2n + 1 sampling points are needed 

initially, this is only for a single iteration and a single limit state surface (e.g. maximum 

convergence of 20 cm). While a single limiting value may be known in the final design stage, in 

the early stages the engineer is interested in how pf changes over a range of limiting values so an 

optimum design parameter can be selected. As such, for L limiting values and W iterations, the 

total number of evaluations would actually be LW(2n + 1). This means 200 evaluations would be 

required for a two variable system where 10 different limiting values are being considered and 

four iterations are needed for each. The adaptive interpolation technique can therefore have a high 

computational requirement in the early stages of design, when the focus is on determining how 

the performance changes over different limiting surfaces. A second limitation is that only the 

design point closest to the mean value is considered in this method, while all design points within 

three standard deviations from the mean (99.7% of data for a normally distributed function) will 

have an impact on the probability of failure. While these are suitable assumptions in structural 

engineering, where the probability of failure is minimal and the design point is far from the mean, 

this will not always be the case in geotechnical engineering where factors of safety can range 

from 1.0 to 2.0. There are a number of different cases where multiple design points have similar 

distances from the mean and will therefore have a significant impact on the probability of failure 

for the system. 

A solution to these issues is to use an improved response surface algorithm. One such 

method proposed by Gupta & Manohar (2004) locates multiple design points, allowing the user to 

develop a function that adequately represents the critical limit surface over the parameter space. 

While such an approach will find a greater number of critical design points a significant increase 

in the number of sample points are required, which can lead to an increased computational 
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requirement. If multiple limiting values must be considered, the number of evaluations will 

increase substantially. These limitations are discussed further in Chapter 7. 

3.2.3.4 Monte Carlo Simulation 

In cases where the behaviour of the performance function is difficult to evaluate, the 

probability of failure can be calculated directly by using a Monte Carlo (random number) 

simulation. In this method, the engineer creates large sets of randomly generated values for the 

input variables and computes the performance function for each set using the appropriate 

analytical or numerical model for system behaviour. The statistical moments and an appropriate 

distribution function can then be determined for the output data to calculate the probability of 

failure and reliability index directly (Figure 3-19). 

 

Figure 3-19 – Monte Carlo analyses focus on random sampling of input variables, leading to 

a direct calculation of outputs and therefore the probability of failure for the system. 
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This method is straightforward to apply for geotechnical problems and has the advantage 

of conceptual simplicity. The lack of assumptions also makes the Monte Carlo simulation method 

an ideal benchmark with which to use assess the accuracy of other discrete sampling methods that 

may be used. A slight disadvantage to this process is that unlike discrete sampling methods, a 

Monte Carlo assessment does not inherently provide insight into the relative contributions of each 

input parameter to the overall uncertainty of the system due to the fact that inputs are randomly 

sampled. As such, it is recommended that a Monte Carlo simulation be paired with a parametric 

sensitivity analysis or other suitable method to overcome this. 

The major limitation with Monte Carlo simulations is that they can be computationally 

intensive and time consuming. While the number of evaluations is not linked to the number of 

input parameters as each run gives one sample of the process, it is dependent upon the desired 

accuracy level and the acceptable amount of error in the estimate. In the case of a simple 

integration problem, the number of evaluations for different error levels can be determined using 

the Central Limit theorem. This is shown for 90% and 95% confidence intervals in Figure 3-20. 

As can be seen, thousands of evaluations are often required to ensure a suitable level of accuracy 

is obtained. For an acceptable error of 1%, approximately 6800 and 9600 evaluations would be 

needed for a 90% and 95% confidence interval, respectively. As most geological problems are 

evaluated using computer models, such a large number of analyses would require significant 

computational power. Further, the time commitment by the user may be significant in the case 

where the modelling program requires inputs to be entered manually and outputs recorded by 

opening each of the model results files separately. To address this, variance reduction methods 

can be used to obtain the same level of accuracy while decreasing the number of evaluations 

required. These methods include importance sampling, correlated sampling and the Latin 

hypercube (Fishman, 1995). Using variance reduction methods can involve more upfront effort to 

determine the most appropriate method, but will reduce the total number of evaluations required. 
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Figure 3-20 – Number of sampling points for a simple Monte Carlo integration problem 

based on the Central Limit Theorem and an estimate of the error. 

 

Despite these limitations, for complex problems or if a complete understanding of the 

shape of the performance function is required, discrete sampling methods may not provide 

sufficient accuracy. In such cases, a Monte Carlo simulation must be performed to ensure an 

accurate estimate of system performance is obtained. 

 

3.3 Reliability-Based Design Approach 

Based on the sources of geologic uncertainty presented in Chapter 2 and the description 

of reliability theory in this chapter, a design approach utilizing reliability methods was developed 

for the design of underground structures (Figure 3-21). Such an approach consists of three stages: 

site investigation, reliability analysis and construction. These stages are summarized in the 

following sections.
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Figure 3-21 – Proposed reliability-based geotechnical design approach for underground structures.
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3.3.1 Site Investigation 

The aim of the first stage is to compile data from various sources during a site 

investigation program and create an accurate geological model that incorporates a measure of 

uncertainty. During this stage, laboratory and in situ test data is to be collected and analyzed to 

determine the mean (expected) case and quantify the possible components of uncertainty for each 

parameter. Input parameters such as intact rock properties (UCS, σt. Ei), discontinuity properties 

(orientation, spacing, roughness, alteration) and measures of rockmass quality (GSI) can be 

treated as random variables and an appropriate distribution function determined. Spatial 

correlations should also be calculated to ensure an appropriate mean and standard deviation are 

selected for each region across the project area. Correlation coefficients and regression methods 

can be used to quantify relationships between parameters such as that which exists between UCS 

and mi to determine the intact Hoek-Brown strength envelope. Uncertainty in the magnitude and 

orientation of principal stresses must also be quantified to the best of the engineer’s ability. 

Depending on the budget, this may involve a desktop study or the analysis of in situ 

measurements from overcoring tests or hydraulic fracturing. Where information is limited, a set 

of upper and lower bounds can be established for the in situ stress field. 

The excavation alignment must then be divided into a series of homogeneous domains 

based on the geological characteristics, rockmass characterization and the in situ stress 

conditions. The likelihood of different failure modes can then be quantified in each domain. If 

more than one failure mode is expected, each one should be analyzed separately and any 

exacerbating factors between modes that could affect the likelihood of occurrence should be 

considered. Preliminary empirical, analytical and/or numerical modeling should be completed to 

determine how the uncertainty in input parameters influences the design. Parametric sensitivity 

analyses can be performed to assess which parameters have a significant impact on design and 

should therefore be treated as random variables. 
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3.3.2 Reliability Analysis 

In the second stage, a reliability analysis is performed to assess the uncertainty in ground 

response and support performance. To do so, a set of acceptability criteria must be defined that 

establishes the failure conditions for the project (with respect to either an ultimate or 

serviceability limit state) and the performance functions for the analysis. Contact requirements 

will likely dictate the acceptability criteria for ground response (e.g. maximum displacements) 

while an assessment of acceptable risk will be used to define support requirements. Based on 

these descriptions, engineering judgment can be used to develop an initial set of excavation and 

support options to address the expected failure mechanisms. 

To determine the performance of each design option, an appropriate reliability approach 

must be selected based on the project characteristics and the nature of the performance functions. 

If the system performance can be assessed using analytical approaches, a comprehensive Monte 

Carlo approach may be used to directly calculate the probability of failure. For more complex 

problems requiring numerical modelling, discrete sampling approaches can result in significant 

time savings. As each method has limitations, these will need to be reviewed carefully in the 

context of the problem to ensure an appropriate approach is selected. Depending on the 

complexity of the model, several different reliability methods may be needed to ensure the results 

are sufficiently accurate. Using the distributions established in the first stage, appropriate 

sampling points can be selected and numerical models developed. The probability of failure is 

then evaluated directly or indirectly for each performance function in each homogeneous domain. 

The optimal design can then be determined by using a quantitative risk assessment to 

calculate the actual excavation and support costs as well as the expected cost of failure (based on 

the consequence of failure) for each option. The design that achieves the safety requirement and 

satisfies the acceptability criteria for the lowest total cost should be selected for each domain. 

This approach is discussed further in Chapter 4. 
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3.3.3 Construction and Monitoring 

The final stage occurs during the construction phase. As a complete understanding of the 

in situ variability and sources of error is not possible, it is important that an observational 

approach be taken during construction to further minimize the residual risk during construction. A 

risk management team that consists of representatives from the Contractor and Owner should be 

established and a safety management plan should be developed before construction begins, 

outlining potential construction issues and what actions can be taken to mitigate them. Where the 

residual risk during construction is considered to be unreasonably high, or where there are 

concerns about design performance, a comprehensive monitoring program should be employed to 

compare the actual conditions to the expected conditions assessed during the design stage. By 

collecting additional information during construction, the original reliability analysis can be 

revised using inverse uncertainty quantification methods such as Bayesian updating (Ang & 

Tang, 1975; Ang & Tang, 1990). If support classes were established, the percentage likelihood 

for each class can be updated and any potential cost and schedule changes noted. 

3.3.4 Summary 

The purpose of the aforementioned design approach is to guide designers in the use of 

reliability methods and standardize the assessment of design risk by incorporating uncertainty in 

rockmass and in situ stress parameters directly into the design process. While such an approach 

will result in a higher site investigation cost due to the increased testing and measurement 

requirements, a moderate increase is not likely to significantly impact the budget as this stage is 

typically only 0.5-2% of the total project cost (Waltham, 2002). Further, by quantifying the 

uncertainty in ground response and optimizing the excavation and support sequence based on a 

set of acceptability criteria, this eliminates the need for overly conservative designs and reduces 

the residual risk during construction. As excavation and support are the largest project costs, this 

approach can result in significant savings with respect to both schedule and budget.  
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Chapter 4 

Risk Management and Support Performance 

4.1 Understanding Risk 

Risk management is a critical topic in geological engineering, especially considering the 

increase in complexity and scale of geotechnical projects in recent years (Whitman, 2000). The 

need to manage risk during the design process was made clear in Casagrande’s well-known 

Terzaghi Lecture (1965), which discussed the need for careful consideration of risk through the 

use of “calculated risks” during design. While Casagrande was not optimistic that risks could 

literally be calculated or even quantified, with a greater understanding of uncertainty in 

geological systems and the advent of reliability methods, this is now a possibility. 

In a geological context, a “risk” can be defined with respect to either a natural hazard (i.e. 

earthquake or flood) or a man-made hazard, such as the collapse or loss of serviceability due to 

improper design of an underground structure. The risk for that hazard is defined as the probability 

of it occurring multiplied by the consequence once it occurs, as shown in the following equation: 

                                  (4.1) 

The risk can either be analyzed through qualitative descriptions or through a more 

rigorous quantitative assessment. Qualitative risk analyses are typically based on lessons learned 

from previous case studies and are therefore heavily dependent upon engineering judgment. For a 

quantitative analysis, the probability of failure can be determined by quantifying the uncertainty 

in input parameters using statistical approaches and applying reliability methods to assess the 

variable ground response (as discussed in Chapter 3). The consequence of failure is somewhat 

more difficult to quantify as there are a variety of consequences that must be considered. In 

geotechnical projects, consequences can be classified as personal (injuries or loss of life), societal 

(adversity to large-scale accidents, loss of goodwill), environmental (damage to the biosphere or 
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atmosphere) and economic (construction delays or loss of capital). While each of these 

consequences will affect the success of the project in a different way, their impact is usually 

represented in a risk management context as an expected cost. An example of a risk matrix used 

to analyze engineering hazards is shown in Figure 4-1. This matrix contains both qualitative and 

quantitative descriptions for the probability and consequence of failure. When using this chart, 

each hazard will be analyzed separately and assigned a risk class. 

 

Figure 4-1 – Example of a risk matrix that could be used to analyze hazards for an 

engineering project based on the probability and consequence of failure. Both qualitative 

and quantitative descriptions can be used to determine the level of risk. 



 

 

 

114 

While analyzing each hazard with respect to the probability and consequence of failure is 

useful, it is only the first step in the risk management process. A risk assessment must be 

completed and each hazard classified as either “acceptable” or “unacceptable” according to a set 

of acceptability criteria. This is a complicated task as determining a risk acceptability level is not 

only dependent upon sound engineering judgment and technical knowledge of the system, but 

also the perception of risk and community values. As risk knowledge differs between countries 

and industries, the definition of acceptable risk may vary significantly across these areas. 

A risk management plan is then developed that uses monitoring and various mitigation 

measures to reduce the risk level for unacceptable hazards. Such measures can either reduce the 

probability of failure (control measures) or the severity of the consequences (management 

measures), depending on the nature of the hazard. While “zero risk” is not possible due to 

economic and practical constraints, mitigation measures can reduce the risk associated with 

unacceptable hazards to a tolerable level (i.e. a risk within a range that society can live with so as 

to secure certain net benefits). A risk is considered to be tolerable when it has been reduced as 

much as is considered to be practical, meaning the additional cost of mitigation measures would 

not justify the decrease in risk. This is often referred to as the “As Low As Reasonably 

Practicable” (ALARP) approach. In the case of a quantitative risk management scheme, an 

implicit or explicit optimization process can then be used to select the “best” mitigation measures 

based on a comparison between the cost of mitigation and the reduction in the expected cost of 

failure. After such plans have been executed, monitoring is used to ensure the measures have 

been successful and to assess the mitigated risk level. If the measures have been unsuccessful, a 

new mitigation plan must be developed to ensure all risks have been managed. 

This process is illustrated for landslide risk management in Figure 4-2. This flowchart 

follows a logical progression through risk analysis, assessment and management that can be 

easily applied to a number of different design problems in geotechnical engineering. 
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Figure 4-2 – Abbreviated flowchart for landslide risk management proposed by the 

Australian Geomechanics Society (modified after AGS, 2007). 
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4.1.1 Risk Analysis 

The choice of risk analysis method depends upon the type of project, the quality and 

quantity of data available, the reliance on subjective judgment and the risk acceptability criteria. 

Outputs typically consist of a design chart or plot that identifies a perceived risk level for a 

particular hazard. Recommendations may be linked to that level, providing a starting point for 

risk mitigation methods. 

In addition to the basic qualitative and quantitative approaches shown in Figure 4-1, the 

bow-tie approach is an easy to understand tool that allows the engineer to visualize the 

relationship between triggers and consequences. Essentially, the bow-tie is composed of two 

analyses: a fault tree that is used to determine the triggers and contributing factors that lead up to 

the hazard occurring, and an event tree that shows the development of consequences after the 

hazard has occurred. Barriers (mitigation measures) can be placed at various points throughout 

the bowtie to reduce the likelihood of the hazard and/or limit the consequences. An example of a 

bow-tie analysis is shown in Figure 4-3 for a tunnel failure scenario. 

 

Figure 4-3 – Bow-tie risk model for a tunnel failure scenario. 
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The bow-tie approach allows for clear communication and improved understanding when 

talking about the development of hazards and their associated consequences. Further, control and 

mitigation measures can be used more efficiently as the optimum location for these measures can 

be identified based on the graphical sequence of events. Depending on the nature of these 

measures, the barriers could be classified as engineering, maintenance or operations activities. 

The components of the bow-tie approach provide a considerable amount of risk information to the 

engineer, especially when a quantitative analysis is used. 

The fault tree is a logical diagram that shows the relation between the hazard (complete 

failure or a loss of serviceability) and failures in the individual components of the system. The 

analysis starts by defining the hazard and then listing each basic event that can be a direct cause 

of the hazard. This continues until the initial triggers of the problem have been determined. The 

relationships between the events are defined by logical gates such as “and” and “or” gates. Using 

the probabilities for each event and the logical gates, the engineer is able to quickly and easily 

calculate the likelihood of the hazard. A fault tree analysis for tunnel failure is shown in Figure 

4-4. Note that in this case, support would be considered a control measure.  

After the hazard has occurred, an event tree analysis is used to evaluate the consequences 

of the hazard. It is carried out by posing a series of “yes” or “no” questions related to the 

progression of the hazard towards a tangible consequence (i.e. injury, fatality or loss of capital). 

Each time a question is posed, a new “branch” is developed. As each branch has only two options 

(yes or no) the sum of the probabilities for each must be equal to one. After a series of branches 

have been created, the likelihood for the resulting scenario can be calculated by multiplying the 

probabilities for each branch together. This process is illustrated for the tunnel failure case in 

Figure 4-5. Using the different scenarios (branches) the likelihood of tunnel failure leading to 

worker injuries can be calculated. In this case, monitoring and evacuation plans would act as 

management measures. 
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Figure 4-4 – Fault tree for a tunnel project with evaluated probabilities (Eskesen et al., 

2004). 

 

 

Figure 4-5 – Event tree for a tunnel project. The likelihood of each branch is shown in 

parentheses. 
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4.1.2 Risk Assessment 

One of the greatest challenges in risk management is determining what constitutes an 

“acceptable” risk. Take for example, the simplified risk matrix shown in Figure 4-1.While it is 

straightforward to obtain a measure of risk for each hazard using the qualitative or quantitative 

descriptions, the results are not always easy to interpret. In the case of hazards with a low risk, 

they may be negligible (require no further consideration) or acceptable, in which case they can be 

managed such that they will pose little danger to the project. Conversely, hazards with high risks 

are usually considered broadly unacceptable, meaning control or management measures must be 

used to reduce the risk regardless of the cost. The difficulty arises when hazards plot in the 

moderate to high risk categories. While such hazards will need to mitigated, it is unclear when 

they will become tolerable. To determine this, a discussion of risk acceptability is needed. 

One such example of this approach is shown in Figure 4-6, where risks are classified into 

broadly acceptable, tolerable or unacceptable based on individual and societal risks. Each region 

will have specific measures associated with them, guiding the engineer to manage the risk 

appropriately. When performing a quantitative risk assessment, such regions must be bounded by 

specific risk levels so each risk can be assessed with respect to the acceptability criteria. Ideally, 

these values would be determined through published failure statistics or through the use of a risk 

assessment team composed of industry experts with experience in geotechnical risk management. 

Unfortunately, published statistics are rarely available in geotechnical engineering and panels are 

unlikely to be used for smaller projects. In such cases, a set of risk acceptability values can be 

developed according to three major risk areas, namely personal (individual), societal (local or 

national scale) and economic (cost vs. benefit) risks. While environmental risks are also critical 

when considering risk acceptability, these are typically addressed through an environmental 

management system, and will therefore not be discussed here. 
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Figure 4-6 – Framework for the tolerability of risk (modified after HSE, 2001). 

 

4.1.2.1 Personal 

The first criterion is focused on assessing the personal risk level based on the probability 

of injury or loss of life for a single person. For underground design projects, two different parties 

must be considered when assessing personal risk: internal parties, who are involved in the 

construction or use of the structure, and external parties who live in the vicinity of the structure. 

Given that each has a different relationship with the project, different risk levels are used to 

assess the individual risk (IR) per unit time. One such method is based on a policy factor (Δ): 

          [yr 
-1

]        (4.2) 

The policy factor varies according to the degree to which involvement with the structure 

is voluntary and with the perceived benefit. As an example, Arends et al. (2005) propose various 

factors for those involved in the use of a railway tunnel. Workers, who are trained in how to 

handle the risks and are compensated for exposure, are given a factor of 1. Passengers receive a 
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factor of 0.1 as the benefit they receive is smaller and their expectation of being injured is 

reduced. Finally, those that live near the tunnel are assigned a factor of 0.01 as they have little to 

no involvement with the tunnel and receive no direct benefits for its operation. As the value of 

policy factor is highly subjective, it should be developed for each project based on consultations 

with the Owner, Contractor and community stakeholders. 

4.1.2.2 Social 

The second criterion that must be considered is the social risk, which accounts for social 

adversity to large-scale accidents, especially when there are large numbers of fatalities. Societal 

risk is typically represented graphically by plotting the number of fatalities (or cost) for a given 

hazard versus the probability of the hazard occurring each year. 

One such plot was developed by Whitman (1984) and is shown in Figure 4-7. This plot 

contains estimated risk levels for various geotechnical failures as well as failures in commercial 

aviation, merchant shipping and mobile drill rigs for reference. Lines showing acceptable 

conditions and marginally accepted conditions have also been drawn, however these are 

considered to be relatively arbitrary curves since little risk management experience existed at the 

time. Overlain on this plot are acceptability lines from Ho et al. (2000) that were developed for 

landslide risk assessments in Hong Kong. These lines subdivide the plot area into regions where 

risks would be considered broadly acceptable and unacceptable, as well as the ALARP region. As 

can be seen, the lines of acceptable risk differ greatly between these two systems as each of these 

classifications record the state of practice at the time. By using the guidelines by Ho et al. (2000), 

many of the acceptable risks assessed by Whitman (1984) would now be considered unacceptable 

and would require the use of control or management measures. This highlights the importance of 

considering risk acceptability from a project perspective and ensuring that an appropriate 

definition is used that is current and is based on both the nature of the hazard and the level of risk 

tolerance in the community and industry. 
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Figure 4-7 – Estimated risk levels for various hazards, including geotechnical hazards 

(Whitman, 1984). Overlain in red are the lines proposed by Ho et al. (2000) to delineate 

different risk tolerance areas. 

 

4.1.2.3 Economic 

The final risk criterion examines the potential economic risks for a project. In cases 

where personal and societal risks are believed to be acceptable, the mitigation measures can be 

optimized with respect to the total cost, which is the sum of the investment costs (investigation 



 

 

 

123 

and mitigation) and the expected risk costs due to failure. The application of such an approach is 

shown in Figure 4-8. This figure shows two important relationships: that the incremental costs of 

reducing a risk increases as the risk becomes smaller, and that the risk costs cannot be eliminated 

entirely, but only be reduced to a minimum level. The sum of these two competing curves will 

provide an estimate of the total cost for a given safety level (i.e. design option). Assuming that 

each option meets the safety requirements for the project, the optimum design is considered to be 

the one with the minimum total cost. 

While this approach provides a simple method for quantifying economic risk, it is 

dependent upon having information on both the probability of failure and cost of remediation for 

a variety of different design options. As such, a process for determining these values for the 

design of underground structures is needed. 

 

Figure 4-8 – Design optimization based on economic risk factors. The optimum safety level 

is determined by the minimum total cost, which is the sum of the expected risk costs and the 

cost of investigation or mitigation. 
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4.2 Quantitative Risk Approach to Underground Support Design 

Over the past two decades there has been a substantial increase in the number of large-

scale tunnel and mining projects around the world. Many of these structures have been excavated 

in extremely complex geological conditions, including poor quality rockmasses, highly stressed 

ground and tectonic environments. Given the high costs associated with the development of large 

span underground excavations in these conditions, significant cost and schedule savings can be 

obtained by optimizing the temporary and final support systems. This is not a trivial task 

however, as there are currently no clearly defined rules for support and lining design (Hoek, 

2001). While empirical methods, closed form solutions and numerical analysis tools can assist 

with the selection of appropriate support systems, there is only limited consideration of the 

probability and consequences of failure for the different support elements. 

By utilizing a risk based approach to support design, there is the potential for obtaining a 

better understanding of the relative likelihood of different hazards that could be encountered 

during construction as well as the optimization of the support system in terms of both safety and 

cost. To do so, the probability of failure and potential consequences for various support elements 

must be quantified. While a fault tree can be used to determine the probability of support failure, 

it is difficult to explicitly state the basic events leading up to failure and their associated 

probabilities of occurrence as numerical modelling is used to assess the ground response. Instead, 

reliability methods can be used to determine the likelihood of failure for support elements such as 

bolts and lining systems. The consequence of failure for each element must then be considered, 

with safety addressed in the context of individual and societal risks and economic risk addressed 

through support optimization. 

An example of this style of risk acceptability is shown in Figure 4-9 for a variety of 

different underground structures. The development of an explicit risk based approach to 

underground support design is discussed in the following sections and in detail in Chapter 8. 
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Figure 4-9 – Typical problems, critical parameters, methods of analysis and acceptability criteria proposed by Hoek (2007) for the design 

of various underground structures.
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4.2.1 Support Elements 

Underground excavations have historically been supported through the use of rockbolts 

and lining systems (unreinforced or reinforced with fibre, mesh or steel sets). These support 

elements fulfill a number of different functions based on the geological and in situ stress 

conditions (Figure 4-10). In massive and moderately jointed rock, support is typically used to 

reinforce the rockmass and provide a sufficient confining stress to maintain rockmass continuity. 

In moderately to heavily jointed rock, the support can either be used to hold blocks in place or 

retain smaller blocks at the surface (typically a combination of shotcrete and screen). When weak 

rock is encountered that is believed to behave plastically, heavy support (steel sets and shotcrete) 

is used to maintain the excavation profile and prevent closure of the tunnel. 

Rockbolts are generally composed of plain steel rods with a mechanical or chemical 

anchor at the end and a faceplate at the excavation wall. Unlike dowels, rockbolts are tensioned to 

provide an active resisting force on the rockmass. Mechanically anchored bolts can be left 

ungrouted for short term support. If long term support is required, or there is a corrosion risk, a 

cement grout can be injected through the faceplate after installation or resin cartridges can be 

used to provide a bond between the steel and the rock surface. Mechanical and grouted bolts are 

not effective in areas where large displacements are expected however, and will either fail in 

tension or along the grout/rock interface. In such cases, frictional bolts such as Swellex or split 

sets can be used to provide support. Such bolts are quick and easy to install, however they can 

corrode easily as the outer tube is in contact with the rock. 

Lining systems can consist of a number of different components and are used to provide a 

closed ring around the excavation so that rock loads can be converted to axial loads (thrust) and 

distributed more evenly through the support. As the loads increase, a heavier reinforcement is 

required to ensure the support capacity is not exceeded. As the liner essentially behaves as a 

beam, axial loads as well as bending moments and shear forces must be considered. 
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Figure 4-10 – Typical support applications to control different types of rockmass failure 

during excavation (Hoek, 2007). 
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4.2.2 Traditional Support Design Methods 

While a standardized method does not exist for underground support design, there are 

several approaches that can be used. A successful design approach will model support elements 

effectively and account for both the geological and geometric characteristics of the problem. 

4.2.2.1 Empirical Approach 

Empirical methods provide a straightforward approach to obtain preliminary estimates of 

support requirements. One of the most commonly used empirical methods is the tunnelling 

quality index (Q) proposed by Barton et al. (1974). The Q value is logarithmic and varies from 

0.001 to 1000 based on the following equation: 

  
   

  
 

  

  
 

  

   
        (4.3) 

where RQD is the Rock Quality Designation, Jn is the joint set number, Jr is the joint 

roughness number, Ja is the joint alteration number, Jw is the joint water reduction factor and SRF 

is the Stress Reduction Factor. Classification of individual parameters is done through qualitative 

and quantitative tables. Each quotient in the equation accounts for a different rockmass or in situ 

condition. The first (RQD/Jn) is the block size quotient, which examines the relative blockiness of 

the rockmass and the resultant size of the fragments. The second (Jr/Ja) is the inter-block shear 

strength quotient and refers to the roughness and frictional characteristics along the joint surfaces. 

The final term (Jw/SRF) is the active stress quotient, which provides a measure of the in situ stress 

conditions (SRF) and the water pressure, which causes a reduction in the shear strength along the 

joint surfaces by reducing the effective normal stress. The orientation of the tunnel with respect to 

the major structural features is not considered in this system, meaning an assessment of block size 

and the degree of freedom for block movement cannot be considered. 

To determine the stability and support requirements of underground excavations based on 

Q, the equivalent dimension of the excavation must be determined. This is done by dividing the 

span or height of the excavation by the Excavation Support Ratio (ESR), which is selected based 
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on the intended use of the structure. Smaller ESR values are given to more sensitive excavations 

(e.g. underground nuclear power stations and public facilities), therefore adding a subjective risk 

component to the analysis. By plotting the equivalent dimension relative to the Q value on the 

chart shown in Figure 4-11, one can obtain an estimate of the reinforcement category required for 

excavation stability. These categories consider spot bolts, bolt patterns, shotcrete liners 

(unreinforced and reinforced) as well as the use of steel sets. Face support elements such as 

forepoles, spiles and fiberglass dowels are not considered. These support recommendations are 

for the temporary support used during construction, meaning the final lining must be designed 

separately by considering the long term rock loads and water pressure. 

 

Figure 4-11 – Support recommendations based on the tunnelling quality index (Q) (Barton 

et al., 1974). 
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4.2.2.2 Analytical Analysis 

While empirical methods are useful in providing initial estimates of support 

requirements, their use beyond the preliminary design phase is somewhat limited given that the 

mode of failure and excavation geometry are not considered. For complex problems, analytical 

approaches can be used to obtain a more detailed understanding of the ground response. 

One such example is the convergence-confinement method (Panet & Guenot, 1982; 

Panet, 1993; Panet, 1995; Carranza-Torres & Fairhurst, 2000; Unlu & Gercek, 2003), which has 

typically been used for the preliminary assessment of tunnel deformation and support 

acceptability for simple tunnel design cases. This method describes the reduction in radial 

resistance at a particular point along a tunnel as it advances. In the absence of support, this 

reduction in internal pressure results in increasing convergence of the tunnel walls and the 

development of a plastic (yield) zone around the excavation. When support is present, the support 

pressure will be mobilized until it is in equilibrium with the rockmass. 

This sequence is illustrated through a series of pressure-displacement curves, namely the 

longitudinal displacement profile (LDP), the ground reaction curve (GRC) and the support 

reaction curve (SRC). The LDP illustrates the radial displacement that occurs along the axis of an 

unsupported cylindrical excavation both ahead of and behind the face. This plot shows that at 

some distance ahead of the face the advancing tunnel has no influence on the rockmass (radial 

displacement is zero) and at some distance behind the face the rock loads are in equilibrium and a 

constant displacement is observed. The GRC represents the relationship between the radial 

displacement and the internal pressure in the tunnel, which is due to the three-dimensional flow of 

stress around the face and the support provided by the face itself in an unsupported tunnel. 

Finally, the SCC defines the relationship between the increasing pressure on the support and the 

increasing radial displacement, which is based on the geometrical and mechanical characteristics 

of the support. The relationship between these curves is shown in Figure 4-12. 
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Figure 4-12 – Combined plot based on conventional convergence-confinement theory 

showing the ground reaction curve (solid line), longitudinal displacement profile (dashed 

line) and support reaction curve (double line) for a tunnel excavation with the lining 

installed at the face (modified after Vlachopoulos & Diederichs, 2009). 

 

By using the concepts outlined in the convergence-confinement method, it is possible to 

solve for the expected plastic zone radius (RP) and the radial displacement (ur) for a tunnel of 

radius RT at a specific distance from the tunnel centre. Given the complexity of the problem, 

several assumptions are used to simplify the analysis so it may be solved analytically. Typical 

assumptions include a hydrostatic stress field (σo), a circular excavation shape, an elasto-plastic 

rockmass behaviour and that both the internal pressure along the walls of the excavation and the 

internal stresses in the rockmass are uniform. This problem is illustrated in Figure 4-13. 
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Figure 4-13 – The problem of excavating a circular tunnel in an elasto-plastic material 

subject to uniform loading (modified after Carranza-Torres, 2004). 

 

By making these assumptions, a variety of analytical solutions can be used based on 

different rockmass failure criteria and whether or not the rockmass dilates (changes in volume) 

during failure. The solution provided by Carranza-Torres (2004) is convenient for the design of 

underground structures as it uses generalized Hoek-Brown parameters and allows for dilation to 

be included. It relies on a transformation rule for stresses that significantly simplifies the 

formulation of elasto-plastic problems. The resulting governing equations for this solution are: 
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where Pi
cr

 is the critical internal pressure (below which a plastic zone develops), Pi is the 

pressure at the point of interest, a is the Hoek-Brown constant, μ is a constant based on the Hoek-

Brown parameters, ρ is the ratio of the distance to the location of interest over the plastic zone 

radius, G is the shear modulus of the material normalized with respect to the residual Hoek-

Brown parameters, Sr and Sθ are the transformed radial and hoop stresses (respectively) and A1-3 

are constants dependent upon the flow rule. The ‘~’ indicates that residual Hoek-Brown 

parameters should be used. While Eq. (4.4) can be solved directly, the differential equation (Eq. 

4.5) must be integrated using numerical techniques. 

By using this approach, an initial estimate of the radial displacements around the 

excavation and the radius of the plastic zone can be calculated for the unsupported case. The 

inputs can also be treated as random variables to assess the uncertainty in each of these outputs. 

While support response cannot be considered directly in this study, a general sense of the support 

pressure required to reduce the radial displacements to acceptable levels can be obtained. This is 

done by converting a given support design into an equivalent internal pressure and re-solving. 

Further, the plastic zone radius can also be used to provide guidance in selecting an appropriate 

rockbolt length such that the end of the bolt is anchored in intact material. 

4.2.2.3 Numerical Modelling 

For complicated excavation geometries, support sequences and geological conditions, 

numerical models must be used. While such an approach can be time consuming, it provides the 

engineer with the ability to model the expected failure modes and rockmass behaviour explicitly 

based on an appropriate constitutive behaviour (i.e. Mohr-Coulomb, Hoek-Brown, DISL etc…) to 

determine the resultant support loads. Where complex excavation and support sequences are 

being considered, three-dimensional modelling is needed to provide an accurate estimate of the 
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support response. Simpler sequences can be approximated in two-dimensions using multi-staged 

models, however the timing of support installation becomes a challenge. As the progressive 

excavation of the tunnel is not explicitly modeled with a two-dimensional approach, support 

installation options are limited. The first option is to install the support in the same stage as the 

excavation occurs. As support is installed at the beginning of the stage, this simulates the 

installation of support before any relaxation of the rockmass has occurred (at a significant 

distance ahead of the face). This leads to minimum displacements and maximum support loads. 

Conversely, the support could be installed in the stage after excavation has occurred, simulating 

the installation of support an infinite distance behind the face. This results in the maximum 

displacements and minimum support loads, as the support is installed after the rock loads and 

displacements reach equilibrium. From a design perspective, neither of these options provides a 

realistic assessment of support loads or displacements around the excavation. 

To accurately simulate the three-dimensional excavation and support sequence in a two-

dimensional model, the relationship between the timing of support installation and nominal wall 

displacement must be quantified. This can be done using the LDP for the unsupported tunnel, 

which is generated according to the complexity of the problem. In the case of non-hydrostatic 

stress conditions and complex tunnel geometries, the LDP must be calculated through full three-

dimensional models. For two-dimensional plane-strain numerical models, the convergence-

confinement response during tunnel advance can be simulated using staged relaxation of the LDP. 

Vlachopoulos & Diederichs (2009) outline an improved method to calculate the appropriate LDP 

by using the maximum wall displacement (umax) and the final radius of the plastic zone (RP) for 

the system. This method shows that the LDP can be directly correlated to the normalized plastic 

zone radius (R* = RP/RT) and the normalized closure at the face (uo* = uo/umax) using the 

following equations: 
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                                                  (4.7b) 

where X* is the normalized distance from the tunnel face (X* = X/RT), u* is the 

normalized radial displacement for a given X* and uo is the radial displacement at the tunnel face. 

From these equations, a plot of normalized distance from the face (X*) versus normalized radial 

displacement (u*) can be developed for a series of normalized plastic zones (R*) (Figure 4-14). 

 

Figure 4-14 – Longitudinal displacement profiles (LDPs) for different ratios of final plastic 

zone radius to tunnel radius. 

 



 

 

 

136 

After the LDP has been generated, the three-dimensional advance of the tunnel can be 

simulated in a multi-staged two-dimensional model using either the core replacement technique 

or the internal pressure technique. The core replacement technique (Figure 4-15a) incrementally 

replaces the tunnel core with a new material possessing identical or reduced stiffness without any 

initial element loading. Since the elements have no initial loading, the internal pressure is reduced 

to zero each time the material is replaced, causing a disruption to radial equilibrium. To obtain 

equilibrium, the new tunnel core is compressed, thus increasing the displacement at the tunnel 

boundary. In the final tunnel stage the core is completely excavated to simulate the long term 

conditions within the tunnel. This process simulates the reduction in internal resistance and the 

increase in convergence as the excavation face advances. Conversely, the internal pressure 

technique (Figure 4-15b) removes the material at the beginning and replaces it with a 

progressively decreasing internal pressure. As the internal pressure decreases, the displacements 

around the excavation increase to achieve equilibrium, thus simulating tunnel advance. 

After the excavation is complete, the ratio of the final plastic zone radius to the tunnel 

radius is used to determine the LDP for the rockmass. Each stage in these models can then be 

assigned a distance from the tunnel face according to the radial displacement at that stage. This 

allows support to be installed at the appropriate distance from the face based on the excavation 

and support sequence. After installation, further convergence will be limited and the support will 

be mobilized. The amount of convergence that takes place before support installation as well as 

the total support load is therefore a function of the distance the support is installed from the face 

and the plastic zone radius. While convergence will be minimized by installing the support as 

close to the face as possible, the remaining rock load may exceed the support load, leading to 

failure. Conversely, while installing the support far behind the advancing face may result in a 

lower required support pressure, significant tunnel deformations may occur that lead to collapse. 

Achieving a balance between these two extremes is critical for support design. 
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Figure 4-15 – (a) Core-replacement and (b) internal pressure technique for 2-D plane-strain 

simulation of tunnel advance. The dashed line represents static model stages. 
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As the plastic zone radius is an implicit function of the in situ stress and rockmass 

strength parameters, a new LDP must be developed as these inputs change. This has significant 

implications for reliability analyses as a new LDP must be generated for each evaluation point, 

effectively doubling the number of models required as both an unsupported and supported model 

must be developed for each combination of parameters tested. While this may be manageable 

when using a discrete sampling approach (e.g. PEM, FOSM or FORM), the computational 

requirements for a Monte Carlo analysis are prohibitive. In such cases, it may be more efficient to 

use three-dimensional models to reduce the overall computational requirements. 

4.2.3 Assessing Support Performance 

After an appropriate method is selected to model the ground response, the uncertainty in 

support performance can be determined. To do so, the acceptability of the support design must be 

assessed with respect to the probability of failure and the consequence. As support elements 

behave differently, performance must be quantified for rockbolts and lining systems separately. 

4.2.3.1 Rockbolts 

Rockbolts typically fail through one of three modes: exceedance of the axial capacity of 

the bolt (failure in tension), shearing through the bolt due to movement along a discontinuity 

surface (e.g. joints or faults) or through excessive deformations. The probability of failure for a 

single bolt is therefore calculated by comparing the uncertainty in the expected conditions (axial 

loads, shear force, and displacements) determined through numerical modelling to a set of 

limiting design parameters. In the case of tensile failure, the axial load in the bolt is compared to 

the bolt capacity, which is determined through load-deformation tests. The capacity depends upon 

the type of bolt selected and the post-yield behaviour (Figure 4-16).  For mechanical bolts, failure 

at any point along the bolt length will compromise the link between the faceplate and the anchor, 

resulting in complete failure of the bolt. Conversely, as grouted and frictional bolts maintain 
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complete contact with the rockmass, only a percentage of the bolt may fail, meaning there is 

component of the bolt that still provides support. This is discussed further in Chapter 7. 

 

Figure 4-16 – Load-deformation results for various bolt types, including (a) a mechanically 

anchored rockbolt with provision for grouting, (b) a Swellex dowel and (c) a resin anchored 

and grouted rockbolt (modified after Hoek, 2007). 

 

Where a bolt pattern is used to provide a compressive arch around the excavation, the 

probability of failure for the pattern is based on the probability that the arch will be compromised. 

This can be calculated by systematically removing individual bolts to simulate failure of that 

element and determining the resultant increase in axial load on the remaining bolts. This will 

provide an indication of how many bolts in the pattern can fail before the resultant increase in 

axial load causes a cascading failure through the rest of the pattern. 



 

 

 

140 

The consequences of bolt failure vary drastically based on the purpose of the support. As 

bolts are often used in conjunction with a thin liner (shotcrete or mesh), the consequences are 

typically mitigated based on the redundancy of the support system. That said, safety and 

economic consequences can occur as a result of bolt failure. Where bolts are used with wire mesh 

for retention purposes, failure of a bolt can result in a lack of confinement for the mesh and the 

creation of an open area where small fallouts and raveling can occur. This will likely pose a small 

hazard to workers, but will require rehabilitation of the area (economic cost). Where a pattern of 

bolts are used to reinforce a series of blocks, failure of a single bolt can be insignificant unless it 

results in the progressive failure of the other bolts due to a lack of overall capacity with respect to 

the weight of the blocks. In such a case, wedge failure can occur, which poses a significant safety 

hazard for workers and can result in injuries or fatalities. An economic consequence in the form 

of equipment damage and delays must also be considered. 

4.2.3.2 Lining Systems 

When analyzing the structural stability of an unreinforced or reinforced (mesh or steel 

sets) concrete liner, three loads are considered: axial thrust (N), bending moment (M) and shear 

force (Q). Thrust-bending moment (M-N) and thrust-shear force (Q-N) support capacity diagrams 

are used to determine if the support load exceeds the maximum allowable load for the liner 

(Figure 4-17). The envelope of failure shown in these capacity diagrams is a simplified graphical 

representation of the critical failure surface, separating the combinations of loads that are 

acceptable and those that exceed allowable (elastic) limits. While these diagrams can be 

developed according to possible failure modes according to concrete design standards, they are 

also developed according to a limiting factor of safety (FS) as defined by major and minor 

principal stresses induced by thrust, bending moments and shear forces on a section of a circular 

arch. The construction of these diagrams and their application in civil and geotechnical 

engineering is discussed at length in Carranza-Torres & Diederichs (2009).  
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Figure 4-17 – Capacity plots for a composite liner consisting of W6x25 I-beams with a 

spacing of 1 m and 50 cm of shotcrete. Factor of safety (FS) envelopes are shown for FS = 

1.0 and FS = 1.5. 

 

In the case of liners composed of a single homogenous material, the load values can be 

plotted directly on the capacity curves to determine if the liner design is acceptable. If a 

reinforced liner is used (consists of both concrete and steel reinforcement), the equivalent section 

approach is used to determine the values for thrust, bending moment and shear force that act on 

the different sections. A separate capacity curve is therefore used for each component. 

As seen in Figure 4-17, several sections of the liner exceed the limits set by the FS = 1.5 

envelope. It is useful to quantify the likelihood of the exceedance (probability of failure) around 

the liner based on the uncertainty in rockmass parameters and in situ stress conditions. Liner 

performance is therefore expressed by evaluating the likelihood that a combination of liner loads 

will plot outside of a limiting capacity curve (defined by a limiting factor of safety) for thrust-

bending moment and thrust-shear force interactions. This is discussed further in Chapter 6. For 
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the thrust-bending moment interaction, the equations for the failure envelopes in compression and 

tension as well as the critical bending moment (Mcr) can be found using the following equations: 
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where A is the area, I is the moment of inertia of the liner section and σc and σt are the 

compressive and tensile strengths of the liner, respectively. Similar equations can also be 

determined for the thrust-shear force interaction as well as the critical shear force (Qcr): 
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These equations can be used to develop different failure envelopes for different limiting 

factors of safety. Choosing a limiting factor of safety for the lining system is based on several 

factors, such as the intended purpose, project goals and the level of risk that is deemed acceptable 

for the project. When assessing a composite system with both a preliminary and final lining, the 

limiting factor of safety may be different for each component. As an example, minor failure in the 

preliminary shotcrete lining may be acceptable (FS = 1), while a serviceability limit state (FS = 

1.5) may be more appropriate for the final lining to ensure stability over the life of the project. If 

certain areas of the liner do not meet the minimum safety requirement, the entire liner can be 

upgraded (e.g. thicker concrete, greater reinforcement) or the problem areas can be reinforced. 

As the integrity of the liner is dependent upon a closed ring being maintained, failure in 

one segment can often lead to complete failure of the lining section. Such failures are usually not 

immediate however, and can be detected at the onset through regular inspections and monitoring 
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procedures that have become relatively standard during the construction phase. Further, in the 

case of reinforced liners, it is the steel reinforcement that provides the stability for the lining 

system. Minor failure in the shotcrete for such liners may pose an aesthetic problem, but is 

unlikely to jeopardize the lining system as a whole so long as the steel remains stable. 

While the safety risk due to liner failure is limited, the economic consequences can be 

significant. In deeper excavations, progressive failure of the liner will lead to significant delays as 

a heavier support system will need to be installed. In squeezing ground, an unacceptable level of 

closure may also occur, which would necessitate the re-excavation of the area in addition to the 

use of specially designed liner segments that can accommodate large strains (e.g. sliding gaps). In 

shallow excavations, failure of the lining system can led to unacceptable surface settlements that 

can damage the adjacent structures and also draw unwanted negative attention to the excavation 

project, leading to a loss of public confidence and even shutdowns. Where water inflow is a 

concern, rupture of the liner seal can lead to unacceptable water inflows and a shutdown until the 

inflow is managed. This results in delays as well as the possibility of equipment loss. Each of 

these possible consequences must be considered when assessing a liner from a risk perspective. 

4.2.4 Selecting an Optimum Support System 

When a number of different excavation and support options are considered, the optimum 

support system should be selected on the basis of both safety and cost. To do so, each support 

option must first be analyzed using numerical models and the uncertainty in ground response and 

support loads quantified using reliability methods. The probability of failure for each support 

element can be calculated based on these uncertainties, the expected mode of failure and the 

appropriate limiting support value (e.g. maximum axial load for bolts or minimum acceptable 

factor of safety for liners). 

Once the probability of failure has been determined, the consequence must be assessed. 

Where there is a safety concern, whether it is with respect to injuries or fatalities, the individual 
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and societal risk must be calculated. Individual risk can be quantified by using Eq. (4.2) and an 

appropriate policy factor, while societal risk must be assessed by examining the likelihood of the 

hazard and the expected number of fatalities. The ALARP approach can be used in conjunction 

with a bowtie analysis to determine what control and management measures are most appropriate 

to reduce the risk to a tolerable or acceptable level. Any support design option that cannot fulfill 

the safety requirements should be removed from further consideration. 

The remaining support options can then be assessed on the basis of the support and risk 

costs. The latter is determined by multiplying the probability of failure, which is assumed to 

occur over the life of the project unless otherwise stated, by the cost of that failure occurring. As a 

number of different consequences may be possible, each should be considered in the assessment. 

Of the remaining design options, the one with the lowest total cost is then selected as the 

optimum. An example of this process is shown for five different design options in Figure 4-18. In 

this case, Class 3 provides the optimum support with respect to cost. 

 

Figure 4-18 – Example of a quantitative risk approach for support design that considers 

both support costs and the expected cost of failure to determine the optimum design option. 
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4.3 Managing Risk through Contract Documents 

In addition to the technical challenges associated with assessing uncertainty in geological 

systems and determining an appropriate design option based on a reliability and risk based 

methodology, it is still not clear how best to incorporate these concepts into contract documents.  

Currently, geotechnical contracts assign responsibility for the ground conditions to the 

Owner. The expected conditions are then communicated to the Contractor through the use of a 

Geotechnical Baseline Report (GBR), which acts as a single source document where contractual 

statements describe geotechnical conditions that are anticipated (or assumed) during underground 

and subsurface construction (Essex, 2007). Under a Design-Build contract, the Contractor is then 

responsible for the means and methods used to complete the project. While this approach is 

sound, it does not explicitly state who is responsible for the different sources of uncertainty and 

how best to share the risk posed by this uncertainty at the various stages of the project. 

To minimize surprises during construction as well as lengthy legal disputes between the 

Owner and Contractor, uncertainty must be addressed throughout the project life and the 

responsibilities of each party clearly stated. To accomplish this, a staged approach is 

recommended that accounts for uncertainty in the pre-design, design, and construction phases of a 

design-build project. Such an approach was originally presented in Langford et al. (2013) and has 

since been adapted  to integrate with the comprehensive risk management scheme presented by 

the International Tunnelling Association’s (ITA) working group (Eskesen et al., 2004). The ITA 

approach, shown in Figure 4-19, outlines the risk responsibilities for the Owner and Contractor 

throughout the early stages of design through to construction. The approach presented here 

considers the same issues, while making specific recommendations with respect to different 

uncertainties encountered at each stage of design. 
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Figure 4-19 – Risk management activity flowchart for the Owner and Contractor over the 

life of the project (Eskesen et al., 2004). 
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4.3.1 Early Design Stage 

At the beginning of the project, the Owner will conduct a site investigation in order to 

properly characterize the rockmass and in situ stress conditions. This investigation will consist of 

an examination of historical data as well as in situ and laboratory testing of the rock units of 

interest. While a limited site investigation may be more attractive from a cost perspective, 

expending additional funds at this stage will better refine the aleatory uncertainty and reduce the 

epistemic uncertainty for later stages. This decreases the required Owner contingency, freeing up 

funds for other purposes, and can also result in savings on the bid price on the order of 5-15 times 

the cost of exploration (Parker, 2004). At the conclusion of this investigation, the Owner will be 

responsible for quantifying the various sources of uncertainty at the site, including: inherent 

variability, measurement uncertainty and statistical estimation uncertainty. This will be 

summarized in the Geotechnical Data Report (GDR). Based on these findings, an initial 

assessment of risk should be performed. Possible hazards and their perceived likelihood and 

consequence should be summarized in a project risk register along with possible control and 

management measures. A set of technical requirements for such measures should also be 

developed to encourage bidders to propose their own risk management approaches. At this point, 

a Request for Qualifications (RFQ) will be issued that also requests specific information on risk 

management experience from all interested Contractors. 

4.3.2 Tendering and Contract Negotiation 

After a RFQ has been issued, possible failure mechanisms as well as their likelihood of 

occurrence will be assessed. The Owner will be responsible for identifying hazards that occur as a 

result of the spatial variation of the material parameters and will summarize these findings in a 

Geotechnical Memorandum for Design (GMD). The Contractors will then determine the 

likelihood of these hazards occurring as a function of their proposed means and methods 

(excavation approach and support philosophy). The GBR will only be produced after the Owner 
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has reviewed the bids and had a chance to interact and clarify any questions with the preferred 

design team. The GBR will include references to the data in the GDR, the possible failure 

mechanisms identified in the GMD and the likelihood of those failure mechanisms based on the 

Contractor’s bid. After a careful review of the GBR, phase 3 site investigation details will be 

established and a Request for Proposals (RFP) issued. To encourage the Contractors to 

incorporate risk and reliability methods in a meaningful way, it will be clearly stated in the RFP 

that the use of such methods will be considered an “innovative” design approach. 

