
Unstable Brake Orbits

in Symmetric Hamiltonian Systems

by

Mark Lewis

A thesis submitted to the

Department of Mathematics and Statistics

in conformity with the requirements for

the degree of Doctor of Philosophy

Queen’s University

Kingston, Ontario, Canada

September 2013

Copyright c© Mark Lewis, 2013



Abstract

In this thesis we investigate the existence and stability of periodic solutions of Hamiltonian

systems with a discrete symmetry. The global existence of periodic motions can be proven

using the classical techniques of the calculus of variations; our particular interest is in

how the stability type of the solutions thus obtained can be determined analytically using

solely the variational problem and the symmetries of the system – we make no use of

numerical or perturbation techniques. Instead, we use a method introduced in [41] in the

context of a special case of the three-body problem. Using techniques from symplectic

geometry, and specifically the Maslov index for curves of Lagrangian subspaces along the

minimizing trajectories, we verify conditions which preclude the existence of eigenvalues of

the monodromy matrix on the unit circle.

We study the applicability of this method in two specific cases. Firstly, we consider

another special case from celestial mechanics: the hip-hop solutions of the 2N -body problem.

This is a family of Z2-symmetric, periodic orbits which arise as collision-free minimizers

of the Lagrangian action on a space of symmetric loops [14, 53]. Following a symplectic

reduction, it is shown that the hip-hop solutions are brake orbits which are generically

hyperbolic on the reduced energy-momentum surface.

Secondly we consider a class of natural Hamiltonian systems of two degrees of freedom

with a homogeneous potential function. The associated action functional is unbounded

above and below on the function space of symmetric curves, but saddle points can be
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located by minimization subject to a certain natural constraint of a type first considered by

Nehari [37,38]. Using the direct method of the calculus of variations, we prove the existence

of symmetric solutions of both prescribed period and prescribed energy. In the latter case,

we employ a variational principle of van Groesen [55] based upon a modification of the

Jacobi functional, which has not been widely used in the literature. We then demonstrate

that the (constrained) minimizers are again hyperbolic brake orbits; this is the first time

the method has been applied to solutions which are not globally minimizing.
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Chapter 1

Introduction

“La Nature, dans la production de ses effets, agit toujours par les
moyens les plus simples.”

– Pierre-Louis de Maupertuis

1.1 Variational techniques for Hamiltonian systems

Originally introduced as a mathematical reformulation of classical Newtonian mechanics,

the modern theory of Hamiltonian mechanics encompasses the study of a specific class of

dynamical systems on symplectic manifolds – manifolds on which a closed nondegenerate 2-

form ω, called the symplectic form, is defined. Given a symplectic manifoldM, any smooth

function H : M → R induces a Hamiltonian vector field XH on M through the relation

dH = ω(XH , ·). In practice, we often take M = T ∗Q to be the cotangent bundle of some

underlying manifold Q, equipped with canonical coordinates (q,p) and symplectic form

ω = dq ∧ dp. In coordinates, the Hamiltonian vector field defines a system of autonomous

differential equations,

q̇ =
∂H

∂p
, ṗ = − ∂H

∂q
,

known historically as Hamilton’s equations.

The function H is referred to as simply the Hamiltonian, and in many applications it
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1.1. VARIATIONAL TECHNIQUES FOR HAMILTONIAN SYSTEMS

may represent the total energy of a mechanical system, calculated as a sum of the kinetic

and potential energies: H = K + V . Systems of this type are sometimes known as natural

Hamiltonian systems. In particular, we will primarily consider here the simplest case where

Q ⊂ RN is a submanifold and the Hamiltonian is of the following form:

H : T ∗Q → R, H(q,p) =
1

2
|p|2 + V (q), (1.1.1)

for some configuration manifold Q. In this case Hamilton’s equations for H can be expressed

in equivalent second-order form as

q̈ = −∇V (q). (1.1.2)

These are precisely the Euler-Lagrange equations for the action functional

AT (q) =

∫ T

0
L(q, q̇) dt, (1.1.3)

where the Lagrangian

L : TQ → R, L(q, q̇) =
1

2
|q̇|2 − V (q), (1.1.4)

is related to H via the Legendre transform: H(q,p) = 〈p, q̇〉 − L(q, q̇). We may define

the action on the domain of absolutely continuous curves with (weak) L2 derivatives, which

form the Sobolev manifold H1
(
[0, T ],Q

)
(the tangent space at any point is a Sobolev space).

If the action is restricted to a submanifold Γ of curves associated with a given boundary

condition for the dynamical problem, then the Euler-Lagrange equations provide a necessary

and sufficient condition for a trajectory q(t) to be a critical point of AT on Γ, in the sense

that the variational derivative or first variation of the action vanishes:

δAT
(
q; ξ
)

=
d

dε
AT (qε)

∣∣∣
ε=0

= 0 (1.1.5)

for all vector fields ξ = d
dεqε

∣∣
ε=0
∈ TqΓ, where qε : R → Γ denotes a curve of trajectories

such that q0(t) = q(t). Hilbert’s Differentiability Theorem [25] ensures that q(t) is second-

differentiable and is thus a solution of (1.1.2) in the classical sense.
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1.1. VARIATIONAL TECHNIQUES FOR HAMILTONIAN SYSTEMS

The equivalence between solving the differential equation (1.1.2) and solving the vari-

ational problem (1.1.5) is classically known as Hamilton’s principle, sometimes referred to

erroneously as the “principle of least action”. In practice however, it is quite common to

indeed attempt to minimize the action as a means to explicitly identify a solution of (1.1.2).

The approach whereby one attempts to construct the solution by showing a (subsequence

of a) minimizing sequence converges in some topology for which AT is lower-semicontinuous

is known as the direct method of the calculus of variations.

A system with a particularly long history of study by these methods is the N -body

problem. Loosely stated, the question here is to determine the motions qi(t) of point masses

mi interacting according to Newton’s law of gravitation:

q̈i =
∑
i<j

mj

qj − qi
|qi − qj |3

. (1.1.6)

In a celebrated paper [13], Chenciner and Montgomery proved the existence of a solution

of (1.1.6) where three bodies of equal mass follow one another along a figure-eight shaped

path in the plane. This remarkable orbit consists of twelve symmetric segments, each of

which minimizes the action (1.1.3) over paths connecting the classical collinear and isosceles

central configurations first studied by Euler and Lagrange, respectively.

In the short time since this breakthrough, numerous other symmetric solutions of the

N -body problem have been found by minimizing the action on spaces of symmetric loops.

In [14], Chenciner and Venturelli constructed the hip-hop solutions for four equal masses,

where the configuration oscillates between a planar rotating square central configuration

and a spatial tetrahedral central configuration. The solutions are located explicitly by

minimizing over loops on a submanifold of configurations, subject to the “anti-symmetric”

condition q(t + T/2) = −q(t). The construction has since been generalized to any even

number of masses [53].

Since the Hamiltonian is conserved along solutions of (1.1.2) it is quite natural to search

for solutions having a prescribed energy H = h, instead of a prescribed period. Maupertuis’
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1.1. VARIATIONAL TECHNIQUES FOR HAMILTONIAN SYSTEMS

principle – another classical “principle of least action” – can be interpreted as the statement

that solutions of (1.1.2) with a given energy correspond to geodesics for a certain Riemannian

metric known as the Jacobi metric. Using this approach, it has been shown that there must

exist a periodic solution on any compact energy surface H−1(h). The progress leading up

to this general result can be followed in [9, 22,51] and references therein.

An alternative principle has been introduced by van Groesen [55], based upon the fol-

lowing modification of the standard Jacobi functional:

Jh(q) =

(
1

2

∫ 1

0
|q̇|2 ds

)(
h−

∫ 1

0
V (q) ds

)
. (1.1.7)

Critical points of this functional correspond to solutions of (1.1.2) with energy h > 0 after

a simple reparameterization t = Ts, though the period T is initially undetermined. This

functional turns out to be simpler to analyze compared to the classical functionals; as an

example we can compare the concise argument of [10] with the earlier results that use the

Jacobi metric. Van Groesen first used this principle to prove the existence of families of

periodic solutions of (1.1.2) when the potential is convex [59] by minimizing Jh subject to

a certain natural constraint – a strategy first used by Poincaré [44].

An integral constraint for a given functional can be said to be natural if it has the

convenient property that any constrained critical point is in fact a free critical point of the

functional on its original domain. In practice, a natural constraint can be recognized when

the corresponding Lagrange multiplier is identically zero.

Perhaps the best known such constraint – stated for the Lagrangian action (1.1.3) – is

the condition

δAT (q; q) = 0. (1.1.8)

The subset of curves (in some appropriate function space) which satisfy this condition is

known as the Nehari manifold in honour of the author of [37, 38], and will be denoted

by NT . Critical points of the action are clearly elements of NT ; conversely, it can be
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1.2. THE QUESTION OF STABILITY

shown that critical points on NT are “usually” critical points of the un-constrained action.

In the past decade there has been a resurgence in the use of the Nehari manifold in the

literature, following a now widely-cited paper by Brown and Zhang concerning the existence

of solutions for a class of semi-linear partial differential equations [12]. A “Nehari-type”

constraint for the functional (1.1.7) is provided by the condition

∫ 1

0
V (q) +

1

2

〈
∇V (q), q

〉
ds = h. (1.1.9)

This condition implies one like (1.1.8), with equivalence in the case of the boundary condi-

tion q(0) = q(1) = 0.

The functional (1.1.7) and its associated constraint (1.1.9) have apparently not garnered

much attention since their introduction in the 1980’s. One application relevant to our

current study – of which we just recently became aware – is a result of Ambrosetti and

Coti Zelati, who prove the existence of periodic solutions for a class of Hamiltonians with

a singularity at the origin, which includes the N -body problem as a special case [3, 4].

1.2 The question of stability

The qualitative theory for dynamical systems originates primarily from the work of Poincaré

and Liapunov at the end of the 19th century. Of central importance to understanding the

global dynamics is the determination of the stability of fixed points and periodic solutions

of the system, referring to the tendency of nearby trajectories to remain in a neighborhood

of the original solution or to be repelled away from it.

There are various notions of stability, so before we go any further we will do our best

to clearly define our general terminology. We will be considering non-linear, autonomous

Hamiltonian systems

ż = XH(z). (1.2.1)

Let the corresponding Hamiltonian flow of the system be denoted φt. We then describe a

5



1.2. THE QUESTION OF STABILITY

periodic solution γ(t) = φt(γ0) of (1.2.1) with orbit Γ = {γ(t) | t ∈ R} as stable, or orbitally

stable to avoid ambiguity, if for all ε > 0 there exists δ > 0 such that

d(z0,Γ) < δ ⇒ d(φt(z0),Γ) < ε ∀ t ≥ 0,

where d defines a distance between sets in Rn as follows:

d(A,B) = inf
a∈A, b∈B

|a− b|.

If γ(t) is not stable then it is called unstable.

A most useful tool for studying the qualitative behaviour of the system in a neighbour-

hood of the periodic solution is the linearization of (1.2.1) along γ(t), the non-autonomous,

linear Hamiltonian system given by

ξ̇ = DXH

(
γ(t)

)
· ξ. (1.2.2)

By evaluating the linearized flow at the minimal period T of γ(t) we define the monodromy

matrix dφT , the eigenvalues of which – known as the characteristic multipliers of the orbit

– determine the stability of the origin as an equilibrium of the linearized system according

to the Floquet theory. The orbit γ(t) is said to be linearly stable if
∥∥dφT

n
∥∥ is bounded for

all n ∈ N, and elliptic, or spectrally stable, if all multipliers lie on the unit circle in C.

For Hamiltonian systems dφT must be a symplectomorphism, that is to say dφT
∗ω = ω,

hence its eigenvalues are symmetric with respect to both the real axis and the unit circle

in C [34]. The origin is then a stable equilibrium of the linearized system if and only if all

multipliers lie on the unit circle. Alternatively, the orbit is hyperbolic if there are no (non-

trivial) multipliers on the unit circle. In this last case the local dynamics of the non-linear

system (1.2.1) near γ(t) are qualitatively the same as – meaning topologically conjugate to

– the dynamics of its linearization (1.2.2), by the Hartman-Grobman Theorem [23].

The minimizing hip-hop family has been studied both analytically and numerically [14],

and the numerical results indicate that the solutions are orbitally unstable. For uniformly
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1.2. THE QUESTION OF STABILITY

rotating central configurations of equation (1.1.6), there is a well known method to deter-

mine non-linear stability. This is the energy-momentum method [1], where the definiteness

of the reduced Hamiltonian at an equilibrium point of the flow on the reduced space will

determine the non-linear stability of the equilibrium. This method does not apply to the

minimizing hip-hop family since they are not relative equilibria of (1.1.6).

Roberts introduces in [47] a method to study the stability of symmetric solutions of

the N -body problem, and applies this method to the minimizing Figure Eight solution of

the equal mass three-body problem. Numerical techniques are required to determine the

linear stability once the orbit is located numerically. The Eight has been announced to be

elliptic stable based on the numerical evidence [27,47,52], which makes it unique among the

symmetric solutions located by minimization to date. However, there is as yet no purely

analytical proof of the stability of the Eight.

More recently, there has been renewed interest in studying the stability properties of

symmetric minimizing orbits of the N -body problem using techniques based on the Maslov

index for curves of Lagrangian planes, which can be calculated as an intersection number

[6, 31]. A result of Bondarchuk [11] helps illlustrate the connection between the index and

the dynamical problem: if γ(t) is a hyperbolic periodic orbit of (1.2.1), then the Maslov

index of the stable (or unstable) manifold of γ(t) equals the Morse index – the dimension

of the largest subspace on which the second variation of the action δ2AT (γ) is negative

definite.

The authors of [27] have shown that for minimizing trajectories with a cyclic symmetry

(given by S =−I for the hip-hop solutions), instability results when the Conley-Zehnder

index 1 of the periodic orbit is an odd integer. They give an interesting formula which

relates the Conley-Zehnder index, the Morse index, which is 0 from minimization, and the

kernel of (S− I), which in the case of the hip-hop is also 0. Their formula then implies that

1 Similar to the Maslov index but defined instead for curves of symplectic matrices in Sp(2n), introduced
by Conley and Zehnder naturally, in [20].
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1.3. SUMMARY OF RESULTS

the Conley-Zehnder index must equal zero in this case, and thus their result on instability

does not apply.

An alternative Maslov index type argument was introduced in [41] in the context of a

special case of the three-body problem, where the triangular configuration of the bodies

describes an isosceles triangle for all time. The method differs from that proposed in

[27] in that it involves locating a geometric obstruction to the possibility of characteristic

multipliers on the unit circle; this is found in the guise of an invariant Lagrangian plane

without focal points for all time. The minimality of the orbits in question is key, and is

used explicitly in the course of the argument. This method has very recently been applied

to study rhombus and parallelogram configurations of the four-body problem also [30].

1.3 Summary of Results

The first specific goal of our research was to apply the Maslov index argument of [41] to the

hip-hop orbits of the 2N -body problem; we present our study of this problem in Chapter 2.

This research was a collaborative effort of the author, D. Offin, P.-L. Buono, and M. Kovacic,

which has recently appeared in publication as [28]. We employ a symplectic reduction

and study the essential dynamics of the system in the reduced space [1]. The analysis is

complicated by the fact that the variational problem does not drop to the reduced space;

while the hip-hop orbit does carry symmetry into the reduced space, we cannot assume that

the reduced hip-hop orbit is (reduced) action minimizing.

A preliminary result was the confirmation of a conjecture of Chenciner and Venturelli

– who first identified the hip-hop solutions in [14] – on the geometry of the orbits in the

reduced space. They suggested that the (reduced) hip-hop orbits are brake orbits – that is,

trajectories which consist of a single arc between points where the velocity vanishes. Our

proof of this statement appears in Sections 2.4.

This property of the orbits becomes key in the analysis of their stability. A further
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1.3. SUMMARY OF RESULTS

reduction can be made to remove focal points originating from the flow direction itself,

which correspond to the brake points of the trajectories – where the (reduced) velocity

vanishes. We can then proceed to identify a plane of tangent variations which is focal-point

free for all time. Following the arguments of [41], we can then conclude that the hip-hop

orbits are hyperbolic in the reduced energy-momentum surface, barring a degenerate case.

This result concludes Section 2.5.

Starting in Chapter 3, we leave behind the N -body problem and consider a class of

natural Hamiltonian systems with two degrees of freedom. We open this chapter with a

discussion of a motivating example: the well known Hénon-Heiles Hamiltonian [16,24],

H(q,p) =
1

2
|p|2 + V (q),

where q = (x, y) ∈ R2 and

V (x, y) =
1

2

(
x2 + y2

)
+

1

3
x3 − xy2.

Historically, this system has attracted interest due to an observed transition to chaotic

behaviour at higher energies. Of interest to us is the existence of periodic solutions with

the same symmetry group as the reduced hip-hop, but for which there is also no known

analytic proof of their stability type [16]. While we have as yet been unable to resolve this

question using the Maslov index method alluded to above, our investigations ultimately

led us to a class of natural Hamiltonian systems for which we can prove the existence of

symmetric, hyperbolic brake orbits.

In Section 3.2 we prove the existence of periodic solutions of (1.1.2) for a class of even,

homogeneous potentials with a reflection symmetry. The energy surfaces in this case are in

general neither compact nor convex, so well known existence results of Weinstein [61] and

Rabinowitz [45], and methods based on convex analysis such as Clarke’s dual action [19]

are of no help to us. Instead, our proof of existence is inspired by the results described

earlier for the N -body problem; that is to say, we use the direct method of the calculus of

9



1.3. SUMMARY OF RESULTS

variations on the space of symmetric loops. The action functional (1.1.3) is indefinite and

admits no non-trivial local minimizers on the given function space, so we are forced to look

for saddle points.

Past results (in the context of the N -body problem) involving the calculus of variations

on symmetric loop spaces have led to solutions characterized as global minimizers. Here

we prove the existence of a family of symmetric periodic solutions, parameterized by their

period, which arise as constrained minimizers on the Nehari manifold. This existence result

is generalized in Section 3.3 to potentials which include an additional, small, quadratic term.

Our arguments follow closely those of Brown and Zhang in [12], who consider semi-linear

partial differential equations of the form

−∆q = εa(x)q + b(x)|q|n−1q, q(x) = 0, x ∈ δΩ,

where x ∈ Ω ⊂ RN , a, b : Ω→ R, and ε > 0 is a parameter. To the best of our knowledge our

results are not specifically covered by any previously published work, however the translation

from the context of [12] to our own is quite direct. We close Chapter 3 with remarks on

certain unresolved technical difficulties which crop up in the case of odd potentials.

Chapter 4 is devoted to the question of locating solutions of a prescribed energy rather

than prescribed period. After reviewing some of the classical methods, in Section 4.2 we

describe in more detail the variational principle of van Groesen [55], based on the functional

defined in (1.1.7). Using the “Nehari-type” constraint (1.1.9), in Section 4.3 we prove

an existence result for the homogeneous case only. The existence argument mirrors the

argument for the prescribed period case of Chapter 3, with some details even being more

easily proved. While again the argument follows closely that of [12] and related works, this

seems to be the first time it has been adapted to van Groesen’s functional.

For a class of potentials which excludes those that we study here, Rabinowitz has shown

in [46] that the minimizers of the action (1.1.3) on the Nehari manifold correspond precisely

to the saddle points characterized by the famous Mountain Pass Theorem of Ambrosetti
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1.3. SUMMARY OF RESULTS

and Rabinowitz [2]. We have not extensively pursued an approach to our problem from

this perspective, but we will comment briefly on the applicability of the Theorem after

presenting each existence result. In particular, it appears that the Mountain Pass Theorem

does not apply in the context of Chapter 4, where we use van Groesen’s functional (1.1.7)

instead of the classical action.

Finally in Chapter 5 we prove that the latter family of solutions parameterized by energy

are hyperbolic brake orbits. The proof is based on the analysis for the hip-hop orbits in

Chapter 2. This final result is of independent interest because – for the first time – the

method in question has been applied to a family of orbits which are not globally minimizing.

Rather, the solutions arise as constrained minimizers on the fixed-energy Nehari manifold.

Details of the proof which are repetitive are omitted or at least only outlined, so that

we can focus on the technical modifications required to adapt the earlier arguments to

the new context. These modifications focus on two complicating issues: firstly that –

as already mentioned – the solutions in question are minimizing only for a constrained

problem, and secondly that the underlying functional of the variational problem is van

Groesen’s modified Jacobi functional instead of the Lagrangian action. In the literature,

van Groesen’s functional seems to have been used only so far as to prove existence of

solutions, and not to answer any qualitative questions as we have now been able to do.
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Chapter 2

Hip-hop Orbits

“The scientist does not study nature because it is useful; he studies it
because he delights in it, and he delights in it because it is beautiful.”

– Henri Poincaré

2.1 A special case of the 2N-body problem

We consider here the problem of 2N bodies in R3 interacting via Newtonian gravitational

attraction. The equations of motion are

miq̈i =
∂U

∂qi
, i = 1, . . . , 2N, (2.1.1)

where qi ∈ R3 denotes the position, and mi the mass of the ith particle. With configuration

q = (q1, . . . , q2N ), the force function U(q) is the negative of the gravitational potential

energy, and defined as

U(q) =
∑
i<j

mimj

|qi − qj |
. (2.1.2)

The configuration space Q is the set of all non-collision positions for the 2N bodies, with

the center of mass fixed at the origin:
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Q =

{
q = (q1, . . . , q2N )

∣∣∣ qi ∈ R3,

2N∑
i=1

miqi = 0, qi 6= qj , i 6= j

}
. (2.1.3)

This space is not closed due to the exclusion of collision configurations.

We define the Lagrangian on the tangent bundle of the configuration manifold as follows:

L : TQ → R ∪ {+∞}, L(q, q̇) =

2N∑
i=1

1

2
mi|q̇i|2 + U(q), (2.1.4)

where the potential takes the extended value +∞ on collisions. The action defined on

the space of absolutely continuous loops with L2 derivatives in the configuration manifold,

including possible collisions, is given by

AT : H1
(
[0, T ],Q

)
→ R ∪ {+∞}, AT (q) =

∫ T

0
L(q, q̇) dt. (2.1.5)

The equations of motion (2.1.1) are precisely the Euler-Lagrange equations of this func-

tional.

In [33] the authors study spatial perturbations from a uniformly rotating configuration

with small equal masses on the vertices of a 2N -gon with a large stationary central mass,

in order to construct a model for planetary rings. They consider two kinds of spatial

perturbations, which they describe as alternating and non-alternating. For the alternating

perturbations, the authors consider a highly symmetric sub-problem where the 2N bodies

with equal masses are arranged at the vertices of a spatial prism which includes the 2N -gon

as a special case. The configurations of the symmetric sub-problem are described with the

aid of a finite cyclic subgroup of the orthogonal group generated by a transformation A,

consisting of a rotation about a central axis of symmetry, together with reflection across

the horizontal plane of coplanar configurations:

q =
(
q1, Aq1, A

2q1, . . . , A
2N−1q1

)
, q1 ∈ R3, A2N = I. (2.1.6)

In recent papers [14] and [53], with first four and then 2N equal masses mi = mj ,

i, j = 1, . . . 2N , the absolute minimum of the action integral when evaluated on anti-

13



2.1. A SPECIAL CASE OF THE 2N -BODY PROBLEM

symmetric loops with fixed period 4T 1 was shown to occur at a collision free, Z2-symmetric

solution of the equations of motion (2.1.1), which is not a relative equilibrium and has non-

zero angular momentum µ 6= 0. The minimizing curve q̄ satisfies the cyclic spatial symmetry

q̄(t+2T ) = −q̄(t), and when the action is restricted to configurations of the form described

in equation (2.1.6), the solutions are dubbed the hip-hop family of solutions for the equations

(2.1.1). For all time the masses are located at the vertices of an anti-prism which undergoes

non-uniform rotations and oscillations in R3, except for transitions through the planar

configuration of a regular 2N -gon. In the special case of four bodies, the configuration

alternates between a planar rotating square central configuration and a spatial tetrahedral

central configuration. 2 Using the same sub-problem as in equation (2.1.6), hip-hop-like

choreographic families bifurcating out of the uniformly rotating 2N -gon have been studied

using perturbation techniques in [8].

