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Abstract

We describe in detail a technique due to Vojta for finding the explicit set of curves of
low genus on certain algebraic surfaces of general type, and refine some of its aspects.
We then provide applications of this method to three Diophantine problems.

We prove under the Bombieri-Lang Conjecture that there are finitely many non-
trivial sequences of integers of length 11 whose squares have constant second dif-
ferences, and we prove unconditionally the analogous result for function fields of
characteristic zero.

We prove under the Bombieri-Lang Conjecture that there are finitely many integer
sequences of length 8 whose k-th powers have second differences equal to 2, we give
an unconditional result for function fields of characteristic zero. Moreover, this gives
new examples of surfaces having no curves of genus 0 or 1.

The third application is related to the surface parametrizing perfect cuboids. We
give some new properties about their curves of genus 0 or 1 and we give new bounds

for the degree of curves in this surface, in terms of their genus.
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Chapter 1

Introduction

In this thesis, we consider the problem of finding the complete list of curves of low
genus on certain algebraic surfaces. More specifically, we focus on three problems of
arithmetic relevance that naturally lead to the geometric task of finding curves on
surfaces, and we make significant progress on these matters. This progress is achieved
by building on previous work by Vojta, of which we give a detailed exposition and we

refine on some aspects.

1.1 Motivation

A Diophantine equation is a polynomial equation (in several variables) with integer
coefficients. For instance, 222 + yz = 1 is a Diophantine equation in three variables.
Given a system of Diophantine equations, one is interested in its integer (or rational)
solutions. Most of the time it is too difficult to explicitly describe all solutions, so one
tries to study qualitative aspects of the integer or rational solutions of the system.
For instance, one can ask: Is there some solution? Are there finitely many solutions?
If there are infinitely many solutions, do they come in parametric families?

Closely related to the previous questions is the following problem posed by Hilbert:
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Problem 1.1 (Hilbert’s tenth problem). Does there exist an algorithm which decides,
i a finite number of steps, whether a Diophantine equation does or does not have

integer solutions?

This is the tenth of the list of 23 problems proposed by Hilbert in the year 1900 at
the International Congress of Mathematicians. In 1970, Matiyasevich [Mat70] (after
the work of Davis, Putnam and Robinson) proved that such an algorithm does not
exist. In particular, we cannot hope to understand all Diophantine equations at the
same time, and it is necessary to focus on particular families in order to make some
progress.

Although some Diophantine equations can be addressed by elementary methods,
most Diophantine equations need deeper theory to obtain information about its so-
lutions. For example, to show that the Fermat equation 2" 4+ y" = 2" does not have
non-trivial solutions for exponents greater than two, took more than 350 years and
its first proof is based on a deep understanding of the relation between elliptic curves,
Galois representations, and modular forms.

A system of diophantine equations Dy = 0,...,D, = 0 is equivalent (over the
integers) to the single diophantine equation Df + ... 4+ D? = 0. Thus, a system
of diophantine equations is equivalent to a single diophantine equation of a very
particular type.

A system of Diophantine equations gives rise to an algebraic variety, which clas-
sically is defined to be the set of solutions of this system over the complex numbers.
In this thesis, we will only treat the case where this system defines a surface (that is,
when the variety has dimension 2 over the complex numbers). Rational points on a

surface naturally give a rational solution of the system of equations. Hence, we are
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interested in finding rational points on surfaces.

The general philosophy is that the geometry of the algebraic variety attached
to a system of Diophantine equations should tell us valuable information about the
rational solutions of the original system of Diophantine equations. For the case of
curves, Faltings [Fal83] proved that a curve of genus greater than or equal to 2 has
finitely many rational points. In the case of surfaces, a conjecture due to Bombieri
and Lang (cf. Subsection 2.1.1) implies that on a surface of general type, all but
finitely many rational points lie on the curves of genus 0 or 1 of the surface. This
conjecture is a generalization of Faltings’ theorem.

Moreover, it is conjectured that surfaces of general type can only have finitely
many curves of genus 0 or 1. Hence the Bombieri-Lang conjecture shows that if we
find all the curves of genus 0 or 1 of this surface (conjecturally, they are finitely many),
then we will know that all but finitely many rational points are in those finitely many
curves.

Regarding the geometric conjecture of the finiteness of curves of genus 0 or 1
on general type surfaces, there is important progress due to Bogomolov. He proved
that if a general type surface satisfies a certain inequality regarding two numerical
invariants of the surface (cf. Theorem 2.6), then there are only finitely many curves
of genus 0 or 1 on that surface.

In this thesis, we are concerned about the problem of explicitly finding curves
on surfaces which goes beyond the finiteness statement proved by Bogomolov. We
study a method given by Vojta [Voj00] (inspired by work of Bogomolov), and we will
provide concrete applications of this method for some relevant Diophantine problems.

The problem studied by Vojta is the following one, first raised by Biichi in 1970.
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Biichi proved that a positive answer to it implies a strong improvement of Matiyase-

vich’s negative solution to Hilbert’s tenth problem.

Problem 1.2 (n-squares problem). Does there exist a positive integer M such that
every sequence of M or more integer squares, whose second differences are constant
and equal to 2, is necessarily a sequence of squares of the form (x+14)%, withi = 1,2, ...

for some integer x?

