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Abstract 

Blasts and impacts are two of the severest loads a structure can experience. Blast 

experimenters, however, have observed that the load imparted to a circular member was 

lower than the predicted design load. Additionally, numerous investigations have 

established the superiority of concrete filled FRP tubes (CFFTs) over conventional 

reinforced concrete members. These observations indicated CFFTs’ potential to resist 

dynamic blast and impact loads. The experimental and numerical investigations presented 

in this thesis aimed to demonstrate the suitability of CFFTs to resist blast and impact 

loads, to determine the parameters that influence their behaviour under such loads, and to 

develop a design procedure for resisting these loads. The initial numerical investigation 

determined the reflected blast loading parameters experienced by a circular cross section. 

The experimental phase consisted of testing twelve full scale specimens, two 

monotonically, four under impact loading, and six under close-in blast loading. The 

monotonically tested specimens acted as controls for the entire program. The results of 

the impact testing investigation were used to develop and validate a non-linear single 

degree of freedom (SDOF) model. This impact phase also led to the development of 

relatively simple procedures for designing CFFTs under impact loading using either 

SDOF modeling or the conservation of energy. Analysis of the blast testing results led to 

the development of numerical procedures for obtaining an equivalent close-in blast 

loading for SDOF analysis of CFFTs and Pressure-Impulse diagrams. The use of SDOF 

modeling and conservation of energy in blast design were also discussed. Finally, a non-

linear explicit dynamic model of CFFTs was developed using the commercial software 



ABSTRACT 
 

ii 

ANSYS Autodyn. This model was verified using the experimental impact and blast test 

results and used to conduct a parametric study. The results of these investigations 

indicated that CFFTs were particularly suitable for blast and impact resistant applications, 

as their geometry diffracted blast waves and the addition of the tube increased their 

energy absorbing capacity significantly giving them additional strength and ductility. The 

tube also confined and protected the concrete core and simplified construction. 
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Dedication 
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Quotations 

“Ut tensio sic vis” 

Robert Hooke 

“Actioni contrariam semper et æqualem esse reactionem” 

Sir Isaac Newton 
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Chapter 1 

Introduction 

1.1 GENERAL 

Civil engineering structures are typically treated in a static manner where the applied 

forces are in equilibrium and do not induce dynamic motion. In the case of blast and 

impact loading, however, the applied forces are not in equilibrium, and the structure is set 

in motion, requiring a dynamic analysis to determine response. This dynamic situation 

also requires adjusting the design process, especially in cases where the rate of motion is 

rapid, as the behaviour of many construction materials, such as steel and concrete, is rate 

dependent. Blast loading on circular cross sections adds the complication of the 

diffraction of the blast wave to determining the applied loading. Although, this diffraction 

is potentially an advantage of circular cross sections, as less energy is imparted to the 

member, this phenomenon had not yet been quantified and utilized in analysis and 

design.  

Extensive research has demonstrated that casting reinforced concrete into FRP tubes 

significantly enhanced the structural performance of the system when compared to its 

individual components under static conditions. While the FRP tube’s geometry makes it 

susceptible to buckling, and reinforced concrete is easily cracked and damaged by the 

elements, combining the two results in a superior system. In addition to the added 

strength and confinement that the FRP tube provides, it contains and protects the 

concrete. It is evident that the containment and protection of the concrete core by the FRP 

tube makes this system particularly suitable for blast and impact resistant design. This has 
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motivated investigating their behaviour under impulsive dynamic blast and impact 

loading. 

This investigation had experimental and numerical components. The experimental 

components consisted of testing twelve full scale specimens, two monotonically that 

acted as benchmarks, four under impact loading, and six under blast loading. The first 

numerical component studied the diffraction of blast waves around circular cross sections 

and the second looked into modeling the concrete filled FRP tube (CFFT) system under 

blast and impact loading using the commercial software ANSYS Autodyn. The remainder 

of this thesis will discuss these investigations and their results in detail. 

1.2 PROBLEM STATEMENT 

Any improvement in the performance of structural members subjected to impulsive 

dynamic loading, as occurs during a blast or an impact, can save lives and property. 

Previous research indicated that encasing concrete members in a GFRP tube protected the 

concrete and increased the members strength and ductility. Blast testing on circular 

columns has shown that they experience significantly less damage than predicted. Thus, 

the following problems presented themselves for investigation: 

1. Whether circular cross sections experienced a reduced blast loading due to 

diffraction and, if so, if it was possible to quantify those reduced parameters for 

use in analysis and design. 

2. Whether encasing reinforced concrete members with GFRP tubes would improve 

their performance under blast and impact loading. If it was possible to quantify 



CHAPTER 1 
 

3 

this improvement and develop a procedure for designing these members, or for 

assessing their residual capacity in case of damage. 

3. Whether the parameters that affect the response of CFFTs to blast (and possibly 

impact) loading can be identified and the sensitivity of the response to changes in 

these parameters can be quantified.  

1.3 OBJECTIVES OF THE RESEARCH 

The objectives of the diffraction numerical investigation was to develop a procedure for 

estimating the equivalent reflected blast pressure and impulse acting on a circular cross 

section from the readily available design chart values.  

The aim of the overall experimental investigation was to examine the feasibility of using 

FRP tubes as stay-in-place forms that provide additional capacity and protection to a 

reinforced concrete core in the event of exposure to an impulsive load. More specifically, 

the aim of the monotonic experimental phase was to provide control and benchmark 

specimens for the program. While the objective of the impact experimental investigation 

was to develop impact design guidelines for CFFTs by determining their capacity to 

resist impact loads and their dynamic behaviour when subjected to such loads. Finally, 

the aim of the blast experimental program was to quantify CFFTs’ capacity to resist blast 

loads, and to develop blast design pressure-impulse (P-I) diagrams for this structural 

system. 

The aims of the numerical modeling investigation were to develop a validated numerical 

model that captured the full dynamic response of CFFTs including their interaction with 

the blast wave or impact hammer and the full behaviour of the FRP tube. The second aim 
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was to use this numerical model to conduct a parametric study to further investigate the 

dynamic behaviour of CFFTs under blast loading, possibly to make updated design 

recommendations for the system. 

1.4 SCOPE OF THE RESEARCH 

The scope of the investigations undertaken in this study was limited as follows: 

1. The scope of the diffraction numerical investigated was restricted to common 

North American construction sizes and close-in blasts. 

2. The scope of the impact testing phase was the study of the effects of the presence 

of the GFRP tube and the internal steel reinforcement ratio on dynamic impact 

behaviour. 

3. The scope of the blast testing phase was the study of the effects of the presence of 

the GFRP tube, the internal steel reinforcement ratio, and the size of the blast on 

the behaviour of CFFTs.  

4. The scope of the numerical parametric study was to investigate the effect of the 

reinforcement ratio, blast size, and diameter on the dynamic behaviour of CFFTs 

under close-in blasts.  

1.5 OUTLINE OF THE WORK 

Chapter 1 presented a general introduction and a discussion of the problem and the 

objectives and the scope of the research as well as this brief outline of the thesis. 
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Chapter 2 presents a review of the research to date on Concrete Filled FRP Tubes 

(CFFTs), the behaviour of concrete under impact, blast testing, blast resistant design, and 

the use of FRP for blast strengthening and rehabilitation. 

Chapter 3 presents a numerical investigation of the diffraction of blast waves around a 

circular cross section that resulted in simple formulas for estimating the resulting 

parameters. 

Chapter 4 presents the experimental results of the impact testing phase, the details of the 

derivation of a non-linear SDOF model, its verification against the experimental results, 

and its use, or the use of conservation of energy, for impact resistant design of CFFTs. 

Chapter 5 presents the experimental observations of the blast testing phase of CFFTs 

and the derivation of the blast related inputs of the SDOF model, in particular the use of 

ANSYS Autodyn for deriving the equivalent SDOF forcing function corresponding to a 

close-in highly impulsive blast. This chapter also outlines a procedure for the 

development of Pressure-Impulse diagrams for CFFTs, which are the main blast design 

tool. 

Chapter 6 presents the development, verification, and parametric results of a model of 

CFFTs developed using ANSYS Autodyn. The model captures the material and 

geometric non-linearities of CFFTs, in addition to the interaction of the member and the 

blast loading.  

Chapter 7 presents a summary of the work, the main conclusions, the contributions to 

knowledge, and the recommendations of the investigation for future research. 

Appendix A contains the ancillary material tests. 
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Appendix B contains the flowcharts for the SDOF numerical integration scheme and the 

derivation of the equivalent resistance functions. 

Appendix C presents the VBA SDOF model code. 

Appendix D Presents supplementary material and the complete results of the parametric 

study. 
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Chapter 2 

Literature Review 

2.1 INTRODUCTION 

This chapter presents the up to date research on the three topics covered by this research 

project, namely the concrete-filled FRP tube system, impact loading on concrete 

members, and blast loading on structures and members. The section dealing with concrete 

filled FRP tubes addresses their development and application. The impact loading section 

covers impact loading procedures on reinforced concrete members and investigates the 

use of FRP to strengthen the members against impact. The blast section covers the 

difficulties encountered in blast testing, analysis, and design, and covers the blast 

performance of concrete members, structures, and FRP strengthened concrete members. 

Research on concrete-filled steel tubular members is included due to the similarities with 

the members using the FRP tubes filled with concrete studied in this project. 

2.2  CONCRETE FILLED FRP TUBES (CFFTS) 

The high strength to weight ratio of FRP tubes makes them highly desirable as 

construction materials, however, hollow thin tubes rarely achieve their maximum strength 

as they tend to fail prematurely by local buckling. Filling the tubes with concrete has 

been thoroughly researched as a solution to that problem. Son and Fam [1] built a finite 

element model that predicted and compared the behaviour of hollow and concrete filled 

GFRP tubes. The model also predicted whether the tube failed by local buckling or 

material failure. It was found that the flexural strength of the members was increased as 

the proportion of fibers in the longitudinal direction increased. It was also found that for 
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hollow thin walled tubes, the ultimate strength appeared somewhat independent of fiber 

orientation when the dominant failure mode was local buckling. Finally, they concluded 

that filling the tubes with concrete tended to increase the flexural strength in most cases. 

In a subsequent study of hollow GFRP tubes, Fam et al. [2] conducted a numerical finite 

element analysis of cantilevered hollow thin walled slender GFRP tubes under combined 

axial and lateral loads as shown in Figure 2-1. The model accounted for both material and 

geometric non-linearities. The study investigated the effect of the diameter, length, and 

tube thickness on the combined axial and moment capacities of the cantilevers. It was 

found that the interaction curves were approximately linear, and a simplified design 

equation was proposed. 

 

Figure 2-1: FEM modeling prediction of buckling and material failure of hollow GFRP tube 
showing stress distribution in the model and ovalization of loaded cross section [1] 

To investigate the effect of filling GFRP tubes with concrete, Fam and Rizkalla [3]  

conducted an experimental study of 20 specimens with different concrete filling 
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configurations. They found that filling FRP tubes with concrete increased their flexural 

strength by preventing their premature local buckling. One conclusion reached was that 

the increase in strength provided by the concrete core was inversely proportional to the 

longitudinal stiffness of the hollow FRP tube. The study also found that fibers in the hoop 

direction were essential for preventing premature horizontal shear failure when loading in 

flexure. One of the configurations studied included a central hole to increase the strength 

to weight ratio. The testing set up and sample results of that study are presented in Figure 

2-2. 

 

Figure 2-2: Flexural testing of concrete filled FRP tubes and comparison between hollow 
and concrete-filled steel tube as well as comparison of two types of FRP tubes when hollow 

and concrete filled [3] 

In an effort to further enhance the performance of concrete-filled FRP tubes (CFFTs), 

Cole and Fam [4] experimentally investigated the flexural behaviour of CFFTs with 

additional steel and FRP internal reinforcement. They found that steel reinforcement 
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improved the CFFTs performance significantly. The members failed sequentially and 

gradually, while maintaining a high residual strength. Internal FRP bar reinforcement, on 

the other hand, failed at a comparable strain to the tube FRP, thus losing much of the 

gradual failure features observed with steel reinforcement. As for shear resistance, the 

continuous tubes were superior to the discrete spiral reinforcement and confined a larger 

volume of concrete. The FRP tubes continued to apply an increasing confining pressure 

till failure, while steel spirals applied a constant pressure after yielding, which was 

confirmed in another experimental study performed by Fam et al. [5]. Fam and Cole [6] 

showed that a simple strut and tie model predicted the shear behaviour reasonably well. A 

numerical parametric study showed that the most important parameter in a reinforced 

CFFT system was the reinforcement ratio, where increasing the amount of steel 

reinforcement increased the flexural stiffness and strength of the members. Photos of the 

fabrication of the specimens of this study and sample results are presented in Figure 2-3. 

Fam and Mandal [7] experimentally investigated the effect of prestressing CFFTs 

(PCFFTs) to improve their stiffness. The study was conducted on six specimens, and 

looked at the effect of prestress level, prestress type, tube laminate structure and number 

of strands on the behaviour of PCFFTs. The study found that prestressing substantially 

improved the performance of CFFTs by increasing their strength and stiffness. The 

member capacity was determined by the tube as it prevented the concrete from crushing. 

Prestressing enhanced the confinement of the concrete by the tube substantially. The 

unbonded post tensioned member had about the same strength as the pretensioned one, 

however, it was less stiff. Members with a lower prestress level also had a lower stiffness 
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Figure 2-3: Fabrication of reinforced concrete-filled FRP tubes and comparison of 
performance of different types of longitudinal and sear internal reinforcement [4] 

but their strength was not affected. A summary of that investigation is presented in Figure 

2-4. Mandal and Fam [7] also developed a sectional analysis numerical model capable of 

predicting the behaviour of PCFFTs under combined axial loads and bending moments. 

The model was verified against experimental results and was used in a parametric study. 

The parametric study showed that prestressing added to the confinement of the concrete 

core, and that the tube had a greater effect on the behaviour of the system than the 

contribution of the prestressing steel. 

In an attempt to increase the strength to weight ratio of CFFT poles, Qasrawi and Fam [8] 

experimentally investigated the performance of spun-cast concrete-filled FRP tubes 

(SCFTs). It was found that SCFTs have a similar strength but a lower stiffness than 

conventional prestressed spun-cast concrete poles. It was also found that there was an 
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optimum hole size at which there was no reduction in strength compared to a completely 

filled specimen. If the inner hole, however, became too large, the concrete shell was at 

risk of failing prematurely by spalling.  

 

Figure 2-4: Fabrication, test setup, and moment-curvature and load-displacement results of 
PCFFT investigation [7] 

Like CFFTs, the flexural strength of SCFTs was greatly influenced by the proportion of 

fibres in the longitudinal direction. The addition of steel reinforcement to SCFTs further 

improved their performance. A summary of this investigation is presented in Figure 2-5. 

Mitchell and Fam [9] studied the related problem of finding the optimum length of 

concrete fill in a cantilevered hollow FRP tube to eliminate premature failure by local 

buckling, and to take advantage of the additional strength provided by the concrete core, 

while optimizing the weight of the member. The study presented the results of an 

experimental investigation and a numerical parametric study. The study found that the  
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Figure 2-5: SCFT specimens, test setup, and moment-curvature and load-displacement 
results showing the effects of internal steel reinforcement and the size of the hole [8] 

optimum length was about 30% of the tube length for the particular tube used. The 

parametric study found that in general the optimum fill length increased as the diameter 

to thickness ratio of the tube increased. This investigation is presented in Figure 2-6. 

Son and Fam [10] numerically determined the optimum depth of concrete fill necessary 

to cause simultaneous material failure in the filled part and buckling in the hollow part of 

a cantilevered GFRP tube loaded by a point load at the free end, using a verified finite 

element model. They discussed the effects of distributed loads and tapered tubes and 

proposed simplified method for determining this optimum height. This study is presented 

in Figure 2-7.  

Sadeghian and Fam [11] presented an analytical model for the prediction of the critical 

embedment length of CFFTs into concrete as a first step in the design of CFFT to 

concrete footing connections. The model predicted the minimum embedment length 

necessary to achieve simultaneous bond slip and material failure based on force 
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equilibrium and deformation compatibility. The model was verified, and its sensitivity to 

different parameters was analyzed. A simplified closed form model and a procedure for 

the analysis of reinforced concrete shallow foundations for CFFTs were also presented. A 

schematic of CFFT’s analytical embedment length model is presented in Figure 2-8. 

 

Figure 2-6: Specimen description, fabrication, and load-displacement results of partially 
filled tube investigation [9] 

 

Figure 2-7: Ovalization, stress, and failure criteria output of partially filled FRP tube FEM 
investigation [10] 
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Figure 2-8: Schematic of CFFT’s analytical embedment length model [11] 

Flisak et al. [12] tested CFFTs in pure bending and under combined axial load and 

bending to determine the interaction curves for the two types of FRP tubes tested. The 

study found that the interaction diagrams of these members were similar to the interaction 

diagrams of conventional reinforced concrete members. It was also found that the 

concrete survived much higher compressive strains and only crushed when the tube 

failed. This was attributed to the confining effect of the tube. It was suggested that tubes 

stiffer in the hoop direction provided better confinement to the concrete. The test setups 

and sample results of this investigation are presented in Figure 2-9. 

Helmi et al. [13] studied the fatigue behaviour of GFRP tubes by testing coupons. The 

coupons were cut at different orientations with respect to the tubes longitudinal axis and 

tested in tension as well as being subjected to tension-tension and tension-compression 

cyclic loading. The authors found that the orientation of the coupons relative to the tube  
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Figure 2-9: Axial and flexural test setup and interaction diagrams for two types of 
composites [12] 

affected the strength substantially, but had no effect on the stiffness. The orientation also 

affected the fatigue behaviour of the coupons. The authors used several curve fitting 

methods to fit the data and predict the behaviour of other specimens. The authors 

recommend a ratio of maximum-to-ultimate stress of 0.25 if a million cycles was to be 

achieved. This investigation is presented in Figure 2-10. 

ElGawady et al. [14] investigated the seismic behavior of precast posttensioned CFFTs 

(PPT-CFFTs). This investigation was relevant to the blast investigation of CFFTs as both 

seismic and blast resistant designs rely on a structural member’s energy absorbing 

capacity rather than its ultimate strength. In this study four segmental PPT-CFFTs were 



CHAPTER 2 
 

17 

 

Figure 2-10: Specimens, test setup, and results of GFRP tube fatigue testing [13] 

tested through applying a cyclic increasing lateral displacement at the top. The results 

were compared to a monolithic reinforced concrete column. Three of the PPT-CFFT 

specimens were composed of four 0.381 m segments, while the forth was one 1.524 m 

long segment. The specimens had different joint configurations to identify the most 

suitable construction method. The study found that the PPT-CFFT specimens 

experienced less damage than the reinforced concrete specimen and were able to achieve 

a drift of 15% with no strength degradation while the reinforced concrete specimen’s 

strength started to drop at a drift of 12%. The authors noted that the tube contained and 

protected the concrete, minimizing the visible damage even at large displacements. 

Details of this investigation are shown in Figure 2-11. ElGawady and Dawood [15] 

conducted a companion numerical finite element investigation of PPT-CFFTs where they 

were able to capture the behaviour of PPT-CFFTs fairly well. The study showed that 
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increasing the posttensioning force produced a significantly higher nominal strength. 

They also studied the effects of the aspect ratio, pier size, diameter, and the tube 

properties in a parametric study. 

 

Figure 2-11: Schematic of specimens and experimental observations PPT-CFFT cyclic 
loading [14] 

In another seismic study by Zaghi et al. [16], a one fifth scale two column bridge pier 

composed of a regular reinforced concrete column and a CFFT column was tested on a 

shake table. This study also found that the CFFT column showed no visible damage at 

large displacements (a 7% drift) while the reinforced concrete column had visible 

damage. The study also found that the presence of the tube extended the length of the 

plastic hinge and consequently the length of yielded steel reinforcement, which improved 

the system’s energy absorption. The experimental setup of this study is shown in Figure 

2-12. 
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Figure 2-12: CFFT bridge pier seismic test setup showing a CFFT and a reinforced concrete 
columns [16] 

2.3  BEHAVIOUR OF CONCRETE MEMBERS UNDER IMPACT 

Banthia et al. [17] and Bentur et al. [18] tested 0.100 x 0.125 x 1.400 m plain and 

reinforced concrete beams using a 345 kg weight dropped from heights of 0.150 m, 0.250 

m, and 0.500 m in two related studies. The studies investigated normal strength, high 

strength, and fiber reinforced concrete, as well as regular reinforced concrete to evaluate 

their performance under impact. They came to the following conclusions: First, 

accelerometers were successfully used to predict velocities, displacements, and inertial 

forces developed in specimens under impact. Second, that concrete strength was highly 

rate dependent and cannot be predicted from static tests. The authors also found that high 

strength concrete had a higher impact resistance than normal strength concrete, but was 

more brittle, and that fiber reinforced concrete was the most suitable for impact resistant 

design due to its ductility, with steel fibers performing better than polypropylene fibers. 
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They also concluded that failure to take the inertial loads into account lead to erroneous 

conclusions. In order to overcome the lack of standard impact testing methods, Banthia et 

al. [19] presented details of an impact testing machine of their design, including 

instrumentation and calibration information as well as some results for verification.  

Kishi and Mikami [20] tested 36 reinforced concrete beams under drop weight impacts in 

an attempt to derive empirical impact design formulas. The beams ranged from 0.15 x 

0.25 m to 0.2 x 0.4 m and the steel reinforcement ratios ranged from 0.8% to 3.17%. Both 

the mass and the velocity of the impacts were varied. The mass ranged from 300 kg to 

500 kg and the velocity ranged from 3.13 m.s-1 to 7 m.s-1. All the experimental beams 

failed mainly in flexure. This was attributed to the shear to flexural capacity ratios being 

greater than 1.5. The authors found that, for their experimental program, the input energy 

was linearly proportional to both the maximum and residual displacements attained 

during a test. They also found that the slope of the line relating input energy to the 

maximum and residual displacement was proportional to the static flexural load-carrying 

capacity. Based on these findings, the paper presented Equations (2-1) and (2-2) as 

design aids: 

𝑃𝑢𝑠𝑐 =
0.63𝐸
𝐷𝑚𝑀𝑑

 (2-1) 

𝑃𝑢𝑠𝑐 =
0.42𝐸
𝛿𝛿𝑟𝑠

  (2-2) 

Where 

𝑃𝑢𝑠𝑐 is the static flexural load carrying capacity in kN 

𝐸 input impact energy in kJ 
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𝐷𝑚𝑀𝑑 is the maximum displacement achieved during an impact in mm and  

𝛿𝛿𝑟𝑠 is the residual displacement remaining after an impact in mm 

Thus, the static flexural load carrying capacity can be calculated by specifying the 

maximum or residual displacement allowable for a given input impact energy. The test 

setup and sample results are shown in Figure 2-13. 

 

Figure 2-13: Impact test setup and relationships between the maximum and residual 
displacements with input impact energy [20] 

Saatci and Vecchio [21] conducted drop weight impact tests on four pairs of reinforced 

concrete beams from varying heights and using different weights to determine the 

influence of shear reinforcement on the overall impact behavior. They found that all the 

specimens developed severe shear cracking due to the impact loads and formed a shear 

plug under the point of impact. They concluded that shear was critical for all the impact 
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specimens they tested, however, that conclusion is probably premature as all the 

specimens were tested under the relatively high impact velocity of 8 m.s-1. The authors 

also found discrepancies between the static and the measured deflected shape due to the 

formation of the shear plugs under the point of impact. Additionally, they concluded that 

the full member geometry was needed for estimating its impact resistance. The test set up 

and the final crack patterns of half the impact specimens are presented in Figure 2-14. 

 

Figure 2-14: Experimental set up and final crack patterns of series (a) specimens [21] 

Remennikov and Kaewunruen [22] conducted a series of drop weight impact tests on 7 

quarter scale fixed-fixed column specimens. They found that under their test 

configuration the columns were prone to fail in shear. They also found that when the ratio 

of the static shear to the static bending was less than one, the columns collapsed due to 

the development of large diagonal cracks that extended from the loading point to the 

support. The test setup and a failed specimen are shown in Figure 2-15. 

Soleimani et al. [23] designed a new drop weight impact machine that fully restrained 

specimens at the supports from vertical displacements while allowing for rotations. The 

machine was then used to determine the impact resistance of reinforced concrete 
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Figure 2-15: Test set up and failed column specimen after impact test [22] 

members and reinforced concrete members strengthened with GFRP fabrics. The study 

concluded that the support loads were more reliable indicators of the bending load 

experienced by impacted specimens due to the inclusion of inertial effects in the tup’s 

load readings. They also repeated the observation that the impact load travels at finite 

velocity from the point of impact to the supports. They recommended subtracting the 

support loads from the tup load to estimate the inertial load. They also observed that, for 

their test specimens and conditions, the load capacity remained constant past a certain 

impact velocity. They found that GFRP fabrics enhanced the impact performance of 

reinforced concrete beams overall but in some cases changed the mode of failure and 

lowered the resistance. This happened because, although the addition of FRP increased 

the peak resistance, it sometimes decreased the total area under the load-displacement 

curve, which is a measure of the energy absorbing capacity of the member and its impact 

resistance. The impact testing machine developed in this study is shown in Figure 2-16. 
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Figure 2-16: Impact testing machine [23] 

Erki and Meier [24] studied the impact behaviour of CFRP strengthened beams by testing 

four 0.3 x 0.4 x 8 m beams dropped from varying heights. Two of the beams were 

strengthened with CFRP and two were strengthened with steel plates. The study found 

that the CFRP strengthened beams had an improved impact resistance, however, CFRP 

strengthening failed to provide the energy absorption capacity provided by steel plate 

strengthening. The study also found that reasonable displacement predictions can be 

made using a simplified equation of motion. Figure 2-17 shows the test set up of this 

study and a beam just prior to testing and after testing.  

Tang and Saadatmanesh [25] tested four concrete beams strengthened with Kevlar and 

carbon composite laminates and one control beam. They found that the composite 

laminates significantly increased the capacity of concrete beams to resist impact loading 

and reduced the maximum displacement, but that the gain in capacity depended on the  
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Figure 2-17: A sequence of images showing the test setup, prior to impact, and post impact 
of a beam [24] 

amount and properties of the laminates. They concluded that the impact loading dynamic 

response must be accounted for as the inertial forces are large enough to crack the 

concrete. The dynamic reaction forces were influenced by the strengthening for the same 

impact energy. They also found that carbon laminates reduced the maximum and residual 

displacements by increasing stiffness. Additionally, they found that composites reduced 
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the number of cracks and this could increase the shear strength by preventing cracks from 

opening and widening.  

Bambach et al. [26] conducted an experimental and an analytical investigation of the 

behaviour of hollow steel sections and concrete filled steel sections under low velocity 

impacts. The three member sizes in this study had rectangular cross sections and had 

fixed end conditions at both supports. All the specimens failed by tensile tearing under 

the impact loads. The hollow sections also experienced local deformations and buckling 

under the point of impact, whereas the concrete core prevented such local damage in the 

filled specimens. Filling the sections with concrete also increased the magnitude of the 

transverse impact load they can withstand and increased the sections’ moment capacity 

by up to 83% for slender sections. The local damage was less pronounced for compact 

sections. The study also showed that the impact resistance of fixed-fixed beams was 

much larger than their plastic collapse load due to the development of a tensile 

membrane. The study also included an analytical method to establish the load 

displacement and energy absorption relationships, which were used as a basis for a design 

procedure. The deformed shape near failure and the failure mode of a hollow and a 

concrete-filled section are shown in Figure 2-18. 

Deng et al. [27] tested 12 simply supported circular steel concrete filled tubes, two of 

which were post tensioned, and one contained fiber reinforced concrete. The study found 

that most tubes failed in tension, and that the concrete core was cracked and crushed after 

the test. It was also found that prestressing and steel fibers improved the concrete core’s 

tensile performance. The authors also performed simple conservation of energy and 
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Figure 2-18: Deformed shape and crushing near failure, crushed hollow section and split 
concrete filled section [26] 

momentum checks to validate the results. The test set up and instrumentation used in this 

investigation are presented in Figure 2-19. 

Yan and Yali [28] conducted an experimental investigation on the dynamic impact 

behavior of stub concrete filled steel tubes (CFTs) with and without CFRP confinement. 

The impact testing was performed using a drop weight machine capable of dropping an 

800 kg mass from 16 m. A mass of 224.2 kg was dropped from heights varying between 

1 and 7 m in this study, resulting in impact energies ranging between 1.95 and 18.08 kJ. 

The study recorded the time histories of the impact force, the steel tube strains, and the 

column deformation. The researchers concluded that the impact damage of CFTs was 

proportional to impact energy, however, that the damage can be mitigated by either 

increasing the thickness of the steel tube or providing CFRP confinement. They also 

observed that increasing the impact energy increased the impact duration rather than the  
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Figure 2-19: Test set up and instrumentation of CSCFT testing [27] 

peak force. They also found that either adding CFRP confinement or increasing the steel 

tube thickness were effective in increasing the impact force and reducing the specimen’s 

deformation. The authors proposed the use of the residual displacement as the damage 

index. They also observed that the residual displacement appeared to increase linearly 

with increasing impact energy. The research included numerical simulations of the 

impacts using the program LS-DYNA. The simulations gave reasonable results for the 

impact load time histories but tended to underestimate the displacements. The impact 

testing apparatus, numerical model and sample results are presented in Figure 2-20. 
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Figure 2-20: Impact testing apparatus, numerical model, and measured and simulated 
force-time histories [28] 

2.4 EFFECTS OF BLASTS ON STRUCTURES 

Blast loads are notoriously difficult to predict due to the large number of interacting 

variables. Barker [29] advocated the use of advanced analysis techniques, such as finite 

element analyses and computational fluid dynamics, to predict blast loads and structural 

response to assist in design. The author, however, urged the reader to scrutinize the 

results and use a simplified analysis as a check if possible. Bounds [30] wrote a short 

article detailing the updates and additions to the 1997 ASCE report on the design of blast 

resistant buildings in petrochemical facilities. Summers [31] presented design 

considerations for modular blast resistant steel framed buildings, where he discussed 
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possible design approaches as well as specific problems that needed to be considered. 

These problems included anchorage of the modules to the ground, design of elevated 

modules, connection design, and projectile resistance, as well as considering the 

transportation and lifting of the modules. Luccioni et al. [32] presented the results of a 

detailed numerical simulation of the progressive collapse of an actual building as shown 

in Figure 2-21. The explosion and the structural response were modelled in the same 

numerical simulation. The building was reinforced concrete with masonry walls. The 

results showed good agreement with the damage sustained by the actual building and the 

model was able to capture the progressive collapse caused by the failure of the columns 

at the lower level. The writers stated that such a detailed analysis was possible due to the  

advances in computers and the development of powerful numerical programs known as 

hydrocodes. The writers proposed the use of such analyses to determine the vulnerability 

of a building to progressive collapse and to avoid such a possibility in the design process. 

The above was intended to show some of the difficulties and complications encountered 

in designing for blast loading. 

Roller et al. [33] experimentally tested hardened reinforced concrete columns, scaled at 

1:3 from 50 cm to 15 cm in diameter, under close-in and contact blast loading. According 

to Drotleff et al. [34] close-in blast loading results from the detonation of high explosives 

where the explosive products interact with a target during the time that the high explosive 

has expanded to between 3 and 50 times its original volume. 
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Figure 2-21: Numerical modelling of blast caused progressive collapse [32] 

The hardening in this study was applied as a 15 mm outer layer to the columns and the 

four hardening materials used were polymer concrete, Slurry Infiltrated Fiber Concrete 

(SIFCON), Ductile Concrete (DUCON), and Ultra-High Performance Concrete (UHPC). 

All these hardening methods were intended to absorb the blasts energy through either 

increased compaction or increased ductility.  At least two identical columns were 

fabricated for each hardening method. One of the columns was tested under compression 

without blasting, while the other was subjected to a blast load without an axial load then 

tested in compression to determine the residual capacity. The study demonstrated that 

retrofitting concrete columns with some of these advanced materials increased the 

residual load capacity up to 70% at contact detonation and maintained the full capacity at 

close-in detonations. The testing sequence and sample contact detonation results are 

presented in Figure 2-22. 
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Figure 2-22: Testing sequence and residual load carrying capacity for different hardening 
methods [33] 

Fujikura et al. [35] tested a concrete-filled steel tube (CFST) bridge pier system under 

blast loading, as shown in Figure 2-23. The study found that the steel casing protected the 

concrete core from breaching and spalling. The authors also observed that the apparent 

pressure experienced by the round columns was 0.45 of what was expected for a flat 

surface. These results are applicable to the current study due to the geometric similarity 

and the confining effect of the FRP tube.  
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Figure 2-23: Test set up, load reduction factors for circular cross sections, and deformed 
shapes of CFST blast tests [35] 

Malvar et al. [36] examined the use of composites as a rehabilitation method to increase 

the blast resistance capacity of a variety of structural elements made from typical 

construction materials in a state-of-the-art paper. The authors found that composites in 

the form of wrapping or near surface mounted plates were suitable methods to increase 

the strength of existing members and to prevent the collapse of load bearing members 

which may initiate a progressive collapse of the structure. More specifically, they 

examined studies conducted on the blast performance of reinforced concrete columns, 

reinforced concrete beams, reinforced concrete walls, masonry walls retrofitted with 

FRP, and wood or steel stud walls. The study then examined cases where each of these 

structural members was retrofitted using FRP and performed better than the unretrofitted 
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case. A sample of the field tests discussed is shown in Figure 2-24. In another state of the 

art paper, Buchan and Chen [37] compared the results of experimental and numerical 

investigations of the effectiveness of retrofitting structures using FRP. Similar to the 

above study, this paper examined FRP strengthening of reinforced concrete beams, 

columns, slabs and walls as well as masonry walls. The paper concluded that FRP added 

strength and stiffness to structures, but that the behaviour was not well understood due to 

the complexity of the problem and that most of the studies provided qualitative rather 

than quantitative results. The paper urged the development of design guidelines which are 

essential for the widespread use of FRP for blast resistant applications. The paper also 

noted that not reporting some sensitive information made comparisons between different 

studies difficult. Crawford [38] conducted a state-of-the-art study of the use of FRP to 

enhance the blast resistance of reinforced concrete columns. He concluded that it was 

essential to account for material damage when assessing the residual strength of blast 

damaged columns. He also concluded that FRP offers great capabilities for column 

enhancement against blast, especially by increasing the columns’ flexural capacity and 

confining the concrete core. Strengthening columns was of particular importance because 

they tend to be load bearing members whose collapse may initiate the progressive 

collapse of the structure. Additionally, Crawford recommended the use of “high fidelity 

physics based” finite element techniques for the analysis of highly variable blast 

scenarios with an emphasis on selecting the concrete material model carefully. 