Figure 2.1: Qualitative diagram of the hip-hop configuration for eight masses, showing the
planar 2N -gon and anti-prism configurations.

In Section 2.2 we describe more precisely the variational problem used to establish the

existence of the hip-hop family of orbits, then in Section 2.3 we describe the dynamical

system from the Hamiltonian perspective and its reduction using the symmetries of the

1 This choice of notation for the period anticipates an additional symmetry of order 2 on the reduced
space.

2 It is this orbit which was first called a “hip-hop” orbit [14].
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2.2. THE VARIATIONAL PRINCIPLE

problem. These discussions are essentially a synthesis of the relevant results from [8], [14]

and [53]. In Sections 2.4 and 2.5 we present the main results of [28], by the author et al.

It is shown that the solutions are brake orbits when projected to the reduced configuration

space, answering positively a conjecture of Chenciner and Venturelli in [14]. Finally, after

introducing the necessary machinery from symplectic geometry, we are able to prove that

the orbits are hyperbolic in the reduced energy-momentum space (barring a degenerate

case).

2.2 The variational principle

The existence of the hip-hop solutions is proven by minimizing the Lagrangian action over

an appropriate loop space. With the equal masses normalized to unity, mi = 1, and the

period denoted by 4T , the action is given explicitly by

A4T (q) =

∫ 4T

0

2N∑
i=1

1

2
|q̇i|2 + U(q) dt. (2.2.1)

Now let us consider the variational problem

A4T (q̄) = inf
ΓQ
A4T (q), (2.2.2)

where

ΓQ =
{
q ∈ H1(R/4TZ,Q)

∣∣∣ q(t+ 2T ) = −q(t)
}
.

We refer to elements of ΓQ as anti-symmetric loops. 3 The Lagrangian is invariant under

the imposed symmetry, hence the variational problem (2.2.2) is equivalent to minimization

over any time interval of length 2T with anti-periodic boundary conditions:

A2T (q̄) = inf
q(T )=−q(−T )

A2T (q), (2.2.3)

3 The condition q(t+ 2T ) = −q(t) is sometimes referred to as the “Italian symmetry”.
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2.2. THE VARIATIONAL PRINCIPLE

where q ∈ H1([−T, T ],Q) and

A2T (q) =

∫ T

−T

2N∑
i=1

1

2
|q̇i|2 + U(q) dt. (2.2.4)

To identify the hip-hop family requires the imposition of an additional symmetry of

order 2N on the loop space. First we will describe the action of a subgroup of SO(3),

which will play an important role in our description of the dynamics of the hip-hop orbits.

Consider (A, ρ) ∈ SO(3)× S2N where

A =


cos(π/N) − sin(π/N) 0

sin(π/N) cos(π/N) 0

0 0 −1


and ρ = (1 2 . . . 2N) is a cyclic permutation. The action of (A, ρ) on Q is given by

(A, ρ).(q1, q2, . . . , q2N ) =
(
Aqρ−1(1), Aqρ−1(2), . . . , Aqρ−1(2N)

)
.

Now we will consider the submanifold of configurations given by

C = fix Z2N ⊂ Q,

where Z2N '
〈(
A, (12 . . . 2N)

)〉
. The elements of C have the form specified in (2.1.6):

q =
(
q1, Aq1, . . . , A

2N−1q1

)
.

The motions of bodies 2, . . . , 2N depend only on q1; the dynamics in C are reduced to the

motion of the first body only. This motion is unrestricted in R3 except for the vertical axis:

a point q1 6= 0 on the axis corresponds to two simultaneous colliding clusters of N bodies

each and is thus excluded by definition (2.1.3) of Q, and of course total collision at q1 = 0

is also excluded. Therefore C is diffeomorphic to R3\{r=0}, and the cylindrical coordinates
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q1 = (r, θ, z) of the first body provide a global coordinate chart for C.

The action (2.2.1) – or equivalently (2.2.4) – may be restricted to loops in the manifold

C. By the principle of symmetric criticality [42], critical points of the restricted action will

also be critical points in Q. Specifically [53] finds (as a special case) a minimizing loop,

over fixed time 4T , among the loops in the manifold C:

A4T (q̄) = inf
q∈ΓC

A4T (q), (2.2.5)

where

ΓC =
{
q ∈ H1(R/4TZ, C)

∣∣∣ q(t+ 2T ) = −q(t)
}
.

Similarly to the pair of variational problems described in (2.2.2) and (2.2.3), we observe

that q̄ also provides the solution to the equivalent variational problem

A2T (q̄) = inf
q(−T )=−q(T )

A2T (q), (2.2.6)

where q ∈ H1([−T, T ], C) and A2T is defined in (2.2.4). The direct method ensures the

existence of a minimizer only on the closure of ΓC , which includes trajectories with collision.

That the solution of the variational problems (2.2.5) and (2.2.6) is actually a collision-free

loop in C is a delicate issue, which is resolved in [53].

2.3 Hamiltonian dynamics and the reduced space

The question of solving the equations of motion (2.1.1) can be posed as an equivalent

problem in Hamiltonian rather than Lagrangian mechanics. Via the Legendre transform we

may define the canonical momenta associated with the configuration variables qi to be

pi =
∂L

∂q̇i
= miq̇i, i = 1, . . . , 2N,
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and the Hamiltonian function associated to the Lagrangian (2.1.4) to be

H : T ∗Q → R, H(q,p) =
2N∑
i=1

1

2mi
|pi|2 − U(q). (2.3.1)

The Hamiltonian can be identified as the total energy of the mechanical system: kinetic

plus potential.

We refer to the cotangent bundle of the configuration T ∗Q as the phase space. As a

cotangent bundle, this space is canonically symplectic with the standard symplectic form

ω =
∑

dqi∧dpi. The dynamics of (2.1.1) are equivalent to those of the Hamiltonian vector

field XH : T ∗Q → T (T ∗Q), defined by the condition that dH · ζ = ω(XH , ζ) for all vector

fields ζ on T ∗Q. In coordinates, XH is described by Hamilton’s equations:

q̇i =
1

mi
pi, ṗi = −∂H

∂qi
, i = 1, . . . , 2N. (2.3.2)

In [8] it is shown explicitly how solutions of (2.3.2) which satisfy the cyclic symmetry of

the hip-hop correspond with solutions of the restricted dynamics on the submanifold T ∗C.

We summarize the result of this calculation with the following lemma.

Lemma 2.3.1. Let (q,p) = (r, θ, z, R,Θ, Z) be the canonical cotangent coordinates on T ∗C.

In these coordinates the Hamiltonian on T ∗C is given by

H(r, θ, z, R,Θ, Z) =
1

2

(
R2 +

Θ2

r2
+ Z2

)
− 1

2

2N−1∑
k=1

(
4r2 sin2

(
kπ

2N

)
+
(

(−1)k − 1
)2
z2

)−1/2

.

(2.3.3)

A solution of (2.3.2) satisfies the cyclic symmetry (2.1.6) if and only if (q1,p1) is a solution

of

XH : T ∗C → T (T ∗C),


ṙ = R, Ṙ = −∂H

∂r
,

θ̇ =
Θ

r2
, Θ̇ = 0,

ż = Z, Ż = −∂H
∂z

.

(2.3.4)
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θ does not appear in the Hamiltonian – an ignorable coordinate. The corresponding

conjugate momentum Θ is then a conserved quantity of the restricted system, as is apparent

from the explicit equations of motion above. Conservation laws originate from differentiable

symmetries by Noether’s Theorem; since Jacobi first described the “elimination of the

nodes” for the three-body problem, it has been known that the order of the system may be

reduced in the presence of such symmetries. The modern formulation of this reduction is

described in detail in [1]; we will touch upon the main elements of the method as applied

to to problem at hand, and defer to the source for proofs.

The submanifold C is invariant under the action of the Lie group SO(2), taken to be the

subgroup of SO(3) consisting of matrices

Rθ =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1

 .

We denote the corresponding Lie algebra by so(2) = TISO(2), isomorphic to the group

of skew-symmetric 2 × 2 matrices. The action of SO(2) on C generates an equivariant

momentum map

J : T ∗C → so(2)∗,
〈
J(q,p), ξ

〉
=
〈
pq,vq(ξ)

〉
, ξ ∈ so(2), vq(ξ) =

d

dt
exp
(
tξ
)
.q
∣∣∣
t=0

,

where exp : so(2) → SO(2) is the exponential map for the Lie group. Because elements of

SO(2) are of the form Rθ above, we can write ξ = (0, 0, ξ) using the standard identification

of so(3) with R3. The momentum map can be expressed as
〈
J(q,p), ξ

〉
=
〈
q × p, ξ

〉
, in

particular we have

J(q,p) =
(
q × p

)
z

= r2θ̇ = Θ.

The conserved quantity is the z component of the angular momentum of the first body,

which coincides with the angular momentum per mass of the system as a whole.
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Let µ 6= 0 4 be the angular momentum of the hip-hop orbit
(
q̄(t), p̄(t)

)
in the phase space

T ∗C. The reduced space is defined to be J−1(µ)/Gµ, where Gµ is the isotropy subgroup of

SO(2) which leaves the momentum level set µ = J(q,p) invariant. From the remarks above

it is clear that Gµ = SO(2) ' S1. The next result follows as a special case of the general

theory of symplectic reduction, detailed in [1].

Lemma 2.3.2. The reduced space J−1(µ)/Gµ is symplectomorphic to T ∗(C/S1), with

canonical cotangent coordinates (x,y) = (r, z, R, Z) and canonical symplectic form ω =

dr ∧ dR+ dz ∧ dZ.

There are four natural projections which we can now define, namely two canonical cotan-

gent projections and projections to the reduced phase and configuration spaces. Together

these define a bundle morphism of the phase spaces:

T ∗C

π̂

��

F // T ∗(C/S1)

π

��

C
f

// C/S1

In coordinates the projections are simply given by

F (r, θ, z, R,Θ, Z) = (r, z, R, Z), π(r, z, R, Z) = (r, z),

π̂(r, θ, z, R,Θ, Z) = (r, θ, z), f(r, θ, z) = (r, z).

The reduced space carries all the essential dynamics of the system; the reduced Hamilto-

nian 5 in the coordinates of T ∗(C/S1) can be computed by the simple substitution of Θ = µ

4 The proof that the angular momentum is non-zero amounts to showing that the minimizer q̄(t) is not
a loop in a vertical plane of R3 ( [14], Lemma 4).

5 Hµ can be interpreted as the energy per mass (with angular momentum held fixed).
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in (2.3.3):

Hµ(r, z, R, Z) =
1

2

(
R2 +

µ2

r2
+ Z2

)
− 1

2

2N−1∑
k=1

(
4r2 sin2

(
kπ

2N

)
+
(

(−1)k − 1
)2
z2

)−1/2

.

(2.3.5)

The corresponding reduced Hamiltonian vector field can be obtained by making the same

substitution in (2.3.4) and dropping the angular components:

XHµ : T ∗(C/S1)→ T
(
T ∗(C/S1)

)
,



ṙ = R,

ż = Z,

Ṙ = −∂Hµ

∂r
,

Ż = −∂Hµ

∂z
.

(2.3.6)

For simplicity we will drop the subscripts and write X = XHµ . The flow of this reduced

vector field will be denoted φt = φ(t, ·):

φ : R× T ∗(C/S1)→ T ∗(C/S1), φ̇t(x,y) = X
(
φt(x,y)

)
.

The reduced flow projects under F from the flow φ̂t of the un-reduced vector field (2.3.4)

on the invariant manifold J−1(µ); conversely, φ̂t can be recovered from the reduced flow.

[8] identifies two mappings on T ∗(C/S1) which leave the reduced equations (2.3.6)

invariant:

S =

 σ 0

0 −σ

 , R =

 I 0

0 −I

 , (2.3.7)

where σ = diag(1,−1). Both S and R are anti-symplectic, meaning

STJS = RTJR = −J,

where J is the standard symplectic matrix:

J =

 0 I

−I 0

 .
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Moreover, S and R are then time-reversing symmetries for the reduced flow φt,
6 in the

sense that

φt ◦ S = S ◦ φ−t , φt ◦ R = R ◦ φ−t. (2.3.8)

The mapping σ can also be lifted to a symplectic symmetry of the Hamiltonian on T ∗(C/S1),

σ∗ = SR =

 σ 0

0 σ

 , (2.3.9)

which satisfies σ∗TJσ∗ = J and

φt ◦ σ∗ = σ∗ ◦ φt. (2.3.10)

It is easily verified that Hµ is invariant under the action of the Klein four-group V4(S,R)

generated by S and R; curves which are invariant under V4(S,R) will be referred to as

doubly-symmetric. The required anti-symmetry of the hip-hop in the configuration reduces

in C/S1 to the condition

x(t+ 2T ) = σx(t). (2.3.11)

For further details on how the reduced symmetries project from the un-reduced symmetry

group we refer the interested reader to [28].

We continue to denote by
(
q̄(t), p̄(t)

)
the hip-hop orbit in T ∗C – that is to say, the

solution of (2.3.4) corresponding to the minimizing solution q̄(t) of the variational problems

(2.2.5) and (2.2.6). The notation we will use for the corresponding projected curves in the

reduced phase and configuration spaces is summarized in the following diagram:

(q̄, p̄)
_

π̂

��

� F // (x̄, ȳ)
_

π

��

q̄ �
f

// x̄

= γ

6 In contrast, the un-reduced flow φ̂t is not time reversible with respect to the original anti-symmetric
boundary condition q(T ) = −q(−T ). These boundary conditions give rise to the symplectic symmetry
diag(−I,−I) on T ∗C.
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The projected curve
(
x̄(t), ȳ(t)

)
= F

(
q̄(t), p̄(t)

)
in T ∗(C/S1) is an integral curve of the

reduced Hamiltonian vector field X, defined in (2.3.6). We refer to this trajectory as the

reduced hip-hop orbit, and for simplicity of notation we denote it by γ(t).

Before moving on to the description and analysis of the reduced hip-hop, we will briefly

comment on the reduced variational problem. A natural question is whether the loop

x̄(t) = f
(
q̄(t)

)
in the reduced configuration space minimizes a reduced action

Aµ : T (C/S1)→ R, Aµ(x) =

∫ T

−T

1

2
|ẋ|2 − Vµ(x) dt.

The Lagrangian L is replaced by a reduced Lagrangian which uses the amended potential,

7 defined in terms of the fixed value µ of the angular momentum:

Vµ(r, z) =
1

2

µ2

r2
− 1

2

2N−1∑
k=1

(
4r2 sin2

(
kπ

2N

)
+
(

(−1)k − 1
)2
z2

)−1/2

. (2.3.12)

The anti-symmetric boundary condition on the interval [−T, T ] would be replaced by the

condition x(T ) = σx(−T ). Though such a correspondence is appealing, it seems unlikely

to be true since a curve in the reduced space satisfying these boundary conditions over the

time interval [−T, T ] need not necessarily correspond to a curve in the un-reduced space

with anti-periodic boundary conditions on the same time interval. 8

7 Negative of the force function in the reduced space.

8 To be precise, we can lift a critical curve (r(t), z(t)) of Aµ to a critical curve (r(t), θ(t), z(t)) of A2T

after integrating θ̇ = µ/r2, provided that
∫ T
−Tµ/r

2 dt = θ(T ) − θ(−T ) = π. There is no reason to believe

that this is true.
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2.4 Brake orbits

Having established the necessary preliminaries, we now turn to the qualitative analysis of

the hip-hop

γ(t) = ρ
(
q̄(t), p̄(t)

)
=
(
r(t), z(t), R(t), Z(t)

)
in the reduced space T ∗(C/S1). We begin by showing that the orbit has a certain simple

geometry in the reduced space; this will be the key to our investigation of the stability

properties of the hip-hop family.

The reduced Hamiltonian is conserved along integral curves of (2.3.6); we will set

h = Hµ

(
γ(t)

)
and consider the dynamics on the energy surface H−1

µ (h). The projection of the surface

into the (reduced) configuration space is known as the Hill’s region,

Ph =
{
x ∈ C/S1

∣∣∣ Vµ(x) ≤ h
}
.

The boundary of the Hill’s region consists of simple closed curves in R2 where Vµ(x) = h.

A brake orbit is a trajectory of the Hamiltonian vector field X = XHµ which maps

under the canonical projection π : T ∗(C/S1) → C/S1 to a trajectory which intersects the

boundary of Ph in two distinct points, but otherwise runs through the interior of Ph. Such

an orbit of period 4T is known to intersect the boundary of Ph at times separated by 2T [32].

Theorem 2.4.1. Let q̄(t), 0 ≤ t ≤ 4T , be a solution of the variational problem (2.2.5),

then the corresponding loop γ(t) = ρ(q̄(t), p̄(t)) in the reduced space is a brake orbit. 9

Proof. q̄(t) is an anti-symmetric loop in C; in polar coordinates the anti-symmetry condition

takes the form

r(t+ 2T ) = r(t), θ(t+ 2T ) = θ(t) + π, z(t+ 2T ) = −z(t).

9 This result first appeared as a conjecture in [14].
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The projection x̄(t) of the minimizing curve into the reduced configuration space C/S1

is then symmetric across the r-axis. The loop must therefore intersect the axis; without

loss of generality we assume x̄(0) = x̄(2T ) = (r0, 0). Note that q̄(−T ) and q̄(T ) in C are

distinct points in the horizontal plane which differ only by a rotation by π radians. Now

we claim that the loop x̄(t) cannot intersect itself transversally at that point. Suppose

it does intersect transversally, and consider the following two paths in C constructed by

recombining segments of the minimizer q̄(t):

q1(t) =

 q̄(t) −T ≤ t ≤ 0,

Bq̄(2T − t) 0 < t ≤ T,
q2(t) =

 q̄(2T − t) −T ≤ t ≤ 0,

Bq̄(t) 0 < t ≤ T,

where B(r, θ, z) = (r, θ+ π, z). Applying this rotation ensures continuity of q1(t) and q2(t)

at t = 0, but the transversality assumption means the paths are not smooth at t = 0.

The projections of q1(t) and q2(t) in the reduced space appear to be defined by switching

between branches of x̄(t) at the intersection point. Diagrams illustrating the construction

of these curves are provided in Figures 2.2 and 2.3.

Note that both q1(t) and q2(t) satisfy the boundary conditions of the variational problem

(2.2.6). The Lagrangian is invariant under reversal of the velocity which allows us to

compute the action of each of these curves:

A2T (q1) = 2

∫ 0

−T
L(q̄, ˙̄q) dt, A2T (q2) = 2

∫ T

0
L(q̄, ˙̄q) dt.

It follows that

min
i=1,2

A2T (qi) ≤ A2T (q̄),

but this is a contradiction: this statement implies either q̄(t) does not minimize the action,

or the minimum action is attained on a path which is not smooth. The reduced path x̄(t)

then does not intersect itself transversally at x̄(0) = x̄(2T ), and we conclude that the initial

momentum ȳ(0) is either perpendicular or parallel with the r-axis.
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Figure 2.2: An anti-symmetric loop in TC whose projection in T (C/S1) has a transverse
self-intersection (right). The cylinder r = 1 is indicated for convenient reference.

Figure 2.3: The non-smooth curves q1 and q2 constructed from the loop of Figure 2.2.

As stated in equation (2.3.11), the projection of the anti-symmetric loop condition into

C/S1 can be expressed as
x(t+ 2T ) = σx(t).

A critical point of the action must satisfy a corresponding condition in the momentum: 10

y(t+ 2T ) = σy(t).

If the initial momentum ȳ(0) is parallel with the r-axis, these conditions together force

x̄(t) to be a 2T -periodic brake orbit lying solely on the r-axis. This would correspond to a

planar homographic solution of the 2N -body problem, but the hip-hop is not planar [53].

10 This follows from solving δA2T (q) = 0 and projecting the solution into the reduced space.
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Therefore γ(0) = (r0, 0, 0, Z0). S defines a time-reversing symmetry for the reduced flow, as

described in (2.3.8). Therefore Sγ(−t) is also an integral curve of X. Evaluating at t = 0

we have

Sγ(0) = S(r0, 0, 0, Z0) = (r0, 0, 0, Z0),

and therefore γ(t) = Sγ(−t). In particular

−σȳ(−T ) = ȳ(T ) = σȳ(−T ),

and so ȳ(−T ) = ȳ(T ) = 0.

We can use this same symmetry condition to rule out the possibility that x(t) intersects

the r-axis perpendicularly at two distinct times, say at times t = 0, and t = τ > 0. Since

γ(τ) ∈ fixS we have γ(t + τ) = Sγ(τ − t), and in particular γ(2τ) = Sγ(0) = γ(2T ).

We conclude that intersections with the axis occur at time intervals of length τ = T . By

applying the flow φt to this equality and considering only the configuration components we

have x̄(t+ 2T ) = x̄(t) 6= σx̄(t), which contradicts the symmetry condition (2.3.11).

Figure 2.4: A numerically computed, 2π-periodic, hip-hop trajectory in the reduced config-
uration space (r, z). The orbit travels twice over the curve and the endpoints correspond to
the brake points. 11

11 Computations and plot by P.-L. Buono and M. Kovacic [28].
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2.5 The Maslov index and instability

Our approach to the question of determining the stability properties of the hip-hop solutions

is based on the arguments presented in [41] to prove certain symmetric orbits in the isosceles

3-body problem are hyperbolic. We begin by introducing some formalism from symplectic

geometry which is the basis for our method. A Lagrangian subspace, or Lagrange plane, is

a subspace Λ of a 2n-dimensional symplectic vector space E having maximal dimension on

which the symplectic form vanishes:

ω(u,v) = 0, ∀ u,v ∈ Λ.

The dimension of Λ must be dim Λ = 1
2 dimE = n. Similarly, Lagrangian submanifolds

are submanifolds of half the dimension of an ambient symplectic manifold on which the

symplectic form vanishes – in other words, the tangent space of a Lagrangian submanifold

are Lagrangian subspaces of the ambient tangent space. Given any embedded Lagrangian

submanifold L ⊂ T ∗M the Maslov cycle is the two-sided submanifold of L of codimension 1

where the induced projection π : L → Q is not surjective [31]. For a closed curve z(t) ⊂ L,

we can count the algebraic number of intersections of z(t) with the Maslov cycle over the

period.

Given a Hamiltonian flow φt : T ∗Q → T ∗Q with a T -periodic integral curve z(t) ⊂

T ∗Q, we consider the induced tangent bundle Tz(t)T
∗M over the interval [0, T ]. Since dφt

preserves the symplectic form, Λt = dφtΛ0 is Lagrangian for all t ∈ R and for any Lagrange

plane Λ0 ⊂ Tz(0)T
∗Q. Choosing a moving basis in the fiber along z(t) we map this to

R2n and consider the Lagrangian Grassmanian Λ(n) – the topological space of Lagrangian

subspaces of R2n. The Maslov index of a closed curve of Lagrange planes measures the

algebraic intersection number of the curve with a fixed Lagrange plane in the Grassmanian

Λ(n) [21]. In general the curves of Lagrange planes which will be of potential interest need

not be closed and hence a correction term must be added to the index [21,40], but this will
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not be an issue in our case.