With the GBR established, the qualified Contractors will utilize all available information 

to finalize their design using reliability methods. By utilizing such an approach, the excavation 

response and the interaction between the rockmass and the support system will be better 

understood, reducing the residual construction risk and Contractor contingency. Further, this 

approach can be used to select an optimum excavation and support sequence that ensures worker 

safety and reduces project costs. In addition to the necessary technical components, the 

Contractor should include a risk management plan, a list of expected hazards and possible 

mitigation measures in the bid. 

After a careful review of the technical and risk management details in each bid, the 

Owner should select the most appropriate design by the most capable Contractor. At this stage, 

the contract can be written. It is important that a clear distinction be made in the contract 

documents between those risks that the Owner is responsible for and those that the Contractor 

will be responsible for (including transformation errors and model errors during the design stage). 

Before construction occurs, a risk management team should be established that consists of 

representatives from both parties and a detailed risk register should be produced.  

4.3.3 Construction Phase 

During the construction stage, the risk management team will be responsible for ensuring 

the risk management plan is executed and updating the risk register with any additional items that 
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were not considered. A clear communication network should be established on site to ensure any 

issues with risk are dealt with in a timely fashion. 

Regular inspections and monitoring tools will be used to compare the actual conditions to 

those that were expected. Revisions to the design can be performed at this stage if significantly 

different conditions are experienced. Any risk mitigation measures that do not meet the technical 

specifications set out during the early design stages should be reviewed by the Owner and signed 

off before being used. It is important that this process be completed as efficiently as possible to 

ensure shut downs are kept at a minimum. 
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Chapter 5 

Quantifying Uncertainty in Intact Hoek-Brown Strength Envelopes
1
 

5.1 Abstract 

Uncertainty plays a critical role in geotechnical design projects. In addition to the natural 

variability of geomaterials, knowledge based uncertainty involving testing, transformation and 

modeling errors must also be considered to accurately characterize the rockmass. Currently, the 

generalized Hoek-Brown approach is used for rockmass characterization and to determine 

rockmass strength parameters for the purposes of analytical and numerical modelling. By 

quantifying uncertainty in the intact strength envelope and the Geological Strength Index (GSI), 

reliability methods can be used to determine the uncertainty in ground response and support 

performance. While uncertainty in GSI can be quantified through either a qualitative or 

quantitative approach, it is more difficult to assess the uncertainty in the intact strength envelope 

as it is defined by two correlated variables: the uniaxial compressive strength and the Hoek-

Brown material constant. This paper discusses this challenge and proposes a new set of linear and 

nonlinear regression approaches that can be used to accurately determine the mean intact strength 

envelope and quantify uncertainty from test data. A reliability-based design method is then 

presented that quantifies and utilizes uncertainty information at each stage of design to obtain a 

more complete understanding of rockmass behaviour. To demonstrate the usefulness of this 

approach, a reliability assessment is performed for a circular excavation under hydrostatic loading 

conditions. 

 

 

                                                      

1
 This chapter appears as submitted to an international journal with the following citation: 

Langford, J.C. & Diederichs, M.S. 2013. Quantifying uncertainty in intact Hoek-Brown strength envelopes. 

International Journal of Rock Mechanics and Mining Sciences. 
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5.2 Introduction 

Obtaining reliable estimates of rockmass strength and stiffness are critical when 

performing a geotechnical analysis. While several rockmass classification methods have been 

developed to address this issue (Bieniawski, 1989; Barton et al., 1974), the combined generalized 

Hoek-Brown criterion and Geological Strength Index (GSI) characterization system (Hoek et al., 

2002) has achieved the most widespread use for both industry and academic applications. The 

Hoek-Brown criterion was originally developed to obtain estimates of rockmass strength for 

jointed rockmasses based on estimates of blockiness and the surface condition of discontinuities 

(Hoek & Brown, 1980). Since then, it has been modified several times to expand its applicability 

(Hoek & Brown, 1988; Hoek et al., 1992) and to incorporate the GSI system (Hoek, 1994; Hoek 

et al., 1995; Hoek & Brown, 1997). The current system provides a standardized method for 

estimating rockmass strength parameters based on intact laboratory test data. Much work has 

since been done on applying the GSI system to weak and complex rockmasses (Marinos & Hoek, 

2001; Hoek et al., 2005; Marinos et al., 2006) as well as to provide estimates of rockmass 

stiffness (Hoek & Diederichs, 2006). 

While the combined Hoek-Brown and GSI approach has proven to be a useful method for 

obtaining estimates of rockmass parameters, it is primarily used in a deterministic fashion, where 

only a single set of parameters represent the entire rockmass. In reality, significant uncertainty 

exists in both strength and stiffness values. This uncertainty stems from both the natural 

variability that occurs due to the complex process of formation as well as a general lack of site 

specific information, difficulties in repeatable testing and transformation and modeling errors 

(collectively termed “knowledge based uncertainty”). In the design of underground structures, 

such uncertainty complicates the rockmass characterization process, making it difficult to obtain 

an accurate geomechanical model. This poses a challenge for obtaining reliable estimates of 

rockmass behaviour and support performance, leading to a residual risk during construction. 
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To overcome this, a more comprehensive approach to rockmass characterization is 

needed. By using statistical techniques to quantify uncertainty in intact Hoek-Brown parameters 

and in situ stress conditions, a more complete understanding of the range of rockmass behaviour 

is possible. By incorporating this uncertainty into the design process, the engineer not only 

obtains information on the mean (expected) case, but the uncertainty in ground response and 

design performance can be quantified over the credible parameter space. Through this, the 

probability of failure can be assessed according to either the ultimate limit state (ULS) or a 

serviceability limit state (SLS). This style of reliability-based design (RBD) approach has become 

more popular over the past decade with the development of EN-1997-1 (commonly referred to as 

Eurocode 7) and the movement towards more comprehensive design codes in North America. 

The application of statistical techniques to rockmass characterization is far from a trivial 

task, however. Difficulties with repeatable laboratory testing and assessing correlations between 

parameters complicate this process. To this end, this paper provides guidance on how to apply 

statistical methods to quantify uncertainty in intact and rockmass strength parameters using the 

generalized Hoek-Brown approach. The issue of correlation between parameters that define the 

intact strength envelope is also discussed and several new regression approaches are compared. 

Finally, a reliability-based design approach is used to illustrate the benefits of this process and 

assess the variable ground response for a circular excavation under hydrostatic stress conditions. 

5.3 Rockmass Characterization using the Generalized Hoek-Brown Criterion 

The generalized Hoek-Brown method uses laboratory test results of intact rock samples 

in conjunction with a measure of rockmass quality (the Geological Strength Index, or GSI) to 

develop a strength envelope over the tensile and compressive regions (Hoek et al., 2002). The 

estimate of rockmass strength is based on the assumption that the rock behaves in an isotropic 

fashion due to the presence of several closely spaced discontinuities. The strength envelope for 

the generalized Hoek-Brown criterion is defined by the following equation: 
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where UCS is the intact uniaxial compressive strength, mb is the rockmass value of the of 

the intact Hoek-Brown material constant mi for the rockmass, s and a are rockmass constants and 

σ1 and σ3 refer to the major and minor principal stresses, respectively. This envelope delineates 

those combinations of principal stresses that are stable (plot below the envelope) and those that 

would result in yield. 

In order to develop a Hoek-Brown strength envelope for the rockmass, one must first 

develop an intact envelope based on tensile (direct or corrected Brazilian), uniaxial compressive 

and triaxial laboratory test data. For the intact case, Eq. (5.1) is simplified according to mb = mi, s 

= 1 and a = 0.5 (Hoek et al., 2002), resulting in: 
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Once an intact strength envelope has been fitted to the intact test data, a GSI value is 

assigned to the rockmass based on the blockiness and the quality of the discontinuities. Rockmass 

parameters are then calculated by modifying the intact parameters according to the GSI of the 

rockmass and the disturbance factor (D), which is a measure of excavation damage: 
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where mb, s and a are rockmass constants and σc and σt are the rockmass compressive and 

tensile strengths, respectively. It is important to note that the D factor is not to be applied to the 

entire rockmass, but rather the zone of rock that has experienced excavation damage (typically 
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0.5 to 2.0 m for a tunnel). A residual D value can also be used to reduce the post-yield strength of 

the rockmass, simulating strain weakening behaviour. 

Using Hoek & Diederichs (2006), an estimate of the rockmass stiffness (Erm) can also be 

obtained from the intact stiffness (Ei) as well as GSI and D: 
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These parameters are then used in analytical and numerical models to assess the variable 

ground response and performance for a desired design option. 

5.4 Understanding Uncertainty in Input Parameters 

Since the development of standardized field and laboratory testing procedures, it has been 

understood that there is significant uncertainty associated with intact and rockmass parameters. 

To develop an accurate geological model for the area, this uncertainty must be quantified using 

various statistical techniques so it can be considered during the design process. 

5.4.1 Components of Total Uncertainty 

Uncertainty in geological systems is typically divided into two components: variability 

caused by random processes (aleatory) and knowledge-based uncertainty due to a lack of 

information (epistemic). The natural variability in rockmass and in situ stress parameters is 

typically represented as a random process and is therefore considered to be aleatory. The process 

of formation and continuous modification over geologic history results in a real variation in 

properties from one spatial location to another over both the micro and macro scale. As this 

variability is inherent in the material, continued testing will not eliminate the scatter, but will 

provide a more complete understanding of it. Conversely, epistemic uncertainty exists as a 

consequence of limited information as well as imperfect measurement techniques, statistical 

estimation, transformation errors and modeling capabilities. These sources of error are not be 

included in the design process and can be reduced through advanced statistical techniques. 
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Several methods have been developed to further understand the nature of aleatory and 

epistemic uncertainty models and attempt to quantify uncertainty for the purposes of design. This 

includes interval analyses, fuzzy logic, probability boxes and probabilistic analyses. Selection of 

an appropriate method depends on the amount of information that has been collected and 

therefore the confidence the engineer has in their understanding of the system. This paper will 

focus on the case where sufficient test data exists for the problem to be defined probabilistically. 

5.4.2 Quantifying Uncertainty 

By assuming that some of the uncertainty in geological parameters can be attributed to 

random processes (aleatory), probability theory can be applied and the input parameters can be 

considered as random variables. This means that each measurement of that parameter comes from 

a random process that generates specific and a priori (i.e. marginal probability before taking into 

account the observations) unknown results or outcomes. The set of all possible outcomes is the 

sample space while an individual outcome (e.g. single measurement) is a sample point. 

When considering repeated observations for a given parameter, a function can be used to 

define the probability of occurrence for any value over the sample space. This function is referred 

to as a probability mass function (PMF) for discrete sample spaces and a probability density 

function (PDF) for continuous sample spaces. Most geotechnical parameters are considered to be 

continuous variables and are represented by normal, lognormal, or exponential distributions. For 

simplicity, such distributions are often represented by their first two statistical moments; the mean 

or expected value (μ) and the variance (σ
2
) or standard deviation (σ). The coefficient of variation 

(COV) is further calculated by normalizing the standard deviation with respect to the mean. 

 Where a reliable estimate of the standard deviation cannot be established from the raw 

data, the three-sigma approach can be used to provide an estimate of the standard deviation. This 

method is based on the assumption that the data are normally distributed, and therefore 99.73% of 

all values will fall within three standard deviations of the mean (Dai & Wang, 1992). By dividing 
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the credible range for a given variable by six, an estimate of the standard deviation can then be 

obtained. While determining the standard deviation through statistical techniques is preferred, the 

three-sigma rule provides a logical way to quantify the uncertainty for a variable (Duncan, 2000).  

Where a relationship is believed to exist between two or more parameters, the correlation 

between them must be quantified. This can either be done through statistical analyses or a 

regression of test data. While it is often considered conservative to assume all variables are 

uncorrelated, this can lead to significant issues in design, as will be shown later in this paper. 

To compare uncertainty levels between different parameters, Harr (1987) classified 

ranges of COV into low (<10%), moderate (10-30%) and high (>30%). As shown in Figure 5-1, 

most man-made materials are in the low to moderate uncertainty range, while most geotechnical 

parameters are in the moderate to high range. This highlights the challenges associated with 

performing uncertainty analyses for geomaterials versus those man-made materials that have been 

manufactured and assessed through a rigorous quality assurance and control process. 

 

Figure 5-1 – Coefficient of variation (COV) values for various man-made (blue) and 

geotechnical (green and red) materials (with data from Bond & Harris, 2008; Ruffolo & 

Shakoor, 2009; Marinos & Hoek, 2000). 
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5.5 Utilizing Uncertainty in Engineering Design 

As demonstrated in Figure 5-1, there is significant uncertainty associated with rockmass 

parameters. This uncertainty can have a significant impact on engineering design decisions and 

can lead to an unacceptable residual risk during construction. While this uncertainty can be dealt 

with subjectively through the use of representative parameters or load and resistance factors, 

these approaches favour conservative design choices that can lead to cost and schedule overruns. 

Reliability-based design (RBD) methods directly incorporate uncertainty in input 

parameters into the design process. Through an RBD approach, a probability of failure (pf) for the 

system can be established with respect to a specific failure mode, with “failure” defined as either 

the complete collapse of the structure (ultimate limit state, or ULS) or a loss of functionality 

(serviceability limit state, or SLS). This is a more useful measure of design performance than a 

deterministic factor of safety as it allows for an estimate of the likelihood of failure over a certain 

period and can be used to obtain an estimate of the design risk based on expected consequences. 

Currently, RBD methods have largely been applied to gravity-driven geotechnical 

problems where loads and resistances can be treated separately. Applying such methods to 

underground support design represents a unique challenge given the interdependency between 

support resistance, deformation and rock loads. 

5.5.1 Performance Function 

To perform a reliability analysis, the uncertainty in rockmass and in situ stress parameters 

must first be understood and quantified. A performance function G(X) is then used to define the 

acceptability criterion for the system (where X is the collection of random input variables). In 

geotechnical problems, the acceptability criterion is typically defined with respect to a limiting 

value for a material response parameter of interest. As an example, in the case of a minimum 

Factor of Safety (FSmin), the performance function would be defined as follows: 

                        (5.9) 
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where f(X)FS is a function that defines the Factor of Safety for the collection of random 

variables X. When considering a single sample of input parameters, stable conditions are 

anticipated when G(X) > 0, while G(X) < 0 implies the design has failed to meet the prescribed 

acceptability criteria. The surface created by G(X) = 0 is referred to as the limit state and defines 

the boundary between stable and unstable conditions. 

As G(X) is a continuous random variable, the probability of failure (used herein to refer 

to the probability of exceeding a prescribed limit state) is therefore defined as: 

             ∫             
 

  
     (5.10) 

When evaluating an underground excavation, the performance function may be defined 

by a number of different material response parameters (e.g. maximum convergence, plastic zone 

radius or allowable support load). In this case, the probability of failure is expressed as the 

likelihood that the system will exceed one or all of these critical values. 

5.5.2 Direct Reliability Methods 

As numerical models are often to assess geotechnical problems, it is rare that an equation 

can be explicitly stated relating input and output parameters, meaning the integral in Eq. (5.10) 

cannot be calculated. To assess system performance, direct reliability methods must therefore be 

used to determine the behaviour of the performance function. When using such an approach, the 

pf must either be calculated directly by using pseudo-random sampling techniques such as a 

Monte Carlo or estimated through discrete sampling approaches (Figure 5-2). A discrete sampling 

approach can be used to approximate the low-order statistical moments of the performance 

function by evaluating the system at a series of sampling points. The number and location of 

these sampling points and the assumptions made depend on the method used. These methods can 

provide an accurate estimate of pf for significantly fewer evaluation points when compared to 

“brute force” Monte Carlo analyses, thus reducing the computational requirements significantly. 
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Figure 5-2 – Summary of characteristics for various direct reliability approaches. 

 

The most commonly used discrete sampling methods are the First Order Second Moment 

(FOSM) and Point Estimate Methods (PEM). These are discussed in the following sections. 

5.5.2.1 First Order Second Moment (FOSM) Method 

The FOSM method uses a truncated version of the error propagation equation to estimate 

the mean (µG) and standard deviation (σG) for the performance function. For this approach, the 

mean value of the performance function is determined by evaluating the system at the mean value 

of all input variables. The standard deviation is then estimated by using a linear approximation of 

the partial derivatives for each input variable. This is accomplished by increasing and decreasing 

each variable by a small amount while all other variables are kept at their mean value. The 

problem is then evaluated at both points and the change in the performance function (ΔG) that 

results is divided by the difference in the input to provide an approximation of the partial 

derivative about the mean. Duncan (2000) recommended that the difference in the input be set to 

one standard deviation, which greatly simplifies this process. In the case of uncorrelated 

variables, the standard deviation is determined by: 
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           (5.11) 

For n correlated or uncorrelated input variables, a total of 2n + 1 evaluations (analytical 

or computer models) are required. The locations of these points are shown in Figure 5-3. 

 

Figure 5-3 – Coordinates of sampling points for the FOSM method and PEM for a two 

variable system. 

 

5.5.2.2 Point Estimate Method (PEM) 

Similar to the FOSM method, the PEM (Rosenblueth 1975, Rosenblueth 1981) is a 

discrete sampling approach that approximates the mean and standard deviation of the 

performance function. Rather than using error propagation techniques, the PEM uses a version of 
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Gaussian quadrature to determine the statistical moments. This is done by evaluating the problem 

at a series of “corner points,” where each variable is assessed at one standard deviation above or 

below its mean value. Unlike the FOSM method, this results in 2
n
 evaluations (Figure 5-3). After 

the system has been evaluated at each sample point, the mean and variance are determined by: 

   ∑     
  

            (5.12) 

  
  ∑   

  

                  (5.13) 

where Gi is the value of the performance function at each sample point and Pi is a 

weighting value. For uncorrelated variables, Pi is simply equal to 1/2
n
. 

5.5.2.3 Advantages and Limitations 

Both the FOSM method and the PEM are considered to be computationally efficient 

methods for estimating the mean and standard deviation of the performance function. This is 

especially true when compared to Monte Carlo analyses, which typically require thousands of 

evaluations to achieve a sufficient level of accuracy. In addition, both methods only require the 

statistical moments of the input variables rather than complete knowledge of the input 

distributions. This greatly simplifies the analysis process. 

While these methods have several advantages, they do suffer from two major limitations. 

First, they do not explicitly define the probability distribution for the performance function. 

While a normal distribution is often assumed, selecting an inappropriate function can introduce 

significant errors into the calculation of the probability of failure. The second limitation is that 

little information is known beyond one standard deviation from the mean. Low probability 

events, which occur when values are selected at the tails of the input distributions, can have a 

higher consequence and can therefore pose a greater risk to the design. While these issues limit 

the effectiveness of the traditional reliability methods, approaches such as the modified PEM 

proposed by Langford & Diederichs (2013) can be used to overcome them. 
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5.6 Uncertainty in Intact Rock Strength Parameters 

To properly characterize the intact strength using the generalized Hoek-Brown criterion, 

the UCS and mi must be determined. The UCS is calculated directly through uniaxial compressive 

strength tests, while the mi value is calculated through a regression of tensile, UCS and triaxial 

data. Together, these variables define the intact strength envelope defined by Eq. (5.2). While 

often treated deterministically, there is significant uncertainty associated with each of these 

parameters, meaning a single envelope will not be able to capture the range of intact strength. As 

such, this uncertainty must be quantified to fully understand the failure potential for the material. 

5.6.1 Uniaxial Compressive Strength (UCS) 

The uniaxial compressive strength (UCS) of a material is typically determined through 

repeated laboratory testing of intact samples. Natural variability in UCS values stems from 

variability in index properties (e.g. density and porosity) and petrographic characteristics (e.g. 

grain size and shape, nature of cement). While index properties should be consistent for samples 

taken from the same formation, changes in petrographic characteristics result in the creation of 

micro defects that will be different within each sample. These micro defects contribute to 

different modes of failure of the intact rock (Figure 5-4) and therefore can have a significant 

impact on the UCS value obtained (Szwedzicki, 2007). As such, in order to obtain an accurate 

estimate of the expected value and uncertainty in compressive strength, UCS values should be 

divided according to failure mode and analyzed separately. 

 

Figure 5-4 – Possible modes of sample failure for a UCS test (Szwedzicki, 2007). 
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Knowledge-based errors, such as measurement and statistical estimation errors, must also 

be considered when assessing the uncertainty in UCS. As laboratory testing procedures have been 

well established by the ISRM Suggested Method (Fairhurst & Hudson, 1999), measurement error 

should be small so long as a lab of suitable quality is used. To reduce the impact of statistical 

estimation error (i.e. error in the establishment of the mean and variance of the UCS), a suitable 

number of tests must be analyzed. While testing agencies recommend anywhere from three to 10 

samples, an indication of the degree of confidence in the mean value is usually not quantified. 

Ruffolo & Shakoor (2009) examined five different rock types and, using a confidence interval 

approach, determined the number of test results required to estimate the mean value within a 

certain deviation (confidence) given the uncertainty in the data set (Figure 5-5). According to this 

study, for a 95% confidence interval and a 20% acceptable strength deviation from the mean, 10 

UCS samples are needed. While only a limited number of rock types were included in this 

assessment, this recommendation is consistent with testing agencies. By performing a suitable 

number of tests based on the rock type, knowledge-based errors (epistemic) should be minimized, 

meaning the uncertainty in UCS can be quantified using a second moment analysis. 

Even with careful measurement and statistical estimation techniques, there is still the 

possibility of having data points that differ markedly from other members of the sample set. 

These outliers can be identified through various statistical methods such as the maximum normed 

residual, as outlined in Montgomery et al. (2002), or through less rigorous approaches through the 

use of quartile ranges. While these methods are useful in determining if an outlier exists, they do 

not necessary provide justification for the removal of a data point. In some cases, there may be a 

valid geomechanical explanation for a value outside of the normal range, such as the presence of 

a fabric within the rock that makes the strength sensitive to the direction of loading. As removing 

outliers is considered a controversial practice, all data should first be recorded in the geotechnical 

data report before such an action is considered. 
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Figure 5-5 – Minimum number of samples needed to estimate the mean UCS value with 

respect to an acceptable confidence (deviation) level. The number of samples is based on 

rock type and the coefficient of variation for the UCS data (Ruffolo & Shakoor, 2009). 

 

5.6.2 Hoek-Brown Material Constant (mi) 

The intact material constant mi is an intact rock parameter classified by rock type/group 

that defines the shape of the intact strength envelope. Natural variability in this parameter stems 

from variability in mineral content, foliation and grain size (texture). The more heterogeneous a 

rock is, the more variable these petrographic characteristics are, resulting in a greater uncertainty 

in the mi value. It is recommended that mi be determined by fitting a curve (defined by Eq. 5.2) to 

a set of tensile, uniaxial compressive and triaxial test data. 

Given the costs associated with triaxial tests, projects often focus on UCS and tensile 

testing and obtain an empirical estimate of mi based on tables such as those found in Marinos & 
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Hoek (2000). Such tables are typically organized by rock group and show a clear trend of higher 

mi values for coarse grained rocks and lower mi values for finer grained rocks. Recognizing that 

uncertainty exists within these values, general estimates of relative minimum and maximum mi 

values are typically provided. 

Although empirical estimates of the mean and variance in mi may reduce testing costs, 

such general ranges contain both inherent and knowledge based sources of uncertainty that may 

not be applicable for other project areas. One must therefore consider the impact of both the 

endogenous factors (pertaining to the compositional characteristics of the intact rock) and the 

exogenous factors (related to the history of formation and the in situ conditions at site) on the 

magnitude of a given parameter. While such general estimates can be used at initial stages of the 

project for preliminary calculations, a critical review of these factors as well as the different 

sources of error would be required to apply them to later stages of design (Uzielli, 2008). 

Given this, the mi value should be determined through the regression of site specific test 

data whenever possible. The process of using regression analyses to determine a mean mi value is 

discussed later in this paper. 

5.7 Uncertainty in Rockmass Strength Parameters 

The rockmass Hoek-Brown strength envelope is defined by Eq. (5.1). The three Hoek-

Brown constants used in this equation (mb, s, a) are a function of the Geological Strength Index 

(GSI), the disturbance factor (D) and the intact Hoek-Brown curve (defined by UCS and mi) as 

shown in Eq. (5.3) to (5.5). As these equations were derived empirically, there is an unknown 

error introduced by this transformation. While this will have an impact on the accuracy of the 

analysis, it is currently an unavoidable error when using the generalized Hoek-Brown approach. 

Further research is needed to quantify this error so it can be removed with the other sources of 

epistemic uncertainty. 
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The GSI value for a given rockmass is determined by analyzing outcrop and borehole 

data and assigning a value based on qualitative descriptions of blockiness and joint condition 

(Figure 5-6). For a statistical analysis, the first two statistical moments (e.g. mean and standard 

deviation) and a credible range can be estimated based on repeated qualitative estimates and/or 

expert opinion. While a qualitative approach provides an estimate of the statistical moments for 

the GSI, observations tend to be biased due to the past experiences of the user. Further, while 

experts are able to estimate the mean or median value for a parameter well, they typically 

underestimate the uncertainty (Christian, 2004). Each of these factors should be considered when 

developing a statistical range for GSI based on qualitative assessments. 

Using a quantitative method refines this process and allows for a direct calculation of a 

specific GSI value based on a calculation of joint or block wall condition (A) and block size (B) 

(Figure 5-6). Several different methods can be used to accomplish this. The approach presented 

by Hoek et al. (2013) defines GSI as a function of the joint condition rating (JCond89) defined by 

Bieniawski (1989) and the Rock Quality Designation (RQD): 

                (5.14) 

                     (5.15) 

                (5.16) 

An alternative approach is to use the GSI method proposed by Cai et al. (2004), which 

quantifies GSI using the chart in Figure 5-6 and the following equations: 

     
    

  
         (5.17) 

     
      

               
        (5.18) 

where si and γi are the joint spacing and the angle between joint sets, respectively, JW is 

the large scale waviness (in meters from 1 to 10 m), JS is the small-scale smoothness (in 

centimeters from 1 to 20 cm) and JA is the joint alteration factor.  
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Figure 5-6 – Qualitative and quantitative GSI chart based on a joint condition (Scale A) and 

block size (Scale B) factor. Example statistical distributions are shown for both scales, as 

well as the resultant uncertainty in GSI (modified after Cai et al., 2004). 
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 When using a quantitative approach, the mean GSI value is equal to the value obtained 

when all component parameters are set to their mean value. By quantifying uncertainty in each 

component, the standard deviation for the GSI can then be calculated using error propagation 

techniques. In the case of the Hoek et al. (2013) approach, where RQD and JCond89 are likely 

uncorrelated, the standard deviation in GSI would be calculated as follows: 
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)
 
        

  (
    

    
)
 
    

      (5.19a) 

    
                

            
       (5.19b) 

With the calculation of GSI, the rockmass Hoek-Brown strength envelope can be 

determined easily through Eq. (5.3) to (5.5). These equations directly capture the co-dependency 

between intact and rockmass constants, meaning correlation coefficient terms are not required. 

Further, as GSI and D represent the rockmass quality and excavation damage, respectively, it is 

reasonable to assume that they are independent variables with respect to each other and with 

respect to the intact parameters that define the intact strength envelopes. 

5.8 Uncertainty in Stress Conditions 

The in situ stress magnitude and orientation, when considered in conjunction with the 

rockmass strength, are critical engineering parameters for evaluating the short and long term 

behaviour of an underground excavation. These parameters not only define the induced stresses 

around the excavation, but also have a significant impact on rockmass characterization and 

establishing probable failure mechanisms (either structurally or stress controlled). By 

understanding the in situ stress conditions, the expected extent of failure can also be assessed 

through analytical or numerical analysis techniques, which plays an important role in selecting an 

appropriate excavation geometry and support sequence. 

Understanding the nature of the in situ stress conditions is far from a trivial task however, 

as there is significant uncertainty associated with both the stress magnitude and orientation. 
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Natural variability is caused by variability in rockmass conditions and topographic effects along 

the length of the excavation alignment (e.g. alpine tunnels), while epistemic uncertainty is also 

present due to a lack of information as well as errors and limitations associated with the various 

stress measurement techniques. As a result, the in situ stress condition is considered to represent a 

fundamental uncertainty in geotechnical problems. While a full treatment of stress uncertainty is 

beyond the scope of this paper, the following sections provide a discussion of stress estimation 

techniques and methods for quantifying uncertainty in in situ stress conditions. 

5.8.1 Stress Estimation 

In an effort to standardize the methods for determining stress conditions, the International 

Society of Rock Mechanics (ISRM) developed a set of five suggested methods for rock stress 

estimation. The most recent ISRM Suggested Method (Stephansson & Zang, 2012) provides a 

strategy for incorporating stress estimate based on the geological setting, stress measurement 

information and numerical stress estimates into a comprehensive Final Rock Stress Model 

(FRSM). The FRSM consists is developed by moving through three steps. First, a best estimate of 

the stress conditions is determined based on the site geology and tectonic setting, existing stress 

data and empirical/analytical relationships. The second step is to perform in situ stress 

measurements using overcoring, hydraulic fracturing and/or borehole methods. Finally, a 

numerical stress estimation is performed, which incorporates site specific geomechanical data 

(rockmass properties, structural features, stress measurements) and known events in the 

geological history. This model is then used to simulate the changes in in situ stresses over the 

geologic history of the area and to predict the current regional scale in situ stress conditions. 

5.8.2 Methods for Quantifying Uncertainty in Stress 

By utilizing the FRSM approach and considering uncertainty at each stage, a reasonable 

estimate of uncertainty in the in situ stress conditions can be obtained. To do so, a method for 
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expressing uncertainty in both the magnitude and orientation of in situ stress must be selected. As 

stress can be quantified in several different ways, a variety of interpretations are possible. 

The first approach is to quantify uncertainty in the tensor components through repeated 

overcoring measurements. From a Mohr circle stress analysis perspective, this essentially means 

that uncertainty is being quantified for the stress invariants and orientation of the plane being 

examined. This uncertainty can then be carried through the eigenvalue problem to determine the 

mean and standard deviation in the magnitude and orientation of the principal stresses. As it is 

unlikely that sufficient data will be available for such a rigorous analysis, this approach may not 

be suitable for most geotechnical projects. 

A second approach is to estimate the uncertainty in the principal stress magnitude and 

orientation. A preliminary estimate of these parameters can be obtained through the use of 

regional stress data, while hydraulic fracturing and borehole breakout analyses can be used to 

obtain a site specific estimate by assuming that one of the principal stresses is in the vertical 

direction. This approach provides a logical way to quantify uncertainty in in situ stress conditions 

and may provide sufficient accuracy in simple (gravity dominated) environments. In more 

complex environments with tectonic or topographic influences, these estimates will become less 

accurate, resulting in potentially significant errors in the calculation of induced stresses. 

Another approach is to assume that one of the principal stresses is vertical and quantify 

uncertainty in the in situ stress ratio, K, along homogeneous stress domains along the longitudinal 

axis of the excavation. This is a relatively straightforward approach as the vertical stress can be 

approximated based on the weight of rock above the excavation. Limited information regarding 

the horizontal stress at the excavation depth is typically available however, making an assessment 

of the uncertainty in K difficult. While stress measurements could be used to capture the effects 

of topography and structure (i.e. faults), it has been shown that such tests can be difficult to 

perform at depth and can contain significant sources of error. 
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5.8.3 Recommended Approach 

Recognizing these challenges, it is recommended that upper and lower stress bounds be 

established along the length of the excavation based on stress ratios or borehole breakout analyses 

and assume a simple distribution shape, such as uniform or triangular. Where there is a sufficient 

amount of accurate data, a cumulative distribution function can be selected by using a statistical 

analysis. In the absence of suitable data, it is recommended that a variety of credible stress states 

(determined through numerical modelling of the geologic history) be evaluated deterministically 

and the impact on design performance quantified. Similar to a parametric sensitivity analysis, this 

will provide information on the importance of the in situ stress estimate with respect to design 

performance that can be used to justify more detailed testing. 

5.9 Quantifying Uncertainty in Intact Hoek-Brown Strength Envelopes 

The first step in developing a rockmass strength envelope is to determine the intact 

strength envelope based on laboratory test results. As shown in Eq. (5.2), the relationship between 

the principal stresses is defined by the UCS and the intact material constant (mi). While UCS and 

mi are often discussed separately, together they define a single strength envelope for the intact 

material. Correlation between these parameters must therefore be understood to accurately 

consider the uncertainty in intact strength for a given rock. 

While ignoring correlation between these parameters may seem to be a conservative 

assumption, it is not accurate when one considers the geomechanical implications. To assume 

UCS and mi are independent is to also assume that the tensile strength (σt) and UCS are 

independent (based on Eq. 5.7), which is unlikely. This leads to the development of extreme 

Hoek-Brown strength envelopes with unlikely combinations of compressive and tensile strengths 

when sampling approaches such as the FOSM method and PEM are used (Figure 5-7). It is more 

logical from a geomechanical perspective that some relationship exists between these parameters 

based on the uncertainty in the material constant. 
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Figure 5-7 – Hoek-Brown intact strength envelopes developed assuming UCS and mi are 

independent variables. (a) demonstrates the effect of changing one variable while keeping 

the other at its mean value (FOSM approach), while (b) shows the impact of changing both 

parameters independently (PEM approach). 

 

To determine the correlation between these parameters, a linear or nonlinear regression 

must be performed on the laboratory data. In addition to determining the mean fit (expected case) 

for the data set, prediction intervals can be develop upper and lower bounds at each point along 

the mean regression curve that can serve as expected limits for future observations. 

5.9.1 Regression Analysis 

The primary goal of any regression method is to minimize the residual sum of squares 

(RSS). In the case of the Hoek-Brown criterion in principal stress space, the residual (δi) for a 

given data point is defined as the distance from the observation (σ3, σ1) to its corresponding point 
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on the regression curve ( ̂3,  ̂1). As the Hoek-Brown criterion defines a continuous function 

between tensile and shear failure (unlike the Mohr-Coulomb criterion), the direction the residual 

is measured along must be considered. According to three-dimensional Griffith’s Theory 

(Murrell, 1962), intact rock samples experience tensile failure when σ1 < 5 ̂t, with  ̂t representing 

the tensile strength of the mean regression line. In this region, errors would be measured in the σ3 

direction from the observation to the mean regression line ( ̂3). For σ1 > 5 ̂t (uniaxial and triaxial 

tests), rocks will fail under compression, meaning the error will be defined in the σ1 direction 

from the observation to the mean regression line ( ̂1). The three test subdomains are shown in 

principal stress space in Figure 5-8. In this space, the residuals can be defined as follows: 

          ̂       ̂       (5.20a) 

          ̂       ̂       (5.20b) 

    ∑     
  

           (5.21) 

 

Figure 5-8 – Tensile, UCS and triaxial laboratory test data shown plotted in principal stress 

(σ1-σ3) space. The direction of test errors for each type is also shown. 
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While the three test groups (tensile, UCS and triaxial) have no theoretical difference with 

respect to the curve fitting process, they are fundamentally different tests with respect to cost and 

logistics. This means that there is typically a significant difference in the relative abundance and 

quality of data in each group. As such, a discrete weighting of the groups may be necessary in 

cases where there is an unequal distribution of tests. Additionally, in cases where there is a 

substantial difference in scale along the regression line, the residual can be normalized by the 

corresponding point on the regression curve, creating a relative residual value. As an example, 

when determining residuals for points in uniaxial compression (where σ3 = 0), an absolute 

residual would be equal to the difference between the UCS test value and the UCS value for the 

curve fit (σ1 -  ̂1). Conversely, the relative residual would be equal to the absolute residual 

divided by the UCS value for the curve fit ( ̂1), thus normalizing the error. A relative residual is 

particularly appropriate when fitting a curve through tensile and compressive test data, which can 

vary by a factor of 10 over a small change in σ3. As such, Hoek-Brown fits based on minimizing 

the RSS using relative residuals will likely be more balanced than those using absolute residuals. 

To quantify the scatter in the data set, the standard error (s) is calculated. In the case that 

the standard deviations of measurement errors are not known a priori, the standard error can be 

estimated from the residuals by making the following assumptions: (1) the random errors at each 

data point are normally and independently distributed with zero mean and a common variance σ
2
 

and (2) that the independent variables (σ3 in compressive and σ1 in tensile tests) are fixed, 

deterministic variables. For this case, both of these are believed to be reasonable within each 

failure domain (tensile or compressive). The standard error is then determined based on the RSS, 

the number of data points that the curve was fitted to (n) and the number of parameters in the 

regression model. For a regression model with two parameters, the standard error is calculated by: 

  √
   

   
         (5.22) 
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The reason for using (n–2) as a divisor rather than n is an important one. As two variables 

are considered in this regression, only two points are needed to define the mean fit (the fit has two 

degrees of freedom). As such, an estimate of the standard error can only be obtained if more than 

two data points are available. The divisor (n–2) therefore makes ε an “unbiased estimator” of σ. 

In order to visualize what the standard error means at a given point along the mean 

regression line, a prediction interval can be developed. A prediction interval (PI) provides an 

estimate of the interval within which future data points will fall, given the existing information. 

To develop a PI, a confidence level is first defined to determine the number of standard 

deviations spanned by the interval. As only an estimate of the standard deviation (s) is available, 

the model errors follow the Student’s t-distribution (t) and the inverse of this distribution function 

must be used to approximate the number of standard deviations. The t-distribution is similar in 

shape to the normal distribution, however it is a function of the number of degrees of freedom 

(for a regression model with two parameters, this is the number of data points minus two, or n-2) 

and the gamma function (Γ). The PDF for the Student’s t-distribution is defined by: 
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       (5.23) 

As an example, consider the case where a 95% PI is to be constructed for a data set 

consisting of 10 observations. A 5% chance (called the alpha level, α) exists that a future 

observation will fall outside of that interval. As the confidence level is centred about the mean, a 

2.5% chance (α/2) exists above or below the interval. The number of standard deviations in this 

range is calculated by using the inverse of Eq. (5.23) to find t2.5%, n-2 based on the number of data 

points (for n = 10, t2.5% , 8 = 2.23). As n increases, this value will trend towards the expected 

answer of 1.96. Once the t value has been determined, the interval can be calculated at a series of 

points ( ̂3,  ̂1) along the mean regression line. The appropriate equation depends upon the zone of 

failure, as with the calculation of the residuals: 



 

 

 

176 

      ̂     ̂    ̂     (        )√  
 

 
 

   ̂   ̅̅̅̅   

∑     
   ̅̅̅̅    

   

   (5.24a) 

      ̂     ̂    ̂     (        )√  
 

 
 

   ̂   ̅̅̅̅   

∑     
   ̅̅̅̅    

   

   (5.24b) 

where  ̅3 is the arithmetic mean confinement from all tests (∑ 3i divided by n) and tα/2,n-2 

is the critical t-distribution value corresponding to half the desired α level at (n–2) degrees of 

freedom. If relative residuals are used, the standard error (s) must also be multiplied by the value 

of the mean regression line at the point of interest. In the case of Hoek-Brown strength envelopes, 

90% or 95% prediction intervals could be used to provide upper and lower bounds for the data 

set. To illustrate this, Figure 5-9 shows an example of a mean regression with 68% and 95% 

prediction intervals. 

 

Figure 5-9 – Mean intact strength envelope and prediction intervals (68% and 95% 

confidence levels) fitted to a set of laboratory test data. 
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5.9.2 Fitting Methods  

While a number of regression methods are available to determine the mean intact Hoek-

Brown strength envelope, the approach to quantify error differently in the tensile and compressive 

zones has not been considered. Further, none of these fitting algorithms have been assessed with 

respect to the quality of the error assessment and the development of prediction intervals. To this 

end, three regression methods have been compared with respect to the quality of the mean intact 

Hoek-Brown strength envelope and the prediction intervals. For the mean fit comparison, each 

regression method was applied twice: once to determine the mean fit that minimizes the RSS 

based on absolute residuals and again based on relative residuals. Prediction intervals (90%) were 

then developed for the best mean fit methods to determine which were the most suitable. 

To perform this analysis, a common set of laboratory test data was used for each fit. The 

data set consists of 80 tensile, 59 UCS and 31 triaxial tests (at confining pressures of 2, 5, 7, 10, 

15 and 20 MPa) carried out on cylindrical samples of a homogeneous granite from various 

boreholes in Simpevarp, Sweden. The tests were carried out at the Swedish National Testing and 

Research Institute (SP) for the Swedish Nuclear and Fuel Waste Management Company (SKB). 

All test results were obtained from publically available data reports posted online at 

http://www.skb.se/. Only those tests where the failure extended through intact rock were 

considered to be valid data points for this analysis. A summary of the statistical moments of the 

UCS and tensile strength are shown in Table 5-1. Both are normally distributed. 

Table 5-1 – Statistical moments for UCS and σt from intact laboratory test data. 

Parameter µ σ Min Max Units 

Unconfined Compressive Strength (UCS) 185 23 140 239 MPa 

Tensile Strength (σt) -10.8 1.2 -7.7 -13.6 MPa 

 

The following sections describe the fitting methods and provide recommendations to help 

guide engineers in quantifying uncertainty in intact strength envelopes. 
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5.9.2.1 Method 1: Linear Ordinary Least Squares (OLS) Regression 

The first regression technique is an ordinary least squares (OLS) linear regression, which 

has traditionally been the recommended approach for determining mi (Hoek, 2007). The least 

squares solution is of special interest in regression approaches as it is straightforward to use and 

because it is statistically the most likely solution (if data errors are independently and normally 

distributed) according to the maximum likelihood principle. To perform an OLS regression, Eq. 

(5.2) is first linearized into the following form: 

                       (5.25) 

where y = (σ1 - σ3)
2
 and x = σ3. By plotting the laboratory test data in x-y space, the mean 

regression line can be determined either through an optimization algorithm (e.g. SOLVER add-in 

for Excel) or through a matrix solution as shown in the following equations: 
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                    (5.27) 

where xi are the x coordinates for each point (according to the linearized equation), di are 

the y coordinates for each point and w1 and w2 are the slope and intercept for the best fit line, 

respectively. It is important to note that this method minimizes the RSS with all residuals 

calculated in the y-direction in both the tensile and compressive zones. After the slope and 

intercept of the mean regression line have been determined by Eq. (5.27), the UCS is found by 

taking the square root of the intercept and the mi is found by dividing the slope by the UCS. 

5.9.2.2 Method 2: Linear OLS Regression with Modification in Tensile Zone (New) 

The second fitting method is similar to the linear OLS regression proposed in Method 1 

as it is performed in linearized (x-y) space, however an important modification is made in the 

tensile region. In the case of tensile strength tests with a σ1 = 0, each point will plot on y = x
2
. As 
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such, rather than calculating the residuals in the y-direction as with Method 1, the residuals are 

defined as the distance (c) along the curve y = x
2
 from the data point to the intersection point with 

the linear regression line. This distance is defined by the following equations: 
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Residuals in the compressive (uniaxial and triaxial) regions are still calculated in the y-

direction, as with Method 1. While this is believed to produce a more accurate overall fit, it does 

create sub-populations of observations with different variance values, which is in contrast with 

the assumptions made for calculating the standard error. While this complicates the regression 

approach, as the variances are consistent in each of failure domains (tensile and compression), the 

calculation of the standard error is still believed to be valid for this method. 

As Eq. (5.27) is only valid for an ordinary least squares regression, a solver algorithm 

must be used to iterate the solution and determine the optimum linear fit that produces the 

smallest RSS value. Several algorithms are available commercially (i.e. grid search, pattern 

search, evolutionary etc…), all of which will only have a minor increase in computational time. 

5.9.2.3 Method 3: Nonlinear Regression (New) 

The third fitting method is a nonlinear regression according to Eq. (5.2). This method 

develops a fit in σ1 vs. σ3 space as opposed to linearized space, as with Methods 1 and 2. While 

other nonlinear fits have been proposed, most calculate the residuals in the σ1 direction or 

perpendicular to the intact strength envelope. This approach calculates the residuals in the 

appropriate direction, as stated in Eq. (5.20). Similar to Method 2, an iterative solution method is 

used to determine the appropriate values of UCS and mi that produce the smallest RSS. 
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While the nonlinear regression method is potentially the most time consuming of the 

methods, it provides the most robust solution algorithm as the linearization process is dependent 

upon the assumption that a = 0.5 for intact rock. If the a parameter were ever to be considered a 

variable intact rock parameter, Eq. (5.1) could not be linearized and a nonlinear curve fit would 

be the only available solution algorithm available. 

5.9.2.4 Fitting Results 

Mean curve fits were developed using Methods 1-3 based on the laboratory test data 

using both absolute and relative residuals for each method. These results are shown in Figure 

5-10. In order to estimate the effectiveness of each of the six possible fits, the RSS values for both 

absolute and relative residuals in σ1 vs. σ3 space were calculated and are shown in Table 5-2. 

 

Figure 5-10 – Mean intact Hoek-Brown strength envelopes for proposed fitting methods. 

Absolute (solid line) and relative (dashed line) residuals were considered for each method. 
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Table 5-2 – Mean Hoek-Brown fit suitability based on minimizing the absolute and relative 

residual sum of squares (RSS). 

Fit Approach Absolute 

RSS (x 10
6
) 

Fit 

Ranking 

Relative 

RSS 

Fit 

Ranking Method Residuals 

Method 1 – Linear OLS 
Absolute 3.85 4 10.9 2 

Relative 4.10 6 12.3 4 

Method 2 – Linear OLS with 

Tensile Modification 

Absolute 3.34 2 18.4 6 

Relative 4.06 5 11.1 3 

Method 3 – Nonlinear 
Absolute 3.32 1 15.6 5 

Relative 3.70 3 10.6 1 

 

Based on these results, several conclusions can be drawn about the suitability of the 

different mean fits. For Methods 2 and 3, the mean regression lines based on absolute residuals 

clearly underestimate the tensile strength of the material. This is due to the fact that the absolute 

residuals are significantly larger in the compressive region, resulting in a greater weighting 

assigned to the UCS and triaxial data. As a result, the fit is optimized in the compressive region 

and the tensile data is largely ignored. When relative residuals are used, the tensile and 

compressive data are more equally weighted, leading to a more balanced fit. The opposite trend is 

seen for Method 1 however, where the relative fit overestimates the tensile strength and the 

absolute fit is more balanced. As the y-coordinate for tensile data is equal to the square of that 

value (as σ1 = 0), the tests with larger tensile strengths receive a greater weighting in the fit 

algorithm than those with smaller values. This leads to an overestimation of the tensile strength in 

order to minimize the relative RSS. Conversely, when minimizing the absolute RSS, a tensile 

strength closer to the mean of the data set results in more balanced residuals, and therefore a 

smaller RSS value. 

The fit rankings shown in Table 5-2 were used to select the most accurate mean 

regression fit methods, namely Method 3 (relative residuals), Method 1 (absolute residuals) and 
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Method 2 (relative residuals). For each of these methods, 90% prediction intervals were 

developed by calculating the prediction interval at a series of points along the mean regression 

line and fitting an envelope through those points (Figure 5-11). 

 

Figure 5-11 – Mean intact Hoek-Brown strength envelopes (solid lines) and 90% prediction 

intervals (dashed lines) for the three best fitting methods. Note that the prediction intervals 

for Method 2 and 3 plot nearly identically. 

 

The prediction intervals for the new fit methods (Methods 2 and 3) are essentially 

identical and provide excellent upper and lower bounds for the data set. Conversely, the 

prediction intervals for the traditional linear OLS method (Method 1) lead to an underestimation 

of uncertainty in the compressive region and an overestimation in tensile region. This is due to 

the way in which the standard error is used to calculate the prediction intervals. In the case of 

absolute residuals, the standard error is calculated for the data set as a whole and therefore the 
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same value must be applied to each point. This leads to an overestimation of uncertainty in the 

tensile region and an underestimation of the uncertainty in the compressive region. Conversely, 

when using relative residuals, the standard error is calculated relative to the mean fit at each 

point. To determine the magnitude of the error at each point, it must therefore be multiplied by 

the value of the mean fit. This means that the standard error value changes depending on the 

magnitude of the curve fit value, leading to the development of prediction intervals that are closer 

together in the tensile region and further apart in the uniaxial and triaxial compressive regions. 

Based on these findings, Method 2 (linear OLS with tensile modification) or Method 3 

(nonlinear) with relative residuals are considered to be the most suitable algorithms as they 

produce excellent mean fits as well as appropriate prediction intervals along the mean regression 

line. The traditional linear OLS method based on minimizing the absolute RSS may also be 

suitable to determine the mean fit, however caution should be used when calculating the 

prediction intervals as they can lead to over- and under-estimates of uncertainty for tensile and 

compressive points, respectively. 

5.9.3 Varying Intact Strength Envelopes 

After the mean intact Hoek-Brown strength envelope and appropriate prediction intervals 

are determined, the manner in which the envelopes vary must be considered. As discussed earlier, 

assuming that the UCS and mi vary independently of one another is likely to produce extreme 

Hoek-Brown strength envelopes that do not accurately reflect the geomechanical behaviour of the 

rockmass. To vary these envelopes appropriately, the homogeneity of the rock and therefore the 

uncertainty in the relationship between compressive and tensile strengths must be understood. 

The first end member to consider is a homogeneous uniform rock. Such a material will 

have little variability in grain size and mineral content and display no clear foliation, meaning 

variability in the intact material constant is expected to be small. As the mi value for intact rock 

defines the ratio of compressive strength over tensile strength (Eq. 5.7), a relatively constant mi 
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value means that both the UCS and tensile strength will be directly proportional to one another. 

This is logical from a geomechanical perspective, as one would expect the same factors that make 

a homogeneous rock strong in compression will also make it strong in tension. Further, the 

uniform nature of the rock means that more extreme (distal) strength envelopes within the data set 

will occur less frequently than those proximal to the mean fit. Given these characteristics, in the 

case of a homogeneous rock, it is reasonable to treat the intact strength envelope as a single 

variable that is defined by the equation for the prediction intervals. To simulate this, a confidence 

level can either be selected discretely for a discrete sampling assessment (e.g. FOSM or PEM) or 

generated randomly for a Monte Carlo assessment. This confidence level is then used to 

determine the appropriate t value (using n-2 degrees of freedom) and Eq. (5.24) is used to develop 

a series of points along the curve. A regression analysis can then be used to fit an appropriate 

intact envelope to these points using the preferred fitting methods discussed previously. The 

result of this is a family of intact strength envelopes, each with a probability of occurrence, that 

have a direct correlation between UCS and tensile strength (Figure 5-12a). 