Rodriguez-Nikl and Lee [39] tested nine rectangular reinforced concrete specimens with 

and without FRP jackets under monotonic blast-like loading. The FRP jackets were in the 

transverse direction except for one which was in both the longitudinal and transverse 
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directions. The loading procedure was developed to replicate field blast testing damage in 

the laboratory. 

 

Figure 2-24: Improving blast resistance of columns and masonry walls using FRP [36] 

The laboratory loads, displacements, and FRP surface strains were recorded. The study 

found that the control specimens failed suddenly in shear in a brittle manner, while the 

specimens with FRP jackets formed ductile three-hinge mechanisms. The specimen 

ductility was proportional to the jacket thickness. Also, the FRP strains were inversely 

proportional to thickness. The results were used to assess the standard procedure for 

constructing resistance functions found in the U.S. Department of Defense’s “Design and 

analysis of hardened structures to conventional weapons effects” [40]. The authors 

concluded that the resistance functions were adequate for design, keeping in mind the 

large uncertainty in other design parameters. The test setup and field and laboratory 

tested specimens are presented in Figure 2-25. 
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Figure 2-25: Experimental setup and field and laboratory tested specimens [39] 

Tan and Patoary [41] presented a simplified method for the design of FRP reinforced 

masonry walls under blast loading. The paper also presented the experimental results of 

two full scale tests involving 9 specimens each. The paper stated that all the specimens 

remained elastic although some were designed to fail. This was attributed to the predicted 

pressure design values being higher than the actual pressures observed, possibly due to 
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the presence of other specimens located between the specimens of this study and the 

blast. The authors also mentioned the possibility of using the results of their study for 

verification of future numerical models. In another study [42], the authors presented the 

experimental results of four masonry wall specimens retrofitted with different types of 

FRP and subjected to a lateral uniformly distributed load applied using an airbag. The 

study found that the addition of FRP to masonry walls provided significant lateral 

strength, but that specimens without steel stiffeners failed explosively. 

Carriere et al. [43] presented the results of an experimental study of scaled down 

reinforced concrete beam columns with and without a steel reinforced polymer (SRP)  

strengthening under blast loading. The paper also presented the results of a numerical 

model of the reinforced concrete specimens. The study found that the SRP wrapping 

prevented crushing of the concrete due to confinement and also protected the concrete 

from spalling under the blast load. The SRP withstood a sizeable blast without any 

apparent damage. There was no increase in strength due to the SRP wrap because the 

strong axis of the SRP was placed on the beam’s transverse direction. The specimen 

details, test set up, and damaged specimens are shown in Figure 2-26. 

Razaqpur et al. [44] presented the results of an experimental study of the behaviour of 

concrete panels retrofitted with glass FRP (GFRP). The study’s purpose was to determine 

the suitability of GFRP for increasing concrete slabs strength under blast loading. The 

authors also suggested that the results of the study can be used to verify future numerical 

studies. The authors had difficulties in correlating and comparing the results of the 

retrofitted panels to those of the control panels, as they were not tested simultaneously, 

and blast loading can vary greatly, even for similar charge masses. 
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Figure 2-26: Specimens’ details, test set up, and blast tested specimens [43] 

Razaqpur et al. [45] also investigated concrete slabs retrofitted with CFRP sheets and 

tested under blast loading along with control unretrofitted specimens. This paper 

concluded that the pressure readings from different blasts were similar. The CFRP 

rehabilitation gave mixed results. They attributed this to the effect of CFRP rehabilitation 

on the strength, stiffness and ductility of the slabs. These in turn affected the interaction 

of the slabs with the blast by altering the natural period and the maximum resistance. 

Thus, the authors cautioned against the blind use of FRP rehabilitation against blast 

loading and recommend a thorough analysis before such a rehabilitation is undertaken. A 

summary of this investigation is presented in Figure 2-27. 

Wu et al. [46] presented the experimental results of testing two slab specimens under two 

blast loads. One of the slabs was a conventional reinforced concrete slab, while the other 

had additional near surface mounted (NSM) CFRP plates. The first blast was intended to 

study the elastic performance of the slabs, while the second was to look at the plastic 

behaviour. The slabs were then tested to complete failure monotonically.  
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Figure 2-27: Summary of blast testing of CFRP retrofitted slabs [45] 

The observations of the tests are reported in detail, however, no clear advantage to the 

retrofitting was apparent. The blast tested specimens of this investigation are presented in 

Figure 2-28. Wu et al. [47] also studied several reinforced concrete slabs made with 

regular and fibre reinforced concrete tested under blast loading. Some of the reinforced 

concrete slabs had FRP bonded to the compression side. Fibre reinforced concrete 

seemed to perform well, however, no real comparisons were possible as there were too 

many simultaneous variables. The authors obtained unexpected pressure results, which 

they attributed to the cylindrical shape of the explosive charge. A sectional analysis 

approach was also used to determine the energy absorption capacity of the specimens. 

Orton et al. [48] conducted a series of close in blast tests (the study defined close in blasts 

as those with a scaled distance of Z = 0.4 m.kg-0.33 or less) on plain reinforced concrete 

slabs and reinforced concrete slabs retrofitted with CFRP sheets. The study found that for  
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Figure 2-28: CFRP NSM retrofitted blast tested slabs [46] 

the larger scaled distance of 0.6 m.kg-0.33, the CFRP sheet prevented spalling of the 

concrete and reduced the permanent displacements. For the tests conducted under a 

scaled distance of 0.4 m.kg-0.33, the severity of the blast shattered the concrete and 

punched through the CFRP sheets. The presence of the CFRP sheets, however, reduced 

the residual displacements by 75%. Before and after test images using a high speed 

camera of a plain reinforced concrete and a strengthened slab are shown in Figure 2-29. 

Jim-Won Nam et al. [49] presented a numerical investigation of the suitability of four 

methods of modelling FRP for blast analysis. The four methods were an isotropic linear 

elastic shell element model, an orthotropic linear elastic shell element without shear 

deformation model, an orthotropic linear elastic shell element with shear deformation 

model, and a linear elastic beam element model. The model was verified against past 

studies. The numerical error of the models, quantified by noise, was used to determine 
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Figure 2-29: Images for (a) unstrengthened slab and (b) CFRP strengthened slab for a 0.6 
m.kg-0.33 test [48] 

the suitability of the material models. The paper concluded that an orthotropic model 

taking account of shear effects gave the best results when analysing FRP retrofitted 

reinforced concrete structures subjected to blast loading. In another study, Wu et al. [47] 

described a sectional analysis approach to analyzing FRP retrofitted reinforced concrete 

members under blast loading. This method allowed for the consideration of different 

strain rates at different depths of the section. The study found that near surface mounted 

(NSM) FRP plates increased the flexural capacity of the members, thus they can be of 

a 

b 
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value when retrofitting members to remain in the elastic range, however, they reduced 

ductility, which made their energy absorption similar to the unretrofitted member. 

Surface bonded plates were found to have a significant increase on energy absorption in 

the parametric study. Nam et al. [50] presented a numerical model used to predict the 

behaviour of FRP retrofitted reinforced concrete slabs. The model incorporated strain rate 

effects and a dynamic debonding failure criterion. The model was verified against 

experimental results. The authors suggested that further work was needed to determine 

the effect of strain rate on the strength of FRP. 

2.5  SUMMARY 

The research reviewed in this section covered CFFTs, impact testing and design of 

concrete, the use of FRP and steel to enhance the resistance of concrete to impacts, blast 

analysis and design, and the use of FRP to mitigate blasts. The first part demonstrated the 

effectiveness of using CFFTs to improve the performance of plain and reinforced 

concrete under a variety of static conditions. The impact loading section contained 

positive recommendations for the use of FRPs for the impact strengthening of reinforced 

concrete members. The blast loading section similarly discussed the difficulties involved 

in the analysis of blast events and covered the available research on FRP strengthening 

and enhancement of reinforced concrete to resist blast. The results of FRP blast 

strengthening tended to be positive, with some authors cautioning designers not to apply 

them without proper analysis as they alter the dynamic behavior and ductility of 

members.  
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Although many aspects of the static behaviour of CFFTs have been investigated, their 

behaviour under, and design against, blast and impact loading has not been investigated. 

The following gaps in knowledge were noted: 

1. The superiority of CFFTs to reinforced concrete members under blast and impact 

loading has not been experimentally demonstrated. 

2. The dynamic behaviour of CFFTs under blast and impact loading has not been 

accurately modeled and the factors that affect their response have not been 

determined 

3. A methodology for the design of CFFTs to resist blast and impact loads has not 

been proposed. 

Thus, the literature reviewed in this section supports and encourages the investigation of 

the suitability and use of CFFTs in impact and blast resistant design especially in filling 

the gaps in knowledge pointed out above. 
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Chapter 3 

Numerical Determination of Equivalent Reflected Blast Parameters 

Acting on Circular Cross Sections 

3.1  ABSTRACT 

A number of experimenters observed that the blast shockwave loads experienced by 

circular cross sections were lower than the predicted loads. These observations revealed a 

gap in the understanding of the interaction between blasts and structures. The question of 

quantifying these reduced loads for purposes of analysis and design presented itself for 

investigation. This chapter presents the numerical investigation of the blast reflection 

reduction due to diffraction around a circular cross section using the commercial software 

ANSYS Autodyn. The investigation focused on the effects of the cross section’s diameter 

and the explosion’s scaled distance on the reflected blast pressure and impulse. Nine 

numerical gauge points recorded pressure-time and impulse-time histories at regular 

radial intervals around the front quarter of the circular section. The model’s results agreed 

with incident and reflected pressure and impulse design values. The results indicated that 

as the diameter of the section increased the peak reflected pressure and impulse at the 

point of incidence rapidly approached the design values. The results also indicated that 

both the pressure and the impulse varied sinusoidally between a maximum at the point of 

incidence and a minimum, approximately equal to the incident pressure and impulse, at 

the side of the section. Using a sinusoidal curve fit to obtain equivalent reflected pressure 

and impulse values showed that the actual pressure and impulse acting on a circular cross 

section were approximately half the recommended design values. The results supported 
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the obvious advantages of designing circular members to resist blast loading. Simplified 

equations are proposed for calculating the equivalent pressure and impulse acting on 

circular sections from the standard design values. 

3.2  INTRODUCTION 

A disturbance in a medium travels at that medium’s local speed of sound. The speed of 

sound, however, is a function of the local pressure and temperature. Thus, the higher 

pressure regions of a pressure pulse travelling in air will move faster than the lower 

pressure regions. These differences in velocity will redistribute the pressures in a high 

pressure pulses until, in the limit, it assumes the familiar shape shown in Figure 3-1, and 

a pressure discontinuity is formed relative to the surrounding air. If this discontinuity is 

travelling supersonically relative to the surrounding air it constitutes a shockwave. As the 

shock wave propagates, the moving air behind it continues to expand and its pressure 

continues to fall. The pressure, however, falls below atmospheric pressure due to inertia 

and results in a negative phase causing the blast wind to reverse direction [51] [52].  

Shock waves can result from the expanding hot gases of a detonation of a high explosive. 

As the expanding blast wave propagates, its strength decays, its duration lengthens, and 

its velocity reduces due to spherical divergence and exhaustion of the chemical reaction. 

If the blast wave encounters an obstacle, such as a structure, a rapid increase in pressure 

occurs. An upper limit of this pressure increase occurs if the obstacle is an infinite rigid 

flat surface which reflects the blast normally. This pressure increase is caused by flow 

being stopped and the kinetic energy of the blast being converted into internal energy in 

the gas. The resulting reflected pressure can be up to twenty times greater than the  
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Figure 3-1: Typical blast shock wave [52] 

unobstructed peak blast pressure [53]. If the obstacle is finite, however, a pressure 

difference develops between the front and sides of the obstacle, allowing the higher 

reflected pressure at the front to diffract and dissipate. This causes the reflected pressure 

to decay more rapidly than it would have otherwise [54]. 

The interactions of shockwaves and structures are highly dependent on the geometry of 

the structure and the characteristics of the blast shockwave [55]. Therefore, although the 

fundamentals of blast and structure interactions are known, it is difficult to predict these 

interactions in practice due to the complicated reflections and diffractions that result from 

complex geometries. The currently used empirical formulas are not sufficient for the 

accurate evaluation of the blast pressure and impulse parameters occurring around 

complex geometries, however, the full time histories for such cases can be obtained using 

sophisticated multiphysics analysis software known as hydrocodes [56]. 
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Shi et al [57] conducted such numerical simulations to study the diffraction of blast 

waves around rectangular and circular columns. The study produced formulas to estimate 

the pressure and impulse resulting from the interaction of blast waves and columns, 

however, the derived formulas for circular cross sections did not take into account the 

variation of the pressure wave around the section. The study concluded that circular cross 

sections experienced less reflection but more diffraction than a rectangular section. The 

study also found that the effect of the column stiffness was insignificant even if the 

stiffness varied by two orders of magnitude. 

Similarly Selvan et al in a study conducted on polycarbonate cylinders filled with mineral 

oil to simulate a skull and brain subjected to blast loading found that the shockwave 

pressure was maximum at the point of incidence and reduced as the shockwave travelled 

around the cylinder and that the amplification between the undisturbed and reflected 

pressures depended on the orientation of the cylinder and its interaction with the blast 

wave [58]. Additionally, Fujikura [35] showed experimentally that the reflected over 

pressure experienced by a round column was substantially lower than the indicated 

design values. These results and the intuitive expectation that circular cross sections 

would diffract the blast wave indicated the need for modified design parameters. 

The objectives of this numerical investigation were: 

1. To build and verify numerical models that captured the interaction of a blast wave 

with a circular cross section. 

2. To determine how a blast’s reflected pressure and impulse varied with respect to 

blast size, diameter of cross section, and location around the circumference. 
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3. To develop simplified equations for calculating equivalent blast reflected pressure 

and impulse acting on a circular cross section for use in analysis and design. 

This chapter presents a brief introduction to the ANSYS Autodyn hydrocode, followed 

by a description of the numerical model and parametric study and its verification. The 

results of the parametric study are then presented and discussed and the simplified 

equations derived. 

3.3 NUMERICAL MODEL 

3.3.1  The ANSYS Autodyn Hydrocode 

Autodyn is a general purpose engineering hydrocode for the solution of nonlinear 

dynamics problems. Autodyn conserves mass using Equation (3-1), conserves 

momentum, by relating accelerations to stresses, using the partial differential Equations 

(3-2) to (3-4), and checks conservation of energy using Equation (3-5). These equations 

together with material models and initial and boundary conditions define the complete 

solution of a problem. 
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Where: 

𝜌 is the current density 

𝜌𝑡  is the initial density 

𝑉 is the current volume 

𝑉𝑡 is the initial volume  

𝑚 is the mass 

𝜎𝑖𝑗 is the stress in the i direction associated with an area with normal in the j direction 

𝜀�̇�𝑗 is the strain rate of a displacement in the i direction and an original length in the j 

direction  

�̇� is the time derivative of the specific internal energy and 

�̈�𝑀, �̈�𝑦, and �̈� are the accelerations in the respective directions  

Several numerical techniques are available to spatially discretize and solve a problem. In 

the Euler method, space is discretized into a fixed grid that material flows through. This 

allows for the simulation of large deformation problems such as the flow of fluids and 

gases, where grids that move with the material, known as Lagrangian grids, experience 

large distortions. Euler and Lagrange grids can be coupled and made to interact with each 

other. The Lagrangian grids overlap and act as boundaries for the material flow in the 

Eulerian grid while the Euler grid applies a pressure boundary to the faces of the 

Lagrange grid. This allows for complex gas or fluid structure interactions to be solved in 

a single numerical simulation [59]. 
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The Autodyn Eulerian computational cycle is presented in Figure 3-2. Briefly, the initial 

conditions are used to calculate the mass, momentum, and energy in the cells. These 

values are then used to calculate the density and the strain rates, from which the cell 

pressure and internal energy are calculated by conserving energy and using the equation 

of state. The stresses are separated into hydrostatic and deviatoric components and the 

constitutive relationships are utilised. Then, the face impulses and the boundary external 

forces are used to calculate the momentum at the cell faces through conservation of 

momentum. This momentum is used to calculate the face velocity which determines the 

material transport between cells. The new cell mass, momentum, and energy are 

calculated after the material transport and the entire process is repeated for another time 

step until the time of interest is reached. 

 

Figure 3-2: Autodyn’s Euler processor calculation cycle [60] 
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3.3.2 Numerical Model Description 

The Autodyn model was constructed in 3D as the cylindrical curvature of the members 

could not be captured using 2D axial symmetry and none of the blast energy would be 

dissipated in the third dimension if 2D planar symmetry was used. 

TNT was used in this study to facilitate comparisons and the results can be converted to a 

corresponding mass of another explosive using TNT equivalence [61]. 

The Autodyn material library’s Jones-Wilkins-Lee (JWL) equation of state, presented in 

Equations (3-6) and (3-7), was used to model the TNT explosive: 

𝑝 = 𝐴 ∙ �1 −
𝜔

𝑅1 ∙ 𝑉
� ∙ 𝑒(−𝑅1∙𝑉) + 𝐵 ∙ �1 −

𝜔
𝑅2 ∙ 𝑉

� ∙ 𝑒(−𝑅2∙𝑉) +
𝜔 ∙ 𝑒𝑡
𝑉

 (3-6) 

𝑉 =
𝜌𝑒
𝜌

 (3-7) 

Where: 

𝑝 is the pressure 

𝜌𝑒 is the density of the solid explosive and 

𝜌 is the density of the detonation products 

The parameters 𝐴, 𝐵, 𝑅1, 𝑅2, and 𝜔 were predefined and calibrated in Autodyn by fitting 

to experimental data for TNT. These experimentally determined parameters can be found 

in the literature (e.g. LLNL Explosives Handbook [62]). 

The first and second terms of the right hand side of the JWL equation of state become 

negligible at expansions of approximately ten times the original volume. Therefore, at 
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these large expansions it is common practice to simplify the equation of state used to that 

of an ideal gas. 

Autodyn’s ideal gas equation of state, also included in the standard material library [63], 

and given in Equation (3-8), was used to model the air in the blast. 

𝑝𝑣 = 𝑅𝑇 (3-8) 

Where: 

𝑝 is the pressure 

𝑣 is the volume and 

𝑅  is the universal gas constant divided by the effective molecular weight of the gas 

In an ideal gas, the internal energy is proportional to temperature alone, this may be 

written as: 

𝑒 = 𝑐𝑣𝑇 (3-9) 

Where: 

𝑒 is the internal energy 

𝑐𝑣 is the specific heat at constant volume and 

𝑇 is the temperature 

Equations (3-10) and (3-11), relating pressure, internal energy, and density, can be 

obtained using Equations (3-8) and (3-9): 

𝑝 = (𝛾 − 1)𝜌𝑒 (3-10) 

𝛾 = (1 + 𝑅 𝑐𝑣⁄ ) (3-11) 
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The internal energy of the air was set to 2.068e5 J. This corresponded to standard 

atmospheric pressure and temperature. The air material model had no strength or failure 

criteria. 

The blast was initially modelled using 2D axisymmetry from the explosion out to 1.95 m 

(just before the blast wave interacted with the member) in a multi-material Euler wedge. 

After which Autodyn’s remapping capabilities were used to map the results of the 2D 

model as initial conditions for the 3D model in an ideal gas Euler mesh. The remapping 

and the use of quarter symmetry reduced the computational time and memory 

requirements considerably. The 2D blast was modelled as a multi-material Euler wedge 

divided into 1950 elements and filled with air. The radius of the central TNT sphere was 

calculated using the predetermined TNT mass and the density of TNT (1657 kg/m3).  

The 3D model consisted of an Euler part surrounding a cylindrical Lagrange fill part. Fill 

parts were used to define the interaction boundaries in rigid coupling. The Euler grid was 

the same in all the models and only the cylindrical fill parts were varied. The dimensions 

of the Euler part were dictated by the range of the blasts (2.0 m), the largest section 

(radius = 1.0 m), and the influence of the approximate outflow boundary condition (≈ 10 

to 20 elements). The dimensions of the Euler part were x = 4.5 m, y = 1.5 m, and z = 0.5 

m. The Euler part with a 1.0 m radius Lagrange fill part is shown in Figure 3-3.  

The area of interest in the Euler part, where the blast interacted with the member, 

consisted of 10 mm cubic elements. Beyond the area of interest, Autodyn’s mesh grading 

capabilities were used to increase the element sizes geometrically by the maximum 

developer’s recommended ratio of 1.2 in all three directions.  
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Figure 3-3: Euler part and 1000 mm radius member 

The member radii to be studied were chosen to be divisible by 10 mm to minimize the 

merging of Euler cells, which Autodyn does automatically once a certain proportion of a 

cell is covered. Autodyn also approximates circles using polygons, therefore, the number 

of elements in the cylindrical fill parts needed to be sufficiently small to ensure adequate 

precision of the circle. However, the restriction that the side of a Lagrange element must 

be larger than the smallest Euler element restricted selection.  

All cylindrical fill parts approximated Pi to two decimal places by solving for the number 

of sides that would produce the desired ratio of perimeter to diagonal. The number of 

sides satisfying this condition for all the cross sections was 56, which was obtained by 

having 15 cells across the radius in a Type 2 cylindrical Lagrange part, which is one of 

two built in options the program uses to automatically generate circular sections. This 

also gave a polygon side length of 11.2 mm for the smallest member, which was larger 

than the minimum Euler element size of 10 mm. The interface between the 1.0 m radius 

member and the Euler grid is shown in Figure 3-4. 
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The default reflection boundary condition was applied to all planes of symmetry, and the 

approximate out flow boundary condition was applied to all surfaces where the blast was 

free to expand.  

 

Figure 3-4: Grid detail at interface between 1.0 m radius cross section and Euler part 

3.3.3 Numerical Investigation Parameters 

The two variables that affect the reflected pressure distribution on the surface of a 

circular member are the diameter and the size of the blast. Therefore, both were varied to 

cover a practical range in order to obtain a clear understanding of the phenomenon. The 

cross section radii investigated were 0.10 m, 0.25 m, 0.50 m, 0.75 m and 1.00 m. The 

lower bound radius of 0.10 m was determined by the fineness of the Euler grid in the 

model. While the upper bound radius of 1.00 m was chosen as a practical upper limit. 

Additionally, the two limiting cases of an unobstructed blast and a flat rigid wall were 

modelled.  
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Blasts are typically designated by the scaled distance, Z, given in Equation (3-12), which 

relates the range, R, to the mass of TNT, W. The scaled distance is the standard design 

parameter for estimating a blast loads characteristics. The mass of explosive is a measure 

of the energy released in the explosion, while the distance determines how much the 

energy has dissipated. The scaled distances in this study represented close-in blasts, 

meaning either a very close or a very large explosion. Close-in blast loading results from 

the detonation of high explosives where the explosive products interact with a target 

during the time that the high explosive has expanded to between 3 and 50 times its 

original volume [34]. 

𝑍 =
𝑅
√𝑊3  (3-12) 

Where: 

R is the range and 

W is the mass of TNT 

For each of the above seven cases, the blast was varied between a Z value of 0.8 m/kg -1/3 

to 2.4 m/kg -1/3 in 0.4 m.kg-1/3 increments resulting in 35 total simulations. 

To capture pressure measurements on the surface of the cross sections, nine numerical 

gauges were placed radially at 11.25 degree increments around the circumference of the 

front quarter of the cross section from the point incidence to the point furthest on the side 

as shown in Figure 3-5.  
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Figure 3-5: Model gauge locations 

3.3.4 Model Verification 

The model was verified against the design charts developed by Kingery and Bulmash and 

presented in UFC 3-340-1 [40]. The values verified were the two limiting cases of the 

incident pressure of an unobstructed blast and the pressure reflected off of an infinite flat 

rigid obstacle. The UFC 3-340-1 [40] and model values are shown in Table 3-1. The 

results showed good agreement. The average per cent difference of the pressure values 

was 12 % for the side-on pressure and 21 % for the reflected pressure. 
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Table 3-1: Verification of model pressure and impulse values from model and charts 

 TM 5-855 Numerical Model 

Z 
(m.kg-1/3) 

Pso 
(MPa) 

Pr 
(MPa) 

Iso 
(MPa.ms) 

Ir 
(MPa.ms) 

Pso 
(MPa) 

Pr 
(MPa) 

Iso 
(MPa.ms) 

Ir 
(MPa.ms) 

0.8 1.8 10.0 0.50 1.89 1.50 8.90 0.40* 1.54* 
1.2 0.7 3.5 0.34 1.00 0.67 2.90 0.19 0.71 
1.6 0.4 1.5 0.16 0.44 0.37 1.15 0.13 0.39 
2.0 0.2 0.6 0.09 0.23 0.21 0.44 0.08 0.24 
2.4 0.15 0.3 0.07 0.17 0.20 0.38 0.06 0.16 

* Model did not run to maximum impulse. 

3.4 NUMERICAL RESULTS 

The surface plots in Figure 3-6 and Figure 3-7 show the variation of reflected pressure 

and reflected impulse with respect to the radius of the member and the radial location 

around the circumference for a given Z value. The effects of the location of the point of 

interest on the perimeter and the radius of the member on the reflected pressure and 

impulse can be isolated. 

The plots in Figure 3-8 and Figure 3-9 are a ratio of the reflected value to the incident 

value. This was done for clarity, as the range would otherwise be too large to discern all 

the plots. Examining the variation of pressure with respect to radius at the point of first 

contact, Figure 3-8, shows that as the radius was increased, the pressure reached its 

maximum value at a radius of about 0.25 m in all cases. The maximum pressure reached 

was approximately 90% of the reflected pressure of a rigid wall. This was likely because 

the pressure was able to partially diffract around the member, reducing the pressure build 

up. If the radii of the cross sections continued to increase the cross sections would 

approach a flat wall, and the reflected pressure would also approach the reflected pressure 
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of a rigid wall, i.e. the chart value. Further, if the radius axis of Figure 3-6 and Figure 3-7 

started at zero, then the intercept values would be the incident values.  

The variation of impulse with respect to radius at the point of first contact, shown in 

Figure 3-9, behaved in a similar manner to the pressure variation. The increase towards 

the maximum value, however, was more gradual, and, from the scope of the data, it was 

not clear if that maximum value was the design value or a lower asymptote as in the case 

of the pressure plots. 

Similar to the plots in Figure 3-8 and Figure 3-9, the ratio of the reflected pressure and 

impulse to the incident pressure and impulse at the farthest point to the side are shown in 

Figure 3-10 and Figure 3-11, respectively. The plot in Figure 3-10 shows that the 

reflected pressure remained approximately equal to the design side-on pressure at that 

location for the full range of scaled distances studied. It tended to be lower for larger 

diameters because the shockwave had to travel the longer distance around the 

circumference whereas the unobstructed shockwave travelled in a straight line. Figure 

3-11 showed that the impulse variation with respect to radius at the edge of the member 

showed a slightly different trend. The impulse at that location was about half the side-on 

impulse. Thus, the act of diffracting seems to significantly influence impulse, probably 

by dissipating more energy than moving in free air. 
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Figure 3-6: Variation of pressure with respect to radius and angle for a given Z 
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Figure 3-7: Variation of impulse with respect to radius and angle for a given Z 
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Figure 3-8: Variation of the ratio of reflected to side on pressure with respect to radius at 

the point of incidence 

 
Figure 3-9: Variation of the ratio of reflected to side on impulse with respect to radius at the 

point of incidence 
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Figure 3-10: Pressure Variation of reflected pressure over side-on pressure with respect to 

radius at side of member 

 
Figure 3-11: Impulse Variation of reflected pressure over side-on pressure with respect to 

radius at side of member 
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3.5 DISCUSSION OF RESULTS 

The pressure varied sinusoidally with respect to the angle around the circumference. This 

is demonstrated in Figure 3-12, where the simulated values are approximated by 

substituting the simulation’s reflected and incident pressures into Equation (3-13). As 

only the chart design values are typically available, these values were substituted into 

Equation (3-13) for all the simulation blasts. These fits are presented in Figure 3-13. It 

can be seen from the figure that the substituted chart values capture the trend of the 

distributions, however, they consistently over estimate the distributions. This presents an 

acceptable error, as it is always an overestimate, hence, conservative. Additionally, the 

curve fit tended to overestimate the pressure for the larger members. This was attributed 

to the increased distance the wave traveled and the fact that the equation does not take 

distance into account. Similar observations can be made about the impulse distributions, 

as shown in Figure 3-14. 

 
Figure 3-12: Sinusoidal curve fit of the variation of reflected pressure with radial location 

 

00 

900  



CHAPTER 3 
 

65 

 

𝑃𝑟𝑐 = 𝑃𝑠𝑡 + (𝑃𝑟 − 𝑃𝑠𝑡) �
𝑐𝑜𝑠 2𝛷

2
+

1
2
� (3-13) 

Where: 

𝑃𝑟𝑐 is the reflected pressure around the circular cross section’s circumference 

𝑃𝑟 is the standard design reflected pressure 

𝑃𝑠𝑡 is the standard design incident pressure and 

𝛷 is the angle the point on the cross section’s circumference makes with the direct 

path between it and the blast 

Equation (3-13) is shown in expanded form in equation (3-14) below:   

𝑃𝑟𝑐 =
𝑃𝑠𝑡
2

+
𝑃𝑟 𝑐𝑜𝑠 2𝛷

2
+
𝑃𝑟
2
−
𝑃𝑠𝑡 𝑐𝑜𝑠 2𝛷

2
 (3-14) 

The pressure distribution obtained in Equation (3-14) acted perpendicular to the surface 

of the member. As the pressure was assumed to be symmetric around the cross section, 

the components of the pressure acting on the sides of the member were assumed to cancel 

out, and only the components in the direction of the axis of bending would cause 

displacement due to bending. Therefore, the component of the pressure distribution 

causing bending in the member was obtained using Equation   (3-15). The pressure 

acting around the back of the member was neglected as this was more conservative. 

𝑃𝑟𝑐𝑦 =
𝑃𝑠𝑡 𝑐𝑜𝑠 𝛷

2
+
𝑃𝑟 𝑐𝑜𝑠 2𝛷 𝑐𝑜𝑠 𝛷

2
+
𝑃𝑟 𝑐𝑜𝑠 𝛷

2
−
𝑃𝑠𝑡 𝑐𝑜𝑠 2𝛷 𝑐𝑜𝑠𝛷

2
  (3-15) 
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Figure 3-13: Variation of reflected pressure with angle for different radii and Z values 
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Figure 3-14: Variation of reflected impulse with angle for different radii and Z values 
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In order to obtain the equivalent pressure acting on the cross section, the normal pressure 

must first be integrated over the angle range, then the area obtained through integration 

must be divided by the total angle to obtain an average value. Thus the integral is shown 

in equation (3-16) and the resulting expression is given in equation (3-17) 

�𝑃𝑟𝑐𝑦 = ��
𝑃𝑠𝑡 𝑐𝑜𝑠 𝛷

2
+
𝑃𝑟 𝑐𝑜𝑠 2𝛷 𝑐𝑜𝑠 𝛷

2
+
𝑃𝑟 𝑐𝑜𝑠 𝛷

2
−
𝑃𝑠𝑡 𝑐𝑜𝑠 2𝛷 𝑐𝑜𝑠 𝛷

2
�

𝜋
2

0

𝑑𝛷 (3-16) 

�𝑃𝑟𝑐𝑦 =
2𝑃𝑟
3

+
𝑃𝑠𝑡
3

 (3-17) 

Equation (3-18) below shows the simplified expression for the equivalent pressure which 

can be used in design. 

𝑃𝑒𝑒𝑖𝑣 =
2

3𝜋
[2𝑃𝑟 + 𝑃𝑠𝑡] (3-18) 

Equation (3-19) below can be obtained in a similar manner for the equivalent impulse 

acting on a circular cross section. 

𝐼𝑒𝑒𝑖𝑣 =
2

3𝜋
[2𝐼𝑟 + 𝐼𝑠𝑡] (3-19) 

Although the reflected pressure and impulse at the point of incidence of a circular section 

are less than the values obtained from the charts, it is conservative to use the chart values.  

Thus, one could obtain the reflected and incident pressure for a given blast from the 

standard sources, and then use a sinusoidal fit to approximate the pressure distribution 

around a circular cross section.  
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3.6 CONCLUSION 

A numerical model was constructed in Autodyn to investigate the pressure distribution 

around a circular cross section. The model was verified and showed good agreement with 

established values. It was found that as the member radius increased the maximum 

reflected pressure at the point closest to the blast quickly approached a maximum of 

approximately 90% of the design value. It was also found that the pressure varied 

sinusoidally from this maximum value to a minimum value at the side of the member 

approximately equal to the incident pressure. A sinusoidal function was used to fit the 

distribution around the member with good results and this curve fit was used to derive a 

simple formula for finding equivalent design pressure and impulse values. 
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Chapter 4 

Dynamic Behaviour of Concrete Filled FRP Tubes Subjected to Impact 

Loading 

4.1 ABSTRACT 

Numerous experimental investigations have demonstrated the advantages of Concrete 

Filled FRP Tubes (CFFTs) over reinforced concrete members under various loading 

conditions. None of the studies, however, investigated whether these advantages of 

CFFTs extended to resisting dynamic impact loads. This presented a fertile field for 

investigation as it was well known that the addition of the tube confined and protected the 

concrete core and increased its load carrying capacity, and by extension, its energy 

absorption. This investigation aimed at understanding the dynamic behaviour of CFFTs 

under impact loading and to develop a procedure for their analysis and design. These 

aims were achieved by testing six specimens, three of which were CFFTs and three were 

reinforced concrete. The specimens were tested in pairs to facilitate comparisons. The 

first pair were tested monotonically to act as a benchmark and tie into previous research. 