A more in-depth discussion of the Maslov index will not be necessary for our purposes,

but a nice summary of the topic can be found in [34]. To determine the stability of the

hip-hop orbit it will suffice to examine the evolution under the Hamiltonian flow of a care-

fully chosen Lagrange plane of tangent variations associated with the symmetric boundary

conditions.

Returning to the specific problem at hand, let φt denote the flow of the Hamiltonian

vector field X = XHµ corresponding to the reduced Hamiltonian (2.3.5), and let γ(t) =

φt(γ(0)) denote the hip-hop orbit in reduced space. As before, we can assume without loss

of generality that the initial condition of the hip-hop is

γ(0) = (r0, 0, 0, Z0) ∈ fixS. 12

We consider the linearization of the Hamiltonian equations (2.3.6) along the orbit γ(t):

ζ̇ = J D2Hµ

(
γ(t)

)
· ζ, (2.5.1)

where D2Hµ denotes the Hessian of the reduced Hamiltonian. 13 The linearized flow dφt

defines a fundamental matrix solution for the linearized system, with initial condition I.

The solutions of the linearized system can then be represented in the form

ζ(t) =
(
ξ(t),η(t)

)
∈ Tγ(t)T

∗(C/S1), ζ(t) = dγ(0)φt ζ(0).

We refer to these tangent variations as Jacobi fields, and they form a four dimensional

symplectic vector space J .

Though the coefficient matrix of (2.5.1) is periodic, the fundamental matrix solution

need not be. Given an initial time t0 ∈ R, the monodromy matrix P = dγ(t0)φ4T then acts

12 S = diag(σ,−σ) = diag(1,−1,−1, 1).

13 Recall J =

(
0 I
−I 0

)
.
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as a measure of the non-periodicity of solutions of (2.5.1); in particular the stability of the

linear system is determined by the characteristic multipliers – the eigenvalues of P, which

are independent of the base point γ(t0) on the orbit. The flow direction γ̇(t) = X
(
γ(t)

)
along the orbit is always a periodic solution of the linearized system, hence X

(
γ(t0)

)
is

an eigenvector of P with eigenvalue +1. However, the algebraic multiplicity of +1 as

an eigenvalue of P is always at least 2. This degeneracy arises from the fact that the

Hamiltonian is an integral of the system; the periodic solution lies in an invariant level

surface H−1
µ (h) [34]. The stability of the linear system is then determined by the remaining

non-trivial multipliers; if P admits no other eigenvalues on the unit circle then we refer to

the orbit as hyperbolic in the energy surface.

The space of Jacobi fields for the reduced flow φt embeds naturally into the space of

Jacobi fields for the Hamiltonian flow φ̂t of the un-reduced vector field (2.3.4) on T ∗C. This

follows since the reduced Jacobi fields correspond to variations of the flow transverse to the

directions of the group orbits vξ(q), for vectors ξ in the Lie algebra of SO(2). More simply

put, given a reduced Jacobi field on T ∗(C/S1),

(
ξ,η

)
= ξ1

∂

∂r
+ ξ2

∂

∂z
+ η1

∂

∂R
+ η2

∂

∂Z
,

we can always build it up into a Jacobi field on T ∗C,

(
ξ̂, η̂

)
= ξ1

∂

∂r
+ ξ2

∂

∂z
+ ξ3

∂

∂θ
+ η1

∂

∂R
+ η2

∂

∂Z
+ η3

∂

∂Θ
,

by solving the additional components of the linearized equations in the un-reduced space:

ξ̇3 =
1

r2
η3, η̇3 = 0.

Reduced Jacobi fields then correspond to variations for φ̂t which leave the angular coordinate

and corresponding momentum invariant, defined by setting η3 = 0 and ξ3 = 0 in the previous

equation.
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Before we can describe the space of Jacobi fields in more detail, we must give one

additional definition. The periodic orbit γ(t) is said to be non-degenerate if

ker
(
P − I

)
= span

{
X
(
γ(0)

) }
. (2.5.2)

If this is the case then X(γ(t)) is the unique 4T -periodic Jacobi field (up to linear depen-

dence), and γ(t) is isolated as a 4T -periodic orbit on its energy surface.

Proposition 2.5.1. Assume the reduced hip-hop orbit γ(t) is non-degenerate. The Jacobi

fields along γ(t) form a four dimensional linear symplectic space, which may be decomposed

as J = Λa⊕Λb, where Λa is a symplectic subspace containing the flow direction X, and Λb

is a complementary symplectic subspace of isoenergetic Jacobi fields which are transverse to

the flow. Both Λa and Λb may be chosen to be invariant under P. Moreover, J contains

a three dimensional subspace W consisting of Jacobi fields which satisfy the symmetric

boundary conditions ξ(T ) = σξ(−T ). W contains the flow direction X, and W ∩ Λb is a

(one dimensional) Lagrangian subspace of Λb.

Proof. The symplectic form on J , also denoted by ω, is defined for pairs of Jacobi fields

ω
(
(ξ1,η1), (ξ2,η2)

)
=
〈
ξ1(t),η2(t)

〉
−
〈
η1(t), ξ2(t)

〉
, t ∈ R,

where 〈 · , · 〉 is the metric on T
(
T ∗(C/S1)

)
induced from the Euclidean metric on R2. The

flow vector X annihilates every direction ζ tangent to the energy surface,

ω(X, ζ) = 0 ∀ ζ ∈ TH−1
µ (h).

It follows that there is a non-zero vector ν which is transverse to the energy surface and

complementary to the flow direction: ω(X,ν) = 1. We let Λa = span
{
X,ν

}
, and note

that this subspace may be chosen to coincide with ker (P − I)2, which is always invariant
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under P. The complementary symplectic subspace Λb consists of Jacobi fields which are

everywhere tangent to H−1
µ (h),

ω
(
X,Λb

)
= 0.

The assumption of non-degeneracy is not sufficient to ensure that Λb is invariant under P,

since it allows the possibility of the geometric multiplicity of +1 as an eigenvalue of P being

1, but with algebraic multiplicity 4. In all other cases, Λb can be chosen to be invariant

under P. For the moment, Λb is assumed to be invariant and we will revisit this point later

in this section.

The flow direction X
(
γ(t)

)
satisfies ξ(T ) = ξ(−T ) = 0, since the reduced hip-hop is a

brake orbit. Now consider the (two dimensional) Lagrangian subspace Λ+
t = dφtΛ

+
0 of J ,

defined by the initial plane

Λ+
0 = Tγ(0)

(
fixS

)
⊂ Tγ(0)T

∗(C/S1).

Λ+
0 is spanned by the coordinate directions ∂

∂r and ∂
∂Z and does not contain the initial flow

direction X
(
γ(0)

)
. Now making use of the time-reversing property (2.3.8), we have

Λ+
t = dφt ◦ S

(
Λ+

0

)
= S ◦ dφ−t

(
Λ+

0

)
= SΛ+

−t.

Evaluating at t = T and projecting onto the configuration components ξ using dπ, 14 we

have

dπΛ+
T = σ

(
dπΛ+

−T
)
.

The space W is then at least three dimensional, and is four dimensional only if γ(t) is

degenerate. Λ+
t is not isoenergetic; we can verify directly that ∇Hµ

(
γ(0)

)
∈ Λ+

0 . It follows

that
W ∩ Λb = dφt

(
Λ+

0 ∩ Tγ(0)H
−1
µ (h)

)
is one dimensional.

14 π : T ∗(C/S1)→ C/S1 being the canonical projection.
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Remark. Provided Λb is in fact invariant, we can define a transverse cross section for the

linearized flow on the energy surface by evaluating the associated Jacobi fields at any fixed

time t = t0. The action of P : Λbt0 → Λbt0 defines the (linearized) Poincaré or first return map,

which we can interpret at a discrete dynamical system. The eigenvalues of the linearized

Poincaré map are precisely the non-trivial multipliers for the orbit γ(t).

Given a curve Λt = dφtΛ0 of Lagrange planes, a focal point is a value t = τ where

dπ : Λτ → Tγ(τ)C/S1 is not surjective – in other words, where the intersection of Λt with

the vertical space

Vt = V
∣∣
γ(t)

, V = ker dπ, (2.5.3)

is non-trivial. The number of focal points occuring along a curve Λt of Lagrangian planes

over an interval of time I ⊂ R, counted with multiplicity, determines the focal index

indI Λ =
∑
t∈I

dim
(

Λt ∩ Vt
)
. (2.5.4)

We may use the same conditions to define focal points and the index of a fixed Lagrange

plane Λ0; in particular we speak of the index of a curve Λt and its initial plane Λ0 inter-

changeably. Times α and β are called conjugate points if dφ(β−α)Vα ∩ Vβ 6=
{
0
}

. Equiva-

lently, one can describe β as a focal point of Vα.

Isoenergetic Jacobi fields satisfying the symmetric boundary condition given in Propo-

sition 2.5.1 form another Lagrange plane:

Λσ = W
∣∣
TH−1

µ (h)
= span

{
X, λ

}
, (2.5.5)

where λ ∈ W ∩ Λb. We can make use of the time-reversing property (2.3.8) to show that

focal points of Λσ must come in symmetric pairs.

Proposition 2.5.2. If Λσ has a focal point at t = τ , then Λσ has a focal point at t = −τ .
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Proof. The flow direction X
(
γ(t)

)
is vertical (only) at the brake points, at times t = ±T .

Let λ(t) =
(
ξ(t),η(t)

)
. If ξ(τ) = 0, then ξ(−τ) = σξ(τ) = 0 since λ(t) ∈ Λ+

t . It remains

to check the case where

ξ(τ)− cdπX
(
γ(τ)

)
= 0, c 6= 0.

Then we have

ξ(−τ) = σξ(τ) = c σ
(
dπX

(
γ(τ)

))
= −cdπX

(
γ(−τ)

)
,

where the final equality follows from the fact that the initial flow direction X(γ(0)) is an

element of Tγ(0)

(
fix (−S)

)
. It follows that

ξ(−τ) + c dπX
(
γ(−τ)

)
= 0,

hence −τ is a focal point. 15

As a consequence of a well-known result of Arnold concerning the number of focal points

of different Lagrange planes, it can be shown that such pairs of interior focal points along

the hip-hop would contradict the minimality of the orbit; our proof of this result appears

in [28]. Here we will present a slightly different proof which uses the following refinement

of Arnold’s theorem, found in [29].

Theorem 2.5.3. Let I ⊂ R and let Λ, Λ′ ⊂ J be Lagrangian. Then

indI Λ− indI Λ′ ≤ n− dim
(
Λ ∩ Λ′

)
. 16

Proposition 2.5.4. On the interval −T ≤ t ≤ T the Lagrange plane Λσ has focal points

only at the brake points t = ±T .

15 Note that the focal points do not originate from the same field.

16 Arnold’s theorem is indI Λ− indI Λ′ ≤ n, in [7].
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Proof. The initial plane Λσ0 has the natural basis

Λσ0 = span
{
X
(
γ(0)

)
, λ(0)

}
.

We have X
(
γ(0)

)
= (0, a, b, 0) ∈ fix (−S) for some a, b 6= 0, and we can take the other basis

vector to be λ(0) = (a, 0, 0, b) ∈ fixS; we can see directly that Λσ0 ∩ V0 =
{
0
}

. Proposition

2.5.2 then implies that any focal points other than the brake points at ±T must appear in

pairs at ±τ where 0 < τ < T . These focal points do not appear in the same Jacobi field,

but in different fields of Λ as shown in the proof of Proposition 2.5.2. Nevertheless, in this

case there are (at least) three focal points along Λ(t):

ind(0,2T ] Λσ−T ≥ 3.

The flow direction is vertical at time t = −T , but the complementary field λ is not; hence

dim
(

Λσ−T ∩ V−T
)

= 1.

The reduced system has two degrees of freedom, so it then follows from the preceding

theorem that

ind(0,2T ] V−T ≥ 2.

One focal point corresponds to the brake point at t = T , but the initial brake point is not

counted; it follows that there must exist at least one point τ ∈ (−T, T ] conjugate to −T ,

such that the corresponding reduced Jacobi field ζ(t) is independent from the flow direction.

This field can be reconstructed to give a Jacobi field ζ̂(t) of the un-reduced equations

by adding in angular and angular momentum components which are identically zero. The

hip-hop orbit q̄(t) is minimizing over [−T, T ] with the anti-symmetric boundary condition

q(T ) = −q(−T ), hence an interior conjugate point, at t = τ < T , would contradict the

property of minimization on this time interval. If τ = T , consider extending the field
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ζ(t) to the interval [−T, 3T ] by setting ζ(t + 2T ) = σ∗ζ(t) for −T ≤ t ≤ T . If this

extension is smooth at T then ζ(t) defines a doubly-symmetric, 4T -periodic Jacobi field

which is independent of the flow, violating the assumption that the reduced hip-hop is

non-degenerate. On the other hand, if this extension is not smooth, we can construct an

un-reduced field ζ̂(t) on [−T, 3T ] as before. ζ̂ =
(
ξ̂, η̂

)
will also be a non-smooth, piece-

wise Jacobi field, and satisfies ξ̂(t+ 2T ) = −ξ̂(t) for all −T ≤ t ≤ 3T . The hip-hop is also

minimizing over intervals of length 4T subject to the condition q(t+ 2T ) = −q(t), however

δ2A4T

(
q̄; ξ̂
)

= 0 which is a contradiction.

Figure 2.5: Computation of det
[
dπX(γ(t)),dπλ(t)

]
on the interval [t0, t0 + π/2] where

t0 ≈ 2.3828 is such that r(t0) is maximal. 11

In Figure 2.5 it is shown that for the numerically computed hip-hop of Figure 2.4 the

first focal point in an interval of length π/2 occurs indeed at the first brake point, T = π/2.

These recurring focal points along the hip-hop originate with the flow direction itself, which

always corresponds with a +1 eigenvalue of the monodromy matrix P = dφ4T . To determine

the stability of the orbit we must investigate the other non-trivial multipliers. To that end,

we will reduce the dimension of the system even further by modding out the flow direction

X(γ(t)) from the tangent spaces Tγ(t)H
−1
µ (h) and considering the corresponding sub-bundle

defined along the orbit γ(t), denoted TH−1
µ (h)

/
X.
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Proposition 2.5.5. The quotient bundle TH−1
µ (h)

/
X is symplectic, with symplectic form

given by ω̌
([
ζ1

]
,
[
ζ2

])
= ω(ζ1, ζ2). The linearized Hamiltonian flow dφt projects to a

Hamiltonian flow on TH−1
µ (h)

/
X, defined by φ̌t

[
ζ
]

=
[
dφtζ

]
. The projection of Λσ into

TH−1
µ (h)

/
X is a (one dimensional) Lagrange plane which is focal point free in TH−1

µ (h)
/
X

on the interval −T ≤ t ≤ T .

Proof. That the symplectic form and projected Hamiltonian flow are well defined can be

verified directly. Λσ is spanned by the flow direction X and λ. The transverse field λ must

satisfy dπλ(T ) = σdπλ(−T ) 6= 0, otherwise t = ±T would be conjugate points, which

would contradict either the non-degeneracy or minimality of the hip-hop. 17 For any time

t the vertical space Vt has a one dimensional isoenergetic subspace vt = Vt ∩ Tγ(t)H
−1
µ (h)

which is transverse to the flow. Since the focal points of Λσ at t = ±T arise only from the

component in the direction of the flow, it follows that Λσ/X =
[
λ
]

has no focal points:

[
λt
]
∩
[
vt
]

=
[
0
]
, −T ≤ t ≤ T.

Remark. We can identify the one-dimensional reduced plane
[
Λσ
]

with its representative,

the transverse Jacobi field λ. We continue to use λ(t) to refer to the specific Jacobi field,

but will write λt when we have the associated plane in the quotient space in mind. Proofs

of the properties of the latter reduce to calculations involving the former, hence the abuse

of notation.

Now we will investigate the evolution under the linearized flow of the plane λt. To do

so we introduce the relative Poincaré map 18 on the energy surface, given by

Φ = σ∗◦ dγ(−T )φ2T

∣∣∣
TH−1

µ (h)
. (2.5.6)

17 As in the proof of Proposition 2.5.4.

18 Note that we adopted a slightly different notation in [28].
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Since the hip-hop orbit satisfies γ(−T ) = σ∗γ(T ), Φ defines a mapping on the tangent

space at t = −T ,

Φ : Tγ(−T )H
−1
µ (h) → Tγ(−T )H

−1
µ (h).

In particular, the linearization of the symplectic symmetry (2.3.10) implies Φ2 = P is the

linearized Poincaré map. Projecting the action of this mapping into the quotient bundle,

we consider the iterated Lagrange planes Φnλ−T in the tangent plane

TH−1
µ (h)

/
X
∣∣∣
γ(−T )

= Tγ(−T )H
−1
µ (h)

/
X
(
γ(−T )

)
.

Provided that the space Λb of transverse Jacobi fields is invariant under P, we may interpret

this plane as a cross-section for the linearized Poincaré map. As alluded to in Proposition

2.5.1, this invariance does not follow a priori from the assumption of non-degeneracy. 19

Nevertheless, our calculations in the quotient space will ultimately allow us to exclude this

possibility.

Proposition 2.5.6. If the reduced hip-hop orbit is non-degenerate, then consecutive pairs

of the Lagrange planes Φnλ−T are transverse.

Proof. It suffices to verify that λ−T and Φλ−T are transverse. Suppose this is not the

case; then λ(−T ) = kΦλ(−T ) for some k 6= 0. Now recall that λ(0) ∈ Tγ(0)

(
fixS

)
and so

λ(t) = Sλ(−t) for all t. Then

λ(T ) = Sλ(−T ) = S
(
kΦλ(−T )

)
= k

(
S ◦ σ∗

)
λ(T ) = kRλ(T ),

which implies k = 1 and λ(T ) ∈ Tγ(T )

(
fixR

)
. By symmetry it follows that λ(t) is 4T -

periodic [32], contradicting the assumption of non-degeneracy.

19 All characteristic multipliers may be equal to +1.
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Proposition 2.5.7. The Lagrange planes Φnλ−T have no focal points on the interval 0 ≤

t ≤ 2T .

Proof. This can be seen as an application of a comparison theorem for Lagrangian planes

found in [40]. We will first need to compute the second variation of the action functional at

the minimizer q̄(t) of (2.2.6). Recall that the reduced Jacobi field λ = (ξ,η) corresponds

to a variation (ξ̂, η̂) on T ∗C which leaves the angular momentum invariant. The action

is independent of the angle θ, so the second variation in the direction of ξ̂ ∈ TC can be

expressed in terms of the reduced components only:

δ2A2T

(
q̄; ξ̂
)

=
〈
η, ξ

〉 ∣∣∣T
−T

=
〈
η(T ), σξ(−T )

〉
−
〈
η(−T ), σξ(T )

〉
= ω

(
λ(−T ), Φλ(−T )

)
> 0,

where the final inequality follows from the fact that the hip-hop q̄(t) is minimizing. More-

over, from Proposition 2.5.5 we can equate ω with the the symplectic form ω̌ on TH−1
µ (h)

/
X:

ω
(
λ−T ,Φλ−T

)
= ω̌

(
λ−T ,Φλ−T

)
.

ω̌ is simply the signed area form in the plane of isoenergetic variations transverse to the

flow direction along γ(t). The inequality ω̌
(
λ−T ,Φλ−T

)
> 0 then implies an orientation

of these subspaces in the plane. Now given this orientation and the fact that λ−T is focal

point free on [0, 2T ], the comparison theorem allows us to conclude that Φλ−T is focal point

free on the same interval. Since the symplectic mapping Φ preserves the symplectic form,

we have ω̌
(
σ∗Φλ−T ,Φ

2λ−T
)
> 0. We have established that Φλ−T is focal point free on

[0, 2T ]; now comparing with Φ2λ−T and using the orientation supplied by the symplectic

form ω̌, we conclude that Φ2λ−T is focal point free on the interval [0, 2T ] as well. We can
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then proceed inductively, repeating this argument for all the following consecutive pairs of

iterates Φnλ−T .

Proposition 2.5.8. The Lagrange plane λt of isoenergetic variations transverse to the flow

is focal point free on the interval −T ≤ t <∞.

Proof. The argument proceeds by showing that λt is focal point free on each of the intervals

[−T, T ], [T, 3T ], . . . This was shown for the first interval in Proposition 2.5.5. For all the

remaining intervals, we make use of the Lagrange planes Φnλ−T . Observing that

dγ(−T )φt
(
Φλ−T

)
=
(
dγ(−T )φt ◦ σ∗

)
λT

=
(
σ∗ ◦ dγ(T )φt

)
λT ,

and

σ∗
(
V
∣∣
γ(t−T )

)
= V

∣∣
γ(t+T )

,

it follows that Φλ−T = σ∗λT being focal point free on [0, 2T ] implies that λT is focal

point free on [0, 2T ] also. λt is therefore focal point free on [−T, 3T ], and we can continue

extending the interval in this fashion. The iterates up to Φnλ−T being focal point free on

[0, 2T ], together with the fact that

Φ2 = dγ(−T )φ4T = P,

imply that λt is focal point free on [−T, (2n+ 1)T ].

The absence of focal points along the curve λt for all time implies the existence of

an obstruction to the rotation of the reduced Lagrange planes (lines). This obstruction

manifests in the form of invariant subspaces of the Poincaré map. Before we can properly

state the final result of the chapter, we must give one last definition. We will describe the

minimizing solution as variationally non-degenerate if
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ker δ2A4T (q̄) = span
{

dγ(0)πX
(
γ(0)

) }
.

This amounts to requiring that the problem admit no doubly-symmetric, 4T -periodic Jacobi

fields independent of the flow direction. Note that non-degeneracy in the dynamical sense

defined earlier 20 implies variational non-degeneracy, but the converse is not true.

Theorem 2.5.9. If the reduced hip-hop orbit γ(t) is variationally non-degenerate then it is

linearly unstable. If γ(t) is dynamically non-degenerate then it is hyperbolic in the energy

surface H−1
µ (h).

Proof. Let us consider the dynamically degenerate case first, and suppose that ker (P − I)

contains directions other than the initial flow direction X(γ(0)). First note that t = 0

and t = 2T cannot be conjugate. If they were, then we may choose a Jacobi field ζ(t) =(
ξ(t),η(t)

)
, 0 ≤ t ≤ 2T , such that ξ(0) = ξ(2T ) = 0. We can symmetrize the field on

the interval [0, 4T ] by setting ζ(t) = σ∗ζ(t − 2T ) for 2T < t ≤ 4T , and then lift ζ(t) to

an un-reduced Jacobi field ζ̂ = (ξ̂, η̂) satisfying ξ̂(t + 2T ) = −ξ̂(t) and δ2A4T

(
q̄; ξ̂
)

= 0; a

contradiction if the variational problem is non-degenerate.