Alternatively, for a heterogeneous rock, the grain size and mineral content is not expected 

to be as consistent, leading to variability in the material constant. As such, the relationship 

between the compressive and tensile strength will not be as clearly defined and will be highly 

dependent upon non-uniformities in the rock structure. Since these non-uniformities will be 

randomly distributed throughout the rock fabric, the probability of occurrence for a given intact 

strength envelope cannot be clearly established. Given this, a more general approach must be 

taken for heterogeneous rocks. In the most extreme case of heterogeneity, a uniform distribution 

of strength envelopes should be used where each curve has the same probability of occurrence. 

For rocks with a less pronounced heterogeneity, a correlation coefficient between UCS and mi can 

be used to create an approximate relationship in the intact strength envelopes. To prevent extreme 

envelopes from being used, it is recommended that an upper and lower bound be applied to the 
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data set (95% prediction intervals would be suitable) and a critical confinement be applied 

(Figure 5-12b). Only curves that plot within these boundaries should be considered valid. 

 

Figure 5-12 – Different approaches for varying intact strength envelopes for (a) a 

homogeneous rockmass and (b) a heterogeneous rockmass. 

 

5.9.4 Improving the Fit in the Triaxial Region 

While the proposed fitting algorithms produce excellent mean fits and prediction 

intervals in the tensile and uniaxial compressive regions, the fit in the triaxial compressive region 

does not appear to be as accurate. This is due to the assumption that for intact rock, the Hoek-

Brown a parameter is to be held constant at a value of 0.5. As a result, the intact strength 

envelope has only two degrees of freedom that are controlled by the UCS and the tensile strength 

(defined by the mi value). In cases where UCS and tensile strength tests constitute the majority of 

the observations, little importance is given to the triaxial data. As the behaviour of the intact rock 
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at high confinement can vary greatly if micro defects and structure are present, capturing this 

behaviour in the intact strength envelope is important. While the use of a = 0.5 for the intact case 

is well documented in the literature, there does not appear to be a rigorous explanation as to why 

a constant value is used rather than treating it as a variable. 

To illustrate how the mean intact strength envelope and prediction intervals would 

change if the Hoek-Brown a parameter were considered to be variable, a nonlinear curve fit with 

relative residuals was used to compare the case where a = 0.5 and where it could vary on the 

interval [0, 1]. For this assessment, a data set consisting of 43 intact test results from a diorite 

porphyry with quartz sericite alteration was analyzed. The results are shown in Figure 5-13. As 

can be seen, when the a parameter is treated as a random variable, a significantly better mean fit 

and a more representative set of prediction intervals are obtained across the tensile and 

compressive regions. The values for these curves are shown in Table 5-3. 

 

Figure 5-13 – Mean intact strength envelopes and 90% prediction intervals for the case 

where the intact Hoek-Brown “a” parameter is constant (0.5) and is a random variable. 
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Table 5-3 – Summary of Hoek-Brown intact parameters for the mean fit and prediction 

intervals shown in Figure 5-13. 

Approach Parameter Mean Fit + 90% PI - 90% PI 

a = 0.50 

UCS (MPa) 79 126 38 

mi 14.21 16.26 10.97 

a 0.50 0.50 0.50 

Variable a 

UCS (MPa) 89 124 54 

mi 16.68 16.76 16.70 

a 0.27 0.36 0.16 

 

While allowing the Hoek-Brown a parameter to vary greatly improves the quality of the 

fit in the tensile and compressive regions in this case, such a change would require that the entire 

GSI system be completely redesigned. It is therefore introduced here as a discussion point only 

and to indicate that this topic requires further consideration. 

5.10 Example Analysis: Hydro Tunnel 

To demonstrate the usefulness of the proposed method for quantifying uncertainty in 

intact Hoek-Brown strength envelopes, a reliability analysis was completed for the hypothetical 

excavation of a 10 m diameter circular hydro tunnel through the andesite rockmass with quartz-

sericite alteration shown in Figure 5-14. The rockmass was assumed to be uniform and 

homogeneous across the extent of the project. A 10 MPa hydrostatic pressure was assumed, 

which corresponds to a depth of approximately 380 m. 
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Figure 5-14 – Andesite rockmass with quartz-sericite alteration along the joint surfaces 

(truck for scale). Core photos are also shown in the lower right hand corner of the figure. 

 

5.10.1 Analysis Method 

This analysis used the convergence-confinement method, specifically the elasto-plastic 

solution for Hoek-Brown materials provided in Carranza-Torres (2004), to determine the 

displacements at the wall of the excavation (ur) and the plastic zone radius (RP) for a tunnel of 

radius RT. This approach relies on a transformation rule for stresses that significantly simplifies 

the formulation of elasto-plastic problems. The resulting governing equations are: 
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where Pi
cr

 is the critical internal pressure (below which a plastic zone develops), Pi is the 

pressure at the point of interest, a is the Hoek-Brown constant, μ is a constant based on the Hoek-

Brown parameters, ρ is the ratio of the distance to the location of interest over the plastic zone 

radius, G is the shear modulus of the material normalized with respect to the residual Hoek-

Brown parameters, Sr and Sθ are the transformed radial and hoop stresses (respectively) and A1-3 

are constants dependent upon the flow rule. The ‘~’ indicates that residual Hoek-Brown 

parameters should be used. While Eq. (5.29) can be solved directly, the differential equation (Eq. 

5.30) must be integrated using numerical techniques. 

For this analysis, a pseudo-random number sampling approach (i.e. Monte Carlo 

analysis) with 1000 sampling was used to determine the uncertainty in Rp and ur based on 

uncertainty in the input random variables. The FOSM method and PEM were also used to 

determine the accuracy of the less intensive discrete sampling approaches. The dilation 

coefficient was assumed to be zero and a linear flow rule was used for post-peak deformation. 

The total computational time for 1000 evaluations of the analytical solution was approximately 6 

minutes. 

5.10.2 Input Parameters 

A set of representative intact laboratory test results were developed to determine the 

intact strength. In total, 40 Brazilian tensile strength, 27 UCS and 19 triaxial tests (at confining 

pressures of 2, 6 and 8 MPa) were considered for this analysis (Figure 5-15). It was assumed that 

the testing procedures were of sufficient quality and that the resultant measurement error was 

small for each test. 
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Figure 5-15 – (a) Intact laboratory test data plotted in principal stress (σ1-σ3) space. 

Histograms and optimum normal and lognormal fits are also shown for (b) tensile strength 

and (c) uniaxial compressive strength test results. 

 

Only the intact strength envelope (defined by UCS and mi) and GSI were considered as 

random variables for this study. While stiffness parameters (e.g. Young’s Modulus and Poisson’s 

Ratio) and the in situ stress conditions could also be considered variable for this assessment, these 

parameters were treated deterministically and only a single (expected) value was used. This was 

done in order to focus on the importance of intact and rockmass strength. To capture the expected 

correlation between the strength and stiffness of the material, a modulus ratio was used. 

Three methods were used for the selection of intact strength envelopes. The first case 

treated the UCS and mi as uncorrelated random variables. The statistical moments for the UCS 

were determined directly from laboratory data, while the moments for mi were estimated based on 
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the upper and lower bounds of the data set. While the empirical mi table from Marinos & Hoek 

(2000) was also consulted, the sericite weathering is a site specific characteristic that is not 

considered in the general value quoted for andesite (25 ± 5), thus limiting its use. The second case 

considered the intact rock to be a heterogeneous material. For this case, all intact curves that 

remained within the 95% prediction intervals and a critical confining pressure of 5 MPa were 

considered to be valid and had a uniform distribution. The final case considered the intact rock to 

be homogeneous with strength envelopes distributed according to the Student’s t-distribution 

function, centred about the mean intact strength envelope. 

The GSI of the material was evaluated using the qualitative descriptions in Figure 5-6. 

For a blocky rockmass with good surface conditions, a range of 55 to 65 was assumed, with an 

expected value of 60. Using the three-sigma approach, an estimate of 2 for the standard deviation 

was obtained. A summary of the parameters used in the analysis is provided in Table 5-4. 

Table 5-4 – Variables used for the example tunnel analysis. Values in parentheses 

correspond to standard deviations. 

Parameter Expected Value Units 

Geological Strength Index (GSI) 60 (2) - 

Unconfined Compressive Strength (UCS) * 52 (9) MPa 

Hoek-Brown mi * 13 (3) - 

Modulus Ratio (MR) 250 - 

Poisson’s Ratio (ν) 0.30 - 

Disturbance – Peak (Dpeak) 0.0 - 

Disturbance – Residual (Dres) 0.7 - 

Hydrostatic Pressure (σo) 10 MPa 

Tunnel Radius (Rt) 5.0 m 

* These values were used to define the intact strength envelope for the uncorrelated case (Case 1). 
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5.10.3 Results and Discussion 

The three cases for varying intact strength envelopes are shown in Figure 5-16. The 

combinations of UCS and mi sampled for each case can be seen in Figure 5-17. It is clear that 

Case 1 shows the largest scatter with respect to UCS and mi values when compared to the other 

two cases. While the majority of the points sampled in Case 1 result in the creation of reasonable 

Hoek-Brown strength envelopes with respect to the laboratory data, extreme curves are generated 

by the more distal points that are unlikely to occur from a geomechanical perspective. 

Conversely, Cases 2 and 3 show a clear correlation between UCS and mi, resulting in the creation 

of reasonable strength envelopes. 

 

Figure 5-16 – Three cases used for varying the intact strength envelopes. (a) Case 1 

considered UCS and mi to be uncorrelated, (b) Case 2 considered the rockmass to be 

heterogeneous and (c) Case 3 considered the rockmass to be homogeneous. 
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The results of the Monte Carlo analysis for the radial displacements at the wall of the 

excavation and the plastic zone radius can be seen for each case in Figure 5-18. From this figure, 

it is clear that the uncorrelated case shows a greater degree of uncertainty in ground response than 

for the correlated cases. This is due to the inclusion of extreme combinations of UCS and mi that 

are considered “valid” in the uncorrelated case, even though they are not valid from a 

geomechanical perspective. These extreme combinations also lead to extreme output values for 

Case 1, as shown in the histograms. While these values may not be significant in the design of 

temporary structures, they are critical when designing high risk underground excavations such as 

hydro caverns and nuclear waste storage facilities. Due to a high consequence of failure, such 

facilities are typically designed according to low probability events, which would lead to 

unnecessarily stringent design specifications if the uncorrelated case were used.  

 

Figure 5-17 – Combinations of UCS and mi sampled for intact Hoek-Brown failure 

envelopes according to the three different cases considered. 
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Figure 5-18 – Monte Carlo analysis results for each intact strength case showing the (a) 

radial displacement at the wall of the excavation and (b) plastic zone radius. 

 

Based on these results, it is clear that considering UCS and mi to be uncorrelated leads to 

the creation of intact Hoek-Brown strength envelopes that do not accurately reflect the laboratory 

test data. This results in incorrect assessments of ground response that can have a significant 

impact on excavation sequence and support decisions. The impact of the uncorrelated case is even 

clearer when the results from the PEM approach are considered. As can be seen in Figure 5-19, 

there is a greater difference between the distributions obtained for Case 1 and 3 when the PEM is 

used than for the Monte Carlo analysis. This is due to the nature of the sampling method. When a 

random sampling approach is used, the majority of the evaluation points will be focused in the 

centre of the distributions. As seen in Figure 5-17, while the input scatter is different for each 

case, the majority of the 1000 sampling points are actually located in the centre region where all 

three cases are the same. In effect, the Monte Carlo approach is able to somewhat “smooth” out 
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the differences between the cases. Conversely, the PEM uses a small number of corner points to 

determine the mean and standard deviation for the material response parameters. As such, in the 

uncorrelated case, the PEM samples unlikely combinations of UCS and mi (Figure 5-7b) leading 

to an incorrect assessment of the uncertainty. 

 

Figure 5-19 – Results from Point Estimate Method (PEM) and Monte Carlo analyses for (a) 

radial displacements at the wall of the excavation and (b) plastic zone radius for Cases 1 

and 3. 



 

 

 

196 

Lastly, the results for the homogeneous case (Case 3) for the PEM and FOSM method 

were compared to those of the Monte Carlo analysis to determine the accuracy of the discrete 

sampling approaches (Figure 5-20). As can be seen, the results are fairly similar between each 

approach, with each having nearly identical mean values while the discrete sampling methods 

slightly overestimate the probability of smaller plastic zone radii. It is important to consider that 

these results were obtained using only 4 (PEM) or 5 (FOSM) discrete evaluations, as opposed to 

the 1000 evaluations used for the Monte Carlo analysis. While the computational requirements 

were limited for the analytical approach, had numerical models been required (i.e. FEM, FDM, 

discrete element etc…), the time savings for a discrete sampling approach would be significant. It 

is therefore useful to know that a sufficient degree of accuracy can be obtained using the PEM 

and FOSM method in this case. 

 

Figure 5-20 – Comparison between fitted lognormal distributions for the plastic zone radius 

obtained by using the First Order Second Moment (FOSM) method, Point Estimate Method 

(PEM) and Monte Carlo analysis approach for the homogenous case (Case 3). 
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5.11 Conclusions 

The generalized Hoek-Brown criterion and GSI characterization system provides the 

means to calculate rockmass strength and stiffness parameters from laboratory test data. While 

such a system has been primarily used deterministically, the Hoek-Brown criterion can easily be 

combined with statistical methods to quantify the uncertainty in intact and rockmass parameters.  

To fully understand the uncertainty in intact strength, regression methods must be used 

on intact test data to assess the correlation between UCS and mi. In this paper, a series of different 

regression methods were used on a data set and the results compared. It was determined that 

while the traditional linear regression method was able to provide an accurate mean fit, the 

uncertainty in the data set was not properly quantified. As such, two new regression methods 

were proposed that were able to overcome this issue and calculate an accurate mean intact 

strength envelope and prediction intervals for a set of laboratory test data. Different options for 

varying the Hoek-Brown strength envelopes were also presented that depend upon an 

understanding of the homogeneity of the rockmass. Finally, the use of a constant Hoek-Brown a 

parameter for the intact case was reviewed, and it was shown that a better fit to triaxial data can 

be obtained by treating this parameter as a random variable. 

Once the uncertainty has been quantified for a given system, reliability methods can be 

used to provide insight into the resultant uncertainty in ground response. Currently, the reliability-

based design approach is the only methodology that quantifies uncertainty and uses it to 

determine the probability of unsatisfactory performance for a given system. The rewards for 

implementing RBD methods successfully are many, including an advanced understanding of 

rockmass behavior over the parameter space and an estimate of design risk. By understanding the 

uncertainty in key material response parameters, such as the radius of the plastic zone and radial 

displacements, the engineer can better understand the uncertainty in excavation response and 

select an appropriate excavation and support sequence. 
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Chapter 6 

Reliability-Based Approach to Tunnel Lining Design Using a Modified 

Point Estimate Method
2
 

6.1 Abstract 

This paper presents a new reliability-based design approach to evaluate the performance 

of a composite tunnel lining using a modified Rosenblueth Point Estimate Method (PEM), First 

Order Reliability Method (FORM), Monte Carlo sampling method and finite element analysis. 

The modified PEM involves the selection of additional evaluation points to provide a more 

complete assessment of system performance across the range of statistically significant values. To 

demonstrate this approach, the support performance at the Yacambú-Quibor tunnel in Venezuela 

was assessed. The general rockmass characteristics and the details of the composite lining system 

are presented for a segment along the tunnel. Numerical analyses were completed using finite 

element modeling to determine the behaviour of the lining over the range of possible rockmass 

and in situ stress conditions. The results of these analyses were then used to determine the 

reliability index (β) and probability of failure (pf) for a given liner section. 

 

 

 

 

                                                      

2
 A shortened version of this chapter appears in an international journal with the following citation: 

Langford, J.C. & Diederichs, M.S. 2013. Reliability-based approach to tunnel lining design using a 

modified PEM. International Journal of Rock Mechanics and Mining Sciences, 60: 263-276. 
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6.2 Introduction 

Since the development of standardized field and laboratory testing procedures for the 

study of geological materials, it has been understood that there is significant uncertainty 

associated with both rockmass and in situ stress parameters. This uncertainty stems from the 

natural in situ variability of the material (aleatory) as well as knowledge-based sources of 

uncertainty (epistemic) including limited availability of information about subsurface conditions 

and errors made during the measurement and testing phase (Schweiger et al., 2001). 

In geotechnical engineering projects, such uncertainty poses challenges for obtaining 

reliable design recommendations from mechanistic or empirical models of rockmass behaviour. 

Unfortunately, present engineering design methods for tunnel response and ground-support 

interaction have yet to adopt a logical basis for describing this uncertainty and assessing its 

impact on performance. Instead, conservative assumptions and partial factors have been used to 

ensure a robust design is selected that is capable of withstanding a range of possible loading 

conditions. While such approaches have limited incidents of tunnel lining failure, this is largely 

due to the selection of an overly-conservative design rather than good understanding and 

modelling of the mechanisms involved (Fortsakis et al., 2011). 

Reliability-based design (RBD) methods, in conjunction with more traditional design 

methods, provide better insight into design performance by quantifying uncertainty in both the 

loads and resistances acting on a system. In doing so, the probability of failure and the reliability 

of the system can be assessed with respect to a prescribed failure criterion or mode. Such analyses 

provide a more consistent and complete measure of risk as the probability of failure is invariant to 

all mechanically equivalent definitions of safety (Sayed et al., 2010). Despite the inherent benefits 

of these methods, they have yet to achieve widespread use in geological engineering due to the 

use of unfamiliar statistical terms and the misconception that such analyses require considerably 

more effort than conventional design methods. Reliability analyses can be practically applied to 
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geotechnical problems, however, and provide invaluable information to the engineer regarding 

system performance. Examples of their use in engineering design can be seen in Baecher & 

Christian (2003), Harr (1987) and Fenton & Griffiths (2008). 

Currently, RBD methods have largely been applied to gravity-driven geotechnical 

problems where loads and resistances can be treated separately. Applying such methods to tunnel 

support design in deforming ground represents a unique challenge given the interdependency 

between support resistance, deformation and rock loads. While some work has been done in this 

area (Fortsakis et al., 2011; Brinkman, 2009; Mollon et al., 2009a; Mollon et al., 2009b; Mollon 

et al., 2009c; Papaioannou et al., 2009; Cai, 2011) it is still not clear how RBD methods can best 

be incorporated with current tunnel lining design methods to determine overall liner performance. 

This paper outlines a reliability-based design approach that uses a modified Rosenblueth 

Point Estimate Method (PEM), First Order Reliability Method (FORM) and Monte Carlo 

sampling method. A new method for evaluation of tunnel lining performance based on finite 

element simulation coupled with an integrated approach incorporating uncertainty, probability of 

failure and the reliability index is presented. This approach is then used to assess the performance 

of a reinforced concrete lining for a tunnel in squeezing ground. 

6.3 Traditional Tunnel Lining Design 

6.3.1 Convergence-Confinement Method 

The convergence-confinement method (Panet & Guenot, 1982; Panet, 1993; Panet, 1995; 

Carranza-Torres & Fairhurst, 2000; Unlu & Gercek, 2003), which describes the reduction in 

radial resistance at a particular point along a tunnel as it advances, has typically been used for the 

preliminary assessment of tunnel deformation and support acceptability. In the absence of 

support, this reduction in internal pressure results in increasing convergence of the tunnel walls. 

When support is present however, the support will be mobilized, leading to an increase in support 



 

 

 

202 

pressure until it is in equilibrium with the rockmass. To quantify this sequence and determine the 

relationship between timing of support installation and nominal wall displacement, the 

Longitudinal Displacement Profile (LDP) for the unsupported tunnel is used. 

The method used to generate the LDP depends on the complexity of the problem. In the 

case of non-hydrostatic stress conditions and complex tunnel geometries, the LDP must be 

calculated through full three-dimensional models. For circular tunnel profiles under uniform or 

isotropic stress conditions, however, simplified two-dimensional axisymmetric models can be 

used. For two-dimensional plane-strain numerical models, the convergence-confinement response 

during tunnel advance can be simulated using staged relaxation of the LDP. Vlachopoulos & 

Diederichs (2009) outline an improved method to calculate the appropriate LDP for a tunnel of 

radius RT by using the normalized plastic zone radius (R* = RP/RT) and the normalized closure at 

the face (uo* = uo/umax). Using this method, a plot of normalized distance from the face (X*) 

versus normalized radial displacement (u*) can be developed for a series of normalized plastic 

zones (R*), as shown in Figure 6-1. As the plastic zone radius is an implicit function of the in situ 

stress and rockmass strength parameters, a new LDP will need to be developed as these inputs 

change. This means that for a given stress state and variable rockmass, a series of LDP curves 

will be needed to fully define the tunnel response. 

It is important to note that an inverse relationship exists between the final convergence 

and the support. While convergence will be minimized by installing the support as close to the 

face as possible, the remaining rock load may exceed the support load, leading to failure. 

Conversely, while installing the support far behind the advancing face may result in a lower 

required support pressure, significant tunnel deformations may occur leading to collapse. 

Achieving a balance between these two extremes is critical for the appropriate design of a tunnel 

lining system. 
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Figure 6-1 – Longitudinal displacement profiles (LDPs) for different ratios of final plastic 

zone radius to tunnel radius. 

 

6.3.2 Capacity Diagrams for Composite Circular Liners 

When analyzing the structural stability of a reinforced concrete liner, three loads are 

considered: axial thrust (N), bending moment (M) and shear force (Q). Thrust-bending moment 

(M-N) and thrust-shear force (Q-N) support capacity diagrams are used to determine if the support 

load exceeds the maximum allowable load for the liner (Figure 6-2). The envelope of failure 

shown in these capacity diagrams is a simplified graphical representation of the critical failure 

surface, separating the combinations of loads that are acceptable and those that exceed allowable 

(elastic) limits. While these diagrams can be developed according to possible failure modes 

according to concrete design standards, they are also developed according to a limiting factor of 
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safety (FS) as defined by major and minor principal stresses induced by thrust, bending moments 

and shear forces on a section of a circular arch. The construction of these diagrams and their 

application in civil and geotechnical engineering is discussed at length in Carranza-Torres & 

Diederichs (2009). In the case of liners composed of a single homogenous material, the load 

values can be plotted directly on the capacity curves to determine if the liner design is acceptable. 

If a reinforced liner is used (consists of both concrete and steel reinforcement), the equivalent 

section approach is used to determine the values for thrust, bending moment and shear force that 

act on the different sections. 

 

Figure 6-2 – Capacity plots for a composite liner consisting of W6x25 I-beams with a 

spacing of 1 m and 50 cm of shotcrete. Factor of safety (FS) envelopes are shown for FS = 

1.0 and FS = 1.5. 

 

As seen in Figure 6-2, several sections of the liner exceed the limits allowed by the FS = 

1.5 envelope. It is useful to quantify the likelihood of the exceedance around the liner for mean 

properties as well as for individual sections based on a range of possible input parameters. This is 

the focus of the following discussion. 
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6.4 Reliability-Based Approach to Tunnel Lining Design 

Unlike deterministic analyses, reliability-based design (RBD) methods offer a more 

rational approach to quantify design risk by directly incorporating uncertainty in input parameters 

into the design process. By tracking how this uncertainty propagates through the analysis, a 

measure of uncertainty in the overall design performance can be obtained. From this, a 

probability of failure can be established with respect to a specific failure mode, with “failure” 

defined as either the complete collapse of the structure (ultimate limit state, or ULS) or a loss of 

functionality (serviceability limit state, or SLS). This provides a more consistent and complete 

measure of risk as the probability of failure is invariant to all mechanically equivalent definitions 

of safety and also incorporates additional uncertainty information (Sayed et al., 2010). 

To perform a reliability analysis, a performance function G(X) must be defined that 

relates the resistances R(X) and loads Q(X) acting on the system. This relationship is written as: 

                      (6.1) 

where X is the collection of random input variables. When considering a single sample of 

input parameters, stable conditions are anticipated when G(X) > 0, while G(X) < 0 implies the 

design has failed to meet the prescribed acceptability criteria. The surface created by G(X) = 0, 

where the resistances are equal to the loads, defines the boundary between these two conditions 

and is referred to as the limit state. The probability of failure (used herein to refer to the 

probability of exceeding a prescribed limit state) is therefore the probability that G(X) < 0, as 

shown in the following equation: 

             ∫    
  

  
         (6.2) 

A graphical representation of the failure region for systems consisting of one and two 

variables can be seen in Figure 6-3. Evaluating this equation is difficult as it is difficult to identify 

the define G(X) and to perform the integration over the entire multidimensional failure domain. 

As such, approximate reliability methods are typically used. 
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Figure 6-3 – Probability of failure for a system consisting of (a) one and (b) two variables. 

 

When considering the design of a tunnel lining system, the performance function will be 

defined by the relationship between the liner loads that have been induced by rockmass stresses 

and the load capacity of the support. For an underground system, these loads and resistances are 

interrelated; the rock loads are dependent on the stiffness and associated deformation of the 
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support system while the support capacity (moment capacity as a partial function of axial loading) 

depends on rockmass deformation. As such, the performance function cannot be written explicitly 

and the performance of the system can only be realistically calculated through the use of 

computer modelling. Given this complexity, a new approach to incorporating reliability methods 

into tunnel lining design has been developed, the steps of which are presented in the following 

subsections. 

6.4.1 Parameter Evaluation 

A variety of statistical methods exist to allow engineers to select an expected value and 

quantify the uncertainty for a given material parameter. For geological projects, where data is 

limited, a second moment analysis is typically used. This approach involves the calculation of the 

mean (μ) and variance (σ
2
) for a given parameter (x) based on analysis of repeated laboratory or in 

situ tests. Where sufficient test data are not available, the three-sigma rule can be used to provide 

an estimate of the standard deviation (σ) for a random variable (Dai & Wang, 1992). To do so, a 

credible range (maximum and minimum) must first be established for the data set. Assuming that 

the parameter is normally distributed, 99.73% of all values will fall within three standard 

deviations of the mean. As such, the range can then be divided by six to provide an estimate of 

the standard deviation. In addition to the statistical moments, a probability distribution (e.g. 

normal, lognormal etc…) must also be defined. For most geological parameters, a normal or 

lognormal distribution is believed to be suitable, however other distributions may be required to 

ensure sufficient accuracy is obtained (Baecher & Christian, 2003). 

As second-moment analyses are unable to describe the spatial variation of rockmass 

properties, spatial variability analyses must be used to assess how much, and in which way, a 

given property changes along a pre-determined spatial orientation. Knowledge of the spatial 

behaviour of geomaterials is important in reliability analyses as in situ factors can have a 

substantial impact on the values of geotechnical parameters of interest. Spatial statistical 
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properties can be calculated from established data sets, which are obtained during the site 

investigation stage. 

Although a certain amount of uncertainty will be present for each parameter, only those 

parameters that have an impact on design performance should be treated as random variables, 

while the others can be treated deterministically. Parametric sensitivity analyses are used to 

determine the individual contribution made by each parameter as well as the compound impacts 

of two or more parameters. Such techniques allow each parameter to be ranked according to its 

level of importance and a cut off applied to determine which parameters should be varied. While 

each technique will result in a slightly different ranking, those parameters that are consistently at 

the top can be treated as the most important and considered as random variables. A summary of 

the different techniques for parameter sensitivity analysis can be found in Hamby (1994). 

Consideration must also be given to how best to capture correlation between variables 

and how to optimize the selection of random variables. For a Hoek-Brown material, the strength 

envelope is defined as a function of the unconfined compressive strength (UCS) and three 

constants (mb, s, a). These constants are a function of the Geological Strength Index (GSI), the 

intact material constant (mi) and the disturbance factor (D) (Hoek et al., 2002). Further to this, the 

rockmass modulus is also defined as a function of the intact Young’s modulus (Ei), GSI and D 

(Hoek & Diederichs, 2006). Given these interrelationships, it is logical that for a Hoek-Brown 

material, uncertainty in the input parameters (UCS, mi and Ei) should be directly quantified from 

test data while uncertainty in the rockmass parameters should be accounted for by considering 

uncertainty in GSI and D, as opposed to varying each parameter individually. This will ensure 

that the co-dependency between rockmass strength and stiffness parameters (as determined using 

the GSI approach) will be directly incorporated into the evaluation. 

One must also consider those variables with which there is insufficient data available for 

a full statistical characterization. The in situ stress condition represents a fundamental uncertainty 
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in geotechnical problems due to the difficulty in obtaining accurate stress measurements. In the 

absence of suitable data, it is recommended that a variety of stress states be evaluated 

deterministically and the impact quantified. 

While the strength and stiffness parameters of the support elements will have a 

significant impact on liner performance, quality assurance and quality control procedures as well 

as construction supervision will reduce the uncertainty of these parameters. Given that the 

uncertainty within the rockmass will be significantly higher, it is reasonable that a single set of 

strength and stiffness parameters be used for the lining system. 

6.4.2 Variability in Liner Loads 

As the liner loads and other material response parameters (i.e. liner FS, final plastic zone 

radius and radial displacement) are typically calculated through computer modelling, numerical 

methods are needed to approximate the low-order statistical moments by evaluating the system at 

a series of discrete points. 

6.4.2.1 Point Estimate Method (PEM) 

One of the more widely used numerical methods in geotechnical engineering is the point 

estimate method (PEM). Originally proposed in Rosenblueth (1975, 1981), the PEM is a 

numerical procedure that uses Gaussian quadrature to obtain an approximation of the statistical 

moments of material response parameters from the uncertainty of the input parameters. This is 

done by first replacing the continuous probability density functions (PDF) for each input 

parameter with simpler probability mass functions (PMF) consisting of a few discrete points. The 

problem is then evaluated at each point to determine an approximate value for the mean and 

variance of the material response parameter of interest. The location of the points and the 

weighting values applied are used to ensure the moments of the input variables are recovered, 

meaning this method can be used regardless of the shape of the distribution as long as the mean 
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and variance of the input variable are known. While an infinite number of probability mass 

functions can be generated for each random variable, to limit these to a unique representation, 

Rosenblueth typically selected probability mass functions with two or three discrete masses 

(Baecher & Christian, 2003). 

For systems with n correlated or uncorrelated random variables with symmetric 

distributions, evaluation points are chosen at one standard deviation above (+) and below (-) the 

mean value for each input parameter, resulting in 2
n
 evaluations (Figure 6-4). While methods 

have been developed to reduce the number of evaluations required, these reductions introduce 

additional assumptions that can limit their applicability (Tsai & Franceschini, 2005). As 

geotechnical problems will typically involve five or fewer random variables, the Rosenblueth 

PEM is still a competitive method when considering computational efficiency and can therefore 

be used without penalty. Each evaluation point also has a weighting value (Pi) that is dependent 

upon the correlation between variables. For uncorrelated variables, each point will be weighted 

equally, meaning the weighting value is 1/2
n
 for each variable. 

Once the locations of the points and the associated weights have been established, the 

problem must be evaluated at each, meaning a separate computer model is generated for each and 

the material response parameter of interest recorded. An approximation of the mean (µλ) and 

variance (σλ) can be determined for each response parameter (λ) using the following equations: 

   ∑     
  

            (6.3) 

  
  ∑   

  

          
        (6.4) 
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Figure 6-4 – Evaluation points for a system of (a) one, (b) two and (c) three variables using 

the Rosenblueth point estimate method (PEM). 
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6.4.2.2 Proposed Modified PEM 

Although the Rosenblueth PEM is a useful numerical tool to approximate the statistical 

moments of the response parameter, it suffers from two major limitations. First, while the 

statistical moments can be calculated easily, no guidance is provided for the selection of an 

appropriate probability distribution. While a normal distribution is often assumed, a truncated or 

lognormal distribution may be more appropriate when the response parameter is a positive 

function, such as the liner FS, plastic zone radius or radial displacements. The selection of an 

inappropriate distribution function can result in errors in the probability of failure calculation. The 

second limitation is the lack of sampling at the tails of input distributions. As evaluation points 

are only selected within one standard deviation of the mean, limited information is known about 

extreme events. While such events may have a low probability of occurrence, they often have a 

higher consequence and therefore pose a greater residual design risk. 

To ensure that information is gathered over the range of statistically significant values 

and to assist with the selection of an appropriate distribution function, a modified PEM has been 

proposed that adds three additional evaluation points to the standard PEM, bringing the total 

number of evaluations to 2
n
 + 3. The first point is the “base” condition, which is evaluated at the 

mean values for each random variable. The other two points are the “best” and “worst” credible 

conditions. To evaluate the “best” credible condition, each random variable will be set to either 

its credible maximum or credible minimum value, such that the most stable combination of 

variables is produced. The inverse is then done for the “worst” condition. Judgment must be used 

when selecting these extreme points. In the case of a system where the UCS and in situ stress are 

considered random variables, the “best” case will be defined by the maximum UCS value, while 

either the minimum or maximum stress value may be appropriate depending upon the possible 

failure mechanisms. Both the “best” and “worst” credible conditions are considered to have a 

likelihood of 0.1% (Simpson, 2011). 
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These additional evaluation points provide a computationally efficient mechanism for 

evaluating the accuracy of the calculated statistical moments over the range of possible input 

parameters. Namely, these points help to determine if the assumption that the material response 

parameter is a continuous variable is appropriate or if a change in behaviour (herein referred to as 

a “mode switch”) has occurred. As an example, if the base condition is significantly different 

from the calculated mean of the PEM data set, a mode switch may have occurred within one 

standard deviation (66% of all data) of the mean value. Similarly, if the projected behaviour at the 

tails does not match the extreme value conditions, a mode switch may have occurred for 

combinations of input values located greater than one standard deviation from the mean. If the 

assumption of a continuous response parameter is shown to be valid, the additional evaluation 

points also provide guidance in the selection of an appropriate distribution function. Since the 

likelihood of the extreme values is known (0.1%) a suitable distribution function can be selected 

such that these probabilities of occurrence are satisfied using the calculated moments. 

While the modified PEM can provide a significant improvement in accuracy over the 

traditional PEM, there are cases where its use may not be appropriate. If a change in behaviour 

was believed to be present, the use of a continuous distribution function would likely produce 

erroneous results. As such, a full Monte Carlo analysis may be required so the behaviour of the 

response parameter can be evaluated directly. Such analyses are not without disadvantages 

however, such as the large computational requirement (1000s of evaluations are typically 

required) as well as the lack of information regarding the individual contribution from each 

random variable to the total system uncertainty. As such, Monte Carlo assessments should only 

be used where approximate reliability methods cannot achieve a sufficient degree of accuracy. 

6.4.3 Assessing Liner Performance 

Liner performance is expressed by evaluating the likelihood that a combination of liner 

loads will plot outside of a limiting capacity curve (defined by a limiting factor of safety) for 
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thrust-bending moment and thrust-shear force interactions. Choosing a limiting factor of safety 

for the lining system is based on several factors, such as the intended purpose, project goals and 

the level of risk that is deemed acceptable for the project. When assessing a composite system 

with both a preliminary and final lining, the limiting factor of safety may be different for each 

component. As an example, minor failure in the preliminary shotcrete lining may be acceptable 

(FS = 1), while a serviceability limit state (FS = 1.5) may be more appropriate for the final lining 

to ensure it remains stable for the life of the project. If certain areas of the liner do not meet the 

minimum safety requirement, the entire liner can be upgraded (thicker concrete, greater 

reinforcement or stronger materials) or the problem areas can be reinforced. 

Two indicators are used to quantify performance according to this definition: the 

probability of failure (pf) and the reliability index (β). 

6.4.3.1 Probability of Failure 

The probability of failure at a given liner node is defined as the probability that a 

combination of loads (M-N or Q-N) will plot outside a given capacity curve. This can be done 

simply by using a Monte Carlo sampling procedure (Figure 6-5a), which uses the joint probability 

distribution of liner loads determined using the modified PEM to sample thousands of liner load 

combinations. The probability of failure is then defined as the number of load combinations that 

plot outside the capacity curve (failed) divided by the total number of points that have been 

sampled. This proposed method is simple to apply, obtains a reliable estimate of pf and can be 

used for any type of capacity curve, whether one is considering the simplified curves obtained 

using a limiting factor of safety or those obtained using design codes. It is important to note that 

the proposed sampling method is being applied to the multivariate distribution for the liner loads, 

which is determined through the modified PEM method, and is not referring to a complete Monte 

Carlo analysis for the system. Further, while this approach is general for any capacity curve, the 

examples here refer to an elastic limit curve (Carranza-Torres & Diederichs, 2009) for simplicity. 
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Figure 6-5 – Calculation of (a) the probability of failure for a liner node using a Monte 

Carlo sampling method (1000 sampling points shown) and (b) the reliability index for a 

liner node using a FORM analysis. 

 

6.4.3.2 Reliability Index 

The reliability index represents the normalized distance between the mean value of the 

performance function and the critical limit state. A robust estimate of reliability index can be 
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determined using the First Order Reliability Method (FORM). The FORM calculates the 

minimum distance in units of directional standard deviation from the mean value point of the 

multivariate distribution of the random variables to the boundary of the critical limit state, which 

is referred to as the “design point” (Figure 6-6). This provides a more consistent and invariant 

measure of reliability for the system and can also be easily calculated for correlated or 

uncorrelated variables using the following equation: 

β
HL

         √                    (6.5) 

where X is the vector of random variables, μ is the vector of mean values of random 

variables and F defines the failure region of G(X) < 0. The variable C defines the correlation 

matrix, which allows the engineer to establish either a positive or negative relationship between 

random variables. For uncorrelated variables, the matrix C simplifies to a symmetric unit matrix. 

Solving for the minimum β ellipse that is tangent to the capacity curve (Figure 6-5b) can 

be done iteratively using mathematical software such as MATLAB or MATHCAD. One such 

method is summarized in Low & Tang (1997), which advocates for the use of a solving program 

(such as the SOLVER add-in for Microsoft Excel) to determine the minimum distance from the 

mean point to the critical limit state. Such a process must be used carefully however, as solving 

programs often have difficulty differentiating a local minimum from the global minimum, which 

could lead to an overestimation of the reliability index. 

Despite the fact that reliability analyses are fairly new to geotechnical design, target 

values have been proposed in various design codes for some direct pile and foundation problems. 

Typical values include 2.0 to 2.5 for driven piles, 2.5 to 3.5 for drilled shafts and 3.5 for 

foundations and spread footings (Kulhawy & Phoon, 2002). While these values can be used as a 

guideline, further discussion is needed to establish a set of reliability indices specifically for large 

scale underground excavations. 
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Figure 6-6 – FORM analysis showing the design point, mean point and reliability index in 

plane (modified after Xu & Low, 2006). 

 

6.4.4 Proposed Approach 

Based on the traditional lining design methods and the reliability theory presented, a new 

RBD approach has been proposed for tunnel lining design: 

Step 1: Develop a performance function by defining the failure conditions for the 

system. When assessing variable ground reaction, a limiting convergence or plastic zone radius 
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may be used. For a tunnel lining assessment, this definition will typically involve a limiting factor 

of safety for the thrust-bending moment and thrust-shear force interactions. This limiting factor of 

safety may be different for each component of a composite lining system. 

Step 2: Calculate the statistical moments for all input parameters and determine 

which parameters have significant influence on the performance function. Ideally, in situ and 

laboratory test data should be used analyzed to determine statistical moments (mean and standard 

deviation), credible minimum/maximum values, an appropriate distribution shape (PDF) and 

spatial correlation factors for each parameter. Where such information is not available, historical 

data and back calculated values may need to be used. To reduce future computation time, a 

parametric sensitivity analysis can be performed to determine which variables have design 

significance and should therefore be treated as random variables. 

Step 3: Determine the values of random variables at each sampling point. For the 

modified PEM, 2
n
 + 3 evaluations are required. This includes evaluating each random variable at 

µi ± σi as well as the “base” (mean values for all variables), “worst” and “best” cases. 

Step 4: Evaluate the problem at each sampling point using computer models. Given 

the complexity of the rockmass and liner interactions, computer models (2D or 3D) are required 

to determine the liner loads and tunnel convergence values at each sampling point. Finite element 

and finite difference models are typically used, however discrete element or hybrid models may 

be required for complex rockmass failure mechanisms. 

Step 5: Calculate the statistical moments for the loads at each liner node. With the 

liner loads determined at each sampling point, Eq. (6.3) and (6.4) can be used to determine the 

statistical moments for each liner component at each liner node. The modified PEM evaluations 

should be analyzed to determine if mode switching has occurred and to determine the liner 

behavior at the tails of the performance function. If mode switching is observed, a full Monte 
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Carlo analysis is recommended to ensure the conditions under which the mode switch occurs are 

fully understood. 

Step 6: Assume a distribution for each liner load. While the statistical moments have 

been determined for the liner loads through the PEM analysis, a probability distribution must be 

assumed. A normal distribution is typically selected, however the additional information garnered 

from the modified PEM evaluations can provide guidance in this regard. 

Step 7: Calculate the system performance (pf and β) for each capacity curve. The 

probability of failure (pf) and the reliability index (β) for a given limiting factor of safety can be 

calculated for both the thrust-bending moment and thrust-shear force capacity curves. A Monte 

Carlo sampling method is recommended for the determination of the probability of failure, while 

the reliability index can be determined using an iterative method that finds the smallest β ellipse 

that is tangent to the capacity curve. 

6.5 Case Study: Yacambú-Quibor Tunnel 

To demonstrate the applicability of the reliability design approach for a tunnel lining, the 

Yacambú-Quibor tunnel in Venezuela has been examined. The rockmass and stress conditions for 

the tunnel are presented as well as a reliability-based analysis of the reinforced lining system 

used. 

6.5.1 Project Background 

The Yacambú-Quibor tunnel (Figure 6-7) is a 23.3 km long hydro tunnel located in the 

state of Lara in Venezuela. The tunnel will carry 347 million cubic metres of water per year from 

the Orinoco basin on the eastern flank of the Andes to the semi-arid Quibor valley on the western 

flank. Construction of the tunnel began in 1976 and after 32 years of work and many technical 

(including major closure issues illustrated in Figure 6-7c), contractual, financial and political 

problems, tunnel breakthrough was achieved on 27 July 2008 (Hoek & Guevara, 2009). 
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Figure 6-7 – (a) Tectonic plates in the north-western region of South America and Panama 

(Yacambú-Quibor tunnel project located in the circled area in the upper right corner of the 

figure) (after Trenkamp et al., 2002). A topographic section of the tunnel alignment (b) and 

an example of extreme squeezing issues (c) are also shown. 

 

The project is located in the north-western region of South America. Four major plates 

are active in this area as well as a complex network of faults and folds, leading to an extremely 

complicated tectonic history. In the project area, a triangle of strike-slip and transpressional faults 

are present, which accommodate the mismatch of movement of the surrounding plates. The 

regional geology consists primarily of a phyllitic rockmass ranging from strong and relatively 

massive silicified phyllites to heavily tectonically deformed graphitic phyllites that dominate the 

tunnel length. Five rock classes were used to describe the change in geological units along the 

tunnel length (Table 6-1). It was noted that extensive variability exists in the rock fabric and 

structure within a single engineering class due to the complicated tectonic history of the area and 

the deformability of the phyllites. Hoek & Guevara (2009) developed a set of estimated rockmass 

parameters using the Hoek-Brown failure criterion based on back calculations from observed 

tunnel behaviour (Table 6-2). 
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Table 6-1 - Classification of Yacambú-Quibor rock units (Hoek & Guevara, 2009). 

Class Type of Rock Characteristics 

A 

Predominance of silicified phyllite with 

small amounts of calcareous and/or 

graphitic phyllite 

Cemented layers from 5-10 cm in thickness 

with high strength and high deformation 

modulus 

B 

Predominance of calcareous silicified 

phyllite with intervals of graphitic 

phyllite 

Cemented layers from 2-3 cm in thickness 

with average strength and average 

deformation modulus 

C 
Graphitic phyllite with some intervals 

of silicified phyllite 

Thin lamination from 0.1-1 mm with low 

strength and highly deformable 

D1 
Tectonically deformed, folded and 

sheared in Classes A, B and C 

Behaves as homogeneous rockmass with 

zero volume change during deformation 

D2 As for D1 with clay gouge in contacts 
Highly plastic deformation with zero 

volume change. 

 

Table 6-2 – Estimated rockmass characteristics based on the Geological Strength Index and 

the Hoek-Brown failure criterion (based on Hoek & Guevara, 2009). 

Class 
UCS 

(MPa) 
GSI mi mb s a 

σcm 

(MPa) 

E 

(MPa) 

A 100 75 10 4.10 0.0622 0.50 32.5 45000 

B 75 65 10 2.87 0.0205 0.50 18.5 26000 

C 65 50 7 1.17 0.0039 0.51 9.6 11000 

D1 50 35 7 0.69 0.0007 0.52 5.2 3119 

D2 50 25 7 0.48 0.0002 0.53 4.0 1646 

 

Squeezing in the weak graphitic phyllites at depth created the most significant problems 

during excavation. These problems were not anticipated during design as site investigations were 

primarily conducted in the vicinity of the Yacambú dam site, which consists primarily of 

competent silicified phyllite. Initial attempts to excavate the tunnel using an open-faced tunnel 

boring machine (TBM) in 1976 were unsuccessful and ultimately led to the loss of the machine. 
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Reasonable excavation rates were achieved with the introduction of yielding support in 1991, 

however issues with floor-heave were still encountered in sections where horseshoe profiles were 

used. As such, it was decided that only circular profiles would be used and a routine construction 

procedure was developed. This led to consistent excavation progress from 2004 onwards. 

After issues with the original support design, a yielding support system was adopted at 

the Yacambú-Quibor tunnel to deal with the squeezing rockmass (Figure 6-8). A full face 

excavation was typically used so that the full support could be installed as close to the face as 

possible. In cases where face stability was an issue, the face was divided into a heading that was 

driven approximately 1.5 to 3.0 m ahead of the bench. In these cases, the top half of the support 

was installed in the heading, followed by the lower half of the support after the excavation of the 

bench. After excavation, W6 x 20 steel sets were installed, generally at a spacing of 1 m followed 

by the immediate application of 20 cm of shotcrete to embed the steel and provide a protective 

shell for the workers. Two 30 cm yielding gaps were used in the steel arches, which allow a liner 

strain of 3.67% before the gaps close. To allow the joint gaps to move freely, a 1 m window was 

left on either side of the shotcrete shell, which was closed when the sliding gaps had closed or at a 

distance of 15 m behind the face. At this stage, the initial shell was fully mobilized and a final 

lining consisting of a 40 cm layer of reinforced shotcrete was sprayed on the excavation. 

 

Figure 6-8 – Design details of the yielding initial support (circular steel arches W6x20 with 

two sliding joints) used in the Yacambú-Quibor tunnel. 
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6.5.2 Reliability Analysis 

To assess the performance of the yielding support at Yacambú, and to demonstrate the 

usefulness of the proposed RBD approach, a reliability analysis was completed for a 5.2 m 

diameter tunnel section in class D2 rock at a depth of 1150 m. This particular analysis is based on 

the assumption that the material within the tunnel face and immediate influence zone is variable 

due to large scale heterogeneity along the tunnel axis, but can be considered uniform within a 

particular face. The influences of face-scale heterogeneity (mixed-face conditions or interbeds, 

for example) are not examined here. This outlines the importance in recognizing the difference 

between longitudinal variability, which is assumed for this case, and spatial heterogeneity. 

6.5.2.1 Parameter Evaluation 

As limited field data was available for this project, a full statistical analysis could not be 

directly performed. Expected values and standard deviations were therefore determined for each 

parameter through subjective evaluation of available data, field observations and sound 

engineering judgment. The rockmass parameters in Table 6-2 for the D2 class rockmass were 

selected as the expected (mean) values as they were determined through back calculation from 

observed behaviour. The three-sigma rule was used to provide an estimate of the standard 

deviation for each random variable. While determining the standard deviation directly from a data 

set is preferred, in the absence of any site specific data, the three-sigma rule still provides a 

logical way to quantify the uncertainty for a given variable (Duncan, 2000). As site investigation 

data was limited, a spatial variability analysis could not be performed. It was assumed that the 

statistical moments developed for this analysis are accurate for the relevant tunnel volume and 

that spatial variability is directed along the longitudinal axis of the tunnel. 

The statistical moments, coefficient of variation (COV) and maximum and minimum 

values for all random variables are shown in Table 6-3. 
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Table 6-3 – Statistical moments for the D2 rockmass. 

Parameter µ Min Max σ COV 

Hoek-Brown Material Constant mi 7 4 10 1 14.3 % 

Geological Strength Index 25 19 31 2 8.0% 

Uniaxial Compressive Strength (MPa) 50 40 60 3 6.0 % 

Intact Young’s Modulus Ei (MPa) 27500 - - - - 

Poisson’s Ratio ν 0.30 - - - - 

Density (Mg/m
3
) 0.027 - - - - 

 

The GSI range was assessed in the field by the authors and other experts according to a 

GSI chart that was specifically developed for this project based on the rock classes present. As 

the D2 class is primarily composed of tectonically deformed and sheared graphitic phyllite, it is 

represented primarily by the boxed region in Figure 6-9, resulting in a range of values from 19-

31. The credible maximum and minimum UCS values were available from test data, with the 

range dominated by structural orientation (Figure 6-9 right). As much of the variation in UCS test 

values is believed to be due to the presence of structure and the condition of the discontinuity 

surfaces, factors that have already been accounted for through a reduced GSI value, a smaller 

range of UCS values were selected. 
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Figure 6-9 – Geological Strength Index (GSI) chart (left) as well as UCS test results (lower 

right) for phyllites along the Yacambú-Quibor tunnel (Hoek & Guevara, 2009). An image of 

the D2 phyllitic rockmass is also shown (upper right). 

 

In the absence of data, a subjective sensitivity analysis was used to determine which 

parameters should be treated as random variables. Given that squeezing will be the dominant 

failure mechanism, the GSI, Hoek-Brown material constant (mi) and UCS were selected for this 

study. All random variables were assumed to be uncorrelated and follow a normal distribution 

while all other parameters were treated deterministically and their expected (mean) values were 

used. While the intact Young’s Modulus (Ei) was not varied in this assessment, by varying GSI a 

range of rockmass Young’s Modulus (Erm) values were considered. The sensitivity index (SI) was 

used to assess the relative importance of each random variable. The SI is calculated by changing 

one random variable at a time over three standard deviations from the mean and determining the 

percent change in the material response parameter of interest (in this case, plastic zone radius and 

radial displacement) over that range (Figure 6-10). This simple indicator provides a good 

indication of parameter and model variability (Hamby, 1994). As can be seen, while all three 
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variables have a significant impact on the performance of the unsupported tunnel, the two most 

important variables in this analysis are the GSI and the Hoek-Brown material constant. 