The remaining two pairs were tested under impact loading. The parameters investigated 

were the presence of the GFRP tube, the internal steel reinforcement ratio, and the input 

kinetic energy. The monotonic tests showed that the addition of the tube increased the 

flexural capacity and maximum displacement by 112%, which translated into a 487.5% 

increase in energy absorption, when compared to the reinforced concrete counterpart. The 

addition of the tube increased the impact specimens’ energy absorbing capacity by 467% 

when the steel reinforcement ratio was 1.2% and 1223% when the steel reinforcement 
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ratio was 2.4%, compared to the reinforced concrete specimens. The GFRP tube also 

protected the concrete core and prevented its spalling and crushing during the impact 

tests. These encouraging experimental results led to the development of a nonlinear 

single degree of freedom (SDOF) model capable of capturing the behaviour of the system 

under multiple impacts to be used as a sophisticated analysis and design tool. 

Additionally, a simplified design method based on the conservation of energy was 

outlined as an accurate forcing function for conducting a SDOF analysis can be difficult 

to obtain. 

4.2 INTRODUCTION 

Impacts, although rare, are extreme loads that can cause extensive structural damage or 

collapse. They can be caused by wind generated missiles, vehicle collisions, or weapons, 

amongst other things. The analysis of, and design against, these impacts is complicated 

by the resulting dynamic inertial loads and the effect of the high strain rates on the 

material properties. Therefore, any improvement in impact resistance or dynamic analysis 

and design procedures is of great importance to structural engineering. 

The behaviour of plain and reinforced concrete under impact has been studied for 

decades such as by Banthia et al. [17] and Bentur et al. [18] and the difficulties in testing 

and analysis have been recognized and reported by Banthia et al. [19] where they 

presented details of an impact testing machine in the hope of standardizing the testing 

procedure. Additionally, the need for a simplified impact design procedure has been 

recognized and addressed by Kishi and Mikami [20] who developed simplified empirical 

equations relating the static flexural capacity, impact energy, and either the maximum or 
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the residual displacement. The potential of FRP for improving impact resistance has also 

been recognized and investigated by researchers such as Erki and Meier [24] and Tang 

and Saadatmanesh [25] who reported favorable results.  

GFRP tubes are durable, lightweight, and come in a large variety of sizes. They can be 

used as stay-in-place structural forms for concrete and are better suited for construction 

site conditions than cardboard Sono tubes, which require considerable onsite care in 

handling and storage. When used as stay-in-place forms, GFRP tubes confine the 

concrete core and act as structural reinforcement, which is ideally located at the perimeter 

to resist axial and flexural loads. The tubes also contribute to the shear resistance, thus 

enhancing the cross section’s overall resistance and structural performance. These 

advantages lead to extensive investigations of the static behaviour of concrete filled FRP 

tubes (CFFTs) such as the investigation by Fam and Rizkalla [3] of their flexural 

performance, the study by Cole and Fam [4] of their enhancement by the introduction of 

internal steel and FRP reinforcement, the study by Fam and Mandal [7] on prestressing 

the system, and the study of their behaviour under combined axial and flexural loads by 

Flisak et al. [12]. Helmi et al [13] investigated the important problem of the fatigue 

behaviour of GFRP tubes and ElGawady et al [14] and Zaghi et al [16] investigated the 

seismic behaviour of CFFTs in two separate studies. Thus, although many aspects of the 

static behaviour of CFFTs have been investigated, their behaviour under impact had yet 

to be investigated and an impact design methodology for them yet to be developed. 

The objectives of this investigation were: 
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1) to experimentally demonstrate the superiority of CFFTs to reinforced 

concrete members under monotonic and impact loading. 

2) to accurately model the dynamic behaviour of CFFTs under impact 

loading and  

3) to propose a methodology for the design of CFFTs to resist impact loads. 

This chapter presents the methodology and results of the testing of six full scale CFFT 

and reinforced concrete specimens monotonically and under impact followed by a 

discussion of the results and the detailed outlining of the development of a nonlinear 

single degree of freedom (SDOF) model for the dynamic analysis of CFFTs. The use of 

the SDOF model as a design aid and a simplified conservation of energy design 

procedure are also presented. 

4.3 EXPERIMENTAL PROGRAM 

4.3.1 Materials 

Ancillary material tests were conducted on the concrete, steel reinforcement, and a GFRP 

tube similar to the one used in this project, the results of which are presented in Appendix 

A. The GFRP tube’s additional mechanical properties were obtained from the 

manufacturer’s data [64]. 

A concrete strength of 34 MPa was obtained by performing six cylinder compression 

tests according to CSA standard A23.2-9C [65]. Three tests were also performed on each 

of the 6 mm and 10M steel bars to obtain their tensile properties. The 6 mm bars’ yield 

strength was 645 MPa and their ultimate strength was 713 MPa with a modulus of 
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elasticity of 194 GPa. The 10M bars’ yield strength was 430 MPa, and their ultimate 

strength was 577 MPa with a modulus of elasticity of 170 GPa.  

The GFRP tube had an outer diameter of 0.22 m and a structural wall thickness of 5.5 

mm. The tube wall consisted of continuous glass fibres wound at a 54.75 helical angle in 

a premium vinyl ester resin matrix. The tubes mechanical properties, obtained from the 

manufacturer [64], were a tensile modulus of 21.6 GPa and a Poisson’s ratio of 0.45 in 

the circumferential direction, and a tensile strength of 48.3 MPa, a tensile modulus of 

10.1 GPa, and a Poisson’s ratio of 0.35 in the longitudinal direction. Three coupons, from 

a GFRP tube from the same manufacturer and with the same laminate structure were 

tested by Zakaib [66] for a sister project, provided a rupture strain of 0.0184.  

4.3.2 Test Specimens and Parameters 

Six reinforced concrete test specimens were cast in the structures lab of the Royal 

Military College of Canada (RMC). The specimens were 4 m long and had a circular 

cross-section with a nominal diameter of 0.2 m. Three specimens were cast using 

conventional commercial cardboard tubes, and three specimens, with identical internal 

steel reinforcement, were cast using GFRP tubes. Of the six specimens, four had a steel 

reinforcement ratio of 2.4%, corresponding to eight-10M longitudinal reinforcing bars, 

and two had a steel reinforcement ratio of 1.2% corresponding to four-10M longitudinal 

reinforcing bars. The steel reinforcement ratios of 1.2% and 2.4% were selected to reflect 

the 1% minimum and 2.5% maximum reinforcement ratios recommended for blast 

resistant design [40] [67] to ensure sufficient strength and a ductile failure. All the 

specimens contained 6 mm diameter continuous steel spiral reinforcement to prevent 

shear failure and maximize ductility. The pitch of the spiral was 0.1 m, except over the 
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supports where it was decreased to 0.05 m over a length of 0.2 m from both ends to 

mitigate the concentrated loading at the supports. A summary of the test matrix is 

presented in Table 4-1 and Figure 4-1 provides schematic diagrams of the four different 

cross-section configurations for the specimens. 

Table 4-1: Test matrix 

Specimen Testing method Type 𝜌 (%) Configuration 

CI4 Impact RC 1.2 A 
TI4 Impact CFFT 1.2 B 
CI8 Impact RC 2.4 C 
TI8 Impact CFFT 2.4 D 
CM8 Monotonic RC 2.4 C 
TM8 Monotonic CFFT 2.4 D 

 

 

Figure 4-1: Specimens’ reinforcement configurations 
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4.3.3 Instrumentation 

An HBM MGC Plus data acquisition system running the Catman Professional 5.0 

software acquired the impact and monotonic testing data. The loads from two force 

transducers at the supports were recorded as well as a force transducer at the hammer for 

the initial hammer drops. The transducer at the hammer was removed after the few initial 

impacts to prevent it from getting damaged as the measured peak force approached the 

transducer’s capacity. LVDTs measured displacements near mid-span and at the two 

supports for all the tests. Strains from eight (or four) internal strain gauges, one on every 

reinforcing bar located at mid-span, were also measured, as well as two longitudinal 

surface strain gauges for the CFFT specimens and one longitudinal surface strain gauge 

for the reinforced concrete specimens. Additionally, two accelerometers were installed, 

one near mid-span on the specimen and the other on the hammer. All the tests were also 

recorded using a high speed camera recording at 1000 frames per second. The strain 

gauge data was captured at a rate of 2400 Hz, while the remaining instruments were 

recorded at a rate of 4800 Hz. 

4.3.4 Monotonic Testing Setup and Procedure 

Specially designed testing frames were used to support the specimens during both the 

monotonic and impact testing phases. Specimens CM8 and TM8 (Table 4-1) were tested 

monotonically in four point bending. The center-center span was 3.85 m and the applied 

point loads were 0.55 m apart. The tests were performed under a displacement control at 

a constant stroke rate of 1 mm/minute. Steel end caps, 0.15 m wide, were placed at the 

supports and under the loading points to distribute the loads and prevent local failure. 

During testing, the displacement of specimen TM8 exceeded the machine's stroke. 
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Therefore, after reaching maximum stroke it was unloaded and spacers were added 

before reloading to failure. A schematic of the monotonic test setup is shown in Figure 

4-2 and a photograph of it is shown in Figure 4-3. 

 

Figure 4-2: Schematic of monotonic testing setup 

 

Figure 4-3: Photograph of monotonic experimental testing setup  
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4.3.5 Impact Testing Setup and Procedure 

Both the control reinforced concrete and the CFFT specimens were impacted at mid-span 

in a three-point bending simply supported configuration with a center-center span of 3.85 

m. The specimens were restrained with additional top rollers at the supports to prevent 

rebounding. A schematic of the impact testing setup is shown in Figure 4-4, a photograph 

of it is shown in Figure 4-5, and a 3D computer rendering of it is shown in Figure 4-6. 

Similar to the monotonic tests, 0.15 m wide steel sleeves were placed at the supports and 

the loading point to distribute the forces and prevent local failures. 

 
Figure 4-4: Schematic of impact testing setup 

The impact hammer weighed 561 kg and was dropped from incrementally increasing 

heights on each specimen until failure occurred. The incremental drop heights were the 

same for all specimens to facilitate comparisons. Dropping from incrementally increasing 

heights allowed the capture of progressive damage to the specimens and changes in their 

response. The drop heights, corresponding potential energy, and number of impacts for 

each specimen are presented in Table 4-2.  
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Figure 4-5: Photograph of impact Testing Experimental Setup 

 

Figure 4-6: 3D computer rendering of impact testing setup 
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Table 4-2: Hammer Drop Height, Corresponding Potential Energy, and number of impacts 
for each test specimen 

Height 
(m) 

Potential 
Energy 

(kJ) 

Impacts per Specimen 

CI4 CI8 TI4 TI8 
0.15 0.8 1 1 1 1 
0.51 2.8 1 1 1 1 
0.87 4.8 - 1 1 1 
1.23 6.8 - - 1 1 
1.59 8.7 - - 1 5 

4.4 EXPERIMENTAL RESULTS 

4.4.1 Loads and Displacements of Monotonic Tests 

The load-displacement plots of the monotonic tests are presented in Figure 4-7. The 

maximum loads attained were 2.90 x 104 N for specimen CM8 with a displacement of 

0.125 m at that load and a maximum load of 6.15 x 104 N with a corresponding 

displacement of 0.265 m for specimen TM8. These results showed that encasing a 

reinforced concrete member with a GFRP tube increased its resistance and its 

displacement at maximum load by 112 %. The cracked elastic stiffness of the specimens 

also increased by 53% from 5.30 x 105 N/m for specimen CM8 to 8.10 x 105 N/m for 

specimen TM8. The energy absorbed by specimen CM8, calculated as the area under the 

load-displacement curve, was 2.4 kJ while the energy absorbed by specimen TM8 at 

failure was 14.1 kJ. Thus, the addition of the GFRP tube increased the absorbed energy of 

specimen TM8 by 487.5% when compared to specimen CM8. This increase represented a 

substantial increase in impact resistance. Figure 4-8 (a) shows the failure mechanism of 

specimen CM8 and Figure 4-8 (b) the failure mechanism of specimen TM8. It can be 

seen that specimen CM8 failed by crushing of the concrete in compression, while 

specimen TM8 failed by rupture of the tube in tension. As specimen TM8 attained a 
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much higher load, it can be inferred that the tube protected the concrete and prevented it 

from crushing and  spalling. It can also be seen in Figure 4-7 that the load deflection 

curve of specimen CM8 flattened when the reinforcing steel yielded, while that of 

specimen TM8 continued to increase, although at a slower rate. This was attributed to the 

tube not yielding and continuing to carry more load in specimen TM8.   

 

Figure 4-7: load-displacement plots of monotonic tests 

4.4.2 Displacements and Reactions of Impact Tests 

The complete displacement-time histories and the averaged support reaction-time 

histories are presented in Figure 4-9, Figure 4-10, Figure 4-11, and Figure 4-12 for 

specimens CI4, CI8, TI4, and TI8, respectively.  

The hammer tup’s forces exceeded the capacity of the hammer’s force transducer after 

the initial few drops and these measurements had to be discontinued. The reaction-time 
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Figure 4-8: Failure mechanism of specimens (a) CM8  and (b) TM8 

histories are presented as they give a fuller picture of all the behaviour up to failure. The 

reactions (Figure 4-9 to Figure 4-12) showed the trends of the forces and captured the 

rebounds of the hammer, however, they did not capture the maximum peaks that occurred 

at the point of impact at first contact. This is attributed to the very large initial forces 

setting the specimens in motion and not being transferred to the supports. It can be seen 

from all the figures that the peak hammer forces were generally proportional to the drop 

height. This, however, was not always true as forces depended on the interactions 

between the specimen and the hammer in addition to the drop height. The reactions 

slightly crossed zero on the rebounds of the specimen indicating tensile forces. These 

forces were attributed to the instruments’ responses to the impact and were not 

transferred to the specimens as no mechanism was available to make that possible. 

The displacement-time histories of all the specimens, presented in Figure 4-9 to Figure 

4-12, have certain similarities. The initial impact of the hammer on the specimen always 

caused the maximum displacement. This was followed by additional smaller impacts as 

the hammer rebounded onto the specimen. The number of rebounds was directly 

proportional to the stiffness of the specimen. The CFFT specimens showed a much 

a b 
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greater residual displacement. The displacement-time history then decayed exponentially 

as the damping reduced the vibrations to zero.  

The peak displacement of the second impact of specimen CI4 in Figure 4-9 marks the 

destruction of the LVDT due to the total failure and collapse of the specimen. Concrete 

crushing was observed in CI4 after the first impact. Crushing of specimen CI8 occurred 

at the second peak of Figure 4-10. The LVDT separated during that impact, thus the lack 

of oscillations. The third drop caused the concrete in compression to crush, a large tensile 

crack to open, and some of the concrete in tension to spall. The GFRP tube of specimens 

TI4 and TI8 ruptured in tension in the final drops of Figure 4-11 and Figure 4-12, 

respectively. Photographs of all the impact specimens after failure are presented in Figure 

4-13. Specimens CI4 and CI8 failed by crushing of the concrete in compression after 

yielding of the steel in tension, while specimens TI4 and TI8 failed by rupture of the tube 

in tension after yielding of the steel in tension. This higher load attained by specimens 

TI4 and TI8 indicates that the tube confined the concrete and prevented it from crushing 

and spalling. 

4.4.3 Hammer Tup Force Measurements 

The force measurements from the hammer tup’s force transducer, are presented in Figure 

4-14 (a), (b), (c) and (d) for specimens CI4, CI8, TI4, and TI8, respectively. In all the 

figures first contact caused a very sharp, almost instantaneous, spike in the measured 

force, indicating that the loading was impulsive. This was confirmed by the insignificant 

amount of movement that had occurred in the specimen during that loading. This force 

imparted acceleration to the specimen that initiated the dynamic motion. 
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Figure 4-9: Averaged support reactions and displacement time histories of specimen CI4 

 
Figure 4-10: Averaged support reactions and displacement time histories of specimen CI8 
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Figure 4-11: Averaged support reactions and displacement time histories of specimen TI4 

 
Figure 4-12: Averaged support reactions and displacement time histories of specimen TI8 
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Figure 4-13: Impact specimens’ failure modes 
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The forcing functions also showed the rebounds of the hammer. Because of its mass, it 

was practically impossible to stop the hammer from making further contact. The hammer 

force transducer recorded slight tensile forces on the rebounds which were removed as 

the hammer was not connected to the specimen and no tensile forces were transferred to 

it. 

4.4.4 Strain Rates of Impact Tests 

Strain rates were calculated for the initial impacts where the hammer forces were 

recorded. The strain rates were only calculated for these tests because that information 

was used in the single degree of freedom modelling and, as they were directly below the 

point of impact, the strain gauges became progressively more damaged as the testing 

progressed.  

The strain rates were calculated by taking the numerical time derivative of the strain data 

between the initial impact and the time of maximum displacement for all functioning 

strain gauges. This first order derivative was calculated using the three-point formula [68] 

given in Equation (4-1). 

𝜀�̇� =
𝜀𝑖+1 − 𝜀𝑖−1

2∆𝑡
  (4-1) 

The strain time-histories followed the same trends as the displacement time-histories, but 

with more variations and noise. As the strain gauges were at different depths due to the 

rebar configuration, they resulted in different strains and strain rates. The average strain 

rate and the standard deviation were calculated for each drop individually. The average 

values were used in the calculations and the standard deviations and maximum values are 

presented to give indication of the variation and scatter of the data. The average strain 



CHAPTER 4 
 

88 

 

 

Figure 4-14: Tup’s measured forces for specimens (a) CI4 (b) CI8 (c) TI4 and (d) TI8 
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rate, standard deviation, and maximum absolute strain rate obtained for each specimen 

are presented in Table 4-3. 

Table 4-3: Available strain rate data summary 

Specimen Drop Average �̇� 
(s-1) 

Standard 
Deviation (s-1) 

Maximum �̇� 
(s-1) 

CI4 1 0.0095 0.0350 0.2810 
CI8 1 0.0143 0.0433 0.2396 

2 0.0358 0.1034 0.6293 
TI4 1 0.0247 0.0863 0.8563 

2 0.0903 0.3074 2.6342 
3 0.1294 0.3243 1.1283 

TI8 1 0.0339 0.1138 1.3654 
2 0.0331 0.1995 2.0091 
3 0.0596 0.2358 3.0528 

4.4.5 High-Speed Camera Velocities of Impact Tests 

Raising the hammer to a given height gave it a potential energy which was converted to 

kinetic energy, given by Equation (4-2), minus any losses that occurred when it was 

released. 

𝐾𝐾𝐸 =
1
2
𝑚𝑣2  (4-2) 

Where 

𝐾𝐾𝐸 is the kinetic energy 

𝑚 is the mass (541 kg for the hammer in this study) and 

𝑣 is the instantaneous velocity 

The losses in the apparatus could not be measured directly and were probably due to 

friction at the hinge and energy lost as heat and sound. Therefore, the high speed camera 

was used to determine the instantaneous velocity at impact which was used to calculate 

the kinetic energy. The calculated kinetic energies for all the individual specimens are 
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presented Table 4-4 along with the drop height increments, their corresponding potential 

energies, and the instantaneous velocities at impact. Not all the input energy was 

converted to strain energy and, of the energy that was converted to strain energy, a 

portion went into deforming the specimens elastically and was recoverable. 

Table 4-4: High-speed camera hammer instantaneous velocities and calculated kinetic 
energies 

Height 
(m) 

Potential 
Energy 

(kJ) 

Impacts Specimen 
CI4 CI8 TI4 TI8 
Velocity 
(m.s-1) 

Kinetic 
Energy 

(kJ) 

Velocity 
(m.s-1) 

Kinetic 
Energy 

(kJ) 

Velocity 
(m.s-1) 

Kinetic 
Energy 

(kJ) 

Velocity 
(m.s-1) 

Kinetic 
Energy 

(kJ) 

0.15 0.8 1.35 0.51 1.22 0.42 1.56 0.68 1.32 0.49 
0.51 2.8 3.27 3.00 3.10 2.70 2.94 2.42 3.85 4.16 
0.87 4.8 - - 4.17 4.88 4.03 4.56 4.39 5.41 
1.23 6.8 - - - - 5.01 7.04 4.77 6.38 
1.59 8.7 - - - - 5.56 8.67 5.30 7.88 
1.59 8.7 - - - - - - 5.50 8.49 
1.59 8.7 - - - - - - 5.61 8.83 
1.59 8.7 - - - - - - 5.69 9.08 
1.59 8.7 - - - - - - 5.67 9.02 

The kinetic energies were typically lower than the potential energies, as would be 

expected, due to the losses in the system. The height of the hammer was measured from 

the ground. Therefore, the drop heights did not include the additional distance traveled by 

the hammer due to the residual displacements of the preceding impacts. This was clear in 

the final drop on specimen CI8 and the last three drops on specimen TI8. The last drop on 

specimen CI4 caused total collapse and the hammer accelerated as it continued to fall 

through the specimen. Too few points in the second and third drops on specimen TI8 

were available to take a representative average velocity. 
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4.5 ANALYSIS OF TEST RESULTS 

4.5.1 Single Degree of Freedom Modelling 

A single degree of freedom (SDOF) system is one whose complete motion can be 

described using one coordinate. Such a system can be used to simplify the solution of the 

differential equation of motion given in Equation (4-3). 

𝑀𝑀𝑒𝑒�̈�𝑦 + 𝑐�̇�𝑦 + 𝑅(𝑦𝑦) = 𝐹𝑒𝑒(𝑡) (4-3) 

Where 

𝑦𝑦 is the displacement in m 

�̇�𝑦 is the velocity in m.s-1 

�̈�𝑦 is the acceleration in m.s-2 

𝑀𝑀𝑒𝑒 is the equivalent mass in kg 

C is the damping coefficient in kg.s-1 

𝑅(𝑦𝑦) is the resistance as a function of displacement in N and 

𝐹𝑒𝑒(𝑡) is the loading as a function of time in N 

The analysis of flexural members can be simplified to a SDOF by assuming a shape 

function that is scaled by a single displacement of interest, usually the midspan 

displacement. An equivalent mass, damping, stiffness, and forcing function can be 

obtained by equating the kinetic, strain, and potential energies of the original system to 

those of the SDOF system. Figure 4-15 shows conceptually how a laterally loaded simply 

supported member can be represented by an equivalent SDOF system and the resulting 

Free Body Diagram used to resolve the equation of motion. 
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Figure 4-15: SDOF schematic 

4.5.2 Numerical Integration 

The complexity of the loading functions and the non-linearity of the resistance functions 

made the direct solution of the differential equation of motion impossible in this case. 

Thus, a numerical integration approach was used [69]. In numerical integration, time is 

discretized and the solution is obtained sequentially by calculating the displacement 

occurring during the time-step using the known conditions of the previous time-step. 

Thus, the solution proceeded as follows: Equation (4-3) was rearranged into Equation 

(4-4) to solve for the acceleration: 

�̈�𝑦(𝑠) =
𝐹(𝑡) − 𝑐�̇�𝑦(𝑠−1) − 𝑅�𝑦𝑦(𝑠−1)�

𝑀𝑀𝑒𝑒
 (4-4) 

The s in the above equation refers to the time station or integration point. The velocity 

and displacement were then calculated by assuming that the acceleration varied linearly 

during the time step interval as given in Equations (4-5) and (4-6). The error was also 

reduced by decreasing the time step iteratively until the results converged to within 1%.  

 

 

 𝑴𝒆𝒆�̈� + 𝒄�̇� + 𝑹(𝒚) = 𝑭𝒆𝒆(𝒕) 
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𝑪�̇� 𝑹(𝒚 ) 
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Comparisons of the SDOF model’s results with experimental measurements gave 

confidence in the computed results. 

�̇�𝑦(𝑠) = �̇�𝑦(𝑠−1) +
1
2
��̈�𝑦(𝑠) + �̈�𝑦(𝑠−1)�∆𝑡 (4-5) 

 𝑦𝑦(𝑠) = 𝑦𝑦(𝑠−1) + �̇�𝑦(𝑠−1)∆𝑡 + �2�̈�𝑦(𝑠−1) + �̈�𝑦(𝑠)�
(∆𝑡)2

6
 (4-6) 

The calculated velocity and displacement were then substituted back into Equation (4-4) 

and the entire procedure was repeated until the time of interest was reached. A flow chart 

of the numerical integration algorithm is presented in Figure B- in Appendix B and the 

VBA code of the SDOF model is presented in Appendix C. The following sections 

describe procedures for obtaining the key parameters of Equation (4-3), namely 𝑀𝑀𝑒𝑒 , c, 

𝑅(𝑦𝑦), and 𝐹𝑒𝑒(𝑡). 

4.5.3 Equivalent Mass (𝐌𝐞𝐪) 

The SDOF system has a lumped equivalent mass that moves as a rigid body. The kinetic 

energy of such a point mass can be calculated using Equation (4-7). 

𝐾𝐾𝐸𝑆𝐷𝑂𝐹 =
1
2
𝑀𝑀𝑒𝑒�̇�𝑦(𝑡)2 (4-7) 

The modelled beams, however, had a distributed mass that underwent different 

accelerations at different locations along the span. The kinetic energy of such a 

continuous system is calculated using Equation (4-8). 

𝐾𝐾𝐸𝐵𝑒𝑀𝑚 =
1
2
� 𝑚(𝑀𝑀)[𝜑(𝑀𝑀)�̇�𝑦(𝑡)]2
𝐿

0
𝑑𝑀𝑀 (4-8) 

Where: 
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𝜑(𝑀𝑀) is the shape function 

Equivalency of the two systems was achieved by equating the kinetic energies given by 

and Equations (4-7) and (4-8), as shown in Equation (4-9). Thus the velocities canceled 

out and the equivalent mass was a function only of the distributed mass and the shape 

function. 

𝑀𝑀𝑒𝑒 = � 𝑚(𝑀𝑀)𝜑(𝑀𝑀)2
𝐿

0
𝑑𝑀𝑀 (4-9) 

The assumed sinusoidal shape function and the result of the calculation are given in 

Equations (4-10) and (4-11), respectively, where 3.85 m is the centre-centre span. 

 𝜑(𝑀𝑀) = 𝑠𝑖𝑛 �
𝑀𝑀𝜋

3.85
� (4-10) 

From Equations (4-9) and (4-10), knowing that the distributed mass for specimen TI8 

was 99 kg/m: 

 𝑀𝑀𝑒𝑒 = � 99
3.85

0
𝑠𝑖𝑛2 �

𝑀𝑀𝜋
3.85

�𝑑𝑀𝑀 = 190.4 𝑘𝑔 (4-11) 

This result compared well with the equivalent mass calculated using the standard 

equivalent mass tabulated factor of 0.49 for a simply supported beam, giving an 

equivalent mass of 193.83 kg. The total, distributed, and equivalent masses of the impact 

specimens are presented in Table 4-5 as well as the resulting mass factors. 

4.5.4 Damping Coefficient ( c ) 

Damping is frequently neglected when performing SDOF analyses due to the difficulty in 

estimating the damping coefficient and the slightly conservative resulting calculations if it is 

neglected. Recommended values can be obtained from the literature, where they 
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Table 4-5: Total and equivalent specimen masses 

Specimen 
Designation 

Total 
Mass 
(kg) 

Distributed 
Mass 

(kg/m) 

Equivalent 
SDOF Mass 

(kg) 

Mass Factor 
KM 

CI4 357 89.25 171.6 0.481 
TI4 383 95.75 184.1 0.481 

CI8 370 92.50 177.9 0.481 
TI8 396 99.00 190.4 0.481 

typically range from 2% to 15% for reinforced concrete [40]. As impact testing 

measurements were available in this study, the following procedure, using logarithmic 

decrements, was followed to find the damping coefficients of the specimens using the 

experimental test results. Figure 4-16 shows a decaying displacement time-history 

schematic. The sinusoidal displacement time-history is enveloped by a logarithmic decay 

function, whose rate of decay is determined by the natural frequency and the damping 

ratio of the system. Using the following mathematical manipulation, an expression for the 

damping coefficient can be obtained from experimental displacement-time history results. 

 

Figure 4-16: Logarithmic decrement schematic 
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Any two successive peaks of the response can be expressed as shown in Equations (4-12) 

and (4-13) [69]. 

𝑦𝑦1 = 𝑠𝑒−𝜉𝜔𝑛𝑡1 (4-12) 

 𝑦𝑦2 = 𝑠𝑒−𝜉𝜔𝑛𝑡2 (4-13) 

Where 

𝜉 is the damping ratio 

𝜔𝑛 is the natural frequency in Hz 

s in the above equations represents a sinusoidal function and 

𝑦𝑦1 and 𝑦𝑦2 are the displacements of two consecutive peaks of the displacement-time 

history. 

Taking the ratio of the displacements 𝑦𝑦1 and 𝑦𝑦2 results in Equation (4-14).  

𝑦𝑦1
𝑦𝑦2

= 𝑒−𝜉𝜔𝑛(𝑡1−𝑡2) = 𝑒𝜉𝜔𝑛𝑇𝐷 (4-14) 

Where  

TD is the damped natural period in seconds, equal to 𝑇𝐷 =  2𝜋
𝜔𝑛�1−𝜉2

 

Taking the natural logarithm of both sides gives Equation (4-15). 

𝑙𝑛 �
𝑦𝑦1
𝑦𝑦2
� = 𝜉𝜔𝑛𝑇𝐷 (4-15) 

Thus, Equation (4-16) can be obtained from Equation (4-15) which can be solved 

iteratively for the damping ratio. 
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𝑙𝑛 �
𝑦𝑦1
𝑦𝑦2
� = 𝜉𝜔𝑛  

2𝜋
𝜔𝑛�1 − 𝜉2

=
2𝜋𝜉

�1 − 𝜉2
 (4-16) 

The damping coefficient can then be obtained using Equation (4-17) relating it to the 

damping ratio.  

𝑐 = 2𝑚𝜉𝜔𝑛 (4-17) 

The damping ratios and damping coefficients obtained for the test specimens in this way 

are presented in Table 4-6. Only the test results with recorded hammer forces were used 

to calculate the damping as those were the impacts that were modelled using the SDOF. 

Table 4-6: Damping ratios for specimen from test results 

Specimen 
Designation 

Damping 
Ratio 
(%) 

Damping 
Coefficient 

(kg/s) 
CI4 0.97 260 
TI4 11.62 4232 
CI8 16.07 4051 
TI8 11.54 4036 

4.5.5 Resistance Function Derivation 

An actual investigated member may have any arrangement of loads applied to it, 

however, an SDOF analysis requires an equivalent load applied at the point of interest 

that produces an identical displacement-time history as the actual applied loads. This 

equivalency is typically achieved by equating the work done by the applied forces of the 

original member to the work done by the equivalent force applied to the SDOF system. 

The following discussion outlines a procedure for obtaining the complete nonlinear 

resistance functions for the CFFT members investigated in this chapter. The application 

of these procedures can be extended to any flexural member.  
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A sectional analysis calculates a member’s response by imposing strain compatibility on 

the concrete and the reinforcement, assuming that plane sections remain plane [70]. The 

member’s full response is calculated by satisfying equilibrium of the cross section’s 

internal forces for incrementally increasing strain profiles. The resulting moments and 

curvatures are then calculated using these internal forces and strain profiles.  

The member’s constitutive material’s stress-strain relationships need to be known in 

order to relate the member’s deformation to the developed internal forces. The reinforced 

concrete specimens concrete stress strain curve was modelled using the curve developed 

by Popovics [71]. The tube in the CFFT specimens, however, partially confined the 

concrete. Therefore, the CFFT specimens’ concrete strength was held at the concrete’s 

compressive strength once that value was reached to account for the resulting plastic 

behaviour, as described by Cole [4]. These two concrete stress- strain curves are shown in 

Figure 4-17. The stress-strain curves of the longitudinal and transverse reinforcement, as 

well as that of a tube with comparable laminate structure tested by Zakaib [66], are 

shown in Figure 4-18. The tensile portion of the tube was modelled by idealizing the 

curve presented in Figure 4-18 into an elastic-perfectly plastic curve. It was observed 

while reviewing the literature that tubes with similar laminate structures [72] [73] behave 

more linearly under compression than under tension, probably as much of the non-

linearity is introduced by splitting of the matrix between the fibers. Additionally, it was 

observed that in the cases cited above, the stiffness under compression was 60% higher 

than that under tension. Due to these observations, the portion of the tube under 

compression was assumed to act linearly, and its stiffness was increased by 400% to 

match the experimental moment curvature results. This large stiffness increase may have 
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been caused by the lateral restraint provided by the concrete core which was not present 

in the coupon tests referred to above. The sectional analysis was terminated when the 

concrete crushed in the reinforced concrete specimens and when the tube ruptured in the 

CFFT specimens. 

Sectional analysis predictions of the moment-curvature and load-displacement responses 

of the two monotonic specimens, CM8 and TM8, are presented in Figure 4-19 and Figure 

4-20, respectively. The figures also show the experimental test results for comparison. 

The experimental curvature was calculated using the measured strains and the known 

rebar arrangement, assuming that plane sections remained plane. The strain gauges failed 

due to the large strains while testing specimen TM8, therefore, the final point on that 

 

Figure 4-17: Concrete stress-strain curves used in sectional analyses [4] 
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Figure 4-18: Stress-strain curves of steel and GFRP tube used in sectional analyses 

moment-curvature plot was calculated using the maximum load and the peak 

displacement of the test. The sectional analysis results matched the experimental results 

closely. Thus, the sectional analysis results for specimens CM8 and TM8 were used for 

specimens CI8 and TI8 as they had the same reinforcement arrangement. Similar 

sectional analyses were performed to obtain the equivalent monotonic moment-curvature 

relationships of specimens CI4 and TI4.   

The following procedure was followed to construct the resistance functions of all the 

specimens. The calculated strain rates, presented in Table 4-3, were used to obtain 

dynamic increase factors (DIFs) from available charts for concrete (Figure 4-39 UFC 3-

340-01 [40]) and steel (Figure 4-48 UFC 3-340-01 [40]). These DIFs are presented in 

Table 4-7. According to Mutalib and Hao [74] based on the experimental work of Welsh 
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and Harding [75] and Kimura et al. [76] the strength enhancement of FRP under a strain 

rate less than 10 s-1 is insignificant compared to the strength enhancement of concrete and 

steel. 