Now we will prove that the geometric multiplicity of +1 as an eigenvalue of P cannot be

bigger than two. Since 0 and 2T are not conjugate,we may take ζ(t) to be an isoenergetic

Jacobi field which satisfies ξ(0) = σξ(2T ), ξ(0) 6= 0. This field must be 4T -periodic, and if

it is naturally doubly symmetric then once again the corresponding un-reduced Jacobi field

will satisfy δ2A4T

(
q̄; ξ̂
)

= 0, contradicting the (variational) non-degeneracy. If ζ(t) is not

doubly-symmetric, we can construct two symmetrized broken Jacobi fields:

ζ1(t) =

 ζ(t) 0 ≤ t ≤ 2T,

σ∗ζ(t− 2T ) 2T < t ≤ 4T,
ζ2(t) =

 σ∗ζ(t+ 2T ) 0 ≤ t ≤ 2T,

ζ(t) 2T < t ≤ 4T.

Lifting each field to the un-reduced space by adding zero angular components and calculating

20 ker (P − I) = span
{
X(γ(0))

}
.
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the second variations, we find

δ2A4T

(
q̄; ξ̂1

)
=

〈
η1, ξ1

〉 ∣∣∣2T
0

+
〈
η1, ξ1

〉 ∣∣∣4T
2T

=
〈
η(2T ), ξ(2T )

〉
−
〈
η(0), ξ(0)

〉
+
〈
ση(2T ), σξ(2T )

〉
−
〈
ση(0), σξ(0)

〉
= 2

〈
η(2T )− ση(0), ξ(2T )

〉
> 0,

where the final inequality of course follows from minimization. However we also have

δ2A4T

(
q̄; ξ̂2

)
=

〈
η2, ξ2

〉 ∣∣∣2T
0

+
〈
η2, ξ2

〉 ∣∣∣4T
2T

=
〈
ση(0), σξ(0)

〉
−
〈
ση(2T ), σξ(2T )

〉
+
〈
η(0), ξ(0)

〉
−
〈
η(2T ), ξ(2T )

〉
= 2

〈
ση(0)− η(2T ), ξ(2T )

〉
< 0,

which is a contradiction. Finally we can conclude that the +1 eigenvalue of P must have a

higher dimensional generalized eigenspace, but in this case the linearized Poincaré map is

unstable. 21

Now in the non-degenerate case – assuming the algebraic multiplicity of +1 is not equal

to 4 – we examine the iterates Φnλ−T in the space of isoenergetic variations transverse to

the flow. In light of Proposition 2.5.7 and the fact that ω̌
(
Φnλ−T , Φn+1λ−T

)
> 0 defines

an orientation for the successive iterates, we conclude that the sequence Φnλ−T must have

a limit subspace

β = lim
n→∞

Φnλ−T .

The subspace β is Lagrangian and invariant under the the symplectic map Φ, hence it

is invariant under the linearized Poincaré map since P = Φ2. Moreover, forward iterates

PnV−T rotate clockwise [40], and cannot cross any of the iterates Φnλ−T by Proposition

2.5.8. We deduce that β can also be represented at the forward limit of the iterates of the

21 In the sense that ‖Pn‖ → ∞.
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vertical space,

β = lim
n→∞

PnV−T .

It then follows that β represents the stable subspace of the hip-hop orbit. From Proposition

2.5.8 it also follows that backwards iterates of the vertical space V−T under P cannot cross

the subspace λ−T . Therefore the unstable subspace α can be represented as the limit in

backwards time,

α = lim
n→∞

P−nV−T .

Finally we can verify the subspaces α and β are transverse. In the non-degenerate case we

have ω̌
(
λ−T ,Φλ−T

)
> 0, which implies ω(α, β) > 0 and the spaces must be transverse.

If the algebraic multiplicity of +1 is equal to 4 (geometric multiplicity equal to 1) then

the orbit is non-degenerate but not hyperbolic. However, all of the preceding calculations

in the quotient space can be performed, and two one-dimensional invariant subspaces must

exist. This forces P
∣∣
TH−1

µ (h)/X
= I since all eigenvalues are +1, but this is a contradiction

since ω̌
(
λ−T ,Pλ−T

)
> 0.
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Chapter 3

Symmetric Problems With a

Natural Constraint

“Absolutely nothing happens in the world, in which some condition
of maximum or minimum does not reveal itself.”

– Leonhard Euler

3.1 The Hénon-Heiles Hamiltonian

To begin this chapter we will present a well-studied, historical Hamiltonian system which

was the original inspiration behind the investigations undertaken after completion of the

analysis of the hip-hop solutions in the 2N -body problem. As a model problem for certain

galactic potentials with an axis of symmetry, Hénon and Heiles introduced in [24] the

following dynamical system:

q(t) ∈ R2, q̈ = −∇V (q), (3.1.1)

where the potential function is given by

V : R2 → R, V (x, y) =
1

2

(
x2 + y2

)
+

1

3
x3 − xy2. (3.1.2)

44



3.1. THE HÉNON-HEILES HAMILTONIAN

[16] provides an excellent survey of past results on the interesting phenomena exhibited

by this particular system. We will highlight certain aspects of this problem which serve as

motivation for the specific results we present in the chapters to come.

The second order differential equation (3.1.1) is equivalent to a first order Hamiltonian

system defined by the Hénon-Heiles Hamiltonian

H : T ∗R2 → R, H(q,p) =
1

2
|p|2 + V (q). (3.1.3)

The Hamiltonian is of course a conserved quantity, hence we can study the dynamics on

the invariant energy surfaces H−1(h). The topological type of the energy surface changes

only at critical points of the potential V , of which there are four. For h < 0 the surface

consists of three unbounded components and all solutions of (3.1.1) are unbounded. A

compact component of H−1(h) first appears at the origin and persists for energies in the

range 0 < h < 1/6. At the level h = 1/6 three critical points appear at symmetric

locations, and for h ≥ 1/6 the surface becomes connected and unbounded. At low energies,

0 < h < 1/6, the dynamics appear to be integrable, but for h > 1/6 the system becomes

chaotic [16,18,24]. This dramatic change in behaviour is the cause for much of the interest

in this particular system.

The potential is invariant under rotations through 2π/3 radians; we denote this rotation

by r ∈ SO(2). 1 Equipotential lines for V are shown in Figure 3.1. The level curve

V (q) = 1/6 is the union of three lines: x = 1/2, and x+ 1±
√

3y = 0. Equilibrium points

of the differential equation (3.1.1) occur at the intersection points of these lines, namely at:

q1 = (−1, 0), q2 = rq1, and q3 = r2q1. Recall that the projection of the energy surface

H−1(h) into the configuration components defines the Hill’s region in the plane,

Ph =
{
q ∈ R2

∣∣∣ V (q) ≤ h
}
.

1 r =

(√
3/2 1/2

−1/2
√

3/2

)
.
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3.1. THE HÉNON-HEILES HAMILTONIAN

Figure 3.1: Equipotential lines and Hill’s regions for energies above and below the critical
energy level h = 1/6.

The shaded areas in Figure 3.1 depict Hill’s regions for values of h above and below the

critical level h = 1/6. In particular, note the presence of the compact component of Ph at

low energies.

The origin is an equilibrium point of (3.1.1) and the Hessian satisfies D2H(0,0) = I; a

theorem of Weinstein then guarantees the existence of at least two periodic solutions at all

(positive) energy levels sufficiently close to zero [60]. In fact, it can be shown directly that

as the energy is increased from zero, the equilibrium point at the origin bifurcates into eight

periodic orbits. 2 These orbits can be constructed within the compact region of Ph for all

energies in the range 0 < h < 1/6, using only elementary methods. First we observe that

the x-axis is a gradient line for the potential V ; it follows immediately that there exists a

periodic orbit γ1 with energy h which remains on the axis for all time. γ1 is in fact a brake

orbit; the curve describes an arc in Ph with endpoints falling on the level curve V (q) = h.

There are two other gradient lines, forming angles of ±2π/3 relative to the x-axis, with

corresponding periodic orbits γ2 = rγ1 and γ3 = r2γ1.

2 We will describe six of these, the remaining two are described in [16].
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3.1. THE HÉNON-HEILES HAMILTONIAN

Figure 3.2: Brake orbits within the compact component of the Hill’s region, for energy
h < 1/6. Additional lines of symmetry (gradient lines of V ) are indicated. 3

Trajectories having an initial position on the boundary curve V (q) = h must have

initial velocity equal to zero. For any such initial condition with y > 0, the trajectory

must fall to meet the x-axis due to the direction of the acceleration field (3.1.1) for all

y > 0. The gradient line orbits γ2 and γ3 intersect the x-axis at obtuse and acute angles

respectively. It follows from continuity in the initial conditions that there exists a point q0

on the arc of V (q) = h between the initial positions of γ2 and γ3, such that the trajectory

γ4 of (3.1.1) originating from q0 will intersect the x-axis perpendicularly. It then follows

immediately that γ4 is a doubly-symmetric – meaning invariant under V4(S,R) 4 – periodic

brake orbit [32], just like the hip-hop solution in the 2N -body problem. Due to the rotational

symmetry of the problem, two other brake orbits can be immediately defined by rotations

of γ4 through 2π/3 radians: γ5 = rγ4 and γ6 = r2γ4. It can be shown that these orbits

exist over the extended energy range 0 < h < 1/6 + ε for some small ε > 0 [16]. Whether

they continue to exist for higher energies is unknown.

3 The placement and curvature of the orbits as shown in the diagram are justified in [15,16].

4 S and R as defined in (2.3.7).
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Figure 3.3: Construction of brake orbits for energies h > 1/6. 3

Period solutions arising from the other three critical points qi at the level V (q) = h can

also be shown to exist. The eigenvalues of JD2H(qi,0) 5 are ±1 and ±i
√

3, hence by a

result of Moser in [36] there must be a one-parameter family of periodic orbits emanating

from each equilibrium which exists over some range of energies 1/6 < h < 1/6 + ε for some

ε > 0. Once again we can improve upon the general result in this particular case, and

construct these periodic families for all energies h > 1/6.

Given any fixed energy h > 1/6, a solution of (3.1.1) with initial position at the inter-

section of the line x = −1 with the level curve V (q) = h (and initial velocity zero) will

fall to the negative x-axis due to the direction of the acceleration field between the line

x = −1 and the gradient line g2. On the other hand, taking an initial position on V (q) = h

sufficiently far to the left results in a trajectory that intersects the axis with an acute angle.

Again it follows immediately that there must exist a solution Γ1 of (3.1.1) starting at some

point on V (q) = h which will intersect the x-axis perpendicularly, and such an orbit is

necessarily a doubly-symmetric brake orbit. The existence of two other brake orbits again

5 The coefficient matrix of the linearized system, as in (2.5.1).
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follows immediately by symmetry: we let Γ2 = rΓ1, and Γ3 = r2Γ1.

The stability properties of these families of periodic solutions have been studied using a

variety of methods. Moser’s theorem in [36] guarantees that the orbits Γi, i = 1, 2, 3, are

hyperbolic at least over a range of energies 1/6 < h < 1/6 + ε, for some ε > 0. In [49,50] it

is shown that these orbits are hyperbolic on their energy surface for all energies h > 1/6,

using only geometric properties of the potential V . The gradient line orbits γi, i = 1, 2, 3,

go through an infinite sequence of transitions between hyperbolicity and ellipticity as the

energy increases to h = 1/6 [17]. Certain numerical evidence discussed in [16] suggests that

the orbits of the remaining family, γi, i = 4, 5, 6, are hyperbolic over the energy range

0 < h < 1/6 + ε, for some ε > 0 sufficiently small, but no analytical proof is known.

3.2 Homogeneous potentials

The dynamics of the Hénon-Heiles Hamiltonian at high energies are modelled in [48] using

a simplified, homogeneous potential function

P (x, y) =
1

3
x3 − xy2, (3.2.1)

referred to as the “monkey saddle”. Likewise, homogeneous potential functions will be the

context for our introduction of a variational argument for the construction of symmetric

solutions of a class of Hamiltonian systems. We will make use of the natural constraint for

the Lagrangian action functional first introduced by Nehari in [37]; it will allow us to locate

saddle points of the action, which is indefinite on the space of symmetric loops we consider.

In particular, our argument is essentially an application of the method as formulated

by Brown and Zhang in the context of semi-linear elliptic partial differential equations [12].

Our interest is in variational characterizations of symmetric brake orbits, and Section 3.3

includes our most general existence result, but we have as yet been unable to show that

the minimizing solutions described in this chapter are brake orbits. Positive results in this
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direction are instead based on an alternative variational principle which we introduce in

Chapter 4.

We will consider the existence of solutions of the following dynamical system in the

plane

q(t) ∈ R2,

 q̈ = −∇W (q),

q(t+ T ) = σq(t),
(3.2.2)

where σ = diag(1,−1) and the potential W ∈ C2
(
R2,R

)
is a homogeneous function of

degree k > 2 which is both even and symmetric: 6

i) ∇W (q) · q = kW (q),

ii) W (−q) = W (q).

iii) W (σq) = W (q),

We impose some additional simple restrictions on the potential to ensure that the solution

of the variational problem will be non-trivial:

iv) W (x, 0) < 0 for x 6= 0,

v) W (x, y) > 0 for some (x, y) ∈ R2.

Conditions (i-v) will be assumed to hold at all times for the remainder of the section.

The existence of brake orbits for (3.2.2) under conditions (i) and (ii) (with additional

hypotheses) has been studied by van Groesen in [54, 57]. Here the proof of existence is

via minimization of the Lagrangian action, subject to a certain natural constraint and the

boundary conditions q(0) = q̇(T ) = 0; the boundary conditions guarantee that minimizing

curves extend to 4T -periodic brake orbits. For homogeneous potentials, the orbits identified

are all “similar normal modes” - brake orbits which lie on straight lines through the origin

– like the three gradient line solutions seen in the Hénon-Heiles system. The existence

6 Note that k need not be an even integer, we allow k ∈ Q such that (−1)k = 1.
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of this type of brake orbit for Hamiltonian systems of two and three degrees of freedom is

investigated in [26] using non-variational methods; systems having a homogeneous potential

are singled out for particular study, the Hénon-Heiles problem again being a motivating

example.

Figure 3.4: Examples of contour diagrams of polynomials which satisfy conditions (i-v).

Remark. Our conditions include homogeneous polynomials of even degree k in which the

coefficient of xk is strictly negative. Polynomials of odd degree like (3.2.1) are explicitly

excluded, primarily because these are either indefinite or identically zero on the x-axis –

contradicting condition (iv). We comment on the additional technical difficulties that arise

in this special case in Section 3.4.

Given a fixed period 2T , we define the classical action functional

A : H1(R/2TZ,R2)→ R, A(q) =

∫ 2T

0
L(q, q̇) dt,

where the Lagrangian L : TR2 → R is given by

L(q, q̇) =
1

2
|q̇|2 −W (q). (3.2.3)
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Solutions of the system (3.2.2) will correspond to critical points of the action restricted to

the space of σ-symmetric curves. For such curves, the value of the action calculated over

any interval of length T is the same. Moreover, symmetric critical curves of the action are

in correspondence with critical curves of the restricted action

AT : ΓT → R, AT (q) =

∫ T

0
L(q, q̇) dt, (3.2.4)

where the domain is taken to be

ΓT =
{
q ∈ H1

(
[0, T ],R2

) ∣∣∣ q(T ) = σq(0)
}
.

By Morrey’s inequality, every function in H1
(
[0, T ],R2

)
is Hölder continuous, and con-

sequently for 1 ≤ p ≤ ∞ there exists a constant c = c(p) > 0 such that

‖ · ‖p ≤ c ‖ · ‖H ,

where ‖ · ‖H denotes the standard norm on H1
(
[0, T ],R2

)
:

‖q‖2H =

∫ T

0

(
|q|2 + |q̇|2

)
dt.

If {qn} is a bounded sequence in H1
(
[0, T ],R2

)
then the functions qn are equicontinuous

and uniformly bounded. By the Arzelà-Ascoli Theorem there then exists a subsequence

{qnk} that converges uniformly. In other words, the following embeddings are compact:

i) H1
(
[0, T ],R2

)
↪→ Lp

(
[0, T ],R2

)
, 1 ≤ p ≤ ∞,

ii) H1
(
[0, T ],R2

)
↪→ C

(
[0, T ],R2

)
.

These are simply special cases of the more general Sobolev-Rellich-Kondrachov embedding

theorems. In particular, if a sequence {qn} in ΓT converges weakly to q̄ in H1
(
[0, T ],R2

)
,

then the convergence is uniform and so the weak limit satisfies the symmetry condition:

q̄ ∈ ΓT .
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The action functionalAT is lower-semicontinuous but unbounded below and not coercive

on ΓT , hence we cannot locate solutions of (3.2.2) using the direct method of the calculus

of variations on this space. To overcome these difficulties we restrict the domain to the

so-called Nehari manifold

NT =
{
q ∈ ΓT

∣∣∣ δAT (q; q) = 0, q 6= 0
}
. (3.2.5)

The constraint condition for the action (3.2.4) takes the form

A′T (q; q) =

∫ T

0
|q̇|2 − kW (q) dt = 0,

where k > 2 was the degree of homogeneity of W . In particular q ∈ NT if and only if

∫ T

0
|q̇|2dt = k

∫ T

0
W (q) dt > 0. (3.2.6)

The strictness of the inequality follows from the symmetric boundary condition q(T ) =

σq(0) combined with the assumption that W (x, 0) be negative-definite.

NT defines a submanifold of codimension one in ΓT . Critical points of AT clearly

fall within the submanifold, moreover the restriction to NT is a natural constraint for the

variational problem in the sense that critical points on NT are critical points on ΓT .

Proposition 3.2.1. NT is a submanifold of ΓT of codimension one, and if q is a critical

point of AT on NT then δAT (q) = 0.

Proof. We define a functional G : ΓT → R by

G(q) = δAT (q; q) =

∫ T

0
|q̇|2 − kW (q) dt,

so NT = G−1(0)\{0}. Since
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δG(q; q) =

∫ T

0
2|q̇|2 − k2W (q) dt

= (2− k)

∫ T

0
|q̇|2 dt < 0

for all q ∈ NT , so δG 6= 0 on NT . It can be verified that the fixed point curve q ≡ 0 is an

isolated point of G−1(0), but we defer the proof of this until later (Proposition 3.2.5). It

follows that NT is a smooth manifold with codimension one in ΓT [5].

Now if q is a critical point on NT we use the method of Lagrange multipliers: there

must exist λ ∈ R such that δAT (q) = λδG(q) . Then

δAT (q; q) = λδG(q; q).

The left hand side vanishes because q is an element of NT . As shown above δG(q; q) 6= 0,

therefore λ = 0.

This type of constraint was first introduced by its namesake Nehari in [37], stated in

integral form like (3.2.6). Many recent applications of this constrained problem are based

on the presentation of Brown and Zhang in [12], who related existence and non-existence

results for solutions to properties of the Nehari manifold for a class of semi-linear partial

differential equations where the non-linearity is of the form |q|n−1q.

Their arguments are based on exploiting the close connection between the structure of

the manifold and the properties of fibering maps ψq : R+ → R for the variational problem,

defined for a given q ∈ ΓT by

ψq(r) = AT (rq), r > 0. (3.2.7)

Specifically, elements of NT can be characterized as critical points of these mappings.

Proposition 3.2.2. Let q ∈ ΓT \{0} and r > 0. Then rq ∈ NT if and only if ψ′q(r) = 0.

Proof. This follows immediately after calculating the derivative of the fibering map:

ψ′q(r) = δAT (rq; q) =
1

r
δAT (rq; rq).
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Expanding the fibering map and calculating its first and second derivatives, we have

ψq(r) = r2

∫ T

0

|q̇|
2

2

dt − rk
∫ T

0
W (q) dt,

ψ′q(r) = r

∫ T

0
|q̇|2 dt − krk−1

∫ T

0
W (q) dt,

ψ′′q(r) =

∫ T

0
|q̇|2 dt − k(k − 1)rk−2

∫ T

0
W (q) dt.

In this simple case, we can go further and identify elements of the Nehari manifold as

corresponding to local maxima of their respective fibering maps. 7

Proposition 3.2.3. Let q ∈ NT . Then

i) ψ′q(1) = 0,

ii) ψ′′q(1) < 0.

Proof. The first statement is a simple corollary of Proposition 3.2.2. Evaluating the second

derivative at r = 1 and making use of (3.2.6) we find

ψ′′q(1) = (2− k)

∫ T

0
|q̇|2 dt = (2k − k2)

∫ T

0
W (q) dt < 0.

Due to the homogeneity of the potential, fibering maps are polynomials of degree at

least two, with a double root at r = 0. Given a curve q such that the coefficient
∫ T

0 W (q) dt

is positive, the fibering map ψq has a single maximum at

r(q) =


∫ T

0

|q̇|2 dt

k
∫ T

0

W (q) dt


1

k−2

> 0, (3.2.8)

7 We observe that the action can possess no local minimizers on the entire space ΓT of symmetric curves
other than the fixed point at the origin: every non-zero critical point falls within NT and hence its action
decreases under scaling of the curve.
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If
∫ T

0 W (q) dt ≤ 0 then ψq has no critical points and increases without bound. When

graphed for r ≥ 0, these two cases appear qualitatively as shown below.

Figure 3.5: Fibering maps for i)
∫ T

0 W (q) dt > 0, ii)
∫ T

0 W (q) dt ≤ 0 .

From the preceding observations we can conclude that NT is homeomorphic to a subset

of the unit sphere in H1
(
[0, T ],R2

)
:

NT '
{
q ∈ ΓT

∣∣∣ ‖q‖H = 1,

∫ T

0
W (q) dt > 0

}
,

the morphisms being given by scaling q 7→ r(q)q, where the factor is defined in (3.2.8).

It follows that minimizing the action on the Nehari manifold is equivalent to the following

minimax problem:

inf
q∈NT

AT (q) = inf
u∈S

sup
r>0
AT (ru), (3.2.9)

where

S =
{
q ∈ ΓT

∣∣∣ ‖q‖H = 1
}

denotes the intersection of the unit sphere with ΓT . 8

Remark. The fixed point q = 0 is a local minimum of the action, we can easily verify

δ2AT (0; ξ) =

∫ T

0
|ξ̇|2 dt ≥ 0.

8 The use of fibering maps for solving variational problems have been studied in depth by Pohozaev;
see [43] and references therein. The Nehari manifold defines a “spherical fibering” in his terminology.
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Moreover, the above holds with equality for variations through fixed points on the x-axis,

and since W (x, 0) < 0 we can see by inspection that such variations will increase the action.

It follows that AT has the so-called mountain pass geometry: AT (0) = 0, and there exist

constants r, a > 0 such that AT (q) ≥ a if ‖q‖H = r, and AT (q) < 0 for some ‖q‖H > r. We

might then attempt to locate a saddle point of the action using the well-known Mountain

Pass Theorem of Ambrosetti and Rabinowitz [2]. Instead we press on with the problem as

formulated in (3.2.9); minimization on the Nehari manifold turns out to be quite simple

analytically.

Proposition 3.2.4. The action restricted to the Nehari manifold is bounded below and

coercive.

Proof. Using (3.2.6) we can easily verify that AT is non-negative on NT :

AT
∣∣
NT

(q) =

(
k

2
− 1

)∫ T

0
W (q) dt =

(
1

2
− 1

k

)∫ T

0
|q̇|2 dt > 0. (3.2.10)

That the action is coercive on the Nehari manifold follows as a special case of a more general

result proven in the next section. To avoid being repetitive, we will defer the proof until

then (see Proposition 3.3.6). 9

The preceding result immediately implies that

inf
q∈NT

AT (q) ≥ 0.

We would like to assure ourselves that the minimum is not obtained trivially by q = 0.

Proposition 3.2.5. 0 6∈ N T .