 

Figure 6-10 – Sensitivity index (SI) values for three random variables for the unsupported 

case. Note that the SI is calculated for each random variable by evaluating the change in 

output over 3 standard deviations on either side of the mean. 

 

Hoek-Brown rockmass strength parameters and rockmass stiffness were calculated for 

the material using the GSI system according to the equations in Hoek et al. (2002) and Hoek & 

Diederichs (2006). Given the squeezing potential and the fact that the material has already been 

deformed significantly, the material is assumed to be perfectly plastic (peak and residual 

parameters are the same). The ranges of model inputs covered by this variation are summarized in 

Table 6-4. While these values provide a good estimate for the short term (design) condition of the 

rockmass, degradation will likely occur over the life of the tunnel due to physical and chemical 

degradation of the rockmass, creep effects due to time dependent deformation and changes to 

groundwater conditions. As such, a reduction in GSI over the long term was considered 

throughout the plastic zone to approximate this behaviour as this will lead to increased loads on 

the lining system over the life of the project. 
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Table 6-4 – Range of model parameters for D2 rockmass based on input uncertainty. 

Parameter µ Min Max 

Rockmass Young’s Modulus Erm (MPa) 1646 1196 2388 

Rockmass Strength σcm (MPa) 4.0 1.9 6.8 

Hoek-Brown 

Constants 

mb 0.48 0.22 0.85 

s 0.0002 0.0001 0.0005 

a 0.531 0.521 0.547 

 

A depth of excavation of 1150 m was assumed, resulting in a vertical stress of 

approximately 30 MPa. Isotropic stress conditions were considered with a ratio of horizontal 

stress to vertical stress (K) equal to 1.0 (hydrostatic conditions). This is a reasonable assumption 

as weak rockmasses are unable to sustain high shear stresses, resulting in the equalization of 

anisotropic in situ stresses over time. It was further assumed that there was no variation in the in 

situ stress and that the stress was independent with respect to the rockmass parameters. 

6.5.2.2 Finite Element Analysis 

Tunnel excavation was modelled using a two-dimensional, plane-strain finite element 

model created using the program ‘Phase2’ by Rocscience Incorporated (www.rocscience.com). 

Three-dimensional advance of the tunnel face was simulated using the core replacement 

technique (Figure 6-11), which simulates progressive tunnel excavation by incrementally 

replacing the tunnel core with a new material possessing identical or reduced stiffness without 

any initial element loading. Since the elements have no initial loading, the internal pressure is 

reduced to zero each time the material is replaced, causing a disruption to radial equilibrium. To 

obtain equilibrium by compressing the new tunnel core, the displacement at the tunnel boundary 

increase, simulating the reduction in internal resistance and the increase in convergence as the 

excavation face advances. The replacement material is then removed altogether to simulate a long 

open tunnel with plane-strain conditions. 
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Figure 6-11 – Core replacement approach for plane-strain simulation of tunnel advance. 

Dashed line represents static model stages. 

 

The analysis was carried out in three phases. In the first phase, the field stresses were 

applied to the rockmass. Boundary conditions were used to restrain the walls of the model and 

external field stresses were used to simulate the far field stresses. In the second phase, the 

advance of the face was simulated using the core replacement technique to determine the tunnel 

response during construction (short term). The third phase examines the long term degradation of 

the rockmass. This is accomplished by decreasing the GSI in the short term plastic zone by a 

factor (ΔGSI), thus decreasing the rockmass strength and stiffness. The factor was calculated 

using the following equation: 

        
    

     
           (6.6) 

where RT is the tunnel radius and RP is the plastic zone radius. 
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Elastic support elements were used to model the initial and final composite liners. 

Geometric and mechanical parameters were developed based on the description of the support in 

the literature and are summarized in Table 6-5. A full-face excavation was considered with the 

initial lining installed approximately 1.5 m back from the face and the final lining installed 10 m 

back from the face. As mentioned earlier, as there is significantly less variability in the support 

parameters than in the rockmass, the support parameters listed in Table 6-5 were treated 

deterministically. 

Table 6-5 – Support parameters used in modelling the composite liner. 

 
Initial Lining Final Lining 

Reinforcement Shotcrete Reinforcement Shotcrete 

Thickness (m) - 0.2 - 0.4 

Spacing (m) 1.0 - 0.8 - 

Sliding Gap – Strain at Locking 3.67% - - - 

Moment of Inertia (m
4
) 1.72 x 10

-5
 6.67 x 10

-4
 9.40 x 10

-5
 5.33 x 10

-3
 

Compressive Strength (MPa) 400 36 400 36 

Tensile Strength (MPa) 400 4 400 4 

 

The finite element mesh used for the analysis consisted of 23 817 nodes and 47 072 3-

noded triangular elements. A maximum of 500 iterations was used for each load step. The total 

run time per model was approximately 4 minutes. 

6.5.3 Results and Discussion 

6.5.3.1 Longitudinal Displacement Profiles 

To calibrate the two-dimensional plane-strain models, LDPs were developed for each 

evaluation point for the short term (construction) phase. As mentioned earlier, a new LDP must 

be developed for each model as a change in the rockmass parameters will result in change to the 

convergence-confinement response of the tunnel. Each evaluation point was modelled without 
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support to determine the maximum tunnel displacement and the normalized plastic zone radius 

(R*). Using the modified PEM approach, a mean R* value of 6.5 and a standard deviation of 1.3 

were calculated (Figure 6-12). The “base” value was 6.3, which was in close agreement with the 

calculated mean value, indicating there was no significant change in the behavior of the models 

across the evaluation points. The “best” and “worst” cases were also plotted to show the 

maximum (20.5) and minimum (3.1) values for this ratio. Given that the difference between the 

mean and best case was significantly smaller than the difference between the mean and worst 

case, a lognormal distribution was considered to be an appropriate fit for this data set. 

 

Figure 6-12 – Longitudinal displacement profiles (LDPs) for the Class D2 rockmass 

determined using the modified PEM. 
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From a practical perspective, while 2-D model calibration using LDPs was the most time 

intensive portion of the reliability analysis, little additional effort was required. The first model 

required approximately 30 minutes to generate, while each subsequent model was generated in 

less than 2 minutes. 

6.5.3.2 Convergence and Plastic Zone Assessment 

A comparison between the unsupported and supported case was completed for the 

maximum radial displacement and the final plastic zone radius for the short term rockmass 

condition (Figure 6-13). Using the modified PEM, the additional evaluations indicated that 

normal distributions were inappropriate for these parameters. This is logical as both the final 

plastic zone radius and the radial displacement are positive variables and the radial displacement 

is further limited to a maximum value equal to the tunnel radius. These constraints result in a 

positive distribution that is better represented by a lognormal distribution. While a custom skewed 

distribution may also be suitable, a lognormal distribution has sufficient accuracy over the range 

of possible values. 

With the addition of support, a decrease in the mean values for these variables is to be 

expected given that the support will retard the growth of the plastic zone and limit additional 

deformations after support mobilization. The impact that support has on the variability within 

these values is also worth noting. For radial displacement, a pre-support mean of 1.32 m and 

COV of 42% was noted. After support was installed, the mean and COV were reduced to 0.38 m 

and 19%, respectively, which represents a 28% decrease in the mean value and 46% decrease in 

the uncertainty. Similarly, the plastic zone radius experienced a decrease in the mean value of 

56% as well as a decrease in uncertainty of 43%. This demonstrates that, over the range of 

strength inputs considered, the addition of support results in a significantly smaller range of 

possible values and therefore a greater confidence in those values. 
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Figure 6-13 – Comparison between unsupported and supported cases for short term (a) 

radial displacement and (b) final plastic zone radius. Both are represented using lognormal 

distributions. 
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Understanding the variable support response allows for an assessment of the likelihood of 

occurrence for a given material response parameter. Consider the case where the final plastic 

zone must be sealed at the end of the project life to prevent advection around the liner, as with 

underground nuclear waste storage projects. Using the statistical moments, a level of confidence 

can be expressed that will identify a design value for the final plastic zone radius for supported 

conditions. As an example, if the design is to have a 99% confidence level, a plastic zone radius 

of 11.4 m would be assumed. A similar process can be employed for a maximum convergence 

where wall displacements have an impact on overall design performance. Such information is 

extremely important as it allows the engineer to not only consider the performance of the 

expected case, but also overall design confidence. 

Even with the use of the modified PEM, several assumptions are made during this design 

approach, namely that failure is continuous and that the excavation and support system are 

perfectly circular. This is evident in the continuous distributions shown in Figure 6-13. While the 

first assumption is considered valid for a squeezing rockmass, it is likely that point loads will 

occur along the lining system as a result of an imperfect tunnel profile and issues with quality 

control. While these need to be considered during design, the purpose of the reliability approach 

is to assess liner performance according to a specified level of confidence. Such sensitivity 

analyses can then be performed once a lining system has been selected to determine the impact 

these eccentricities will have on the final design. 

6.5.3.3 Liner Performance 

The mean loads for the initial lining, as well as capacity curves for limiting factors of 

safety of 1.0 and 1.5, are shown in Figure 6-14. For all nodes, a normal distribution was assumed 

for the liner loads based on the statistical range. Mode switching within one standard deviation is 

considered to be unlikely based on the results of the modified PEM analysis. 
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For all evaluations, the liner experienced positive axial thrust (compression). This is 

important to consider as in some cases, the calculated statistical moments may suggest there is a 

probability that a negative axial thrust value could occur. Such a probability exists purely in the 

statistical realm due to the fact that normal distributions extend infinitely and should be 

considered unlikely for this case. Such a switch between compression and tension is possible in 

underground excavations however, and therefore this assumption must be re-evaluated for each 

study to ensure that the liner behaviour is properly understood. 

 

Figure 6-14 – Capacity plots for the initial lining system showing mean liner loads 

calculated using the modified PEM. (a-b) show the thrust-bending moment and thrust-

shear force interaction diagrams for the yielding W6x20 steel sets. (c-d) show the thrust-

bending moment and thrust-shear force interaction diagrams for the 20 cm shotcrete layer. 

 

Both the probability of failure and the reliability index were determined for the shotcrete 

and the yielding steel sets to provide an assessment of liner performance. The results for a single 

node for a limiting factor of safety of 1.5 are shown in Table 6-6. Note that a negative reliability 
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index value reflects that the mean value is located outside of the capacity curve (failed). An 

inverse relationship between the reliability index and the probability of failure can be seen. As the 

reliability index increases, the probability of failure decreases, reflecting that the mean is located 

further away (in units of standard deviation) from the capacity curve envelope. This will only 

continue to a point, however. Once the reliability index is greater than or equal to five, changes to 

the probability of failure are less than 0.0001%. This can be seen in the case of the final lining, 

which shows a range of reliability indices (greater than 100) and yet no change to the 

probabilities of failure. This highlights the highly nonlinear relationship between these two 

performance indicators. 

Table 6-6 – Liner performance for a single liner node for a limiting factor of safety of 1.5 

under short term rockmass conditions. 

 
Thrust-Moment Interaction Thrust-Shear Interaction 

Reliability Index β pf Reliability Index β pf 

Initial Lining 
Reinforcement 1.7 5.0 % 1.8 3.7 % 

Concrete -1.0 84.2 % -0.9 80.8 % 

Final Lining 
Reinforcement 56 384 0.0 % 88 749 0.0 % 

Concrete 2891 0.0 % 6246 0.0 % 

 

A visual representation of the relative local probability of failure at each liner node for 

different limiting factors of safety is shown in Figure 6-15. Each bar represents the relative 

probability of failure at that liner node, with longer bars indicating a greater value. It is noted that 

the local probability of failure was approximately the same at each node for a given limiting 

factor of safety (to be expected for a hydrostatic stress condition). As such, a global probability of 

failure (GPF) was calculated for each liner component by averaging the probability of failure 

values at each node. Standard deviations for GPF values were less than 3% in all cases, indicating 

that it is suitable to average out the local probabilities of failure values for the hydrostatic case. 
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Figure 6-15 – Relative local probabilities of failure for thrust-bending moment interaction 

at each liner node for limiting factors of safety (FS) of (a) 1.00, (b) 1.25 and (c) 1.50. 

 

The GPF values are shown for each component of the initial lining in Figure 6-16. For a 

limiting FS of 1.0 (ultimate limit state), a GPF for the shotcrete of 13.1% and 58.2% were noted 

for the short and long term conditions, respectively. Conversely, the reinforcement was found to 

have a negligible GPF for the ultimate limit state. This would suggest that cracking in the initial 

shotcrete lining would be visible during construction and this cracking would escalate over the 

life of the tunnel, while the steel sets would remain stable. Such observations were made during 

tunnel inspections, confirming the accuracy of these findings. As the limiting FS increases, the 

GPF for each liner component also increases, which is logical given that a higher FS depresses 

the capacity curves and limits the acceptable combinations of liner loads. If a limiting FS = 1.5 

were required, an increase in the GPF for each liner component was observed. The shotcrete 

displays a short and long term GPF of 82.6% and 98.3%, respectively, while the steel sets have a 

GPF of 4.6% and 38.2%. 

For the final lining, a 0% GPF was noted for limiting FS ≤ 3.0, indicating the lining is 

expected to remain stable over the life of the project. Such conditions have been observed in the 

completed sections of the tunnel by the authors (Figure 6-17) and other observers (Hoek et al., 

2008). 
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Figure 6-16 – Global lining performance for the initial lining with respect to different 

limiting factors of safety. 

 

 

Figure 6-17 – Completed tunnel lining for the Yacambú-Quibor tunnel. 
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6.5.3.4 Non-hydrostatic Conditions 

While hydrostatic conditions are expected at the Yacambú tunnel, an additional analysis 

was performed for a K = 1.2 condition with the horizontal stress equal to 27 MPa and the vertical 

stress equal to 33 MPa to determine what effect this would have on liner performance. As the 

stress condition is not considered to be a random variable for this study, this is a separate analysis 

and would not be included with the hydrostatic data to determine overall liner performance. 

The relative local probabilities of failure at each liner node were determined for a K = 1.2 

and a limiting FS = 1.0 (Figure 6-18). As the stress is not equal in all directions, this differential 

leads to concentrations of loads in different areas along the liner, in this case the roof, springline 

and floor. This variability in the local probability of failure values around the liner means a global 

assessment would not be appropriate for this analysis. This was indeed confirmed as standard 

deviations for a GPF value range from 0 to 40%, which is considered an unacceptable level of 

uncertainty. As such, a local probability of failure (LPF) was determined at the roof, springline 

and floor. As only minor variations in local probability of failure values were observed at each 

point, only the results of the analysis at the springline are discussed in this section. 

Figure 6-19 shows the LPF values for each liner component at the springline of the 

excavation. The LPF values have increased significantly when compared to the hydrostatic stress 

condition. For a limiting FS = 1, the LPF for the initial concrete lining has increased to 86.3% and 

99.4% for the short and long term rockmass conditions, respectively. Similarly, the steel sets now 

show a 24.2% LPF for the long term rockmass condition. These changes have been summarized 

in Table 6-7. The final lining also shows an increase in LPF values for a K = 1.2. While the loads 

in the final lining are unlikely to have a factor of safety less than 3.0 for the short term rockmass 

conditions, there is a probability that a factor of safety less than 2.0 will be experienced over the 

long term. 
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Figure 6-18 – Relative local probabilities of failure for thrust-bending moment interaction 

at each liner node for limiting factors of safety (FS) of 1.00 and a stress ratio (K) of 1.2. 

 

 

Figure 6-19 – Local lining performance for the initial lining and a stress ratio of 1.2 assessed 

at the springline of the excavation with respect to different limiting factors of safety. 



 

 

 

240 

Table 6-7 – Comparison of probability of failure values between different stress ratios (K). 

Values are shown for the initial liner under short term rockmass conditions. 

Limiting FS 
K = 1.0 (global liner assessment) K = 1.2 (local liner assessment) 

Concrete Reinforcement Concrete Reinforcement 

1.00 13.1% 0.0% 86.3% 0.9% 

1.25 54.6% 0.1% 98.1% 23.6% 

1.50 82.6% 4.6% 99.7% 64.7% 

1.75 93.7% 23.7% 99.9% 87.7% 

2.00 97.5% 50.4% 100.0% 96.0% 

 

Clearly, the in situ stress condition has a substantial effect on the liner performance. As 

such, a firm understanding of the stress conditions along the tunnel alignment would be required 

in order to accurately predict the expected liner performance. 

6.6 Conclusions 

Uncertainty is inherent in geological engineering problems and can have a significant 

impact on design performance if not properly accounted for. Currently, the reliability-based 

design approach is the only methodology that quantifies uncertainty and provides a consistent 

measure of safety by determining the probability of failure for a system. While these methods 

may appear complicated, they require little additional effort when compared to conventional 

design methods and can be logically applied to a variety of engineering problems. In the case of 

underground excavations where the rock acts as both a load and a resistance, finite element 

methods should be used in conjunction with reliability methods to approximate the behaviour of 

the system. For approximate methods such as the PEM, additional sampling should occur at the 

tails of the distribution to ensure that low probability and high consequence events are assessed. 

While this will result in additional evaluations of the performance function the number of 

required evaluations will still be far less than a full Monte Carlo analysis. 
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In this paper, a new reliability-based approach was presented that utilizes finite elements, 

direct reliability methods and a Monte Carlo sampling approach to assess liner performance. The 

method utilizes a modified PEM, which includes sampling at the tails of the random variables, for 

selection of the evaluation points. To demonstrate the value of this methodology, a case study 

was performed for the Yacambú-Quibor hydraulic tunnel. Through this analysis, valuable 

information was obtained about liner performance despite the lack of available site data. It was 

shown that the modified PEM provides valuable information on mode switching and performance 

of the liner for low probability events. When the unsupported case was compared to the supported 

case over the range of strength inputs considered, the addition of support was shown to result in a 

significantly smaller range of possible values and therefore a greater confidence in those values. 

This was true for the final plastic zone radius and the wall displacement, two values that play an 

instrumental role in tunnel design and the development of longitudinal displacement profiles for 

the calibration of two-dimensional plane-strain models. Under hydrostatic stress conditions, the 

assessment indicated that minor cracking in the initial shotcrete line is expected, while the final 

lining is expected to remain stable over the life of the project. Such conditions have been 

observed along completed sections of tunnel by the authors and demonstrate the validity of this 

assessment. It was further confirmed that anisotropic in situ stress conditions have a substantial 

impact on tunnel performance, highlighting the need for accurate estimates of in situ stress along 

the tunnel alignment. 
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Chapter 7 

Reliable Support Design for Excavations in Brittle Rock Using a Global 

Response Surface Method
3
 

7.1 Abstract 

Spalling damage can pose significant risks during the construction of underground 

excavations in brittle rock. While deterministic analyses have traditionally been used in the 

design of these structures, reliability-based design (RBD) methods provide a more rational 

approach to quantify spalling risk by directly incorporating input uncertainty into the design 

process and evaluating the variable ground response. This paper presents a new reliability-based 

design approach to evaluate the excavation response and support performance for a tunnel in 

brittle ground. Guidance for the selection of appropriate Hoek-Brown parameters for variable 

brittle materials is provided using a combination of the Damage Initiation and Spalling Limit 

(DISL) method and theories of microcrack initiation. The reliability approach uses a new Global 

Response Surface Method (GRSM), First Order Reliability Method (FORM), Monte Carlo 

sampling method and finite element analysis. The GRSM provides a computationally efficient 

way to evaluate the probability of failure for various limit states, allowing for the selection of 

appropriate design parameters such as minimum bolt length and required bolt capacity. To 

demonstrate this approach, a preliminary design option for a proposed deep geologic repository 

(DGR) was assessed. Numerical analyses were completed using finite element modeling to 

determine the depth of spalling and support loads over the range of rockmass and in situ stress 

conditions. The results of these analyses were then used to select an appropriate support system. 

                                                      

3
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7.2 Introduction 

Spalling damage can create significant stability issues in deep mining, tunneling and shaft 

boring projects through massive rock units. This brittle failure mechanism propagates in an 

uncontrolled fashion during excavation, resulting in significant damage as well as a reduction in 

the service life of the structure (Diederichs, 2007). Given the potential safety and cost 

implications associated with spalling, several methods have been developed in recent years in an 

attempt to predict the extent of damage and account for it in design (Martin et al., 1999; 

Diederichs, 2003; Diederichs, 2007; Diederichs et al., 2007; Carter et al., 2008; Kaiser & Kim, 

2008; Martin & Christiansson, 2009; Cai, 2010; Edelbro, 2010; Kaiser et al., 2010). Each of these 

methods relies on a firm understanding of the crack initiation threshold as well as the ultimate and 

tensile strengths of the material. Inherent variability within the rockmass as well as difficulties 

with repeatable laboratory testing and a lack of understanding with respect to the correlation 

between inputs complicate this process, resulting in significant uncertainty in these parameters. 

Traditionally, this uncertainty has been subjectively incorporated into the design process 

by selecting conservative material parameters at each stage of design. This results in the selection 

of a robust support system that is capable of withstanding the “worst” anticipated loading 

conditions. While such deterministic methods can limit the risks associated with spalling damage, 

this is primarily due to the selection of an overly-conservative design rather than a good 

understanding and modelling of spalling behaviour. 

Reliability-based design (RBD) methods, when used in conjunction with more traditional 

design methods, provide a more rational approach to assessing spalling risk. By incorporating the 

natural variability present within the rockmass and quantifying the uncertainty at various stages 

of design, the probability of failure for the system can be determined with respect to a variety of 

limit states. This includes the depth of spalling damage as well as the potential loads placed on 

support elements. Such an approach eliminates the need for overly-conservative design methods 
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and allows the engineer to optimize the support selection on the basis of safety and cost. 

Examples of their use in engineering design can be seen in Baecher & Christian (2003), Harr 

(1987), Fenton & Griffiths (2008) and Phoon (2008). 

Applying RBD concepts to brittle environments poses unique challenges given the 

discontinuous nature of the failure mechanism and the difficulty in quantifying uncertainty in the 

input parameters. In this spirit, this paper outlines a new approach to the reliability-based design 

of underground structures in brittle ground using a new Global Response Surface Methodology 

(GRSM) coupled with the First Order Reliability Method (FORM), Monte Carlo sampling 

method and finite element analysis. To demonstrate the effectiveness of this approach, it was used 

to assess a preliminary design option for a proposed deep geologic repository (DGR) for low and 

intermediate level nuclear waste to be located in Canada. 

7.3 Brittle Failure 

7.3.1 Theory 

The generalized Hoek-Brown method uses laboratory test results in conjunction with a 

measure of rockmass quality (the Geological Strength Index or GSI) to determine a failure 

criterion for a given rockmass based on its shear strength (Hoek et al., 2002). The generalized 

Hoek-Brown equation is shown below. 

  
    

     (  
  

 

   
  )

 

       (7.1) 

where UCS is the uniaxial compressive strength, mb, s and a are Hoek-Brown constants 

and σ1 and σ3 refer to the major and minor principle stresses, respectively. For rockmasses that 

exhibit uniform shear failure, a GSI value is typically used to homogenize the intact rock and 

structure into a single material, and determine rockmass properties and values for the Hoek-

Brown constants. While this method (herein referred to as the GSI method) can be suitable for 

geomaterials with a GSI < 75, microcracking and crack propagation play a more significant role 
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in the macroscopic failure of massive, brittle materials. In the tensile and low confinement zones 

(σ3 < 10 MPa), the tensile strength (σt) of the material dominates due to the instability of sharp 

crack tips with crack normal tension (Kemeny & Cook, 1986). Crack propagation and 

coalescence occur rapidly, resulting in the development of extension fractures and slabbing 

parallel to the maximum compressive stress and to the excavation boundary (spalling). In the low 

confinement region, the damage threshold is therefore defined as a function of the crack initiation 

strength of the material. As confinement is increased, propagation of fractures is retarded and the 

shear strength of the material is more closely approximated by the long-term strength values 

obtained from laboratory testing. These behavioural regions are shown in Figure 7-1. 

 

Figure 7-1 – Composite strength envelope illustrated in principal stress space (2-D) showing 

different zones of behaviour (modified after Diederichs, 2007). 
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Two thresholds are important to consider when assessing brittle behaviour. The first is 

the upper bound strength, which follows the yielding limit of the rock rather than the peak 

envelope obtained through UCS testing. This yield limit, referred to as the critical damage 

threshold (CD), is classified as the onset of crack interaction and is identified as the onset of non-

linearity in the axial stress-strain behavior of the rock under compression (Diederichs, 2003). The 

lower bound for in situ strength is given in lab testing as the crack initiation threshold (CI), which 

is dependent upon the heterogeneity, density and nature of internal flaws (Diederichs, 2007). The 

CI threshold typically varies from 30% to 50% of the UCS for different rocks (Martin et al., 

1999), however it can be difficult to detect this value with a high degree of accuracy through 

testing. This is due to the presence of two theoretical initiation thresholds: the first onset of 

cracking (lower) and the point at which crack initiation becomes relatively uniformly distributed 

throughout the sample and is a steadily accelerating phenomenon with increasing load (upper). 

The latter is considered to be the relevant limit for short term damage predictions and response 

over normal construction time frames (Ghazvinian et al., 2012). 

7.3.2 DISL Method 

To describe the composite brittle-shear failure criterion shown in Figure 7-1, the Damage 

Initiation and Spalling Limit (DISL) method proposed by Diederichs (2007) can be used. The 

DISL method uses the crack initiation (CI), ultimate (UCS) and tensile (σt) strengths of the 

material to define generalized Hoek-Brown peak and residual parameters that can be used for 

analysis. The use of Hoek-Brown parameters as inputs is advantageous as these are standard 

inputs for most geomechanical modelling software. The equations used to determine these 

parameters are shown in Table 7-1. By using a residual s of 0 and an m from 6 to 10, the residual 

curve starts at the origin (σ1 = σ3 = 0) and is steeper than that peak curve, thus simulating the 

spalling limit and transition to long term strength. As a result, failure in the low confinement 
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(spalling) zone results in a strength loss when transitioning from peak to residual curves, while a 

strength gain is observed in the higher confinement area. 

Table 7-1 – Hoek-Brown equations for the DISL method (after Diederichs, 2007). 

Hoek-Brown Constant Peak Residual 

a 0.25 0.75 

s (
  

   
)

 
 
 0 * 

m  (
   

|  |
) 6-10 

* numerical stability in some models may require a value – suggest 10
-6 

 

To determine when the DISL method should be used, a classification system has been 

developed to determine the likelihood of spalling failure for a given rockmass. This scheme uses 

the rockmass quality (GSI) and the strength ratio (defined by R = UCS/σt) to identify parametric 

ranges in which the GSI and the DISL method should be applied (Table 2-2). The table clearly 

shows that spalling is more likely to occur in high quality rockmasses with a greater strength 

ratio. 

Table 7-2 – Selection of constitutive model based on strength ratio and rockmass quality 

(Diederichs, 2007). 

Strength Ratio 

(R) 

Geological Strength Index (GSI) 

< 55 55-65 65-85 > 85 

< 9 GSI GSI GSI GSI 

9-15 GSI GSI GSI GSI/DISL* 

15-20 GSI GSI/DISL* DISL/GSI* DISL 

> 20 GSI GSI/DISL* DISL DISL 

* Note: ordering of methods indicates most appropriate 
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7.4 Uncertainty in Brittle Systems 

7.4.1 Sources of Uncertainty 

Given the complex history of geological formation and the difficulties associated with 

repeatable testing of intact rock samples, significant uncertainty exists in rockmass parameters 

and in situ stress conditions. Uncertainty in geological systems is typically divided into two 

categories: variability caused by random processes (aleatory) and knowledge-based uncertainty 

that exists due to a lack of information (epistemic). 

The natural variability in rockmass and in situ stress parameters is typically represented 

as a random process and is therefore considered to be aleatory. The process of formation and 

continuous modification over geologic history results in a real variation in properties from one 

spatial location to another over both the micro and macro scale (spatial variability). As this 

variability is inherent in the material, continued testing will not eliminate the uncertainty, but will 

provide a more complete understanding of it when used in conjunction with mathematical 

simplifications or models. Variability in intact parameters is typically caused by variability of 

index properties (density, porosity, absorption and degree of saturation) and petrographic 

characteristics (grain size, grain shape, grain contacts and cement) (Ruffolo & Shakoor, 2009). 

Conversely, epistemic uncertainty exists as a consequence of a lack of data, limited 

information about events and processes, or a lack of understanding of physical laws that limits 

one’s ability to model the real world. The word “uncertain” implies that while the value may be 

unknown, it is not unpredictable. Typical sources of epistemic uncertainty include imperfect 

measurement techniques, statistical estimation errors, transformation errors (e.g. determining 

Hoek-Brown parameters from test data) and modeling uncertainty. As only the inherent (aleatory) 

uncertainty is to be considered when assessing system behaviour, sources of epistemic 

uncertainty must be identified and reduced to acceptable levels through statistical techniques and 

careful design approaches to ensure the total level of uncertainty is not over-estimated. 
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7.4.2 Quantifying Uncertainty 

A variety of statistical methods can be used to quantify the uncertainty for given material 

parameters. By assuming that the natural variability in geological parameters can be attributed to 

random processes (aleatory), probability theory can be applied and the input parameters can be 

considered as random variables. A probability density function (e.g. normal, lognormal, Beta) can 

therefore be used to define the likelihood of each value for a continuous variable. For 

convenience, this distribution can be represented by its statistical moments. For geological 

projects, where data is limited, a second moment analysis is typically used, which describes the 

PDF based on its mean or expected value (μ) and variance (σ
2
).  

The relationship or dependency between parameters must also be considered. In brittle 

systems, relationships may exist between a series of intact parameters (e.g. tensile strength and 

UCS, crack initiation strength and UCS) and must therefore be considered. For the case where 

two or more random variables can be measured at the same location in a sample, a measure of the 

linear dependency between the variables can be determined by calculating the sample Pearson 

correlation coefficient (r):  

  
    

√∑      ̅   
   √∑      ̅   

   

       (7.2) 

where  ̅ and  ̅ are the arithmetic mean values for the parameters, xi and yi represent the 

values of the parameters for the given test, n is the number of tests and qx,y is the sample 

covariance. The r value ranges from -1 to 1, the sign of which shows the nature of the relationship 

(e.g. positive or negative correlation) and the magnitude indicates the strength of the correlation. 

A least squares regression can also be used to describe the co-dependency between random 

variables. The regression parameters determined through this analysis provide an indication of 

how much of the variance of the dependent variable can be described by the independent 

variables and how much can be described by inherent variability (Uzielli, 2008). 
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Although uncertainty will be present in each parameter, only those parameters that have 

an impact on design performance should be considered as random variables, while the others can 

be treated deterministically. Parametric sensitivity analyses are used to determine the individual 

contribution made by each component of the parameter space as well as the compound impacts of 

two or more parameters. Such techniques allow each parameter to be ranked according to its level 

of importance and a subjective cut off applied to determine which parameters should be varied. 

While each technique will result in a slightly different ranking, those parameters that are 

consistently at the top can be treated as the most important and considered as random variables. 

Hamby (1994) provides an excellent summary of such analyses. 

7.4.3 Uncertainty in Brittle Parameters 

The DISL method uses several parameters obtained through laboratory testing to define 

the composite failure envelope and therefore the potential for spalling failure. These parameters 

include the UCS of the material as well as the strength ratio (UCS/σt) and the crack initiation ratio 

(CI/UCS). While UCS test procedures have been standardized, there is currently no single, 

established testing approach for measuring the CI threshold. Additionally, determining the 

correlation between these variables is not trivial given the imperfect field and laboratory testing 

methods available. This discussion is therefore offered as a guide for current analyses in brittle 

ground. As research continues to advance in this area, updated testing procedures should be used. 

7.4.3.1 Strength Thresholds 

In a brittle analysis, being able to accurately determine the crack initiation (CI), critical 

damage (CD) and ultimate (UCS) strengths is paramount to understanding the likelihood of 

spalling damage. While performing a second moment analysis for each parameter will provide an 

estimate of the mean value and quantify the uncertainty in the data set, possible sources of error 

during the measurement process must be considered. Even with the advent of standardized 
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testing, there are several steps during the preparation and measurement phase that can introduce 

errors into this assessment. These errors can either add a bias to the data (which shifts the mean, 

but has little impact on the variance) or an element of random error (does not necessarily affect 

the mean but impacts the variance). 

One such error can be attributed to the “quality” of the sample selection, preparation and 

testing stages. State-of-the-art laboratories (e.g. CANMET in Canada) typically have more 

advanced equipment, stringent quality control and quality assurance procedures and experience 

with testing, thus limiting the errors introduced during this process. Conversely, industry-grade 

(smaller scale) laboratories tend to have lower quality equipment and less rigorous testing 

procedures, both of which will introduce errors into this phase. An example of this quality error 

can be seen in Figure 7-2a, which shows CI and UCS values for individual samples of a medium-

grained metagranite from four different laboratories obtained using the same estimation method 

(strain gauge). Some laboratories show significantly more uncertainty in the resulting values than 

others. Notably, Lab 1 data has a significantly greater degree of uncertainty while Lab 4 data 

appears more precise. As the same sample was tested by both labs, this increase in total 

uncertainty is likely due to measurement error. 

Another source of error stems from the testing method used. While UCS testing 

procedures have been well established by the ISRM Suggested Method (Fairhurst & Hudson, 

1999), the process for measuring the crack damage thresholds is not as well defined. Two 

methods are currently used: the strain measurement method and the acoustic emission (AE) 

method (Ghazvinian et al., 2012). Both methods will produce slightly different results, resulting 

in an additional source of uncertainty for the analysis. This is illustrated in Figure 7-2b, which 

shows CI and UCS values obtained using by Lab 4 for the same metagranite using both the strain 

measurement and AE methods. Even with the high quality testing equipment used by Lab 4 a 
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difference in the mean CI value is evident for each testing method. Care must therefore be taken 

when selecting an appropriate method to minimize testing error. 

 

Figure 7-2 – (a) Uniaxial compressive and crack initiation strength strain gauge data from 

four different labs showing test error due to different lab testing procedures and 

equipment. (b) For a single “high quality” lab (Lab 4), test results are also shown from 

transducer (TD), strain gauge (SG) and acoustic emission (AE) tests to illustrate error due 

to test method (with data from Ghazvinian et al., 2012). 
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7.4.3.2 Strength Relationships 

Two relationships are present in the determination of spalling parameters using the DISL 

method: the crack initiation ratio (CI/UCS) and the strength ratio (UCS/σt). When considering 

variability in these parameters, it is important to understand both the uncertainty in the individual 

inputs as well as the correlations that exist. 

As shown in Figure 7-2, a strong correlation is typically observed between the crack 

initiation (CI) and UCS. As both of these parameters can be determined for a single test sample 

by using strain measurements or acoustic emission tests, there are a number of options available 

to quantify the relationship between them. The first is to quantify uncertainty in each parameter 

separately and determine the sample correlation coefficient (r) for the two parameters. The 

second option is to consider the crack initiation ratio as an independent variable by calculating a 

CI/UCS value for each test and determining the mean and standard deviation for the ratio through 

a second moment analysis. The mean value of this ratio will vary from 0.3 to 0.5 (Martin et al., 

1999) and typically has a small degree of uncertainty. The most appropriate method to use will be 

case specific and depends upon the nature of the uncertainty for UCS, as CI is much less sensitive 

to sampling damage and lab based errors. Where UCS is dominated by epistemic (knowledge-

based) uncertainty, CI and UCS should be analyzed separately and a correlation obtained between 

them. Where epistemic errors are minimized, there should be an expected relationship between CI 

and UCS and a crack initiation ratio can be used. 

The strength ratio is more difficult to determine. In many cases tensile strength tests are 

not performed at the exact same location as UCS tests, and even when they are, there may be a 

lack of correlation if the core heterogeneity is at the decimeter scale. As such, establishing a 

direct correlation between these two parameters at specific positions within the rockmass is 

difficult. A number of possible solutions exist to overcome this challenge. The first is to treat the 

UCS and σt as independent variables and determine the strength ratio by random sampling of all 
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possible combinations of UCS and σt observations. This results in an unreasonable range in the 

strength ratio as the maximum UCS values can be sampled with the minimum tensile strength 

values and vice versa. This is illustrated in Figure 7-3a where the predicted “upper” and “lower” 

bounds (extreme values) show an inverse relationship between the tensile and ultimate strengths. 

For uniform materials, this is not logical from a geomechanics perspective as the same factors 

that make such rocks strong in tension should make them strong in compression. Alternatively, 

upper and lower bounds can be established by using Griffith’s theory of microcrack initiation 

(Griffith, 1924) and its extension into three dimensions by Murrell (1962). These theories, which 

assume that macroscopic failure is identical to the initiation of cracking from the longest and 

most critically oriented crack, define a CI/σt ratio from 8 to 12 for brittle materials. This provides 

a direct correlation between UCS and σt that is a function of the crack initiation ratio, hence 

simplifying the equations in Table 7-1. The DISL curves using Griffith’s theory (Figure 7-3b) 

show a more logical progression from the lower to upper bounds, where both the tensile strength 

and the UCS of the rockmass increase. It is recommended that such theories be used to provide a 

correlation between the UCS and tensile strength for the purposes of developing suitable 

composite strength envelopes for brittle materials when using the DISL. 
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Figure 7-3 – Examples of mean and extreme composite strength envelopes in principal 

stress space (2-D) calculated as per the DISL method (Diederichs, 2007). The composite 

curve developed in (a) considers UCS and tensile strength as independent variables, while in 

(b) they are related using Griffith’s theory (CI/σt = 8). 
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7.5 Reliability-Based Approach for Support Design in Brittle Rock 

7.5.1 Performance Function 

Unlike deterministic analyses, reliability methods offer a more rational approach to 

quantify design risk for excavations in brittle materials. Rather than considering only a single set 

of representative input parameters, reliability methods incorporate uncertainty in the input 

parameters into the design process. From this, a probability of failure for the system can be 

established with respect to a specific failure mode, with “failure” defined as either the complete 

collapse of the structure (ultimate limit state, or ULS) or a loss of functionality (serviceability 

limit state, or SLS). 

To perform a reliability analysis, a performance function G(X) is used to define the 

acceptability criterion for the system (where X is the collection of random input variables). In 

simple cases where the resistances R(X) and the loads Q(X) acting on the system can be treated as 

independent random variables, this relationship can be written as: 

                      (7.3) 

In geotechnical projects, these loads and resistances can rarely be defined independently 

as the ground response is dependent upon the support type and sequence of installation. As such, 

the acceptability criterion is typically defined with respect to a limiting value for a material 

response parameter of interest. As an example, if the system were defined with respect to a 

limiting Factor of Safety (FSmin), the performance function would be written as: 

                        (7.4) 

where f(X)FS is a distribution function for the Factor of Safety based on the collection of 

random input variables X (i.e. CI, UCS etc…). When considering a single sample of input 

parameters, stable conditions are anticipated when G(X) > 0, while G(X) < 0 implies the design 

has failed to meet the prescribed acceptability criteria. The surface created by G(X) = 0 is referred 

to as the critical limit state and defines the boundary between these conditions. 
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For an analysis in brittle ground, the critical limit state will typically be defined by either 

a limiting depth of spalling damage or a maximum bolt load, as defined by the bolt capacity from 

technical specifications. Where the inputs are considered to be random variables, G(X) is also a 

random variable. As such, the system performance can be assessed by calculating the probability 

of failure (pf), which is used herein to refer to the probability of exceeding a prescribed limit state. 

This is defined as the probability that G(X) < 0, as shown in the following equation: 

             ∫             
 

  
     (7.5) 

where f(X) is the joint probability density function for the collection of random variables, 

X. The other measure of system performance is the reliability index (β), which represents the 

normalized distance (with respect to standard deviation) between the mean value of the 

performance function and the critical limit state. In the case where the performance function can 

be approximated using a normal distribution, the following equation is can be used: 

                         (7.6) 

where Φ is the standard normal cumulative distribution function evaluated at 0 with a 

mean equal to the reliability index. While this equation is useful, it should be noted that it is a 

general estimate of the probability of failure only. The accuracy of this approximation is highly 

dependent upon the shape of the critical limit state surface and the assumed distribution of the 

performance function (e.g. normal, lognormal etc…). A graphical representation of the failure 

region for a two variable system can be seen in Figure 7-4.  

While Monte Carlo simulations can be used to determine the probability of failure 

directly, thousands of evaluations are typically required to obtain a suitable level of accuracy. 

This can result in significant computational requirements where problems are evaluated using 

numerical models. A discrete sampling approach such as the combined First Order Reliability 

Method (FORM) and Response Surface Method (RSM) can therefore be used to reduce the 

computational requirement while still providing sufficient accuracy. 
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Figure 7-4 – (a) Probability of failure (pf) for a system consisting of two variables. (b) Cross 

section through the multivariate distribution. 
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7.5.2 Response Surfaces 

When the performance function cannot be written explicitly, as is the case when 

numerical modelling is required to determine system behaviour, the Response Surface Method 

(RSM) can be used. The RSM, which is used extensively in civil engineering to assess the 

mechanical response of a structure, allows one to develop an approximate performance function 

G’(X) by relating the input and output parameters for a system by a simple mathematical 

expression. In doing so, the critical limit surface can be approximated at the point closest to the 

set of mean parameters, allowing an estimate of system reliability to be obtained. 

7.5.2.1 Adaptive Interpolation Technique 

One of the most common forms of the RSM is the adaptive interpolation technique, 

which was proposed by Bucher & Bourgund (1990) and discussed further in Rajashekhar & 

Ellingwood (1993). In this case, the exact limit state function G(X) is approximated by a 

polynomial function G’(X). This polynomial function, which has been shown to be valid for use 

in gravity driven problems (Tandjiria et al., 2000; Massih & Soubra, 2008; Sayed et al., 2010), is 

defined as follows: 

        ∑     
 
    ∑     

  
         (7.7) 

where Xi refers to the n random variables and ai, bi and c are coefficients that must be 

determined. To standardize the problem, all input random variables are transformed into standard 

normal space (centred about the mean and normalized with respect to standard deviation) using 

an appropriate transformation function. To evaluate the number of unknowns in the quadratic 

equation, 2n + 1 evaluations are required. For the RSM, these points are typically selected at the 

mean values for all variables as well as at µ ± hσ for each parameter, where µ and σ are the 

vectors of the mean and standard deviations of the random variables X and h is an arbitrary factor. 

Parameters are varied one at a time, with the other parameters maintained at their mean value. For 

civil engineering applications, a value of h = 2 or 3 is often used (Rajashekhar & Ellingwood, 
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1993), however this is because the probability of failure is quite low in most structural systems, 

and therefore the reliability index is located a significant distance from the mean value. In 

geotechnical systems, where the probability of failure is often higher, a lower value of h = 1 

should be used. This number can be changed for successive iterations. 

Once the output parameter of interest (e.g. depth of spalling, displacements) has been 

determined for each sampling point using numerical models, the approximate limit state function 

can be established by solving for the coefficients in Eq. (7.7). The First Order Reliability Method 

(FORM) is then used to calculate the reliability index (β). The components of the FORM are 

shown graphically in Figure 7-5. In this figure, the reliability index is represented by the co-

directional axis ratio of the smallest ellipse that just touches the limit state surface to the unit 

dispersion ellipse. This is defined by Hasofer & Lind (1974) as: 

          √                    (7.8) 

where μ is the vector of mean values of random variables, C is the correlation matrix and 

F defines the failure region of G(X) < 0. In addition to returning the reliability index, the point 

where the β ellipse touches the limit state surface is also calculated. This is called the “design 

point” and represents the most likely failure point for the system.  

Solving for the minimum β ellipse that is tangent to the limit state surface can be done 

iteratively using mathematical software such as MATLAB or MATHCAD. One such method is 

summarized in Low & Tang (1997, 2007), which advocates for the use of a solving program 

(such as the SOLVER add-in for Microsoft Excel) to determine the minimum distance from the 

mean point to the critical limit state. Such a process must be used carefully however, as solving 

algorithms can have difficulty differentiating a local minimum from the global minimum, which 

could lead to an overestimation of the reliability index and therefore an underestimation of the 

probability of failure. 
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Figure 7-5 – FORM analysis showing the design point, mean point and reliability index in 

plane (modified after Low & Tang, 1997). 

 

This approach is shown for a two variable system in Figure 7-6. As is seen in the figure, 

the first estimate of the approximate limit surface is not close enough to the actual critical limit 

surface at the design point. To ensure sufficient accuracy, the approximation G’(X) is refined 

through an iterative solution process. After the reliability index and design point are determined, a 

new centre point (Xm) that is chosen on a straight line from the mean vector X to the design point 

(XD) so that G’(X) = 0 from linear interpolation: 

           
     

            
      (7.9) 

This strategy guarantees that the new center point will be sufficiently close to the 

expected limit state G’(X) = 0. 
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Figure 7-6 – Combined Response Surface Method (RSM) and First Order Reliability 

Method (FORM) for a system consisting of two random variables. (a) and (b) show two 

successive iterations based on the adaptive interpolation technique. 
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Once Xm has been determined, a new set of 2n sample points are selected around this 

point and those models are evaluated. A new approximate limit surface G’(X) is then developed 

by solving for a new set of coefficients in Eq. (7.7). A new reliability index and design point are 

then found using FORM. This process continues until the change in the reliability index between 

iterations is less than a set tolerance or a maximum number of iterations are reached. Once the 

final reliability index has been determined, the probability of failure (pf) can be approximated 

using Eq. (7.6). 

It is important to note that the approximate limit state is only meant to mimic the actual 

limit surface around the design point, as shown in Figure 7-6. As such, only the critical design 

point is determined accurately and the rest of the actual limit state is not considered.  

7.5.2.2 Issues to Consider 

Although the adaptive interpolation technique can be used for correlated and non-normal 

input variables and is also suitable for any linear limit state surface, it is not without limitations. 

One such limitation is the number of evaluations required. While 2n + 1 sample points 

are initially needed, this is only for a single iteration and a single critical limit surface (e.g. 

maximum spalling depth of 2.0 m). While a single limiting value may be known in the final 

design stage, in the early stages the engineer is interested in how pf changes over a range of 

limiting values so an optimum design parameter can be selected. As such, for L limiting values 

and W iterations, the total number of evaluations would actually be LW(2n + 1). This means 200 

evaluations would be required for a two variable system where 10 different limiting values are 

being considered and four iterations are needed for each. The adaptive interpolation technique can 

therefore have a high computational requirement in the early stages of design, when the focus is 

on determining how the performance changes over different limiting surfaces. 

Further, only the design point closest to the mean is considered in this method, while all 

design points within three standard deviations from the mean value (99.7% of data for a normally 
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distributed function) will have an impact on the probability of failure. While these are suitable 

assumptions in structural engineering, where the probability of failure is minimal and the design 

point is far from the mean, this will not always be the case in geotechnical engineering where 

factors of safety typically range from 1.0 to 2.0. As shown in Figure 7-7, there are a number of 

different cases where multiple design points have similar distances from the mean and will 

therefore have a significant impact on the probability of failure for the system. 

 

 

Figure 7-7 – Performance functions with multiple regions contributing to the failure 

probability and therefore multiple design points that must be considered. (a) shows a 

discontinuous failure mechanism, while (b) shows a thrust-bending moment (N-T) support 

capacity diagram for a liner element. 

 

To overcome these issues, Gupta & Manohar (2004) propose a modified RSM approach 

that locates multiple design points, thus allowing the user to develop a function that adequately 

represents the critical limit surface across the credible input range. While such an approach will 

find a greater number of critical design points a significant increase in the number of sample 

points are required, which can lead to an increased computational requirement. If multiple 

limiting values must be considered, the number of evaluations will increase substantially. 
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7.5.2.3 New Approach: Global Response Surface Method (GRSM) 

For the preliminary design phase, an approach is needed that allows the engineer to 

evaluate the probability of failure for a number of limiting values and also provides an improved 

estimate of the probability of failure. To accomplish this, a Global Response Surface Method 

(GRSM) has been proposed. This approach uses the principle of response surfaces to develop a 

global surface that relates the input variables over their credible range to the output parameter of 

interest. The equation of the global surface can then be used to develop a series of response 

surfaces based on different limiting values (e.g. limiting depth of spalling damage of 0.5, 1.0 and 

1.5 m), which represent the contours of the global surface. The probability of failure can then be 

calculated quickly and easily over a range of possible limit surfaces by simply randomly sampling 

the multivariate input distribution and dividing the number of points with a value that exceeds the 

limiting value by the total number of points. An example of this concept is shown in Figure 7-8. 

Unlike the adaptive interpolation technique, which uses a quadratic equation to 

approximate a single limit state surface at the design point only, the GRSM relates all possible 

input variables to the output parameter of interest. To ensure an appropriate global surface is 

selected, additional sampling points are required. The central composite design approach can be 

used, which evaluates the mean, axial and corner points (Figure 7-9). As a result, the total number 

of sampling points would be 1 + 2n + 2
n
. In simple cases, the points can be selected one standard 

deviation from the mean (h = 1). For more complex problems, multiple sets of points may be 

required at different distances from the mean (e.g. h = 0.5, 1.0 and 1.5) to ensure the behaviour 

across the parameter space is approximated accurately. It is further recommended that only two 

variables be used initially so the general shape of the global surface can be visually estimated by 

creating a three-dimensional plot of the data (standard normal input variables on the x-y axes, 

output variable on the z axis, as shown in Figure 7-8). Once the general form of the equation has 

been developed, fitting algorithms can be used to accurately determine the equation coefficients. 
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Figure 7-8 – Global response surface in standard normal space for a two variable system 

that relates UCS and in situ stress ratio K (x-y axes) to the depth of spalling damage (z axis). 

Black dots represent data points from finite element models. 

 

 

Figure 7-9 – Sampling points and their coordinates for the central composite design 

approach for a two variable system (h = 1). 
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The GRSM has several potential advantages over the traditional adaptive interpolation 

technique. First, an infinite number of critical surfaces can be analyzed from a single global 

surface, making it an ideal model for use during the preliminary design phase. Since a new set of 

iterations are needed for each critical surface when using the traditional adaptive interpolation 

technique, fewer evaluations will be required by using the GRSM when a large number of 

surfaces are considered. Additionally, a more accurate measure of system performance can be 

achieved. While the FORM will still be used to determine the reliability index, the probability of 

failure can be directly calculated for the GRSM approach by using a Monte Carlo sampling 

technique. From this, each set of randomly generated input parameters will either plot on the 

“stable” or “failed” side of the limit surface, meaning the probability of failure can simply be 

calculated by dividing the number of failed points by the total number of points sampled. 