Thus, no dynamic increase in the material properties of the GFRP tube was used. This 

assumption was supported by the results of the SDOF analysis presented below. As the 

difference between the concrete and steel increase factors was no more than 5%, the 

simple average of those DIFs was used to obtain the impact moment-curvature 

relationship from the monotonic one. Thus, the moment coordinate of the monotonic 

moment-curvature relationships was multiplied by the DIF, reported in Table 4-7, to 

account for the strain rate effects on the material properties [77]. The developed moment-

curvature curves magnified by the DIF factors are presented in Figure 4-21. 

 

Figure 4-19: load-deflection plots of static tests and predictions 
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Figure 4-20: Moment-curvature plots of static tests and predictions 

The moment-curvatures were then numerically integrated with respect to curvature to 

give a relationship of cross sectional strain energy to curvature as shown in Equation 

(4-18).  

𝑑𝑈(𝜙)
𝑑𝑀𝑀

= � 𝑀𝑀(𝜙)𝑑𝜙
𝜙𝑚𝑚𝑚

0
 (4-18) 

Where  

𝑈 is the strain energy in Joules 

𝜙 is the curvature in rad.m-1 

M(𝜙) is the bending moment as a function of curvature in N.m and 

𝑀𝑀 is the distance along the length of a member in m  



CHAPTER 4 
 

103 

 

Table 4-7: Impact Specimen’s Dynamic Increase Factors 

Specimen Average �̇� 
(s-1) 

f’c DIF fy DIF Average DIF 

CI4 0.0095 1.10 1.15 1.125 
CI8 0.0251 1.14 1.17 1.155 
TI4 0.0815 1.18 1.21 1.195 
TI8 0.0335 1.15 1.19 1.170 

An incrementally increasing bending moment diagram was constructed using the known 

loading configuration. This bending moment diagram and the moment-curvature 

relationship were used to find the curvature distribution along the length for the moment 

increment. The sectional strain energy distribution was constructed using the previously 

obtained strain energy to curvature relationship and the curvature distribution along the 

length. This in effect gave the strain energy as a function of location along the member as 

shown in Equation (4-19).  

𝐵𝑀𝑀𝐷 +  𝑀𝑀(𝜙) +
𝑑𝑈(𝜙)
𝑑𝑀𝑀

⇒
𝑑𝑈(𝑀𝑀)
𝑑𝑀𝑀

  (4-19) 

The displacement at the moment increment was obtained using the double integration 

method given in Equation (4-20).  

𝑦𝑦 = � 𝜙(𝑀𝑀)
𝐿
2�

0
𝑑𝑀𝑀𝑑𝑀𝑀 (4-20) 

Where: 

𝑦𝑦 is the displacement in m 

The total stored strain energy of the member at the applied moment increment was 

obtained by numerically integrating the sectional strain energy distribution using 

Equation (4-21).  
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𝑈 = �
𝑑𝑈(𝑀𝑀)
𝑑𝑀𝑀

𝐿

0
𝑑𝑀𝑀 (4-21) 

 

Figure 4-21: Moment-curvature including DIF 

The results of these calculations were the total energy stored in the member and the 

corresponding displacement for the given bending moment increment. The process was 

then repeated for the next moment increment until the failure bending moment was 

reached. The result of these calculations was a relationship between the displacement of 

the member and the total strain energy stored in it. The derivative of this resulting strain 

energy versus displacement relationship was taken numerically to obtain the resistance 

function as shown in Equation (4-22).  

𝑅(𝑦𝑦) =  
𝑑𝑈(𝑦𝑦)
𝑑𝑦𝑦

 (4-22) 

Where: 

    CI4 

    CI8 

    TI4 

    TI8 
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𝑅(𝑦𝑦) is the equivalent resistance function in N 

A flowchart of the procedure described above is presented in Figure B-2 of Appendix B. 

The equivalent resistance function obtained in this way represents the internal force 

acting to restore the member to its unloaded monotonic position. The resulting resistance 

functions, or load-displacement responses, obtained from Equations (4-21) and (4-22) for 

the impact testing specimens are presented in Figure 4-22. 

4.5.6 Unloading Stiffness 

The use of multiple hammer impacts on the specimens in each test made it necessary to 

model both the loading and unloading paths in order to capture the full response. Prior to 

yielding, the unloading path would follow the loading path, however, as the first impact 

caused yielding in all the specimens the unloading stiffness was calculated using 

Equation (4-23) adapted from Takeda [78]: 

𝐾𝐾𝑢 = 𝐾𝐾𝑦 �
𝑦𝑦𝑦
𝑦𝑦𝑀𝑀𝑑

�
𝛼

 (4-23) 

Where: 

𝐾𝐾𝑢 is the unloading stiffness in N/m 

𝐾𝐾𝑦 is the yield stiffness in N/m 

𝑦𝑦𝑦 is the yield displacement in m 

𝑦𝑦𝑀𝑀𝑑 is the maximum displacement attained in m and 

𝛼𝛼 is the unloading stiffness degradation parameter (typically 0 to 0.5 [79] with 0.4 

used by Takeda [78]). 
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Figure 4-22: Resistance Functions of Impact Specimens 

The yield stiffness in the Takeda model is taken to be the slope of the line connecting the 

yielding point on the resistance function in one direction to the cracking point in the 

opposite direction. A schematic of these quantities is shown in Figure 4-23. The cracking 

moment and the moment at which the bottom layer of reinforcement yielded were 

obtained from the sectional analysis. The corresponding loads and displacements were 

then obtained in the same manner as the resistance functions, as was described in Section 

4.5.5. The two monotonic tests included an unloading portion which was used for 

calculating the 𝛼𝛼 values for the reinforced concrete and CFFT specimens to be used in the 

SDOF analyses. These results are presented in Table 4-8.  

 

 

    CI4 

    CI8 

    TI4 

    TI8 
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Table 4-8: Impact specimens’ cracking points, yield points, and unloading stiffnesses 

Specimen ycr 
(m) 

Pcr 
(N) 

yy 
(m) 

Py 
(N) 

Ky 
(N/m) 

α 

CI4 0.00170 2741 0.0296 12320 481182 0.046 
CI8 0.00344 3685 0.0302 20392 715725 0.046 
TI4 0.00152 4104 0.0263 21223 910388 0.120 
TI8 0.00192 4074 0.0262 26842 1099431 0.120 

CM8 0.00370 3393 0.0326 18631 606257 0.046 
TM8 0.00208 3551 0.0287 24236 902446 0.120 

4.5.7 Forcing Functions 

The hammer tup’s force measurements, including all the rebounds of the hammer, as 

presented in Figure 4-14 (a), (b), (c) and (d) for specimens CI4, CI8, TI4, and TI8, 

respectively, were used in the SDOF modelling,.  

 

Figure 4-23: Schematic of the Takeda model unloading stiffness 

In an attempt to overcome the absence of measured hammer forces for the larger drop 

heights, two alternative methods were pursued. The first was using the hammer’s 

 

 

Load 

Displacement 

Pcr 

Pcr 

Py 

Ky 

𝐾𝐾𝑢𝑢 = 𝐾𝐾𝑦𝑦 �
𝛿𝛿𝑦𝑦
𝛿𝛿𝑀𝑀𝑀𝑀𝑀𝑀

�
𝛼𝛼

 

yy yr ymax 
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acceleration multiplied by its mass to calculate the hammer’s force, and the second was 

to use the specimen’s inertial force, calculated by multiplying the specimen’s acceleration 

by its equivalent mass, and the measured reactions to determine the hammer’s force by 

imposing dynamic equilibrium.  

Although both of these methods were theoretically valid, neither gave results that 

matched the experimental observations. The hammer accelerometer was placed some 

distance from the tup to protect it and facilitate the installation and removal of the 

hammer force transducer. Had the hammer been rigid, a simple linear transformation of 

the measured acceleration would have resulted in the tup’s acceleration, however, the 

hammer’s dynamic behaviour interfered slightly with the measured accelerations, 

especially in predicting the initial peak. The recorded reactions, on the other hand, were 

slightly out of phase with the specimen’s acceleration measurement due to the time 

required for the shockwave to travel the approximately two metres between the 

instruments.  

Although both of these methods did give a fair indicator of the general form and 

magnitude of the forcing function, they failed to accurately capture the initial spike in the 

force, therefore, giving erroneous results when they were used as forcing functions in the 

SDOF model. Therefore, only the tests with recorded hammer tup forces were modelled 

using the SDOF model. 
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4.5.8 SDOF Model Results 

The results of the SDOF Modelling of the impact specimens, obtained through the 

numerical integration scheme discussed above, are presented in Figure 4-24 to Figure 

4-27 for specimens CI4, TI4, CI8, and TI8, respectively.  

The predictions for specimen CI4 matched the measured values well, however, the SDOF 

model overestimated the maximum displacement attained by 15.6%. This specimen 

experienced concrete crushing near the peak displacement which dissipated some of the 

impact’s energy and probably changed the member’s behaviour causing the calculated 

damping ratio to be inaccurate. This may account for the excessive oscillations of the 

prediction past the maximum displacement. The SDOF model results showed good 

agreement for the first impact on specimen CI8 in Figure 4-25, where the SDOF 

maximum displacement was only 5.1% higher than the measured value. The LVDT 

separated from the specimen during the second impact, therefore, it was not possible to 

confirm agreement between the model and the measured results, however, they agreed 

well during the initial part of the response. The model underestimated the maximum 

displacement of specimen TI4 by 21.8% for the first impact and 22% for the second 

impact. The model, however, captured the trend fairly well as shown in Figure 4-26. The 

model showed good agreement with the results of specimen TI8 as shown in Figure 4-27, 

where it overestimated the first impact by 6.8% and underestimated the second impact by 

5.2%.  

These results demonstrated the feasibility of constructing a SDOF model to predict the 

dynamic response of a non-linear member under multiple impacts and cumulative 

damage. Approximate or tabulated values for calculating the equivalent mass and 
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damping parameters required to construct such an SDOF model are readily available in 

numerous design aids (e.g. [77] [69]). Well established sectional analysis tools are 

available for obtaining moment-curvatures, or a simple application can be developed in a 

spread sheet relatively easily. The equations presented in this document for constructing 

equivalent resistance functions can also be implemented in a spread sheet relatively 

easily. In the presence of an adequate forcing function, the procedure outlined above can 

be used to estimate the peak and residual displacements and the resulting forces. 

Therefore, such an SDOF model can be used as a design tool, and the resistance function 

can give an estimate of the residual capacity of a member. The only difficulty is in 

obtaining an accurate forcing function. This is important because the forcing function has 

a large influence on response due to the dynamic interactions between it and the 

specimen. An alternative to performing a full SDOF analysis of a system is using energy 

methods to estimate damage to the system as will be discussed in the next section.  

4.5.9 Impact Potential and Kinetic Energy Comparisons 

The input potential energy versus maximum and residual displacement behaviours of the 

specimens for successive impacts are presented in Figure 4-28. The plots’ horizontal axes 

shows the potential energy rather than the kinetic energy to facilitate comparisons as the 

kinetic energies varied slightly from specimen to specimen for the same drop height. The 

results presented do not include the final drop that caused failure, although the drops that 

caused the onset of concrete crushing in specimens CI4 and CI8 were included. 
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Figure 4-24: Measured and SDOF result displacements for specimen CI4 

 

Figure 4-25: Measured and SDOF result displacements for specimen CI8 
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Figure 4-26: Measured and SDOF result displacements for specimen TI4 

 

Figure 4-27: Measured and SDOF result displacements for specimen TI8 
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The final drops were not included because the ultimate failure of the simply supported 

systems caused instability and the applied force was no longer proportional to the final 

displacement. The total height of each of the bars in the figure is the maximum 

displacement reached by the specimen from each impact while the height of the divider 

represents the residual displacement that remained after the test. Comparing the CFFT 

specimens to the reinforced concrete specimens clearly shows the added ductility and 

energy absorbing capacity that the tube contributed. It was noted that a large portion of 

the maximum displacement was recovered by specimens TI4 and TI8. This was 

especially true in the case of specimen TI8 where the average permanent deformation 

increments were 0.025 m (25 mm) for every additional drop of the hammer, while they 

were 0.032 m (32 mm) for specimen TI4. Thus, the added ductility that the tube provided 

made the system particularly well suited for impact resistant applications. Both of the 

CFFT specimens achieved maximum displacements that were significantly higher than 

those predicted in the derived SDOF resistance functions. The tubes in both of these 

specimens ruptured under or near the loading point and the sleeve at midspan may have 

protected and confined the tube, delaying its rupture.  

The total and elastic strain energies of the impact specimens are presented in Table 4-9. 

The strain energy values were obtained by integrating the resistance functions 

constructed for the SDOF analysis with respect to displacement. The recoverable elastic 

strain energy, assumed to be the energy required to cause first yielding in the steel 

reinforcement, was obtained by integrating the resistance function to the displacement at 

yield, which was reported in Table 4-8. The elastic energy was assumed to remain 
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constant for subsequent drops as the reloading path was assumed to be parallel to the 

original loading path.  

It can be seen that the addition of the tube increased the total strain energy capacity of 

specimen TI4 by 1223% when compared to specimen CI4 and of specimen TI8 by 467% 

when compared to specimen CI8. Additionally, the total strain energy values in Table 4-9 

compare well with the measured kinetic energies in Table 4-4 for the reinforced concrete 

specimens. Thus, the compressive concrete crushed at the first impact of specimen CI4. 

The kinetic energy of that impact was 0.51 kJ, while the calculated total strain energy of 

specimen CI4 was 0.52 kJ. Similarly, the concrete crushed for specimen CI8 during the 

second impact, for which the measured kinetic energy was 2.7 kJ, while the calculated 

total strain energy of specimen CI8 was 1.56 kJ. Specimen TB4 withstood the slightly 

larger input kinetic energy of 7.04 kJ compared to the calculated total strain energy 

capacity of 6.88 kJ. Similarly, specimen TB8 withstood four impacts with a measured 

kinetic energy ranging between 7.88 kJ and 9.08 kJ, which were similar to the calculated 

total strain energy capacity of that specimen of 8.85 kJ. These slight differences between 

the measured and predicted values can be attributed to the tube surviving larger strains 

before rupture, which allowed the specimens to absorb more strain energy. Additionally, 

this increased energy absorbing capacity can be explained by the reduction of the 

unloading stiffness as the displacement increased beyond yielding [78] which caused a 

large proportion of the maximum displacement to be recovered and the incremental 

damage from each additional impact to be small. Finally, the resistance functions were 

derived with strain rate data for the smaller impacts, and the effect of the more rapid 
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loading during the later impacts may have had a more pronounced effect on the material 

properties. 

 

Figure 4-28: Permanent and Maximum Deflections of Impact Tests 

Table 4-9: Measured and Calculated Energy Required to Cause Failure 

Specimen 
Designation 

Elastic Strain Energy 
(kJ) 

Total Strain Energy 
(kJ) 

CI4 0.23 0.52 
CI8 0.34 1.56 
TI4 0.35 6.88 
TI8 0.40 8.85 

This discussion illustrated the application of the law of conservation of energy to impact 

problems. Thus, the law of conservation of energy can be used as a simplified analysis 

and design tool. This procedure would involve the construction of a resistance function 

using the method outlined above. If the impact kinetic energy is available or can be 
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estimated, by assuming a vehicle mass and velocity for instance, then that energy can be 

equated to an area under the resistance function to estimate the resulting maximum load 

and displacement. These values can be directly compared to the resistance function’s 

failure load and displacement, or, alternatively, to a predefined acceptable limit on the 

resistance function for serviceability design. The residual displacement can also be 

estimated using the unloading path procedures already outlined. Thus, such a procedure 

gives an indication of the damage and the residual capacity of a member. This energy 

conservation procedure is inherently conservative as it does not account for the inevitable 

losses in the system.  

4.6 CONCLUSIONS 

The results of the monotonic tests carried out in this study have shown that the addition 

of a GFRP tube to a reinforced concrete member increased the monotonic load carrying 

capacity and displacement at maximum load by 112%. The addition of the tube also 

increased the monotonic energy absorbing capacity by 487.5%. This has motivated 

launching experimental and analytical investigations into the dynamic response of these 

members under impact loading with the promise of excellent response and energy 

absorption due to the added value of the GFRP tube. 

The impact tested specimens showed that adding the GFRP tube increased the energy 

required to cause failure by factors of 1223% and 467% for the specimens with 1.2% and 

2.4% reinforcement ratios, respectively. These results confirmed that CFFT members are 

quite promising for blast and impact resistant design. The CFFT specimens outperformed 

the conventional reinforced concrete specimens in all the tests, experiencing lower 
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permanent displacements and no concrete crushing or spalling as well as significantly 

increased ductility. This indicates that encasing reinforced concrete members with GFRP 

tubes is feasible and may be desirable for enhanced impact resistance.  

A numerical procedure for developing resistance functions for use in dynamic design and 

analysis was presented and compared well to experimental results. A single degree of 

freedom model was developed for the impact experimental specimens that accounted for 

damping and strain rate effects. The model was used to numerically calculate the 

displacement-time histories expected from the hammer impacts. The models results 

agreed well with the measured values. Simplified design and analysis methods of CFFTs 

based on the SDOF model and conservation of energy were proposed. These design 

methods have a potential to simplify the design process of dynamically loaded members 

whether the forcing function or the input energy can be estimated and should be of great 

value in the design of new structural members. 
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Chapter 5 

Performance of Concrete Filled FRP Tubes under Field Close-in Blast 

Loading 

5.1 ABSTRACT 

Blasts, whether deliberate or accidental, are a great concern for a society’s critical 

infrastructure as well as expeditionary military installations. Improvement to existing 

construction methods that enhance blast resilience can ultimately save human lives and 

property. Concrete Filled FRP Tubes (CFFTs) are known to improve a conventional 

reinforced concrete member’s resistance to traditional loads by strengthening, protecting, 

and confining the reinforced concrete core. GFRP tubes are readily available in a variety 

of sizes suitable for use as stay-in-place structural formwork for mid-sized reinforced 

concrete members, which can simplify and expedite construction. These advantages point 

to CFFTs’ great potential in resisting blast loads. This study aimed at quantifying the 

advantages of adding a GFRP tube to a reinforced concrete member subjected to close-in 

blast loading and to investigate the contribution of the tube, the internal steel 

reinforcement ratio, and the blast scaled distance on CFFTs’ behaviour under blast 

loading. This was accomplished by testing four CFFT and reinforced concrete specimen 

pairs under blast and monotonic loading. The specimens were tested in pairs to facilitate 

comparisons. The CFFT specimens performed significantly better than the conventional 

reinforced specimens showing greater robustness with decreased localized damage and 

reduced residual displacements. This indicated the need for developing analysis and 

design procedures for this system. Therefore, the development of sophisticated nonlinear 
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Single Degree of Freedom (SDOF) model was summarized. In addition, a numerical 

procedure for developing an equivalent close-in blast forcing function for use in SDOF 

analysis was outlined. Finally, the procedure for developing Pressure-Impulse diagrams 

for the tested CFFT specimens was outlined and their use for the design of CFFTs under 

close-in blast loads was explained. 

5.2 INTRODUCTION 

The need to protect civilian, industrial, and military structures from intentional or 

accidental explosions is of paramount importance to save lives and property. Close-in 

blasts are the most severe in air explosions a structure can experience. Their proximity to 

the structure also makes them the most difficult to predict, analyse, and design against. 

Durable and lightweight commercially available GFRP tubes come in a variety of sizes 

and can be used as stay-in-place structural forms for concrete construction. When used as 

stay-in-place forms, GFRP tubes confine the concrete core and act as structural 

reinforcement, which is ideally located at the perimeter to resist axial and flexural loads. 

These advantages point to the potential of using concrete filled FRP tubes (CFFTs) in 

blast resistant design, especially in expeditionary military installations. 

The static performance of CFFTs has been investigated extensively, as in the 

investigation by Fam and Rizkalla [3] of the flexural performance of CFFTs, the study by 

Cole and Fam [4] of the enhancement of CFFTs by the introduction of internal steel and 

FRP reinforcement, the study by Fam and Mandal [7] on prestressing the system, and the 

study of their behaviour under combined axial and flexural loads by Flisak et al [12]. 

Helmi et al [13] investigated the important problem of the fatigue behaviour of GFRP 
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tubes and ElGawady et al [14] and Zaghi et al [16] investigated the seismic behaviour of 

CFFTs in two separate studies. Although many aspects of the static behaviour of CFFTs 

have been investigated, their behaviour under blast loading remained to be investigated. 

Fujikura et al. [35] have observed experimentally and Qasrawi et al. [80] have 

demonstrated numerically that blast shockwaves diffract around circular cross sections, 

imparting less energy to them. This evidence pointed to the advantages to be gained from 

using a round geometry in blast resistant construction.  

Malvar et al. [36], Buchan and Chen [37], and Crawford [38] examined the use of 

composites to increase the blast resistance capacity of a variety of structural elements 

such as reinforced concrete beams, columns, slabs, and walls as well as masonry walls. 

Malvar et al. [36] concluded that composites in the form of wrapping or near surface 

mounted plates increased the strength of existing members and helped prevent the 

collapse of load bearing members which may initiate a progressive collapse of the 

structure. Buchan and Chen [37] compared the results of experimental and numerical 

investigations of the effectiveness of retrofitting structures using FRP. They concluded 

that FRPs improved a structure’s strength and stiffness, but that the behaviour was not 

well understood due to the complexity of the problem and that most of the studies 

provided qualitative rather than quantitative results. They urged the development of 

design guidelines which are essential for the widespread use of FRP for blast resistant 

applications. They also noted that not reporting some sensitive information made 

comparisons between studies difficult. Crawford [38], on the other hand, looked 

specifically at the use of FRP to enhance the blast resistance of reinforced concrete 
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columns. He concluded that FRP offers great capabilities for column enhancement 

against blast, especially by increasing flexural capacity and confining the concrete core. 

Additionally, Crawford [38] recommended the use of “high fidelity physics based” finite 

element techniques for the analysis of highly variable blast scenarios with an emphasis on 

selecting the concrete material model carefully. These studies stressed that strengthening 

columns was of particular importance because they tend to be load bearing members 

whose collapse may initiate the progressive collapse of a structure.  

The simplified handling and rapid construction, the additional resistance capacity, the 

confinement of the concrete core, and the reduced blast loading all suggest that CFFT 

members have great potential for blast-resistant construction. 

This investigation studied the performance of CFFTs under close-in blast loading when 

compared to concrete members with identical internal steel reinforcement. 

The objectives of this study were: 

1) To experimentally demonstrate the superiority of CFFTs compared to 

conventional reinforced concrete members in resisting close-in blast loading. 

2) To use a previously developed sophisticated nonlinear single degree of freedom 

(SDOF) model to predict the dynamic response of CFFTs to close-in blast 

loading. 

3) To develop a procedure for obtaining a close-in blast equivalent forcing function 

for use in a SDOF analysis using the commercially available software ANSYS 

Autodyn. 
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4) To outline a procedure for developing Pressure-Impulse diagrams for CFFTs for 

use as a design tool. 

This chapter presents the methodology and results of the testing of eight full scale CFFT 

and reinforced concrete specimens monotonically and under close-in blast followed by a 

discussion of the results and a summary of the development of a nonlinear SDOF model 

for the dynamic analysis of CFFTs. A detailed procedure for developing a close-in blast 

equivalent forcing function is then presented and its use in a SDOF analyses is 

demonstrated. Finally, a procedure for developing Pressure-Impulse diagrams for use as a 

design tool is outlined. 

5.3 EXPERIMENTAL PROGRAM 

5.3.1 Materials 

Ancillary material tests were conducted on the concrete, steel reinforcement, and a GFRP 

tube similar to the one used in this project, the results of which are presented in Appendix 

A.  

The concrete strength was 34 MPa and was obtained by performing six cylinder 

compression tests according to CSA standard A23.2-9C [65]. Three tests were also 

performed on each of the 6 mm and 10M steel bars to obtain their tensile properties. The 

6 mm bars had yield strength of 645 MPa and an ultimate strength of 713 MPa with a 

modulus of elasticity of 194 GPa. The 10M bars had yield strength of 430 MPa, and an 

ultimate strength of 577 MPa with a modulus of elasticity of 170 GPa.  

The GFRP tubes mechanical properties were obtained from the manufacturer [64]. The 

tube had a hoop tensile modulus of 21.6 GPa and a Poisson’s ratio of 0.45, and a 
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longitudinal tensile strength of 48.3 MPa, and modulus of 10.1 GPa, and a Poisson’s ratio 

of 0.35. 

5.3.2 Test Specimens and Parameters 

Eight reinforced concrete test specimens were cast vertically in the structures lab of the 

Royal Military College of Canada (RMC). The specimens were 4 m long and had a 

circular cross-section with a nominal diameter of 0.2 m. Three specimens were cast using 

conventional commercial cardboard tubes, and three specimens, with identical internal 

steel reinforcement, were cast using GFRP tubes as stay-in place formwork. The GFRP 

tube had an outer diameter of 0.22 m and a structural wall thickness of 5.5 mm. The tube 

wall consisted of continuous glass fibres wound at a 55 helical angle with the long axis in 

a premium vinyl ester resin matrix. Of the eight specimens, six had a steel reinforcement 

ratio of 2.4%, in the form of eight-10M longitudinal reinforcing bars, and two had a steel 

reinforcement ratio of 1.2% in the form of four-10M longitudinal reinforcing bars. The 

steel reinforcement ratios of 1.2% and 2.4% were selected to reflect the 1% minimum and 

2.5% maximum reinforcement ratios recommended for blast resistant design [77] [67] to 

ensure sufficient strength and a ductile failure. All the specimens contained 6 mm 

diameter continuous steel spiral reinforcement to prevent shear failure and maximize 

ductility. The pitch of the spiral was 0.1 m, except over the supports where it was reduced 

to 0.05 m over a length of 0.2 m from both ends to mitigate the reactions concentrated 

loading. Figure 5-1 provides schematics of the four different cross-section configurations 

for the eight specimens. A summary of the test matrix is also presented in Table 5-1. 
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Figure 5-1: Specimens’ reinforcement configurations 

Table 5-1: Test matrix 

Specimen Testing Method Type Reinforcement 
Ratio (%) 

Reinforcement 
Configuration 

CB4 50 kg C4 RC 1.2 A 
TB4 50 kg C4 CFFT 1.2 B 
CB8-S 50 kg C4 RC 2.4 C 
TB8-S 50 kg C4 CFFT 2.4 D 
CB8-L 100 kg C4 RC 2.4 C 
TB8-L 100 kg C4 CFFT 2.4 D 
CM8 Monotonic RC 2.4 C 
TM8 Monotonic CFFT 2.4 D 

5.3.3 Data Acquisition Systems and Instrumentation 

Unfortunately, due to technical issues associated with damage due to the close-in blasts, 

much of the instrumentation discussed in this section did not provide the desired results. 

Three separate Data Trap II modules, manufactured by MREL collected the blast data: 

GFRP tube 
(Thickness 5.5 mm) 
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one dedicated to the strain gauge measurements, one dedicated to the pressure probe data, 

and one collected the LVDT and accelerometer data. The pressure probes’, LVDTs’, and 

accelerometers’ data were recorded at 5MHz while the strain gauge data was recorded at 

the maximum rate of the module of 100 kHz. The instrumentation consisted of four strain 

gauges on the steel reinforcing bars at midspan per specimen, a high-speed camera, a 

LVDT and an accelerometer at midspan per specimen for most tests. Four free-field 

pressure probes were placed at various distances ranging from 2.5 m to 25 m. The 

locations of the pressure probes were modified based on the charge size. The data 

acquisition and the recording of the high-speed camera were triggered by the explosion.  

5.3.4 Blast Testing Frames 

Integral to the project was the design and construction of a reusable and adjustable blast-

testing frame capable of providing various boundary conditions to specimens of different 

lengths. Two identical frames were designed and constructed to allow for the testing of a 

pair of specimens simultaneously. The frames consisted of base panels made with two 

steel plates 0.3 m apart connected by steel shear connectors with high strength concrete 

cast between them. The concrete contained polypropylene fibres to control cracking. Two 

moveable welded steel plate pedestals were bolted to these slabs and the specimens were 

secured to the pedestals. The overall dimensions of one of these frames was 6 m by 0.75 

m by 0.34 m and it weighed about 5000 kg. A schematic of one of these frames is 

presented in Figure 5-2. These frames were designed to withstand a blast of 100 kg of C4 

from a standoff distance of 2 m while applying a compressive axial load of 500 kN to a 

specimen measuring 1.5 m to 5 m in length. Although no axial load was applied during 
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this testing program, the frames withstood a detonation of 100 kg of C4 at a standoff 

distance of 3 m with no visible damage. 

5.3.5 Monotonic Testing Setup and Procedure 

The specially designed blast testing frames were also used to support the specimens 

during the monotonic testing phase, as shown in Figure 5-3 and  

Figure 5-4. Specimens CM8 and TM8 (Table 5-1) were tested monotonically in four 

point bending. The clear  

 

Figure 5-2: Schematic of fabricated blast testing frame 

span was 3.85 m and the applied point loads were 0.55 m apart. The tests were carried out 

under displacement control at a constant stroke rate of 1 mm/minute. Steel end caps, 
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0.15m wide, were placed at the supports and under the loading points to distribute the 

loads and prevent local failure. During testing, the displacement of specimen TM8 

exceeded the machine's stroke, therefore, after reaching maximum stroke it was unloaded 

and spacers were added before reloading to failure.  

 

Figure 5-3:  Monotonic Testing Experimental Setup 

 

 

 

LVDT 

LVDT 

Strain 
Gauge 

Strain 
Gauge 



CHAPTER 5 
 

128 

 

Figure 5-4: Schematic of monotonic testing setup 

5.3.6 Blast Testing Setup and Procedure 

Full scale blast tests were conducted at the Canadian Forces Base in Petawawa with the 

assistance of 2 Combat Engineers Regiment (2 CER). The testing frame slabs were 

buried, side by side, such that their top was level with the ground surface, to protect the 

frame and instrumentation. The instrumentation wires were run through ducts 

incorporated in the slabs for that purpose. Sand bags were used to cover all exposed 

wires. The LVDTs were placed inside welded steel boxes below the specimens to protect 

them. Two 0.15 m long steel caps were used at the ends to distribute the support loading 

and prevent local failure. 

The spherical explosives charges were supported on a wooden frame 2 m above the top 

face of the specimens. A photograph of this arrangement is shown in Figure 5-5 and a 

schematic of it is shown in Figure 5-6. The first pair of blast specimens, CB8-S and TB8-

S, were not damaged by the initial charge of 15 kg of C4, therefore, the charge mass was 

increased incrementally until initial damage was observed. The increments were 15 kg, 

30 kg and 50 kg of C4. Once damage to the specimens was observed, the second pair of 

blast specimens, CB4 and TB4, was substituted and tested at the same explosive mass to 

facilitate comparison. Partly because the visible damage to specimens CB8-S and TB8-S 

was minimal, and partly due to time limitations, the quantity of explosives used for 

specimens CB8-L and TB8-L was doubled to 100 kg of C4. The blast equivalent TNT 

mass for the test charges, distance to centre of the charge, scaled distance, and chart blast 

parameter are presented in Table 5-2. Two equivalent TNT masses are presented as the 

UFC 3-340-01 [40] provides different equivalency factors for the equivalent pressure and 
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the equivalent impulse. The scaled distances in Table 5-2 include the 2 m height of the 

wooden support frames as well as the radius of the charge to give the distance to the 

centre of the explosive.   

Table 5-2 - Blast Parameters of Test Charges 

Mass 
C4 
(kg) 

Equivalent Mass 
TNT  
(kg) 

R  
(m) 

Z 
(m.kg-1/3) 
Pressure 

Z 
(m.kg-1/3) 
Impulse 

Pr 
(MPa) 

Ir 
(MPa.ms) 

Pso 
(MPa) 

Iso 
(MPa.ms) 

Pressure Impulse 
15 20.55 17.85 2.131 0.78 0.81 10 1.97 1.7 0.42 
30 41.1 35.7 2.165 0.63 0.67 16 3.30 2.3 0.59 
50 68.5 59.5 2.196 0.54 0.56 25 5.09 3.0 0.59 

100 137 119 2.247 0.44 0.46 40 8.88 5.0 0.74 

 

 

Figure 5-5: Blast testing set up showing 30 kg C4 charge 
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Figure 5-6: Schematic of blast testing setup 

5.4 EXPERIMENTAL RESULTS 

5.4.1 Loads and Displacements of Monotonic Tests 

The load-displacement plots of the monotonic tests are presented in Figure 5-7. The 

maximum loads attained were 2.90 x 104 N for specimen CM8 with a displacement of 

0.125 m at that load and a maximum load of 6.15 x 104 N for specimen TM8 with a 

corresponding maximum displacement of 0.265 m. These results showed that encasing a 

reinforced concrete member with a GFRP tube increased its resistance and its 

displacement at maximum load by 112%. It can also be seen in Figure 5-7 that the load 

displacement curve of specimen CM8 flattened when the reinforcing steel yielded, while 

that of specimen TM8 continued to increase, although at a slower rate. This was 

attributed to the tube continuing to carry increasing loads in the case of specimen TM8. 

The areas under the load displacement curves at failure, corresponding to the total stored 

Charge was placed 
approximately 2 m above 

the specimens 
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strain energies of the specimens, were 2.4 kJ for specimen CM8 and 14.1 kJ for specimen 

TM8. Thus, the addition of the GFRP tube increased specimen TM8’s strain energy 

capacity by 488% when compared to specimen CM8. This increase represented a 

substantial potential increase in blast resistance. Figure 5-8 (a) shows the failure 

mechanism of specimens CM8 and Figure 5-8 (b) the failure mechanism of specimen 

TM8. It can be seen that specimen CM8 failed by crushing of the concrete in 

compression after yielding of the steel in tension, while specimen TM8 failed by rupture 

of the tube in tension after yielding of the steel in tension. As specimen TM8 attained a 

much higher load, it can be inferred that the tube protected the concrete and prevented it 

from crushing and spalling due to the significant confinement exerted.  

 

Figure 5-7: load deflection plots of monotonic tests 
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Figure 5-8: Failure mechanism of (a) specimens CM8 and (b) specimen TM8 

5.4.2 Damage and Residual Displacement of Blast Tests 

The blasts did not inflict any visible damage to the GFRP tubes of the CFFT specimens in 

any of the tests in this study. All the reinforced concrete specimens, on the other hand, 

experienced crushing of the concrete on the compressive side. Specimen CB8-L also 

experienced spalling of concrete on the tensile side. Thus, the GFRP tube, in addition to 

withstanding the blast’s shock wave, contained and protected the reinforced concrete core 

from localised damage. The addition of the GFRP tube also reduced the residual 

displacements in all the tests. This can be seen in Table 5-3 and Figure 5-9 which present 

the residual displacements of the blast tested CFFT and reinforced concrete specimens. 