9 By applying Wirtinger’s inequality to (3.2.10), it can be seen that proving coercivity essentially requires
verifying that the Nehari manifold excludes oscillations across the x-axis of bounded length but large norm.

57



3.2. HOMOGENEOUS POTENTIALS

Proof. We argue by contradiction, let {qn} be a sequence in NT , qn → 0 in H1
(
[0, T ],R2

)
.

Let un = qn/‖qn‖H . The sequence is bounded hence we can assume that up to a subse-

quence un ⇀ ū, and un → ū in L2
(
[0, T ],R2

)
. From (3.2.6) it follows that

0 <

∫ T

0
|u̇n|2 dt = k ‖qn‖k−2

H

∫ T

0
W (un) dt → 0.

We have

‖un‖2H =

∫ T

0

(
|u̇n|2 + |un|2

)
dt = 1,

and

0 = lim
n→∞

∫ T

0
|u̇n|2 dt = 1− lim

n→∞

∫ T

0
|un|2 dt = 1−

∫ T

0
|ū|2 dt,

hence ū 6= 0. The weak lower semi-continuity of the norm ‖ · ‖H implies

0 ≤
∫ T

0
| ˙̄u|2 dt ≤ lim

n→∞

∫ T

0
|u̇n|2 dt = 0,

hence ū is a constant curve, and un → ū in H1
(
[0, T ],R2

)
. The convergence must be

uniform, therefore ū satisfies the symmetric boundary condition y(T ) = −y(0). This forces

ū(t) ≡ (x0, 0), x0 6= 0, and we recall

W (x0, 0) < 0.

From the same embedding we have that there exists a constant c > 0 such that

sup
t∈[0,T ]

{
|un(t)− ū|

}
≤ c ‖un − ū‖H → 0.

Then given ε > 0 there exists N > 0 such that for all n > N we have

∣∣W (un(t))−W (x0, 0)
∣∣ < ε ∀ t ∈ [0, T ].
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However this implies W (un(t)) < 0 for all t and

∫ T

0
W (un) dt < 0,

which is a contradiction since qn ∈ NT .

Proposition 3.2.6.

inf
q∈NT

AT (q) > 0.

Proof. Suppose inf
q∈NT

AT (q) = 0, and let {qn} be a minimizing sequence: AT (qn) → 0.

qn must be bounded in H1
(
[0, T ],R2

)
since AT |NT is coercive; it follows that (up to a

subsequence) qn ⇀ q̄, qn → q̄ in L2
(
[0, T ],R2

)
, and q̄ ∈ ΓT . In fact we must have qn → q̄

in H1
(
[0, T ],R2

)
because if this was not so, then weak lower semi-continuity and equation

(3.2.10) would imply

∫ T

0
| ˙̄q|2 dt < lim

n→∞

∫ T

0
|q̇n|2 dt = lim

n→∞

(
2k

k − 2

)
AT (qn) = 0,

which is impossible. It follows that

∫ T

0
| ˙̄q|2 dt = lim

n→∞

∫ T

0
|q̇n|2 dt = 0,

and so q̄(t) ≡ (x0, 0) is a constant curve, x0 6= 0 since 0 6∈ NT . Now as in the proof of

Proposition 3.2.5, the continuity of the embedding H1
(
[0, T ],R2

)
↪→ C

(
[0, T ],R2

)
and the

continuity of the potential W imply that for any ε > 0

∣∣W (qn(t))−W (x0, 0)
∣∣ < ε ∀ t ∈ [0, T ],

for n sufficiently large. Then W (qn(t)) < 0 for all t which contradicts the fact that∫ T
0 W (q) dt > 0 on NT .
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Now we have all the necessary preliminaries to state and prove a variational principle

suitable for finding solutions of the differential equation (3.2.2) .

Theorem 3.2.7. Let AT be defined by (3.2.4), and assume the potential W satisfies con-

ditions (i-v). Then there exists q̄ ∈ NT such that

AT (q̄) = inf
q∈NT

AT (q), (3.2.11)

and q̄ is a solution of (3.2.2).

Proof. Let {qn} be a minimizing sequence,

AT (qn) → inf
q∈NT

AT (q) > 0.

{qn} is bounded in H1
(
[0, T ],R2

)
since AT |NT is coercive, so we can assume qn ⇀ q̄,

qn → q̄ in L2
(
[0, T ],R2

)
, and qn → q̄ uniformly so q̄ ∈ ΓT . From the uniform convergence

of the sequence and equation (3.2.10) we conclude that

∫ T

0
W (q̄) dt = lim

n→∞

∫ T

0
W (qn) dt

= lim
n→∞

(
2

k − 2

)
AT (qn) > 0.

Now we can find r(q̄) ≤ 1 such that r(q̄)q̄ ∈ NT , where the scaling factor is determined

from equation (3.2.8). Because r(q̄)qn ⇀ r(q̄)q̄ and the fibering map ψqn(r) = AT (rqn)

attains its maximum at r = 1, it follows that

AT (r(q̄)q̄) ≤ lim
n→∞

AT (r(q̄)qn) ≤ lim
n→∞

AT (qn) = inf
q∈NT

AT (q).

Since r(q̄)q̄ ∈ NT the statements must hold with equality; it follows that qn → q̄ in

H1
(
[0, T ],R2

)
. Then r(q̄) = 1 and so q̄ ∈ NT , and the infimum on attained by q̄. By

Proposition 3.2.1, q̄ is a critical point of AT on ΓT and therefore a solution of (3.2.2).
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The minimizing curve just described is not unique; there must exist other minimizers

at symmetrical locations, as in the case of the Hénon-Heiles system. At the very least

the action is invariant under the horizontal reflection −σ, and it may possess additional

symmetries depending on the form of the potential.

3.3 An eigenvalue problem

The Hénon-Heiles potential (3.1.2) consists of a homogeneous polynomial plus a quadratic

term; we can modify the original system (3.2.2) to include a quadratic non-homogeneity in

the potential by considering the following eigenvalue problem:

 q̈ +∇W (q) = εq,

q(t+ T ) = σq(t),
(3.3.1)

whereW ∈ C2
(
R2,R

)
is assumed to satisfy the same hypotheses (i-v) as before; in particular

W must be an even, homogeneous function of degree k > 2. Following the method of [12] –

in which the class of partial differential equations considered also included dependence on a

parameter – it can be shown that minimization on the Nehari manifold will still produce a

non-trivial solution of (3.3.1) for ε > 0 sufficiently small; the restriction essentially following

from the fact that ε1 = 0 is the lowest eigenvalue of the corresponding Sturm-Liouville

problem q̈ = εq with the given symmetric boundary condition.

We will consider the Lagrangian action functional

AT : ΓT → R, AT (q) =

∫ T

0

1

2

(
|q̇|2 − ε|q|2

)
−W (q) dt, (3.3.2)

defined on the function space ΓT =
{
q ∈ H1

(
[0, T ],R2

)
| q(T ) = σq(0)

}
. The Nehari man-

ifold is defined just as before:

NT =
{
q ∈ ΓT

∣∣∣ δAT (q; q) = 0, q 6= 0
}
.
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Figure 3.6: Quadratic perturbation of a homogeneous potential shown in Figure 3.4. Note
the appearance of additional equilibria and a compact component of energy surfaces near
the origin.

We can easily verify that q ∈ NT if and only if

∫ T

0
|q̇|2 − ε|q|2 dt = k

∫ T

0
W (q) dt. (3.3.3)

Proposition 3.2.2 still holds for the perturbed problem: curves in NT can again be

associated with critical points of the fibering maps defined as in (3.2.7). The fibering map

now takes the form

ψq(r) = r2

(
1

2

∫ T

0
|q̇|2 − ε|q|2 dt

)
− rk

∫ T

0
W (q) dt, r > 0.

Because the coefficient of r2 is no longer non-negative, fibering maps can possess both local

maxima and minima. We then decompose the Nehari manifold into subsets accordingly as

follows:
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N−T =

{
q ∈ NT

∣∣∣ ∫ T

0
|q̇|2 − ε|q|2 dt > 0

}
,

N+
T =

{
q ∈ NT

∣∣∣ ∫ T

0
|q̇|2 − ε|q|2 dt < 0

}
,

N 0
T =

{
q ∈ NT

∣∣∣ ∫ T

0
|q̇|2 − ε|q|2 dt = 0

}
.

These three subsets can equivalently be identified by the sign of
∫ T

0 W (q) dt, according to

(3.3.3). Elements of N−T and N+
T correspond to local maxima and minima respectively; for

elements of N 0
T the fibering map is identically zero.

Proposition 3.3.1. Let q be a critical point of AT on NT , and suppose q 6∈ N 0
T . Then

δAT (q) = 0.

The proof appears in full in [12]; it changes little with the context, and differs only slightly

from the simpler case of homogeneous potentials, proven earlier as Proposition 3.2.1.

We must now more carefully investigate the relation between the quadratic and higher

order terms in the action functional. Following the terminology in [12] we introduce the

following subsets:

L+ =

{
q ∈ ΓT

∣∣∣ ‖q‖H = 1,

∫ T

0
|q̇|2 − ε|q|2 dt > 0

}
,

L− =

{
q ∈ ΓT

∣∣∣ ‖q‖H = 1,

∫ T

0
|q̇|2 − ε|q|2 dt < 0

}
,

L0 =

{
q ∈ ΓT

∣∣∣ ‖q‖H = 1,

∫ T

0
|q̇|2 − ε|q|2 dt = 0

}
,

and

B+ =

{
q ∈ ΓT

∣∣∣ ‖q‖H = 1,

∫ T

0
W (q) dt > 0

}
,

B− =

{
q ∈ ΓT

∣∣∣ ‖q‖H = 1,

∫ T

0
W (q) dt < 0

}
,

B0 =

{
q ∈ ΓT

∣∣∣ ‖q‖H = 1,

∫ T

0
W (q) dt = 0

}
.

From these definitions, the next proposition follows immediately.
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Proposition 3.3.2.

i) a multiple of q lies in N−T if and only if
q

‖q‖H
∈ L+ ∩B+,

ii) a multiple of q lies in N+
T if and only if

q

‖q‖H
∈ L− ∩B−,

iii) if q ∈ L+ ∩B− or q ∈ L− ∩B+, then no multiple of q lies in NT .

Given a curve q that satisfies condition (i) or (ii), the appropriate scaling factor so that

rq ∈ NT is determined as in equation (3.2.8):

r(q) =


∫ T

0

|q̇|2 − ε|q|2 dt

k
∫ T

0

W (q) dt


1

k−2

. (3.3.4)

N−T is homeomorphic to L+ ∩ B+ ⊂ S under scalings by the factor above, where S again

denotes the unit sphere in ΓT .

For purely homogeneous potentials, ε = 0, we have L− = ∅ and L0 contains only

constant curves located on the x-axis. To prove the existence of a minimizer on NT we

then exploited the fact that the potential is negative-definite on the x-axis; in other words

L0 ⊂ B−. In fact this is merely a simple case of an important condition used in [12] for

establishing the existence of minimizers in the context of that paper: that L−∩B+ = ∅. The

next propositions show that when L−∩B+ = ∅ we can say more about the structure of the

Nehari manifold, and that this condition is satisfied under sufficiently small perturbations

of the potential.

Proposition 3.3.3. Suppose L−∩B+ = ∅. Then

i) N 0
T = ∅,

ii) 0 6∈ N−T ,

iii) N−T is closed,

iv) N−T ∩N
+
T = ∅.
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Figure 3.7: Fibering maps for i) u ∈ L+ ∩B+, ii) u ∈ L− ∩B−, iii) u ∈ L+ ∩B−, iv)
u ∈ L− ∩B+ .

Proof. i) Suppose q ∈ N 0
T . Then q/‖q‖H ∈ L0∩B0 ⊂ L−∩B+ = ∅.

ii) Let {qn} be a sequence in N−T , and suppose qn → 0 in H1
(
[0, T ],R2

)
. We have

0 <

∫ T

0
|q̇n|2 − ε|qn|2 dt = k

∫ T

0
W (qn) dt → 0.

Let un = qn/‖qn‖H ; we can assume that un ⇀ ū in H1
(
[0, T ],R2

)
and un → ū in

L2
(
[0, T ],R2

)
. From the previous equation we find

0 <

∫ T

0
|u̇n|2 − ε|un|2 dt = k‖qn‖k−2

H

∫ T

0
W (un) dt → 0.

Since

‖un‖2H =

∫ T

0
|u̇n|2 + |un|2 dt = 1,
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it follows that

0 = lim
n→∞

∫ T

0
|u̇n|2 − ε|un|2 dt = 1− (1 + ε) lim

n→∞

∫ T

0
|un|2 dt = 1− (1 + ε)

∫ T

0
|ū|2 dt,

and so ū 6= 0. Now since the first term is weakly lower semicontinuous and the second

converges we have

∫ T

0
| ˙̄u|2 − ε|ū|2 dt ≤ lim

n→∞

∫ T

0
|u̇n|2 − ε|un|2 dt = 0,

so ū/‖ū‖H ∈ L−. On the other hand, the uniform convergence of un implies

∫ T

0
W (ū) dt = lim

n→∞

∫ T

0
W (un) dt ≥ 0,

as in the proof of Proposition 3.2.7. So ū/‖ū‖H ∈ B+, but then ū/‖ū‖H ∈ L−∩ B+ = ∅,

which is a contradiction.

iii) Let {qn} be a sequence in N−T such that qn → q̄ in H1
(
[0, T ],R2

)
. Then q̄ ∈ ΓT

and q̄ 6= 0 by (ii). We have

∫ T

0
| ˙̄q|2 − ε|q̄|2 dt = lim

n→∞

∫ T

0
|q̇n|2 − ε|qn|2 dt

= lim
n→∞

k

∫ T

0
W (qn) dt

= k

∫ T

0
W (q̄) dt ≥ 0.

So q̄ ∈ NT , moreover (i) implies that the inequality must be strict, that is q̄ ∈ N−T .

iv) From the preceding results it follows that

N−T ∩N
+
T ⊆ N

−
T ∩

(
N+
T ∪N

0
T ∪ {0}

)
=
(
N−T ∩N

+
T

)
∪
(
N−T ∩ {0}

)
= ∅.
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Proposition 3.3.4. There exists δ > 0 such that L−∩B+ = ∅ for 0 ≤ ε < δ.

Proof. The argument is by contradiction, and based on the proof found in [12]. We suppose

L− ∩B+ 6= ∅ for all ε > 0. Then there exist sequences {qn} in ΓT and {εn} in R such that

‖qn‖H = 1, εn → 0+, and

∫ T

0
|q̇n|2 − εn|qn|2 dt ≤ 0,

∫ T

0
W (qn) dt ≥ 0.

{qn} is bounded hence ∫ T

0
εn|qn|2 dt→ 0.

We can assume that qn ⇀ q̄ weakly in H1
(
[0, T ],R2

)
, qn → q̄ in L2

(
[0, T ],R2

)
, and q̄ ∈ ΓT ;

now we show that qn → q̄ strongly in H1
(
[0, T ],R2

)
. If this were not so, then the lower-

semicontinuity of the norm would imply

∫ T

0
| ˙̄q|2 dt < lim inf

n→∞

∫ T

0
|q̇n|2 − εn|qn|2 dt ≤ 0,

which is impossible. So ‖q̄‖H = 1, and changing the inequality above to equality we have

∫ T

0
| ˙̄q|2 dt = 0.

As in previous results, this implies q̄(t) ≡ (x0, 0), x0 6= 0, is a constant curve on the x-axis.

On the other hand, just as in Theorem 3.2.7 the uniform convergence of qn implies

∫ T

0
W (q̄) dt = lim

n→∞

∫ T

0
W (qn) dt ≥ 0.

However this is a contradiction since W (x, 0) < 0 for all x 6= 0.
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From (3.3.3) we can see immediately that the action is bounded below on N−T :

AT
∣∣
N−T

(q) =

(
k

2
− 1

)∫ T

0
W (q) dt =

(
1

2
− 1

k

)∫ T

0
|q̇|2 − ε|q|2 dt > 0, (3.3.5)

so we may attempt to locate solutions of (3.3.1) by minimizing the action on this space.

Elements of N−T are maximal under scalings so such a minimizer will again be a saddle

point; for sufficiently small perturbations we will be able to show the existence of such a

minimizer as in the homogeneous case. We note that this variational problem will have a

similar minimax formulation as before.

Proposition 3.3.5. If L−∩B+ = ∅ then

inf
q∈N−T

AT (q) = inf
u∈S

sup
r>0
AT (ru), (3.3.6)

where S =
{
q ∈ ΓT

∣∣ ‖q‖H = 1
}
.

Proof. If L−∩B+ = ∅ then for any u ∈ S, the fibering map ψu(r) = AT (ru) is of the form

(i), (ii) or (iii) as shown in Figure 2.2. For the latter two cases, that is u ∈ L− ∩ B− or

u ∈ L+ ∩ B−, the action grows without bound under the scaling r 7→ ru. It follows that

the infimum on S is approached only on L+ ∩ B+, and for such curves the supremum is

attained at some q ∈ N−T :

inf
u∈S

sup
r>0
AT (ru) = inf

u∈L+∩B+
sup
r>0
AT (ru) = inf

q∈N−T
AT (q).

Remark. The existence of fibering maps of the form (ii) in Figure 2.2 – fibers through fixed

points on the x-axis for example – imply that the fixed point q = 0 is not a local minimum

for any ε > 0. The latter is not an explicit prerequisite of the Mountain Pass Theorem [2],

but it does make it more difficult to see whether the action functional (3.3.2) possesses the

mountain pass geometry around q = 0.
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To prove the existence of a minimizer on N−T we must ensure that the action has certain

required properties.

Proposition 3.3.6. If L−∩B+ = ∅ then

i) the action restricted to N−T is coercive,

ii) inf
q∈N−T

AT (q) > 0.

Proof. i) Let {qn} be a sequence inN−T such thatAT (qn) is bounded, and suppose ‖qn‖H →

∞. Let un = qn/‖qn‖H ; as usual the boundedness of the sequence allows us to assume

un ⇀ ū in H1
(
[0, T ],R2

)
, un → ū in L2

(
[0, T ],R2

)
. From equation (3.3.5) we have

‖qn‖k−2
H

∫ T

0
W (un) dt =

1

k

∫ T

0
|u̇n|2 − ε|un|2 dt =

(
2

k − 2

)
AT (qn)

‖qn‖2H
→ 0,

since AT (qn) is bounded. The left hand side then implies

∫ T

0
W (un) dt→ 0.

From the uniform convergence of un it follows that

∫ T

0
W (ū) dt = lim

n→∞

∫ T

0
W (un) dt = 0.

On the other hand, we must have

∫ T

0
| ˙̄u|2 − ε|ū|2 dt ≤ lim

n→∞

∫ T

0
|u̇n|2 − ε|un|2 dt = 0.

If the inequality is strict, then ū 6= 0 and ū/‖ū‖H ∈ L−∩B0 ⊆ L−∩B+ = ∅. However if we

have equality then un → ū in H1
(
[0, T ],R2

)
, so ‖ū‖H = 1 and ū ∈ L0∩B0 ⊆ L−∩B+ = ∅.

We conclude {qn} must be bounded in H1
(
[0, T ],R2

)
.

ii) Since AT (q) > 0 on N−T , inf
q∈N−

T

AT (q) ≥ 0. Suppose inf
q∈N−

T

AT (q) = 0 and let {qn}
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be a minimizing sequence. From (i) we know that {qn} is bounded, hence we can assume

qn ⇀ q̄ in H1
(
[0, T ],R2

)
, qn → q̄ in L2

(
[0, T ],R2

)
. From (3.3.5) we have

∫ T

0
W (qn) dt =

1

k

∫ T

0
|q̇n|2 − ε|qn|2 dt =

(
2

k − 2

)
AT (qn) → 0.

The same argument used in part (i) for the sequence {un} shows that qn → q̄ 6= 0 in

H1
(
[0, T ],R2

)
, and then that q̄/‖q̄‖H ∈ L0∩B0 ⊆ L−∩B+ = ∅ which is a contradiction.

Theorem 3.3.7. Let AT be defined by (3.3.2), and assume the potential W satisfies con-

ditions (i-v). Then there exists δ > 0 such that for 0 ≤ ε < δ

inf
q∈N−T

AT (q) = AT (q̄), (3.3.7)

where q̄ ∈ N−T and q̄ is a solution of (3.3.1).

Proof. The proof is essentially the same as the proof of Theorem 3.2.7, though certain

details are more delicate. Let {qn} be a minimizing sequence in N−T :

AT (qn) → inf
q∈N−T

AT (q) ≥ 0.

From Propositions 3.3.4 and 3.3.6 it follows that for ε sufficiently small inf
q∈N−

T

AT (q) > 0,

and AT |N−T is coercive. {qn} must then be bounded in H1
(
[0, T ],R2

)
and without loss of

generality we can assume qn ⇀ q̄, qn → q̄ in L2
(
[0, T ],R2

)
, qn → q̄ uniformly and q̄ ∈ ΓT .

From the uniform convergence it follows that

∫ T

0
W (q̄) dt = lim

n→∞

∫ T

0
W (qn) dt

= lim
n→∞

(
2

k − 2

)
AT (qn) > 0,
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that is to say q̄/‖q̄‖H ∈ B+. Since L−∩B+ = ∅, we know q̄/‖q̄‖H ∈ L+ and so

∫ T

0
| ˙̄q|2 − ε|q̄|2 dt > 0.

Now we can find r(q̄)q̄ ∈ N−T where the scaling factor is determined from (3.3.4). Because

the action is lower semi-continuous and the fibering map ψqn(r) = AT (rqn) attains its

maximum at r = 1, it follows that

AT
(
r(q̄)q̄

)
≤ lim

n→∞
AT
(
r(q̄)qn

)
≤ lim

n→∞
AT (qn) = inf

q∈N−T
AT (q).

Since r(q̄)q̄ ∈ N−T the statements must hold with equality; it follows that qn → q̄ in

H1
(
[0, T ],R2

)
. Then r(q̄) = 1, q̄ ∈ N−T , and the infimum on attained by q̄. By Proposition

3.3.3, N−T and N+
T are separated and N 0

T = ∅ for ε small enough, so a local minimizer on

N−T is a critical point of AT on NT . q̄ is then a critical point on ΓT by Proposition 3.3.1,

hence a solution of (3.3.1).

Solutions of the variational problem (3.3.7) provide a symmetric family of solutions of

(3.3.1); our hope had been to show that the minimizing curves must be hyperbolic brake

orbits like the hip-hop orbits of Chapter 2. In particular, we thought to adapt the proof

of Theorem 2.4.1 to show that the minimizer q̄(t) must be a brake orbit. The key to

this argument was to show that the minimizing curve must cross the axis of symmetry

perpendicularly, which we accomplished by showing how non-smooth curves of equal action

could be constructed if this were not the case. However, we have been unable to construct

such non-smooth curves which would satisfy the required integral constraint (3.3.3) of the

Nehari manifold – or even the simpler constraint (3.2.6) for homogeneous potentials – so

it remains unclear whether this argument can be applied to minimizers of the constrained

problem.