One disadvantage to the GRSM is that the global surface will never be a perfect fit to the 

data due to model uncertainty and natural variability in the relationship between the inputs and 

outputs. As a result, a general estimation error will be introduced at all points. It is believed that 

this error will be small for an appropriately selected surface, however, and will likely be less than 

the error introduced when using Eq. (7.6) to determine the probability of failure from the 

reliability index (as with the adaptive interpolation technique). Once a design parameter has been 

selected using the GRSM, other reliability methods can be used to further refine the estimate of 

probability of failure to ensure it is sufficiently accurate. 

7.5.3 Proposed Approach 

Based on the spalling theory and the reliability concepts presented, a design approach can 

be defined for a general reliability analysis for brittle materials: 

Step 1: Develop a performance function by defining the acceptability criteria. For a 

brittle assessment, this definition will typically involve a limiting depth of failure, displacement 

or bolt load. Often a combination of these response parameters will need to be considered. 
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Step 2: Calculate the statistical moments for all input parameters and determine 

which should be treated as random variables for the analysis. Statistical moments should be 

determined from corrected field and laboratory test data, however historical information and back 

calculated values can be used where other data are not available. The mean, standard deviation 

and credible extreme values should be determined for each variable. Griffith’s or Murrell’s theory 

can be used to provide an explicit correlation between the UCS and σt. For the crack initiation 

ratio, the correlation between CI and UCS depends upon the nature of the uncertainty. 

Theoretically, crack initiation should be correlated to UCS with respect to aleatory uncertainty 

(natural variability), however UCS is more sensitive to testing errors than CI. In cases where 

epistemic uncertainty has been minimized, a direct relationship between CI and UCS can be 

developed by treating the crack initiation ratio as an independent variable. After the relevant 

relationships have been determined, a parametric sensitivity analysis should be performed to 

determine which variables have design significance, and should be treated as random variables. 

Step 3: Determine the values of random variables at each sampling point. For a 

global response surface assessment, the central composite design approach is recommended, 

which requires a minimum of 1+ 2n + 2
n
 sample points. It is recommended that points be selected 

at a distance of one standard deviation from the mean (h = 1), however more points may be 

required depending on the complexity of the system. 

Step 4: Evaluate the problem at each sampling point using computer models. Given 

the complexity of the rockmass and support interactions, computer models are required to 

determine the depth of spalling failure, convergence values and bolt loads at each sampling point. 

Finite element and finite difference models are typically used, however discrete element or hybrid 

models may be required for complex failure mechanisms such as spalling that is influenced by 

structure. 



 

 

 

269 

Step 5: Develop a global response surface for the output data. Using the new GRSM 

approach, an equation must be developed that relates the standard normal input variables over 

their credible range to the output parameter of interest. It is suggested that no more than two 

variables be used for the first analysis so the data can be plotted on a three-dimensional plot, 

allowing the user to visually determine the general form of the equation. Fitting algorithms can 

then be used to determine the equation coefficients. 

Step 6: Calculate the system performance (β and pf) for the system. A Monte Carlo 

sampling method is recommended for the determination of the probability of failure, while the 

minimum reliability index can be determined using an iterative method that finds the smallest β 

ellipse that is tangent to the capacity curve (FORM approach). 

7.6 Case Study: Deep Geologic Repository 

To demonstrate the effectiveness of this new approach, a reliability analysis has been 

performed on a preliminary design option for the waste emplacement rooms at the proposed deep 

geologic repository for low and intermediate level nuclear waste to be located in Canada. All data 

presented in this case study were taken from publically available information found within the 

Descriptive Geosphere Site Model (DGSM) prepared by Intera Engineering Limited (Intera, 

2011), the Geosynthesis Report prepared by the Nuclear Waste Management Organization 

(NWMO, 2011) and the Preliminary Design Report (PDR) prepared by Hatch (Hatch, 2010). 

The DISL method combined with Griffith’s theory of microcrack initiation was used to 

determine the generalized Hoek-Brown peak and residual parameters for analysis. The GRSM 

was then used to predict the depth of spalling damage, tunnel convergence and bolt loads. The 

reliability index was determined using the FORM while the probability of bolt failure was 

calculated using a Monte Carlo sampling approach. The “probability of failure” in this case study 

is represented as a probability of exceedance for a specific criterion (e.g. maximum depth of 

spalling damage or maximum bolt load). 
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7.6.1 Project Background 

The Nuclear Waste Management Organization (NWMO), on behalf of Ontario Power 

Generation (OPG), is currently seeking approval to construct a Deep Geologic Repository (DGR) 

at the Bruce nuclear site near the town of Tiverton in Ontario, Canada along the Michigan Basin 

(Figure 7-10a-c). The facility will be constructed at a depth of approximately 680 metres below 

ground surface (mbgs) and will permit the safe disposal of low and intermediate level nuclear 

waste produced at Ontario nuclear generating stations. 

 

Figure 7-10 – (a) Location of Bruce nuclear site and major geological features. (b) Artist’s 

conception of repository layout and internal configuration. (c) Geological cross-section 

through the Michigan Basin. (d) Core photo showing limestone of the Cobourg Formation 

Lower Member (modified after NWMO, 2011). 
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According to the preliminary design report (Hatch, 2010), the waste will be emplaced in a 

series of 8.6 m wide, 7.0 m high emplacement rooms excavated in limestone of the Cobourg 

Formation (henceforth referred to as “Cobourg limestone”), which is described as a very fine- to 

coarse-grained bluish-grey to grey-brown argillaceous limestone, locally divided by thin shaley 

interbeds (Figure 7-10d). It is possible that widely spaced sub-vertical fractures could be present 

within the rockmass, however these are considered to have little impact on failure around the 

excavations. Based on this description and the consistent quality of the rockmass throughout the 

various boreholes, the Cobourg limestone can be classified as a massive rock with very good 

surface conditions, resulting in an expected GSI value of approximately 90. 

At the excavation level, the fluid in the rockmass is believed to be saline and therefore 

poses a corrosion risk. In order to meet the 100-year operational life requirement, triple corrosion 

protection CT bolts are being considered for this analysis (VIKØrsta, 2012). Two types of CT 

bolts were examined: the CT-M20 with a yield load of 140 kN and an ultimate load of 170 kN, 

and the CT-M22 with a yield load of 230 kN and an ultimate load of 290 kN. No displacement 

failure criterion has been specified for the CT bolts, however a maximum displacement of 2 cm is 

assumed. For the purposes of this analysis, bolts will be installed on 1.5 m centres and will be 

grouted along 100% of their length. 

7.6.2 Data Analysis 

Extensive, high quality testing was performed on this material for the purposes of 

geomechanical characterization. Given the care taken with respect to the core logging and sample 

preparation process as well as the high quality equipment and rigorous quality assurance 

procedures used by the testing laboratory, testing errors are believed to be small. 

For this analysis, data from boreholes DGR-1 to DGR-4 has been considered. This 

includes 34 uniaxial compression tests where CI was determined using the strain-based approach 

(strain was measured using transducers) and 9 Brazilian tensile strength tests. In the case of the 
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UCS tests, 34 tests are sufficient to provide an estimate of the sample mean UCS value within 5% 

of the population mean based on Ruffolo & Shakoor (2009). The statistical moments for each 

variable were determined through histogram and regression analyses and are shown in Table 7-3. 

All variables were found to have a normal distribution. The correlation coefficient (r) between CI 

and UCS was found to be 0.89, indicating a strong, positive correlation between these two 

variables. The crack initiation ratio was also calculated at each sampling point, as shown in Table 

7-3. Given the high quality of the data and the number of tests performed, the CI ratio was 

considered to be an independent variable for this analysis. A Griffith’s Strength Ratio (RG) was 

also calculated by using the relationship CI/σt = 8 determine a σt value for each UCS observation, 

and then subsequently calculating the ratio of compressive to tensile strength. 

Table 7-3 – Mean (μ), standard deviation (σ) and credible range for the intact limestone 

parameters. 

Parameter µ σ Min Max Units 

In Plane Stress Ratio (K) 1.50 0.20 1.10 1.90 (-) 

UCS 110 20 76 141 MPa 

Crack Initiation Ratio 40.3% 2.2% 36.0% 46.0% (-) 

Griffith’s Strength Ratio (RG) 19.3 1.0 15.5 22.2 (-) 

Intact Young’s Modulus (Ei) 37.9 7.3 26.5 53.4 GPa 

Poisson’s Ratio (ν) 0.31 - - - (-) 

 

For the purposes of this study, the emplacement rooms are considered to be oriented 

parallel to the major principal stress direction (Hatch, 2010). Given the difficulty in obtaining 

accurate in situ stress measurements, the in plane stress ratio (K) at depth has been estimated 

through the examination of borehole data and stress reconstruction modeling (NWMO, 2011) and 

is expected to range from 1.0 to 2.0. As such, this was represented by a normal distribution with a 

mean of 1.5 and a standard deviation of 0.2. The out of plane stress ratio (along the length of the 

emplacement rooms) has an expected value of 1.1 (Intera, 2011). 
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7.6.3 Expected Behaviour 

Using the distribution of Griffith’s strength ratio in Table 7-3 and assuming a mean GSI 

value of 90 for the Cobourg limestone with a standard deviation of 2, the spalling likelihood was 

evaluated for the limestone using the approach outlined in Table 2-2. Through this, it was 

estimated that 100% of the parameter space should be evaluated using the DISL method. While 

swelling can be enhanced by brittle failure (Kaiser & Kim, 2008) this is unlikely in the Cobourg 

limestone given the low hydraulic conductivity, swell potential and highly saline pore water. 

Bedding is present in the Cobourg limestone, although not as discrete breaks. The 

Cobourg has wisps of shale-like material within the limestone matrix. These layers are not sharp 

or discrete although they line up with the bedding planes. Some analyses have included these 

planes as potential shear and tensile weakness planes (NWMO, 2011). These planes are not 

considered in this demonstration analysis as they add significant complexity. 

Hoek-Brown spalling parameters were determined for each evaluation point according to 

the DISL method and the distributions in Table 7-3. The Hoek-Brown m (residual) parameter was 

represented as a random variable with a triangular distribution from 6 to 10 and a mean value of 

8. The mean and upper/lower bounds for the Hoek-Brown curves are shown in Figure 7-3b. 

7.6.4 Finite Element Analysis 

This analysis was completed using the finite element program ‘Phase2’, developed by 

Rocscience Incorporated (www.rocscience.com). Given the symmetry of the room design, the 

model was centred about a single room with the edges of the model through the centre of the 

adjacent rooms to reduce computational requirements.  

The analysis was carried out in three stages (Figure 7-11). In the first stage, the self-

weight of the rockmass is applied and an equivalent field stress is applied to the top of the model 

to simulate loading from the column of rock above. In the second stage, the central room is 

excavated and support is installed. In the third stage, the adjacent two rooms are excavated and 
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supported. The finite element mesh used for the analysis consists of 21,000 nodes and 41,700 3-

noded triangular elements. A maximum of 500 iterations was used for each load step. 

Elastic bolt elements were used with a pre-tension load of 100 kN. The bolts were 

arranged on a 1.5 m x 1.5 m pattern according to the preliminary design recommendations by 

Hatch (2010). For this analysis, failure along any portion of the bolt was believed to compromise 

the corrosion protection and lead to bolt failure over the design life. As such, only the maximum 

bolt load along the bolt length was considered. 

When assessing the depth of fracture damage for the finite element models, two zones are 

categorized on the basis of crack initiation theory. The first is a zone of “spalled” material (Figure 

7-12), which is defined as a region enclosed by significantly elevated shear strain and yielded 

elements. The rock in this zone has failed in the low confinement region of Figure 7-1, and 

therefore there is a loss of strength when transitioning from the peak strength curve to the residual 

(according to the equations in Table 7-1). This loss in strength results in elevated shear strains in 

this region. This failed material poses a risk to the construction phase of the project. Extending 

beyond this zone is the “damaged” zone, which is an area where the rock has yielded in the 

higher confinement zone associated with the long term strength of the material. As such, there is a 

strength increase after yield meaning strains are not elevated. This material will be held in place 

by the confining stresses over the design life (short term) of the project. As such, the spalled 

depth was considered to be the failure depth for this analysis. 
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Figure 7-11 – Excavation and support sequence used in FEM model. 
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Figure 7-12 – Model output showing shear strain contours in the roof of the excavation. The 

spalled zone is identified by yielded elements with elevated shear strain indicating failure in 

low confinement. 

 

7.6.5 Reliability Approach 

7.6.5.1 Sensitivity Analysis 

A sensitivity analysis was used to determine which parameters should be treated as 

random variables. Given that spalling will be the dominant failure mechanism, the UCS, in plane 

stress ratio (K), crack initiation ratio (CI/UCS) and mres were selected for this study. By selecting 

the crack initiation as a random variable, this captures the inherent correlation between UCS and 

CI while also addressing the fact that the CI/UCS ratio will be slightly variable. All random 

variables were assumed to follow a normal distribution. All other parameters were treated 

deterministically and their expected (mean) values were used. 

The sensitivity index (SI) was used to assess the relative importance of each random 

variable. This simple indicator provides a good indication of parameter and model variability 

(Hamby, 1994). The SI is calculated by changing one random variable at a time over a fixed 

number of standard deviations (typically 3σ) from the mean and determining the percent change 

in the material response parameter of interest. In this case, the parameter of interest was the 
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tunnel displacement calculated at the centre of the roof, floor and walls (Figure 7-13). As spalling 

failure will be symmetric, and should therefore occur on both sides of the excavation, only the 

maximum displacement between both walls was considered. As can be seen, while all four 

variables have an impact on the behaviour of the unsupported tunnel over their credible ranges, 

the two most important variables in this analysis are the UCS and the in plane stress ratio (K). As 

such, only these two parameters were considered as random variables for the subsequent analysis. 

 

Figure 7-13 – Sensitivity index (SI) values for four random variables at three locations 

around the unsupported tunnel. Note that the SI is calculated for each random variable by 

evaluating the change in output over 1.5 standard deviations on either side of the mean. 

 

7.6.5.2 Unsupported Assessment 

For the unsupported case, both the adaptive interpolation RSM and the GRSM were used 

to assess the spalling depth and displacements around the excavation. The results of these 

analyses were compared to a Monte Carlo assessment to determine the accuracy of each method. 
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For the RSM and GRSM analyses, the performance function was defined for each response 

parameter of interest according to Eq. (7.4). In the case of spalling failure, the performance 

function was defined as follows: 

                        (7.10) 

where Dmax is the serviceability limit that defines the maximum depth of spalling damage 

that is permitted and fD(X) is an expression of the depth of damage as a function of the input 

variables. A similar performance function was developed for the maximum displacements as well 

as the maximum allowable axial load for each bolt. 

For the RSM analysis, the traditional adaptive interpolation technique was employed and 

a quadratic equation was used to relate the input parameters to the material response parameter of 

interest. For the GRSM analysis, the central composite design approach was used to ensure an 

appropriate surface was selected. Evaluation points were selected at h = 0.25, 0.50, 0.75, 1.00, 

1.25 and 1.50 standard deviations from the mean. The extreme conditions for each of the two 

variables (credible maximum and minimum) were also considered resulting in 1+7(2x2+2
2
) or 57 

total evaluations. This ensures that the parameter space was appropriately represented. Through 

this analysis, it was found that a combined arctan and quadratic equation were appropriate to 

relate the input parameters to the depth of spalling, while a quadratic equation was most 

appropriate for the displacements around the excavation. An example of these two surfaces can 

be seen in Figure 7-14. 

The results of the spalling damage analysis are shown in Figure 7-15 for the roof and wall 

of the excavation. From this plot, it can be seen that as the maximum depth of damage (Dmax) 

increases, the likelihood that the actual damage will exceed that depth decreases. 
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Figure 7-14 – Best fit global response surfaces in standard normal space for roof spalling 

damage (a) and displacement (b). Black dots represent data points that the surface was 

fitted to. 
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Figure 7-15 – Probability of exceedance plot for maximum spalling depth in both the roof 

(a) and wall (b) of the excavation. Results are for the unsupported case using the RSM, 

GRSM and Monte Carlo (MC) approaches. 
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From Figure 7-14 and Figure 7-15, it is noted that a change in behaviour occurs, which 

results in an abrupt shift from no damage to a minimum damage value. This is due to the fact that 

when spalling initiates, there is a minimum amount of damage that is expected to occur that is 

defined by the excavation geometry. In this case, a minimum of 1.8 m of damage is expected in 

the roof. The probability of a depth of damage greater than 1.8 m then gradually decreases until it 

reaches negligible levels (< 1%) at 3.5 m. This value represents the maximum amount of damage 

that is expected to occur over the credible range of input parameters. Another way to express 

these results is to state that there is a 35% chance that no damage will occur and a 65% chance 

that some damage will occur, with the depth of damage ranging from 1.8 to 3.5 m. A similar trend 

is observed in the wall of the excavation, where there an 8% chance that damage will occur and 

that the depth of damage will range from 1.0 to 2.2 m. This demonstrates unlike squeezing 

behaviour in poor quality rockmasses, palling damage is not a continuous process. Instead, it will 

initiate at some combination of input parameters and “jump” to a minimum depth of damage as 

defined by the excavation geometry. As parameters continue to worsen, the depth of spalling 

damage will increase in a continuous fashion until it reaches a maximum value. It is believed that 

rounded excavations (circular or horseshoe) will have smaller minimum depths of spalling 

damage, while larger values will be observed for square and rectangular excavations. 

Understanding the probability of different depths of damage allows the engineer to select 

a design depth of damage based on a certain confidence level. As an example, assume that the 

geologic repository was to be sealed at the end of the design life by the use of a low permeability 

plug. To ensure proper containment of radionuclides, the plug may be designed to extend into the 

rockmass to cover 99% of the expected depth of spalling damage. Using the results of the 

reliability assessment, the plug would need to extend 2.0 m and 3.0 m into the wall and roof of 

the excavation, respectively. Such information is extremely important as it allows the engineer to 

not only consider the performance of the expected case, but also overall design confidence. 
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With respect to the reliability methods used, it is clear that the GRSM only deviates 

slightly from the Monte Carlo assessment, with an average error of less than 2%. The RSM shows 

a similar deviation for spalling damage in the roof, with an average error of less than 1% with 

respect to the Monte Carlo results. Significant errors are noted for the RSM assessment of 

spalling failure in the wall, however. This is likely due to the fact that spalling damage only 

occurred for a small subset of the possible parameter combinations, posing an issue for 

convergence. Similar convergence issues were noted in the roof assessment, however with 

additional iterations, the RSM was able to find the correct design point. It should also be noted 

that only 57 evaluations were required for the GRSM analysis, compared to 256 for the Monte 

Carlo analysis. As such, it is clear that the GRSM provides results in agreement with those 

obtained using the Monte Carlo approach over the range of credible. The GRSM also had fewer 

issues with convergence with respect to the discontinuous spalling behaviour  when compared to 

the RSM approach due to the selection of an appropriate global response surface shape. 

7.6.5.3 Support Assessment 

As rockbolts will be used as the primary support system for the excavation, a suitable bolt 

length must be selected that balances effectiveness (whether or not the bolt extends beyond the 

damage depth) and cost (longer bolts are more expensive). Using the results in Figure 7-15, a cost 

benefit analysis that minimized both the probability of failure and the support cost was used to 

select an appropriate bolt length. In this case, a bolt length of 3.5 m was selected, which is 

assumed to exceed the maximum depth of spalling damage for nearly all expected cases (>99%). 

With an optimal bolt length selected, the bolt performance was evaluated using the 

GRSM. It was determined that the most appropriate global surface for axial load was also a 

combined arctan and quadratic equation (same as for spalling damage). The results of the 

displacement and bolt load assessment are presented in Figure 7-16. From these plots, it is clear 

that the GRSM results only deviate slightly from those obtained using a Monte Carlo approach. 
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Figure 7-16 – Probability of exceedance plot for expected maximum displacement in the 

roof (a) and the maximum axial load for roof bolts (b). Results are for the supported case 

using the GRSM and Monte Carlo (MC) approaches. 
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While the GRSM slightly underestimates the probability of exceedance for the 

displacement case, the range of displacements is sufficiently small that the error does not have an 

impact on system performance. 

As previously mentioned, the criteria for bolt performance was dependent upon two 

conditions: displacements less than 2 cm and a maximum axial bolt load that does not exceed the 

ultimate strength of either the CT-M20 or CT-M22 bolts. Based on these acceptability criteria, 

little risk of failure is assumed for the wall and corner bolts. Small displacements (< 1 cm) are 

noted and axial loads do not exceed 140 kN, meaning a negligible probability of failure is 

expected for the bolts in these areas. Conversely, significant axial loads were noted for the roof 

bolts, as shown in Figure 7-16. This is due to the increased gravitational load on the roof bolts as 

a result of buckling and separation of blocks. While the maximum displacement criterion is not 

likely to be exceeded in the roof, there is a reasonable probability that the axial load criterion will 

be. According to the bolt specifications and Figure 7-16b, a 27% probability exists that the axial 

load will exceed the capacity of the CT-M20 bolt, while a negligible probability exists for the 

CT-M22 bolt. Based on these results, the CT-M22 bolt seems more appropriate for this case. 

7.6.5.4 Effect of Dilation 

In the previous analysis, it was assumed that no post-yield volumetric expansion occurred 

within the rockmass. While this is often assumed for simplicity, dilation can have a significant 

impact on excavation response and bolt performance and should therefore be considered, 

especially in brittle rockmasses. 

To determine the effect of dilation on the excavation response and bolt performance, an 

additional analysis with a non-zero, constant dilation parameter was performed. A typical value 

for this parameter is equal to mres/8, where mres is the value specified in the yield function for 

residual strength, while the maximum recommended dilation parameter for the Hoek-Brown 

formulation is mres/4 (Diederichs, 2007). A dilation parameter of mres/4 = 2 was selected for this 
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analysis to assess the maximum expected impact of post-yield volumetric expansion. As the 

dilation angle was not considered to be a random variable for this study, the results of this 

analysis would be treated and examined separately from the previous assessment. 

The results of the GRSM analyses for roof damage and displacements are shown in 

Figure 7-17 for dilation angles equal to 0 and 2. While the probability of damage occurring in the 

unsupported and supported case remained approximately the same when dilation was considered, 

the size of the spalled zone decreased significantly, with a reduction in the maximum depth of 

damage from 3.5 m to 2.4 m. Conversely, the displacements around the excavation increased, 

nearly doubling when dilation was considered. This is to be expected as post-peak volumetric 

expansion within the rockmass will internally confine and thereby retard the growth of the yield 

zone while increasing closure around the excavation. 

While these changes do not impact the selected bolt length (3.5 m is still considered to be 

a suitable design length given the depth of spalling damage around the excavation has decreased), 

they do have an impact on bolt sizing. The increase in displacement potential around the 

excavation places additional loads on the resisting bolts, thus increasing the probability of 

exceedance for a given maximum bolt load. This is shown in Figure 7-18 for the two sets of roof 

bolts. Based on this plot, for the maximum possible dilation angle of mres/4 and a 95% confidence 

level, the bolts would have to be designed to resist an axial load of 280 kN, which is slightly less 

than the ultimate capacity of the CT-M22 (Table 7-4). Where progressive bolt failure in the roof 

is a concern, additional bolts or higher capacity bolts may be needed to ensure an appropriate 

confidence level for this design option. 
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Figure 7-17 – Probability of exceedance plot for expected maximum spalling depth (a) and 

expected maximum displacement (b) in the roof of the excavation for the unsupported and 

supported cases, with and without dilation. 

 



 

 

 

287 

 

Figure 7-18 – Probability of exceedance plot for the maximum axial load in the roof bolts 

for cases with and without dilation. 

 

Table 7-4 – Expected probability of failure for two different CT bolts with and without 

dilation. 

CT-M20 CT-M22 

No Dilation Dilation No Dilation Dilation 

22% 43% 0% 4% 

 

It is important to note, as a significant practical limitation of this analysis, that a constant 

dilation parameter is used in Phase2. This means that the only influence of confinement on the 

flow rule is a result of the gentle curvature of the Hoek-Brown curve. In reality, confinement has 

a much more significant impact on post-peak volumetric expansion, although most current 

models are not able to represent this sensitivity (Alejano & Alonso, 2005). As such, the bolt loads 

and probabilities of exceedance determined through this analysis are assumed to be conservative. 

While the exact values are not certain, it is clear however that dilation has a substantial effect on 

both the excavation response and the bolt performance in this case. 
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7.7 Conclusions 

Spalling damage can pose significant risks to the service life of underground excavations 

in brittle rock. While deterministic analyses provide a basic understanding of the performance of 

these structures, reliability-based design methods provide a more rational approach to quantify 

spalling risk by incorporating uncertainty in the input variables and evaluating the probability of 

failure for the system. While these methods may appear complicated, they require little additional 

effort when compared to conventional design methods and can be logically applied to a variety of 

engineering problems. As a number of response surface methods exist, an appropriate method 

must be chosen that limits the number of sample points (and therefore evaluations) while not 

compromising the accuracy of the assessment. A global response surface method was proposed 

that provides information on how the probability of failure changes over a range of limiting 

surfaces, while not adding significantly to the number of evaluations required. This is a useful 

method during the pearly design stages when the engineer is interested in determining how the 

probability of failure changes over a number of limiting values. 

In this paper, a new reliability-based approach was presented that utilizes finite elements, 

direct reliability methods and a Monte Carlo sampling approach to assess design performance. 

The approach utilizes a Global Response Surface Method (GRSM), which allows the engineer to 

quickly and easily determine the change in probability of failure for a variety of critical limit 

surfaces. To demonstrate the value of this methodology, a preliminary design option for of the 

deep geologic repository for low and intermediate nuclear waste was reviewed. Appropriate 

Hoek-Brown spalling parameters were determined using a combination of the DISL method and 

Griffith’s theory of microcrack initiation. The depth of spalling damage, tunnel convergence and 

the performance of bolts around the excavation were assessed using the GRSM. It was shown that 

the proposed reliability approach provided accurate results with respect to a more rigorous Monte 

Carlo analysis. The results provided valuable information with regards to the depth of spalling 
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damage, the displacements around the excavation and the potential bolt load. Using the 

probability of exceedance for various maximum depths of spalling damage, an appropriate bolt 

length was selected to minimize the likelihood that the embedment length would be insufficient. 

The probabilities of exceedance were then determined for a range of maximum axial bolt loads 

based on technical specifications, allowing for a comparison between two bolt types to ensure an 

appropriate support system was selected that minimized the likelihood of failure. It was further 

confirmed that dilation has a substantial impact on support performance, highlighting the need for 

accurate estimates of the dilation parameter. 
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Chapter 8 

Evaluating Support Performance at the Driskos Tunnel using a 

Quantitative Risk Approach
4
 

8.1 Abstract 

With the scale and cost of geotechnical engineering projects increasing rapidly over the 

past few decades, there is a clear need for the careful consideration of calculated risks in design. 

While risk is typically dealt with subjectively through the use of conservative design parameters, 

with the advent of reliability-based methods, this no longer needs to be the case. Instead, a 

quantitative risk approach can be considered that incorporates uncertainty in ground conditions 

directly into the design process to determine the variable ground response and support loads. This 

allows for the optimization of support on the basis of both worker safety and economic risk. This 

paper presents the application of such an approach for the design of the initial lining system along 

a section of the Driskos twin tunnel as part of the Egnatia Odos highway in northern Greece. 

Along this section of tunnel, weak rockmasses were encountered as well as high in situ stress 

conditions, which led to excessive deformations and failure of the temporary support. Monitoring 

data was used to validate the rockmass parameters selected in this area and a risk approach was 

used to determine the most appropriate support category with respect to the cost of installation 

and expected cost of failure. Different construction sequences were also considered in the context 

of both convenience and risk cost. 

 

                                                      

4
 This chapter will be submitted to an international journal with the following citation: 

Langford, J.C., Vlachopoulos, N. & Diederichs, M.S. 2013. Evaluating support performance at the Driskos 

tunnel using a quantitative risk approach. Rock Mechanics and Rock Engineering. 
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8.2 Introduction 

Over the past two decades, there has been a substantial increase in the number of large-

scale tunnel and mining projects around the world. Many of these structures have been excavated 

in complex geological conditions, including highly variable and poor quality rockmasses under 

high stress conditions. Given the costs associated with the development of such structures, there 

is significant interest from industry in optimizing the temporary and final support systems. This is 

not a trivial task however, as there are no clearly defined rules of acceptability for support and 

lining design (Hoek, 2001). 

While empirical methods, closed form solutions and numerical analysis tools can assist 

with the selection of appropriate support systems, these approaches are typically used 

deterministically and only a single set of ground conditions are used. In reality, there is 

significant uncertainty associated with both rockmass and in situ stress parameters, which will 

have an impact on overall design performance. Such deterministic approaches deal with this 

uncertainty subjectively through the use of conservative design parameters. This typically results 

in the design of a heavier support class and more cautious excavation sequence that is believed to 

be capable of withstanding the range of possible loading conditions. While such conservative 

approaches have been successful in reducing the residual risk during construction, they provide 

limited information on the likelihood of potential hazards and can result in unnecessarily high 

construction costs. 

By utilizing a quantitative risk approach for underground design, the engineer is able to 

obtain a better understanding of the relative likelihood of different hazards that could be 

encountered during construction and can optimize the support system in terms of both safety and 

cost. To do so, the probability of failure and potential consequences for various design options 

must be quantified. To obtain an estimate of the probability of failure, uncertainty in ground 

conditions can be quantified using an appropriate uncertainty model. Reliability-based design 
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methods can then be used in conjunction with traditional design approaches in order to determine 

the variable ground response and support loads. The consequence of failure for each element can 

then be considered in the context of personal and economic risks. In the end, an optimum support 

option can be selected on the basis of both safety and cost. 

This paper presents a reliability-based, quantitative risk approach that can be used in the 

design of underground structures. To demonstrate the usefulness of such an approach, the 

performance of three different support categories were assessed for a section of the Driskos 

tunnel along the Egnatia Odos highway in Greece. This tunnel was excavated in a complex 

sequence of sandstone and siltstone layers (flysch) that experienced compressional deformations. 

Given the challenging geological conditions, excessive deformations and overstressing of the 

temporary support systems were experienced during excavation. The difficulties experienced and 

the scale of the project make the Driskos tunnel an excellent case study to illustrate the validity 

and benefits of a comprehensive risk-based design approach. 

For this study, a full analysis of intact and rockmass parameters was completed based on 

the flysch classification system proposed by Marinos & Hoek (2000). Support performance was 

then determined using the approach presented in Langford & Diederichs (2013), which combines 

finite element modelling with a modified point estimate method (PEM) to determine the 

uncertainty in liner loads. The optimum support category was then determined for each section in 

the case study area on the basis of economic risk. Finally, the merits of using a single support 

category versus several support categories over the tunnel section(s) are presented. 

8.3 Case Study: Driskos Twin Tunnel, Egnatia Odos Highway 

The Egnatia Odos Highway is a 670 km long construction project located in northern 

Greece that connects the European Union to the Balkans and the Middle East. The project 

consists of 76 twin tunnels raging in length from 800 m to 4600 m and over 1600 bridges. The 
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total cost of the project was approximately 6 billion euros, making it the most ambitious and 

expensive public project ever in modern Greece (Egnatia Odos S.A., 2012). 

The Driskos twin bore tunnel located within the Epirus region in the north-west corner of 

Greece (Figure 8-1). The tunnel alignment begins to the west at 6+124 (i.e. 6 km and 124 m in 

from the beginning of construction works in this region) and exits to the north-east at chainage 

10+727. Over the approximately 4.6 km total distance the tunnel crosses the Pindos mountain 

chain under a maximum overburden of 220 m. The excavations are horseshoe shaped with an 

internal diameter of 11 m and an average separation distance of approximately 13 m. The tunnel 

was constructed using conventional drill and blast sequential excavation. An observational design 

approach was used with a series of support categories based on the rockmass quality encountered. 

 

Figure 8-1 – Map showing the regional geology of Greece (including the “isopic” zones) as 

well as the location of the Driskos tunnel (modified after Doutsos et al., 2006). 
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8.3.1 Geological Environment 

The regional geology of Greece is described in terms of isopic zones and massifs of the 

Hellenides orogenic belt, most of which have been overthrusted over one another during the 

intense folding, thrusting, faulting and uplifting of the Alpine Mountain building period (Figure 

8-1). The Driskos Tunnel is located in the Ionian zone, which is adjacent to the more heavily 

sheared Pindos isopic unit (Vlachopoulos et al., 2013). The Ionian zone is characterized by Upper 

Eocene-Oligocene “flysch”, which is a term used to describe sediments that have been produced 

early in the mountain building process by the erosion of uprising and developing fold structures. 

The material is characterized by repeating sandstone and fine grained layers (siltstones, silty 

shales and clayey shales) that have experienced strong compressional deformations and, as a 

result, show signs of both folding and shearing. Despite the extreme heterogeneity, flysch tends to 

behave relatively isotropically as the weakened zones and failure planes are oriented randomly at 

the scale of the excavation (Hoek & Marinos, 2000a).  

The main lithological formations encountered during the excavation of the Driskos 

Tunnels are as follows (Egnatia Odos S.A. 2003): 

 Siltstones with thinly bedded Sandstones (<10 cm) (Si) 

 Thin to medium bedded alternations of Siltstones and Sandstones (SiSa) 

 Medium to thick-bedded Sandstones with interbeded Siltstones (SaSi) 

 Thick-bedded Sandstones with alternations of thin bedded Siltstones (Sa) 

 Conglomerates (Fc/SiSa) 

 

Based on the site investigation, a longitudinal section was prepared that details the major 

rock units and topography along the tunnel length (Figure 8-2). The alignment was subsequently 

divided into 14 sections in Vlachopoulos et al. (2013) on the basis of geology, rockmass quality 

and in situ stress conditions. Of specific interest to this analysis is the area identified as Section 4, 

which extends from chainage 8+385 to 9+035, as significant squeezing issues were encountered. 
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Figure 8-2 – (a) Longitudinal topographic profile and idealized cross section for the Driskos 

twin tunnel (modified after Egnatia Odos S.A., 2003; Hoek & Marinos, 2000b). (b) Photo 

and sketch of tunnel face in flysch within a problematic region of excavation (modified after 

Egnatia Odos S.A., 1999). 

 

8.3.2 Rockmass Characterization 

Weak, heterogeneous rockmasses such as flysch pose a serious design challenge to 

underground excavations, especially in moderate to high stress conditions. Due to the complex 

depositional environment and tectonic history, such materials exhibit generally low rockmass 

strength and a high degree of variability (Figure 8-2b). As a result, a range of possible squeezing 

conditions can be encountered within a single unit. In order to predict tunnelling problems as 

early as possible, reliable estimates of the rockmass strength and stiffness must be obtained. 

These values can then be used in conjunction with a suitable failure criterion that accurately 

assesses shear failure of the rockmass. Unfortunately, the heterogeneity and variability within 

flysch makes the determination of intact parameters extremely challenging. 
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Given the potential safety and cost implications associated with squeezing in flysch, 

much work has been done in order to properly classify these materials (Marinos & Hoek 2000; 

Marinos & Hoek, 2001; Marinos, 2010). The classification system developed by Marinos & Hoek 

(2000) allows an appropriate Geological Strength Index (GSI) value to be selected based on the 

structure present and the relative composition of the rockmass with respect to sandstone and 

siltstone layers (Figure 8-3). After determining the flysch category, a weighted average approach 

can be used to estimate the uniaxial compressive strength (UCS) and Hoek-Brown material 

constant (mi) based on expected intact strength parameters for sandstone and siltstone. The 

weighted average approach for various flysch categories is shown in Table 8-1. This approach 

was used at the Driskos tunnel site for rockmass characterization in each geological section. 

 

Figure 8-3 – Estimates of Geological Strength Index (GSI) values for heterogeneous 

rockmasses such as flysch (Marinos & Hoek, 2000). 
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Table 8-1 – Flysch weighted average approach for determining UCS and mi values (Marinos 

& Hoek, 2000). 

Flysch Category Weighted Average Approach 

A and B Use values for sandstone beds 

C Reduce sandstone values by 20%, use full values for siltstone 

D Reduce sandstone values by 40%, use full values for siltstone 

E Reduce sandstone values by 40%, use full values for siltstone 

F Reduce sandstone values by 60%, use full values for siltstone 

G Use values for siltstone or shale 

H Use values for siltstone or shale 

 

The advantage of this rockmass classification approach is that it allows standardized 

inputs for the generalized Hoek-Brown method to be obtained. As such, an appropriate failure 

criterion can be developed for the flysch rockmass based on its intact strength and rockmass 

quality (GSI) over the tensile and compressive regions (Hoek et al., 2002). The estimate of 

rockmass strength is based on the assumption that the rock behaves in an isotropic fashion at the 

scale of the excavation due to the presence of several closely spaced discontinuities. The strength 

envelope for the generalized Hoek-Brown criterion is defined by the following equations: 
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where UCS is the intact uniaxial compressive strength, mb is the rockmass value of the 

intact Hoek-Brown material constant mi for the rockmass, s and a are rockmass constants and σ1 

and σ3 refer to the major and minor principal stresses, respectively. All combinations of stress 

above this envelope will result in yield. 
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8.3.3 Tunnel Construction 

The tunnel construction at the Driskos site started in 1999 and was completed in 2004. 

The project consisted of two, parallel tunnels measuring 4570 m in length with a separation 

distance of up to 18.2 m (average of 13 m). Each tunnel was horseshoe shaped with an average 

width of 11 m at the invert and a height of approximately 9.5 m. The tunnels were advanced using 

drill and blast with a heading (60 m
2
) and bench (40 m

2
). Cross passages connecting the two 

tunnels were excavated every 350 to 400 m (as per Eurocode standards) and a ventilation shaft 

was constructed near the middle of the alignment. 

8.3.3.1 Design Categories 

Given the difficulties in defining the strength and stiffness properties for the flysch 

rockmass and the chaotic nature of the structure along the alignment, the observational method of 

tunnel design was used. Originally proposed by Peck (1969), this process begins during the 

design phase where possible methods of unsatisfactory performance are considered based on 

expected ground conditions. Excavation sequences and support options are then developed based 

on convergence or ground response limits, while contingency measures are prepared and recorded 

in the safety management plan. During the construction phase, an extensive monitoring program 

is employed to compare the expected behaviour to the actual conditions and to update the design 

based on observed performance. In the event of unforeseen circumstances, the site is organized to 

ensure the excavation and support sequence can be changed in a quick and effective manner. 

As part of such a design process, a series of site-specific design tables were developed by 

the contractor for the Driskos tunnel. These tables were organized according to five rockmass 

categories (I to V, with I being the better rockmass in terms of strength) that were defined based 

on the lithology, rockmass quality and in situ stress conditions (overburden). The expected 

convergence levels were also used for classification purposes and were calculated based on the 

rockmass strength and the depth of the overburden. 
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Two of the design tables used in the Driskos twin tunnel project are shown in Table 8-2 

and Table 8-3. The first table provides design estimates for the compressive (UCS) and tensile 

(σt) strengths while the second provides estimates of the GSI, UCS, Hoek-Brown mi value, 

rockmass compressive strength (σcm), rockmass Young’s modulus (Erm) and the expected in situ 

stress conditions (Table 8-3). Both tables are organized according to the rockmass quality 

category and the lithology. Category V was subdivided into Va and Vb on the basis of excessive 

deformations due to an increase in the in situ stress. 

Table 8-2 – Design values for UCS and tensile strength based on rockmass category and 

lithology (modified after Egnatia Odos S.A., 2003). 

Lithology 
UCS (MPa)  Tensile Strength, σt (MPa) 

I II III IV I II III IV 

Sa 80 60 40 - 8.0 6.0 4.0 - 

SaSi 60 45 30 - 5.5 4.5 3.5 - 

SiSa 35 30 25 10 4 3 2 - 

Si 10 10 8 7 2 1 0 0 

 

Table 8-3 – Engineering material parameters associated with relevant rockmass quality 

categories (modified after Egnatia Odos S.A., 2003). 

Rockmass 

Quality 

Category 

Lithology GSI 
UCS 

(MPa) 
mi 

σcm 

(MPa) 

Erm 

(MPa) 

Overburden 

(m) 

In Situ 

Stress 

(MPa) 

III Si 40 10 9 0.86 1590 100 2.70 

IV Si 40 10 9 0.86 1590 150 4.05 

Va SiSa/Si+SaSi 25 15 11 1.02 918 150 4.05 

Vb SiSa/Si+SaSi 25 15 11 1.09 887 220 5.94 
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8.3.3.2 Support Categories 

A series of support classes were developed for the Driskos tunnel on the basis of the 

rockmass quality categories (Figure 8-4). The support classes were designed according to the 

concept that as the rockmass quality (and therefore strength) decreases, the support requirements 

will increase. This is evidenced by the use of a 15 cm unreinforced shotcrete layer for Category 

III, while Category IV and V require a thicker shotcrete lining (20 and 25 cm, respectively) as 

well as the use of steel sets (HEB140 and HEB160, respectively). As per the observational 

method, initial estimates of support requirements were determined for each tunnel section during 

the design phase and revised during construction to reflect the actual conditions encountered. 

 

Figure 8-4 – Original support categories 2–5 for the Driskos Twin Tunnel (modified from 

Egnatia Odos S.A., 1999). 
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A special provision was made for Category Vb to allow for the installation of increased 

support based on observed conditions. A forepole umbrella was typically used in this case, which 

consisted of the installation of 12 m long, 75 to 110 mm diameter grouted pipe forepoles at a 

spacing of 300 to 600 mm. These forepoles would be installed every 8 m to provide a 4 m overlap 

between successive forepole umbrellas. Face stabilization by grouted fibreglass dowels and the 

use of a temporary invert was also used to control floor heave in weak conditions. 

8.3.3.3 Tunnel Monitoring 

Tunnel mapping, instrumentation and monitoring played a critical role in the 

observational approach used in the Driskos tunnel. Monitoring information was used to verify 

design assumptions, provide an indication of the actual rockmass quality category, calibrate 

numerical models and to serve as an early warning system in the event that the initial support was 

not performing as intended or the tunnel was in danger of collapse. The monitoring program at 

Driskos included inclinometers, extensometers, strain gauges, load cells, instrumented rockbolts 

and standard convergence and deformation measurements (Hindley et al., 2004). Geodetic data 

was also collected through regular surveying at a number of locations along the tunnel alignment. 

These data points provide information on the convergence around the excavation and can be used 

to determine if displacements are being adequately recreated through two-dimensional models, as 

is the case in this analysis. 

An example of survey data obtained at chainage 8+657 (Section 4) in the left bore is 

shown in Figure 8-5. As can be seen, an estimate of the long term tunnel convergence can be 

obtained over the life of the excavation. The short term (single bore) displacement is also 

identified as the relatively constant displacement that occurs before the left bore is influenced by 

the right bore (i.e. it is a sufficient distance behind the left bore so as not to impact the 

excavation). The short term displacements are of special interest to this analysis as they represent 

the displacements for a single tunnel excavation without the inclusion of time dependent effects. 
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Figure 8-5 – Convergence values from survey data from the Driskos left bore at chainage 

8+657 (Section 4.3). Note the assessment of the short term (single bore) displacement for D3 

(modified after data provided by Geodata S.A.). 

 

8.3.4 Study Area – Section 4 

Prior to construction, it was predicted that Section 4 (chainage 8+385 to 9+9035) would 

be the most problematic due to its weak rockmass strength values and large overburden, leading 

to high expected strains. As such, the section was classified as Category V and the appropriate 

initial support design was used (Egnatia Odos S.A., 2003). Despite this, excessive deformations 

and overstressing of the initial (temporary) support system, particularly the shotcrete liner and 

embedded steel sets, were observed at several locations. As a result, the temporary design had to 
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be re-evaluated and modified after an extensive monitoring program (Grasso et al., 2005) and 

recommendations by a panel of experts (Hoek & Marinos, 2000b). 

Based on the high potential for squeezing failure, Section 4 has been selected as the study 

area for this analysis. This section is an ideal candidate for a risk assessment due to the variability 

in the rockmass behaviour and the fact that the potential consequences of overstressing the 

support (i.e. inspections, tunnel reprofiling) can have a significant impact on the project budget. 

As such, a reliability-based quantitative risk approach was used to evaluate support performance 

in this area. This analysis approach is described in the following sections. 

8.4 Quantitative Risk Analysis Approach 

Risk management is a critical topic in geological engineering, especially considering the 

increase in complexity and scale of geotechnical projects in recent years. To this end, the authors 

have developed a quantitative risk approach that assesses uncertainty in ground conditions and 

evaluates the variable ground response and support performance through the use of reliability 

methods. When paired with a monitoring approach during construction (as with an observational 

design approach) residual risks can be effectively minimized. This process is illustrated in the 

workflow diagram shown in Figure 8-6. 

By creating a standardized approach to support design, risk can be quantified for a variety 

of excavation and support options over the range of possible rockmass behaviour that is expected. 

From this, an optimum design can be selected on the basis of both safety and cost. This eliminates 

the need for overly conservative designs and reduces the residual risk during construction. As 

excavation and support costs represent the majority of the project budget, this approach can 

therefore result in significant savings with respect to both schedule and costs.  

The following sections describe the approach used to assess the support risk and select an 

optimum lining design for Section 4 of the Driskos tunnel. The results of this analysis are then 

presented and discussed. 
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Figure 8-6 – Reliability-based quantitative risk approach for the design of underground 

structures. 
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8.4.1 Uncertainty in Ground Conditions 

Uncertainty in geological systems is typically divided into two categories: variability 

caused by random processes (aleatory) and knowledge-based uncertainty that exists due to a lack 

of information (epistemic). The natural variability in rockmass and in situ stress parameters is 

typically represented as a random process and is therefore considered to be aleatory. The process 

of formation and continuous modification over geologic history results in a real variation in 

properties from one spatial location to another over both the micro and macro scale. As this 

variability is inherent in the material, continued testing will not eliminate the uncertainty, but will 

provide a more complete understanding of it. Conversely, epistemic uncertainty exists as a 

consequence of limited information as well as measurement, statistical estimation, transformation 

and modelling uncertainty. As these components are a result of imperfect investigation and design 

techniques, they should ideally be reduced before an uncertainty analysis is performed.  

Understanding these different components of uncertainty and how they can affect intact, 

rockmass and in situ stress parameters is critical in assessing the reliability for a given system. As 

such, the following sections identify the major sources of uncertainty for this analysis. 

8.4.1.1 Homogeneous Domains 

In order to quantify uncertainty in the ground conditions, a series of homogeneous 

domains were established along Section 4 (Figure 8-7). These subsections (4.1 to 4.5) were 

developed on the basis of lithology, rockmass quality, presence of rockmass alteration and in situ 

stress conditions. While these domains are useful for design purposes, it is important to note that 

the boundary between sections is gradational due to the deformed nature of flysch. This means 

that while rockmass parameters and design recommendations may differ between adjacent 

domains, care is needed when transitioning from one design to another during construction. An 

observational approach would be needed to ensure any change in support system is done at the 

appropriate time with respect to the actual conditions. 
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Figure 8-7 – Detailed geological section showing division of Section 4 into subsections 4.1 to 

4.5 (modified after Egnatia Odos S.A., 1998). 

 

8.4.1.2 Rockmass Properties 

To properly characterize the rockmass strength in Sections 4.1 to 4.5 using the 

generalized Hoek-Brown approach, three parameters must be estimated: UCS and mi for the 

intact rock component and GSI for the rockmass. Together these allow for the direct calculation 

of mb, s and a using Eq. (8.2) to (8.4). While often treated deterministically, there is significant 

uncertainty associated with each of these parameters, meaning a single strength envelope will not 

be able to capture the range of rockmass behaviour. As such, this uncertainty must be quantified 

to obtain a complete understanding of the variable ground response for a given rockmass. 

The GSI for the rockmass is typically obtained through either a qualitative or quantitative 

assessment of the blockiness of the rockmass and the condition of the discontinuities. In the case 

of the Driskos tunnel, 115 GSI values were recorded during excavation along Section 4. A 

statistical analysis was used to quantify the central tendency (sample mean,  ̅) and dispersion 
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(sample standard deviation, sx) for the GSI values in Sections 4.1 to 4.5. For a set of n 

observations, the equations are as follows: 

 ̅  
 

 
∑   

 
            (8.5) 

   √
 

   
∑      ̅   

          (8.6) 

All other parameters were treated as random variables as the natural variability in was 

assumed to be due to random processes (aleatory). A probability density function (PDF) was 

defined for each variable according to the mean or expected value (μx) and the variance (σx
2
) and 

was used to define the probability of occurrence for any value over the sample space. As it is 

unlikely that a statistical model will provide a “perfect fit” for the test data, statistical estimation 

error (epistemic) will be introduced during this process. This error was minimized by selecting 

the most accurate fit for each variable, which in this case was a normal distribution. 

While the UCS and mi values are typically determined through laboratory testing of intact 

samples, this is nearly impossible for flysch given the chaotic structure in the intact rock. As 

such, the classification system by Marinos & Hoek (2000) was used to provide an indirect means 

of quantifying uncertainty. Based on the GSI values obtained for each section, an appropriate 

flysch category was assigned to each section, as shown in Figure 8-7. Using this value, an 

appropriate weighted average was selected based on Table 8-1. A reduction in the sandstone 

component of 20%, 20%, 50%, 40% and 0% was used for Sections 4.1 to 4.5, respectively. As no 

test values were available to quantify the strength for the sandstone or siltstone at site, the set of 

general design values summarized in Table 8-4 were used for this analysis. The mean values for 

UCS and mi for each section were determined based on the mean design values, while the range 

was used to determine the minimum and maximum credible values. The standard deviation was 

then calculated by assuming that the difference between the minimum and maximum values 

spans two standard deviations (95% of the data set) on either side of the mean.  
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Table 8-4 – Standard design values and ranges for sandstone and siltstone rock based on 

Marinos & Hoek (2000). 