The table and figure also show the residual displacements after unloading of the 

monotonically tested specimens for comparison. It can be clearly seen that the CFFT 

specimens consistently outperformed the reinforced concrete specimens.  

Specimen CB4 had a 0.09 m residual displacement at midspan as well as significant 

concrete compression crushing when subjected to a blast from 50 kg of C4 as can be seen 

in Figure 5-10 (a). Specimen TB4, specimen CB4’s counterpart, had a residual midspan 

displacement of 0.02 m and no visible damage to the tube. Specimen CB8-S had a 

a b 
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residual midspan displacement of 0.035 m and the concrete in compression crushed as 

can be seen in Figure 5-10 (b). Specimen TB8-S, specimen CB8-S’s counterpart, had no 

residual midspan displacement or any visible damage. Specimen CB8-L had a residual 

midspan displacement of 0.07 m and extensive crushing on the compression side and 

spalling on the tension side, as can be seen in Figure 5-10 (c). Specimen TB8-L, 

specimen CB8-L’s counterpart, had a residual midspan displacement of 0.05 m and no 

visible breach of the tube. Thus, the addition of a GFRP tube reduced the residual 

displacement by 100% for a blast of 50 kg of C4 and 28.6% for a blast of 100 kg of C4. 

Doubling the reinforcement ratio from 1.2% to 2.4% decreased the residual displacement 

by 61.1% for the reinforced concrete specimens and 100% for the CFFT specimens for a 

blast of 50 kg of C4. Inspecting the values in Table 5-3 reveals that both specimen CB4 

and CB8-L had residual displacements comparable to the residual displacement of 

specimen CM8 after unloading during the monotonic test. This gives an estimate of the 

energy imparted to the specimens to be approximately in the range of 2 to 3 kJ.  

Table 5-3 – Summary of experimental results 

Specimen Testing Method Type Reinforcement 
Ratio (%) 

Residual 
Displacement 

CM8 Monotonic Reinf. Concrete 2.4 0.081 m (failure) 
TM8 Monotonic CFFT 2.4 0.278 m (failure) 
CB4 50 kg of C4 Reinf. Concrete 1.2 0.090 m 
CB8-S 50 kg of C4 Reinf. Concrete 2.4 0.035 m 
CB8-L 100 kg of C4 Reinf. Concrete 2.4 0.070 mm 
TB4 50 kg of C4 CFFT 1.2 0.020 m 
TB8-S 50 kg of C4 CFFT 2.4 0 m 
TB8-L 100 kg of C4 CFFT 2.4 0.050 m 
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Figure 5-9: Comparative residual displacements of monotonic and blast testing specimens 

5.5 ANALYSIS OF TEST RESULTS 

5.5.1 Single Degree of Freedom Modelling 

A single degree of freedom (SDOF) system is one whose complete motion can be 

described using one coordinate. Such a system, as shown in Figure 5-11, can be used to 

simplify the solution of the differential equation of motion, given in Equation (5-1) . 

𝑚�̈�𝑦 + 𝑐�̇�𝑦 + 𝑅(𝑦𝑦) = 𝐹𝑒𝑒(𝑡) (5-1) 

Where: 

𝑦𝑦 is the displacement 

�̇�𝑦 is the velocity 

�̈�𝑦 is the acceleration 
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Figure 5-10: Damage to blast tested specimens 
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𝑚 is the mass 

𝑐 is the damping coefficient 

𝑅(𝑦𝑦) is the resistance as a function of displacement and 

𝐹𝑒𝑒(𝑡) is the loading as a function of time. 

 

Figure 5-11: SDOF schematic 

The analysis of flexural members can be simplified to an SDOF by assuming a shape 

function that is scaled by a single displacement of interest, usually the midspan 

displacement. The equivalent mass, stiffness, and forcing function can be obtained by 

equating the kinetic, strain, and potential energies of the SDOF system to the original 

system. The damping coefficient can be obtained from displacement-time histories using 

logarithmic decrements. A sophisticated SDOF model was developed in Chapter 4 and its 

VBA code is presented in Appendix C, therefore, only a summary is provided here.  

 

 

𝒎�̈� + 𝒄�̇� + 𝑹(𝒚) = 𝑭𝒆𝒆(𝒕)  

 𝒚 

 𝒙 

𝒚(𝒕) 
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5.5.2 Numerical Integration 

The complexity of the blast loading and the non-linearity of the resistance functions made 

the direct solution of the differential equation of motion impossible in this case. Thus a 

numerical integration approach was used instead [69]. In this numerical integration 

scheme, time was discretized and the solution was obtained sequentially by extrapolating 

the displacement using the known conditions at the end of the previous time-step. 

Equation (5-1) was rearranged to solve for the acceleration. The velocity and 

displacement were then calculated by assuming that the acceleration varied linearly 

during the time step interval. The time step was reduced iteratively at each interval until 

equilibrium was achieved within a predefined tolerance. The resulting velocity and 

displacement were used to calculate resistance and damping forces, which were then 

used, with the external force, to calculate the acceleration at the next time step. The entire 

process was repeated until the time of interest was reached. A flow chart of the numerical 

integration procedure is presented in Figure B- of Appendix B. 

5.5.3 Equivalent Mass (𝐌𝐞𝐪) 

The SDOF system had a lumped equivalent mass that underwent rigid body motion. The 

modelled specimens, however, had a distributed mass that underwent different 

accelerations at different locations along the span. The equivalent masses were calculated 

by equating the kinetic energies of the two systems. The calculated equivalent masses, 

given in Table 5-4, compared well with the equivalent masses calculated using the 

tabulated factor of 0.49 [77]. Table 5-4 also contains the total and distributed masses of 

the blast specimens as well as the resulting mass factors. 
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Table 5-4: Total and equivalent specimen masses 

Specimen 
Designation 

Total 
Mass 
(kg) 

Distributed 
Mass 

(kg/m) 

Equivalent 
SDOF Mass 

(kg) 

Mass Factor 
KM 

CB4 357 89.25 171.6 0.481 
TB4 383 95.75 184.1 0.481 
CB8 370 92.50 177.9 0.481 
TB8 396 99.00 190.4 0.481 

5.5.4 Damping Coefficient (c) 

Damping ratios and damping coefficients were obtained from the impact tests’ 

displacement time-histories on specimens with the same reinforcement configurations 

using logarithmic decrements.  These damping ratios and coefficients, presented in Table 

5-5, were assumed to hold for the blast tested specimens as they had the same 

reinforcement configurations. 

Table 5-5: Damping ratios for specimen from test results 

Specimen 
Designation 

Damping 
Ratio 
(%) 

Damping 
Coefficient 

(kg/s) 
CB4 0.97 260 
TB4 11.62 4232 
CB8 16.07 4051 
TB8 11.54 4036 

5.5.5 Resistance Function Derivation 

The resistance functions were derived by equating the work done by the applied forces to 

the work done by an equivalent force applied at midspan. This was achieved for a given 

cross section and loading arrangement as follows: A moment-curvature relationship was 

obtained from a sectional analysis for the investigated cross section. The loading was 

assumed to be a sinusoidally distributed load for the blast specimens as the impulsive 

blast shockwave dissipated before the specimens deformed substantially and the resulting 

oscillations were free vibrations. A bending moment diagram was constructed for a load 
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increment applied to the specimen in the same arrangement as the external load. The 

bending moment diagram and the moment-curvature relationship were used to find the 

curvature distribution along the length for the load increment. This curvature distribution 

along the length was used to calculate the displacement using the double integration 

method. The moment-curvature relationship was also integrated with respect to curvature 

to give a relationship between the strain energy and curvature. This strain energy-

curvature relationship was used with the curvature distribution along the length to find 

the strain energy distribution along the length of the specimen for the load increment. 

This strain energy distribution was then integrated to find the total strain energy for the 

load increment. Increasing the load increment and repeating this procedure resulted in the 

total strain energy as a function of displacement. The numerical derivative of this strain 

energy-displacement function was taken with respect to displacement to obtain the 

resistance function. A flowchart of the procedure used to derive the resistance functions 

can be found in Figure B-2 of Appendix B. 

The sectional moment-curvature relationships for the specimens were increased by a 

dynamic increase factor (DIF) to account for enhancements in material properties due to 

high strain rates [77]. The DIFs were calculated using strain rates measured during 

impact testing. The impact testings’ DIFs were assumed adequate because of the minimal 

damage to the blast tested CFFT specimens indicating that the maximum displacements 

attained were small. As the periods are similar for the blast and impact tested specimens, 

the time to reach the maximum displacements were also similar, which in turn meant that 

the strain rates were similar. The calculated DIFs are presented in Table 5-6 and the 



CHAPTER 5 
 

140 

 

moment-curvature curves are presented in Figure 5-12. The resulting resistance functions 

derived in this way for the blast testing specimens are presented in Figure 5-13. 

Table 5-6: Dynamic Increase Factors of Blast Specimens Obtained from Impact Data 

Specimen Average �̇� 
(s-1) 

f’c DIF fy DIF Average DIF 

CB4 0.0095 1.10 1.15 1.125 
CB8 0.0251 1.14 1.17 1.16 
TB4 0.0815 1.18 1.21 1.20 
TB8 0.0335 1.15 1.19 1.17 

 

 

Figure 5-12: Moment-curvature of blast specimens, including DIF 
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Figure 5-13: Blast tested specimens resistance functions 

5.5.6 Unloading Stiffness 

As the residual displacements were the only measurement available from the blast tests, it 

was necessary to find an accurate method of determining the unloading path for use in the 

SDOF analysis to predict the expected residual displacement. The unloading stiffness was 

calculated using the following formula adapted from Takeda [78]: 

𝐾𝐾𝑢 = 𝐾𝐾𝑦 �
𝑦𝑦𝑦
𝑦𝑦𝑀𝑀𝑑

�
𝛼

 (5-2) 

Where: 

𝐾𝐾𝑢 is the unloading stiffness in N/m 

𝐾𝐾𝑦 is the yield stiffness in N/m 

𝑦𝑦𝑦 is the yield displacement in m 
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𝑦𝑦𝑀𝑀𝑑 is the maximum displacement attained in m and 

α is the unloading stiffness degradation parameter (typically 0 to 0.5 [79] with 0.4 

used by Takeda [4]) 

The yield stiffness in the Takeda model is taken to be the slope of the line connecting the 

yielding point on the resistance function in one direction to the cracking point in the 

opposite direction. A schematic of these quantities is shown in Figure 5-14. The cracking 

moment and the moment at which the bottom layer of reinforcement yielded were 

obtained from the conventional cracked sectional analysis. The corresponding loads and 

displacements were then obtained in the same manner as the resistance function as 

described above. The two monotonic tests included an unloading portion which could be 

used for calculating the 𝛼𝛼 values for the reinforced concrete and CFFT specimens to be 

used in the SDOF analyses. These results are presented in Table 5-7.  

Table 5-7: Blast specimens’ cracking points, yield points, and unloading stiffnesses 

Specimen ycr 
(m) 

Pcr 
(N) 

yy 
(m) 

Py 
(N) 

Ky 
(N/m) 

α 

CB4 0.00178 3008 0.0307 12859 488203 0.046 
CB8 0.00346 3534 0.0304 20887 720395 0.046 
TB4 0.00146 4287 0.0252 20953 946734 0.12 
TB8 0.00183 4181 0.0261 27227 1124372 0.12 
CM8 0.00370 3393 0.0326 18631 606257 0.046 
TM8 0.00208 3551 0.0287 24236 902446 0.12 

5.5.7 Forcing Functions 

Suspending the charges on top of the specimens practically limited the type of loading to 

close-in blasts. This caused the pressure wave to be highly non uniform and the blast 

parameters to vary significantly at different locations on the specimens at any point in 

time. Thus, the blast parameters obtained from the standard design charts did not 



CHAPTER 5 
 

143 

 

 
Figure 5-14: Schematic of the Takeda model unloading stiffness 

accurately reflect the load experienced by the specimens. Additionally, the pressure wave 

reflected off of the testing frame slabs and exerted an upward pressure on the specimens 

which reduced the effective imparted impulse. To overcome these difficulties the 

commercially available hydrocode ANSYS Autodyn was used to develop a forcing 

function. The following sections will give the details of the procedure. 

5.5.7.1 Model Description 

A relatively simple model was utilised to obtain the forcing functions. The quarter 

symmetry model consisted of an Euler part to model the blast wave and its interaction 

with the structure. This was coupled to a rigid half cylinder representing the specimen, 

which provided a boundary for the blast wave to diffract around. A set of three 

circumferential numerical gauges, one at the top, one at the side, and one at the bottom, 
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were placed at 0.25 m intervals along the length of the cylinder to record the resulting 

pressure-time histories. The Euler part had dimensions of 0.7 x 2.7 x 2.0 m and had 

outflow boundaries on all faces other than the planes of symmetry and the ground. The 

standard material models for Air and C4 that are built into the software were used in the 

simulation. The blast was modelled in one dimension from initiation until the shockwave 

had almost reached the specimen, after which the results were remapped onto the 3D 

model using Autodyn’s built in remapping capabilities. The simplicity of the model 

allowed for the use of a fine 10 mm cubic mesh to capture the fine detail of the loading. 

The model, including the gauges and mesh, is shown in Figure 5-15. 

5.5.7.2 Forcing Function Derivation Procedure 

The following procedure was adopted to develop the close-in blast forcing function from 

the highly non uniform pressure-time histories at the gauge point locations.  

1. The ambient atmospheric pressure was subtracted from all pressure results. 

2. The equivalent downwards and upwards pressures acting on the specimen’s 

circular cross section were obtained using Equation (5-3), which was developed in 

Chapter 3. 

𝑃𝑒𝑒 =
2

3𝜋
[2𝑃𝑟 + 𝑃𝑠𝑡] (5-3) 

Where: 

𝑃𝑒𝑒 is the equivalent effective pressure 

𝑃𝑟 is the reflected pressure 

𝑃𝑠𝑡 is the side-on pressure 
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Figure 5-15: Numerical model used to construct close-in test blasts forcing functions 

3. Equivalent upward and downward point loads were then obtained by multiplying 

the obtained pressures by the gauge points’ tributary area on the specimen’s 

surface. This surface area corresponded to half the circumference multiplied by 

the distance between the gauges (The distance used was 0.25 m except for the end 

gauge where 0.125 m was used). 

4. The equivalent upward and downward forces were then summed at each gauge 

location at each time increment as described in [77] for impulsive loads and 

multiplied by 2 to account for symmetry.  

The resulting forcing functions and impulses are presented in Figure 5-16. The 

maximum force and impulse for the two charges were 3.1 x 106 N and 376.4 N.s for 

the 50 kg of C4 charge and 4.7 x 106 N and 845.7 N.s for the 100 kg of C4 charge. 

The forces were divided by half the surface area of the specimen to convert them to 
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pressures. The impulse time unit was also converted to milliseconds. The obtained 

pressure and specific impulse values were 2.42 MPa and 0.287 MPa.ms for the 50 kg 

C4 charge and 3.59 MPa and 0.644 MPa.ms for the 100 kg charge C4. 

 

Figure 5-16: Derived blast test forcing and impulse time histories 

5.5.7.3 Verification 

The displacement-time histories were obtained using the SDOF model in two stages as 

the time step required during the loading phase was too small to be carried forward 

through the entire response period. The SDOF model was used to obtain the initial 

velocity and small displacement of the specimen caused by the transient blast shock wave 

at the time the load had dissipated. These velocities and displacements were then used as 

initial conditions in a second SDOF analysis to obtain the displacement-time histories of 

the specimens for the remainder of the response period. The initial displacement and 
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velocity as well as the maximum and permanent displacements obtained from the SDOF 

analyses are presented in Table 5-8. Figure 5-17, Figure 5-18, and Figure 5-19 show the 

full displacement-time histories of all the specimens. It will be noted that this SDOF 

analysis consistently underestimated the residual displacements observed in the field 

testing. This is attributed to the following limitations: 

1. The reinforced concrete specimens experienced spalling during the blast testing as 

can be seen in Figure 5-10. Spalling typically occurs before any significant 

member response and the missing concrete reduced the member’s stiffness. This 

would have increased the resulting residual displacements. It is difficult to model 

this phenomenon as the resulting reduction in stiffness and time of spalling are 

difficult to determine.  

2. The numerical model reflected all the pressure off of the ground back to the 

specimen, reducing the total imparted impulse. This assumption was not accurate 

as both the testing frames and the ground would have deformed and absorbed 

some of the blast’s energy, thus causing a larger downward net impulse to be 

imparted to the specimens and consequently causing larger damage and residual 

displacements. 

The SDOF model’s displacement-time history responses to the blast loads show that both 

the maximum and residual displacements attained by the reinforced concrete specimens 

were larger than those attained by the CFFT specimens. Thus the SDOF model’s results 

support the experimental observations to that extent.  
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Table 5-8: Blast specimen’s SDOF initial conditions and results summary 

Specimen 
Designation 

Y2ms 
(m) 

V2ms 
(m/s) 

YMax 
(m) 

YPerm 
(m) 

YRes.Test 
(m) 

CB4 0.0072 2.148 0.0423 0.0040 0.090 
TB4 0.0071 1.957 0.0231 0.0048 0.020 
CB8-S 0.0068 1.932 0.0256 0.0019 0.035 
TB8-S 0.0064 1.791 0.0211 0.0035 0.000 
CB8-L 0.0130 5.907 0.0880 0.0405 0.070 
TB8-L 0.0121 5.504 0.0678 0.0167 0.050 

 

Figure 5-17: SDOF results of specimens CB4 and TB4 



CHAPTER 5 
 

149 

 

 
Figure 5-18: SDOF results of specimens CB8-S and TB8-S 

 
Figure 5-19: SDOF results of specimens CB8-L and TB8-L 
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5.5.8 Pressure Impulse diagrams 

A pressure-impulse diagram is an iso-damage curve used in blast analysis to estimate the 

expected damage of a structural component for a given combination of peak reflected 

pressure and corresponding reflected specific impulse. The plot presents all the 

combinations of pressure and impulse that produce a given damage in a system, usually 

quantified as a maximum displacement or end rotation. This is often the only information 

used for blast resistant analysis. The following P-I diagrams were derived in terms of 

force and impulse and were converted to pressure and specific impulse by dividing by the 

corresponding surface area. 

In general, a transient load applied to a structure can fall in one of three categories or 

regimes. The first is the impulsive regime where the load dissipates before the structure 

has responded significantly. In this case the energy of the load is assumed to be 

transformed into kinetic energy in the structure by imparting an initial velocity. This 

regime is considered a response limit, as the behaviour is not affected by the peak force 

due to the short duration of the load. To calculate this limit of response, all the 

specimen’s initial kinetic energy is assumed to be converted into strain energy. Thus the 

impulse can be calculated for a SDOF system using Equation (5-4):  

𝐼 = �2𝑀𝑀𝑒𝑒 � 𝑅(𝑦𝑦)𝑑𝑦𝑦
𝑦𝑚𝑚𝑚

0
 (5-4) 

Where: 

𝐼 is the impulse in N.s 

𝑀𝑀𝑒𝑒 is the SDOF equivalent mass in kg 



CHAPTER 5 
 

151 

 

𝑦𝑦𝑚𝑀𝑑 is the SDOF displacement of interest in m and 

𝑅(𝑦𝑦) is the SDOF resistance function, as derived above, in N 

The other response limit, known as quasi-static loading, is where the structure has fully 

responded before the load has dissipated significantly. This is another limit of response, 

as the behaviour is determined by the peak force rather than the impulse. In this case it is 

assumed that all the work done by the applied force is converted to strain energy in the 

structure and the force can be calculated using Equation (5-5): 

𝐹 =
∫ 𝑅(𝑦𝑦)𝑑𝑦𝑦𝑦𝑚𝑚𝑚
0

𝑦𝑦𝑚𝑀𝑑
 (5-5) 

Where: 

𝐹 is the force in N 

𝑦𝑦𝑚𝑀𝑑 is the SDOF displacement of interest in m and 

𝑅(𝑦𝑦) is the SDOF resistance function in N 

In both these regimes the response of the structure can be assumed to be independent of 

the load time history and to only depend on the impulse in the first case and the 

maximum force in the second.  

In the third, or dynamic, regime the load and the structure interact and a full dynamic 

analysis is necessary to predict the response. The hyperbolic formula given in Equation 

(5-6), adapted from [81], was used to approximate this dynamic region: 

𝑆.𝐸. = 𝑊.𝐷.  𝑡𝑀𝑀𝑛ℎ2�(𝐾𝐾.𝐸. 𝑊.𝐸.⁄ ) (5-6) 

Where: 
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𝑆.𝐸.  is the strain energy in Joules. 

𝑊.𝐷.  is the work done in joules. 

𝐾𝐾.𝐸.  is the kinetic energy in joules. 

Equation (5-6) can be rewritten as Equation (5-7) using Equations (5-4) and (5-5): 

� 𝑅(𝑦𝑦)𝑑𝑦𝑦

𝑦𝑚𝑚𝑚

0

= 𝐹.𝑦𝑦𝑚𝑀𝑑  𝑡𝑀𝑀𝑛ℎ2�
𝐼2

2𝑀𝑀𝑒𝑒𝐹𝑦𝑦𝑚𝑀𝑑
  (5-7) 

Equation (5-7) can be solved numerically in the dynamic region by assuming a value for 

the impulse for a given strain energy and iteratively solving for the corresponding 

maximum force. 

In blast resistant design, damage levels are typically correlated to maximum 

displacements using support rotations. The design limits that these support rotations are 

compared to are generally obtained from experience and experimentation rather than 

derived from theory. It has been found through experience that these limits are generally 

adequate and conservative. Additionally, this simplifies design as blast failures are 

complex and involve interactions between flexural, axial, and shear loads.  

According to Hansen [82], the US Army Corps of Engineers proposes the following 

component response limits for design: A maximum support rotation of 0.52o to indicate 

light damage, a maximum support rotation of 2.94o to indicate moderate damage, and a 

maximum support rotation of 6.67o to indicate heavy damage. The midspan 

displacements, for the span length investigated in this study, corresponding to these limits 

are 0.018 m, 0.099 m, and 0.225 m, respectively.  
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It is assumed that the concrete in the heavy damage criteria above is significantly 

damaged and its contribution to resistance is typically ignored. To account for this the 

UFC 3-340-01 [40] divides reinforced concrete sections into two types based on their 

response. In the Type I cross section, the compressive concrete is intact and contributes to 

the moment resistance with the reinforcing steel. In The Type II cross section, on the 

other hand, the concrete is assumed to have been crushed completely and the steel 

reinforcement resists all the applied loads. Thus the Type II cross section’s moment 

capacity is calculated using Equations (5-8) and (5-9): 

𝑀𝑀𝑝 = �𝐹𝑖 × 𝑑𝑖

𝑛

𝑖=1

  (5-8) 

𝐹 = 𝐷𝐼𝐹 × 𝐴 × 𝐹𝑑𝑠  (5-9) 

Where: 

𝑀𝑀𝑝 is the plastic moment resistance 

𝐹𝑖 is the force in the reinforcement layer i 

𝑑𝑖 is the lever arm to reinforcement layer i 

𝐷𝐼𝐹 is the dynamic increase factor, given in Section 5.5.5 

𝐴 is the reinforcement layer’s cross sectional area and  

𝐹𝑑𝑠 is the steel reinforcement’s dynamic stress, taken to be the yield stress for 

members with a length to depth ratio larger than 10 (Table 10-2 of the UFC 3-

340-01 [40]). 
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The Type II section’s equivalent resistance is calculated from the moment capacity using 

Equation (5-10), which was derived assuming that the beam is undergoing free vibration 

and that a plastic hinge has formed at midspan: 

𝑅𝑢 =
4𝑀𝑀𝑝

𝐿
  (5-10) 

Therefore, the Type II section moment capacity of specimen CB4 was 9864 N.m and that 

of specimen CB8 was 18216 N.m. These moment capacities translated to resistances of 

10248 N and 18925 N for specimens CB4 and CB8, respectively. The derived resistance 

functions for specimens TB4 and TB8 extended past the design limit of 0.225 m, 

therefore, the above calculation was unnecessary for them. The extended resistance 

functions and the blast design limits are presented in Figure 5-20. 

 

Figure 5-20: Extended resistance functions and blast design limits 
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The calculated impulse, force, strain energy, pressure, and specific impulse for all the 

specimens for the blast design limits are presented in Table 5-9. The peak pressure and 

specific impulse were obtained from the force and impulse by dividing by half the 

cylindrical surface area of the specimens. The pressure-specific impulse diagrams are 

presented in Figure 5-21 for all the specimens. The specific impulse and peak pressure 

from the applicable blast tests are also shown on the diagrams. Due to the close-in nature 

of the blasts and the high variability of the pressure distribution, the force time histories 

derived above were used to find the maximum pressure and impulse of the blast. This 

high variability makes the design chart pressure and impulse values inapplicable and 

cannot be plotted on the diagrams without some manipulation first.  

Table 5-9: Pressure Impulse diagrams’ asymptotes for blast tested specimens 

Specimen 
Designation 

Ymax 
(m) 

Strain 
Energy (J) 

Force 
(N) 

Impulse (N.s) Pressure 
(MPa) 

Specific 
Impulse 
(MPa.ms) 

CB4 0.018 102 5667 187 0.0043 0.142 
 0.099 1107 11182 616 0.0085 0.467 
 0.225 2399 10662 907 0.0081 0.687 
CB8 0.018 127 7056 213 0.0053 0.161 
 0.099 2346 23697 914 0.0180 0.693 
 0.225 4855 21578 1314 0.0164 0.996 
TB4 0.018 179 9944 257 0.0075 0.195 
 0.099 2872 29010 1028 0.0220 0.779 
 0.225 9455 42022 1866 0.0318 1.414 
TB8 0.018 186 10333 266 0.0078 0.202 
 0.099 3812 38505 1205 0.0292 0.913 
 0.225 11884 52818 2127 0.0400 1.612 

Plotting the blast tests on the pressure impulse diagrams shows clearly that the tests were 

highly impulsive as expected. The experimental blasts fell below the moderate damage 

limit for all the specimens, which is supported by the experimental observations. 

Specimens’ CB4, CB8-S, and CB8-L strengths’ were over estimated. This was again 

attributed to the observed spalling in these specimens which must have occurred early 
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[40] in the response and changed the resistance and response of the members as well as 

the effect of the mirror boundary in the blast loading model. The heavy damage curve of 

specimens CB4 and CB8 falls below the moderate damage curve. This was due to the 

significant reduction in strength when a Type II section develops, causing the force 

calculated by equating the work done to the strain energy to be lower than that for the 

moderate damage case.  

 

Figure 5-21: Pressure impulse diagrams of blast tested specimens 

The procedure outlined in this section can be used to derive close-in blast loads and P-I 

diagrams relatively easily for any cross section and lends itself to blast resistant analysis 

and design. The observations made in this investigation imply that the simply supported 

reinforced concrete member recommended end rotations may be too conservative for the 
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CFFT system as the tube confines and protects the concrete, allowing the member to 

undergo much larger displacements. 

5.6 CONCLUSIONS 

The results of the monotonic tests carried out in this study have shown that the addition 

of a GFRP tube to a reinforced concrete member increased the monotonic load carrying 

capacity and displacement at maximum load by 112% as well as increasing its monotonic 

energy absorbing capacity by a factor of 488%, primarily due to concrete confinement. 

This has motivated launching experimental and analytical investigations into the dynamic 

response of these members under blast loading with the promise of excellent response 

and energy absorption due to the addition of the GFRP tube. 

While all the reinforced concrete specimens in this study experienced concrete damage 

under blast loading, none of the tubes of the CFFT specimens were breached. The 

addition of a GFRP tube eliminated the residual displacement for a blast of 50 kg of C4 

and reduced it by 28.6% for the CFFT specimens and a blast of 100 kg of C4 when 

compared to the control reinforced concrete counterpart. Doubling the reinforcement 

ratio from 1.2% to 2.4% eliminated the residual displacement of the CFFT specimens for 

a blast of 50 kg of C4. This indicates that encasing reinforced concrete members with 

GFRP tubes is desirable for enhanced blast resistance.  

Numerical procedures for developing single degree of freedom models, non-linear 

resistance functions, close-in blast forcing functions, and Pressure-Impulse diagrams for 

CFFTs for use in blast resistant analysis and design were presented and compared well to 

experimental results. The developed SDOF model accounted for damping and strain rate 
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effects. The SDOF model was used to numerically calculate the displacement-time 

histories expected from the blast tests. The model’s results agreed with the measured 

values. Pressure-Impulse diagrams were constructed for the experimental specimens 

which agreed well with the experimental test blasts.  

The procedures outlined in this chapter for developing a nonlinear SDOF model, 

obtaining an equivalent close-in blast forcing function, and the development of Pressure-

Impulse diagrams will greatly assist in the practical task of designing structural members 

against close in blasts. This should help produce more robust structures and members 

which can in turn save human lives and property. 
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Chapter 6 

Numerical Modelling of the Dynamic Behaviour of Concrete Filled FRP 

Tubes under Blast and Impact Loading 

6.1 ABSTRACT 

A major difficulty of the analysis of and design for close-in blasts is the high variability 

of the blast shockwaves and the complex interactions between these waves and 

structures. Close-in blasts also tend to produce severe loads that may cause extensive 

damage to a structural member. If the member in question is a load bearing column, its 

destruction or even excessive lateral displacement may lead to a catastrophic progressive 

collapse of the structure. Thus any improvement on the performance of columns under 

close-in blast loading is a valuable addition to knowledge. This chapter outlines a 

numerical model built using the commercially available software ANSYS Autodyn to 

predict the response of concrete filled FRP tubes (CFFTs) and regular round reinforced 

concrete members to close-in blasts and determine the factors influencing their response. 

The model was verified against drop weight impact test lab measurements and single 

degree of freedom blast analyses. A parametric study was conducted using the verified 

model to investigate the effects of diameter, reinforcement ratio, and size of the blast on 

the response of CFFTs. It was found that the response was inversely proportional to all 

three parameters. The results of the parametric study were used to construct new 

pressure-impulse diagrams for experimentally tested CFFT specimens that reflect the 

increased capacity of such members to resisting blast loading. 
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6.2 INTRODUCTION 

Close-in explosions, whether intentional or accidental, produce extreme loads that are 

notoriously difficult to predict and design against due to the large number of interacting 

variables. The effects of close-in explosions on columns are of great importance as 

columns tend to be critical load bearing members whose loss of integrity may initiate a 

progressive collapse of the structure. Thus, any improvement in the blast resistance of 

columns can potentially save lives and property.  

GFRP tubes, when used as stay-in-place forms, confine the concrete core and act as 

structural reinforcement ideally located at the perimeter making the concrete filled FRP 

tube (CFFT) system well suited to blast resistant design. In traditional reinforced concrete 

columns with tie or spiral reinforcement, the concrete cover is vulnerable to spalling and 

disintegration under blast loads, while in CFFT systems, the entire concrete core is 

effectively confined and shielded by the resilient GFRP tube. 

The static performance of CFFTs has been investigated extensively, as in the study by 

Fam and Rizkalla [3] of the flexural performance of CFFTs, the study by Cole and Fam 

[4] on the enhancement of CFFTs by the introduction of internal steel and FRP 

reinforcement, the study by Fam and Mandal [7] on prestressing the system, and the 

study of their behaviour under combined axial and flexural loads by Flisak et al [12]. 

Helmi et al [13] investigated the important problem of the fatigue behaviour of GFRP 

tubes and ElGawady et al [14] and Zaghi et al [16] investigated the seismic behaviour of 

CFFTs in two separate studies. CFFTs behaviour under blast loading, however, remained 

to be investigated. 
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Barker [29] advocated the use of advanced analysis techniques, such as finite element 

analyses and computational fluid dynamics, to predict blast loads and structural response 

to assist in design. Luccioni et al. [32] successfully simulated an explosion and the  

structural response of a building destroyed by a terrorist attack in the same model, 

capturing the resulting progressive collapse caused by the failure of the columns at the 

lower level. Luccioni et al. [32] concluded that such a detailed analysis was possible due 

to the advances in computers and the development of powerful numerical programs 

known as hydrocodes and they proposed the use of such analyses in blast resistant design.  

Malvar et al. [36] found from surveying the literature that composites in the form of 

wrapping or near surface mounted plates increased the strength of existing members and 

helped prevent the collapse of load bearing members which may initiate a progressive 

collapse of the structure. Similarly, Buchan and Chen [37] compared the results of 

experimental and numerical investigations of the effectiveness of retrofitting structures 

using FRP. They concluded that FRPs improved a structure’s strength and stiffness, but 

that the behaviour was not well understood due to the complexity of the problem and that 

most of the studies provided qualitative rather than quantitative results. They urged for 

the development of design guidelines which are essential for the widespread use of FRP 

for blast resistant applications.  

CFFT members promise to be effective for blast-resistant construction, however, their 

dynamic behaviour and the factors that influence their blast performance are not well 

understood. 
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This investigation numerically studied the performance of CFFTs under close-in blasts 

aiming to determine the factors that affect their response and producing design limit 

recommendations. 

The objectives of this investigation were: 

1) To develop and verify a numerical model that captures the dynamic behaviour of 

CFFTs under close-in blasts and impacts. 

2) To determine the effects of the diameter, internal steel reinforcement ratio, and 

the size of the blast on the behaviour of CFFTs. 

3) To make design guideline recommendations based on the numerical results. 

This chapter presents a brief overview of hydrocodes, followed by the material models 

and properties used in the development of the numerical models. The development and 

results of the verification of the numerical models are then presented. These are then 

followed by the development of a parametric study. 

6.3 OVERVIEW OF HYDROCODES 

Autodyn is a general purpose engineering hydrocode for the solution of nonlinear 

dynamics problems. Additionally, Autodyn has powerful coupling features that allow for 

the solution of complex interaction problems, such as blast wave interactions with 

structures, and impacts. Autodyn conserves mass using Equation (6-1), conserves 

momentum, by relating accelerations to stresses, using the partial differential Equations 

(6-2) to (6-4), and checks conservation of energy using Equation (6-5). These equations 
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together with material models and initial and boundary conditions define the complete 

solution of a problem. 