On the other hand, it is clear that broken curves defined exactly as in Theorem 2.4.1 will
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3.4. A NOTE ON POTENTIALS OF ODD DEGREE

have the same (conserved) energy h = H(q̄, ˙̄q), and it can shown that – for homogeneous

potentials at least – the Nehari manifold is tangent to the energy surface H−1(h). 10 q̄ is

then at least a local minimizer among curves in ΓT on the energy surface. The proof of

Theorem 2.4.1 required the global minimality of the hip-hop however, so these observations

can be taken only as a hint that a fixed-energy, rather than fixed-period, variational problem

may prove more tractable. In Chapter 4 we will describe an alternative variational principle

with a similar, natural, Nehari-type constraint, which – for homogeneous potentials – will

characterize a family of hyperbolic brake orbits of (3.2.2) parameterized by their energy.

3.4 A note on potentials of odd degree

In the preceding sections, the hypothesis that the potential be negative definite on the x-axis

proved key in demonstrating that minimizing sequences in the Nehari manifold converged

to a non-trivial solution of (3.2.2) or (3.3.1). The “monkey saddle” potential (3.2.1) – a

polynomial of degree 3 – had been one of our original model problems due to its connec-

tion to the Hénon-Heiles problem, but odd polynomials are either indefinite or identically

zero on the x-axis and so cannot satisfy this condition. In this section we present a brief

demonstration of the technical difficulties which arise in this special case, and have as yet

prevented the analysis of one of the systems that had first interested us.

For the remainder of this section we assume W is a homogeneous polynomial of odd

degree k ≥ 3:

i) W ∈ Rk[x, y] such that ∇W (q) · q = kW (q).

We assume W is invariant under σ as before, and in place of the previous additional hy-

potheses we suppose only that the potential does not vanish identically on the x-axis:

10 Actually NT = G−1(0) is tangent to the space of curves having average energyH(q) = 1
T

∫ T
0
H(q, q̇) dt =

h; this can be seen by comparing the conditions H′(q̄) · ξ = 0 and δG(q̄) · ξ = 0, and using the fact that q̄ is
a critical point of the action on the un-restricted space ΓT .
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Figure 3.8: Contour diagram of the “monkey saddle”, equation (3.2.1).

ii) W (σq) = W (q),

iii) W (x, 0) 6= 0 for x 6= 0.

The Nehari manifold is defined just as before; we recall the key equations (3.2.6) and

(3.2.10), namely that q ∈ NT if and only if

∫ T

0
|q̇|2dt = k

∫ T

0
W (q) dt,

and

AT
∣∣
NT

(q) =

(
k

2
− 1

)∫ T

0
W (q) dt =

(
1

2
− 1

k

)∫ T

0
|q̇|2 dt > 0.

The action is bounded below on the Nehari manifold as shown, and while Proposition 3.3.6

does not apply, 11 we can still show the restricted action is coercive.

Proposition 3.4.1. The action restricted to the Nehari manifold is coercive.

11 L0 ∩B+ 6= ∅, since now W (x, 0) > 0 for some x ∈ R.
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Proof. The proof is based on Wirtinger’s inequality. For x and y ∈ H1
(
[0, T ],R2

)
, x(T ) =

x(0) and y(T ) = −y(0), there exist constants c1 = c1(T ), c2 = c2(T ) such that

‖x− x ‖2 ≤ c1‖ ẋ ‖2,

‖ y ‖2 ≤ c2‖ ẏ ‖2,

where x = 1
T

∫ T
0 xdt. Given a sequence qn = (xn, yn) ∈ NT , ‖qn‖H → ∞, it is easily

seen from (3.2.10) and the Wirtinger inequalities that AT (qn) → ∞ if ẋn, ẏn or yn is

unbounded in L2
(
[0, T ],R2

)
. Now we will verify that if qn ∈ NT and ẋn, ẏn, and yn (and

therefore AT (qn) also) are bounded, xn must be bounded as well. Suppose otherwise, then

‖xn‖∞ →∞ and either

inf
t∈[0,T ]

xn(t)→ −∞, or sup
t∈[0,T ]

xn(t)→∞.

Note that the arc-length

s(xn) =

∫ T

0
|ẋn| dt ≤ T 1/2

(∫ T

0
|ẋn|2 dt

)1/2

remains bounded however, so for n sufficiently large, either a0xn(t) < 0 or a0xn(t) > 0 for

all t.

We give the argument for the first case (the latter can be checked similarly). The

potential must have the form

W (x, y) = a0x
k + a1x

k−2y2 + . . .+ ajxy
k−1, a0 6= 0, ai ∈ R, i = 1, . . . , j =

(
k−1

2

)
.

For large enough n, a0x
k
n(t) < 0 since k is odd, and

AT (qn) ≤
(
k

2
− 1

)∫ T

0

(
−|a0||xn|k + |a1||xn|k−2‖yn‖2∞ + . . .+ |aj ||xn|‖yn‖k−1

∞

)
dt.
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Since yn is bounded in H1
(
[0, T ],R2

)
↪→ L∞([0, T ],R) and the embedding is continuous

(indeed compact), we conclude

AT (qn) ≤ −b0‖xn‖kk + b1‖xn‖k−2
k−2 + . . .+ bj‖xn‖1, b0 > 0, bi ≥ 0, i = 1, . . . , j,

which implies 12

AT (qn) ≤ −b0‖xn‖kk + c1‖xn‖k−2
k + . . .+ cj‖xn‖k, ci ≥ 0, i = 1, . . . , j.

But if ‖xn‖2 → ∞ then ‖xn‖k → ∞ and the right hand side above diverges to −∞,

contradicting the fact that AT (qn) is bounded below by zero.

The Nehari manifold thus still satisfies the basic prerequisites for using the direct method

of the calculus of variations in the case of odd potentials, but we are faced with the following

inconvenient fact.

Proposition 3.4.2. 0 ∈ NT , so inf
q∈NT

AT (q) = 0, and the infimum is attained by q = 0.

Proof. The previous proof that 0 6∈ NT fails in the case, the problem being that the sym-

metry axis of σ (the x-axis) intersects the superlevel set W+
0 =

{
(x, y) ∈ R2

∣∣W (x, y) > 0
}

.

We sketch an argument for constructing a sequence of curves in NT that will converge to

zero in H1
(
[0, T ],R2

)
.

Let {cn} be a sequence of positive real numbers such that cn → 0, and consider the

level curves W−1(cn) restricted to the connected component of W+
0 which intersects the x-

axis. These level curves must be connected and σ-symmetric, and any curve qn ⊂W−1(cn)

satisfies ∫ T

0
W (qn) dt = (2T )cn = Cn → 0.

12 ‖ · ‖p ≤ T
( 1
p
− 1

q
)‖ · ‖q ∀ 1 ≤ p < q ≤ ∞.
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Figure 3.9: Constructing qn → 0.

We can then choose qn ⊂W−1(cn) such that qn(T ) = σqn(0) and

∫ T

0
|q̇n|2 dt = Cn,

so qn ∈ NT , and qn → 0.

As can be seen from the preceding proof, a non-trivial minimizer for the action cannot

be found for potentials of odd degree unless the domain can be restricted in such a way as

to exclude small oscillations across the half of the symmetry axis where W (x, 0) > 0. We

might consider minimizing the action over the space of symmetric curves in the half-plane,

Γ−T =
{
q = (x, y) ∈ H1

(
[0, T ],R2

) ∣∣∣ x < 0, q(T ) = σq(0)
}
,

assuming without loss of generality that W (x, 0) > 0 for x > 0.

Contour diagrams of even and odd potentials are qualitatively similar apart from sign

changes; for an odd potential we might expect the action to achieve a local minimum on

the half-plane, as opposed to the symmetric pair of minima achieved when the potential is
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3.4. A NOTE ON POTENTIALS OF ODD DEGREE

even. Minimization on the space Γ−T presents an additional technical difficulty however; it is

necessary to rule out the possibility that the minimum is attained on Γ−T by a non-smooth

curve which intersects the vertical axis x = 0, and this question remains unresolved at the

present time. 13

13 In a way this is analogous to verifying that the hip-hop solution was collision-free; the vertical axis
r = 0 in the reduced space corresponded to total or partial collisions of the 2N masses.
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Chapter 4

Solutions of Prescribed Energy

“In almost all textbooks, even the best, this Principle is presented in
such a way that it is impossible to understand.”

– Carl Jacobi

4.1 Maupertuis’ principle and the Jacobi metric

Let us consider a dynamical system, expressed as the Euler-Lagrange equations for some

Lagrangian L(q, q̇), or equivalently as Hamilton’s equations for the corresponding Hamilto-

nian H(q,p), where both L and H do not depend explicitly on time. For such conservative

systems it is well known that the Hamiltonian, or total energy, is an integral of the motion.

It is then possible to search for solutions having a specified energy, rather than solutions

which exist for a prescribed interval of time, as we have been doing thus far.

The classical approach to this question, using the calculus of variations, begins with

Maupertuis’ principle, which states that the solutions of the system correspond to critical

points of the abbreviated action

S(q) =

∫
p dq =

∫ b

a
p q̇ dt. (4.1.1)
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The conjugate momentum p is taken to be dependent on q via the Legendre transform of

the Lagrangian: p = ∂L/∂q̇. The functional S is to be understood as a path integral; in

particular the interval of parameterization [a, b] is not held fixed. Critical points of this

functional will then dictate the shape of the trajectories of the system, but the motion as

an explicit function of the “physical” time must be determined a posteriori.

Restricting our attention to systems whose motion is governed by a Hamiltonian of the

form 1

H(q,p) =
1

2
|p|2 +W (q), (4.1.2)

in this case p = q̇ and Hamilton’s equations for H can be restated in equivalent second-order

form as

q̈ = −∇W (q). (4.1.3)

For a fixed value H = h of the energy parameter, we can substitute for p in (4.1.1) using the

equation of energy conservation and arrive at Jacobi’s formulation of Maupertuis’ principle:

δS(q) = δ

∫ b

a

√
2
(
h−W (q)

)
|q̇| dt = 0. (4.1.4)

It is important to note that the variation is meant to be calculated with the energy and

boundary conditions held fixed, but not the parameterization; a precise statement of what

this entails can be found in [1].

The integral in (4.1.4) may be interpreted as the arc-length of the curve in a particular

Riemannian metric, called the Jacobi metric:

dz2 = 2
(
h−W

)
dq2, (4.1.5)

1 The technique we are about to describe remains valid for the more general case H(q,p) =
1
2

∑
aij(q)pipj +W (q), where the kinetic energy is determined by some Riemannian metric.
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where dq2 denotes the standard Euclidean metric. Noting that the integrand is homoge-

neous with degree one in the velocity q̇, it follows that the value of the integral is independent

of rescalings of the interval of parameterization. We may then take the Jacobi arc-length to

be

S(z) =

∫ 1

0

√
2
(
h−W (z)

)
|ż| ds. (4.1.6)

Critical points of the arc-length functional are known as geodesics, and are necessarily

parameterized according to their arc-length. The energy functional in the Jacobi metric is

given by

J (z) =

∫ 1

0

(
h−W (z)

)
|ż|2 ds. (4.1.7)

A curve z is a critical point of J if and only if it is geodesic, moreover it follows from the

Cauchy-Schwarz inequality that the energy is minimized precisely by minimal geodesics [35].

The Euler-Lagrange equations for J are given by

d

ds

(
2
(
h−W (z)

)
ż
)

= −|ż|2∇W (z). (4.1.8)

The following lemma is provided in [39] with proof, and demonstrates explicitly how critical

curves of the energy functional correspond to solutions of (4.1.3) having the prescribed

energy.

Lemma 4.1.1. A solution z(s) through s = 0 of (4.1.8) corresponds to a unique solution

q(t) of (4.1.3) with energy H(q,p) = h through the relation

q(t) = z(s), s(t) =
2

v

∫ t

0

(
h−W

(
z(t′)

))
dt′,

where

v =

√
2
(
h−W

(
z(s)

)) ∣∣ż(s)
∣∣

is a non-zero positive constant independent of s. 2
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Particular care must always be taken when constructing brake orbits via minimization

of the Jacobi arc-length, since the metric (4.1.5) is degenerate precisely on the boundary of

the Hill’s region Ph. Despite this difficulty, there have been some notable successes using

the Riemannian approach. In a groundbreaking paper [51], Seifert proved the existence of

a brake orbit on H−1(h) if the Hill’s region

Ph =
{
q ∈ Rn

∣∣∣ W (q) ≤ h
}

is homeomorphic to an n-sphere. This result has seen a variety of generalizations, in partic-

ular to the case when H−1(h) is compact. This has been proven independently by (among

others) Gluck and Ziller [22] and Benci [9]; the proofs are different but both are based on

the use of the Jacobi metric. A much shorter proof appears in [10]; this result uses instead

the variational principle of van Groesen, which is the topic of the next section. 3

The case of non-compact energy surfaces of Hamiltonians of the form (4.1.2) has been

considered in [39]; it has been shown that – roughly speaking – if the boundary of Ph is

disconnected, then there must exist a solution of (4.1.3) which oscillates between points in

separate components of the boundary of Ph. 4 Given that certain geometric conditions on

the potential are satisfied, in particular assuming that the equipotential surface

Wh =
{
q ∈ Rn

∣∣∣ W (q) = h
}

which bounds Ph is the union of (at least) two separated, connected components W 0
h and

W 1
h , it is verified in [39] that the Jacobi energy functional (4.1.7) attains a minimum on the

space of absolutely continuous arcs within the Hill’s region which begin and end on separate

2 z(s) is parameterized according to its arc-length and thus has constant speed v (in the Jacobi metric).

3 There are also well known results of Weinstein [61] and Rabinowitz [45] which hold with greater
generality, for compact energy surfaces which are either convex or star-shaped, respectively.

4 Like the family Γi, i = 1, 2, 3, of orbits in the Hénon-Heiles problem, described in Section 3.1.
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4.2. VAN GROESEN’S VARIATIONAL PRINCIPLE

components of the boundary:

J (z̄) = inf
Γ
J (z), Γ =

{
z ∈ H1

(
[0, 1], Ph

) ∣∣∣ z(0) ∈W 0
h , z(1) ∈W 1

h

}
. (4.1.9)

The minimizing curve z̄(s) is defined over the fixed parameter interval [0, 1]; a brake orbit

q̄(t) which solves equation (4.1.3) can be obtained from z̄(s) according to the transformation

given in Lemma 4.1.1.

4.2 Van Groesen’s variational principle

If the configuration q and momentum p are considered as independent variables, then the

abbreviated action (4.1.1) has an alternative interpretation as a functional on curves in the

phase space R2n. If we restrict the action to curves which satisfy the energy constraint in

an integrated sense rather than pointwise, we can use the method of Lagrange multipliers

to verify that critical points of

{ ∫ 1

0
p q̇ dt

∣∣∣ ∫ 1

0

1

2
|p|2 +W (q) dt = h

}
(4.2.1)

must be solutions of Hamilton’s equations for the Hamiltonian (4.1.2), which are equivalent

to (4.1.3). The period (or more generally the transit time) of the solutions is determined

precisely by the Lagrange multiplier. 5

In a series of papers, [55,56,58,59], van Groesen introduced a modified Jacobi functional,

defined for a given energy h > 0 to be

Jh(z) =

(
1

2

∫ 1

0
|ż|2 ds

)(
h−

∫ 1

0
W (z) ds

)
. (4.2.2)

5 These observations are the starting point for the just-mentioned result of Rabinowitz [45].
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Jh differs from the standard Jacobi functional (4.1.7) in the order of the operations per-

formed (the multiplication and integration), and it turns out that this renders the functional

easier to analyze. In particular, using Jh is advantageous in that we can avoid the com-

plications arising from the degeneracies of the Jacobi metric. We will show momentarily

how critical points of this functional (subject to our chosen boundary conditions) corre-

spond explicitly to solutions of (4.1.3); more generally, the introduction of this functional

can be justified from the observation that the action (4.2.1) on phase space is maximized

for p collinear with q̇. For fixed q, taking the supremum over p satisfying the constraint of

(4.2.1) leads us to

sup
p

∫ 1

0
p q̇ dt =

∥∥p ∥∥
2

∥∥ q̇ ∥∥
2

= 2
√
Jh(q) .

The critical points of the right-hand side are the same as the critical points of Jh, which then

correspond to critical points of (4.2.1). It is pointed out in [55] how this same reasoning

leads to the classical Jacobi arc-length functional (4.1.6) when the energy constraint is

defined pointwise rather than as an integral.

Remark. [55] also shows how the modified functional Jh can be interpreted as the Legendre-

Fenchel transform of the Lagrangian action AT as defined in (3.2.4), where the transform

is taken with respect to the duality between the energy h and time T .

Now we will relate van Groesen’s functional to the specific problem at hand, and set the

stage for the description of a variational principle establishing the existence of brake orbit

trajectories of the dynamical system studied in Chapter 3:

q(t) ∈ R2,


q̈ = −∇W (q),

q(t+ T ) = σq(t),

(4.2.3)

where the period 2T of the orbits is not known a priori, but the energy is to be prescribed:

H(q, q̇) =
1

2
|q̇|2 +W (q) = h > 0. (4.2.4)
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The potential W ∈ C2
(
R2,R

)
will be of the type we have considered in Section 3.2, but for

the moment it is only important that the potential be invariant under σ = diag(1,−1):

W (σq) = W (q).

Under a simple reparameterization of the time,

q(t) = z(s), t = Ts, s ∈ [0, 1], (4.2.5)

the system can be reformulated on the fixed interval [0, 1] as follows:


z̈ = −T 2∇W (z),

z(1) = σz(0).

(4.2.6)

As in Chapter 3 we will take the domain of the functional in question to be the space of

absolutely continuous arcs with (weak) L2 derivatives and symmetric endpoints:

Γ1 =
{
z ∈ H1

(
[0, 1],R2

) ∣∣∣ z(1) = σz(0)
}
.

The following result appears in [59] (with different boundary conditions), and establishes a

correspondence between critical points of the functional Jh and solutions of system (4.2.3)

with prescribed energy. Moreover, the relation between them is conveniently determined by

a simple rescaling of the parameter as above, instead of the more complicated transformation

of Lemma 4.1.1 associated with the Jacobi metric.

Proposition 4.2.1. Let h > 0.

i) Let z be a critical point of Jh on Γ1 with Jh(z) > 0. Let

T =


1

2

∫ 1

0

|ż|2 ds

h−
∫ 1

0

W (z) ds


1/2

, (4.2.7)

and define q by the transformation (4.2.5). Then q satisfies (4.2.3) and (4.2.4).
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ii) Let q satisfy (4.2.3) and (4.2.4), and define z by the transformation (4.2.5). Then z

is a critical point of Jh.

Proof. i) We calculate the first variation of Jh to be

δJh
(
z; ξ
)

=

(∫ 1

0

〈
ż, ξ̇

〉
ds

)(
h−

∫ 1

0
W (z) ds

)
−
(

1

2

∫ 1

0
|ż|2 ds

)(∫ 1

0

〈
∇W (z), ξ

〉
ds

)
,

where ξ ∈ TΓ1 denotes an admissible variation: ξ(1) = σξ(0). Setting this equal to zero

and dividing by
(
h−

∫ 1
0 W (z) ds

)
(which is non-zero since Jh(z) > 0), we find∫ 1

0

〈
ż, ξ̇

〉
− T 2

〈
∇W (z), ξ

〉
ds = 0

after simplifying with (4.2.7). Integrating the second term by parts and applying the lemma

of Du Bois-Reymond, this implies the weak form of the Euler-Lagrange equation:

ż = −T 2

∫ s

0
∇W (z) ds+ c.

We can then proceed in the standard fashion [25] – as we would if we were studying the

Lagrangian ż2/2 − T 2W (z) – to conclude that z(s) is second-differentiable and a classi-

cal solution of (4.2.6). A solution of (4.2.3) on the interval [0, T ] is then defined by the

transformation (4.2.5). Moreover, the first term can then be integrated by parts instead, so

〈
ż, ξ

〉 ∣∣∣1
0
−
∫ 1

0

〈
z̈ + T 2∇W (z), ξ

〉
ds = 0

for any (continuous) admissible variation ξ. A critical curve must then satisfy ż(T ) = σż(0);

since W ◦ σ = W it follows that the reparameterized curve q can be continued to a 2T -

periodic solution satisfying q(t+ T ) = σq(t).

The energy H is conserved along such solutions, say H(q, q̇) = h′. Integrating this

equation over the interval [0, T ] then yields

Th′ =

∫ T

0

|q̇|
2

2

dt +

∫ T

0
W (q) dt =

1

T

∫ 1

0

|ż|
2

2

ds + T

∫ 1

0
W (z) ds.

85



4.3. EXISTENCE OF SOLUTIONS

On the other hand, upon rearrangement of (4.2.7) we find

h =
1

T 2

∫ 1

0

|ż|
2

2

ds +

∫ 1

0
W (z) ds,

so H(q, q̇) = h′ = h.

ii) The reparameterized curve z must be a solution of (4.2.6). Integrating the equation

of energy conservation (4.2.4), and reparameterizing the integrals as above, we can then

verify that z satisfies (4.2.7). It is then straightforward to check that z is a critical point

of Jh.

Remark. As noted in [59], if we express the value of Jh at a critical point z ∈ Γ1 in terms

of the corresponding curve q ∈ H1
(
[0, T ],R2

)
we find that it is (proportional to) the square

of the average kinetic energy of said curve:

Jh(z) =

(
T

∫ T

0

|q̇|
2

2

dt

)(
h − 1

T

∫ T

0
W (q) dt

)
=

(∫ T

0

|q̇|
2

2

dt

)2

.

4.3 Existence of solutions

Like the classical Lagrangian action AT studied in Chapter 2, the modified Jacobi functional

Jh is unbounded above and below on the space Γ1 ⊂ H1
(
[0, 1],R2

)
of curves with symmetric

endpoints, hence we must attempt to locate saddle points of Jh. For this reason, van

Groesen introduced a natural constraint for Jh such that constrained minimizers are saddle

points for the functional on the space Γ1 [55, 56, 58, 59]. Moreover, these saddle points can

once again be characterized as solutions of a “Nehari-type” minimax problem.

Given h > 0, we will consider the restriction of Jh to the following subset of curves:

Nh =

{
z ∈ Γ1

∣∣∣ ∫ 1

0
W (z) +

1

2

〈
∇W (z), z

〉
ds = h

}
. (4.3.1)

This space of curves is un-named in the literature; we will refer to Nh as the fixed-energy

Nehari manifold, due to what will be obvious parallels with the previously discussed natural
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constraint for the classical action defined over a fixed time. Note that

δJh(z; z) =

(∫ 1

0
|ż|2 ds

)(
h−

∫ 1

0
W (z) ds

)
−
(

1

2

∫ 1

0
|ż|2 ds

)(∫ 1

0

〈
∇W (z), z

〉
ds

)
=

(∫ 1

0
|ż|2 ds

)(
h−

∫ 1

0
W (z) +

1

2

〈
∇W (z), z

〉
ds

)
, (4.3.2)

so δJh(z; z) ≡ 0 on Nh. If z is a critical point of Jh with Jh(z) > 0 then the left-most

integral above does not vanish; it can then be immediately seen that all such critical points

must fall within Nh. 6

Van Groesen employed this constraint to prove the existence of brake orbits when the

potential W is convex and non-negative. The orbits arise as constrained minimizers of Jh

subject to the boundary conditions z(0) = ż(1) = 0. We will again consider the class of

even, homogeneous potentials described in Section 3.2, and look for symmetric brake orbits.

Specifically, we assume once again that W ∈ C2
(
R2,R

)
satisfies the following conditions:

i) ∇W (z) · z = kW (z), k > 0, 7

ii) W (−z) = W (z),

iii) W (σz) = W (z),

iv) negative definite on the x-axis,

v) not negative semi-definite on R2.