Parameter Sandstone Siltstone 

UCS (MPa) 
Mean (μ) 75 15 

Range 50-100 5-25 

Hoek-Brown mi 
Mean (μ) 17 7 

Range 13-21 5-9 

Modulus Ratio (MR) 
Mean (μ) 275 375 

Range 200-350 350-400 

 

While not explicitly stated, the weighted average approach is also believed to be 

appropriate to determine the Modulus Ratio (MR), which defines the ratio of intact stiffness (Ei) 

over UCS. For this analysis, a single MR value was used for each section. This is a logical choice 

since Ei and UCS are determined from the same test and will therefore have similar sources of 

uncertainty. A representative MR value was determined for each section based on the values in 

Table 8-4. After the intact Young’s Modulus (Ei) was calculated using the UCS and the Modulus 

Ratio, the rockmass modulus (Erm) was determined using the Hoek & Diederichs (2006) equation: 

            
     

   
(
          

  
)
       (8.7) 

While the use of literature values was the only option for the Driskos tunnel, it is likely 

that such values are from total uncertainty analyses and therefore contain both inherent and 

knowledge based sources of uncertainty that may not be applicable for the Driskos site. When 

exporting uncertainty information from a similar case study, it is important to consider the impact 

of both the endogenous factors (pertaining to the compositional characteristics of the intact rock) 

and the exogenous factors (related to the history of formation and the in situ conditions at site) on 

the magnitude of a given parameter (Uzielli, 2008). Again, while this method had to be used due 

to the lack of site specific data, it is worth noting this limitation. 
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8.4.1.3 In Situ Stress 

The in situ stress magnitude and orientation are critical engineering parameters for 

evaluating the rockmass behaviour. These parameters not only define the induced stresses around 

the excavation, but also have a significant impact on the severity of the failure mechanism. 

Understanding the nature of the in situ stress conditions is far from a trivial task however, as there 

is typically a lack of available data regarding the magnitude and orientation. 

As in situ stress information was not available at the Driskos twin tunnels, a series of 

simplifications had to be made regarding the stress conditions in Section 4. The first was to 

assume that the rockmass stress conditions are primarily a function of gravitational effects, which 

means the vertical stress (σv) is one of the principal stresses. The magnitude of the vertical stress 

was estimated by calculating the weight of the overlying material based on the overburden depth. 

Using a standard rock density of 2600 kg/m
3
, the vertical stress component was approximated as 

0.026 MPa/m depth. The second assumption was that the ratio of horizontal stress to vertical 

stress (K) could be considered as a constant. Hydrostatic stress conditions were used (K = 1), 

which is believed to be reasonable as weak rockmasses such as flysch are unable to sustain high 

shear stresses, resulting in the equalization of anisotropic in situ stresses over time. 

For this analysis, the overburden was calculated for each section based on topographic 

information along the tunnel alignment. While the topography is constant for much of Section 4, 

variation is seen in Sections 4.2 and 4.4 (Figure 8-7). For these sections, a representative 

overburden was used that is closer to the highest value for the section as a simplifying assumption 

for the purposes of demonstration. These values are summarized in Table 8-5. 

Table 8-5 – Overburden and hydrostatic stress magnitude for each tunnel section. 

 Section 4.1 Section 4.2 Section 4.3 Section 4.4 Section 4.5 

Overburden (m) 180 175 150 170 215 
Stress (MPa) 4.68 4.55 3.90 4.42 5.59 
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8.4.1.4 Squeezing Failure 

The primary failure mechanisms experienced during the excavation of the Driskos tunnel 

was uniform shear failure (squeezing). An initial assessment of the degree of squeezing in each 

section, and therefore the difficulty associated with excavation, can be obtained by using the 

empirical classification developed by Hoek & Marinos (2000a). This assessment relates the strain 

to the ratio of rockmass strength and in situ stress (Figure 2-25). Uncertainty in these parameters 

will lead to a range of possible squeezing conditions, and therefore a change in the severity of the 

failure mechanism during excavation. As can be seen from this figure, the greatest strains are 

expected in Section 4.3, however Sections 4.1 to 4.4 are all expected to experience minor to 

severe squeezing problems. Few support problems are expected in Section 4.5. 

 

Figure 8-8 – Empirical relationship between expected strains and the ratio of rockmass 

strength to in situ stress for unsupported excavations. The expected strains for Section 4 are 

shown (modified after Hoek & Marinos, 2000a). 
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8.4.1.5 Spatial Variability 

The influence of spatial variability of the behaviour of the rockmass must also be 

considered. As seen in Figure 8-2b, face-scale heterogeneity is observed, leading to the possible 

interpretation of mixed-face conditions and anisotropic behaviour. To fully assess the impact of 

face-scale heterogeneity on rockmass behaviour, the face conditions over the length of the 

excavation must be considered.  

As seen in Figure 8-9, there is considerable variability in the face conditions over 

relatively small distances. In the case of the lower set of images, the orientation of the sandstone 

and siltstone beds changes from horizontal to vertical over only 60 m (approximately 5.5 tunnel 

diameters). The rapid change in face conditions along the alignment suggests that while spatial 

heterogeneity may be present, anisotropy at the tunnel scale is not anticipated. This is confirmed 

by the fact that isotropic rockmass behaviour is observed over areas of consistent lithology and 

rockmass quality. This identifies an important distinction between longitudinal variability, which 

is assumed for this case, and spatial heterogeneity. 

 

Figure 8-9 – Tunnel face sketches in flysch during excavation of Driskos tunnel (modified 

after Egnatia Odos S.A., 1999). 
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Given this description, it is considered reasonable that the GSI be used to represent the 

rockmass quality and structure, allowing for a homogenization of the face into a single, variable 

material. This was confirmed through three-dimensional modelling by Vlachopoulos et al. (2013). 

8.4.2 Analysis Method 

8.4.2.1 Convergence Confinement 

The convergence-confinement method (Panet & Guenot, 1982; Panet, 1993; Panet, 1995; 

Carranza-Torres & Fairhurst, 2000; Unlu & Gercek, 2003) is typically used for the preliminary 

assessment of tunnel deformation and support acceptability. This method describes the reduction 

in radial resistance at a particular point along a tunnel as it advances. In the absence of support, 

this reduction in internal pressure results in increasing convergence of the tunnel walls and the 

development of a plastic (yield) zone around the excavation. When support is present, the support 

pressure will be mobilized until it is in equilibrium with the rockmass. 

To determine the appropriate timing for stiff support installation using this method, the 

longitudinal displacement profile (LDP) for the unsupported tunnel is developed. The LDP plays 

a critical role in support design optimization as it can be used to show the relationship between 

timing of support installation and nominal wall displacement, allowing a two-dimensional model 

to simulate three-dimensional tunnel advance by citing the position of a particular two-

dimensional model analysis in terms of its distance to the face. For two-dimensional plane-strain 

numerical models, the convergence-confinement response during tunnel advance can be 

simulated using staged relaxation of the LDP. Vlachopoulos & Diederichs (2009) outline an 

improved method to calculate the appropriate LDP by using the maximum wall displacement 

(umax) and the final radius of the plastic zone (RP) for the system. This method shows that the LDP 

can be directly correlated to the normalized plastic zone radius (R* = RP/RT) and the normalized 

closure at the face (uo* = uo/umax) using the following equations: 
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                                                        (8.9a) 

          
     

   

                                                  (8.9b) 

where X* is the normalized distance from the tunnel face (X* = X/RT), u* is the 

normalized radial displacement for a given X* and uo is the radial displacement at the tunnel face. 

From these equations, a plot of normalized distance from the face (X*) versus normalized radial 

displacement (u*) can be developed for a series of normalized plastic zones (R*) (Figure 4-14). 

 

Figure 8-10 – Longitudinal displacement profiles (LDPs) for different ratios of final plastic 

zone radius to tunnel radius. 
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8.4.2.2 Numerical Modelling 

In order to capture the complicated excavation geometry, support sequence and 

geological conditions along the Driskos tunnel, two-dimensional numerical modelling was used. 

While a numerical approach can be time consuming, it allows for an accurate assessment of 

plastic yield and support loads, both of which were required for this analysis. 

For this study a two-dimensional, plane strain model was developed in the finite element 

modelling program ‘Phase2’ by Rocscience Incorporated (http://www.rocscience.com). Three-

dimensional advance of the tunnel was simulated in a multi-staged two-dimensional model using 

the core replacement technique. This approach incrementally replaces the tunnel core with a new 

material possessing reduced stiffness without any initial element loading. Since the elements have 

no initial loading, the internal pressure is reduced to zero each time the material is replaced, 

causing a disruption to radial equilibrium. To obtain equilibrium, the new tunnel core is 

compressed, thus increasing the displacement at the tunnel boundary. This process simulates the 

reduction in internal resistance and the increase in convergence as the excavation face advances. 

In the final tunnel stage the core was completely excavated to simulate the long term conditions 

within the tunnel. This was combined with the LDP approach so each stage could be calibrated to 

a specific distance from the face based on displacements. This allowed for the accurate 

calculation of support loads, as the support could be installed at an appropriate distance from the 

face based on the excavation sequence. 

As the central focus of this analysis was to demonstrate the application of a reliability-

based approach to support design, a simplified model was used. Specifically, a single horseshoe-

shaped tunnel was considered using full face excavation. This simplification was made as 

sequenced excavations (e.g. top heading and bench) and twin tunnel analyses pose a problem for 

the LDP approach, especially when the second stage of the excavation is close to the first. To 

model the true excavation sequence, a three-dimensional model would be required. 
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8.4.3 Assessing Support Performance 

For this analysis, the performance of support Categories III, IV and V (Figure 8-4) were 

considered using the approach described in the previous section. As long-term stability is 

dependent upon the performance of the lining system, the rockbolts were not considered. Instead, 

only the shotcrete and steel sets were modeled explicitly. The support characteristics used for 

each category are shown in Table 8-6. 

Table 8-6 – Support category characteristics used in numerical models. 

Liner Property Category  III Category IV Category V 

Shotcrete thickness 15 cm 20 cm 25 cm 

Shotcrete compressive strength 35 MPa 35 MPa 35 MPa 

Steel sets (2 m centres) - HEB140 HEB160 

Distance support installed from face 2 m 2 m 2 m 

 

To assess the performance for each support category, reliability-based methods were 

used. Reliability-based design (RBD) methods directly incorporate the uncertainty in ground 

conditions into the design process in order to calculate the probability of failure (pf) for each 

support category, with “failure” defined as either the complete collapse of the structure (ultimate 

limit state, or ULS) or a loss of functionality (serviceability limit state, or SLS). This is a more 

useful measure of design performance than a deterministic factor of safety as it allows for an 

estimate of the likelihood of failure over a certain period. 

8.4.3.1 Acceptability Criteria 

To perform a reliability analysis, a set of acceptability criteria are used to establish the 

failure conditions with respect to an ultimate or serviceability limit state. Each criterion is then 

written as a performance function G(X) with respect to a limiting value for a response parameter 

of interest (e.g. maximum convergence or allowable support load). As an example, if the system 

were defined by a limiting Factor of Safety (FSmin), the performance function would be: 
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                        (8.10) 

where f(X)FS is a function that defines the Factor of Safety for the collection of random 

variables X (i.e. compressive strength, mi, GSI etc…). When considering a single sample of input 

parameters, stable conditions are anticipated when G(X) > 0, while G(X) < 0 implies the design 

has failed to meet the prescribed acceptability criteria. The surface created by G(X) = 0 is referred 

to as the critical limit state and is of particular interest in reliability analyses as it defines the 

boundary between stable and unstable conditions. 

             ∫             
 

  
     (8.11) 

When assessing liner acceptability, three loads must be considered: axial thrust (N), 

bending moment (M) and shear force (Q). Thrust-bending moment (M-N) and thrust-shear force 

(Q-N) support capacity diagrams are used to determine if the support loads exceed the maximum 

allowable load for the liner (Figure 4-17). The envelope shown in these capacity diagrams is a 

simplified graphical representation of the critical failure surface G(X) = 0, separating the 

combinations of loads that are acceptable and those that exceed allowable (elastic) limits. While 

these diagrams can be developed according to possible failure modes according to structural 

design standards, they are also developed according to a limiting factor of safety (FS) as defined 

by major and minor principal stresses induced by thrust, bending moments and shear forces on a 

section of a circular arch. The construction of these diagrams and their application in civil and 

geotechnical engineering is discussed at length in Carranza-Torres & Diederichs (2009).  

In the case of unreinforced shotcrete liners, the load values can be plotted directly on the 

capacity curves to determine if the liner design is acceptable. For a reinforced liner, which 

consists of shotcrete and steel sets, the equivalent section approach is used to determine the liner 

loads that act on the different sections and a separate capacity curve is used for each component. 
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Figure 8-11 – Capacity plots for a composite liner consisting of W6x25 I-beams with a 

spacing of 1 m and 50 cm of shotcrete. Factor of safety (FS) envelopes are shown for FS = 

1.0 and FS = 1.5 (Langford & Diederichs, 2013). 

 

8.4.3.2 Liner Performance 

Based on the previous section, the probability of failure for a liner can be expressed as 

the likelihood that a combination of liner loads would plot outside of a limiting capacity curve 

(defined by a limiting factor of safety) for thrust-bending moment and thrust-shear force 

interactions. This probability can either be calculated directly by using pseudo-random sampling 

techniques such as a Monte Carlo analysis or through the use of discrete sampling methods that 

approximate the mean and standard deviation of the liner loads by evaluating the system at a 

series of discrete points. The number and location of evaluations as well as the assumptions made 

depend on the reliability method used (Baecher & Christian, 2003). These methods can provide 

an accurate estimate of pf for significantly fewer evaluation points when compared to “brute 

force” Monte Carlo analyses. As numerical models were used for this analysis, the computational 

advantage for using discrete sampling methods approaches was significant. 
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For this analysis, a version of the point estimate method (PEM) proposed by Rosenblueth 

(1975, 1981) was used. The PEM is a discrete sampling approach that approximates the mean and 

standard deviation for a given output by evaluating the problem at a series of “corner points,” 

where each input parameter is assessed at one standard deviation above or below its mean value. 

For n variables, 2
n
 evaluations (numerical models) are needed. After the sample points have been 

selected, numerical models are evaluated and the output parameter of interest is calculated, which 

in this case is the liner load Li. From this, the mean and standard deviation are estimated by: 

   ∑     
  

            (8.12) 

  
  ∑   

  

          
        (8.13) 

where Li is the liner load at each evaluation point (axial thrust, bending moment or shear 

force) and Pi is a weighting value used to account for correlation between variables. In the case of 

uncorrelated variables (as is the case with this analysis), Pi is simply equal to 1/2
n
. 

Unfortunately, the traditional PEM does not provide any information regarding the shape 

of the distribution function (e.g. normal, lognormal) and does not consider the likelihood of low 

probability events. To overcome these limitations, the modified PEM proposed by Langford & 

Diederichs (2013) was used. In addition to the traditional PEM evaluations, this method also 

considers a base condition (all parameters considered at their mean value) as well as best and 

worst credible conditions. To evaluate the “best” credible condition, each random variable will be 

set to either its credible maximum or credible minimum value, such that the most stable 

combination of variables is produced. The inverse is then done for the “worst” condition. These 

three additional evaluation points provide a computationally efficient mechanism for evaluating 

the accuracy of the calculated statistical moments over the range of possible input parameters. 

Once the mean and standard deviation for the liner loads were calculated at each liner 

node using the modified PEM and FEM modelling approach (Figure 8-12a), a simple Monte 

Carlo sampling procedure was used to sample thousands of possible liner load combinations 
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based on the liner load distributions (Figure 8-12b). The probability of failure was defined as the 

number of sampled points that plot outside of the capacity curve (failed) divided by the total 

number of points that were sampled. 

 

Figure 8-12 – Calculation of (a) mean and standard deviation for thrust and bending 

moment for a single liner node based on combined FEM/PEM approach and (b) the 

probability of failure (pf) for a single liner node using a Monte Carlo sampling approach 

(1000 sampled loads shown) based on the statistical moments shown in (a). 
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It is important to note that the proposed sampling method is being applied to the 

multivariate distribution for the liner loads, which is determined through the combined 

FEM/PEM method, and is not referring to a complete Monte Carlo analysis for the system. 

8.4.4 Quantifying Support Risk 

To determine the optimum support category for each section, a quantitative risk 

assessment was used that considered both the probability and consequence of lining failure. The 

probability of failure was calculated for each support category using the combined PEM/FEM 

approach discussed in the previous section. For this study, a limiting FS value of 1.3 was selected 

to ensure an appropriate level of safety for the tunnel. The consequences of liner failure were 

assessed with respect to both worker safety and cost, with safety being the most important. 

In squeezing ground, the safety risk is typically minimal as liner failure is progressive 

and non-violent. As such behaviour can be detected at the onset through regular inspections and 

tunnel monitoring (e.g. surveying), the risk to workers is typically low. While the safety risk due 

to liner failure is limited, the economic consequences can be significant. In squeezing ground, 

excessive deformations can lead to overstressing of the temporary support and failure of lining 

elements. In the case of a reinforced liner, failure in the shotcrete will have minor consequences 

as this primarily poses an aesthetic problem that is unlikely to jeopardize the lining system. As a 

result, the cost of such failures is limited to additional inspections and patching of the shotcrete. If 

overstressing leads to failure of a critical liner component (i.e. shotcrete in unreinforced lining or 

steel sets in reinforced lining), the integrity of the closed liner would be compromised, leading to 

failure of the section. This would necessitate the removal of the failed support system, re-

excavation of the area and the installation of higher support category. Such a failure would have 

significant rehabilitation costs and would also result in delays in the construction sequence. 

As safety was not considered to be the most significant concern for the support categories 

created, the optimum support was determined on the basis of the support costs and the expected 
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cost of failure. The latter is determined by multiplying the probability of failure, which is 

assumed to occur over the life of the project, by the cost of that failure occurring. A number of 

different consequences were identified in the previous section and each was considered in this 

assessment. The application of such an approach is shown in Figure 4-8. This figure depicts that 

the incremental costs of reducing a risk increases as the risk becomes smaller, and that the risk 

costs cannot be eliminated entirely, but only be reduced to a minimum level. The sum of these 

two competing curves will provide an estimate of the total cost for a given safety level (i.e. design 

option), with the optimum design having the lowest cost. 

 

Figure 8-13 – Design optimization based on economic risk factors. The optimum safety level 

is determined by the minimum total cost, which is the sum of the expected risk costs and the 

cost of investigation or mitigation. 

 

For this analysis, a set of support and failure costs were developed based on records from 

the Driskos tunnel project and engineering experience. The support costs are shown in Table 8-7 
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while the costs of failure are summarized in Table 8-8. These costs should be considered to be 

best estimates for this analysis. Note that all costs are in euros (€). 

Table 8-7 – Initial (temporary) support costs for the different support categories. 

Category Cost (/m) Description 

III 4,800 € Unreinforced 15 cm shotcrete liner 

IV 7,600 € 20 cm shotcrete liner with HEB140 steel sets 

V 13,300 € 25 cm shotcrete liner with HEB160 steel sets 

Vb 23,600 € Same as Class V with face support added 

 

Table 8-8 – Expected failure costs based on failure in different liner components. 

Action Cost (/m) 

Unreinforced 

Liner (III) 

Reinforced Liner 

(IV & V) Notes 

Shotcrete Shotcrete Steel Sets 

Inspection 1,000 €  X  
Patch, engineer check, 

loss of productivity 

Reprofiling 4,000 € X  X 
Re-excavation, loss of 

productivity 

New support Table 8-7 X  X 
Replace with higher 

support class 

Risk cost of 

new support 
Variable X  X 

Reprofiling cost for 

higher support class 

 

8.5 Results of Analysis 

Using the aforementioned analysis approach, a reliability-based risk assessment was 

completed for Sections 4.1 to 4.5 to determine the optimum support system for each. For brevity, 

the following sections describe the results from Section 4.3 in detail, as this was the most 

problematic area. A summary of the results for each section is presented at the end when the risk 

analysis is presented. 
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8.5.1 Input Parameters 

Based on the adapted flysch classification system described earlier, a set of input 

parameters were determined for Sections 4.1 to 4.5. These are summarized in Table 8-9. A 

residual damage value (D) of 0.2 was used to simulate strain weakening behaviour. 

Table 8-9 – Relevant intact and rockmass properties used for the risk analysis along Section 

4 of the Driskos tunnel. 

Parameter 4.1 4.2 4.3 4.4 4.5 

Length of Section 115 m 150 m 100 m 250 m 35 m 

Geology 

Lithology SiSa SiSa SiSa, Si Si, SiSa SaSi 

Flysch Category B-C B-C E-F E-F B 

Rockmass Category IV-V IV III-IV III-IV III-IV 

UCS (MPa) 

Mean (μ) 38 38 26 30 75 
Standard Deviation (σ) 8 8 6 6 13 

Credible minimum 23 23 15 18 50 
Credible maximum 53 53 38 43 100 

Hoek-Brown 

mi 

Mean (μ) 10.3 10.3 7.8 8.6 17.0 
Standard Deviation (σ) 1.3 1.3 1.0 1.1 2.0 

Credible minimum 7.7 7.7 5.8 6.4 13.0 
Credible maximum 12.9 12.9 9.8 10.8 21.0 

Geological 

Strength 

Index (GSI) 

Mean (μ) 30 26 25 32 36 
Standard Deviation (σ) 2 3 2 3 2 

Credible minimum 26 20 21 26 32 
Credible maximum 34 32 29 38 40 

Deterministic 

Parameters 

Modulus Ratio (MR) 298 298 256 270 275 
Poisson’s Ratio (ν) 0.25 0.25 0.25 0.25 0.25 

Overburden (m) 180 175 150 170 215 
Hydrostatic Stress (MPa) 4.68 4.55 3.90 4.42 5.59 

Average 

Rockmass 

Parameters 

σcm (MPa) 4.23 3.79 2.18 3.21 12.49 

Erm (MPa) 922 719 398 751 2504 

σt (MPa) 0.02 0.01 0.01 0.02 0.04 
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To assess the impact of each of the random variables on the uncertainty in the output, a 

sensitivity analysis was conducted using the parameters for Section 4.3. To do so, a series of 

unsupported circular tunnel models were generated where only one parameter was changed at a 

time while all other parameters were kept at their mean value. To assess the relative importance 

of each variable, the sensitivity index (SI) was calculated for each parameter by dividing the 

maximum change in the material response parameter of interest (plastic zone radius or radial 

displacement) over its credible range by the maximum value. This simple indicator provides a 

good indication of parameter and model variability (Hamby, 1994). An example calculation for 

the SI is shown based on the plastic zone radius: 

   
             

      
        (8.14) 

The results of the sensitivity analysis can be seen in Figure 8-14. As can be seen, while 

all three variables have a significant impact on the performance of the unsupported tunnel, the 

UCS has the greatest impact over its credible range. This is followed by the GSI and mi. 

 

Figure 8-14 – Sensitivity index based on radial displacements and final plastic zone radius 

for each random variable. 
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8.5.2 Longitudinal Displacement Profiles 

As the plastic zone radius is an implicit function of the in situ stress and rockmass 

strength parameters, a new LDP needed to be developed for each combination of inputs. In the 

case of the modified PEM approach, this means that for each combination of input parameters, an 

unsupported model had to be run for the LDP calibration followed by another model for each of 

the three support systems tested. As three parameters were considered as random variables, a total 

of (2
3
 + 3) x 4 or 44 models had to be run for each section of the analysis. As five sections were 

considered, a total of 220 models were needed. Clearly, the LDP calibration process adds to the 

computational requirements for a reliability analyses. The increase would be far more significant 

if a Monte Carlo approach was used however, as 1000s of evaluations are typically required. 

The results of the LDP analysis for Section 4.3 can be seen in Figure 8-15. Each 

evaluation point was modelled without support in order to determine the maximum tunnel 

displacement and the normalized plastic zone radius (R*). Using the modified PEM approach, a 

mean R* value of 2.5 and a standard deviation of 0.5 were calculated. The “base” value was 2.4, 

which was in close agreement with the calculated mean value, indicating there was no significant 

change in the behavior of the models across the evaluation points. The “best” and “worst” cases 

were also plotted to show the maximum (5.8) and minimum (1.6) values for the normalized 

plastic zone radius. Given that the difference between the mean and best case was significantly 

smaller than the difference between the mean and worst case, a lognormal distribution was 

considered to be the most appropriate for R*. 
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Figure 8-15 – Longitudinal displacement profiles (LDPs) for the Section 4.3 rockmass 

determined using the modified PEM approach. 

 

8.5.3 Model Validation with Monitoring Data 

To validate the parameters summarized in Table 8-9, each section was modeled using the 

actual support category (Category V) using a full face excavation sequence. The diametric 

convergences were recorded for each model and the modified PEM approach was used to 

calculate a distribution for these convergences. An example of this is shown in Figure 8-16 for 
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Section 4.3. This figure shows two different distributions (normal and lognormal) defined by the 

mean and standard deviation from the modified PEM analysis. Also shown are the extreme cases 

(best and worst) as well as the base case. From these results, a lognormal distribution was 

determined to be the most suitable to represent the convergence behaviour. 

 

Figure 8-16 – Short term (single bore) diametric convergence distribution based on 

modified PEM results. A lognormal distribution was determined to be more appropriate 

based on the additional evaluations. 

 

The convergences obtained from the numerical models were compared to the short term 

(single bore) convergences determined by analysis of monitoring data. The results of this 

comparison are shown in Table 8-10. As can be seen, the convergence values obtained through 

numerical modelling show good agreement with those determined through the analysis of Driskos 

monitoring data. This indicates that the parameters and excavation sequence used in the 

numerical model produce similar results to the actual ground response at the Driskos tunnel. 
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Table 8-10 – Short term (single bore) convergence values observed through tunnel 

monitoring compared to those generated from two-dimensional numerical models. 

 
Observed Short Term  

Diametric Displacements (mm) 
Model Diametric 

Displacements (mm) 
Section 4.1 4-12 8-15 
Section 4.2 17-53 9-42 
Section 4.3 19-66 15-66 
Section 4.4 9-16 9-30 
Section 4.5 4-10 5-10 
 

8.5.4 Support Performance 

Using the LDP calibration method, each support system was modeled according to the 

conditions outlined in Table 8-6. Thrust, bending moment and shear forces were recorded at each 

liner node for each model. The modified PEM approach was used to determine the mean and 

standard deviation of the liner loads at each node. The mean loads for the Category V liner are 

shown in Figure 8-17 with respect to the capacity curves for limiting factors of safety of 1.0 and 

1.5. A normal distribution was determined to be the most appropriate for each liner load. 

For all evaluations, the liner experienced positive axial thrust (compression). This is 

important to consider as in some cases, the calculated statistical moments may suggest there is a 

probability that a negative axial thrust value could occur. Such a probability exists purely in the 

statistical realm due to the fact that normal distributions are unbounded and therefore extend to 

infinity. This probability is negligible (extremely small), and therefore has no real impact on the 

calculation with regards to support performance. 
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Figure 8-17 – Capacity plots for Category V support system showing mean liner loads 

calculated using the modified PEM approach. (a-b) show the thrust-bending moment and 

thrust-shear force interaction diagrams for the HEB160 steel sets. (c-d) show the thrust-

bending moment and thrust-shear force interaction diagrams for the 20 cm shotcrete layer. 

 

Based on the calculated liner load distributions at each node, probabilities of failure were 

developed based on different limiting capacity curves (defined by minimum factors of safety). 

The analysis showed that the probability of failure was not equal at each point around the liner, 

and instead increased from a minimum value in the roof through to a maximum value in the 

corners. This is due to the horseshoe shape of the excavation, which results in concentrations of 

liner loads at areas where abrupt changes in shape occur. While the axial thrust was consistent 

around the liner, the bending moment was seen to increase considerably in the excavation corners 

(Figure 8-18a). The impact this has on the probability of failure is illustrated in Figure 8-18b. 
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Figure 8-18 – (a) Model output showing total displacement contours as well as axial stress 

(left) and bending moment (right) magnitudes for the liner around the excavation. (b) 

Associated probabilities of liner failure for different parts of the tunnel cross section. 
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Based on this behaviour, an appropriate location around the liner must be selected to 

assess liner performance. In the case of the shotcrete, the extremely high bending moments result 

in a nearly 100% probability of failure at the corner of the excavation for any limiting factor of 

safety. As this area spans less than 1 m of the tunnel circumference, it is not believed to be a 

significant concern for overall stability of the shotcrete layer as patching can be used to ensure a 

closed ring is maintained. If the failure in the shotcrete extends to the wall(s) of the excavation 

however, a 3-4 m segment will become unstable. Such a large amount of damage would likely 

compromise the integrity of the lining system, leading to failure. As such, performance of the 

shotcrete will be assessed in the wall of the excavation. With respect to the steel sets, as any 

failure in the reinforcement will compromise the integrity of the lining, it is more appropriate to 

examine the behaviour of the sets at the corner of the excavation. 

The probabilities of failure for each support category in Section 4.3 are shown in Figure 

8-19 for different limiting factor of safety values. The shotcrete failure is shown for the wall of 

the excavation while the failure of the steel sets is shown for the corner. As can be seen, the 

probability of failure is significantly higher for the lighter support category (III) than the heaviest 

(V). For a limiting factor of safety of 1.3, there is a 52% probability that the shotcrete will fail in 

Category III. Conversely, Categories IV and V show minimal probabilities of failure due to the 

additional thickness of shotcrete and the presence of steel reinforcement. A 36% and 2% 

probability of failure is seen for the steel sets in Category IV and V, respectively, indicating that 

the HEB160 sets may be more appropriate in this area. 

These results illustrate the expected trend; a more robust support category will be able to 

sustain a greater rock load and therefore have a lower probability of failure. The difference 

between a traditional analysis and this approach is that the improvement in safety can be 

quantified, providing additional information to the Contractor and Owner with which to make 

design decisions. This is a significant advantage for using a reliability-based approach. 
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Figure 8-19 – Lining performance in Section 4.3 for the (a) shotcrete in the wall and (b) steel 

sets in the corner of the excavation with respect to different limiting factors of safety. 
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8.5.5 Optimum Support Category 

The total costs associated with each support category for Section 4.3 are shown in Figure 

8-20a. As can be seen, while Category III has the lowest support cost, the high probability of 

shotcrete failure leads to the highest reprofiling and risk costs. This indicates that an unreinforced 

liner is not appropriate for this section. When Category IV and V are compared, it is clear that the 

expected reprofiling cost is significantly greater for the HEB140 steel sets than the HEB160. 

While monitoring costs exist for each category, they are much smaller than the other costs and 

therefore cannot be seen. Based on this information, a support optimization plot was developed 

(Figure 8-20b). This shows that Category V is the optimum support category for Section 4.3 on 

the basis of economic risk. Category V also has the lowest expected cost of failure, meaning it 

has the lowest residual risk during construction. If the residual risk was still considered to be 

unacceptable, Category Vb would be required, which involves the use of face support. 

The results for the other sections are show in Table 8-11. As can be seen, the optimum 

support systems are typically a category lower than those used at the Driskos twin tunnel. There 

are many reasons for this. First, the simplifications made by the numerical model (i.e. full face, 

single bore excavation) would have a conservative impact on the results. In reality, the loads on 

the lining system would increase as the second bore began to influence the zone around the 

tunnel, leading to increased displacements in the excavation (as shown in Figure 8-5) as well as 

increased loads on the lining system. Additionally, forepoles were used along some stretches of 

this section. While these support elements reinforce the ground, they also rest on the steel sets, 

placing an additional point load that was not considered. This could lead to an overloading of the 

HEB140 support, meaning only HEB160 steel sets (Category V) would need to be used. Finally, 

given that the observational method was used during construction, a higher category of support 

was likely preferred given the concerns with liner failure in the area. While this reduces the 

residual risk during construction, it also leads to increased costs as shown by this analysis. 
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Figure 8-20 – (a) Breakdown of support costs and expected costs of failure (monitoring, 

reprofiling, expected risk) for each liner category along Section 4.3. (b) An economic risk 

plot identifying Category V as the optimum support. 
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Table 8-11 – Optimum support classes for each section of the Driskos tunnel based on the 

results of the risk analysis. 

 Optimum 

Support 
Support Cost (/m) 

Expected Cost of 

Failure (/m) 
Total Cost (/m) 

Section 4.1 Category IV 7,600 € - 7,600 € 

Section 4.2 Category IV 7,600 € 3 € 7,603 € 

Section 4.3 Category V 13,300 € 597 € 13,897 € 

Section 4.4 Category IV 7,600 € 2 € 7,602 € 

Section 4.5 Category III 4,800 € 1,382 € 6,182 € 

 

8.5.6 Optimizing Construction Sequence 

While optimizing the support category for each section provides useful information on 

support performance to the tunnel design engineer, the impact on the construction sequence as a 

whole must be considered. The approach outlined in Table 8-11 would require that the support 

category be changed three times over the length of Section 4. Within the context of conventional 

drill and blast excavation, each temporary support change would introduce the potential for 

support installation errors and have a logistical impact, namely the movement of equipment, a 

change in required support materials at the face and delays in excavation. As such, it may be 

more appropriate to reduce the complexity of the support sequence by selecting a single support 

category for the entirety of Section 4. 

This problem is analogous to that of choosing between drill and blast and excavation 

using a tunnel boring machine (TBM) for a case where both methods are appropriate and the 

ground conditions are uncertain. In such a case, drill and blast allows more flexibility in the 

excavation and support sequence as a lower class of support can be used in good ground and a 

higher class used where difficult conditions are encountered. This comes at a cost however, as the 

advance rate is slower and changing support systems can result in delays. Conversely, a TBM 

excavation uses a single support sequence for the entire length of the tunnel and can achieve a 
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consistent advance rate under expected conditions. When worse conditions are encountered, 

however, the consequence of failure is significantly higher as the support and excavation 

sequence cannot be easily changed. The selection of method therefore depends on the level of risk 

that the Owner and Contractor are prepared to tolerate. 

This situation was considered by comparing the total cost for the optimum approach 

outlined in Table 8-11 to the cost of using Category IV or V for the entire length of Section 4. 

These results are shown in Figure 8-21a. From this analysis it is clear that the optimum approach 

has the lowest total cost (5.52 million €) when compared to the Category IV (5.62 million €) and 

Category V (8.70 million €) options. It is worth noting that the Category IV approach is only 2% 

more expensive than the optimum approach. Given that there will be costs associated with 

changing the support sequence, this could indicate that the two options will be equal in cost or 

that the Category IV option is actually less expensive. To appreciate this difference, the expected 

cost of failure for each option must also be considered (Figure 8-21b). While the Category IV 

approach has a lower expected cost of failure than the optimum design in Section 4.5, it is 

significantly greater in Section 4.3. If this risk cost was considered unacceptable from a design 

perspective, Category IV support would not be an appropriate over the entirety of Section 4. 

Conversely, the lowest expected failure cost is achieved by the Category V approach, which only 

has a minor probability of failure in Section 4.3. This reduction in risk comes at a cost however, 

as the cost of the Category V approach is 58% greater that the optimum support approach. 

Based on these results, it seems logical that the number of support categories could be 

reduced during the excavation of Section 4. While a single category may be inappropriate from a 

cost or risk perspective, a combination of Categories IV and V would yield a cost effective option 

that minimizes residual risk and the cost of switching support. While this will be slightly more 

expensive than the optimum option, given the concern with squeezing failure in this area, such an 

additional cost may be reasonable to the Owner as it limits the risk cost of liner failure. 
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Figure 8-21 – (a) Total and (b) expected costs of failure for Section 4 based on using the 

optimum support for each subsection or a single support class (Category IV or V) for the 

entire length. 
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8.6 Conclusions 

Uncertainty is inherent in geological engineering problems and can have a significant 

impact on design performance if not properly accounted for. This is especially true in the case of 

large-scale underground excavations through complex, weak rockmasses under high stress 

conditions. To address this issue, a reliability-based quantitative risk approach was presented that 

allows for the optimization of support performance based on safety and economic risk. While 

such an approach is more rigorous than an observational design method, it provides a more 

consistent design basis as different support options can be compared based on their probability of 

failure and the residual risk during construction. When combined with monitoring during 

construction, a more robust design methodology can be created as an optimum support system 

can be selected before construction and then modified during excavation in the event of 

unforeseen circumstances. 

The benefits of such an approach were demonstrated through the assessment of different 

support categories along a section of the Driskos twin tunnel as part of the Egnatia Odos highway 

in northern Greece. As part of this analysis, a method for quantifying uncertainty in Hoek-Brown 

parameters for weak rockmasses was developed based on the flysch characterization approach. A 

novel approach to calculating the probability of failure for a lining system based on a modified 

PEM and a limiting capacity curve was also presented. From this analysis, an optimum support 

category was selected for each domain along the tunnel alignment that fulfilled the safety 

requirements while reducing the total expected cost. Additionally, a reduced number of support 

categories could be selected to minimize risk provided that the additional cost was justified. 
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Chapter 9 

General Discussions 

9.1 Discussion 

The integration of reliability methods into geotechnical engineering design has several 

benefits. In addition to encouraging a more in-depth examination of uncertainty in rockmass and 

stress parameters, reliability approaches allow for the assessment of system behaviour with 

respect to ground response and support performance. In doing so, the probability and 

consequence of failure can be quantified for a series of design options so an optimum design can 

be selected on the basis of safety and cost. This eliminates the need for subjective conservatism in 

design, allowing a more economic option to be selected that addresses the range of possible 

rockmass behaviour. 

This thesis and the resultant publications are dedicated to advancing this state-of-the-art 

field and encouraging further innovation by both researchers and industry professionals in this 

area. Care has been taken to ensure that the concepts presented in this thesis are thoroughly 

explained and appropriate references given for those who are interested in furthering their 

knowledge in the field of reliability analysis. Through continued development in this area, it is 

believed that a shift in design philosophy can occur, which has the potential to revolutionize the 

geotechnical industry and move it towards an era of efficient design. 

While reliability methods offer an improvement over deterministic methods, there are 

several critical areas within this field that must be considered when utilizing a reliability approach 

in design. These are discussed in the following sections. 

9.1.1 Quantifying Uncertainty in Parameters 

As stated by Christian (2004), “a central problem facing the geotechnical engineer is to 

establish the properties of soils and rocks that will be used in analysis”. Understanding the 
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expected value and quantifying the uncertainty in rockmass and in situ stress parameters is a 

challenge for all engineers and one that cannot be solved solely through the application of 

statistical methods. Variability in ground conditions can exist at any scale, from mineralogical 

variations that occur during cooling to structural variation caused by regional tectonic activity. 

Being able to accurately assess this uncertainty requires an understanding of the geologic 

processes that lead to variability and the possible sources of knowledge-based (epistemic) error 

that may exist. One must also have an understanding of the complex interrelationships that exist 

between geotechnical parameters. Engineering judgment is needed to determine if these 

relationships should be considered explicitly through the use of a correlation coefficient or 

implicitly through the use of geomechanical principles (e.g. Griffith’s theory).  

Additionally, while all parameters have statistical variation, it is the job of the engineer to 

differentiate between those that have an impact on the design performance and those that do not. 

Parametric analyses must be used alongside engineering judgment to determine which parameters 

should be treated as random variables to ensure an appropriate range of behaviour is being 

considered. This is especially true for the magnitude and orientation of the principal stresses, 

which often represent a fundamental uncertainty in geological engineering problems. 

9.1.2 Identifying Changing Ground Conditions 

Understanding how uncertainty in ground conditions affects the type and severity of 

different failure mechanisms is another critical issue. While this thesis focused on quantifying the 

change in severity for a single failure mechanism along the alignment of an excavation, in some 

cases it will be important to note the possible change in the dominant failure mechanism (i.e. 

from an elastic response to brittle spalling to shear failure) over the credible range of input 

parameters. This change, referred to as a “mode switch”, can lead to a change in the behaviour of 

the rockmass and necessitate the selection of a different support system. Even within a given 

failure mechanism (i.e. spalling) one may transition back and forth between a “pure” failure to 
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one that has been modified by weak zones or structural discontinuities. It is important that 

existing reliability methods be modified to assist in the detection of such mode switches. This was 

the motivation for the development of the modified point estimate and global response surface 

methods presented in this thesis. 

When such a case exists, incorporating uncertainty into the design process will not be 

easy and will likely create a discontinuous failure surface over the range of possible parameters. 

This may be dealt with through the creation of discrete “zones” of behaviour, however this 

complicates the standard statistical methods that are used. As such, a composite method may be 

needed that allows for a change in dominant failure mechanism for a subset of parameters. 

9.1.3 The Perception of “Failure” 

Thus far, much attention has been given to describing how to represent system 

performance when using reliability methods. Both the probability of failure and the reliability 

index have been discussed and are considered to be useful performance indicators that provide 

information on not only the mean condition, but also the likelihood of failure with respect to a 

prescribed limit state. 

While the technical challenges with assessing system performance have been detailed in 

the preceding chapters, the perceptions associated with these terms warrants further 

consideration. The reality is that suggesting to a client or the public that there is a finite risk of 

failure attached to a design can often create an emotional response. “Failure” is a state that is 

usually associated with the collapse of a structure and often conjures up images of loss of 

property, injuries and even fatalities. Conversely, indicators focused on “safety” and “reliability”, 

while equivalent from an analysis standpoint, focus on the successful implementation of a design 

and tend to be viewed more positively. This is likely one of the reasons that the factor of safety 

approach continues to be such an attractive way to communicate design acceptability today. 
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It is the opinion of the author that while a probability of failure calculation is the most 

convenient for performing risk analyses, thought should be given to presenting the results of the 

analysis in a reliability context. By proposing a “reliability factor” rather than a “probability of 

failure”, the concept of safety becomes the main focus of the analysis rather than the probability 

of unsatisfactory performance. While this could be considered a cosmetic recommendation, it is 

an important one in the context of risk perception and may help reliability methods to achieve 

more widespread use in the field of geotechnical engineering. 

9.1.4 Ease of Implementation 

One of the most critical issues associated with the use of reliability methods in 

geotechnical design is the lack of commercially available software that integrates such 

approaches. The reliability tools utilized in this thesis were developed by the author and were 

largely coded in MATLAB. While such work is reasonable for a research project, it is unlikely 

that consulting companies or members of industry will take the time to develop such tools on 

their own. A similar sentiment has been echoed by technical experts at the short course on 

reliability methods at the American Rock Mechanics (ARMA) conference in San Francisco in 

2013 as well as through personal communications with leading technical experts such as Dr. 

Evert Hoek. While there is clearly interest in applying reliability methods to geotechnical 

engineering problems, until there is an easy way to do so, deterministic methods of design will 

continue to dominate. 

It is the hope of the author that this thesis will be a first step in addressing this problem. 

Over the past three and a half years, those involved with this research have made a concerted 

effort to clearly document any and all tools developed and liaise with members of industry to 

encourage them to incorporate such tools into their software. This is an ongoing challenge in this 

field and one that will hopefully receive more attention over the coming years. 
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9.2 Key Findings and Impacts 

The scientific and engineering research in this thesis was divided into four sections: (1) 

the assessment of uncertainty in geotechnical input parameters, (2) a review of reliability methods 

in the context of geotechnical problems, (3) the development of a reliability-based, quantitative 

risk approach for underground support design and (4) the application of such a method to existing 

case studies. The key findings are discussed in the following sections and represent the major 

scientific contributions and impacts of this document. 

9.2.1 Classifying Sources of Uncertainty 

Throughout this thesis, sources of epistemic and aleatory uncertainty have been described 

for intact rock parameters, assessments of rockmass quality through the Geological Strength 

Index (GSI) and inputs for various constitutive behaviours including the Mohr-Coulomb, 

generalized Hoek-Brown and Damage Initiation Spalling limit criteria. Methods for quantifying 

parametric relationships, such as those which exist between strength and stiffness, compressive 

and tensile strength and crack initiation to ultimate strengths, have been clearly documented. This 

includes an innovative method for quantifying uncertainty in intact Hoek-Brown strength 

envelopes using regression techniques. While not considered in a rigorous fashion in this thesis, 

methods for incorporating uncertainty in in situ stress conditions have also been proposed that 

consider the difficulties with obtaining reliable in situ stress measurements. 

This contribution is fundamental to the development of reliability approaches in 

geotechnical engineering as it allows for an accurate assessment of the range of possible ground 

conditions that can lead to a change in rockmass behaviour. 

9.2.2 Adaptation of Reliability Methods 

A review of currently accepted random and discrete sampling reliability methods was 

completed, including a summary of advantages and limitations of each in the context of 
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geotechnical engineering problems. From this research, it was determined that while the point 

estimate and first order second moment methods are appropriate for continuous failure 

mechanisms such as squeezing, a response surface or Monte Carlo analysis was needed to assess 

discontinuous failure mechanisms (e.g. spalling damage caused by brittle failure). 

In addition to obtaining an understanding of the advantages and limitations for a number 

of reliability-based methods, several improvements were proposed to existing methods to increase 

their applicability and usefulness. A modified point estimate method was proposed in Chapter 6 

that provides a computationally efficient method for assessing mode switching within one 

standard deviation of the mean and also in selecting an appropriate distribution shape. The global 

response surface method presented in Chapter 7 provides the means to deal with discontinuous 

failure mechanisms such as brittle failure in a computationally efficient manner. 

9.2.3 Quantitative Risk Framework 

A comprehensive, reliability-based, quantitative risk approach was developed for the 

design of underground structures. This approach provides a standard method to evaluate support 

performance for various design options based on a prescribed limit state. For lining systems, a 

method for calculating the probability of failure with respect to a limiting capacity curve was 

developed that utilized reliability methods and numerical models. When multiple design options 

are considered, this approach can be used to select an optimum design by determining the 

consequence of failure and assessing the total risk with respect to safety and cost. 

To demonstrate the usefulness of this approach, it was applied to a number of 

geotechnical case studies. Performance of the initial lining design at the Yacambú-Quibor tunnel 

was assessed and the results compared to observations at site. An assessment of rockbolt 

performance was completed for a preliminary design option for a deep geologic repository for 

nuclear waste. Finally a complete assessment of liner performance was completed and validated 

for the Driskos twin tunnel in northern Greece. These studies not only provide valuable 
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information on the design parameters for each project, but also guidance to engineers who wish to 

incorporate similar assessments into existing projects. 

9.2.4 Incorporation of Reliability Methods into Software 

During the development of this thesis, an effort has been made to incorporate reliability 

approaches in commercially available software. The author has worked with Rocscience 

Incorporated to integrate the Rosenblueth point estimate method into the two-dimensional finite 

element modelling program ‘Phase2’ as well as develop a way to visualize the outputs of a 

combined reliability/FEM analysis approach. This functionality has since been incorporated into 

the program and a tutorial developed on its use. This work is continuing between the author and 

Rocscience to integrate additional reliability tools from this thesis into software programs and 

expand on existing functionality. It is the hope of the author that these developments will help to 

make reliability methods more available to industry and research professionals and continue to 

spur innovation in this field. 

9.3 Future Areas of Research 

While the research conducted during this thesis has answered many of the questions 

surrounding the application of reliability methods to underground support design, there are many 

more that need to be considered. Drawing on lessons learned and challenges faced during this 

thesis, a number of future research areas can be considered, some of which are: 

 Directly quantifying sources of epistemic uncertainty such as the uncertainty associated 

with the transformation from intact to rockmass parameters and modelling uncertainty; 

 A rigorous review of how best to quantify uncertainty in in situ stress conditions and 

incorporate it into the design process; 

 Developing a composite method that allows for a change in dominant failure 

mechanism for a subset of parameters; and 

 Assessing how uncertainty in discontinuity characteristics can be combined with 

discrete fracture networks to determine the risk of structurally controlled failure.  
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Chapter 10 

Summary and Conclusions 

10.1 General 

This thesis represents the first to be completed on reliability-based design methods in the 

Department of Geological Sciences and Geological Engineering. As such, the purpose of this 

research was to understand the nature of uncertainty in geological problems and develop a 

framework for the use of reliability methods in the design of underground structures. This was 

accomplished through the completion of the following four objectives: 

1. Classify the different components of uncertainty for geotechnical parameters and 

determine how to quantify uncertainty for the purposes of design; 

2. Assess the relationship between the collective uncertainty in the input parameters and 

the subsequent impact on design behaviour by using reliability methods; 

3. Understand what the probability and consequence of failure means with respect to 

different support elements such as rockbolts and lining systems; and 

4. Create a design methodology that combines reliability methods and a quantitative risk 

approach to select an optimum support design and apply it to geotechnical case studies. 

 

The completion of these areas of focus has been through the publication (or submission) 

of four peer-reviewed international journal publications, six conference papers and a number of 

invited presentations. The topic of this thesis is critical to the design of underground structures 

and it is hoped that the contributions made will encourage further research in this area. 

10.2 Conclusions 

The research completed and presented in this thesis covers a range of different concepts 

with respect to reliability analyses and geotechnical design. The primary conclusions resulting 

from this thesis are summarized in the following subsections. 
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10.2.1 Uncertainty in Geotechnical Parameters 

 Natural variability (aleatory) and knowledge based uncertainty (epistemic) must be 

considered separately when performing a reliability analysis to ensure the total 

uncertainty is not over-estimated; 

 Measurement and statistical estimation errors are significant and must be reduced to 

acceptable levels through appropriate testing procedures and ensuring that a suitable 

number of test samples are obtained (estimate of ten samples for strength parameters); 

 Due to the difficulty in obtaining accurate stress measurements, uncertainty in the in 

situ stress conditions is best quantified by establishing a set of of upper and lower 

stress bounds along the excavation length based on stress ratios or borehole breakout 

analyses; 

 An appropriate mean fit and set of prediction intervals can be determined for intact 

Hoek-Brown strength envelopes by using the proposed modified linear or nonlinear 

regression techniques that consider relative residuals; 

 Considering UCS and mi as independent variables leads to the creation of intact 

strength envelopes that do not accurately reflect the laboratory test data, resulting in 

incorrect assessments of ground response that can have a significant impact on 

excavation and support decisions; 

 Two methods for varying intact strength envelopes were developed that depend upon 

the homogeneity of the rockmass and provide a more accurate representation of the 

intact rock behaviour based on laboratory data; 

 While allowing the intact Hoek-Brown a parameter to vary would necessitate 

significant changes to the current generalized Hoek-Brown and GSI system, it results 

in higher quality mean fits across the tensile and compressive regions; 

 To quantify variability in spalling behaviour, uncertainty in the crack initiation, 

ultimate and tensile strengths must be understood as well as the correlations between 

these three parameters; 

 Where UCS is dominated by epistemic uncertainty, CI and UCS should be analyzed 

separately and a correlation obtained between them, while the crack initiation ratio can 

be treated as a random variable when epistemic errors are minimized; and 

 As it is difficult to establish a correlation between the UCS and tensile strength based 

on test data, Griffith’s theory of microcrack initiation can be used to establish a direct 

relationship between these two variables. 
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10.2.2 Reliability Methods 

 The behaviour of the system can either be assessed directly using “brute force” random 

sampling techniques (e.g. Monte Carlo analyses) or indirectly through the calculation 

of the mean and standard deviation for an output parameter of interest through discrete 

sampling approaches (e.g. PEM, FOSM method, RSM/FORM); 

 As numerical models are often used to evaluate geotechnical problems, discrete 

sampling methods can have a significant computational advantage over a Monte Carlo 

approach in cases where a reasonable level of accuracy can be obtained; 

 Continuous rockmass behaviours (e.g. squeezing) can be analyzed accurately using the 

PEM and FOSM method while discontinuous mechanisms (e.g. spalling damage 

caused by brittle failure) are best considered using Monte Carlo analyses or the 

combined FORM/RSM approach; 

 A modified PEM was proposed that provides a computationally efficient method for 

determining the presence of a mode switch within one standard deviation of the mean 

values and also provides guidance in selecting an appropriate distribution function; and 

 In the early stages of design, the proposed global RSM approach proposed in this thesis 

can be used to quickly and easily calculate the probability of failure over a range of 

possible limit surfaces. 