𝜌 =
𝜌𝑡 𝑉𝑡
𝑉

=
𝑚
𝑉

 (6-1) 

𝜌�̈�𝑀 =
𝜕𝜎𝑑𝑑
𝜕𝑀𝑀

+
𝜕𝜎𝑑𝑦
𝜕𝑦𝑦

+
𝜕𝜎𝑑𝑧
𝜕𝑧

 (6-2) 

𝜌�̈�𝑦 =
𝜕𝜎𝑦𝑑
𝜕𝑀𝑀

+
𝜕𝜎𝑦𝑦
𝜕𝑦𝑦

+
𝜕𝜎𝑦𝑧
𝜕𝑧

 (6-3) 

𝜌�̈� =
𝜕𝜎𝑧𝑑
𝜕𝑀𝑀

+
𝜕𝜎𝑧𝑦
𝜕𝑦𝑦

+
𝜕𝜎𝑧𝑧
𝜕𝑧

 (6-4) 

�̇� =
1
𝜌
�𝜎𝑑𝑑𝜀�̇�𝑑 + 𝜎𝑦𝑦𝜀�̇�𝑦 + 𝜎𝑧𝑧𝜀�̇�𝑧 + 2𝜎𝑑𝑦𝜀�̇�𝑦 + 2𝜎𝑦𝑧𝜀�̇�𝑧 + 2𝜎𝑧𝑑𝜀�̇�𝑑� (6-5) 

Where: 

𝜌 is the current density 

𝜌𝑡  is the initial density 

𝑉 is the current volume 

𝑉𝑡 is the initial volume  

𝑚 is the mass 

�̈�𝑀 is the acceleration in the x direction 

�̈�𝑦  is the acceleration in the y direction 

�̈�  is the acceleration in the z direction 

𝜎𝑖𝑗 is the stress in the i direction associated with an area with normal in the j direction 
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𝜀�̇�𝑗 is the strain rate of a displacement in the i direction and an original length in the j 

direction and 

�̇� is the time derivative of the specific internal energy 

Autodyn separates stresses into pressure and deviatoric components, as shown in 

Equation (6-6). 

𝜎𝑖 = 𝑠𝑖 − 𝑝 (6-6) 

Where: 

𝜎𝑖 is the principal stress 

𝑝 is the hydrostatic pressure and 

𝑠𝑖 is the deviatoric component of the stress 

The pressure component is related to volume and internal energy through an equation of 

state, while the deviatoric stresses are used to calculate plastic flow using the Von Mises 

yield criterion presented in Equation  (6-7). 

(𝑠1 − 𝑠2)2+(𝑠2−𝑠3)2 + (𝑠3−𝑠1)2 = 2𝑌2 (6-7) 

Where:  

𝑌 is the yield stress 

The yield stress, 𝑌, can be a function of pressure, temperature, and strain rate and can 

account for damage and strain hardening. 

A schematic of the Autodyn Eulerian computational cycle is presented in Figure 6-1. The 

computational cycle runs, briefly, as follows, the initial conditions are used to calculate 
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the mass, momentum, and energy in the cells. These values are then used to calculate the 

density and the strain rates, from which the cell pressure and internal energy are 

calculated by conserving energy and using the equation of state. The stresses are 

separated into hydrostatic and deviatoric components and the constitutive relationships 

are utilised. Then, the face impulses and the boundary external forces are used to 

calculate the momentum at the cell faces through conservation of momentum. This 

momentum is used to calculate the face velocity which determines the material transport 

between cells. The new cell mass, momentum, and energy are calculated after the 

material transport and the entire process is repeated for another time step until the time of 

interest is reached. 

 

Figure 6-1: Autodyn’s Euler processor calculation cycle [60] 



CHAPTER 6 
 

166 

 

In the case of the Lagrangian computational cycle, presented in Figure 6-2, the nodal 

forces are calculated and the forces from the boundaries and initial conditions are 

included. The nodal accelerations are calculated using the forces and the nodal masses. 

The accelerations are integrated to calculate velocities and displacements which are used 

to calculate changes in volumes and strain rates. The volume changes, strains, and strain 

rates are used in conjunction with the material models to calculate pressures and 

deviatoric stresses. The pressures and deviatoric stresses are integrated to obtain nodal 

forces and the entire process is repeated for another time step until the time of interest is 

reached. 

 

Figure 6-2: Autodyn’s Lagrange processor calculation cycle [60] 
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6.4 DESCRIPTION OF EXPERIMENTAL PROGRAM AND SPECIMENS  

Twelve 4 m long reinforced concrete specimens were cast with a circular cross section 

and a concrete core diameter of 0.209 m. Six of the specimens were cast using 

conventional commercial cardboard tubes as forms and six specimens, with identical 

internal steel reinforcement, were cast using GFRP tubes as stay-in-place forms. Of the 

twelve specimens, eight had an internal steel reinforcement ratio of 2.4%, in the form of 

eight 10M longitudinal bars, and four specimens had an internal steel reinforcement ratio 

of 1.2% in the form of four 10M longitudinal bars. These steel reinforcement ratios 

approximated the 1% and 2.5% minimum and maximum recommended blast design 

reinforcement ratios [40] [65] to ensure adequate strength and ductility. All the 

specimens contained 6 mm continuous steel spiral reinforcement to prevent shear failure 

and maximize ductility. The spiral spacing was 0.1 m except within 0.2 m of both ends 

where it was reduced to 0.05 m to mitigate the effects of the support reactions. A 

summary of the specimens is presented in Table 6-1 and schematics of the specimens are 

presented in Figure 6-3. 

Table 6-1: Specimen Details 

Specimen 
Designation 

Testing Method Type Reinforcement 
Ratio (%) 

Reinforcement 
Configuration 

CB4 50 kg of C4 RC 1.2 A 
CB8-S 50 kg of C4 RC 2.4 C 
CB8-L 100 kg of C4 RC 2.4 C 
CI4 Impact RC 1.2 A 
CI8 Impact RC 2.4 C 
TB4 50 kg of C4 CFFT 1.2 B 
TB8-S 50 kg of C4 CFFT 2.4 D 
TB8-L 100 kg of C4 CFFT 2.4 D 
TI4 Impact CFFT 1.2 B 
TI8 Impact CFFT 2.4 D 
CM8 Monotonic RC 2.4 C 
TM8 Monotonic CFFT 2.4 D 
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Figure 6-3: Specimens’ reinforcement details 

6.5 NUMERICAL MODELLING 

6.5.1 Material Models 

6.5.1.1 TNT and C4 Explosives 

The Autodyn material library’s Jones-Wilkins-Lee (JWL) equation of state, presented in 

Equations (6-8) and (6-9), was used to model the TNT and C4 explosives:   

𝑝 = 𝐴 ∙ �1 −
𝜔

𝑅1 ∙ 𝑉
� ∙ 𝑒(−𝑅1∙𝑉) + 𝐵 ∙ �1 −

𝜔
𝑅2 ∙ 𝑉

� ∙ 𝑒(−𝑅2∙𝑉) +
𝜔 ∙ 𝑒𝑡
𝑉

 (6-8) 

𝑉 =
𝜌𝑒
𝜌

 (6-9) 

Where: 

GFRP tube 
(Thickness 5.5 mm) 

6 mm 
Spiral 

Reinforcement 
 

10M 
Longitudinal 

Reinforcement 

Reinforcement 
Configuration A 

Reinforcement 
Configuration B 

Reinforcement 
Configuration C 

Reinforcement 
Configuration D 
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𝑝 is the pressure 

𝜌𝑒 is the density of the solid explosive and 

𝜌 is the density of the detonation products 

The parameters 𝐴, 𝐵, 𝑅1, 𝑅2, and 𝜔 were predefined and calibrated in Autodyn by fitting 

to experimental data for TNT and C4. These experimentally determined parameters can 

be found in the literature (e.g. LLNL Explosives Handbook [62]). 

The first and second terms of the right hand side of the JWL equation of state become 

negligible at expansions of approximately 10 times the original volume. Therefore, at 

these large expansions it is common practice to simplify the equation of state used to that 

of an ideal gas. 

6.5.1.2 Air 

6.5.1.2.1 Equation of State 

Autodyn’s ideal gas equation of state, included in the standard material library [63], 

given in Equation (6-10), was used to model the air in the blast. 

𝑝𝑉 = 𝑅𝑇 (6-10) 

Where: 

𝑝 is the pressure 

𝑉 is the volume and 

𝑅  is the universal gas constant divided by the effective molecular weight of the gas 
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In an ideal gas, the internal energy is proportional to temperature alone, this may be 

written as: 

𝑒 = 𝑐𝑣𝑇 (6-11) 

Where: 

𝑒 is the internal energy 

𝑐𝑣 is the specific heat at constant volume and 

𝑇 is the temperature 

Equations (6-12) and (6-13), relating pressure, internal energy, and density can be 

obtained using Equations (6-10) and (6-11): 

𝑝 = (𝛾 − 1)𝜌𝑒 (6-12) 

𝛾 = (1 + 𝑅 𝑐𝑣⁄ ) (6-13) 

The internal energy of the air was set to 2.068e5 J. This corresponded to standard 

atmospheric pressure and temperature. The air material model had no strength or failure 

criteria. 

6.5.1.3 Reinforcing Steel 

6.5.1.3.1 Material Properties 

Based on three tensile tests for each type of reinforcement, the 6 mm spirals had a tensile 

yield strength of 645 MPa and an ultimate strength of 713 MPa with a modulus of 

elasticity of 194 GPa and the 10M bars had a tensile yield strength of 430 MPa, and an 

ultimate strength of 577 MPa with a modulus of elasticity of 170 GPa. These test results 

are included in Appendix A. 



CHAPTER 6 
 

171 

 

6.5.1.3.2 Equation of State 

The steel rebar was modelled using the linear equation of state [63], given in Equations 

(6-14) and (6-15). 

𝑝 = 𝑘𝜇 (6-14) 

𝜇 = 𝜌 𝜌𝑡⁄ − 1 (6-15) 

Where: 

𝑝 is the pressure 

𝜇 is the compression 

𝑘 is the bulk modulus 

𝜌 is the current density and 

𝜌𝑡 is the reference density 

6.5.1.3.3 Constitutive Model 

The Johnson and Cook constitutive model, built into Autodyn and presented in Equation 

(6-16), was used to capture the plastic flow of the reinforcing bars [83]. 

𝑌 = �𝐴 + 𝐵𝜀𝑝𝑛��1 + 𝐶 ln 𝜀�̇�∗�[1− 𝑇𝐻𝑤]  (6-16) 

Where: 

𝐴 is the yield stress at low strains 

𝐵 is the strain hardening constant 

𝜀𝑝 is the effective plastic strain 

𝑛 is the strain hardening exponent 
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𝐶 is the strain rate constant 

𝜀�̇� is the normalized effective plastic strain rate 

𝑇𝐻 is the homologous temperature given by 𝑇𝐻 = 𝑇−𝑇𝑟𝑜𝑜𝑚
𝑇𝑚𝑒𝑙𝑡−𝑇𝑟𝑜𝑜𝑚

 and 

𝑤 is the thermal softening exponent 

The expression in the first set of brackets gives the yield stress as a function of strain at 

room temperature and a strain rate of 1 s-1, which is the default reference strain rate, 

accounting for the effect of strain hardening. The expression in the second set of brackets 

modifies the yield stress based on the strain rate. The expression in the third bracket 

accounts for thermal softening causing the yield stress to become zero when the 

temperature reaches the melting point.  

The reinforcing steel ruptured at a strain of 0.1 in the tensile tests. The parameters that 

were adjusted in reinforcing steel’s material models are presented in Table 6-2. 

Table 6-2: Autodyn input parameters for reinforcing steel material models 

Material 
Model 

Adjusted 
Parameter 

Value Comments 
6 mm 10M 

Johnson Cook 
Strength 
Model 

Yield Stress 
(kPa) 6.45e5 4.30e5 Fitted to test 

data 
Hardening 
Constant 2.38e5 2.57e5 Fitted to test 

data 
Hardening 
Exponent 0.26 0.26 Fitted to test 

data 
Plastic Strain 
Failure Plastic Strain 0.1 0.1 Fitted to test 

data 
Plastic Strain 
Erosion Erosion Strain 0.1 0.1 Fitted to test 

data 
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6.5.1.4 Concrete 

6.5.1.4.1 Material Properties 

The 28-day concrete compressive strength of the specimens, based on the mean of six 

cylinder tests, as per CSA A23.2-9C [65], was 34 MPa. 

6.5.1.4.2 Equation of State 

The P-alpha equation of state, first derived in 1969 by Herrmann [84], was able to 

capture the relationship between volume and pressure of a porous material during 

compaction and accounted for the energy dissipation that occurred when pores collapsed. 

Thus, it was used to capture the behaviour of the porous concrete before collapse of the 

pores and full compaction. When the concrete was compacted to a solid state, Autodyn 

switched automatically to the polynomial equation of state. The basic form of the P-alpha 

equation of state is presented in Equation (6-17): 

𝑝 = �
1
𝛼𝛼
� 𝑓 �

𝑉
𝛼𝛼

, 𝑒� (6-17) 

Where: 

𝑝 is the pressure 

𝑉 is the volume 

𝑒 is the internal energy and 

𝛼𝛼 is the porosity 

The initial elastic porosity is given in Equation (6-18) and the compacted porosity as a 

function of pressure is given in Equation (6-19): 
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𝛼𝛼 =
𝑉
𝑉𝑠

 (6-18) 

𝛼𝛼 = 1 + �𝛼𝛼𝑝 − 1� �
𝑝𝑠 − 𝑝
𝑝𝑠 − 𝑝𝑒

�
𝑒
 (6-19) 

Where: 

𝑉 is the specific volume of porous concrete 

𝑉𝑠 is the specific volume of fully compacted concrete at the same pressure and 

temperature 

𝛼𝛼𝑝 is the porosity at which plastic yielding commences 

𝑝𝑒 is the pressure at the elastic limit 

𝑞 is a user defined exponent and 

𝑝𝑠 is the solid compaction pressure 

This relationship is presented schematically in Figure 6-4. 

 

Figure 6-4: Schematic of the P-α equation of state of concrete in Autodyn [63] 
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The polynomial equation of state, which Autodyn reverts to when the concrete is fully 

compacted, has a formulation for compression, given in Equation (6-20), and a 

formulation for tension, given in Equation (6-21). 

𝑝 = 𝐴1𝜇 + 𝐴2𝜇2 + 𝐴3𝜇3 + (𝐵𝑡 + 𝐵1𝜇)𝜌𝑡𝑒 (6-20) 

𝑝 = 𝑇1𝜇 + 𝑇2𝜇2 + 𝐵𝑡𝜌𝑡𝑒 (6-21) 

Where: 

𝜇 = 𝜌 𝜌𝑡⁄ − 1 

𝑝 is the pressure 

𝜌 is the current density 

𝜌𝑡 is the reference density 

𝑒 is the internal energy 

𝐴1 is the bulk modulus and 

𝐴2, 𝐴3, 𝐵𝑡, 𝐵1, 𝑇1, and 𝑇2 are parameters to fit the equation of state to experimental data 

and are pre-calibrated in Autodyn for concrete.  

6.5.1.4.3 Constitutive Model 

The Riedel, Hiermaier, and Thoma (RHT) model, built into Autodyn, was used to capture 

the dynamic nonlinearity of concrete. The RHT model is an advanced plasticity model 

which captures the dynamic loading of brittle materials. The factorised formulation of the 

RHT fracture surface accounts for strength increases due to high strain rates and strength 

reduction for states off the compression meridian. The RHT model is setup in Autodyn 

such that changing the concrete’s compressive strength would automatically scale the 
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remaining terms proportionately. The fracture surface of the RHT model is given in 

Equation (6-22): 

𝑌𝐹𝐴𝐼𝐿 = 𝑌𝑇𝑋𝐶 × 𝑅3 × 𝐹𝑅𝐴𝑇𝐸  (6-22) 

Where: 

𝑌𝑇𝑋𝐶 is the pressure dependent curved fracture surface under triaxial compression 

𝑅3 is the third invariant strength reduction factor and 

𝐹𝑅𝐴𝑇𝐸 is the strain rate enhancement factor, as given in Equation (6-23) 

𝐹𝑅𝐴𝑇𝐸 =

⎩
⎪
⎨

⎪
⎧1 + �

𝜀̇
𝜀�̇�
�
𝛼

 𝑓𝑜𝑟 𝑝 > 1
3� 𝑓𝑐′

1 + �
𝜀̇
𝜀�̇�
�
𝛽

 𝑓𝑜𝑟 𝑝 < 1
3� 𝑓𝑡

 (6-23) 

Where: 

𝜀̇ is the strain rate 

𝜀�̇� is the base strain rate and is taken to be 3e-6 in tension and 30e-6 in compression 

𝛼𝛼 is the  compressive strain rate factor and 

𝛽 is the tensile strain rate factor 

The pressure dependent triaxial compression fracture surface is given by Equation (6-24). 

𝑌𝑇𝑋𝐶 = 𝑓𝑐′[𝐴𝐹𝐴𝐼𝐿(𝑝∗ − 𝑝𝑆𝑃𝐴𝐿𝐿∗ 𝐹𝑅𝐴𝑇𝐸)𝑁𝐹𝐴𝐼𝐿]   (6-24) 

Where: 

𝑓𝑐′ is the compressive strength of the concrete 

𝐴𝐹𝐴𝐼𝐿 and 𝑁𝐹𝐴𝐼𝐿 are user defined parameters 
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𝑝∗ is the pressure normalized with respect to 𝑓𝑐′ 

𝑝𝑆𝑃𝐴𝐿𝐿∗   is the normalized hydrodynamic tensile limit and 

𝐹𝑅𝐴𝑇𝐸 is the strain rate enhancement factor 

The third invariant strength reduction factor reduces the strength from the maximum 

value at the compressive meridian to a minimum at the tensile meridian. This strength 

reduction depends on, 𝑄2, the ratio of the distance from the hydrostatic axis to the tensile 

meridian divided by the distance from the hydrostatic axis to the compressive meridian. 

The extreme cases of 𝑄2 = 0.5 and 𝑄2 = 1 produce a triangle and a circle in the 

deviatoric plane, respectively. 𝑄2 is pressure dependent, thus at large confining pressures, 

the failure surface approaches a circle in the deviatoric plane. The third invariant strength 

reduction factor and 𝑄2 are given in Equation (6-25). 2D and 3D schematics of the failure 

surface are given in Figure 6-5.  

𝑅3 =
2(1 − 𝑄22) cos𝜃 + (2𝑄2 − 1)[4(1 − 𝑄22) cos2 𝜃 + 5𝑄22 − 4𝑄2]

1
2

4(1 − 𝑄22) cos2 𝜃 + (1 − 2𝑄2)2  (6-25) 

Where: 

cos(3𝜃) =
3√3 ∙ 𝐽3

2�𝐽2
3
2

  

𝑄2 = 𝑄20 + 𝐵𝑄𝑝∗ 

0.51 ≤ 𝑄2 ≤ 1 

𝐽2 and 𝐽3 are the second and third stress tensor invariants. 

𝐵𝑄 = 0.0105 
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Figure 6-5: 2D and 3D schematics of the RHT concrete model’s failure surfaces [85] 

The elastic limit surface is obtained in this model by scaling the failure surface as shown 

in Equation (6-26).  

𝑌𝑒𝑙𝑀𝑠𝑡𝑖𝑐 = 𝑌𝐹𝐴𝐼𝐿 × 𝐹𝑒𝑙𝑀𝑠𝑡𝑖𝑐 × 𝐹𝐶𝐴𝑃 (6-26) 

Where: 

𝑌𝑒𝑙𝑀𝑠𝑡𝑖𝑐 is the elastic limit surface 

𝑌𝐹𝐴𝐼𝐿 is the failure surface as given in Equation (6-22) 

𝐹𝑒𝑙𝑀𝑠𝑡𝑖𝑐 is the ratio of the elastic strength to failure strength, different ratios are used for 

compression and tension and 

𝐹𝐶𝐴𝑃 is the cap function limiting elastic deviatoric stress under large compressions. 

This dimensionless cap function accounts for damage due to the collapse of the concrete 

pores at high pressures and is given in Equation (6-27). 

𝐹𝐶𝐴𝑃 =

⎩
⎪
⎨

⎪
⎧

1 𝑓𝑜𝑟 𝑝 ≤ 𝑝𝑢

�1 − �
𝑝 − 𝑝𝑢
𝑝𝑡 − 𝑝𝑢

�
2

𝑓𝑜𝑟 𝑝𝑢 < 𝑝 < 𝑝𝑡

0 𝑓𝑜𝑟 𝑝𝑡 ≤ 𝑝

 (6-27) 
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Strain hardening is accounted for by interpolating between the elastic surface and the 

failure surface using Equation (6-28). 

𝑌𝐻𝐸𝐿 = 𝑌𝑒𝑙𝑀𝑠𝑡𝑖𝑐 +
𝜀𝑝𝑙

𝜀𝑝𝑙−𝑝𝑟𝑒𝑠𝑡𝑓𝑡𝑒𝑛𝑖𝑛𝑔
(𝑌𝐹𝐴𝐼𝐿 − 𝑌𝑒𝑙𝑀𝑠𝑡𝑖𝑐) (6-28) 

Where: 

𝑌𝐻𝐸𝐿 is the hardened elastic limit. 

𝜀𝑝𝑙 is the plastic strain increment. 

𝜀𝑝𝑙−𝑝𝑟𝑒𝑠𝑡𝑓𝑡𝑒𝑛𝑖𝑛𝑔 is the portion of the total plastic strain that is prior to strain softening, 

and is calculated using Equation (6-29). 

𝜀𝑝𝑙−𝑝𝑟𝑒𝑠𝑡𝑓𝑡𝑒𝑛𝑖𝑛𝑔 =
𝑌𝐹𝐴𝐼𝐿 − 𝑌𝑒𝑙𝑀𝑠𝑡𝑖𝑐

3𝐺
�

𝐺𝑒𝑙𝑀𝑠𝑡𝑖𝑐
𝐺𝑒𝑙𝑀𝑠𝑡𝑖𝑐 − 𝐺𝑝𝑙𝑀𝑠𝑡𝑖𝑐

� (6-29) 

Where: 

� 𝐺𝑒𝑙𝑚𝑠𝑡𝑖𝑐
𝐺𝑒𝑙𝑚𝑠𝑡𝑖𝑐−𝐺𝑝𝑙𝑚𝑠𝑡𝑖𝑐

� is the hardening slope 

An illustration of the strain hardening procedure for the uniaxial compression case is 

shown in Figure 6-6.  

 

Figure 6-6: Illustration of strain hardening elastic limit for uniaxial compression case [85] 
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Shear damage in the model accumulates due to shear induced cracking which is assumed 

proportional to plastic strain and is calculated using Equations (6-30) and (6-31). 

𝐷 = �
Δ𝜀𝑝𝑙

𝜀𝑝
𝑓𝑀𝑖𝑙𝑢𝑟𝑒 (6-30) 

𝜀𝑝
𝑓𝑀𝑖𝑙𝑢𝑟𝑒 = 𝐷1(𝑝∗ − 𝑝𝑆𝑃𝐴𝐿𝐿∗ )𝐷2 (6-31) 

Where: 

𝐷 is the accumulated damage 

Δ𝜀𝑝𝑙 is the plastic strain increment 

𝜀𝑝
𝑓𝑀𝑖𝑙𝑢𝑟𝑒 is the effective plastic strain to fracture, calculated using Equation (6-31) and 

𝐷1 and 𝐷2 are material constants used to calculate the effective plastic strain to fracture as 

a function of pressure 

The accumulation of damage in this model has two effects on behaviour. The first is 

strain softening, a reduction of strength from the fracture surface to the residual strength 

surface that is proportional to damage, as shown in Equations (6-32) and (6-33). 

𝑌𝑓𝑟𝑀𝑐𝑡𝑢𝑟𝑒𝑑 = (1 − 𝐷)𝑌𝐹𝐴𝐼𝐿 + 𝐷𝑌𝑟𝑒𝑠𝑖𝑑𝑢𝑀𝑙 (6-32) 

𝑌𝑟𝑒𝑠𝑖𝑑𝑢𝑀𝑙 = 𝑀𝑀𝑖𝑛[𝐵(𝑝∗)𝑀,𝑌𝑇𝑋𝐶 × 𝑆𝐹𝑀𝑀𝐴𝑋] (6-33) 

Where: 

𝑆𝐹𝑀𝑀𝐴𝑋 limits the maximum residual shear strength for completely damaged material to 

a fraction of the failure surface. 

The second is a reduction of the shear stiffness, as shown in Equation (6-34). 
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𝐺𝑓𝑟𝑀𝑐𝑡𝑢𝑟𝑒𝑑 = (1 − 𝐷)𝐺𝑒𝑙𝑀𝑠𝑡𝑖𝑐 + 𝐷𝐺𝑟𝑒𝑠𝑖𝑑𝑢𝑀𝑙 (6-34) 

Tensile failure was defined in the model to occur at a tensile stress that was 10% of the 

maximum compressive stress and a crack softening option. Crack softening defines the 

tensile strain softening behaviour, as the concrete loses its strength more or less gradually 

in tension after cracking. To fully define this behaviour three parameters are required, the 

maximum tensile stress, already defined, the shape of the descending branch, which is 

assumed to be linear in Autodyn, and the area under the curve. The area under the curve 

represents the fracture energy and it was estimated to be 104.7 𝐽 𝑚2⁄  using Equation 

(6-35) from [86]: 

𝐺𝐹 = 2.5𝛼𝛼𝑡 �
𝑓𝑐′

0.051
�
0.46

�1 +
𝑑𝑀

11.27
�
0.22

�
𝑤
𝑐
�
−0.30

 (6-35) 

Where: 

𝐺𝐹 is the fracture energy in 𝐽 𝑚2⁄  

𝛼𝛼𝑡 is a coefficient depending on the roughness of the aggregate taken to be 1.44 here 

for angular aggregate 

 𝑑𝑀 is the maximum size of aggregate in mm (10 mm in this case) 

𝑓𝑐′ is the compressive strength of the concrete in MPa and 

𝑤
𝑐
 is the water-cement ratio (0.45 in this case) 

The adjusted parameters for the concrete material model are presented in Table 6-3. 
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Table 6-3: Autodyn input parameters for concrete material model 

Material 
Model 

Adjusted Parameter Value Comments 

RHT Concrete 
Strength 

Compressive strength 
(kPa) 3.4e4 Fitted to test data 

RHT Concrete 
Tensile Stress 
Failure 

Principal tensile failure 
stress (kPa) 3.4e3  

Crack softening fracture 
energy (J/m2) 104.7 Calculated 

according to [86] 
Geometric 
Strain Erosion Erosion Strain 2.0 Program Default 

6.5.1.5 GFRP 

6.5.1.5.1 Material Properties 

The GFRP tube’s mechanical properties, obtained from the manufacturer [64] [87], were 

a tensile modulus of 21.6 GPa and a Poisson’s ratio of 0.45 in the circumferential 

direction, and a tensile strength of 48.3 MPa, a tensile modulus of 10.1 GPa, and a 

Poisson’s ratio of 0.35 in the longitudinal direction, and a shear modulus of 6.4 GPa. 

6.5.1.5.2 Equation of State 

Autodyn does not separate the volumetric and deviatoric stress components when 

modelling orthotropic materials, rather, it uses a total stress formulation as is the 

convention. The incremental stress strain relationship [88] in this case can be stated as 

shown in Equation (6-36)  

[𝜎𝑛+1] = [𝜎𝑛] + [𝑐][𝜀̇]Δ𝑡 (6-36) 

Where: 

[𝜎𝑛] is the stress at time step n 

[𝑐] is the rigidity matrix 
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[𝜀̇] is the strain rate and 

Δ𝑡 is the time step 

Autodyn allowed the entry of the material properties in terms of the engineering 

constants which then populate the compliance matrix for a three dimensional element, as 

given in Equation (6-37). 

[𝑠] =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1
𝐸11

−𝜐21
𝐸22

−𝜐31
𝐸33

−𝜐12
𝐸11

1
𝐸22

−𝜐32
𝐸33

−𝜐13
𝐸11

−𝜐23
𝐸22

1
𝐸33

0

0

1
2𝐺23

0 0

0
1

2𝐺31
0

0 0
1

2𝐺12⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  (6-37) 

Where: 

𝐸𝑖𝑖 are the Young’s Moduli in the principal material directions 

𝐺𝑖𝑗 are the shear Moduli and 

𝜐𝑖𝑗 are the Poisson’s ratios 

As the shell elements used to model the GFRP tube were two dimensional elements, 

Equation (6-37) was simplified into Equation (6-38), which represented a plane stress 

situation: 
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[𝑠] =

⎣
⎢
⎢
⎢
⎡

1
𝐸11

−𝜐21
𝐸22

0
−𝜐12
𝐸11

1
𝐸22

0

0 0 1
2𝐺12⎦

⎥
⎥
⎥
⎤

  (6-38) 

Where: 

𝜐12
𝐸11

=
𝜐21
𝐸22

 

6.5.1.5.3 Constitutive Model 

The Von Mises constitutive model was used to capture the GFRP tube’s nonlinearity. The 

longitudinal strength of the tube, obtained from the manufacturer’s data sheet [64], was 

48.3 MPa. 

6.5.1.5.4 Failure 

Three coupons from a GFRP tube from the same manufacturer and with the same 

laminate structure were tested by Zakaib [66] for another project.  The coupon tests gave 

an average strength of 53 MPa, which was 9.7 % higher than the value provided by the 

manufacturer. The coupon tests also provided a rupture strain of 0.0184 for the tube. The 

stress strain relationship of these tests can be found in Appendix A. The parameters used 

in the GFRP tube’s material model are presented in Table 6-4. 

6.5.2 Verification Model Description 

6.5.2.1 2D C4 Blast Models 

The blast was initially modelled using 2D axisymmetry from the explosion out to 1.975 

m, which was before the blast wave encountered the member, in a multi-material Euler 

wedge. After which Autodyn’s remapping capabilities were used to set the results of the 
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Table 6-4: Autodyn input parameters for GFRP tube material model 

Material 
Model 

Adjusted Parameter Value Comments 

General Reference Density (g.cm-3) 1.938 Supplier’s data 
Ortho 
Equation of 
State 

Young’s Modulus 11 (kPa) 1.01e7 Supplier’s data 
Young’s Modulus 22 (kPa) 2.16e7 Supplier’s data 
Poisson’s Ratio 12 0.35 Supplier’s data 
Shear Modulus 12 (kPa) 6.4e5 Supplier’s data 

Von Mises 
Strength 

Shear Modulus 12 (kPa) 6.4e5 Supplier’s data 
Yield Stress 11 (kPa) 4.83e4  

Material Strain 
Failure Tensile Failure Strain 11 0.0184 Fitted to test data 

from [66] 

Tensile Failure Strain 22 0.0184 Fitted to test data 
from [13] 

Geometric 
Strain Erosion Erosion Strain  0.02  

 

2D model as initial conditions for the 3D model in an ideal gas Euler mesh. 

The 2D blast was modelled as a multi-material Euler wedge divided into 1975 1 mm 

elements and filled with air and a concentric sphere of C4. The radii of the central C4 

spheres were calculated using the experimental tests’ charge masses of 50 and 100 kg and 

the density of C4 of 1590 kg.m-3 [89]. The calculated radii for the charges were 0.196 m 

for the 50 kg of C4 charge and 0.247 m for the 100 kg of C4 charge. The 2D model of the 

100 kg of C4 pressure wave is presented in Figure 6-7. 

6.5.2.2 3D Verification Models 

The three components of the specimens were modelled distinctly rather than using a 

smeared approach. The concrete core was modelled using a Lagrange half cylinder, the 

GFRP tube was modelled as a half cylindrical shell, and the reinforcing cage was 

modelled using beam elements. 
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Figure 6-7: 2D model of 50 kg C4 explosion to be used as an initial condition for 3D model 

The concrete core was meshed as a Type 2 cylinder with 4 elements across the radius and 

80 elements along the length. The number of elements across the radius resulted in 8 

elements around the half circumference. These element numbers resulted in a 0.025 m 

cube-shaped mesh. This part was filled using the RHT model and concrete properties 

already discussed. The GFRP tube was divided into a grid identical to the surface of the 

concrete as the surface nodes of both were bonded. The tube had a thickness of 5.5 mm 

and was assigned the material properties of orthotropic GFRP. 

The longitudinal steel bars were made of continuous 2 m long beams divided into 100 

elements. These divisions satisfied Autodyn’s beam element aspect ratio and ensured that 

every element of the concrete mesh contained a node of the beam reinforcement. This 

was necessary to ensure that the reinforcement forces were transmitted to the concrete 

when the volume reinforcement option was chosen for the beams. The continuous 
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circular spirals were modelled using straight beam segments forming half a polygon with 

its vertices at the location of the longitudinal reinforcement. The spacing of the model 

stirrups was 0.1 m over the entire length with a reduced spacing of 0.05 m for 0.2 m from 

the ends over the supports to match the experimental specimens. The transverse beams 

were also divided into sufficient elements to ensure at least one node per concrete 

element. The longitudinal bars were given a 100 mm2 circular cross section and the 10M 

steel material properties, while the transverse bars were given a 30 mm2 cross section and 

the 6 mm steel material properties. The numerical reinforcing cages and a schematic of 

the experimental specimen’s reinforcement cage for the two reinforcement ratios studied 

are shown in Figure 6-8. 

The impact hammer was modelled using a prismatic rectangular Lagrange part. The 

dimensions of the modelled impact hammer were 0.15 m by 1.25 m by 0.075 m, and it 

was divided into approximately 0.035 m sided cube-shaped elements. The part was filled 

with Autodyn’s material library’s standard 4340 Steel material with an adjusted density 

of 10 g.cm-3 to match the mass of the experimental impact hammer of 561 kg (the 

hammer in the model weighed 140.25 kg due to quarter symmetry). 