In this special case at least, we can prove the existence of solutions by minimizing Jh on

the manifold Nh. The argument essentially parallels the one presented in Section 3.2 which

6 Comparing with the fixed-time Nehari manifold defined in (3.2.5), the condition that δJh(z;z) = 0 is
undesirable as a constraint since it would admit constant curves on the x-axis, which satisfy the symmetric
boundary condition but for which Jh is identically zero. Defining the Nehari manifold as above excludes
this degenerate set.

7 Note that we previously required k > 2. The requirement that W be even implies k ∈ Q such that
(−1)k = 1.
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used the Lagrangian action AT over a fixed interval of time; in fact, several elements of the

argument are more easily proven in the new context.

For homogeneous potentials we see immediately that z ∈ Nh if and only if

(
1 +

k

2

)∫ 1

0
W (z) ds = h. (4.3.3)

Now we prove that this defines a natural constraint for Jh.

Proposition 4.3.1. Nh is a submanifold of Γ1 of codimension one, and if z is a critical

point of Jh on Nh then δJh(z) = 0.

Proof. We introduce a constraint functional G : Γ1 → R,

G(z) =

(
1 +

k

2

)∫ 1

0
W (z) ds,

so Nh = G−1(h). Then

δG(z; z) = k

(
1 +

k

2

)∫ 1

0
W (z) ds

= kh > 0

for all z ∈ Nh. So δG 6= 0 on Nh and therefore Nh is a smooth manifold with codimension

one in Γ1 [5].

If z is a critical point of Jh on Nh we use the method of Lagrange multipliers. There

must exist λ ∈ R such that δJh(z) = λδG(z). Then

δJh(z; z) = λδG(z; z)

The left hand side vanishes since z ∈ Nh, but δG(z; z) 6= 0 so λ = 0.

We introduce fibering maps ψz : R+ → R for the functional Jh, defined for a fixed

z ∈ Γ1 to be

ψz(r) = Jh(rz), r > 0. (4.3.4)
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Proposition 4.3.2. Let z ∈ Γ1 be a non-constant curve, and r > 0. Then rz ∈ Nh if and

only if ψ′z(r) = 0.

Proof. Differentiating the fibering map, we have

ψ′z(r) = δJh(rz; z) =
1

r
δJh(rz; rz).

Hence ψ′z(r) = 0 if and only if the second term in (4.3.2) vanishes; that is to say rz ∈ Nh.

Expanding the fibering map and calculating first and second derivatives, we have

ψz(r) =

(∫ 1

0

|ż|
2

2

ds

)(
r2h− rk+2

∫ 1

0
W (z) ds

)
,

ψ′z(r) =

(∫ 1

0
|ż|2 ds

)(
rh − rk+1 (k + 2)

2

∫ 1

0
W (z) ds

)
,

ψ′′z(r) =

(∫ 1

0
|ż|2 ds

)(
h − rk

(k + 1)(k + 2)

2

∫ 1

0
W (z) ds

)
.

We can verify that all elements of the Nehari manifold correspond to local maxima of their

respective fibering maps.

Proposition 4.3.3. Let z ∈ Nh. Then

i) ψ′z(1) = 0,

ii) ψ′′z(1) < 0.

Proof. The first statement is an immediate corollary of the previous proposition. Evaluating

the second derivative at r = 1 we find

ψ′′q(1) =

(∫ 1

0
|ż|2 ds

)(
h − (k + 1)(k + 2)

2

∫ 1

0
W (z) ds

)
< 0,

where we have made use of (4.3.3) and the fact that the first integral does not vanish on

Nh.

89



4.3. EXISTENCE OF SOLUTIONS

Figure 4.1: Fibering maps for a non-constant curve z for which i)
∫ 1

0 W (z) ds > 0, ii)∫ 1
0 W (z)ds ≤ 0 .

Given a non-constant curve z such that
∫ 1

0 W (z) ds is positive, the fibering map ψz has

a single critical point at

r(z) =

 2h

(k + 2)
∫ 1

0

W (z) ds


1/k

> 0. (4.3.5)

Nh is homeomorphic to a subset of the unit sphere in Γ1:

Nh '
{
z ∈ Γ1

∣∣∣ ‖z‖H = 1,

∫ 1

0
W (z) ds > 0

}
,

the morphisms being given by scalings by the factor r(z) defined above. If
∫ 1

0 W (z) ds ≤ 0

then ψz has no critical points and increases without bound. Minimization of Jh on the

Nehari manifold is again equivalent to a minimax problem:

inf
z∈Nh

Jh(z) = inf
u∈S′

sup
r>0
Jh(ru), (4.3.6)

where S′ denotes the unit sphere in Γ1, less the two fixed points on the axis of symmetry

for which Jh vanishes:

S′ =
{
z ∈ Γ1

∣∣ ‖z‖H = 1
}
\
{
z ≡ (±1, 0)

}
.
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Remark. While q = 0 is a (non-strict) local minimum of Jh, the functional is identically

zero for fixed point curves on the x-axis and therefore does not have the mountain pass

geometry.

Proposition 4.3.4. 0 6∈ N h.

Proof. This is much simpler to verify than was the case for the Lagrangian action (Proposi-

tions 3.2.5 and 3.3.3). Suppose {zn} is a sequence in Nh such that zn → 0 in H1
(
[0, 1],R2

)
.

The convergence must be uniform so it follows that
∫ 1

0 W (zn) ds→ 0. However from (4.3.3)

we know
∫ 1

0 W (zn) ds = 2h/(2 + k) for all n.

Proposition 4.3.5.

i) Jh restricted to the Nehari manifold Nh is bounded below and coercive,

ii) inf
z∈Nh

Jh(z) > 0.

Proof. i) Using equation (4.3.3) we find that

Jh
∣∣
Nh

(z) =

(
k h

4 + 2k

)∫ 1

0
|ż|2 ds > 0. (4.3.7)

The proof of coercivity is essentially the same as that used in Proposition 3.3.6 for the action

AT
∣∣
NT

. Suppose {zn} is a sequence in Nh such that Jh(zn) is bounded, but ‖zn‖H →∞.

Let un = zn/‖zn‖H . We can assume that (up to a subsequence) un ⇀ ū in H1
(
[0, 1],R2

)
;

in fact the convergence must be strong since otherwise

∫ 1

0
| ˙̄u|2 ds <

∫ 1

0
|u̇n|2 ds =

(
4 + 2k

kh

)
Jh(zn)

‖zn‖2H
→ 0,

which is impossible. It follows that

∫ 1

0
| ˙̄u|2 ds = lim

n→∞

∫ 1

0
|u̇n|2 ds = 0,
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and therefore the limiting curve ū is a fixed point, which by symmetry must located on the

x-axis. However we also have

∫ 1

0
W (ū) ds = lim

n→∞

∫ 1

0
W (un) ds =

2h

2 + k
> 0,

which is a contradiction since W (x, 0) is negative definite. 8

ii) Suppose

inf
z∈Nh

Jh(z) = 0,

and let {zn} be a minimizing sequence: Jh(zn) → 0. The sequence must be bounded in

H1
(
[0, 1],R2

)
since Jh|Nh is coercive. For the same reasons that un → ū strongly above,

we can assume zn → z̄ strongly in H1
(
[0, 1],R2

)
. Then

∫ 1

0
| ˙̄z|2 ds = lim

n→∞

∫ 1

0
|żn|2 ds = lim

n→∞

(
4 + 2k

kh

)
Jh(zn) = 0,

and z̄(s) ≡ (x0, 0) is a fixed point, x0 6= 0 since 0 6∈ N h by Proposition 4.3.4. The continuity

of the embedding H1
(
[0, 1],R2

)
↪→ C

(
[0, 1],R2

)
and the continuity of the potential W imply

that for any ε > 0 ∣∣W (zn(s)
)
−W (x0, 0)

∣∣ < ε ∀ s ∈ [0, 1],

for n sufficiently large. Then W
(
zn(s)

)
< 0 for all s, but this is a contradiction since∫ 1

0 W (z) ds > 0 on Nh.

Theorem 4.3.6. Let Jh be defined by (4.2.2) and assume W satisfies conditions (i-v).

Then there exists z̄ ∈ Nh such that

Jh(z̄) = inf
z∈Nh

Jh(z), (4.3.8)

and q̄(t) = z̄(t/T ) is a solution of (4.2.3) where T is defined by (4.2.7).

8 ū ∈ L0 ∩B+ = ∅ in the terminology of Section 3.3.
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Proof. Let {zn} be a minimizing sequence,

Jh(zn) → inf
z∈Nh

Jh(z) > 0.

{zn} is bounded in H1
(
[0, 1],R2

)
since Jh|Nh is coercive, so we can assume zn ⇀ z̄, zn → z̄

in L2
(
[0, 1],R2

)
, and zn → z̄ uniformly. This implies z̄ ∈ Nh since

∫ 1

0
W (z̄) ds = lim

n→∞

∫ 1

0
W (zn) ds =

(
2

2 + k

)
h.

Then by the lower-semicontinuity of Jh we have

Jh(z̄) ≤ lim
n→∞

Jh(zn) = inf
z∈Nh

Jh(z) ≤ Jh(z̄),

so the infimum on Nh is attained at z̄. It follows from Proposition 4.3.1 that z̄ will be a

critical point of Jh on Γ1. q̄ then provides a solution to (4.2.3) by Proposition 4.2.1 since

Jh(z̄) > 0.

Corollary 4.3.7. Let z̄ be the solution of (4.3.8) and q̄(t) = z̄(t/T ) the corresponding

solution of (4.2.3), where T is determined by (4.2.7). Then q̄(t) has minimal period 2T .

Proof. The argument is based on one found in [59], with modifications to account for our

different boundary conditions. Let z be a critical point of Jh on Γ1. By Proposition 4.2.1,

z can be continued periodically to a solution of (4.2.6) which satisfies z(s+ 1) = σz(s) for

all s ∈ R. Let n ∈ N and consider the “nth repetition of z”, defined to be zn(s) = z(ns),

for s ∈ [0, 1]. Note that zn extends symmetrically also, so long as n is odd:

zn(s+ 1) = z(ns+ n) = σnz(ns) = σzn(s).

Using the symmetry of z(s) and the invariance of W under σ, we find that the values of
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the functional Jh evaluated at these curves are related as follows:

Jh(zn) =

(
1

2

∫ 1

0
n2
∣∣ż(ns)

∣∣2 ds

)(
h−

∫ 1

0
W (z

(
ns)
)

ds

)
=

(
n

2

∫ n

0

∣∣ż(s)
∣∣2 ds

)(
h− 1

n

∫ n

0
W (z

(
s)
)

ds

)
= n2Jh(z). (4.3.9)

Moreover, we can verify from (4.3.3) that zn ∈ Nh if z ∈ Nh. With a little more work we

can check that zn is also a critical point of Jh if n is odd. We calculate the first variation

of Jh at zn is the direction of ξ ∈ TΓ1 to be

δJh
(
zn; ξ

)
=

(∫ 1

0

〈
nż(ns), ξ̇(s)

〉
ds

)(
h−

∫ 1

0
W
(
z(ns)

)
ds

)
−
(

1

2

∫ 1

0
n2
∣∣ż(ns)

∣∣2 ds

)(∫ 1

0

〈
∇W

(
z(ns)

)
, ξ(s)

〉
ds

)
,

=

(∫ n

0

〈
ż(s), ξ̇(s/n)

〉
ds

)(
h−

∫ 1

0
W
(
z(s)

)
ds

)
− n

(
1

2

∫ 1

0

∣∣ż(s)
∣∣2 ds

)(∫ n

0

〈
∇W

(
z(s)

)
, ξ(s/n)

〉
ds

)
.

From the above we can see that δJh
(
zn; ξ

)
= 0 if and only if

∫ n

0

〈
ż(s), ξ̇(s/n)

〉
− nT 2

〈
∇W

(
z(s)

)
, ξ(s/n)

〉
ds = 0,

where T is given by (4.2.7). For a continuous variation ξ, and after integrating the first

term by parts, this is equivalent to

n
〈
ż(s), ξ(s/n)

〉 ∣∣∣∣n
0

− n

∫ n

0

〈
z̈(s) + T 2∇W

(
z(s)

)
, ξ(s/n)

〉
ds = 0.

Admissible variations satisfy ξ(1) = σξ(0); the first term does then vanish because ż(n) =

σż(0) for odd n. The second term vanishes independently since z is a solution of (4.2.6).
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Now let z̄ be the minimizing solution of (4.3.8), and let z̄n be its nth (odd) repetition.

We can reparameterize both curves according to (4.2.5), where the scaling factors are found

from (4.2.7) and satisfy T (z̄n) = nT (z̄). We find that the transformations of z̄ and z̄n are

identical:

q̄n(t) = z̄n(t/nT ) = z̄(t/T ) = q̄(t).

Since z̄ is minimizing, (4.3.9) implies z̄ cannot be a repetition of another curve. This

implies the time parameter T = T (z̄) must be minimal, and the corresponding loop q̄(t)

has minimal period 2T .
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Chapter 5

Qualitative Analysis

“The final aim of the theory of motions of a dynamical system must be
directed towards the qualitative determination of all possible types of
motions and the interrelation of these motions.”

– George Birkhoff

5.1 Brake orbits

By Theorem 4.3.6 we have proven the existence of a family of symmetric, periodic solutions

of the system (4.2.3), parameterized according to their energy, which arise as solutions of

the constrained variational problem (4.3.8). The construction of these solutions uses van

Groesen’s functional (4.2.2) in place of the Lagrangian action; moreover the solutions are

only saddle points of the functional on the function space of symmetric curves we have

considered, being minimal only on a restricted set of curves. Despite these differences

with the hip-hop orbits considered in Chapter 2, the arguments therein can nevertheless

be generalized to the current problem, and we will prove that the (constrained) minimizers

again describe a family of hyperbolic brake orbits.

Ultimately we will that find that the minimizing solutions characterized by (4.3.8) satisfy

the same double-symmetry as the hip-hop orbits, and due to the resulting geometry of the
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curve it is natural to consider intervals of one quarter of the total period. For the sake of

convenience then, we denote the period of the orbits by 4T , consistent with the notation

used in Chapter 2. The symmetry condition is defined over intervals of half the period. We

will adjust the intervals of definition accordingly, beginning by replacing (4.2.3) with the

equivalent system:  q̈ = −∇W (q),

q(t+ 2T ) = σq(t).
(5.1.1)

The potential W is assumed to satisfy all the hypotheses specified in Section 4.3, in partic-

ular it is even, homogeneous, and invariant under σ.

(5.1.1) can be recast as a first order system of equations in Hamiltonian form, with the

Hamiltonian

H(q,p) =
1

2
|q̇|2 +W (q) (5.1.2)

interpreted as the energy of the system. For a prescribed value of the energy h > 0, we

redefine van Groesen’s functional over the interval [−1, 1] to be

Jh : Γ2 → R, Jh(z) =

(
1

2

∫ 1

−1
|ż|2 ds

)(
2h−

∫ 1

−1
W (z) ds

)
. (5.1.3)

Note the small change in the constant term, as compared with the previous definition (4.2.2).

The domain is again taken to be the space of absolutely continuous curves with symmetric

endpoints:

Γ2 =
{
z ∈ H1

(
[−1, 1],R2

) ∣∣∣ z(1) = σz(−1)
}
.

The following is essentially a restatement of Proposition 4.2.1 which relates critical points

of the (redefined) functional Jh to solutions of (5.1.1).

Corollary 5.1.1. q(t) is a solution of (5.1.1) of energy h > 0 if and only if z(t/T ) = q(t)

is a critical point of Jh on Γ2 such that Jh(z) > 0, where
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T =


1

2

∫ 1

−1

|ż|2 ds

2h−
∫ 1

−1

W (z) ds


1/2

. (5.1.4)

By minimizing Jh on the fixed-energy Nehari manifold Nh we can identify a family of

periodic solutions q̄ of (5.1.1), parameterized by their energy:

q̄(t) = z̄(t/T ), Jh(z̄) = inf
z∈Nh

Jh(z), (5.1.5)

where the constraint is now given explicitly by

Nh =

{
z ∈ H1

(
[−1, 1],R2

) ∣∣∣ z(1) = σz(−1),

(
1 +

k

2

)∫ 1

−1
W (z) ds = 2h

}
. (5.1.6)

By Corollary 5.1.1, the minimizing curve satisfies H
(
q̄(t), ˙̄q(t)

)
= h for all t, and can be

continued to be a 4T -periodic solution of (5.1.1). The functional Jh is invariant under

σ hence the solution q̄(t) = z̄(s) is also minimizing over the full period with respect to

σ-symmetric curves; thus the domain of the variational problem (5.1.5) can equivalently 1

be replaced with

Nh =

{
z ∈ H1

(
R/4Z,R2

) ∣∣∣ z(s+ 2) = σz(s),

(
1 +

k

2

)∫ 1

−1
W (z) ds = 2h

}
.

We primarily think of s ∈ [−1, 1], equivalent to t ∈ [−T, T ], as being the fundamental

domain of definition, but we use other intervals of half- or full-period when necessary (or

at least more convenient).

Now we present our proof that the minimizing solutions of (5.1.5) are brake orbits.

The argument is a generalization of the one which appears in Section 2.4. Matters are

complicated in this case by the fact that the solutions are only minimal with respect to a

1 Compare with the equivalent pair of problems (2.2.5) and (2.2.6) which define the hip-hop orbits.
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restricted class of curves. Verifying that the auxiliary curves introduced for the purposes

of the proof can still be constructed to satisfy the integral constraint (5.1.6) is a non-trivial

exercise. Indeed, we have been unable to do so with the constraints of the fixed-period

problems of Chapter 3, even in the simplest simplest case of a homogeneous potential. 2

Theorem 5.1.2. If q̄(t) is a solution of the fixed-energy variational problem (5.1.5) then

q̄(t) is a brake orbit.

Proof. The solution q̄(t) satisfies the prescribed symmetry condition, and a corresponding

condition in the velocity:

q(t+ 2T ) = σq(t), q̇(t+ 2T ) = σq̇(t).

In particular the curve must intersect the x-axis for some t. Without loss of generality we

will assume q̄(0) = q̄(2T ) = (x0, 0). Let q̄(t) = z̄(s), s = t/T . z̄ ∈ Nh so it satisfies (5.1.6);

we can restate the constraint as

∫ 2

0
W (z̄) ds = akh, ak =

4

2 + k
.

Let us first assume that q̄(0) = 0, and we consider all possible directions of the initial

velocity ˙̄q(0). The x-axis is a gradient line of the potential, 3 hence if the initial velocity is

along this axis then the differential equation (5.1.1) decouples into

ẍ = − ∂W
∂x

(x, 0) = − 1

k

(
W (x, 0)

x

)
, y ≡ 0.

Since W (x, 0) < 0 for all x 6= 0, ẍ is the same sign as x. It is plain to see that no solution

of this equation could then satisfy the required symmetry, which reduces to periodicity in

2 Problems (3.3.7) and (3.2.11), with constraints given by (3.3.3) and (3.2.6) respectively.

3 Evaluate σ∇W (σq) = ∇W (q) at q = (x, 0) ∈ fixσ.
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the first coordinate: x(t+ 2T ) = x(t).

The system (5.1.1) is invariant under the action of −σ = diag(−1, 1); it follows that

−σq̄(t) is also a solution. If the initial velocity ˙̄q(0) is along the y-axis, then by the property

of uniqueness of solutions we will have q̄(t) = −σq̄(t). Thus the minimizer must lie only on

the y-axis, and the symmetry condition will ensure that it must be a brake orbit.

Now we consider the case of an initial velocity which is not parallel to either axis. We will

have to make explicit use of the variational problem, with the domain of definition chosen

to be the interval [0, 2]. The minimizing curve q̄(t) = z̄(s) is periodic in the configuration

variables, z̄(0) = z̄(2) = 0, so there must be some time 0 < τ ≤ 2 when the curve first

intersects the y-axis. If τ = 2 then the symmetry of the velocities ˙̄z(2) = σ ˙̄z(0) would

ensure z̄(s) is not smooth at s = 2, so τ < 2. Moreover, the curve must intersect the axis

transversally at s = τ for the same reason. 4 We have z̄(τ) = −σz̄(τ), and we can define a

non-smooth curve as follows:

ẑ(s) =

 z̄(s) 0 ≤ s ≤ τ,

−σz̄(s) τ < s ≤ 2.

We have ẑ(2) = σẑ(0) = 0, and ẑ(s) is indeed a curve in the Nehari manifold since

∫ 2

0
W (ẑ) ds =

∫ τ

0
W (z̄) ds +

∫ 2T

τ
W (−σz̄) ds =

∫ 2

0
W (z̄) ds = akh.

Moreover we find that find that

Jh(ẑ) = Jh(z̄) = inf
z∈Nh

Jh(z),

which is a contradiction since minimizing curves must be smooth.

Now if z̄(0) 6= 0, we prove by contradiction that z̄ does not intersect itself transversally

at this point.

4 Otherwise, z̄(s) will run along the y-axis for τ ≤ s ≤ 2 and fail to be smooth at s = 2.
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Figure 5.1: Constructing a non-smooth curve from z̄, given a transverse self-intersection at
z̄(0)=0.

Claim. There exists 0 < τ < 2 such that

∫ τ

0
W (z̄) ds =

akh

2
τ . 5

This can be verified by considering the continuous function

f(r) =

∫ r

0
W (z̄) ds − akh

2
r.

Note that f(0) = f(2) = 0. Since the potential is negative definite on the x-axis, there

exists r1 and r2 such that W
(
z̄(r)

)
< 0 and

f ′(r) = W
(
z̄(r)

)
− akh

2
< 0,

for 0 ≤ r < r1 and r2 < r ≤ 2. It follows that f(τ) = 0 for some r1 < τ < r2.

Given τ as defined above, note that we also have

∫ 2

τ
W (z̄) ds =

akh

2
(2− τ).

5 This holds even if z̄(0) = 0.
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5.1. BRAKE ORBITS

Figure 5.2: Constructing non-smooth curves from z̄, given a transverse self-intersection at
z̄(0) 6=0.

Now we define two piece-wise smooth curves by combining and reparameterizing segments

of the minimizer as follows:

z1(s) =

 z̄(−2− τs) −1 ≤ s ≤ 0,

z̄(τs) 0 < s ≤ 1,
z2(s) =

 z̄
(
(2−τ)s

)
−1 ≤ s ≤ 0,

z̄
(
2− (2−τ)s

)
0 < s ≤ 1.

Integrating the potential along these curves we find

∫ 1

−1
W (z1) ds =

2

τ

∫ τ

0
W (z̄) ds = akh,

∫ 1

−1
W (z2) ds =

2

2−τ

∫ 2

τ
W (z̄) ds = akh,

so both curves are elements of the Nehari manifold Nh. Now evaluating Jh using equation

(5.1.3) with (5.1.6) we have

Jh(z̄) = bkh

∫ 1

−1
| ˙̄z|2 ds,

Jh(z1) = bkh

∫ 1

−1
|ż1|2 ds = 2bkhτ

∫ τ

0
| ˙̄z|2 ds,

Jh(z2) = bkh

∫ 1

−1
|ż2|2 ds = 2bkh(2−τ)

∫ 2

τ
| ˙̄z|2 ds,
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where bk = k/(4 + 2k). Since z̄ is minimizing on Nh we have

Jh(z̄) ≤ Jh(zi), i = 1, 2.

Claim. τ = 1.

Let

A = bkh

∫ τ

0
| ˙̄z|2 ds > 0, B = bkh

∫ 2

τ
| ˙̄z|2 ds > 0.