10.2.3 Support Performance 

 Quantifying uncertainty in support loads through the use of reliability methods allows 

for the assessment of support performance with respect to a prescribed limit state; 

 A method was proposed to determine liner performance by calculating the uncertainty 

in the liner loads (axial thrust, bending moment, shear force) at each node and 

assessing the probability of failure with respect to a limiting capacity curve; 

 In the case of circular tunnels in a hydrostatic stress field, the probability of failure 

should be equal at all nodes around the lining, meaning a global probability of failure 

can be used for the entire lining system; 

 For more complex geometries or stress conditions, the probability of failure must be 

considered locally and justification used to select a representative location around the 

excavation for evaluating the performance of the lining system; 

 The performance of the initial liner at the Yacambú-Quibor tunnel was assessed and 

the results were determined to be consistent with observations made at site; and 
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 The performance of a preliminary rockbolt design option for the proposed deep 

geologic repository was analyzed and critical design parameters were determined (e.g. 

bolt length and type) to minimize the likelihood of failure. 

10.2.4 Quantitative Risk Analysis 

 A reliability-based, quantitative risk approach to support design was proposed for 

underground works; 

 A risk based approach allows for a better understanding of the relative likelihood of 

different hazards that could be encountered during construction and allows for the 

optimization of support on the basis of both safety and cost; and 

 This approach was applied to a section of the Driskos twin tunnel as part of the Egnatia 

Odos highway in northern Greece to assess support performance, providing important 

information on both the optimum support category for each subsection and the 

optimum construction sequence for the tunnel. 

10.3 Limitations of Current Research 

The primary limitation associated with this research involves the reliance upon traditional 

classification and design methods to assess uncertainty in rockmass behaviour. Specifically, the 

generalized Hoek-Brown and GSI classification system (Hoek et al., 2002) and the formulation 

for the longitudinal displacement profile calculation by Vlachopoulos & Diederichs (2009) were 

developed through either empirical or numerical methods. As such, they are not exact systems 

and will introduce some error into the calculations. While these errors are unavoidable, work 

must be done to quantify the error so it can be accounted for in design. Additionally, sources of 

model uncertainty were not considered in these analyses and should be reviewed further. 

10.4 Contributions 

The innovative scientific contributions developed during this thesis are presented in 

Chapters 5 through 8. Each publication was developed to build on a particular objective of this 

thesis and answer key technical and philosophical questions posed during the research process. 

Each chapter has been published or submitted to an international journal in the field of 
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geotechnical engineering and rock mechanics. It is hoped that these publications encourage 

professionals to utilize reliability methods in both industry projects and their field of research to 

advance this topic in engineering design. All contributions made during this thesis have been 

summarized in the following sections. 

10.4.1 Articles Published in Refereed Journals 

1. Langford, J.C. & Diederichs, M.S. 2013. Reliability-based approach to tunnel lining 

design using a modified Point Estimate Method. International Journal of Rock 

Mechanics and Mining Sciences, 60: 263-276. 

10.4.2 Articles Submitted to Refereed Journals 

2. Langford, J.C. & Diederichs, M.S. 2013 Support design for excavations in brittle rock 

using a global Response Surface Method. Rock Mechanics and Rock Engineering. 

3. Langford, J.C. & Diederichs, M.S. 2013. Quantifying uncertainty in intact Hoek-

Brown strength envelopes. International Journal of Rock Mechanics and Mining 

Sciences. 

10.4.3 Articles in Preparation 

4. Langford, J.C., Vlachopoulos, N. & Diederichs, M.S. 2013. Evaluating support 

performance at the Driskos tunnel using a quantitative risk approach. Rock Mechanics 

and Rock Engineering. 

10.4.4 Fully Refereed Conference Paper and Presentation 

5. Langford, J.C. & Diederichs, M.S. 2013. Evaluating uncertainty in intact and rockmass 

parameters for the purposes of reliability assessment. In: Proceedings from the 47th 

American Rock Mechanics Association (ARMA) Geomechanics Symposium, San 

Francisco, USA. 

6. Langford, J.C., Diederichs, M.S. & Hutchinson, J.H. 2012. Reliability-based approach 

to support design for underground works. In: Proceedings from the 2012 Tunnelling 

Association of Canada (TAC) Conference, Montreal, Canada. 

7. Langford, J.C. & Diederichs, M.S. 2012. Reliability-based support design for an 

excavation in brittle rock. In: Proceedings from the 46th American Rock Mechanics 

Association (ARMA) Geomechanics Symposium, Chicago, USA. 
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8. Perras, M., Langford, J.C., Ghazvinian, E. & Diederichs, M.S. 2012. Important rock 

properties for numerical modeling of underground excavations. In: Proceedings from 

the Eurock International Conference, Stockholm, Sweden. 

9. Langford, J.C., Diederichs, M.S. & Hutchinson, J.H. 2012. Probabilistic support design 

in squeezing ground. In: Proceedings from the Eurock International Conference, 

Stockholm, Sweden. 

10. Langford, J.C. & Diederichs, M.S. 2011. Application of reliability methods in 

geological engineering design. In: Proceedings from the Pan-American Canadian 

Geotechnical Society (CGS) Geotechnical Conference, Toronto, Ontario. 

10.4.5 Invited Presentations 

11. June 2013: Spall prediction for pillar design and reliability analysis. Workshop on 

Spall Prediction at the 47th American Rock Mechanics Association (ARMA) 

Geomechanics Symposium. 

12. October 2012: Application of reliability methods to underground support design. 

Technical presentation for Geodata Inc. 

13. October 2012: Understanding uncertainty in geological engineering, reliability-based 

design of underground support systems. Guest lectures at Politecnico di Torino. 

14. June 2012: Reliability methods in underground support design. Technical presentation 

at the Centre for Excellence in Mining Innovation (CEMI) Student Day. 

15. May 2012: Statistical & reliability methods in geotechnical engineering. Technical 

presentation at the Norwegian Geotechnical Institute (NGI). 

16. March 2012: Reliability-based approach to underground support design. Technical 

presentation at the Ottawa Geotechnical Group (OGG) 36th Annual Michael Bozozuk 

Student Forum. 

17. November 2011: Application of reliability methods in geotechnical engineering. 

Technical presentation for the GeoEngineering Centre seminar series at Queen’s-RMC. 

10.4.6 Courses Given 

18. June 2013: Reliability in geotechnical design for underground works (co-taught with 

M.S. Diederichs). 47th American Rock Mechanics Association (ARMA) Geomechanics 

Symposium, San Francisco, USA. 
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Appendix A 

Reliability Short Course – Presentation Slides 

 

The following slides were developed for the short course “Reliability in geotechnical 

design of underground works” co-taught by the author at the American Rock Mechanics 

Association (ARMA) Conference in San Francisco (USA) on 22 June 2013. 



“Reliability in Geotechnical Design of Underground Works” Short Course 

American Rock Mechanics Association (ARMA) Conference 

San Francisco, USA, 22 June 2013 

Reliability Approaches in the 

Geotechnical Design of 

Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

Queen’s University, Kingston, Canada 
 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

Queen’s 
Geomechanics 
Group 

  

Course Program 
Time Section 

8:30 – 9:15 Course Overview 

9:15 – 10:15 Part 1: Quantifying Uncertainty in Geotechnical Systems 

10:15 – 10:30 Coffee Break 

10:30 – 11:05 Part 2: Predicting Ground Response 

11:05 – 12:15 Part 3: Dealing with Uncertainty in Design 

12:15 – 13:00 Lunch (provided) 

13:00 – 13:20 Part 4: Support Performance & Design Risk 

13:20 – 14:15 Part 5: Reliability Based Support Design I 

14:15 – 14:30 Coffee Break 

14:30 – 15:10 Part 6: Reliability Based Support Design II 

15:10 – 16:00 Part 7: Other Reliability Applications 

16:00 – 16:30 Part 8: Panel Discussion 

16:30 Closing 

• Why do we care? 

– Rockmass variability leads to variable response and 
performance  

• Classes of design uncertainty 

– Known-knowns, known-unknowns (this session), 
unknown-unknowns 

– Overall framework for consideration of uncertainty 

• Qualitative vs. quantitative risk analyses 

– Initial and residual risk 

– Control and management 

– Qualitative risk assessment 

– Fault tree and event tree analysis (“Bowtie”) 

• Focus of this Course  

– Uncertainty of geomechanics input and design reliability 
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Class C Class D2 Class 
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13 

Bursting over the shield 

 

 

Water inflows from Karst 

Formations 
Managed through Exploration and Grouting 

Potential for 1000L/s inflow 

Drained Karst in the 

Tunnels 

Known Risk =  

Constant 

Monitoring 

Boreholes 
Ahead of 
Tunnel 

 

            366

http://www.queensu.ca/
http://www.queensu.ca/
http://www.queensu.ca/
http://www.queensu.ca/


“Reliability in Geotechnical Design of Underground Works” Short Course 

American Rock Mechanics Association (ARMA) Conference 

San Francisco, USA, 22 June 2013 

Flow from 1 borehole 7 L/s 

at 48 bars !! 

Tune Advance 

Grouting 

Gotthard Project 

 

Gotthard Base Tunnel Geology 
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Piora Dolomite 

Water and sugary Dolomite with 1000m of Pressure Head 

  

 
2” Borehole 

Poira Zone – Sugary Dolomites 

 

Potential Catastrophic Inflow 

 

$1Billion in exploration and 

engineering 

 

Problem never materialized 

Sedrun Shaft  
Extreme Squeezing 

Ground 

Potential for TBM loss and loss of tunnel 
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Constantly Changing Ground =  

Flexible Excavation Techniques  

 

Sedrun Squeezing 

 

Effects of Squeezing on Equipment 
Reduce Impact of Squeezing 

 

Don’t Fight it…..Work with it! 
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• Risk of Fault Zone (identified but nothing 

done) 

• TBM hit zone and was stuck for 6 months 

Gotthard Fault 

 

Management (Lessons Learned) 

• Look Ahead Geophysics Used 

Subsequently 

Grouting of Fault Zones in Advance 
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Bad Luck?  

Foliation Fault 

Parallel to Tunnel 

for 1.5 km! 

High Stress + 

Metamorphic 

Foliation Planes 

in Face 

TBM Advance Rates Predicted to be 25-30m per 

day!! 

Several km of tunnel were driven at <5 m per day 

!!!! 

A Good TBM FACE 
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Serious 

Cutter 

Damage 

The Schedule 

Breakthrough!! 

 

Classes of Design Uncertainty 

There are known knowns. 

There are things we know  

that we know. 

 

There are known unknowns. 

That is to say, there are things 

that we now know we don’t know. 

 

But there are also unknown unknowns. 

There are things we do not know 

we don’t know. 

U
n

c
e

rt
a

in
ty

 L
e

v
e

l 

Low 

High 

From Donald Rumsfeld 

former US Secretary of Defense 
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From Donald Rumsfeld 

former US Secretary of Defense 

Classes of Design Uncertainty 

There are known knowns. 

There are things we know  

that we know. 

 

There are known unknowns. 

That is to say, there are things 

that we now know we don’t know. 

 

But there are also unknown unknowns. 

There are things we do not know 

we don’t know. 

U
n

c
e

rt
a

in
ty

 L
e

v
e

l 

Low 

High 

• Preliminary tunnel 

alignment & depth 

• Basic geological 

scenario 

• Past experience in 

area or rock type 

• Geological 

anomalies 

• Discrete hazards 

• Intact & rockmass 

parameters 

• Structural features 

(joint sets) 

• Geomechanical 

behaviour 

• Rockmass 

characterization 

• Detailed in situ 

stress regime 

• Time dependent 

characteristics 

Risk in Engineering Projects 

 

Definition of Risk 

• Hazard:  What might happen?  

• Probability:   

How likely is it that a hazardous event will occur? 

• Consequence:   

 What is the likely outcome of such an event? 

 Risk = Probability x Consequence 

Definition of Risk 

• Hazard:  What might happen?  

• Probability:   

How likely is it that a hazardous event will occur? 

• Consequence:   

 What is the likely outcome of such an event? 

 Risk = Probability x Consequence 
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Qualitative Risk Assessment 

High Low

High Unacceptable Risk ?

Low ? Acceptable Risk

Probability of Failure

C
o
n
s
e
q
u
e
n
c
e
 

o
f 
F

a
ilu

re

Risk Assessment Matrix
HAZARD 

Quantitative Consideration of 

Uncertainty 

Risk  vs Mitigation Cost 

Comparison 

Risk Cost 

Of Failure 

Mitigation of Failure Potential 

$$$$ 

Optimum 

Cost of 

Investigation  or 

Mitigation 

Total 

    Cost 

Geo-Risk 
 

 

Risk Analysis Flow 

+ 

Reliability 

Assessment for  

Input Data and 

Analysis Models 

 

Geo-Risk Design 

“Model” divided 

into submodels 

 

This example is for 

mine design 

Courtesy of 

CEMI 
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Guidance for  

Qualitative                     and                   Quantitative  

Risk Assessment 

ircrisk.com 

WIDGET 0a – Qualitative Analysis 

Qualitative 

Risk Assessment 
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RESIDUAL OR ACTUAL HAZARD  Managed Consequence Assessment 

Qualitative 

Risk Assessment 
Qualitative 

Risk Assessment 
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ircrisk.com ircrisk.com 

BOWTIE 

Risk Assessment 

FAULT TREE EVENT TREE 

Fault Tree 

UCSrm      Stress 

Low            High               

Liner            Gaps       

Too early      Locked              

Liner         Gaps     Ground 

Too late      Fail     is blocky      

Shear     Probe 

Zone     Drill Fails 

High  

Water 

Pressure 

Variability Operational 

  Geol Model 

Roof 

Breakup 
Ground 

Creeps 

Too Much 

Squeezing 

Tunnel 

Collapse 

Liner 

Failure 
Ground 

Loss 

Seismic 

Improve Design = $$$$ 

More investigation = $$ 
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Event Tree for 
Safety 

 

Event Tree for Economics 

RELIABILITY AND CERTAINTY 

eg. Resource Estimation 

and Definition 
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Overall model reliability depends on 

critical uncertainty 

 

Although probabilistic analysis 

according to justifiable data constraint 

can partially overcome data deficiency 

 

The Risk Register 

A tabulated risk register should have the following columns: 
 

Risk Class  

Hazard Description  

 

Initial Likelihood (without any controls) 

 describe and provide a ranking (1 to 5) 

Initial Consequence (without any management) 

 describe and provide a ranking (1 to 5) 

Initial Risk (before controls or management)  

 product of initial likelihood & consequence 

 

Control Measures: engineering actions to reduce the likelihood of the hazard 

Management Measures: actions to reduce the consequence of the hazard 

Monitoring or Investigation ro be done 

 

Residual Likelihood (after controls): provide a new ranking (1 to 5) 

Residual Consequence (after management): provide a new ranking (1 to 5) 

Residual Risk (including controls and management):  

 product of residual likelihood & consequence 

Risk Acceptability: Is the residual risk acceptable? 

 

The Risk Register 
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Outcome of Risk Analysis 
Risk vs Benefit Cost Comparison 

Risk Cost 

Of Failure 

Mitigation of Failure Potential 

$$$$ 

Cost of Investigation  

or 

Mitigation 

Total 

    Cost 

BENEFITS 

OF RISK  

Revenue $$ 

Optimum 

Case Study – Hydro Tunnel 

• 10 m diameter hydro tunnel 

• Silty sandstone rockmass 

– Well interlocked blocks (3 joint sets) 

– Rough, moderately weathered 

– Uniform & homogeneous across                                                
extent of alignment 

• Non-hydrostatic stress 

– σv = 10 MPa 

– σH = σh = 15 MPa 

• Laboratory test data available 

Case Study – Hydro Tunnel 

• Goal 1: Quantify uncertainty in input 

parameters & determine representative 

strength envelopes from test data 
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Case Study – Hydro Tunnel 

• Goal 2: Use reliability methods to quantify 

variability in ground response 

Analytical & 

Numerical 
Empirical 

Case Study – Hydro Tunnel 

• Goal 3: develop a support system that 

achieves an acceptable risk for low cost 

• Acceptability criteria for lining systems: 

– Unreinforced liner: Minimum Factor of Safety 

(FSmin) = 1.5 with probability of failure (pf) < 10% 

– Reinforced liner: 

• Shotcrete: FSmin = 1.0 with pf < 15% 

• Reinforcement: FSmin = 1.5 with pf < 10% 

Case Study – Hydro Tunnel 
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Case Study – Hydro Tunnel Case Study – Hydro Tunnel 

0%
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Limiting Factor of Safety (FSmin) 

Support 1 - Roof

Support 1 - Wall

Support 2 - Roof

Support 2 - Wall

Support 3 - Roof

Support 3 - Wall

Case Study – Hydro Tunnel 

 $-

 $10,000

 $20,000

 $30,000

 $40,000

 $50,000

1 2 3

C
o

s
t 

($
) 

Support Class 

Support Cost Cost of Failure Total Cost

Optimum Cost 

Excessive 

Support Cost 

Excessive 

Failure Cost 

Short Course “Takeaways” 

• Received printed copies of: 

– Slides for each section 

– Case study report 

• USB key includes: 

– Slides & case study report 

– Excel files showing steps in case study analysis 

– Excel tools (“Widgets”) 
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Reliability Approaches in the Geotechnical 

Design of Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

  

Part 1: Quantifying Uncertainty in 

Geotechnical Systems 

Uncertainty in Geo Engineering 

• Complex history of formation & continual modification leads to 
a high degree of variability in geomaterials & in situ stress 

• Need to consider uncertainty as it can have a significant 
impact on ground response & support performance 

(with data from Bond & Harris 2008, Ruffolo & 

Shakoor 2009, Marinos & Hoek 2000) 

Rockmass Characterization 

• To properly characterize a rockmass, need to quantify: 

– Intact Strength: UCS, tensile strength, strength envelopes 

– Intact Stiffness: Young’s modulus (Ei), Poisson’s ratio  

– Rockmass Classification: Q, RMR 

– Rockmass Quality: Geological Strength Index (GSI) 

– In situ stress conditions 

• While often treated deterministically, significant 
uncertainty associated with each parameter 

• Must understand & quantify uncertainty to determine 
range of parameters & impact on ground response 

Components of Uncertainty 

• Can divide overall uncertainty into two parts: 

• Inherent or in situ variability (aleatory) 

• Knowledge based uncertainty (epistemic) 

– Lack of information, test errors / imperfections 

– Statistical estimation / transformation errors 

– Modelling error 

• Must quantify uncertainty at each step of the 
design process to determine overall impact 
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Escher et. al., 1994 

Natural 

Variability… 

(courtesy M.S. Diederichs) 

… vs. Knowledge Uncertainty 

Quality of testing 

equipment, testing 

procedures, QA/QC 

What value do you choose? 

(with data from Ghazvinian et al. 2012) 

Components of Uncertainty 

Natural Variability 

• “Aleatory” 

• Parameters vary from 

one spatial location to 

another 

• Continued testing does 

not eliminate variability, 

but provides a more 

complete understanding 

• Include in design 

Knowledge Uncertainty 

• “Epistemic” 

• Limited information or 

sources of error during 

testing, interpretation & 

modelling phases 

• Reduce error through 

additional testing & use of 

statistical methods 

• Remove during analysis 

Tools for Quantifying Uncertainty 

• When dealing with repeated test values, expected 
case (mean) & uncertainty must be quantified 

• Several statistical methods used for this: 

– Second moment analysis & cumulative distribution fits 

– Regression analysis 

– Assessment of covariance & correlation 

– Spatial variability parameters 

• Sensitivity analyses determine which parameters 
have an impact on design performance 
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Uniaxial Compressive Strength (UCS) 

• Determined through repeated 
laboratory testing of intact samples 

• Natural variability (aleatory) due to 
changes in: 

– Index properties (density, porosity) 

– Petrographic characteristics (grain 
size/shape, nature of cement) 

• Changes in petrographic 
characteristics result in micro defects 

– Leads to different modes of sample 
failure for intact rock 

– Analyze each mode separately 

 

(Szwedzicki 2007) 

Uniaxial Compressive Strength (UCS) 

• Epistemic uncertainty 
due to measurement 
& statistical 
estimation errors 

– Measurement errors 
limited with QA/QC 

– Statistical estimation 
error reduced by 
performing adequate 
number of tests 

(Ruffolo & Shakoor 2009) 

Second Moment Analysis 

• Commonly used to quantify uncertainty in a single 
parameter determined through repeated testing 

• Defines mean (μ), sample standard deviation (σ), 
dimensionless coefficient of variation (COV) 

• Credible minimum & maximum values can be 
used to truncate range 

𝜇𝑥 =
1

𝑛
 𝑥𝑖

𝑛

𝑖=1

 𝜎𝑥 =
1

𝑛 − 1
 (𝑥𝑖 − 𝜇𝑥)

2

𝑛

𝑖=1

 𝐶𝑂𝑉 =
𝜎𝑥

𝜇𝑥
 

Continuous Distribution Fit 

• What if we want to know the likelihood of a 
certain UCS value? 

• Continuous distribution function (CDF) 
defines probability of a given value over 
the credible range 

• Several different CDFs can be used 

– Most common: normal, lognormal, Beta, 
Poisson 
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Selecting Appropriate CDF 

• As fit will never be “exact”, statistical 

estimation error (epistemic) is introduced 

by this process 

– Can be reduced by selecting an appropriate fit 

– Akaike Information Criterion (AIC) used to 

quantify fit quality 

𝐴𝐼𝐶 = 2𝑘 − 2ln(𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑) = 2𝑘 + (𝑛)ln
𝑅𝑆𝑆

𝑛
 

Uniaxial Compressive Strength (UCS) 

Normal AIC = -82 

Lognormal AIC = -73 

Tensile Strength (σt) 

• Similar sources of uncertainty to UCS 

• Well executed direct tensile testing provides 
accurate estimates of mean value 

– Brazilian tensile test may require calibration to 
address testing issues & systematic error 

• CDF fit can be used to quantify uncertainty 

Normal AIC = -53 

Lognormal AIC = -60 

Mohr-Coulomb Failure Criterion 

• Mohr-Coulomb (MC) failure criterion is bilinear 

curve (tensile separate from shear) 

𝜏 = 𝜎𝑛 tan𝜙 + 𝑐 

• Linear relationship 

for shear strength 

• Use a linear 

regression to 

determine c & ϕ 

max𝜎1 =
1 + sin𝜙

1 − sin𝜙
𝜎3 +

2𝑐 cos𝜙

1 − sin𝜙
 min𝜎3 = 𝜎𝑡 
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Regression Analysis 

• Performing a linear or nonlinear regression on 
laboratory data provides information on mean fit 

• “Optimum” parameters minimize residual sum of 
squares (RSS) 

 

 

• Residual: distance from a data point to its 
corresponding point on the regression curve (can be 
taken in any direction) 

– Relative residuals are used where there is a substantial 
difference in scale along the regression line 

𝑅𝑆𝑆 =  (𝑦𝑖 − 𝑓 𝑥𝑖 )2
𝑛

𝑖=1

 

y = 9.1764x + 185.59 

R² = 0.7713 

0
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σ
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M
P

a
) 
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Data

Linear (Data)

𝑚 =
1 + sin𝜙

1 − sin𝜙
 𝑏 =

2𝑐 cos𝜙

1 − sin𝜙
 

𝑦 = 𝑚𝑥 + 𝑏 

Variability in Curve Fit 

• Estimate of standard error (ε) obtained 

based on RSS, # of data points (n) & # of 

model parameters (z) 

 

 

• For a linear regression only need to 

consider slope & intercept (z = 2) 

𝜀 =
𝑅𝑆𝑆

𝑛 − 𝑧
 

Confidence & Prediction Intervals 

• Visualize variability using confidence & prediction intervals 

– Defined by a certain probability (according to t statistic) 

• Confidence Interval (CI): estimate of an interval within which 
the mean is expected to occur for a given set of data 

• Prediction Interval (PI): estimate of an interval in which future 
observations will fall given what has already been observed 

𝑃𝐼 = 𝑦 ± 𝑡𝛼/2,𝑛−2(𝜀) 1 +
1

𝑛
+

(𝑥 − 𝜇𝑥)
2

 (𝑥𝑖 − 𝜇𝑥)
2𝑛

𝑖=1

 

𝐶𝐼 = 𝑦 ± 𝑡𝛼/2,𝑛−2(𝜀)
1

𝑛
+

(𝑥 − 𝜇𝑥)
2

 (𝑥𝑖 − 𝜇𝑥)
2𝑛

𝑖=1
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PI - 95%

Linear (Data)

Statistical 

extrapolation 

penalty 

𝑦 = 𝑚𝑥 + 𝑏 

𝑚 =
1 + sin𝜙

1 − sin𝜙
 𝑏 =

2𝑐 cos𝜙

1 − sin𝜙
 

Challenges with MC Approach 

• Assumes that tensile cutoff for MC can be 

considered separately from linear MC 

shear envelope 

• Does not consider confinement 

dependency of strength 

• Cohesion & friction angle are dependent 

– Must consider relationship between them 

Hoek-Brown (HB) Failure Criterion 

• Continuous function between tensile & 

confined shear failure 

• Confinement dependent  

• UCS & mi define intact strength 

 

𝜎1
′ = 𝜎3

′ + 𝑈𝐶𝑆 𝑚𝑏

𝜎3
′

𝑈𝐶𝑆
+ 𝑠

𝑎

 𝜎1
′ = 𝜎3

′ + 𝑈𝐶𝑆 𝑚𝑖

𝜎3
′

𝑈𝐶𝑆
+ 1

0.5

 

Rockmass Strength Intact Strength 

HB Material Constant 

• Dependent upon rock type/group, mineral 

content, foliation & grain size (texture) 

• Heterogeneity leads to variability in these 

properties & variability in mi 

• Ideally determined through regression of 

intact test data 

– Tensile, UCS, triaxial laboratory tests 
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HB Material Constant 

• Given expense of 
triaxial tests, 
empirical estimates 
sometimes used 

• Values contain both 
aleatory & epistemic 
uncertainty 

• Should be used for 
initial estimates only! 

 (Hoek 2007) 

Intact Strength 

• While UCS & mi are often discussed 

separately, together they define a single 

failure HB envelope for the intact material 

• Correlation between these parameters must 

be determined to understand relationship 

between UCS & tensile strength (σt) 

 

 

 

𝜎𝑡 =
−𝑈𝐶𝑆

𝑚𝑖
 𝜎1

′ = 𝜎3
′ + 𝑈𝐶𝑆 𝑚𝑖

𝜎3
′

𝑈𝐶𝑆
+ 1

0.5
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Methods for Varying Intact Strength 

• Must consider how curves are varied 

• Depends on uniformity of the rockmass, 

which defines relationship between UCS & σt 

• Three cases must be considered: 

– Case 1: UCS & mi uncorrelated 

– Case 2: a heterogeneous rock 

– Case 3: a homogeneous (uniform) rock 

Case 1: UCS & mi Uncorrelated 

• May seem conservative, 
but not accurate from a 
geomechanical 
perspective  

• Independent UCS & mi 
means no relationship 
between UCS & σt 

• Leads to development of 
“extreme” Hoek-Brown 
failure envelopes 

• More logical to assume 
factors that make rock 
strong in compression 
make it strong in tension 

Case 2: Heterogeneous Rock 

• Grain size & mineral 
content not consistent, 
meaning variability in mi 

• Relationship between 
UCS & σt dependent 
upon non-uniformities 

– Randomly distributed, 
can’t determine 
likelihood for any one 
envelope 

• Intact envelopes 
uniformly distributed 
between bounds (95% PI) 
up to critical confinement 

Critical 

confinement 

Case 3: Homogeneous Rock 

• Uniform grain size & 
mineral content means 
little variability in mi 

– Consistent relationship 
between UCS & σt 

• More extreme failure 
envelopes occur less 
frequently than those 
near the mean 

• Treat intact failure 
envelopes as random 
variable defined by critical 
t-distribution 
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Stiffness 

• Can quantify uncertainty using a CDF fit 

• Correlation between stiffness (Ei) & strength 
(UCS) often observed in data 

• Quantify relationship in one of two ways: 

– Option 1: Quantify variability in each parameter & 
determine correlation coefficient from test data 

– Option 2: Calculate Modulus Ratio (MR) for each pair 
of UCS &Ei measurements, treat as random variable 

𝑀𝑅 =
𝐸𝑖

𝑈𝐶𝑆
 

Covariance & Correlation 

• Sample covariance (q) quantifies linear relationship 
between two (or more) variables 

 

 

• Correlation coefficient normalizes covariance allowing 
for assessment of magnitude & nature of relationship  

– e.g. sample Pearson product-moment correlation 
coefficient (r) 

𝑟 =
𝑞𝑥,𝑦

 (𝑥𝑖 − 𝜇𝑥)
2𝑛

𝑖=1  (𝑦𝑖 − 𝜇𝑦)
2𝑛

𝑖=1

 

𝑞𝑥,𝑦 =
1

𝑛 − 1
 (𝑥𝑖 − 𝜇𝑥)(𝑦𝑖 − 𝜇𝑦)

𝑛

𝑖=1
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Correlation Coefficient 
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POSITIVE correlation 

Option A (correlated variables) 

• Use statistical moments of UCS & Ei 

• Correlation coefficient (rUCS E) = 0.79 

Option B (MR as a variable) 

• Mean (μ) = 342 

• St Dev (σ) = 50 

• COV = 15% 

From Intact to Rockmass Rockmass Classification 

• Can be used during preliminary design when 
information is limited 

• Focus on blockiness & joint character 

• Leads to conclusions regarding rockmass quality 
& support recommendations 

• No focus on failure mode – limits usefulness 
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Rockmass Classification 

• As Q consists of multiplied terms, should 

be treated as lognormal distribution 

• RMR can be treated as a normal 

distribution as terms are added 

• As terms refer to related characteristics, 

need to consider correlation 

– E.g. joint alteration & roughness 

Geological Strength Index 

• Value based on blockiness & 
joint condition 

• Selected in one of two ways: 

– Qualitatively: repeated 
observations based on 
experience (bias present) 

– Quantitatively: through 
calculation of a block size 
(Vb) & joint/block wall 
condition (Vc) parameters 

(Cai et al 2004) 

Geological Strength Index 

• In Hoek-Brown criterion, GSI used to 

transform intact to rockmass parameters 

• Advantage: captures correlation between 

variables so correlation coefficients do not 

have to be specified 

• Limitation: transformation not “error-free” 

– Have to live with it, further research required 
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Rockmass Strength & Stiffness 
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𝑚𝑏 = 𝑚𝑖exp
𝐺𝑆𝐼 − 100

28 − 14𝐷
 

𝜎1
′ = 𝜎3

′ + 𝑈𝐶𝑆 𝑚𝑏

𝜎3
′

𝑈𝐶𝑆
+ 𝑠

𝑎

 

𝑠 = exp
𝐺𝑆𝐼 − 100

9 − 3𝐷
 

𝜎𝑡 =
−𝑠𝑈𝐶𝑆

𝑚𝑏
 𝜎𝑐 = 𝑈𝐶𝑆 ∙ 𝑠𝑎 

𝐸𝑟𝑚 = 𝐸𝑖 0.02 +
1 − 𝐷/2

1 + 𝑒
60+15𝐷−𝐺𝑆𝐼

11

 

Uncertainty in  

In Situ Stresses 

Courtesy D. Martin, after Herget 

(Stephansson & Zang 2010) 

Lithostatic Pressure 

Erosion and 

Topography 

Tectonics  

Many Mechanisms for Stress Variability at All Scales 
3D Stress Tensor 
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2D Stress Tensor Mohr Circle of 

Stress 

Stress Deviatoric
2

Pressure cHydrostati
2
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31
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Variability and Uncertainty in Stress 
Consider 2D since 3D is much harder……. 

β 

18  4  
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0

  
0  

 = 25     10 deg β 
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σ 
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Q

P





 = 25     10 deg β 

Uncertainty in Tensor 

Components 

Uncertainty in Principal 

Stresses and 

Orientation 

Uncertainty in Stress 

Invariants and Orientation 

Uncertainty in Horizontal 

Stress Ratio     K 

(ISRM Suggested Method Part 5, Stephansson and Zang, 2012) 

INTEGRATES APPROACH TO STRESS ESTIMATION 
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v = 0.026 MPa/m x 

           Depth (m) 
Kmax = 1 +  25 m 

                  Depth(m) 

Kmin= 1 +  8 m 

                Depth(m) 

Kmin = h / v Kmax = H / v 

D
e

p
th

 (
m

) 

Diederichs 2000 

Regional Trends for Stress (eg. Canadian Shield) 

In Situ Stress Continental or Regional 

data trends with depth  

(Magnitude) 

Estimated Stress Relationships (not ideal) 

Vertical Stress = A  x depth 

Max Horizontal Stress = B + C x depth          or          Hor Stress = K x Vert Stress 

Min Horizontal Stress = D + E x depth 

Lots of variability AND uncertainty! 

Constrain through Borehole Breakouts and Deformation 

ma

x 

Borehole imaging  

Uncertainty in Local Strength and Stiffness) 

Affects Magnitude Estimation 

(after Martin, 1997) 
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(ISRM Suggested Method Part 5, Stephansson and Zang, 2012) 

Point Measurements • Overcoring Methods 

– Doorstopper 

– USBM Gauges 

– Triaxial strain cell (CSIRO) 

 

• Hydraulic Methods 

– Hydraulic fracturing 

– Hydraulic testing of  

     pre-existing fractures 

Typically limited to use in 

shallow and/or dry boreholes – 

not suitable in deep boreholes 

(exception: DDGS, Borre 

Probe) 

Suitable for use in 

deep, water-filled 

boreholes 

Winter, 2005 
GEOL 413 Engineering Geology and 

Design 
4.145 

Hoek and Brown, 1980 

a) large diameter borehole 

b) small diameter borehole and insert cell 

c) overcore cell with thin walled diamond   

 core barrel 

d) subject core + cell to radial pressure to 

 determine modulus of elasticity at 

 each strain gauge location 

12 oriented 

strain 

gauges 

Overcoring Measurements Variability due to 

Sample disturbance 

D
e
p
th

 

Variability due to Geological 
and Structural Heterogeneity 
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Hydraulic methods 
• Pressurized fluid (water) is pumped into a packered 

interval of a borehole in order to  induce   

    OR re-open a fracture.   

 
• Assumptions: 

• borehole is parallel to one of the principal stresses; 

• fracture propagates in the direction perpendicular to the 

minimum principal stress direction; 

• fracture (either induced or pre-existing) follows the 

plane identified in the borehole; 

• the rock is linearly elastic, homogeneous and isotropic 

Hydro Fracturing – uncertainty 

• Reverse faulting regime  

 (i.e. vertical stress component, σv = σ3) 

S Gaines 2013 

Goal: Detailed Stress Profile 

 
Rarely get this 

amount of 

information 

Stress is a FUNDAMENTAL uncertainty! 
(ISRM Suggested Method Part 5, Stephansson and Zang, 2012) 

Integrated Model              for Stress 
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Consider geological setting Geological History 

 

Gaines, S. et al.  2012. Review of borehole in situ stress 

measurement techniques for various ground conditions and 

numerical stress estimation considerations.  ARMA. 

Integrated 4D In Situ Stress Model 

Staged Scenario – final rock stress model 

S Gaines 2013 

Calibrate Model to Known Point Data 

and Regional Data 

S Gaines 2013 
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Spatial Variability 

• In situ factors can have a substantial impact 
on variability of rockmass parameters 

– Ignoring spatial variation can lead to use of 
incorrect mean values & larger uncertainty at a 
given location 

• Spatial correlation parameter assesses how 
much & in which way a given property 
changes along a pre-determined spatial 
orientation 

Spatial Variability 

(from El-Ramly et al 2002) 

Weak 

Correlation 

Strong 

Correlation 

Parametric Sensitivity Analyses 

• While all parameters will have statistical 

variability, not all will have an impact on 

ground response over credible range 

• Only those parameters that have a 

“substantial” an impact need to be treated 

as random variables 

–  Others can be considered deterministically 

Parametric Sensitivity Analyses 

• Parametric sensitivity analyses quantify 
individual & compound impacts 

• Each parameter can be ranked & a cut off 
used to determine which parameters have 
significant influence on results 

• Many techniques available, each will result 
in a different rank 

– Use many & look for consistent trends 
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Sensitivity Index 

𝑆𝐼 =
𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑎𝑥 − 𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑖𝑛

𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑎𝑥
 

Case Study – Data Analysis 

• Goal 1: Quantify uncertainty in input 

parameters & determine representative 

strength envelopes from test data 

Case Study – Data Analysis 

• Laboratory test data: 

– Sufficient data for characterization: 40 Brazilian tensile 
strength, 27 UCS, 19 triaxial tests 

– Obtained at a high quality testing facility, measurement 
error likely small 

• Qualitative descriptions given for rockmass quality: 

– Well interlocked blocks (3 joint sets) 

– Rough joint surfaces, moderately weathered 

• Spatial variability not believed to be a factor as 
rockmass is uniform & homogeneous across extent of 
alignment 

µ = -4.2 MPa 

σ = 0.6 MPa 

COV = 13% 

Min = -3.2 MPa 

Max = -5.5 MPa 

µ = 53 MPa 

σ = 9 MPa 

COV = 16% 

Min = 33 MPa 

Max = 67 MPa 

µ = 12.90 

σ = 2.70 

COV = 21% 

Min = 6.10 

Max = 21.39 

µ = 60 
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Lognormal Fit 

µ = -3.9 MPa 

σ = 0.6 MPa 

COV = 14% 

Normal Fit 

µ = 51 MPa 

σ = 9 MPa 

COV = 17% 

Normal Fit 

µ = 12.60 

σ = 2.70 

COV = 

22% 

Normal Fit 

µ = 60 

σ = 2 

COV = 3% 

Reliability Approaches in the Geotechnical 

Design of Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

  

Part 2: Predicting Ground Response 

• Variability in failure modes 

– Primary failure modes and methods to 

quantify their impact 

• Squeezing: convergence confinement method 

• Structural control: kinematics and gravity 

analysis  

• Brittle: DISL method 

• Structurally controlled stress driven failure:  ??   

– Input uncertainties and performance 

indicators 
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Massive                               Jointed           Heavily Jointed 

Low 
Stress 
  
  
  
 Medium 
Stress 
  
 
 
 
High 
Stress 

STRUCTURAL CONTROL 

SLABBING 

STRUCTURAL 
CONTROL 

Migration of cavity upwards due to roof  
Failure of limestone: 12m over 100,000 years 

Waltham and Fookes 2003 

Perspective

1

2

7

8

Persistence Spacing 

a

b

c

Orientation 

Structural Failure 
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STRUCTURE and LOW STRESS STRUCTURE and HIGH STRESS 

Buckling 

Foliation 

Shear 

Rock Failure Under High Stress 

Squeezing        Spalling       with Structure

   

Rock Squeezing 
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Squeezing Failure 
(Hoek & Marinos 2000) 

(Langford & Diederichs 

2013) 

 

Rock Spalling 

STRESS 

SPALLING 
Brittle Failure 

(Diederichs 2007) 
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Variability in Failure Modes 
Structure and 

Slip 

 

Jinping, China 

 

Courtesy B. Simser 

Fractures   

 

 

              Joint 

 

               BURST 

Spallng and Structure 

Brunswick Mine Development 
    Hoek E,  Diederichs. M.S & Hutchinson D.J.  2007  Case History Workshop on Hazard and Risk in Rock Engineering Design, Vancouver. 
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UCS 

Tensile Strength 

Crack Initiation 

Dilation 

In Situ Stress 

Depth of Failure 

Shape of Failure 

Bulking / Displacement 

Bolt Loading 

Brittle Squeezing 
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Structural 

Joint Orientation 

Joint Strength 

Persistence / Length 

Triggers (Water, Seismic) 

Presence of Failure 

Wedge Size / Shape 

Kinematic Stability 

Bolt Loading 

UCS & Tensile Strength 

Hoek Brown mi 

Stiffness (E, ν) 

Geological Strength Index 

Dilation 

In Situ Stress 

Plastic Zone Radius 

Convergence 

Liner Response 

Failure Mode 

Geotechnical Baseline Reports: 

Defining Rockmass Quality 
• Sample of recent GBR’s from case studies 

show: rockmass quality for design defined 

using rockmass classification system  

 (RMR, Q, GSI) & intact properties 

• Limited / no consideration of in situ stress, 

rockmass structure, groundwater, yield 

behavior with respect to failure mode 

• Produces ‘equivalent materials’ uniform 

design approach with resulting residual 

failure mode uncertainty 

 

 

 

http://www.ippbooks.com/store/pr
oduct-map.php?let=g&page=7 

www.miniwiki.org 

Example: Q System 

𝑄 =
𝑅𝑄𝐷

𝐽𝑛
∙
𝐽𝑟
𝐽𝑎

∙
𝐽𝑤

𝑆𝑅𝐹
 

Grimstad and Barton, 1994 

• To illustrate the difference 

between rockmass properties 

and rockmass behavior: 

– Consider rockmasses with the 

same “rockmass quality” 

defined by a classification 

system 

– Different rockmasses have 

same “quality” but very different 

behaviors 

 

 

 

“Q” Value gives support 

recommendation directly  
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Five Equivalent Materials with 

Q=1.2 

Q Parameter 

Case 1 

Squeezing 

Rock 

Case 2 

Stratified 

Structure 

Case 3 

Spalling 

Case 4 

Metamorphic 

Structure 

Case 5 

Raveling 

RQD 55 70 90 55 40 

Jn 9 12 12 6 15 

Jr 2 1.5 1.5 1.5 1 

Ja 2 3 1 4 3 

Jw 1 1 1 1 0.7 

SRF 5 2.5 10 3 0.5 

Q 1.2 1.2 1.2 1.2 1.2 

Rockmass 

Models 

27MPa 
 

          27 

Case 1: Squeezing 

Ground surface 

g(20m) 
=5MPa 

             
           7.5MPa 

Case 2: Stratified Structure 

35MPa 
 

           70 

Case 3: Spalling 

   8MPa 
 

  6  

Case 5: Raveling 

25MPa 
 

  
  15 

Case 4: Metamorphic Structure 

5 Failure Modes 

Case 1: Squeezing 

Case 2: Stratified Structure 

Case 3: Spalling 

Case 5: Raveling 

Case 4: Metamorphic Structure 

Supported Results 

Case 1 
Squeezing 

Case 2 
Sedimentary 

Structure 

Case 3 
Spalling 

Case 5 
Raveling 

Case 4 
Metamorphic 

Structure 
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Support Implications – Rockbolts 

  1           2            3           4            5 

  1           2            3           4            5 

Shotcrete Liner Capacity 

Case 1: Squeezing Case 2: Stratified Structure Case 3: Spalling 

Case 5: Raveling Case 4: Metamorphic Structure 

Failure Mode Uncertainty (Not Resolved in Q) 

can combine with  

Rock Quality Uncertainty (Can be represented with Q) 

 
𝑄 =

𝑅𝑄𝐷

𝐽𝑛
∙
𝐽𝑟
𝐽𝑎

∙
𝐽𝑤

𝑆𝑅𝐹
 

• Variability of Q parameters leads to uncertainty in 

support recommendation 

 

 

 

Barton and Grimstad, 1994 

Example Q = 0.4 to 3.1 

Uncertainty in Q 
• Example: Case 4 – 

Metamorphic Structure 

Q Parameter Original Case Variation 1 Variation 2 

RQD 55 55 55 

Jn 6 6 6 

Jr 1.5 0.5 2 

Ja 4 4 3 

Jw 1 1 1 

SRF 3 3 2 

Q 1.2 0.4 3.1 

25MPa 
 

  
  15 
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Q Support Implications  

  
Q = 0.4 

Total displacement: 0.15m 

Q = 1.2 

Total displacement: 0.25m 

Q = 3.1 

Total displacement: 0.08m 

Rockmass classification systems 

• Limitations: 

– Do not characterize 

rockmass behavior 

• Failure mode 

uncertainty 

– Parameter uncertainty 

 

 

Bieniawski, 1989 

Barton and Grimstad,, 1994 

Hoek et al, 2013 

Failure mode likelihood 

• Determination methods: 

– Kinematic analysis 

– Numerical modelling 

– Analytical calculations 

– Model testing 

– Case histories 

– Engineering judgement 

 

• Likelihood 

– Reliability based design 

 Langford et al, 2012 

Design Components 

Stille and Palmstrom, 2003 

AND FAILURE MODE 
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Design Components 

WHO IS RESPONSIBLE FOR WHAT ??? 

Contractor “God”? 

Project Delivery Methods 

• Design-bid-build (DBB)  

– Engineer acts on behalf of the Owner 

• Design-build (DB) 

– Engineer acts on behalf of Contractor 

• Turnkey / Engineer-Procure-Construct (EPC) 

– Engineer acts on behalf of Contractor 

GBR Authorship 

Project Delivery Method Author 

Design-bid-build Owner + Owner’s Engineer 

Design-build Owner + Contractor 

Turnkey / EPC Possibly no GBR  GBR is an agreement on the expected 

ground conditions (and behaviour?) and who 

is responsible if actual conditions differ 

Payment Contracts & Risk 

(CIRIA 1978) 
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Sources of Geotechnical Risk 

(Baynes 2010) 

Geotechnical Risk – Differing Site 

Conditions Clause 
• Type 1: 

– “Subsurface or latent physical conditions at the site 
differing materially from those indicated in this 
contract” 

 

• Type 2: 

– “Unknown physical conditions at the site, of an 
unusual nature, differing materially from those 
ordinarily encountered and generally recognized as 
inherent in the work of the character provided for” 

 (Gould 1995) 

Geotechnical Risk Responsibilities 

 

Risk Type 
Design-bid-build Design-build Turnkey / EPC 

Owner - 

Engineer 

Contractor Owner DB 

Team 

Owner Turnkey/EPC 

Team 

Design X X X X 

Type 1 DSC X X X X 

Type 2 DSC X X X X 
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Reliability Approaches in the Geotechnical 

Design of Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

  

Part 3: Dealing with Uncertainty in 

Design 

Uncertainty in Design 

• Uncertainties in inputs will propagate through 

design process & affect final result 

– In geotechnical problems, leads to variable 

ground response & support performance 

• Uncertainty often used subjectively in design 

– Conservative parameters selected to ensure 

design is “robust” enough to deal with anything 

– Can have significant cost & schedule implications 

Dealing with Uncertainty 

• Typically choose a single set of conservative values & design 
for “worst case” 

• Leads to over-conservatism 

• Formal approach for dealing with uncertainty in geotechnical 
problems has not been established 

• Design codes focus on several different “tools” that can be 
used to deal with uncertainty: 

• Partial factors 

• “Domaining” & Classification Systems 

• Observational method 

• Reliability methods 

Eurocode 

1997-1 

Partial Factors 
• Apply factors to both loads & resistances on system 

• Subjectively incorporates inherent variability & 
knowledge based uncertainty into the design process 

• Factors selected based on: 

– Larger partial factors assigned to more uncertain 
parameters 

– Partial coefficients should result in approximately the same 
design dimensions from traditional practice 

• Works well for gravity driven problems (structural 
design, classic slope failure) 

• For underground design, feedback loop exists between 
rockmass & support (difficult to calibrate)  
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data.bolton.ac.uk Partial Factors 

www.deltaressystems.com 

Partial Factors 

Generally, 

 

Approach 

relies on static 

equation 

relating  

 

Capacity and 

Demand 

Or 

Loads and 

Resistances 

S
u
p
p
o
rt

 P
re

s
s
u
re

 

Challenge: Convergence 

Confinement and Ground-

Support Interaction 

Yield zone 

Displacement 

PLASTIC 

ELASTIC 
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S
u
p
p
o
rt

 P
re

s
s
u
re

 

Convergence 

Confinement Curve 

Displacement 

Install Support 

Rockmass deformation & 

support loads are connected 

Classification & Domaining 

Separate into domains to focus site investigation – refine later 

Classification & Domaining 

• Collect data in each domain that can be used for classification but is 
not tied SPECIFICALLY to that system 

• What to collect: 

– Strength: UCS, BTS, Triaxial data 

– Stiffness: Elastic stiffness 

– Damage: CI (damage initiation), CD 

– Drilling & TDM Parameters: abrasivity, drillability etc… 

– Evidence of alteration 

– Competence (RQD & recovery) 

– Petrology data 

– Stress anomalies 

– Joint set orientation & characteristics 

Variability and Domains 
Along the Tunnel With Depth 

With Topography Within the Face 
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Geo-Risk: Establish Geological Model ?? 

 

1981: Geologic interpretation by the Russian Engineers 

2004: Geologic interpretation presented in Contractor’s technical proposal 

2007: Geologic interpretation based on 2007 as-built geology by Contractor 

BAD Geological Domain Model 

“..The RQD for this alignment ranges from 0 to 100%.....” 

GOOD Geological Domain Model 

When domaining 

is done EARLY & 

PROPERLY, can 

develop support 

systems for each 

domain. 