The modelled hammer was then given an initial velocity equal to the instantaneous 

velocity measured using the high-speed camera for the test being modelled. These 

velocities were -1.35 m.s-1, -1.22 m.s-1, -1.56 m.s-1, and -1.32 m.s-1 in the y-direction for 

specimens CI4, CI8, TI4, and TI8, respectively. Additionally, the supports and caps were 

modelled using Lagrange and shell parts, respectively. The supports had a radius of 0.02 
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Figure 6-8: comparison of test specimens’ and numerical models’ reinforcement cages 

mm and were 0.1 m long. The caps were 0.15 m wide for the support and 0.075 m wide 

for the midspan impact cap. The caps and the supports were also filled with the modified 

4340 Steel material model. A representative impact model showing the material locations 

is presented in Figure 6-9. 

The verification models’ 3D Euler parts used to model the blasts and their interaction 

with the specimens were developed to accommodate the blast wave, the specimen length, 

and the influence of the approximate outflow boundary condition (≈ 10 to 20 elements). 

℄ 

℄ 
𝜌 = 1.2 % 

𝜌 = 2.4 % 
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Figure 6-9: Representative impact model showing material location, sign convention, and 
mesh size 

The dimensions of the Euler 3D parts were 0.6 m in the x-direction, 2.96 m in the y-

direction, and 2 m in the z-direction. The Euler parts were divided into 20 mm cubic 

elements and filled with the air material. The blasts were remapped from the 2D 

multimaterial analysis. A representative blast model, showing the blast wave specimen 

interaction, is presented in Figure 6-10. 

6.5.2.2.1 Gauges and Boundaries 

Numerical gauges were incorporated at midspan to capture the results of the models. A 

gauge was placed at each of the extreme fibers in tension and compression of the 

concrete and the tube. A gauge was also placed at each of the longitudinal bars at 

midspan. The blast pressure measurements on the surface of the members were captured 

using two gauges, one at the point of incidence, the other at the side of the member in the 

Euler grid of the blast models. A gage was placed in the hammer for the impact models.  
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Figure 6-10: Representative blast model showing Euler mesh and gauge points 

The member’s nodes on the y-z-plane of symmetry were restrained from moving in the x-

direction. Similarly, the member’s nodes in the x-y-plane of symmetry were restrained 

from moving in the z-direction. The mass was restrained from moving in both x and z-

directions and was not allowed to rotate. Refer to Figure 6-9 for the orientation of the 

axis relative to the specimens. The orientation was the same for the blast and impact 

models.  

The Euler part had mirror boundaries on the planes of symmetry and the bottom, which 

represented the ground. The remaining three surfaces had an outflow boundary which 

allowed pressure and material to escape.  

The supports had a rigid boundary condition and were restrained from any motion. The 

cap at the support was restrained from moving in the x-direction. The cap at the midspan 

of the impact models was restrained from moving in both the x and z-directions as it 

intersected two planes of symmetry. The gauges for a blast model with a 1.2% 
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reinforcement ratio, the Euler part boundaries, and the axis orientation are presented in 

Figure 6-11. 

 

Figure 6-11: Gauges and boundaries locations 

6.6 RESULTS AND VERIFICATION 

6.6.1 Mesh Refinement 

The mesh size was arrived at by running three models of varying mesh coarseness and 

comparing the results. The finest mesh divided the radius of the members into 7 elements, 

which resulted in 12 elements around the half circumference. The length of the specimen 

was divided into 130 elements resulting in 0.015 m cube-shaped elements. The 

reinforcement was similarly divided into 135 elements to ensure a node was located in 

each concrete element for the volume reinforcement option. This approached the limit of 

the fineness for this geometry as a finer mesh would have violated the beam elements 

Mirror 

Outflow 
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aspect ratio requirement of two to one. The medium coarseness mesh, the one used in this 

study, has already been described above. The extra coarse mesh divided the radius into 3 

elements resulting in 4 elements around the half circumference. The length of the 

members was divided into 57 elements resulting in a 0.035 cube shaped mesh. The 

longitudinal beams in the extra coarse mesh were divided into 60 elements. The cross 

section’s mesh and the numerical results of the three meshes with the experimental 

results are presented in Figure 6-12. The three meshes produced indistinguishable results 

initially, however, these results diverged as the displacement increased resulting in a 

maximum displacement at midspan of 0.051 m, 0.054 m, and 0.061 m for the fine, 

medium, and coarse mesh, respectively. Thus the variation between the fine and coarse 

meshes was 19.6%. The difference between the finest mesh and the experimental results 

was 13.3%. While peak displacement of the medium mesh model was 20 % higher than 

the experimental measurement. The medium mesh was chosen as the coarse mesh may 

not have captured the interaction with the blast wave adequately, and the fine mesh was 

computationally prohibitive. The validity of this choice was further supported by the 

results of the remaining impact simulations presented below. 

6.6.2 Impact Tests Verification 

The experimental results of the impact testing phase were used to verify the numerical 

model prior to conducting the parametric study. These results are presented in Figure 

6-13, Figure 6-14, Figure 6-15, and Figure 6-16. The maximum midspan displacements 

of the experimental results and the numerical models are summarized in Table 6-5. The 

numerical models’ results matched the experimental results within 18%. Specimen CI4 
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Figure 6-12: Mesh refinement results 

had the greatest difference of 18% and this was attributed to the concrete crushing and 

spalling at the maximum displacement of this specimen which may have dissipated some 

of the impact’s energy resulting in a lower maximum displacement. The remaining 

specimens’ numerical models showed good agreement with experimental results and 

captured the maximum displacements and the periods of the specimens.  

Table 6-5: Summary of numerical impact model verification 

Specimen 
Designation 

Maximum Experimental 
Displacement 

(m) 

Maximum Numerical 
Displacement 

(m) 

Percentage 
Difference 

CI4 -0.094 -0.111 18.0 % 

CI8 -0.049 -0.041 -16.3 % 

TI4 -0.046 -0.051 10.9 % 

TI8 -0.036 -0.034 -5.6 % 
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Figure 6-13: Comparison of numerical and experimental results for CI4 

 
Figure 6-14: Comparison of numerical and experimental results for CI8 
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Figure 6-15: Comparison of numerical and experimental results for TI4 

 
Figure 6-16: Comparison of numerical and experimental results for TI8 
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6.6.3 Blast Tests Verification 

The experimental blast tests only yielded residual displacements and visual damage to the 

specimens for purposes of comparison. A sophisticated single degree of freedom (SDOF) 

model was, however, developed to predict the behaviour of the blast specimens in 

response to the blast shockwaves. The full development, verification, and results of this 

SDOF model can be found in Chapter 4 and Chapter 5. The SDOF analyses and their 

results presented in Chapter 5 were able to capture the relative responses between the 

specimens well, however, they fail to predict the resulting permanent displacements. This 

is attributed to the complicated interaction between the shockwave and the ground which 

was not included in the derivation of the forcing function and the early spalling of the 

reinforced concrete specimens. The results of this SDOF model were used to verify the 

Autodyn blast model. A summary of the results and comparisons is presented in Table 

6-6, and plots of the Autodyn and SDOF results for the individual specimens are 

presented in Figure 6-17, Figure 6-18, Figure 6-19, Figure 6-20, Figure 6-21, and Figure 

6-22. The agreement between Autodyn and the SDOF models varied from 0% to 47.5%. 

The large difference of 47.5% was observed in the cases of large blasts. 

Table 6-6: Summary of numerical blast model verification 

Specimen 
Designation 

Maximum SDOF 
Deflection (m) 

Maximum Autodyn 
Deflection (m) 

Percentage 
Difference 

CB4 -0.042 -0.033 -21.4 % 

TB4 -0.023 -0.023 0.0 % 

CB8-S -0.026 -0.023 -11.5 % 

TB8-S -0.021 -0.020 -4.8 % 

CB8-L -0.088 -0.050 -47.5 % 

TB8-L -0.068 -0.038 -44.1 % 
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Figure 6-17: Comparison of Autodyn and SDOF results for CB4 

 

Figure 6-18: Comparison of Autodyn and SDOF results for TB4 
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Figure 6-19: Comparison of Autodyn and SDOF results for CB8-S 

 

Figure 6-20: Comparison of Autodyn and SDOF results for TB8-S 
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Figure 6-21: Comparison of Autodyn and SDOF results for CB8-L 

 

Figure 6-22: Comparison of Autodyn and SDOF results for TB8-L 
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6.7 PARAMETRIC STUDY 

The parametric study investigated the effect of reinforcement ratio, diameter, and scaled 

distance, which is a quantity reflecting the combined effects of range and mass of 

explosives, on the response of CFFTs. The reinforcement ratios investigated were the 

lower and upper design limits of 1% and 2.5% [67] [77] as well as the intermediate point 

of 1.75%. The diameters studied were 0.2 m through to 1.0 m in increments of 0.2 m, 

inclusive. The blast scaled distances investigated were 0.2 m.kg-1/3 to 0.5 m.kg-1/3 in 

increments of 0.1 m.kg-1/3, inclusive. These parameter ranges were arrived at as follows. 

The reinforcement ratios included the upper and lower limits as well as an intermediate 

point. A diameter of 0.2 m can be taken as a practical lower limit for North American 

concrete construction, while 1.0 m can be taken to represent an upper limit. The lower 

bound of the scaled distance of 0.5 m.kg-1/3 was similar to the scaled distances studied in 

the experimental investigation, which produced minimal damage. The upper bound was 

dictated by geometric considerations of the numerical models.  

The specimens’ lengths were held constant at 2 m to avoid introducing an additional 

parameter to the study. The specimens’ longitudinal reinforcement ratio was 

approximated using standard metric reinforcing bars, as presented in Table 6-7. Extra 

care was taken in choosing the bar sizes to ensure a realistic and uncongested 

reinforcement arrangement. All the specimens contained 6 mm ties spaced at 0.1 m 

except for one diameter length over the supports, where the spacing was reduced to 0.05 

m to counteract the effect of the concentrated reactions. The scaled distances of the 

parametric study were achieved using TNT rather than C4 as TNT is the standard 
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explosive and no conversions would be necessary. The study’s scaled distances and the 

corresponding charge masses and radii are presented in Table 6-8. 

Table 6-7: Parametric study specimen longitudinal reinforcement 

Diameter 
(m) 

𝜌 = 1 % 𝜌 = 1.75 % 𝜌 = 2.5 % 
Number of 

bars 𝜌 (%) Number 
of bars 𝜌 (%) Number 

of bars 𝜌 (%) 

0.2 4 – 10M 1.27 6 – 10M 1.91 8 – 10M 2.55 
0.4 6 – 15M 0.95 10 – 15M 1.59 10 – 20M 2.38 
0.6 10 – 20M 1.06 10 – 25M 1.77 10 – 30M 2.47 
0.8 16 – 20M 0.95 14 – 30M 1.95 14 – 35M 2.78 
1.0 16 – 25M 1.02 20 – 30M 1.78 20 – 35M 2.55 

 

Table 6-8: Parametric study’s charges 

Scaled Distance 
(m.kg-1/3) 

Range (m) Density of TNT 
(kg.m-3) 

Mass of Charge 
(kg) 

Radius of Charge 
(m) 

0.2 2 1630 1000 0.527 
0.3 2 1630 296.3 0.351 
0.4 2 1630 125 0.264 
0.5 2 1630 64 0.211 

6.7.1.1 2D TNT Blast Models 

The parametric study’s blasts were initially modelled using 2D axisymmetry from the 

explosion out to 1.999 m in a multi-material Euler wedge divided into 1999 1 mm wide 

elements and filled with air and a concentric TNT sphere. The radii of the central TNT 

spheres and the corresponding charge masses and scaled distances are presented in Table 

6-8. 

6.7.1.2 3D Parametric Study Models 

The parametric study’s concrete core mesh sizes were arrived at by satisfying the 2.5% 

reinforcement ratio’s models reinforcement aspect ratio requirements. All the concrete 

cores were meshed as Type 2 half cylinders with the mesh details presented in Table 6-9. 

These parts were filled with the RHT model and a 35 MPa concrete compressive 
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strength. The shell modelling the GFRP tube was divided into a grid corresponding to the 

cells along the length and cells around the circumference presented in Table 6-9. The 

shell was bonded to the concrete core. The tube thickness of 5.5 mm and the orthotropic 

GFRP material properties were not altered. 

The longitudinal steel bars’ divisions, presented in Table 6-9, satisfied Autodyn’s beam 

element aspect ratio requirement and ensured that every element of the concrete mesh 

contained a node of the beam reinforcement. The shear reinforcement was modelled 

using straight beam segments forming half a polygon with its vertices at the location of 

the longitudinal reinforcement. The spacing of the model stirrups was 0.1 m over the 

entire length with a reduced spacing of 0.05 m for one diameter length over the supports 

to mitigate the effect of the concentrated loads. The transverse beams were also divided 

into sufficient elements to ensure the presence of at least one node per concrete element. 

The longitudinal bars were assigned the section properties presented in Table 6-7 and the 

10M steel material properties, while the transverse bars were given a 30 mm2 cross 

section and the 6 mm steel material properties. The numerical models’ reinforcing cages 

for the entire parametric study can be found in Figure D-3, Figure D-2, and Figure D-3 in 

Appendix D. 

Table 6-9: Parametric Study’s Models’ Meshes 

Diameter  
(m) 

Cells Across 
Radius 

Cells Along 
Length 

Cells Around the 
Circumference 

Reinforcement 
Divisions 

0.2 4 8 8 100 
0.4 5 50 8 55 
0.6 5 30 8 33 
0.8 6 25 12 28 
1.0 7 25 12 28 
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The supports and cap were modelled using Lagrange and shell elements. The supports 

had a radius of 0.02 mm and were 0.1 m long. The cap was 0.15 m wide. The caps and 

the supports were filled with the 4340 Steel material model with the slightly modified 

density of 10 g.cm-3. The caps’ thicknesses were varied between 5 mm to 25 mm in 

increments of 5 mm, for the 0.2 m to 1.0 m diameter models, respectively, to 

accommodate the increasing support reactions for the larger diameters. 

It was necessary to use multi-material 3D Euler parts to model the blasts due to their 

close-in nature. The following guidelines were followed while building the parametric 

study’s 3D Euler parts. The dimensions of the Euler parts were dictated by the 2 m range 

of the blast, the model diameter, the model length, and the influence of the approximate 

outflow boundary condition (≈ 10 to 20 elements). Therefore the dimensions of the Euler 

parts were the radius plus 0.5 m in the x-direction, the diameter plus 0.5 m below and 2 m 

above the specimen in the y-direction, and 2 m in the z-direction. The Euler part was 

divided into 0.02 m cubic elements and filled with the air material. The blasts were 

remapped from a 2D multi-material analysis. The gauges and boundaries were the same 

as the verification models except that the blast exited through an outflow boundary at the 

bottom of the model as opposed to being reflected back up to replicate the experimental 

situation. 

6.8 PARAMETRIC RESULTS 

The overall results of the parametric study are presented in Figure 6-23and Figure 6-26 

for the maximum displacements and times to peak, in Figure 6-28 for the reflected and 

incident pressures, and Figure 6-29 for the reflected and incident impulses. Table D-1, 
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Figure D-4, and Figure D-5 in Appendix D present more detailed results. Each column in 

Figure 6-23 represents the maximum displacement or time to peak for a single numerical 

model. The results are organised in a hierarchy starting with the diameter, followed by 

the scaled distance, then the reinforcement ratio. The gaps in the diagram represent 

models that collapsed under the blast loading. It can be seen that all the models collapsed 

under a scaled distance of 0.2 m.kg-1/3. Additionally, all the 0.2 m diameter models and 

the 0.4 m diameter model with a reinforcement ratio of 1% collapsed under a scaled 

distance of 0.3 m.kg-1/3. The following general trends can be observed. For a given scaled 

distance in Figure 6-23, the maximum achieved midspan displacement decreased as the 

diameter was increased. This relationship, however, was not linear and seemed to be an 

exponential decay. A similar exponential decay relationship was observed for a given 

diameter as the scaled distance was increased. This relationship holds for all 

reinforcement ratios. The time to peak, which was proportional to the natural period of 

the beams, behaved slightly differently. It was fairly constant for the larger scaled 

distances, while it increased with decreasing scaled distance. This can be explained by 

the inversely proportional relationship of the natural period to stiffness. As the scaled 

distance decreased, the damage produced in the model increased, thus decreasing its 

stiffness. This in turn caused the period to increase. All these relationships can be more 

clearly seen in Figure 6-26.  
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Figure 6-23: Overview of maximum displacements and times to peak results of parametric 
study 

Inspecting Figure 6-26 also revealed that for a scaled distance of 0.3 m.kg-1/3, the trends 

were inconsistent and the models with a larger reinforcement ratio, which determined 

strength and stiffness, in some cases reached a higher maximum displacement for a given 

diameter. This was due to some of the weaker models developing a plastic hinge at the 

support due to direct shear and responding in either direct shear or a combination of 

direct shear and flexure. Direct -or dynamic- shear is a response typical for short duration 

high intensity loads and typically occurs at locations of geometric or load discontinuity. It 

arises from the large inertial forces developed early on in the loading [90]. Although 

direct shear was a local response, typically occurring near the supports, it affected the 

global response of the entire member, as can be seen from the results. Two 0.4 m 

Z 
Diameter 

𝜌 
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diameter models at their peak displacements are presented in Figure 6-27. The figure 

shows the overall member’s deformed shape and the stresses in the steel reinforcement. 

The flexural response mode’s stress distribution was typical and showed large 

compressive and tensile stresses at the top and bottom layers of rebar at midspan, 

respectively, while the stresses were relatively low in the shear reinforcement. The direct 

shear response mode showed a similar longitudinal reinforcement stress distribution to 

the flexural response mode, indicating a combined flexural and direct shear response. In 

addition to the flexural stresses, however, large stresses developed in the transverse 

reinforcement near the support. The tube typically ruptured near the supports in the direct 

shear response models due to the large localised strains that developed.  

According to Hansen [82], the US Army Corps of Engineers proposes the following 

component response limits for design: A maximum support rotation of 0.52o to indicate 

light damage, a maximum support rotation of 2.94o to indicate moderate damage, and a 

maximum support rotation of 6.67o to indicate heavy damage. The midspan 

displacements, for the span length investigated in this study, corresponding to these limits 

are 0.018 m, 0.099 m, and 0.225 m, respectively. All the 0.2 m diameter specimens 

subjected to a scaled distance of 0.4 m.kg-1/3 exceeded the heavy damage limit and 

survived, with the 2.5% reinforcement ratio specimen undergoing a 0.245 m maximum 

displacement, corresponding to an end rotation of 0.1225 rad (7 deg), while the 1.75% 

and 1% models experienced a maximum displacement of 0.333 m each, corresponding to 

a 0.165 rad (9.45 deg) support rotation. It is worth noting that the response limit for 

moderate damage of a restrained member, that is a continuous member that is able to 

develop membrane action, is 0.21 rad (20 deg) and that two of the specimens have 
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sustained 79 % of that limit. This new insight into the behaviour of CFFTs under blast 

loading can be applied to the experimental results discussed in Chapter 5. Thus, the 

pressure-impulse (P-I) diagrams can be extended beyond the limit recommended by the 

US Army Corps of Engineers. The new midspan displacement limits were taken as the 

maximum displacement of the resistance functions derived in the blast chapter as the tube 

ruptured in the numerical models that reached a displacement of 0.333 m. Those limits 

were 0.261 m for specimen TB4 and 0.275 m for specimen TB8. The resulting P-I 

diagrams, including the damage limits described above and the experimental blast tests, 

are presented in Figure 6-24 for specimen TB4 and in Figure 6-25 for specimen TB8 and 

the values of the asymptotes used in the diagrams are presented in Table 6-10. It can be 

seen that increasing the allowable midspan displacement increased the strain energy 

available to resist a blast by 43% for specimen TB4 and 52% for specimen TB8. These 

increases in the available strain energies translated to a 15% and 17% increase in the 

pressure and impulse, respectively, that specimen TB4 was able to withstand and a 23% 

and 24% increase in the pressure and impulse, respectively, that specimen TB8 was able 

to withstand relative to the US Army Corps of Engineers heavy damage limit. 
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Figure 6-24: Pressure-Impulse diagrams for specimen TB4 

 

 
Figure 6-25: Pressure-Impulse diagrams for specimen TB8 
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Table 6-10: Asymptotes of updated P-I diagrams for specimens TB4 and TB8 

  Ymax 
(m) 

Strain 
Energy (J) 

Force 
(N) 

Impulse 
(N.s) 

Pressure 
(MPa) 

Impulse 
(MPa.ms) 

TB4 0.018 179 9944 257 0.0075 0.195 
 0.099 2872 29010 1028 0.0220 0.779 
 0.225 9455 42022 1866 0.0318 1.414 
  0.261 11504 46500 2023 0.035 1.533 
TB8 0.018 186 10333 266 0.0078 0.202 
 0.099 3812 38505 1205 0.0292 0.913 
 0.225 11884 52818 2127 0.0400 1.612 
  0.275 15491 62500 2430 0.047 1.841 

Although none of the models were considered deep flexural beams according to the UFC 

3-340-01 [40] unrestrained member criterion of length to depth ratio of two or more, it is 

easy to see that the deeper a member was, the less ductile it was. That is because for a 

given curvature, which can be thought of as the slope of the strain distribution across the 

depth, the strains developed at the extreme fibres were proportional to the depth of the 

section. This lead to achieving the failure strain at a lower curvature, leading to a lower 

overall deformation.  

The overall pressure results of the parametric study, presented in Figure 6-28, supported 

the conclusions arrived at in Chapter 3, that the reflected pressure experienced by a 

member with a circular cross section for a given scaled distance was proportional to the 

diameter, and that this pressure approached the design value as the diameter was 

increased. The incident pressure recorded at the side of the member, on the other hand, 

decreased with increasing diameter as expected, as the shock wave had to travel a longer 

distance and dissipated more energy. Inspecting the details of the diagram revealed that 

the reflected pressure was not affected by the stiffness of the model as the reflected 

pressure was fairly constant for the range of reinforcement ratios studied. 
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Figure 6-26: Maximum displacements and times to peak details results of parametric study 

Diameter = 0.2 m 
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Diameter = 0.6 m 

Diameter = 0.8 m 

Diameter = 1.0 m 

𝜌 
Z 



CHAPTER 6 
 

211 

 

 

Figure 6-27: Flexural and direct shear response of 0.4 m diameter model 

 

Figure 6-28: Overview of reflected pressure and incident pressure parametric study results 

D = 0.4 m 

𝜌 = 1.75 %  

    

D = 0.4 m 

𝜌 = 1.75 %  

    

Flexural Response 

Direct Shear Response 

𝜌 
Diameter 

Z 



CHAPTER 6 
 

212 

 

 

Figure 6-29: Overview of reflected impulse and incident impulse parametric study results 

6.9 CONCLUSION 

This chapter demonstrated the feasibility of using the commercially available software 

ANSYS Autodyn to predict the response of CFFTs to close-in blast and impact loading. 

The blast models were able to capture the large variability and the complex interactions 

between the blast wave and the member. The results agreed well with experimental 

measurements and SDOF analyses results. The study also showed the feasibility of 

numerically modelling the structurally dynamic response of GFRP tubes to close-in blast 

and impact loads.  

A parametric study was conducted to establish the effects of the diameter, scaled 

distance, and reinforcement ratio on the response of CFFTs to close-in blasts. The results 

𝜌 

Z 
Diameter 
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of the parametric study indicated that increasing the diameter or the reinforcement ratio 

reduced the overall response to the blast for a given scaled distance. While reducing the 

scaled distance increased the response for a given diameter and reinforcement ratio. The 

parametric study also confirmed the pressure and impulse distributions around circular 

members arrived at in a previous study. The results indicate that the additional protection 

that the tube provides warrants increasing the design response limits for slender CFFTs 

from the end rotation recommended by the US Army Corps of Engineers of 6.67o to 7.7o. 

This increase in the allowable end rotations increased the strain energy available to resist 

a blast by 43% for specimen TB4 and 52% for specimen TB8, which represents a 

substantial improvement in the blast resistant behaviour of the system when compared to 

conventional reinforced concrete members. 
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Chapter 7 

Summary and Conclusions 

7.1 SUMMARY 

This thesis presented the results of experimental and numerical investigations into the 

dynamic behaviour of concrete filled FRP tubes under dynamic blast and impact loading. 

The experimental investigation consisted of testing twelve full scale specimens, half of 

which were CFFTs and half were regular reinforced concrete specimens. A CFFT and 

reinforced concrete specimen pair were tested monotonically and acted as controls. Two 

CFFT and reinforced concrete specimen pairs with two different reinforcement ratios 

were tested under impact. The remaining three specimen pairs were tested under blast 

loading. The experimental investigation concluded that the addition of the GFRP tube to 

the reinforced concrete specimens increased their energy absorbing capacity by up to 

1223% and confined and protected the concrete under severe impulsive loads. Thus it 

was found that the system was particularly suitable for blast and impact resistant design.  

A sophisticated nonlinear SDOF model was developed to assist in the dynamic analysis 

and design of such a system. In particular, a procedure for obtaining the full nonlinear 

resistance function for a flexural member loaded in any configuration was outlined. Such 

a resistance function can be used as an analysis and design tool using the SDOF method 

or conservation of energy, and it can be used in the construction of pressure-impulse 

diagrams as a blast design aid. 
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The numerical investigation had two parts. The first part studied the diffraction of blast 

waves around circular cross sections. This study resulted in simplified equations for 

obtaining the equivalent pressure and impulse acting on a circular cross section from the 

standard design values. The second part involved constructing and verifying a numerical 

model of the behaviour of CFFTs under blast and impact loading. This model was used to 

conduct a parametric study to extend understanding of CFFTs under blast loading beyond 

the results obtained from the three experimental specimens. In general, this investigation 

has indicated that the CFFT system is very promising for resisting dynamic blast and 

impact loads. 

7.2 CONTRIBUTIONS TO KNOWLEDGE 

The most important contributions to knowledge arrived at by this investigation were: 

1. The development of simple design equations for obtaining the equivalent blast 

pressure and impulse acting on a circular cross section from the standard design 

values. 

2. The development and verification of a numerical procedures for obtaining the 

stored strain energy-displacement relationship for a member and demonstrating 

how an equivalent resistance function, for use in SDOF dynamic design and 

analysis, can be obtained from this stored energy-displacement relationship.  

3. The development a single degree of freedom model that accounted for damping, 

strain rate effects, and the non-linearity of resistance functions and loading for 

analysing the response to blast and impact loading.  
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4. Outlined how the developed non-linear resistance functions can be used to 

calculate pressure-impulse diagrams that agree well with experimental data and 

can be used as a basis for blast resistant design. 

5. Experimentally demonstrated that encasing reinforced concrete members with a 

GFRP tube protected the concrete from damage and significantly increased the 

members’ energy absorbing capacity, making them well suited for blast and 

impact resistant applications. 

6. The parametric study indicated that the additional protection that the tube 

provides warrants increasing the design response limits for slender CFFTs. 

7.3 CONCLUSIONS 

The following are the most significant conclusions arrived at through the numerical and 

experimental investigations of CFFTs under impulsive blast and impact dynamic loading: 

1. A verified numerical model, constructed in ANSYS Autodyn, showed that the 

close-in pressure and impulse acting on a circular cross section varied 

sinusoidally from a  maximum at the point of incidence to a minimum at the side. 

The maximum pressure and impulse values were approximately equal to 90% of 

the design reflected values, while the minimum values were similar to the incident 

pressure and impulse design values. Simple equations for obtaining the equivalent 

pressure and impulse were developed by fitting a sinusoidal curve to the pressure 

and impulse distributions around the surface of the section. These equations can 

be used  to obtain the equivalent pressure and impulse acting on a circular cross 

section from the standard design values for use in analysis and design.  
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2. The addition of a GFRP tube to a reinforced concrete member increased the 

monotonic load carrying capacity and displacement at maximum load by 112 %, 

and the monotonic energy absorbing capacity by 487.5%.  

3. The addition of a GFRP tube increased the impact energy required to cause failure 

by 1223% and 467% when the internal steel reinforcement ratios were 1.2% and 

2.4%, respectively. The CFFT specimens experienced lower permanent 

displacements, no concrete crushing or spalling, and significantly increased 

ductility compared to the conventional reinforced concrete specimens in all the 

impact tests. This indicates that encasing reinforced concrete members with 

GFRP tubes is feasible and may be desirable for enhanced impact resistance.  

4. The addition of a GFRP tube to a reinforced concrete specimen protected the 

concrete from damage under blast loading when compared to a conventional 

reinforced concrete specimen. The addition of the tube reduced the residual 

displacement of CFFT specimens when compared to reinforced concrete 

specimens by up to 100%. 

5. It is possible to construct a nonlinear resistance function for a flexural member 

loaded in any configuration by calculating the stored strain energy caused by the 

loading. Such resistance functions can be used in a single degree of freedom 

analysis that accounts for damping and strain rate effects to numerically calculate 

the displacement-time histories and estimate the full dynamic behaviour of the 

member and as an aid for design.  
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6. It is extremely difficult to estimate the dynamic forcing function due to impact if 

it is not measured directly, however, the developed resistance functions can still 

be used as a conservative simplified analysis and design tool by invoking the law 

of conservation of energy.  

7. It is possible to numerically construct a forcing function equivalent to a close-in 

blast acting on a circular cross section for use in a single degree of freedom 

analysis using a hydrocode (e.g. ANSYS Autodyn). Such a numerical procedure 

and the results of the single degree of freedom analyses were presented.   

8. It is possible to construct Pressure-Impulse diagrams, to be used as design aids, 

using the developed nonlinear resistance functions. Such Pressure-Impulse 

diagrams were constructed in this study and compared well with experimental 

results.  

9. The results of the parametric study indicated that increasing the diameter or the 

reinforcement ratio reduced the overall response to a blast for a given scaled 

distance. While reducing the scaled distance increased the response for a given 

diameter and reinforcement ratio. The parametric study also confirmed the 

pressure and impulse distributions around circular cross sections arrived at in a 

previous study. The results indicate that the additional protection that the tube 

provides warrants increasing the design response limits for slender CFFTs. 

7.4 RECOMMENDATIONS FOR FUTURE RESEARCH 

The following recommendations for future research can be made based on the results of 

this investigation: 
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1. Only one diameter and GFRP tube laminate structure were investigated in this 

study, this presents an opportunity for further experimental and numerical 

investigations.  

2. Columns are critical load carrying member whose destruction can lead to a 

progressive collapse of a structure, therefore, it is worthwhile to investigate the 

effect of an axial load on the dynamic behaviour of CFFTs.  

3. Most members in structures do not have simply supported end conditions. The 

effects of different end conditions on response should be investigated. 

4. The single degree of freedom model can be made more general by incorporating 

the Bauschinger effect for multiple loading cycles in opposing directions and by 

adjusting the equivalent mass based on the changes in the displaced shape due to 

the formation of plastic hinges. The model could be made even more 

sophisticated by incorporating the sectional analysis and the development of the 

resistance function into it and the calculation of the strain rate effects 

interactively. The unloading curve could be improved into a nonlinear one as 

observed in experimental data which would include a hysteresis loop and would 

account for some damping. 

5. More care should be made to ensure capturing blast data to verify the 

experimental results and capture dynamic data. The testing frames can also be 

instrumented in an attempt at measuring how much energy is dissipated by them.  

6. The parametric study could be extended to include more variables such as 

laminate structures, aspect ratios, end fixities, and the presence of an axial load. 
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7. A parametric study could be conducted to investigate the parameters influencing 

the system under impact loading. 
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Appendix A 

Ancillary Material Tests 

 

Figure A-1: Concrete cylinder compression test results 

 

Figure A-2: Tensile test results for the 6 mm steel reinforcement 
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Figure A-3: Tensile test results for the 10M steel reinforcement 

 
Figure A-4: Tensile test on similar GFRP tube (T4) adapted from Zakaib [66]  
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Appendix B  
Flow Charts 

 
Figure B-1: Flow chart of SDOF model’s numerical integration scheme. 

Calculate the acceleration by dividing the applied forces by the equivalent mass 

�̈�𝑦(𝑠) = 𝐹𝑒𝑒(𝑠)−𝑐�̇�(𝑠−1)−𝑅�𝑦(𝑠−1)�
𝑀𝑒𝑒

 

Integrate acceleration to obtain velocity using 
 �̇�𝑦(𝑠) = �̇�𝑦(𝑠−1) + 1

2
��̈�𝑦(𝑠) + �̈�𝑦(𝑠−1)�∆𝑡 

Start 

Assume a time step ∆𝑡 

𝑀𝑀𝑒𝑒�̈�𝑦(𝑠) + 𝑐�̇�𝑦(𝑠) + 𝑅�𝑦𝑦(𝑠)� − 𝐹𝑒𝑒(𝑠) = 0 

Calculate the resulting damping, inertial, and resistance forces and check 
equilibrium  

 

Obtain �̈�𝑦(𝑡), �̇�𝑦(𝑡), and 𝑦𝑦(𝑡). 

Obtain SDOF parameters 𝐹𝑒𝑒, 𝑐, 𝑅(𝑦𝑦), 𝑀𝑀𝑒𝑒 , and 
total time of calculation 𝑡𝑡𝑡𝑡. 

Has the solution 
converged? 

End 

Yes 

No 

Terminator 

Process 

Decision 

Input 

Key 

Integrate velocity to obtain displacement using 
 𝑦𝑦(𝑠) = 𝑦𝑦(𝑠−1) + �̇�𝑦(𝑠−1)∆𝑡 + �2�̈�𝑦(𝑠−1) + �̈�𝑦(𝑠)� (∆𝑡)2

6
 

Reduce the 
time step ∆𝑡 

Add time step, ∆𝑡, to time t. 

𝑡 ≥ 𝑡𝑡𝑡𝑡 

Yes 

No 
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Figure B-2: Flowchart of numerical procedure for calculating resistance functions. 

Start 

Obtain relationship between strain energy and curvature 
 𝑑𝑑(𝜙)
𝑑𝑑

= ∫ 𝑀𝑀(𝜙)𝑑𝜙𝜙𝑚𝑚𝑚
0  

Increment the applied moment, M. 