Then the previous inequality can be expressed as the system of inequalities

 A+B ≤ 2τA,

A+B ≤ 2(2− τ)B.

The second inequality can be rearranged to give

(3− 2τ)B ≥ A > 0,

so τ < 3/2. Substituting into the first inequality, we then find

(2τ − 1)A ≥ B ≥ A

3− 2τ

⇒ (2τ − 1)(3− 2τ) ≥ 1

⇔ −4τ2 + 8τ − 4 ≥ 0

⇔ 4(τ − 1)2 ≤ 0,

which is satisfied only if τ = 1.

If τ = 1, then A = B and

Jh(z1) = Jh(z2) = Jh(z̄),

which is a contradiction since the minimum cannot be attained on paths which are not

smooth.
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The orbit q̄(t) = z̄(s) then does not intersect itself transversally at q̄(0), and we conclude

that the initial velocity ˙̄q(0) is either perpendicular or parallel with the x-axis. The periodic

boundary condition in the first variable precludes the latter possibility, as seen earlier. Using

the symmetry condition we can then show that q̄(t) is a brake orbit exactly as in the proof of

Theorem 2.4.1 for the hip-hop orbit, and q̄(t) does not intersect the x-axis for 0 < s < 2.

5.2 Instability

Let φt denote the flow of the Hamiltonian vector field X = XH corresponding to the

Hamiltonian (5.1.2), and let γ(t) = φt(γ(0)) denote the solution of (5.1.5) in phase space.

We assume without loss of generality that the initial condition of the solution is

γ(0) = (x0, 0, 0, Y0) ∈ fixS,

where S = diag(σ,−σ). The linearization of system (5.1.1) along the orbit γ(t), is given in

Hamiltonian form by

ζ̇ = J D2H
(
γ(t)

)
· ζ, (5.2.1)

Solutions of the linearized equations are defined by tangent variations, or Jacobi fields, of

the form

ζ(t) =
(
ξ(t),η(t)

)
∈ Tγ(t)T

∗R2, ζ(t) = dφt
(
ζ(0)

)
.

The space J of Jacobi fields can be decomposed exactly as in Chapter 2; here we will

state the analogue of Proposition 2.5.1, without repeating the identical proof.

Proposition 5.2.1. Assume γ(t) is non-degenerate. 6 The Jacobi fields along γ(t) form a

four dimensional linear symplectic space, which may be decomposed as J = Λa ⊕Λb, where

Λa is a symplectic subspace containing the flow direction X, and Λb is a complementary

6 ker
(
P − I

)
6= span

{
X
(
γ(0)

)}
, where P = dγ(0)φ4T .
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symplectic subspace of isoenergetic Jacobi fields which are transverse to the flow. Both Λa

and Λb may be chosen to be invariant under the period map P = dφ4T . 7 Moreover,

J contains a three dimensional subspace W consisting of Jacobi fields which satisfy the

symmetric boundary conditions ξ(T ) = σξ(−T ). W contains the flow direction X, and

W ∩ Λb is a (one dimensional) Lagrangian subspace of Λb.

The next proposition shows that a subspace of Jacobi fields have a natural connection

to the constrained variational problem (5.1.5), which uses van Groesen’s functional instead

of the Lagrangian action.

Proposition 5.2.2. Let ζ(t) =
(
ξ(t),η(t)

)
be an isoenergetic Jacobi field which satisfies

the symmetric boundary condition ξ(T ) = σξ(−T ). Then ξ(s) = ξ(t), t = Ts, is tangent

to Nh.

Proof. Jacobi fields correspond to variations through critical curves of the Lagrangian ac-

tion; critical curves having the prescribed energy can be reparameterized to be critical

points of Jh by Proposition 4.2.1. Given a curve of initial conditions ε 7→
(
q0(ε),p0(ε)

)
∈

H−1(h) ∩ fixS satisfying
(
q0(0),p0(0)

)
= γ(0), we can define a family of critical curves(

qε(t),pε(t)
)

= φt
(
q0

(
ε),p0(ε)

)
, such that

ξ(t) =
∂

∂ε
qε(t)

∣∣∣∣
ε=0

, η(t) = ξ̇(t),

defines a isoenergetic Jacobi field ζ(t) =
(
ξ(t),η(t)

)
along γ(t) which will satisfy the bound-

ary condition ξ(T ) = σξ(−T ). With initial conditions as specified, zε(s) = qε(t) then de-

fines curves in the Nehari manifold Nh under the reparameterization t = Ts. The manifold

can be defined in terms of a constraint functional, which we can take to be

G(z) =

∫ 1

−1
W (z) ds,

7 Note that the invariance of Λb is again not known a priori, but can be verified later.
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so Nh = G−1(akh). 8 Since G(zε) ≡ akh it follows that

δG(z̄; ξ) =
d

dε
G(zε)

∣∣∣∣
ε=0

= k

∫ 1

−1

〈
∇W (z̄), ξ

〉
ds = 0,

so ξ ∈ Tz̄Nh.

Lemma 5.2.3. Let z(s) ∈ Nh be a critical point of Jh, and let ξ(s) be an isoenergetic

Jacobi field along z(s). Then the second variation of Jh at z in the direction of ξ is given

by

δ2Jh
(
z; ξ
)

= ckh
〈
η(s), ξ(s)

〉 ∣∣∣1
−1
, (5.2.2)

where ck = k/(2 + k).

Proof. First we calculate the second variation in the direction of the Jacobi field ξ to be

δ2Jh
(
z; ξ
)

=

(∫ 1

−1
|ξ̇|2 ds

)(
2h−

∫ 1

−1
W (z) ds

)

− 2

(∫ 1

−1

〈
ż, ξ̇

〉
ds

)(∫ 1

−1

〈
∇W (z) , ξ

〉
ds

)

−
(

1

2

∫ 1

−1
|ż|2 ds

)(∫ 1

−1

〈
D2W (z) ξ , ξ

〉
ds

)
.

Isoenergetic fields are tangent to the Nehari manifold and satisfy

∫ 1

−1

〈
∇W (z), ξ

〉
ds = 0,

as seen in the proof of Proposition 5.2.2; so the second term in δ2Jh
(
z; ξ
)

vanishes. From

the constraint condition (5.1.6) we have

2h −
∫ 1

−1
W (z) ds =

(
2− 4

2 + k

)
h = ckh.

8 ak = 4/(2 + k) as defined previously.
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Now substituting for the parameter T defined in equation (5.1.4), we find

δ2Jh
(
z; ξ
)

= ckh

(∫ 1

−1
|ξ̇|2 ds − T 2

∫ 1

−1

〈
D2W (z) ξ , ξ

〉
ds

)
= ckh

(〈
η, ξ

〉 ∣∣∣1
−1
−
∫ 1

−1

〈
ξ̈ + T 2 D2W (z) ξ , ξ

〉
ds

)
,

where the first term has been integrated by parts. Finally in the latter term we recognize

a reparameterization of the linearized equation (5.2.1), which is identically zero.

As in Section 2.5 we will consider the Lagrange plane of isoenergetic Jacobi fields satis-

fying the symmetric boundary condition,

Λσ = W
∣∣
TH−1(h)

= span
{
X, λ

}
, (5.2.3)

where λ ∈ W ∩ Λb. In light of proposition 5.2.2, we can see that Λσ remains suitable for

analyzing the stability of the minimizer, with the minor technicality that the fields should

properly be reparameterized according to t = Ts whenever we wish to invoke the minimality

of q̄(t) = z̄(s). 9

Proposition 5.2.4. On the interval −T ≤ t ≤ T the Lagrange plane Λσ has focal points

only at the brake points t = ±T .

Proof. The argument is essentially the same as that used for the hip-hop. It can be shown

exactly as in Propositions 2.5.2 and 2.5.4 that focal points of Λσ must appear in pairs at

±τ where 0 < τ ≤ T . With the exception of the brake points at ±T , these focal points do

not occur in the same Jacobi field. If there does exist a focal point at some time τ < T then

there are (at least) three focal points of Λσ over the interval (−T, T ], and Theorem 2.5.3

then implies the existence of a point t = τ conjugate to t = −T such that the Jacobi field

ζ(t) =
(
ξ(t),η(t)

)
containing this conjugate point is independent of the flow direction. 10

9 As in the statement of Proposition 5.2.2, we will simply write ζ(t) = ζ(s) when reparameterizing Jacobi
fields, and avoid the needless confusion of additional symbols.

10 Refer to the proof of Proposition 2.5.4 for more details.
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The verticality ofX
(
γ(−T )

)
implies the vertical space V−T is isoenergetic; reparameterizing

the field in question by setting t = Ts, it follows that ξ(s) is tangent to Nh.

The curve z̄(s) = q̄(t) is minimizing on Nh over the interval [−1, 1] subject to the

boundary condition z(−1) = σz(1), hence an interior conjugate point at s = τ/T < 1

would contradict the property of minimization on this interval. If the endpoint s = 1 is

conjugate, we can extend the field ζ(s) to the interval [−1, 3] by setting ζ(s+ 2) = σ∗ζ(s)

for −1 ≤ s ≤ 1. If this extension is smooth at s = 1 then ζ(s) defines a doubly-symmetric,

4-periodic Jacobi field which is independent of the flow direction, violating the assumption

of non-degeneracy. On the other hand, if this extension is not smooth, this will contradict

the minimality of z̄(s) over the interval [−1, 3] since δ2Jh
(
z̄; ξ
)

= 0.

Remark. Note that Theorem 2.5.3 is explicitly required in this proof, unlike the case of

the hip-hop where we found that the weaker inequality of Arnold suffices to prove the

result [28]. While Arnold’s inequality is sufficient to show the existence of conjugate points

if Λσ admits additional focal points, it does not ensure these occur along an isoenergetic

field – a requirement now that we are working on the Nehari manifold Nh.

We can investigate the non-trivial characteristic multipliers of the orbit by modding

out the flow direction X(γ(t)) from the tangent spaces Tγ(t)H
−1(h) and considering the

evolution of the linearized system in the resulting quotient bundle. Significantly, the plane

Λσ becomes focal point free in the quotient space. The details of this reduction are identical

to the previous result for the hip-hop – Proposition 2.5.5 – so we do not repeat the proof

here.

Proposition 5.2.5. The quotient bundle TH−1(h)
/
X is symplectic, with symplectic form

given by ω̌
([
ζ1

]
,
[
ζ2

])
= ω(ζ1, ζ2). The linearized Hamiltonian flow dφt projects to a

Hamiltonian flow on TH−1(h)
/
X, defined by φ̌t

[
ζ
]

=
[
dφtζ

]
. The projection of Λσ into

TH−1(h)
/
X is a (one dimensional) Lagrange plane which is focal point free in TH−1(h)

/
X

on the interval −T ≤ t ≤ T .
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We identify the one-dimensional reduced plane
[
Λσ
]

with its representative, the trans-

verse Jacobi field λ. The relative Poincaré map on the tangent space Tγ(−T )H
−1(h) is

defined just as before:

Φ = σ∗◦ dγ(−T )φ2T

∣∣∣
TH−1(h)

. (5.2.4)

Recall that Φ2 = P is the linearized Poincaré map on the energy surface. Projecting the

action of this mapping into the quotient bundle, we consider the iterated Lagrange planes

Φnλ−T in the tangent plane

TH−1(h)
/
X
∣∣∣
γ(−T )

= Tγ(−T )H
−1(h)

/
X
(
γ(−T )

)
.

The proof of the next result is also exactly the same as its analogue, Proposition 2.5.6.

Proposition 5.2.6. If γ(t) is non-degenerate, then consecutive pairs of the Lagrange planes

Φnλ−T are transverse.

Proposition 5.2.7. The Lagrange planes Φnλ−T have no focal points on the interval 0 ≤

t ≤ 2T .

Proof. The proof is essentially the same as that of Proposition 2.5.7. By Lemma 5.2.3, we

can once again related the signed area form ω̌ to the second variation of the functional –

now Jh instead of the Lagrangian action – to determine an orientation of the planes λ−T

and Φλ−T . Specifically, we have

ω̌
(
λ−T , Φλ−T

)
= ω

(
λ−T , Φλ−T

)
=

〈
η(T ), σξ(−T )

〉
−
〈
η(−T ), σξ(T )

〉
=

〈
η, ξ

〉 ∣∣∣T
−T

=
(

1
ckh

)
δ2Jh

(
z̄; ξ
)
> 0,

where the last line follows from the reparameterization t = Ts and invoking the minimality

of z̄(s). Now given this orientation and the fact that λ−T is focal point free on [0, 2T ], the
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comparison theorem allows us to conclude that Φλ−T is focal point free on the same interval.

Since the symplectic mapping Φ preserves the symplectic form, we have ω̌(Φλ−T ,Φ
2λ−T ) >

0. We have established that Φλ−T is focal point free on [0, 2T ]; now comparing with Φ2λ−T

and using the orientation supplied by the symplectic form ω̌, we conclude that Φ2λ−T is

focal point free on the interval [0, 2T ] as well. We can then proceed inductively, repeating

this argument for all the following consecutive pairs of iterates Φnλ−T .

The next result follows as an immediate consequence and appeared previously as Propo-

sition 2.5.8, with a complete proof provided.

Corollary 5.2.8. The Lagrange plane λt of isoenergetic variations transverse to the flow

is focal point free on the interval −T ≤ t <∞.

Theorem 5.2.9. If the minimizing solution γ(t) is variationally non-degenerate then it is

linearly unstable. If γ(t) is dynamically non-degenerate then it is hyperbolic in the energy

surface H−1(h).

Proof. The final argument is essentially the same as that used to prove the result for the

hip-hop orbits. We will give the complete argument for the degenerate case since the details

of the calculation are somewhat different, and summarize the non-degenerate case since the

proof is unchanged fom Theorem 2.5.9.

So we suppose that ker (P − I) contains directions other than the initial flow direction

X(γ(0)), and verify that the geometric multiplicity of +1 as an eigenvalue of P cannot

be bigger than two – this will imply that the linearized Poincaré map is unstable. Repa-

rametering all Jacobi fields according to t = Ts as usual, we note that s = 0 and s = 2

cannot be conjugate. If they were, then we may choose a Jacobi field ζ(s) =
(
ξ(s),η(s)

)
,

0 ≤ s ≤ 2, such that ξ(0) = ξ(2) = 0. Extending the field symmetrically to the interval

[0, 4] by setting ζ(s) = σ∗ζ(s− 2) for 2 < s ≤ 4, we find that the second variation of Jh –

calculated over the full period [0, 4] – vanishes: δ2Jh
(
z̄; ξ
)

= 0. This is a contradiction if

the variational problem is non-degenerate.
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Since 0 and 2 are not conjugate, we may take ζ(s) to be an isoenergetic Jacobi field

which satisfies ξ(0) = σξ(2), ξ(0) 6= 0. This field must be 4-periodic, and if it is naturally

doubly symmetric then it will satisfy δ2Jh
(
z̄; ξ
)

= 0, contradicting the (variational) non-

degeneracy. If ζ(s) is not doubly-symmetric, we can construct two symmetrized broken

Jacobi fields:

ζ1(s) =

 ζ(s) 0 ≤ t ≤ 2,

σ∗ζ(s− 2) 2 < s ≤ 4,
ζ2(s) =

 σ∗ζ(s+ 2) 0 ≤ s ≤ 2,

ζ(s) 2 < s ≤ 4.

Calculating second variations of Jh according to Lemma 5.2.3, we find

(
1
ckh

)
δ2Jh(z̄; ξ1) =

〈
η1, ξ1

〉 ∣∣∣2
0

+
〈
η1, ξ1

〉 ∣∣∣4
2

=
〈
η(2), ξ(2)

〉
−
〈
η(0), ξ(0)

〉
+
〈
ση(2), σξ(2)

〉
−
〈
ση(0), σξ(0)

〉
= 2

〈
η(2)− ση(0), ξ(2)

〉
> 0,

where the inequality follows from the minimality of z̄(s). However we also have

(
1
ckh

)
δ2Jh(z̄; ξ2) =

〈
η2, ξ2

〉 ∣∣∣2
0

+
〈
η2, ξ2

〉 ∣∣∣4
2

=
〈
ση(0), σξ(0)

〉
−
〈
ση(2), σξ(2)

〉
+
〈
η(0), ξ(0)

〉
−
〈
η(2), ξ(2)

〉
= 2

〈
ση(0)− η(2), ξ(2)

〉
< 0,

which is a contradiction.

The proof for the non-degenerate case is exactly the same as Theorem 2.5.9. Provided

that the algebraic multiplicity of +1 is not 4, the plane TH−1(h)
/
X
∣∣
γ(−T )

defines an

invariant cross-section for the linear Poincaré map P. Using the fact that the curve λt is

focal point free in the quotient bundle TH−1(h)
/
X, and the orientation implied by the

inequality ω̌(Φnλ−T ,Φ
n+1λ−T ) > 0, we may locate the stable and unstable subspaces of
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γ(t) in the cross-section by taking the limits of λ−T and the vertical plane V−T under

forward and backward iterations by Φ and P = Φ2 :

β = lim
n→∞

Φnλ−T = lim
n→∞

PnV−T ,

and

α = lim
n→∞

P−nV−T ,

respectively. Moreover, this argument actually allows us to exclude the possibility that the

eigenvalue +1 has algebraic multiplicity 4 but geometric multiplicity 1 – in which case the

orbit would be non-degenerate but not hyperbolic. We may construct two one-dimensional

invariant subspaces in the quotient space as above, but this forces P
∣∣
TH−1(h)/X

= I which

is a contradiction since ω̌(λ−T ,Pλ−T ) > 0.
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Chapter 6

Final Remarks

“If I have seen further, it is by standing on the shoulders of giants.”

– Isaac Newton

In this thesis we have investigated two quite dissimilar systems: a special case from the

2N -body problem, and a class of planar problems with homogeneous potential functions.

Our studies of these two examples are linked through the method used to determine the

stability type of certain symmetric periodic solutions which appear in both cases.

In the case of the hip-hop solutions of the 2N -body problem, there were two primary

obstacles preventing a direct translation of the arguments of [41]. The first issue is that –

as conjectured early on by Chenciner and Venturelli [14] – these solutions are brake orbits,

leading to the appearance of focal points along the minimizing solutions. Secondly, the

orbits are not globally minimizing in the reduced space where our geometric arguments can

most naturally be formulated.

In the latter case, we have considered a general class of problems – with certain restric-

tions. The conditions we have imposed on the potential functions considered here may seem

somewhat arbitrary, though we have attempted to illustrate in Sections 3.1 and 4.1 how

they evolved from our interest in certain historical problems. Nevertheless, we have demon-

strated how the methods used in [41] and for the hip-hops can, in principle, be extended to
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apply to periodic solutions which arise as saddle points and not only global minimizers.

Let’s also recall the result of Hu and Sun [27] mentioned in Section 1.2, who demon-

strated firstly that the Conley-Zehnder index µ can be calculated by

µ = m+ dim ker(S − I)

where m is the Morse index, and secondly, that instability results when µ is odd. This

result was inapplicable in the case of the hip-hop orbits, for which S = −I and all terms are

identically zero. For our family of minimizers on the Nehari manifold, S = σ and the Morse

index would appear to be one since that is the co-dimension of the manifold. It follows that

µ = 2 and their result seemingly again does not apply, but for rather different reasons.

Naturally we hope that our arguments will prove useful for a wider class of problems

than we have studied here. In particular, there are several quite specific aspects where we

hope our result can be expanded upon in the future. Here we will highlight several of these,

in order as they appeared in the text.

i) We have considered homogeneous potentials, and for technical reasons the problem is

more tractable if the degree is even. In a purely heuristic sense however, the odd case

does not seem so different, so we hope this restriction might be lifted.

ii) We proved the existence of symmetric solutions in the case of potentials which also

include a small quadratic term. It would seem that our original motivating problem

– the Hénon-Heiles system – remains out of reach, but it would be interesting to

know how large a quadratic term is allowable. Our arguments are closely based

on [12], where the same restriction pertains; that is, solutions can be shown to exist

analytically only for a small range of parameters above the lowest eigenvalue. It would

then seem difficult to remove this restriction using the current approach.

iii) We proved the existence of symmetric solutions having prescribed period, but were

unable to determine any additional qualitative properties. The essential approach
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taken in Theorems 2.4.1 and 5.1.2 can be applied if only a way can be found to

construct broken fields tangent to the Nehari manifold, but this seems more difficult

than in the fixed-energy case. A conclusive result one way or the other is desirable; a

numerical approach might be tempting in this case.

iv) In the fixed energy case, we proved the existence of symmetric solutions in the homo-

geneous case only. With an additional quadratic term included, the defining condition

of the Nehari manifold for van Groesen’s functional Jh doesn’t seem to lend itself to

grouping quadratic and higher-order terms separately, as compared to the action AT .

However, a significant part of the argument for the fixed-period problem relates to

this exact detail.

Speaking more generally now, without new techniques it may prove difficult to locate

other brake orbits as minimizers on the Nehari manifold due the afore-mentioned difficulty

in constructing admissible broken fields, which lie at the heart of some key proofs. Our

proofs are quite constructive in nature, and even the following growth condition

0 ≤ kW (q) ≤ ∇W (q) · q

– popularized by Ambrosetti and Rabinowitz [2] and now classical in minimax theory –

may be too vague for our methods to be applied, though homogeneity is even included as

a special case.

For the more “basic” question of the existence of solutions, specifically for the N -body

problem, the method of the Nehari manifold may have great potential. Underlying our study

is the breakthrough of Chenciner and Montgomery [13] on the construction of symmetric

orbits, as described in Section 1.1. Their result has been quickly followed by others, such

as [13, 14, 41], but to date all the identified symmetric solutions arise as global minimizers

of the Lagrangian action (on the appropriate loop spaces). It will be interesting to see the

dynamics that may be associated instead with saddle points – whether they be located by
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minimization on the Nehari manifold, by the Mountain-Pass Theorem, or other methods.

Also worth reiterating is the possibility of using van Groesen’s modified Jacobi functional

Jh as an alternative to other more well known variational principles – indeed, this functional

seems under-used in the literature. As mentioned very briefly in the Introduction, the

functional has – to our knowledge – been used in the context of the N -body problem only

by Ambrosetti and Coti Zelati in [4]. Here they have proven the existence of a collision-free

solution by minimizing Jh on the Nehari manifold Nh subject to the same cyclic, “anti-

symmetric” condition used for the hip-hop:

q(s+ 1/2) = −q(s).

Further exploration along these lines but with additional boundary conditions is unfor-

tunately beyond the scope of this thesis, so for now we can again only hope for what

developments the near future may hold.
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(1984), no. 5, 401–412.

[10] V. Benci, F. Giannoni. A new proof of the existence of a brake orbit. Advanced topics

in the theory of dynamical systems (Trento, 1987), 37–49. Notes Rep. Math. Sci. Engrg.

6, Academic Press, Boston, MA, 1989.

[11] V.S. Bondarchuk. Morse index and deformations of Hamiltonian systems. Ukrain.

Math. Zhur. 36, 338–343.

[12] K.J. Brown, Y. Zhang. The Nehari manifold for a semilinear elliptic equation with a

sign-changing weight function. J. Diff. Eqns. 193 (2003), no. 2, 481–499.

[13] A. Chenciner, R. Montgomery. On a remarkable periodic orbit of the three body

problem in the case of equal masses. Ann. Math. 152 (2000), no. 3, 881–901.

[14] A. Chenciner, A. Venturelli. Minima de l’intégrale d’action du problème Newtonien de
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