Note that Contract Geotechnical 

Models are not Geological Models!! 
These determine responsibility, not risk 

 

            416

http://www.queensu.ca/
http://www.queensu.ca/
http://www.queensu.ca/
http://www.queensu.ca/


“Reliability in Geotechnical Design of Underground Works” Short Course 

American Rock Mechanics Association (ARMA) Conference 

San Francisco, USA, 22 June 2013 

Observational Method 

• Combines ground characterization, assessment of range of 
behaviours & monitoring to allow for updating of design during 
construction 

• Requires: 

– Sound investigation & ground characterization 

– Assessment of behaviours 

– Development of excavation & support methods suitable for 
range of possible behaviours 

– Adequate monitoring plan 

– Appropriate site organization to allow for short response time in 
case actual behaviour deviates from expected behaviour 

– Safety management plan including contingency measures 

Schubert 2012 

Monitor 

Observe 

Interpret 

(courtesy of W. Schubert) 

Observational 

Design does not 

mean “design as 

you go” 

 

Specific design 

classes are 

normally pre-

designed based 

on convergence or 

ground response 

limits 
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Observational design must 

include rigorous monitoring 

Need to justify MORE and LESS 

support 

Dealing with Uncertainty 

Method Pros Cons 

Partial Factors • Most design codes require 

use of partial factors 

• Can work well for gravity 

driven problems (structural 

design, slope failure etc…) 

• Only subjectively deals with 

uncertainty 

• Feedback loop between 

rockmass & support makes it 

difficult to calibrate factors 

“Domaining” & 

Classification 

Systems 

• Domaining is currently used 

in geotechnical design 

• Easy to apply uncertainty to 

current classification systems 

(RMR, GSI, Q etc…) 

• Limited use beyond 

preliminary design stage 

• Lack of understanding of the 

correlation between 

parameters 

Observational 

Method 

• Combines ground 

characterization, assessment 

of range of behaviours & 

monitoring  

• Allows for updating of design 

during construction 

• Relative likelihood of 

undesirable occurrences 

cannot be estimated prior to 

construction 

• Higher risk projects require 

more upfront knowledge 

Reliability Methods 

• Directly incorporates input uncertainties 

into design process 

• Evaluates impact by quantifying resultant 

uncertainty in system behaviour 

• Assess system performance with respect 

to a defined acceptability criteria 

– Minimum FOS, maximum convergence etc… 

Direct Foundation 

Problem 

Tunnel 

Interpret the results 

 

 

 

 

 

 
 

0%

50%

100%

0.50 1.50 2.50

P
ro

b
 o

f 
F

a
il

u
re

 

FSmin 

Understand input 

uncertainty 

 

 

 

 

 

Determine geomechanical 

behaviour 

 

 

 

 

 

 

Use appropriate  

reliability  method 

 

Probabilistic 

(PEM, FOSM) 

 

Random number 

(Monte Carlo) 
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Reliability Based Design Approach 

• Reliability approach needs to: 

– Quantify uncertainty in inputs 

– Provide guidance in assessing uncertainty in 
ground response & support performance 

• Proposed approach consists of three stages: 

– Data collection & analysis 

– Reliability based design approach 

– Validation (monitoring during construction) 

D
a

ta
 A

n
a

ly
s
is

 

Site Investigation 

D
a

ta
 C

o
ll
e
c
ti

o
n

 
R

o
c
k
m

a
s
s
 

C
h

a
ra

c
te

ri
z
a

ti
o

n
 

Reliability Based Design Construction 

• Gather site specific 

information through 

geological mapping, 

subsurface investigation 

and geophysical methods 

• Perform laboratory & in 

situ testing 

• Develop a geological 

model for the system 

• Determine statistical 

moments of intact 

parameters using second 

moment and regression 

analyses 

• Determine statistical 

moments for GSI through 

qualitative or quantitative 

approach 

• Assess likelihood of 

failure mechanisms 

R
e
li
a

b
il
it

y
 

A
n

a
ly

s
is

 

P
e
rf

o
rm

a
n

c
e
 

F
u

n
c
ti

o
n

 

S
y
s
te

m
 

P
e
rf

o
rm

a
n

c
e

 

• State acceptability criteria 

for ground response for 

each failure mode (i.e. 

convergence) based on 

contract requirements 

• State acceptability criteria 

for support elements 

based on acceptable risk 

• Determine type of 

analysis required 

(analytical or numerical) 

• Select an appropriate 

reliability method 

• Determine sample points 

• Evaluate model at 

sampling points 

• Evaluate variable ground 

response and assess 

support performance 

• Iterate to optimize support 

system (acceptable cost 

and  probability of failure) 

U
p

d
a

te
 A

n
a

ly
s
is

 
M

o
n

it
o

r 
d

u
ri

n
g

 

C
o

n
s
tr

u
c
ti

o
n

 

• Develop and employ a 

safety management plan 

• Monitor progress during 

construction (i.e. rate of 

excavation, convergence) 

• Compare expected 

ground behaviour to 

actual conditions 

• Update analysis using 

Bayesian updating as 

data becomes available 

Performance Function 

• States acceptability criteria for a project 

– May describe Ultimate Limit State (ULS) or 

Serviceability Limit State (SLS) depending on 

application 

• Typically focused around a limiting design 

parameter 

– E.g. minimum Factor of Safety (FSmin) 

Performance Function 

• For reliability analyses, performance function G(X) 
is explicitly stated 

• Based on a material response parameter (R) that 
is a function of input variables, R(X): 

 

 

• G(X) > 0 stable conditions 

• G(X) < 0 failed to meet acceptability criteria 

• G(X) = 0 critical limit state 

𝐺 𝑿 = 𝑅 𝑿 − 𝑅𝑚𝑖𝑛 = 𝑅𝑚𝑎𝑥 − 𝑅(𝑿) 
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Probability of Failure (pf) 

𝑝𝑓 = 𝑃 𝐺 𝑿 < 0  

𝑝𝑓 =  𝑅(𝑿) − 𝑅𝑚𝑖𝑛

0

−∞

 

Rmin 

Reliability Index (β) 

Want to find 

MINIMUM β 

value 

𝛽 =
𝜇𝑅 − 𝑅𝑚𝑖𝑛

𝜎𝑅
 

Rmin 

β vs. pf 

𝑝𝑓 = 𝑃 𝐺 𝑿 < 0 ≈ 𝛷(−𝛽) 

pf 

β 

σ = 1 

0 

Reliability Analysis 

• For simple systems, performance function 
can be written explicitly & solved directly 

• More complex problems deal with 
interdependent loads & resistances 

– Solution must be solved iteratively 

– E.g. tunnel excavation & support 

• Direct reliability methods used to find 
approximate solution by evaluating problem 
at a series of discrete points 
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Uncertainty Models 

Lack of knowledge in 

mean & uncertainty 

Certainty in mean 

Understanding of variability 

Certainty in mean 

& variability 

L
e
v
e
l 
o
f 
In

fo
rm

a
ti
o
n

 

Complete 

Ignorance 

State of Precise 

Information 

Uncertainty Models – Regression 

Prediction 

Intervals can 

be reduced to 

a point with 

geomaterials 

Confidence 

Intervals can 

be eliminated 

with more 

information 

L
e
v
e
l 
o
f 
In

fo
rm

a
ti
o
n

 

Complete 

Ignorance 

State of Precise 

Information 

Uncertainty Models – Approaches 

L
e
v
e
l 
o
f 
In

fo
rm

a
ti
o
n

 

Complete 

Ignorance 

State of Precise 

Information 
Probabilistic Methods 

 

Probability Boxes 

 

Possibility Numbers 

(fuzzy logic) 

 

Interval Analysis 

 

Single Value 

(Deterministic) For 4 variables, only need 9-16 models for probabilistic analyses! 
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First Order Second Moment 

(FOSM) Method 

• Uncertainties in input values will propagate 

through calculation & affect final result 

• Error propagation describes this with a 

Taylor Series expansion: 

𝑅 𝑿 = 𝑅 𝜇𝑥1
, 𝜇𝑥 , 𝜇𝑥3

… , 𝜇𝑥𝑛
+

1

1!
 (𝑥𝑖 − 𝜇𝑥𝑖

)
𝜕𝑅

𝜕𝑥𝑖

𝑛

𝑖=1
+

1

2!
  (𝑥𝑖 − 𝜇𝑥𝑖

)(𝑥𝑗 − 𝜇𝑥𝑗
)

𝜕2𝑅

𝜕𝑥𝑖𝜕𝑥𝑗

𝑛

𝑗=1

𝑛

𝑖=1

+
1

2!
   (𝑥𝑖 − 𝜇𝑥𝑖

)(𝑥𝑗 − 𝜇𝑥𝑗
)(𝑥𝑘 − 𝜇𝑥𝑘

)
𝜕3𝑅

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑘

𝑛

𝑘=1

𝑛

𝑗=1

𝑛

𝑖=1
+ ⋯ 

UGLY! 

FOSM – Basics 

• Assumes  (xi - µxi) are small, so higher 
powers are even smaller, simplifying 
equation to: 

 

 

• Simplest & most widely used reliability 
method 

𝑅 𝑿 ≈ 𝑅 𝜇𝑥1
, 𝜇𝑥 , 𝜇𝑥3

… , 𝜇𝑥𝑛
+

1

1!
 (𝑥𝑖 − 𝜇𝑥𝑖

)
𝜕𝑅

𝜕𝑥𝑖

𝑛

𝑖=1
 

FOSM – Mean & Variance 

• Approximates mean (µR) & variance (σR
2) 

of material response parameter (R) 

– Inputs & outputs must be smooth & regular 

• Assumes mean equal to value of response 

parameter calculated when input variables 

at their mean values 

𝜇𝑅 ≈ 𝑅(𝜇𝑥1
, 𝜇𝑥 , 𝜇𝑥3

… ,𝜇𝑥𝑛
) 

FOSM – Mean & Variance 

• Variance found by calculating partial derivatives of 
function defining response parameter (R) with 
respect to each random input variable 

 

 

• As functions cannot be explicitly stated in most 
applications, a linear approximation of the partial 
derivative is calculated using central moments 

 

 

𝜎𝑅
2 ≈  

𝜕𝑅

𝜕𝑥𝑖

2

𝜎𝑥𝑖
2

𝑛

𝑖=1
+ 2  

𝜕𝑅

𝜕𝑥𝑗

𝜕𝑅

𝜕𝑥𝑘
𝑞𝑗𝑘

𝑘<𝑗

𝑘=1

𝑛

𝑗=1
 

𝜎𝑅
2 ≈  

∆𝑅

∆𝑥𝑖

2

𝜎𝑥𝑖
2

𝑛

𝑖=1
+ 2  

∆𝑅

∆𝑥𝑗

∆𝑅

∆𝑥𝑘
𝑞𝑗𝑘

𝑘<𝑗

𝑘=1

𝑛

𝑗=1
 

Covariance 
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FOS – Mean & Variance 

• Duncan (2000) provides a simplification to 

standard FOSM method 

• Calculate partial derivative over range = σ 

– Simplifies equation for variance 

𝜎𝑅
2 ≈  

∆𝑅

2𝜎𝑥𝑖

2

𝜎𝑥𝑖
2

𝑛

𝑖=1
=  

∆𝑅

2

2𝑛

𝑖=1
 

Evaluation Points – 1D 

µx µx+σx µx-σx 

µFS 

x 

ΔFS 

FS 

𝜇𝐹𝑆 ≈ 𝐹𝑆(𝜇𝑥) 

𝜎𝐹𝑆 ≈
∆𝐹𝑆

2
 

FOSM – Evaluation Points 2D 

2n+1 evaluations 

FOSM – Evaluation Points 

• Similar to a sensitivity analysis 

• Size of increments & decrements for 
variables is critical 

– Small enough to limit error in estimate of 
derivative, not so small to create rounding error 

– Need to be mindful when using Duncan method 

• Careful not to extrapolate linear analysis (too) 
far beyond where data exists 
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FOSM – Determining Performance 

• No information provided regarding shape of 
response parameter distribution 

– Must assume a CDF (normal, lognormal) 

• Calculate β from statistical moments 

• pf estimated based on assumed distribution 

– May not be accurate! 

𝑝𝑓 ≈ 𝛷(−𝛽) 𝛽 =
𝜇𝑅 − 𝑅𝑚𝑖𝑛

𝜎𝑅
 

FOSM – Retaining Wall 

Factor of Safety (lognormal) 

• Mean = 1.50 

• COV = 17% 

• pf = 1% (Duncan 2000) 

FOSM – Summary 

Advantages 

• Simple & easy to use 

• Reveals relative 

contribution of each 

variable to overall 

uncertainty in clear way 

• Very few evaluations 

required 

Limitations 

• CDF for output not defined 

• Linear approx. may not be 

valid further from mean 

• Accuracy depends on 

partial derivative calculation 

• Cannot detect mode switch 

• Minimizes output function, 

not β 

• Crude calculation of pf 

Point Estimate Method (PEM) 

• Evaluates problem at each point to 

approximate mean (µR) & variance (σR
2) of 

material response parameter (R) 

• Replaces input PDFs with simpler 

probability mass functions (PMFs) 

consisting of two discrete points (µx ± 1σx) 

– Results in 2n evaluations 
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PEM – Evaluation Points 1D 

µx µx+σx µx-σx x 

FS 

2n 

evaluations 

PEM – Evaluation Points 2D 

2n evaluations 

PEM – Mean & Variance 

• After evaluating problem at each evaluation 

point, mean & variance calculated based on 

output value & weighting (Pi)  

𝜇𝑅 =  𝑃𝑖𝑅𝑖

2𝑛

𝑖=1

 

𝜎𝑅
2 =  𝑃𝑖

2𝑛

𝑖=1

𝑅𝑖 − 𝜇𝑅
2 

𝑃+++ = 𝑃−−− =
1

2𝑛
1 + 𝑟12 + 𝑟23 + 𝑟13  

𝑃++− = 𝑃−−+ =
1

2𝑛
1 + 𝑟12 − 𝑟23 − 𝑟13  

𝑃+−+ = 𝑃−+− =
1

2𝑛
1 − 𝑟12 − 𝑟23 + 𝑟13  

𝑃+−− = 𝑃−++ =
1

2𝑛
1 − 𝑟12 + 𝑟23 − 𝑟13  

Correlation 

Coefficient 

PEM – Mean & Variance 

𝜇𝐹𝑆 ≈
1

2
𝐹𝑆1 + 𝐹𝑆2  

𝜎𝐹𝑆 ≈
𝐹𝑆1 − 𝜇𝐹𝑆

2 + 𝐹𝑆2 − 𝜇𝐹𝑆
2

2
 

µx µx+σx µx-σx x 

FS 

µFS 
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PEM – Evaluation Points 

• Location of evaluation points & weighting 
values ensure moments of input variables 
are recovered 

• Method can be used regardless of 
distribution shape, as long as mean & 
variance of input variable are known 

• Loss of accuracy when COV is large for an 
input parameter 

PEM – Other Approaches 

PEM – Determining Performance 

• Similar to FOSM: 

– No guidance provided in selection of a CDF 

– No information known about low probability 
events as sampling points are within µ ± 1σ 

• Modified PEM proposed by Langford & 
Diederichs (2013) can overcome these 
limitations with additional sampling points 

• Must still use simplified equations for β & pf 

PEM – Summary 

Advantages 

• Simple & easy to use 

• Reasonably robust & 

satisfactorily accurate for a 

range of problems 

• Use of “corner points” 

allows user to identify 

compound impacts by 

multiple parameters 

Limitations 

• Can require significantly 

more evaluations than 

FOSM 

• Original PEM cannot detect 

mode switch 

• Inaccurate when input 

parameters have large COV 

• CDF not defined for output 

• Crude calculation of pf 
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FOSM & PEM 

• Focus on determining statistical moments for 

material response parameter of interest 

• While they are powerful tools, critical 

assumptions are made: 

– Moments can be estimated accurately by starting 

with mean input values & extrapolating linearly 

– Distribution shape known & used to find pf from β 

First Order Reliability Method (FORM) 

• Improvement on FOSM/PEM based on 

geometric interpretation of reliability index 

• Finds smallest ellipse (β) centred at mean 

values of inputs tangent to G(X) = 0 

• Can be adapted for correlated, non-normal 

variables 

𝛽𝐻𝐿 = 𝑚𝑖𝑛𝑥∈𝐹

𝑥𝑖 − 𝜇𝑥𝑖

𝜎𝑖

𝑇

𝑹−1
𝑥𝑖 − 𝜇𝑥𝑖

𝜎𝑖
 𝑝𝑓 ≈ 𝛷(−𝛽) 

FORM – Low & Tang (2006) Approach 

• Design Point (XD): closest 

point on G(X) = 0 to 

vector of mean values 

• FORM finds XD by 

minimizing β subject to 

G(XD) = 0 

• Minimizes β directly 

– Better estimate! 

Combined FORM/RSM 

• G(X) can rarely be written explicitly in 

geotechnical problems 

• While FORM is a powerful tool, it relies on 

knowing G(X) 

• Must use Response Surface Method 

(RSM) to determine approximate limit 

state surface G’(X) 
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Response Surface Method (RSM) 

• Commonly applied in civil engineering design to 
approximate mechanical response of a structure 

• Relates input variables to a material response 
parameter of interest through an explicit function 

• Number of evaluations required for each iteration 
depends upon the form of the equation 

– For a quadratic equation: 2n + 1 evaluations needed 
for each iteration 

𝐺′(𝑿) = 𝑐 +  𝑎𝑖𝑥𝑖

𝑛

𝑖=1

+  𝑏𝑖𝑥𝑖
2

𝑛

𝑖=1

 

RSM – Approximate G(X) 

• Develops explicit function G’(X) to approximate 
limit surface & improves it through iterations 

• First set of evaluation points (same as FOSM): 

– Mean point (all random variables at their mean value) 

– μi ± cσi for each random variable while all others at 
mean value 

• Run each model, record response parameter from 
each, solve for constants in quadratic equation 

• FORM used to find design point (XD) 

RSM – Design Point RSM – Iterations 

• Approximation of G’(X) refined until change in βHL 
between iterations is less than a set tolerance 

• New centre point (Xm) chosen on a straight line 
from mean vector X to XD such that G’(X) = 0 from 
linear interpolation: 

 

 

• Strategy guarantees new center point is 
sufficiently close to expected limit state G’(X) = 0 

𝑿𝑚 = 𝑿 + (𝑿𝐷 − 𝑿)
𝐺′(𝑿)

𝐺′ 𝑿 − 𝐺′(𝑿𝐷)
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RSM – Iterations RSM – Mode Switching 

• Unlike FOSM & PEM approaches, which 

assume output is smooth & continuous, 

RSM can detect mode switches through 

iterative process 

• Example: 

spalling damage 

– Discontinuous 

behaviour 

RSM – Determining Performance 

• May require many evaluations depending on 

number of iterations (W) & limiting values (L) 

– LW(2n+1) evaluations required 

• Estimation of pf 

crude & based on 

single design point  

– Several points may 

influence probability 

FORM/RSM – Summary 

Advantages 

• Suitable for any linear 

critical state surface 

• Able to consider 

discontinuous behaviour 

& mode switching in 

output variables 

– Superior to FOSM & PEM 

– Ideal for determining depth 

of damage for spalling 

 

Limitations 

• Number of evaluations 

can be significant  

• Quadratic equation may 

not always be appropriate  

• Crude & inaccurate 

estimate of pf 

– Simplified relationship with 

β only considers closest 

design point 
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Monte Carlo Analysis 

• Used in cases where behaviour of 
performance function is difficult to evaluate or 
a high level of accuracy is needed 

• Generates large sets of randomly selected 
input values according to their PDF 

• Material response parameter determined for 
each set of parameters 

• Frequency of each outcome is plotted to 
directly calculate pf 

Monte Carlo – Approach 

• Require full knowledge of input variables 

• 1000s of evaluations typically required 

(can use variance reduction techniques) 

 
Evaluate 

model at 

1000s of 

random 

points 
Calculate pf 

Monte Carlo – Summary 

Advantages 

• Relatively easy to 

implement 

• Can handle a wide range 

of functions & scenarios 

• Techniques available to 

accelerate convergence 

& reduce number of 

evaluations 

Limitations 

• Computational 

requirement is still quite 

large & convergence 

times can be quite slow 

• For specific cases, code 

must be written to 

implement MC analysis & 

interpret the results 

• Only as reliable as input 

data 

Monte Carlo in SLIDE 
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Monte Carlo in SLIDE Monte Carlo in SLIDE 

Monte Carlo in SLIDE Summary 

• Several methods exist to deal with uncertainty in 
design, must assess which is most appropriate 

– Deterministic analyses do not consider this 
uncertainty & typically result in overly-conservative 
designs 

– Reliability based design approach can optimize 
support design resulting in significant project savings 
(cost & schedule)  

– Provides valuable information to engineers by 
quantifying uncertainty & providing a consistent 
measure of safety 
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Reliability Example – Planar Failure 

• Assess probability of planar failure (pf) for 
variable input parameters 

– Cohesion, c (kPa): µc = 10, σc = 2 

– Friction Angle, φ (°): µφ = 35, σφ = 3 

• Normal distributions for both, no correlation* 

• Support: horizontal bolts (2 x 100 kN) 

• Performance function defined by minimum 
acceptable Factor of Safety (FSmin) = 1.4 

Problem Geometry 

• α = Slope dip 

• θ = failure dip 

• H = slope height 

• L = failure trace length 

• W = block weight (1m) 

• Bc = bolt capacity 

• Bn = no. of bolts 

α  = 70° θ = 40° 

𝐹𝑆(𝑐, 𝜑) =
𝑐𝐿 + 𝑊cos 𝜃 + 𝐵𝑐𝐵𝑛 sin 𝜃 tan𝜑

𝑊 sin𝜃 − 𝐵𝑐𝐵𝑛 cos 𝜃
 

H = 10 m L 

Bolt 

Can calculate L & block 

area using trigonometry 

Approach 

• Several reliability methods will be used 

– Monte Carlo, FOSM, PEM, FORM 

• Performance function G(X) explicitly stated 

so computational requirement is limited 

 

• Interest in determining accuracy of 

probabilistic methods relative to MC 

𝐺 𝑿 = 𝐹𝑆(𝑐, 𝜑) − 1.4 

Reliability Example – Summary 

• Deterministic analysis FS = 1.51 (acceptable) 

• Reliability analyses show similar results, also 

provide important pf information (risk) 

• pf values consistent across methods (± 2%) 

Term Monte Carlo FOSM PEM FORM 

β - 0.75 0.79 0.77 

pf 24 % 23 % 22 % 22 % 
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Reliability Approaches in the Geotechnical 

Design of Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

  

Part 4: Support Performance & Design 

Risk 

• Conventional Reliability Considerations 

for Geotech Design:   Gravity Only 

– Bearing Capacity Problem 

 

• Performance of different tunnel support 

options:   Rock-Support Interaction  

– Bolts – bolt type, spacing and length, axial 

load (modelling issues) 

– Liners – liner type, capacity curves, variable 

liner loads and modelling 

 

 

Simple Example 

Classic Bearing 

Capacity 

Classic Bearing Capacity 

Terzaghi 

Meyerhof 
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Allowable Capacity 

F 

F 

F 

advancements 

Based on Friction and 

Geometry Assumptions 

Design Limits (Eurocode) 

Partial Factors 

Apply Partial 

Factors to 

Loading System 

Components 

Partial Factors 

Apply Partial 

Factors to Soil 

Strength 

Parameters 
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Partial Factors 

Apply Partial 

Factors to Soil 

Strength 

Parameters 

Reliability Approach 

    Use statistical ranges for 

Factors or for base parameters 

Tunnel Support 

• With the exception of Simple Loose Roof 

Block and Bolt Capacity Calculation, it is 

often difficult to assemble a clear equation 

to factor 

 

 

Types of Tendons 

• Point Anchored Bolts* 
– Mechanical/Grouted Anchors 

 

• Frictional Bolts* 
– Split Sets, Swellex, Plain Cablebolts 

 

• Fully Coupled Tendons 
– Grouted Rebar (cement or resin) 

– Cablebolts (bulged) 

 

• Hybrid  
– Grouted Cone Bolts,  

– Compound Cablebolts 

 

Some support 

(passive) systems 

must be mobilized 

to achieve 

resistance 

 

Others (active) 

impart influence to 

internal rock 

mechanics  

preload = 

confinement = 

friction = capacity 
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• REINFORCEMENT 

– Maintain rockmass 

continuity 

• HOLDING 

– Keep failed rock or free 

rock blocks in place 

• RETENTION 

– Hold small blocks at 

surface, but only in 

conjunction with 

surface coverage 

elements;  

   (shotcrete, screen, straps) 

Rock  

Stresses 

REINFORCEMENT 

Rock 

Loads 

HOLDING 

RETENTION 

Consider Support Function Reinforcement vs Support 

• Rock Reinforcement: Elements mobilise 

and conserve the inherent rockmass 

strength so that the rock becomes self-

supporting. 

(Hoek, Kaiser and Bawden 1995) 

Increased Plastic Deformations Stretch 

Dowels Generating Resistance 

 

Support Modelling 
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Displacement 
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Anchored Anchored 

Fully Bonded 

Anchored 

Frictional (Swellex) 

Different and System 

Dependent Rupture 

Modes 

Challenge to Design: 

Bolt Capacity, Spacing, Length, 

Timing, Interaction with Liner 
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Analytical / Numerical Calculation of  

Bolt Capacity, Spacing and Length  

326 

Iterative process of initial design (based on empirical 

recommendations) followed by comparison of bolt ultimate 

limits and service limits for: 

 

 

Reliability Analysis of Support involves full active analysis  

 (not simple factoring of static equation) 

• Likelihood of Rupture (reserve load, 

factor of safety, POF) 
 

• Likelihood of Anchorage (penetration 

distance beyond yield zone) 
 

• Likelihood of Deformation Control 

(bolt system stiffness) 
 

• Redundancy if some bolts fail 

 

 

328 

LINERS 

Shotcrete 

330 
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331 

 

Excessive Deformation – Original Support System 

Beam 

 

Carranza-Torres 
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Moment of Inertia 

and Modulus 

Control 

Relationship 

between Moments 

and Beam Stresses 

Max Fi 

Stress 

    = 

 My / I 

Bending moments from 

0.159 to –0.413 MNm 

Bending moments from 

0.004 to –0.008 MNm 

Axial thrust from 

5.99 to 6.31  MN 

Axial thrust from 

6.73 to 6.83  MN 

Shear forces from 

0.23 to –0.23 MNm 

Shear forces from 

1.48 to -1.50 MNm 
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Composite Beams 

 

Carranza-Torres 

PHASE2 
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Staged Tunnel Construction Techniques 

(Hoek, 2001) 

Staged  

Excavation 

Advance of Tunnel 

Rock-support interaction analysis 

A B 

d o C 

Idealized Tunnel Deformation Analysis 

uie = inward elastic radial displacement 

Em = the Young's modulus 

   = Poisson's ratio 

rp  =  radius of the plastic zone  

         around the circular tunnel  

uip = plastic deformation 

Radial Displacement 

Plastic Zone and Plastic Deformation 

where, 

where, 

Internal pressure at yield 

 

348 

Unsupported                         With Liner 

Yield Zone  

    

ROCSUPPORT 

(Rocscience) 
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DISTANCE TO FACE 

Support Pressure 

Support Reaction 

-1D       0       +1D        +2D        +3D        +4D         +5D 

 

350 

 

351 
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Distance from Face / Tunnel Radius     X/Rt

Plastic Radius 
Tunnel Radius

Rp/Rt

 

Numerical Analysis to 

Understand Rock-Support 

Interaction 
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Pressure 

Radial Displacement 

Response of outer boundary 

Replace Face Disc 

with Decreasing 

Internal Pressure 

2 3 4 1 

1 

2 

3 

4 

 

STEP 2 

 

STEP 3 
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STEP 4 

 

359 

Rp 

Rt 
=2.5 

  

361 

Max 

Displacement 

in Final Stage 
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STEP2 

STEP3 

STEP4 

-20
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Step 4 

Shotcrete 

Before Step 5 

D
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ta
n

c
e

 f
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m
 F

a
c
e

,m
 

Venaus (6.3m D) 

Compare model steps to elastic convergence 

Model Step 

 

364 

 

Remember: 

 

Every change in rock properties 

requires a recalibration of LDP 

for 2D modelling 
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Interactive Support  

Liner Systems Installed During excavation 

• How Thick (Strength and Stiffness) 

• Spacing/Size of Arch Component 

• Need Fibre ? – Residual Tensile Capacity 

• When to Install 

• Staging?   

• Sequential Excavation? 

• Main Criteria: 

– Do not exceed plastic limits (M-T and S-T limits) 

– Ultimate Capacity (plastic hinges) 

– Displacement Limit 

– Yield Zone Reduction 

– Redundancy (can some parts of liner fail) 

 

Final lining (cast or placed after construction) 

           Can be designed based  

           on rock loads and  

           structural  

           design  

           codes 

 

• Using probabilistic data to develop a 

comprehensive quantitative risk 

approach 

– Determine which parameters have the 

greatest impact on design 

– Defining Probability of Failure (spatial, % 

of profile, etc…) 

– Assess probability of failure for various 

support options 

– Select the most RELIABLE design that 

meets safety requirements for the lowest 

cost  (Sum of Actual and Risk Costs) 

 

• Lee and Kim 1999 
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• Lee and Kim 1999 

Sensitivity Index 

𝑆𝐼 =
𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑎𝑥 − 𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑖𝑛

𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑎𝑥
 

 

𝑆𝐼 =
𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑎𝑥 − 𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑖𝑛

𝑂𝑢𝑡𝑝𝑢𝑡𝑚𝑎𝑥
 

1   2  3  4  5  6     7  8  9 1011121314    15   16171819202122232425 Parameter 

Impact of each 

parameter 

(Sensitivity of result 

to change) 

What is Probability of Failure ? 

• BOLTS 

– Likelihood of any single bolt failing? 

– Number of bolts per ring failed? 

– Percentage of bolt length yield (coupled) 

– Percentage of section failure along a tunnel? 

• Likelihood of block or wedge failure 

• Likelihood of excess squeezing 

– Chances of exceeding displacement limit 

– Likelihood of failure over space or time? 
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What is Probability of Failure ? 
• LINER 

– Likelihood of any yield at specific locations 

– Likelihood of any yield anywhere in liner 

– Likelihood of any yield along tunnel 

– Likelihood of excessive overdesign 
 

– Likelihood of critical yield in section (along tunnel) 

– If yield (plastic hinge) – likelihood of ultimate failure 
 

– Chances of exceeding displacement limit 
 

– Likelihood of failure over space or time? 

 

What is Consequence of Failure ? 

• BOLTS 
– Small Fallouts 

– Ravelling 

– Caving 

– Collapse 

 

– Safety 

– Delays 

– Rehab 

 

• LINERS 
– Liner Rupture 

– Closure 

– Settlement 

– Collapse 

 

– Safety 

– Delays / Resupport 

– Rehab / Remine 

– Shutdown 

– Leakage 

 

SAFETY:   Use ALARP  

     (As low as reasonable possible) 

COSTS:  Time and Materials – assign Risk Costs 

      Likelihood x Unit Cost 

Minimize Total Costs  

including Risk Costs 

 $-

 $10,000

 $20,000

 $30,000

 $40,000

 $50,000

1 2 3

C
o

s
t 

($
) 

Support Class 

Support Cost Cost of Failure Total Cost

Optimum Cost 

Excessive 

Support Cost 

Excessive 

Failure Cost 

Reliability Approaches in the Geotechnical 

Design of Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

  

Part 5: Reliability Based Support Design 

Part I 
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Reliability Methods 

• Directly incorporates uncertainty information & 
probabilistic descriptions into the design process 

• Assess system performance (probability of failure, 
pf) with respect to acceptability criteria 

– Minimum FOS, maximum convergence etc… 

p
d
f  

x2 

x1 

Critical Limit Surface [G(X) = 0] 

σ Ellipse 

β Ellipse pf 

Assess System Performance 

𝑝𝑓 ≈ 𝛷(−𝛽) 

𝛽 =
𝜇𝑅 − 𝑅𝑚𝑖𝑛

𝜎𝑅
 

Rmin 

Case Study – Deep Tunnel 

• 10 m diameter tunnel 

• Silty sandstone rockmass 

– Well interlocked blocks (3 joint sets) 

– Rough, moderately weathered 

– Uniform & homogeneous across                                                
extent of alignment 

• Non-hydrostatic stress 

– σv = 10 MPa 

– σH = σh = 15 MPa 

• Laboratory test data available 

Performance Function 

• Acceptability criteria for lining systems: 

– Unreinforced liner: Minimum Factor of Safety 

(FSmin) = 1.25 with pf < 10% 

– Reinforced liner: 

• Shotcrete: FSmin = 1.0 with pf < 10% 

• Reinforcement: FSmin = 1.5 with pf < 10% 
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Analysis Techniques 

• For complex problems, reliability based 
approaches can be combined with different 
analysis techniques: 

– Empirical: applying statistics to general rockmass 
relationships based on experience & observations 

– Analytical: using reliability methods with explicit 
equations based on geomechanical theory 

– Numerical: most advanced analysis, increased 
computational requirement, fewer assumptions 

Empirical Analysis 

• Quantify uncertainty in input parameters  

• Combine with empirical relationships to 

obtain preliminary estimates of rockmass 

characterization & behaviour 

• Able to obtain initial estimates of support 

requirements & costs 

Squeezing Behaviour Analytical Analysis 

• Combine reliability based approaches with 
traditional design methods based on 
geomechanical theory 

• Convergence confinement approach used 
to assess ground response for squeezing 
rockmasses 

– Explicit equations requiring iterative solution 

– Computational requirements limited 
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Convergence 

Confinement Curve 

Displacement 

Support 

Pressure 

Yield zone 

Simulates Tunnel Advance & 

Squeezing 

Numerical Analysis 

• Reliability methods used with Finite 

Element or Finite Difference codes 

– Each “evaluation point” is another model 

• Increased computational requirements 

with respect to time & user set up 

• Significant time savings possible with 

probabilistic approaches 

Phase2 

 

Boundary Conditions 

Finite Element Mesh 

Input parameters 

for each model 
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Mean (Expected) 

Values 

Coefficient of 

Variation Values 
Phase2 

“Model Yield 

Zones” 

Phase2 

If you assume a PDF for 

your outputs… 

Analysis Techniques 

• For complex problems, reliability based 
approaches can be combined with several 
different analysis techniques: 

– Empirical: applying statistics to general rockmass 
relationships based on experience & observations 

– Analytical: using reliability methods with explicit 
equations based on geomechanical theory 

– Numerical: most advanced analysis, increased 
computational requirement, fewer assumptions 

Empirical Analysis 

• Relationship relates strain to ratio of 

rockmass strength / in situ stress 

• Able to recognize construction challenges 

based on anticipated strain levels 

• By quantifying uncertainty in ratio of 

rockmass strength / in situ stress, can 

determine likelihood of each condition 
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Squeezing Behaviour Summary – Empirical Analysis 

• Few support problems expected (97.3%) 

along the length of the tunnel, with a small 

likelihood of minor squeezing (0.2%) 

• For a set of pre-determined support 

classes, estimated cost of support along 

tunnel length ($15,000 per m) 

Analysis Techniques 

• For complex problems, reliability based 
approaches can be combined with several 
different analysis techniques: 

– Empirical: applying statistics to general rockmass 
relationships based on experience & observations 

– Analytical: using reliability methods with explicit 
equations based on geomechanical theory 

– Numerical: most advanced analysis, increased 
computational requirement, fewer assumptions 

Analytical Analysis 

• Used convergence confinement method to obtain 
preliminary estimate of variable ground response 

– Elasto-plastic solution of convergence confinement 
for Hoek-Brown materials (Carranza-Torres 2004) 

– Limited to hydrostatic stress (10 MPa used) 

• Monte Carlo analysis applied 

– 1000 sampling points, 6 minutes to complete 

• Plastic zone radius (Rp) & wall displacements 
determined for each case 
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Convergence 

Confinement Curve 

Displacement 

Support 

Pressure 

Yield zone 

RocSupport 

• Preliminary analysis conducted using 

RocSupport program by Rocscience 

– Quick & simple program for estimating 

deformation of circular tunnels in weak rock 

• Excellent visualization tool 

• Limited user control over input variability 

RocSupport Advanced Approach 

• Programming code developed to apply 

correlation when determining intact 

strength envelope 

• Analyzed 3 intact strength cases & 

compared results 
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Monte Carlo Analysis Results 

• Uncorrelated UCS & mi leads to inaccurate 

intact Hoek-Brown failure envelopes  

– Such envelopes result in unlikely output values 

• Such extreme values are critical when 

designing high risk underground excavations  

– E.g. hydro caverns & nuclear waste storage 

facilities 

 

Monte Carlo Analysis Results 

• Distributions & minimum/maximum design 

values obtained from heterogeneous 

(Case 2) & homogeneous (Case 3) cases 

more accurately reflect reality 

• Homogeneous case (Case 3) best 

represents rockmass characteristics 

– Used for remainder of study 

Support Considerations 

• While support cannot be 
realistically modelled using 
this approach, can make 
preliminary observations 

• Ideally want bolts to extend 
through plastic zone into 
intact rock 

• Use distribution for plastic 
zone radius to determine 
design bolt length based on 
confidence levels 

Bolt too short 

Support Considerations 
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Plastic Zone Radius (m) 

Confidence 

Level 

Plastic 

Radius (m) 

100% 8.0 

99% 7.6 

90% 6.8 

70% 6.4 
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Support Considerations 

• For 90% confidence, 7 m plastic radius 

– 2 m bolts required 

• Need to consider risk implications 

– Does not mean 10% of bolts will be too short, 

but 10 % of tunnel length will have Rp > 7 m 

– All bolts in that area will be               

insufficient! 

 

Reliability Comparison 

• Point Estimate (PEM) & First Order 
Second Moment (FOSM) methods 
compared to Monte Carlo results 

• While computational time not an issue for 
analytical approach, not true for numerical 
analysis 

– Interest in determining accuracy of 
probabilistic approaches 

Reliability Comparison 

• Monte Carlo, PEM, 
FOSM results similar 

– Variability nearly 
identical, minor 
overestimation of mean 

• FOSM & PEM 
approaches provide 
accurate results for 
significantly fewer 
evaluations (4-5) 

Summary – Analytical Analysis 

• Combining reliability methods with analytical approach 
simple & straightforward 

• Computational requirement minimal 

– Each “evaluation” can be run quickly 

• Able to obtain detailed estimate of ground response & 
determine accuracy of reliability methods 

• Correlation between UCS & mi more realistic than 
uncorrelated case from a geomechanical perspective 

• Reliability methods provide accurate results for 
significantly fewer evaluations 

            459

http://www.queensu.ca/
http://www.queensu.ca/
http://www.queensu.ca/
http://www.queensu.ca/


“Reliability in Geotechnical Design of Underground Works” Short Course 

American Rock Mechanics Association (ARMA) Conference 

San Francisco, USA, 22 June 2013 

Reliability Approaches in the Geotechnical 

Design of Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

  

Part 6: Reliability Based Support Design 

Part II 

Numerical Analysis 

• Advanced numerical analysis used to 
examine variable ground response for 
non-hydrostatic in situ stress conditions 

• Support performance evaluated for three 
different lining systems: 

– 20 cm unreinforced shotcrete liner 

– 25 cm shotcrete liner reinforced with #6 mesh 

– 30 cm shotcrete liner reinforced with rebar 

Model Development 

• Plane strain FEM program Phase2 used to 
perform numerical analysis 

• Internal pressures used to simulate 3D 
advance of tunnel towards modeling plane 

• FE mesh 12380 3-noded triangular elements 

– 1 minute to run each model 

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5 

100% Field 

Stress 

50% Field 

Stress 

20% Field 

Stress 

Liner 

Installation 
Rt = 5m 

Model Development 
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Reliability Approach 

• Monte Carlo analysis too difficult & time 

consuming to implement in FEM code 

– Inputs must be entered manually, outputs 

accessed from each model individually 

– User effort currently too great 

• Combined FEM/PEM approach used 

– Each “evaluation point” is another FEM model 

PEM – Evaluation Points 2D 

2n evaluations 
Intact Strength Envelopes 

GSI 

Model Evaluation Points 

Run UCS (MPa) HB mi GSI 

1 ++ 63 13.2 62 

2 +- 63 13.2 58 

3 -+ 45 12.1 62 

4 -- 45 12.1 58 

Variable 1 Variable 2 

Model Results 

 

Unsupported Supported 

UCS = 45 MPa 

mi = 12.11 

GSI = 58 
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Impact of Support on Ground 

Response 

• Mean value & 
variability in ground 
response parameters 
decreases with 
addition of support 

• Allows for assessment 
of the likelihood of 
occurrence for a given 
response value 

Performance Function 

• Defined by liner performance, based on 
elastic support capacity plots 

• For an unreinforced liner: 

– FSmin = 1.5, pf < 10% 

• For a reinforced liner: 

– Concrete FSmin = 1.0, with a pf < 15% 

– Reinforcement FSmin = 1.5, with a pf < 10% 

 

Reinforced Lining Design 

Steel Set Shotcrete 

Liner Performance 

• µ, σ for liner loads (thrust, moment, shear) 

determined using FEM/PEM approach for 

EACH node 
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Liner Performance 

• Load combinations randomly sampled for 
each node according to PEM results 

• pf for certain FSmin equal to # load points 
outside of capacity curve divided by total # 
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Sampled 

Liner Loads 

FS = 1.0 

Liner Performance 

• Non-hydrostatic stress conditions led to 

concentrations of liner loads at different 

locations around the tunnel 

– Examined roof, walls & floor 

• Assessed pf for several FSmin values to 

determine trend (linear or nonlinear) 

Liner Performance 
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Liner Performance Results 

• Critical liner loads located in roof & floor  

• Reinforced liner has significantly lower pf 

values at all locations around excavation 

• Unreinforced lining does not meet 

acceptability criteria, reinforced lining 

system recommended 

Quantitative Risk Assessment 

• To determine optimal lining support, 

quantitative risk approach developed to 

determine lowest total cost 

– Cost of Support + Expected Cost of Failure 

• FSmin = 1.25 used for this assessment 

– Considered to be an appropriate serviceability 

limit state for tunnel 

Cost of Failure 

• Expected cost of failure determined by 
multiplying pf by cost of failure 

• Two types of failure considered: 

– Moderate damage: monitoring & patching 

• Shotcrete in reinforced liners 

– Complete failure: Re-excavation & installation 
of higher class of support 

• Shotcrete in unreinforced, steel in reinforced 

Cost of Failure 

Liner Component Type of Failure Cost 

1 Shotcrete Collapse $36 000 

2 

Shotcrete Minor Damage $7 000 

Reinforcement Collapse $50 000 

3 

Shotcrete Minor Damage $7 000 

Reinforcement Collapse $72 000 
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Cost Comparison 
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Summary – Numerical Analysis 

• Combined FEM & reliability method approach 
creates an incredibly powerful design tool 

– Less computational time than Monte Carlo 

• Liner performance evaluated easily using 
elastic capacity plots & liner load sampling 

– Compare to acceptability criteria to eliminate 
support designs that are unacceptable 

– Add cost information to perform quantitative risk 
analysis to determine optimal support 

Conclusions – Case Study 

• Significant uncertainty exists in 
geotechnical parameters (intact strength, 
rockmass & in situ stress) 

– Engineers must be aware of different sources 
of uncertainty & assess them appropriately 
(aleatory vs. epistemic) 

– To create a reliable geological model, must 
consider types of uncertainty at each stage of 
the design process 

Conclusions – Case Study 

• Several methods exist to deal with uncertainty in 
design, must assess which is most appropriate 

• Deterministic analyses do not consider uncertainty 
& typically result in overly-conservative designs 

• Reliability based design approach can optimize 
support design resulting in significant project 
savings (cost & schedule)  

– Provides valuable information to engineers by 
quantifying uncertainty & providing a consistent 
measure of safety 
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Part 7: Other Reliability Applications 

Squeezing Ground 

Yacambu-Quibor Project 

Yacambú Quibor tunnel 

Yacambu River – circa 1980 

Silicified phyllite exposure 

in the right abutment of 

the dam 
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Consultant’s Opinion (1973) 

• "I imagine that much of the rock along the tunnel alignment 
will be fairly good phyllite, similar to that seen in the river 
channel at the dam site. ………... In fact, possibly except for 
the Bocono Fault and some of the smaller ones, this could 
probably be essentially an unlined tunnel". 

 

Graphitic phyllite in tunnel faces 

As-built Geological Profiles 

Structure 

Profile 

Class C Class D2 Class 

Class D2 C Class D2 

Structure 

Profile 

Class 
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1987: Excavation of 

the TBM which was 

abandoned in the 

tunnel in 1979. 

 

 

 

 

 

 

 
Photo courtesy E. Hoek 

Squeezing of tunnel following invert failure 

Major Problems with Corner 

Rupture and Floor Heave 

 

FLOOR HEAVE = 1m 

Recommendation: 

No More Horseshoe 

Profiles 

Circular Only 
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Rock support interaction analysis for 

squeezing conditions 

 

Yielding steel sets used in Yacambú Quibor tunnel in 2004 
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Working and Supervision 

Conditions Difficult 

Need to Standardize Support 

Rockmass Parameters 

• No field data available, back calculated values based on 
observed behaviour used as mean (expected) values 

• Standard deviation calculated by determining appropriate 
range & applying 3-sigma rule 

• Varied rockmass quality & strength 

Parameter Mean Min Max σ Units 

Rockmass Quality (GSI) 25 19 31 2 - 

Material Constant (mi) 7 4 10 1 - 

Compressive Strength (UCS) 50 40 60 3 MPa 

Rockmass Young’s Modulus 1650 - - - MPa 

In Situ Stress 30 - - - MPa 

Sensitivity Index 
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Modified Point Estimate Method 

• Modified PEM adds 3 evaluation points: 

• Mean & best/worst extreme values 

• Minor addition to runs, assists with CDF 

fitting & method validation 

2n + 3 

evaluations 

LDP Calibration 

Tunnel 

advance 

Effect of Support 
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Radial Displacement (m) 

No Support

Support

Mean = 1.32 m 

COV = 42% 

Best = 0.26 m 

Worst = 2.6 m 

Mean = 0.38 m 

COV = 19% 

Best = 0.19 m 

Worst = 0.66 m 
23 + 3 = 11 models 

Reinforced Lining Design 

Steel Set Shotcrete 
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Impact of Stress Ratio 

• Probabilities of failure determined for each node 

• Values consistent for hydrostatic stress conditions 

– Not the case when K ≠ 1.0 

• Global (GPF) or local (LPF) pf used to assess overall 
liner performance 
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Case Study – DGR 

• Underground storage for 
low & intermediate level 
nuclear waste 

• 680 m depth, range of in 
situ stress conditions 

• Bolts used for support 

• Highly saline pore fluid 

– Concern for corrosion 

• 100 year design life 

Proposed DGR Location 

Proposed DGR Location Repository Level 
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Rockmass Parameters 

• Extensive laboratory testing completed 

– AE, UCS, triaxial & Brazilian tensile strength tests 

• Distributions determined directly from data 

• Considered crack initiation ratio as a variable given 
high degree of correlation between CI & UCS 

 
Parameter Mean σ Min Max Units 

Stress Ratio (K) 1.50 0.20 1.10 1.90 - 

Compressive Strength (UCS) 110 20 76 141 MPa 

Crack Initiation Strength (CI) 46 10 28 74 MPa 

Crack Initiation Ratio (CI/UCS) 40% 2% 36% 51% - 

Rockmass Young’s Modulus 35.8 - - - GPa 

Poisson’s Ratio 0.31 - - - - 

Spalling 

 

4m 

Brittle Failure 

• Used Damage Initiation 
& Spalling Limit (DISL) 
method 

– 3 variables considered: 

– UCS, CI, T 

• Peak curve controlled by: 

– Crack initiation (CI/UCS) 

– Strength ratio (UCS/T) 
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Uniaxial Compressive Strength (MPa) 

POSITIVE correlation 
Crack Initiation 

Option B (consider best fit) 

• Mean (μ) = 41% 

• St Dev (σ) = 3% 

Option A (consider data) 

• Correlation coefficient (ρ) = 0.91 

• 83% of data are related 
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Strength Ratio 

UCS & Tensile Strength independent Griffith’s Theory (CI/T = 8) 

Sensitivity Index 

2 variable system 

considered 

Analysis Approach 

• Monte Carlo approach used, however time 
commitment was significant 

• Interest in using probabilistic methods to 
determine accuracy 

– PEM & FOSM not considered to be suitable given 
discontinuous spalling behaviour 

– Response Surface Method useful, but number of 
evaluations large & assumption of single design 
point inaccurate 

Global Response Surface 

• Global RSM approach developed to address 
limitations with traditional RSM 

– Develop equation that relates inputs (over 
credible range) to output of interest 

– More evaluations initially, but not an iterative 
approach (can batch run models) 

– Fit can be refined in area of design points 

– pf calculated using Monte Carlo sampling 
technique (more accurate) 
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FEM Model Output 

Spalled 

Zone Limit 

Global Response 
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Roof 

Damage 

Displacement 

57 evaluations 

Global RSM vs. Monte Carlo 

Reliability (solid) 

57 evaluations 

Monte Carlo (dashed) 

256 evaluations 

Error < 2% 

Optimal Bolt Length 

Tunnel 

95% Confidence 

Roof 

35% no damage 

65% damage (2.2 to 3.5 m) 

Wall 

92% no damage 

8% damage (1.0 to 2.2 m) 
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Bolt Loading 

CT-M22 CT-M20 

Importance of Dilation 

• Measure of post peak volume increase 

• Elastic-perfectly plastic behaviour assumed for 
very weak rocks (no change in volume) 

– Not the case in hard rocks 

• For Hoek-Brown materials dilation typically ranges 
from 0.3 to 0.5 x m(residual) value 

Dilation – Roof Damage 

No Dilation 

35% no damage 

65% damage (2.2 to 3.5 m) 

Dilation 

40% no damage 

60% damage (0.3 to 2.3 m) 

Dilation – Roof Displacement 
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Dilation – Roof Bolt Loads 

CT-M22 CT-M20 

Bolt Selection 

Reliability Approaches in the Geotechnical 

Design of Underground Works 

J. Connor Langford & Dr. Mark S. Diederichs 

with contributions by: 

Joe Carvalho, Golder Associates 

Michelle van der Pouw Kraan, Queen’s University 

 

  

Part 8: Panel Discussion 

Discussion Panel 

• Topics: 

– How do we deal with uncertainty in stress? 

– How can reliability based design approaches be 

better incorporated into engineering practice? 

– How can contracts be structured so uncertainty is 

dealt with in a more responsible manner? 

– Or whatever comes up during the day… 

– Q&A 
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