Obtain the displacement for the applied loading using the double integration 

method 𝑦𝑦 = ∬ 𝜙(𝑀𝑀)
𝐿
2�

0 𝑑𝑀𝑀.𝑑𝑀𝑀 

Integrate 𝑑𝑑(𝑑)
𝑑𝑑

 over the length to obtain the strain energy for the applied loading 

𝑈 = ∫ 𝑑𝑑(𝑑)
𝑑𝑑

𝐿
0 𝑑𝑀𝑀 

Obtain the resistance function by taking the derivative of the strain energy-
displacement relationship with respect to displacement 𝑅(𝑦𝑦) =  𝑑𝑑(𝑦)

𝑑𝑦
 

Construct a Bending Moment Diagram (BMD)  

 Use the BMD and 𝑀𝑀(𝜙) to construct 𝜙(𝑀𝑀) 

𝑀𝑀(𝜙) 
Obtain Moment-Curvature relationship 

Use the BMD, 𝜙(𝑀𝑀), and 𝑑𝑑(𝜙)
𝑑𝑑

 to obtain 𝑑𝑑(𝑑)
𝑑𝑑

 

𝑀𝑀 ≥ 𝑀𝑀𝑀𝑀𝑑 

End 

Add the calculated displacement and strain energy to the U(y) relationship 

Yes 

No 

Terminator Process Decision Input 

Key 
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Appendix C 

SDOF Model VBA Code 

 
Figure C-1: Screenshot of non-linear SDOF model 

 
 
Option Explicit 
Public initialStiff As Double 
Public unloadStiff1 As Double 
Public unloadStiff2 As Double 
Public finalStiff As Double 
Public reboundStiff As Double 
Public test As Long 
Public stiffArray As Variant 
Public loadArray As Variant 
Public massArray As Variant 
Public yperm As Double 
Public ypermP As Double 
Public changeDirectionTest As Boolean 
Public crossEquilibriumTest As Boolean 
Public intercept As Double 
Public ypermO As Double 
Public yYield As Double 
Public failure As Boolean 
Public failed As Boolean 
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Public ys1 As Double 
Public ys2 As Double 
Public ys2Test As Boolean 
Public FirstLoadingTest As Boolean 
Public alpha As Double 
Public time As Double 
Public firstQuadTest As Boolean 
Public ypermT As Double 
Public secantForce As Double 
Public YieldStiffness As Double 
Public PY As Double 
Public PCr As Double 
Public yCr As Double 
Public dampingStiffness As Double 
Public crackingStiffness As Double 
 
Sub Integration() 
 
Dim yn As Double 
Dim yp As Double 
Dim yc As Double 
Dim vc As Double 
Dim vn As Double 
Dim vp As Double 
Dim zeta As Double 
Dim totalTime As Double 
Dim yMax1 As Double 
Dim yMax2 As Double 
Dim yCE As Double 
Dim yTY As Double 
Dim period As Double 
Dim damping As Double 
Dim timeStepPeriod As Double 
Dim timeStepLoad As Double 
Dim timeStep As Double 
Dim acceleration As Double 
Dim accelerationP As Double 
Dim resistanceP As Double 
Dim resist As Double 
Dim mass As Double 
Dim force As Double 
Dim forceP As Double 
Dim beta As Double 
Dim timeStepN As Double 
Dim timeStepP As Double 
Dim timeStepU As Double 
Dim timeStepL As Double 
Dim funU As Double 
Dim funL As Double 
Dim equilN As Double 
Dim equilP As Double 
Dim Step As Long 
Dim counter As Long 
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Dim timeR(1048573) As Double 
Dim forceR(1048573) As Double 
Dim resistR(1048573) As Double 
Dim accR(1048573) As Double 
Dim yR(1048573) As Double 
Dim vR(1048573) As Double 
Dim massR(1048573) As Double 
Dim EquilR(1048573) As Double 
Dim error As Double 
 
'this macro reads the inputs, performs the integration, 
'and writes the results back to the excel file. 
 
 
'Clears the integration sheet in the workbook so that the new 
results can be written 
Sheets("Integration").UsedRange.Clear 
Sheets("Main").Unprotect 
Sheets("Main").Range("j13").Value = 0 
Sheets("Main").Range("j14").Value = 0 
Sheets("Main").Protect 
 
Application.ScreenUpdating = False 
Application.Calculation = xlCalculationManual 
  
'This retreives the mass from the spread sheet 
counter = Sheets("Mass").Cells(Rows.Count, 1).End(xlUp).Row 
massArray = Worksheets("Mass").Range("A1", "B" & counter).Value 
 
'This loads the resistance function into an array 
counter = Sheets("Stiffness").Cells(Rows.Count, 1).End(xlUp).Row 
stiffArray = Worksheets("Stiffness").Range("A1:B" & counter) 
 
'This loads the forcing function into an array 
counter = Sheets("Load").Cells(Rows.Count, 1).End(xlUp).Row 
 
If counter = 1 Then 
Worksheets("Load").Range("A2:B2") = 0 
counter = 2 
End If 
 
loadArray = Worksheets("Load").Range("A1:B" & counter) 
 
 
'This assigns the used variables their initial values (if 
'inputs, then the values are obtained from the spread sheet 
changeDirectionTest = False 
crossEquilibriumTest = False 
FirstLoadingTest = True 
failed = False 
ys2Test = True 
test = 0 
error = Sheets("Main").Range("b6").Value / 100 
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yc = Sheets("Main").Range("D4").Value 
vc = Sheets("Main").Range("D5").Value 
yn = 0 
vn = 0 
test = yc 
ys1 = 0 
yMax1 = yc 
yMax2 = 0 
yperm = 0 
alpha = Sheets("Main").Range("d7").Value 
ypermO = Sheets("Main").Range("d6").Value 
ypermP = 0 
ypermT = 0 
resistanceP = 0 
accelerationP = 0 
beta = 0.166666666667 
totalTime = Sheets("Main").Range("B5").Value 
zeta = Sheets("Main").Range("B4").Value 
Step = 1 
time = 0 
mass = FindMass(yc) 
 
If mass <= 0 Then 
MsgBox "Mass can not be zero or negative!" 
Exit Sub 
End If 
 
'This calls the function intial stiffness and calculates the slope 
'of the first segment of the resistance function 
initialStiff = InitialStiffness() 
 
'This checks if the initial condition includes a displacement and a 
'velocity moving towards zero resistance. 
If yc <> 0 And yc * vc <= 0 Then 
    resist = resistance(yc, yperm) 
        If Abs(resist) >= PY Then 
            unloadStiff1 = YieldStiffness * (yYield / Abs(yc - ys1)) 
^ alpha 
        ElseIf Abs(resist) < PCr Then 
            unloadStiff1 = initialStiff 
        Else 
            unloadStiff1 = initialStiff + (Abs(resist) - PCr) * 
(initialStiff - YieldStiffness) / (PCr - PY) 
        End If 
         
    yperm = yc - resist / unloadStiff1 
    intercept = resist - unloadStiff1 * (yc - yperm) 
    changeDirectionTest = True 
    ys2 = yperm 
    FirstLoadingTest = False 
     
End If 
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'This calculates the period and an initial time step based on that 
and 
'the forcing function increments then chooses the smaller of them 
period = (2 * 3.14159265359 * (mass / initialStiff) ^ 0.5) / ((1 - 
(zeta / 100) ^ 2) ^ 0.5) 
timeStepPeriod = period / (20 * 3.14159265359) 
damping = (zeta / 50) * (dampingStiffness * mass) ^ 0.5 
 
timeStepLoad = 0.001 
For counter = 2 To UBound(loadArray) - 1 
If loadArray(counter, 1) - loadArray(counter - 1, 1) <> 0 And 
timeStepLoad <> 0 Then 
timeStepLoad = (loadArray(counter, 1) - loadArray(counter - 1, 1)) / 
5 
End If 
Next counter 
 
 
If timeStepLoad = 0 Then 
    timeStep = timeStepPeriod 
ElseIf timeStepPeriod > timeStepLoad Then 
    timeStep = timeStepLoad 
ElseIf timeStepPeriod <= timeStepLoad Then 
    timeStep = timeStepPeriod 
End If 
 
'This calls functions to calculate the value of the forcing function 
'and the resistance then uses equilibrium to calculate the 
acceleration 
force = ForcingFunction(time) 
resist = resistance(yc, yperm) 
acceleration = (force - vc * damping - resist) / mass 
 
'This writes the results of the first calculation to the respective 
'result variable arrays 
timeR(Step) = time 
forceR(Step) = force 
resistR(Step) = resist 
accR(Step) = acceleration 
vR(Step) = vc 
yR(Step) = yc + ypermO 
massR(Step) = mass 
EquilR(Step) = 0 
 
'This checks whether the loading is initially tensile or compressive 
If (yc - yperm) < 0 And resist < 0 Then 
    firstQuadTest = False 
Else 
    firstQuadTest = True 
End If 
 
'This starts the calculation loop for the integration 
Do While time < totalTime And failed = False 
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'operations for iteratively reducing the timestep if equilibrium is 
not 
'acheived 
timeStepN = timeStep 
timeStepP = timeStepN 
time = time + timeStepN 
 
'calculates the equilibrium check variable 
equilP = ((1 + error) / error) ^ 2 
 
Do While Abs(1 - equilP) > error 
'calculates trial time, velocity, and displacement values 
time = time - timeStepP + timeStepN 
vn = vc + (acceleration + accelerationP) * timeStepN / 2 
yn = yc + vc * timeStepN + (0.5 - beta) * accelerationP * timeStepN 
^ 2 + beta * acceleration * timeStepN ^ 2 
 
'saves the calculation results of the previous time step for 
'comparison 
forceP = force 
resistanceP = resist 
accelerationP = acceleration 
ypermT = ypermP 
timeStepP = timeStepN 
 
'finds the resistance and force values for the new calculated time 
'and displacement 
mass = FindMass(yn) 
resist = resistance(yn, yperm) 
force = ForcingFunction(time) 
 
'slightly reduces the timestep 
timeStepN = 0.99999995 * timeStepN 
 
'calculates a new acceleration value 
acceleration = (force - vn * damping - resist) / mass 
 
'checks for change in two consecutive timesteps 
If (force - resist) = 0 Then 
If (vn * damping + accelerationP * mass) = 0 Then 
equilP = 1 - error / 2 
Else 
equilP = (force - resist) / (vn * damping + accelerationP * mass) 
End If 
Else 
equilP = (vn * damping + accelerationP * mass) / (force - resist) 
End If 
 
Loop 
 
'moves the stored velocity, displacement, and calculation step 
'variables an increment forward 
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vp = vc 
yp = yc 
 
vc = vn 
yc = yn 
 
Step = Step + 1 
 
'saves the calculated results for the time step in the variable 
'arrays 
timeR(Step) = time 
forceR(Step) = force 
resistR(Step) = resist 
accR(Step) = acceleration 
vR(Step) = vc 
yR(Step) = yc + ypermO 
massR(Step) = mass 
EquilR(Step) = (1 - equilP) * 100 
 
'This calculates the unloading stiffnesses of the model 
'for tension and compression 
If (yc - ys1) * (yMax1 - ys1) >= 0 Then 
    If Abs(yc - ys1) > Abs(yMax1 - ys1) Then 
        If Abs(resist) >= PY Then 
            unloadStiff1 = YieldStiffness * (yYield / Abs(yc - ys1)) 
^ alpha 
        ElseIf Abs(resist) < PCr Then 
            unloadStiff1 = initialStiff 
        Else 
            unloadStiff1 = initialStiff + (Abs(resist) - PCr) * 
(initialStiff - YieldStiffness) / (PCr - PY) 
        End If 
    End If 
End If 
unloadStiff2 = unloadStiff1 
 
'This checks if the displacement has reached the peak in 
'both directions and saves it if it has 
If (yc - ys1) * (yMax1 - ys1) > 0 Then 
    If Abs(yc - ys1) > Abs(yMax1 - ys1) Then 
        yMax1 = yc 
    End If 
End If 
 
If (yc - ys2) * (yMax2 - ys2) > 0 Then 
    If Abs(yc - ys2) > Abs(yMax2 - ys2) Then 
        yMax2 = yc 
    End If 
End If 
 
'This checks if the motion changed direction or if the resistance 
'function has crossed equilibrium. It also calculates and saves the 
'residual displacement 
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If Step > 2 Then 
    If (vR(Step) * vR(Step - 1)) < 0 Then 
        If crossEquilibriumTest = False Then 
            yperm = yc - resist / unloadStiff1 
            intercept = resist - unloadStiff1 * (yc - yperm) 
        End If 
        If crossEquilibriumTest = True Then 
            yperm = yc - resist / unloadStiff2 
            intercept = resist - unloadStiff2 * (yc - yperm) 
        End If 
        changeDirectionTest = Not changeDirectionTest 
        If crossEquilibriumTest = True And changeDirectionTest = 
False Then 
            If (yperm - ys1) * (yMax1 - ys1) < 0 Then 
                ys1 = yperm 
            End If 
        End If 
        If crossEquilibriumTest = False And changeDirectionTest = 
True Then 
            If (yperm - ys2) * (yMax2 - ys2) < 0 Then 
                ys2 = yperm 
            End If 
        End If 
        If FirstLoadingTest = True Then 
            ys2 = yperm 
            yMax1 = yc 
            If Abs(yperm) > 0.000001 Then 
                FirstLoadingTest = False 
            End If 
        End If 
        If ys2Test = True Then 
            ys2 = yperm 
            ys2Test = False 
        End If 
    End If 
End If 
 
If Step > 2 Then 
    If resistR(Step) * resistR(Step - 1) < 0 Then 
        crossEquilibriumTest = Not crossEquilibriumTest 
        If (yc - yperm) < 0 And resist < 0 Then 
            firstQuadTest = False 
        End If 
        yCE = yc 
    End If 
End If 
 
Loop 
 
'this saves the results of the calculations to the spread sheet 
Sheets("Integration").Range("A1") = "Time" 
Sheets("Integration").Range("B1") = "Displacement" 
Sheets("Integration").Range("C1") = "Resistance" 
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Sheets("Integration").Range("D1") = "Acceleration" 
Sheets("Integration").Range("E1") = "Velocity" 
Sheets("Integration").Range("F1") = "Load" 
Sheets("Integration").Range("H1") = "Equilibrium" 
Sheets("Integration").Range("J1") = "Mass" 
Sheets("Integration").Range("K1") = "Damping coefficient" 
 
For counter = 1 To Step 
Sheets("Integration").Range("A" & counter + 2) = timeR(counter) 
Sheets("Integration").Range("B" & counter + 2) = yR(counter) 
Sheets("Integration").Range("C" & counter + 2) = resistR(counter) 
Sheets("Integration").Range("D" & counter + 2) = accR(counter) 
Sheets("Integration").Range("E" & counter + 2) = vR(counter) 
Sheets("Integration").Range("F" & counter + 2) = forceR(counter) 
Sheets("Integration").Range("H" & counter + 2) = EquilR(counter) 
Sheets("Integration").Range("J" & counter + 2) = massR(counter) 
Sheets("Integration").Range("K" & counter + 2) = damping 
Next counter 
 
Sheets("Main").Unprotect 
Sheets("Main").Range("j13") = yperm + ypermO 
Sheets("Main").Range("j14") = period 
Sheets("Main").Protect 
Application.ScreenUpdating = True 
Application.Calculation = xlCalculationAutomatic 
If failed = True Then 
MsgBox "Failure!" 
End If 
Application.CalculateFull 
End 
End Sub 
 
Option Explicit 
Function FindMass(displacement) 
   Dim counter As Long 
   Dim mx As Double 
   Dim mxLast As Double 
   'this function finds the mass in the mass array given the 
corresponding displacement 
   counter = 1 
     
    mx = massArray(counter, 1) 
    mxLast = massArray(UBound(massArray), 1) 
     
    If Abs(displacement) = mx Then 
        FindMass = massArray(counter, 2) 
        Exit Function 
    End If 
                
    Do While Abs(displacement) > mx 
        If mx >= mxLast Then 
            FindMass = massArray(UBound(massArray), 2) 
            Exit Function 
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        Else 
            counter = counter + 1 
            mx = massArray(counter, 1) 
        End If 
    Loop 
       
    If Abs(displacement) = mx Then 
        FindMass = massArray(counter, 2) 
    End If 
    
    If Abs(displacement) < mx Then 
        FindMass = massArray(counter - 1, 2) 
    End If 
 
End Function 
 
Function InitialStiffness() 
    
   Dim kx1 As Double 
   Dim kx2 As Double 
   Dim ky1 As Double 
   Dim ky2 As Double 
   Dim secant As Double 
   Dim counter As Long 
   Dim y As Double 
'this determines the initial and final stiffness of the stiffness 
'function, the initial stiffness is used during unloading 
'and the final stiffness is used if the displacement exceeds the 
maximum 'value in the stiffness function and failure was not 
'specified 
 
counter = 1 
 
y = Sheets("Main").Range("D4").Value 
yYield = Sheets("Main").Range("F4").Value 
yCr = Sheets("Main").Range("F6").Value 
PY = Sheets("Main").Range("F5").Value 
PCr = Sheets("Main").Range("F7").Value 
 
 
YieldStiffness = (PY + PCr) / (yYield + yCr) 
crackingStiffness = PCr / yCr 
dampingStiffness = (YieldStiffness + crackingStiffness) / 2 
        
        finalStiff = (stiffArray(UBound(stiffArray), 2) - 
stiffArray(UBound(stiffArray) - 1, 2)) / 
(stiffArray(UBound(stiffArray), 1) - stiffArray(UBound(stiffArray) - 
1, 1)) 
      
        kx1 = stiffArray(1, 1) 
        kx2 = stiffArray(2, 1) 
        ky1 = stiffArray(1, 2) 
        ky2 = stiffArray(2, 2) 
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        InitialStiffness = (ky2 - ky1) / (kx2 - kx1) 
        unloadStiff1 = InitialStiffness 
        unloadStiff2 = InitialStiffness 
         
End Function 
 
Function ForcingFunction(time) 
    
   Dim Fx1 As Double 
   Dim Fx2 As Double 
   Dim Fy1 As Double 
   Dim Fy2 As Double 
   Dim FLast As Double 
   Dim counter As Long 
 
'this determines the load from the load function at a given time. if 
the 'time is between points, the value is linearly interpolated. 
 
   counter = 1 
   Fx2 = loadArray(1, 1) 
   FLast = loadArray(UBound(loadArray), 1) 
    
   If time = Fx2 Then 
        ForcingFunction = loadArray(counter, 2) 
        Exit Function 
   End If 
    
   If time > FLast Then 
        ForcingFunction = 0 
        Exit Function 
   End If 
         
   Do While time > Fx2 
        counter = counter + 1 
        Fx2 = loadArray(counter, 1) 
   Loop 
    
   If Fx2 = Empty Then 
        ForcingFunction = 0 
        Exit Function 
   End If 
    
   Fx1 = loadArray(counter - 1, 1) 
   Fy1 = loadArray(counter - 1, 2) 
   Fy2 = loadArray(counter, 2) 
 
   ForcingFunction = ((Fy2 - Fy1) / (Fx2 - Fx1)) * (time - Fx1) + 
Fy1 
 
End Function 
 
Function resistance(yc, yperm) 
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Dim counter As Long 
Dim resTest As Double 
Dim kx1 As Double 
Dim kx2 As Double 
Dim ky1 As Double 
Dim ky2 As Double 
Dim kLast As Double 
Dim intercept As Double 
 
'this function returns the resistance for a given displacement and 
'permanent displacement. it also uses to Boolean test variables to 
'determine 
'the loading history. 
 
counter = 1 
kx2 = stiffArray(1, 1) 
kLast = stiffArray(UBound(stiffArray), 1) 
 
If changeDirectionTest = False And crossEquilibriumTest = False Then 
        
    If (yc - yperm) > 0 Then 
     
    Do While (yc - yperm) >= kx2 
        
       If Abs(yc + ypermO) > kLast And failure = True Then 
        failed = True 
        Exit Function 
       End If 
        
       If kx2 >= kLast Then 
           If failure = True Then 
            failed = True 
            Exit Function 
            Else 
            If finalStiff = 0 Then 
            resistance = stiffArray(UBound(stiffArray), 2) 
                       
            ypermP = yc - resistance / unloadStiff1 
            intercept = resistance - unloadStiff1 * (yc - yperm) 
            Exit Function 
            Else 
            resistance = finalStiff * (yc - 
Abs(stiffArray(UBound(stiffArray) - 1, 1))) + 
Abs(stiffArray(UBound(stiffArray) - 1, 2)) 
             
            ypermP = yc - resistance / unloadStiff1 
            intercept = resistance - unloadStiff1 * (yc - yperm) 
             Exit Function 
             End If 
             End If 
       Else 
            counter = counter + 1 
            kx2 = stiffArray(counter, 1) 
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       End If 
    Loop 
     
    If counter = 1 Then 
    resistance = 0 
    Exit Function 
    End If 
     
    kx1 = stiffArray(counter - 1, 1) 
    ky1 = stiffArray(counter - 1, 2) 
    ky2 = stiffArray(counter, 2) 
         
    resTest = ((ky2 - ky1) / (kx2 - kx1)) * (yc - ys1 - kx1) + ky1 
     
    If FirstLoadingTest = False Then 
    If resTest > unloadStiff1 * (yc - yperm) Then 
        resistance = unloadStiff1 * (yc - yperm) 
    Else 
        resistance = resTest 
    End If 
    Else 
        resistance = resTest 
    End If 
 
             
    ypermP = yc - resistance / unloadStiff1 
    intercept = resistance - unloadStiff1 * (yc - yperm) 
     
    End If 
     
    If (yc - yperm) < 0 Then 
     
   Do While (yperm - yc) > kx2 
         
        If Abs(yc + ypermO) > kLast And failure = True Then 
        failed = True 
        Exit Function 
        End If 
         
        If kx2 >= kLast Then 
            If failure = True Then 
            failed = True 
            Exit Function 
            Else 
            If finalStiff = 0 Then 
            resistance = stiffArray(UBound(stiffArray), 2) 
             
            ypermP = yc - resistance / unloadStiff1 
            intercept = resistance - unloadStiff1 * (yc - yperm) 
            Exit Function 
            Else 
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            resistance = finalStiff * (yc + 
Abs(stiffArray(UBound(stiffArray) - 1, 1))) - 
Abs(stiffArray(UBound(stiffArray) - 1, 2)) 
 
             ypermP = yc - resistance / unloadStiff1 
            intercept = resistance - unloadStiff1 * (yc - yperm) 
             Exit Function 
             End If 
             End If 
       Else 
            counter = counter + 1 
            kx2 = stiffArray(counter, 1) 
       End If 
    Loop 
     
    If counter = 1 Then 
    resistance = 0 
    Exit Function 
    End If 
     
    kx1 = stiffArray(counter - 1, 1) 
    ky1 = stiffArray(counter - 1, 2) 
    ky2 = stiffArray(counter, 2) 
     
resTest = -(((ky2 - ky1) / (kx2 - kx1)) * (ys1 - yc - kx1) + ky1) 
 
    If FirstLoadingTest = False Then 
    If resTest < unloadStiff1 * (yc - yperm) Then 
       resistance = unloadStiff1 * (yc - yperm) 
    Else 
        resistance = resTest 
    End If 
    Else 
        resistance = resTest 
    End If 
     
    ypermP = yc - resistance / unloadStiff1 
  
    End If 
   
  End If 
 
If changeDirectionTest = True And crossEquilibriumTest = False Then 
 
    resistance = unloadStiff1 * (yc - yperm) + intercept 
     
End If 
 
If changeDirectionTest = True And crossEquilibriumTest = True Then 
  
    If (yc - yperm) < 0 Then 
    Do While (yperm - yc) > kx2 
        If Abs(yc + ypermO) > kLast And failure = True Then 
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        failed = True 
        Exit Function 
        End If 
         
        If kx2 >= kLast Then 
            If failure = True Then 
            failed = True 
            Exit Function 
            Else 
            If finalStiff = 0 Then 
            resistance = stiffArray(UBound(stiffArray), 2) 
             
           
            ypermP = yc - resistance / unloadStiff2 
            intercept = resistance - unloadStiff2 * (yc - yperm) 
            Exit Function 
            Else 
            resistance = finalStiff * (yc + 
Abs(stiffArray(UBound(stiffArray) - 1, 1))) - 
Abs(stiffArray(UBound(stiffArray) - 1, 2)) 
              
    
             ypermP = yc - resistance / unloadStiff2 
            intercept = resistance - unloadStiff2 * (yc - yperm) 
             Exit Function 
             End If 
             End If 
       Else 
            counter = counter + 1 
            kx2 = stiffArray(counter, 1) 
       End If 
    Loop 
     
    If counter = 1 Then 
    resistance = 0 
    Exit Function 
    End If 
     
    kx1 = stiffArray(counter - 1, 1) 
    ky1 = stiffArray(counter - 1, 2) 
    ky2 = stiffArray(counter, 2) 
 
 
resTest = -(((ky2 - ky1) / (kx2 - kx1)) * (Abs(yc - ys2) - kx1) + 
ky1) 
 
    
    If resTest < unloadStiff2 * (yc - yperm) Then 
       resistance = unloadStiff2 * (yc - yperm) 
    Else 
        resistance = resTest 
    End If 
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ypermP = yc - resistance / unloadStiff2 
intercept = resistance - unloadStiff2 * (yc - yperm) 
 
End If 
 
If (yc - yperm) > 0 Then 
    
    Do While (yc - yperm) >= kx2 
       If Abs(yc + ypermO) > kLast And failure = True Then 
        failed = True 
        Exit Function 
        End If 
        
       If kx2 >= kLast Then 
            If failure = True Then 
            failed = True 
            Exit Function 
            Else 
            If finalStiff = 0 Then 
            resistance = stiffArray(UBound(stiffArray), 2) 
             
            
            ypermP = yc - resistance / unloadStiff2 
            intercept = resistance - unloadStiff2 * (yc - yperm) 
             
            Exit Function 
            Else 
            resistance = finalStiff * (yc - 
Abs(stiffArray(UBound(stiffArray) - 1, 1))) + 
Abs(stiffArray(UBound(stiffArray) - 1, 2)) 
              
              
             ypermP = yc - resistance / unloadStiff2 
             intercept = resistance - unloadStiff2 * (yc - yperm) 
             Exit Function 
             End If 
             End If 
       Else 
            counter = counter + 1 
            kx2 = stiffArray(counter, 1) 
       End If 
    Loop 
     
    If counter = 1 Then 
    resistance = 0 
    Exit Function 
    End If 
     
    kx1 = stiffArray(counter - 1, 1) 
    ky1 = stiffArray(counter - 1, 2) 
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    ky2 = stiffArray(counter, 2) 
         
     
     
    resTest = ((ky2 - ky1) / (kx2 - kx1)) * (yc - ys2 - kx1) + ky1 
     
    If resTest > unloadStiff2 * (yc - yperm) Then 
        resistance = unloadStiff2 * (yc - yperm) 
    Else 
        resistance = resTest 
    End If 
             
    ypermP = yc - resistance / unloadStiff2 
    intercept = resistance - unloadStiff2 * (yc - yperm) 
    End If 
End If 
 
If changeDirectionTest = False And crossEquilibriumTest = True Then 
    resistance = -unloadStiff2 * (yperm - yc) + intercept 
 
End If 
 
End Function 
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Appendix D 

Supplementary Material and Results of Numerical Modelling 

 

Figure D-1: Reinforcement arrangement for 1 m diameter models 

𝜌 = 1 % 

𝜌 = 1.75 % and 2.5 % 

D = 1 m ℄ 

℄ 
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Figure D-2: Reinforcement arrangement for 0.8 m diameter models 

 

𝜌 = 1 % 

𝜌 = 1.75 % and 2.5 % 

D = 0.8 m 
℄ 

℄ 
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Figure D-3: Reinforcement arrangement for 0.2 m, 0.4 m and 0.6 m diameter models 

℄ 

𝜌 = 1 % 

𝜌 = 2.5 % 

D = 0.2 m 

𝜌 = 1.75 % 

D = 0.4 m 

D = 0.6 m 

𝜌 = 1 % 

𝜌 = 1.75 % and 2.5 % 

𝜌 = 1 %, 1.75 %, and 2.5 % 

℄ 

℄ 



APPENDIX D 
 

253 

 

 

Table D-1: Results of parametric study 

 
Z 

 (m.kg-3) 
Rho 
(%) 

Max 
Disp 

(mm) 

Time 
to 

max 
disp 
(ms) 

Pr 
(MPa) 

Ir 
(MPa.ms) 

Pso 
(MPa) Iso(MPa.ms) Response 

Mode 

0.2 0.2 1 0.00 0.00 62.25 30.36 12.90 6.37 Collapse 

0.2 0.3 1 0.00 0.00 31.10 10.78 6.50 1.92 Collapse 

0.2 0.4 1 332.77 76.41 18.78 5.15 4.04 0.97 Flexure 

0.2 0.5 1 104.20 41.25 12.01 3.01 2.67 0.70 Flexure 

0.2 0.2 1.75 0.00 0.00 62.26 30.41 13.19 6.26 Collapse 

0.2 0.3 1.75 0.00 0.00 31.10 10.78 6.50 1.93 Collapse 

0.2 0.4 1.75 333.99 87.12 18.78 5.15 4.04 0.96 Flexure 

0.2 0.5 1.75 74.50 26.84 12.01 3.01 2.69 0.70 Flexure 

0.2 0.2 2.5 0.00 0.00 62.26 30.48 11.43 6.32 Collapse 

0.2 0.3 2.5 0.00 0.00 31.10 10.91 6.50 2.16 Collapse 

0.2 0.4 2.5 245.25 75.19 18.78 5.19 4.06 0.98 Flexure 

0.2 0.5 2.5 67.53 24.69 12.01 3.01 2.67 0.69 Flexure 

0.4 0.2 1 0.00 0.00 84.32 40.23 8.85 6.22 Collapse 

0.4 0.3 1 0.00 0.00 35.43 12.65 5.04 1.12 Collapse 

 0.4 1 60.83 21.07 21.24 5.78 3.25 0.75 Flexure 

0.4 0.5 1 25.30 15.62 13.53 3.33 2.15 0.54 Flexure 

0.4 0.2 1.75 0.00 0.00 84.47 40.30 8.85 6.17 Collapse 

0.4 0.3 1.75 167.10 31.87 35.43 12.57 5.18 1.07 Direct Shear 

0.4 0.4 1.75 44.59 15.95 21.24 5.78 3.22 0.75 Flexure 

0.4 0.5 1.75 21.70 13.63 13.53 3.33 2.15 0.54 Flexure 

0.4 0.2 2.5 0.00 0.00 84.67 40.43 8.85 6.07 Collapse 

0.4 0.3 2.5 153.31 33.08 35.44 12.64 5.06 1.12 Flexure/ 
Direct Shear 

0.4 0.4 2.5 37.64 13.57 21.24 5.78 3.28 0.75 Flexure 

0.4 0.5 2.5 19.03 12.23 13.53 3.33 2.16 0.54 Flexure 

0.6 0.2 1 0.00 0.00 95.54 49.01 6.85 2.53 Collapse 

0.6 0.3 1 96.14 29.37 35.90 13.33 3.88 0.99 Direct Shear 

0.6 0.4 1 23.87 13.33 21.41 6.07 2.45 0.67 Flexure 

0.6 0.5 1 12.04 10.95 13.63 3.51 1.65 0.47 Flexure 

0.6 0.2 1.75 0.00 0.00 95.28 49.16 6.94 2.55 Collapse 

0.6 0.3 1.75 99.03 33.27 35.90 13.33 3.88 0.99 Flexure/ 
Direct Shear 

0.6 0.4 1.75 20.69 10.95 21.41 6.07 2.45 0.67 Flexure 

0.6 0.5 1.75 10.51 9.51 13.63 3.51 1.65 0.47 Flexure 
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 0.2 2.5 0.00 0.00 95.26 49.37 6.98 2.53 Collapse 

0.6 0.3 2.5 69.46 22.51 35.90 13.35 3.88 0.98 Flexure/ 
Direct Shear 

0.6 0.4 2.5 18.80 10.03 21.42 6.07 2.45 0.67 Flexure 

0.6 0.5 2.5 9.53 8.90 13.63 3.51 1.65 0.47 Flexure 

0.8 0.2 1 0.00 0.00 108.77 58.39 5.66 1.56 Collapse 

0.8 0.3 1 48.60 22.55 39.13 13.96 3.24 0.90 Direct Shear 

0.8 0.4 1 14.37 10.48 23.26 6.36 2.06 0.57 Flexure 

0.8 0.5 1 7.45 10.18 14.75 3.70 1.40 0.43 Flexure 

0.8 0.2 1.75 0.00 0.00 108.82 59.41 5.66 1.92 Collapse 

0.8 0.3 1.75 35.58 16.18 39.13 13.95 3.24 0.88 Direct Shear 

0.8 0.4 1.75 11.67 8.93 23.26 6.36 2.06 0.57 Flexure 

0.8 0.5 1.75 6.50 8.66 14.75 3.70 1.40 0.43 Flexure 

0.8 0.2 2.5 0.00 0.00 108.84 60.96 5.66 2.42 Collapse 

 0.3 2.5 36.92 19.38 39.14 13.96 3.24 0.91 Direct Shear 

0.8 0.4 2.5 10.48 8.17 23.26 6.45 2.06 0.59 Flexure 

0.8 0.5 2.5 5.87 7.88 14.75 3.71 1.40 0.44 Flexure 

1.0 0.2 1 0.00 0.00 112.97 60.59 5.27 0.87 Collapse 

1.0 0.3 1 33.98 18.38 39.09 15.41 2.97 1.07 Direct Shear 

1.0 0.4 1 9.58 9.65 23.31 6.54 1.89 0.53 Flexure 

1.0 0.5 1 4.80 8.16 14.79 3.83 1.29 0.49 Flexure 

1.0 0.2 1.75 0.00 0.00 113.04 59.05 5.27 0.88 Collapse 

1.0 0.3 1.75 30.49 17.04 39.09 14.26 2.97 0.79 Direct Shear 

1.0 0.4 1.75 8.51 8.46 23.31 6.53 1.89 0.53 Flexure 

1.0 0.5 1.75 4.62 7.95 14.79 3.83 1.29 0.49 Flexure 

1.0 0.2 2.5 0.00 0.00 113.06 60.55 5.27 0.88 Collapse 

1.0 0.3 2.5 31.04 19.47 39.09 14.68 2.97 0.88 Direct Shear 

1.0 0.4 2.5 8.08 8.05 23.32 6.54 1.89 0.53 Flexure 

1.0 0.5 2.5 4.59 7.32 14.79 3.81 1.29 0.48 Flexure 
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Figure D-4: Pressure results details 
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Figure D-5: Impulse results details 
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