By an integer sequence whose squares have second differences equal to 2, we mean
a sequence ag, ..., a, of integers such that for 3 < i < n we have
2
(2

(a? - a?—l) —(a;_; — a?—Q) = a?—2 - 2“?—1 + a? = 2.

If a sequence satisfies |a;| = b+ i for b an integer, then it trivially satisfies that its
squares have second differences equal to 2. These sequences are called trivial.
Although Matiyasevich’s solution of Hilbert’s Tenth Problem shows that there is
no algorithm for the class of all diophantine equations, it is not clear if an algorithm
exists for the smaller class corresponding to diagonal quadratic systems, and Biichi
conjectured that there is no such algorithm; that is, that diagonal quadratic systems
are undecidable. Moreover, Biichi showed that a positive solution to the n-Squares

Problems implies this undecidability (cf. [Lip90], [Maz94]).

Remark 1.3. In general, it might be useful to make the following informal obser-
vation: if a class of problems C] contains a class of problems C5, an algorithm to
solve all problems in C; also solves all problems in C5. Hence, if (5 is undecidable,
so is C;. In this sense, undecidability for a smaller class of problems is stronger than

undecidability for a larger class.
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The n-squares problem is open, but Vojta [Voj00] solved it under the Bombieri-
Lang conjecture. He did this by finding the complete set of curves of genus 0 or 1
on the projective surfaces B,, C P" (for n > 8) defined by the following system of

Diophantine equations

1.2 Contribution of the thesis

The main theme in this thesis consists of concrete applications of Vojta’s method.
After presenting Vojta’s method discussed above (filling in details and clarifying some
arguments), we give some technical improvements, which allow us to achieve better
results for surfaces defined by equations of higher degree. We apply Vojta’s technique
to three Diophantine problems, which are explained below and for which we give a
more detailed historical background in Section 2.1.

The first Diophantine problem (cf. Chapter 4) is a generalization of the n-squares
problem which has received significant attention in the literature (see [BB10], [GX11]).
Here we deal with sequences of integers whose squares have constant second differ-

ences, that is, sequences a1, ..., a, such that for each ¢ > 3 one has

2 2 2 _
a; o —2a; y +a; =D,

for D an integer independent of i. Sequences satisfying (a;)? = (b + ci)? for some

integers b, ¢ are called trivial sequences, because their squares always have constant
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second differences. The question is

Problem 1.4. Does there exist a positive integer M such that every sequence of M or
more coprime integers, whose squares have constant second differences, is necessarily

a trivial sequence?

This problem has been completely understood in the symmetric case (when the
sequence satisfies a; = a,_;41 for i = 1,...,n), but it remains open in the general
case. There is extensive numerical evidence supporting the existence of the bound
M (see for example [Bre03]). Browkin and Brzezinski [BB10], and independently
Gonzalez-Jimenez and Xarles [GX11], conjectured around 2010 that the ideas from
Vojta’s work should give information for long enough sequences under Bombieri-Lang.

Consider the following surfaces X,, C P" constructed by Browkin and Brzezinski
[BB10]:

x} — 375 + 323 = 2

X, : : (1.1)

2 2 2 2
L T3 — 3xn—2 + 3xn—1 =T,

In Chapter 4, we use Vojta’s method to find all curves of genus 0 or 1 on these

surfaces for n > 11. We get the following

Theorem 1.5. For n > 11, the only curves of genus 0 or 1 on X,, are the trivial

lines [s+t:+(2s+1t): - : +(ns+1t)] with [s: t] € PL.

By [zo:...: x,] we mean the homogeneous coordinates of a point in P".

This implies the following conditional result.
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Corollary 1.6. If the Bombieri-Lang conjecture for the surfaces X, with n > 11
holds, then there are finitely many non-trivial coprime sequences of 11 integers whose
squares have constant second differences. Moreover, there exists an M > 0 such that
if x1,...,20 1S a coprime sequence of integers whose squares have constant second

differences, then the sequence is trivial.

Thus, we have solved Problem 1.4 under the Bombieri-Lang conjecture for these
surfaces. Moreover, we find all curves of genus up to a certain bound (not only those
of genus 0 or 1), so we solve unconditionally the analogue of Problem 1.4 for function
fields of genus g over fields of characteristic zero (see Theorem 4.1 and Corollary 4.3).

The second application of the method (cf. Chapter 5) generalizes the n-squares
problem in a different direction. Here we consider higher powers instead of squares,
and we want to study sequences of integers whose k-th powers have second differences

equal to 2. The question is the following.

Problem 1.7. Let k > 2. Does there exist a positive integer M such that there are

no sequences of k-th powers having second differences constant and equal to 27

The following surfaces X,, , C P" are related to this problem

(
k_ .k ko ok
20y = T — 2345 + T4

k_ .k ko k
20y = Ty — 205 + 1y

k_ .k k k
| 20 = Ty — 2%,y + Ty,

In Chapter 5, we use Vojta’s method to find all curves of genus 0 or 1 on these surfaces

(for n large enough depending on k, but greater than or equal to 4 for £ > 6). In
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fact, we prove the following.

Theorem 1.8. There are no curves of geus 0 or 1 on the surface X, when either
(a) k>2 andn > 8, or
(b) k>6 andn > 4.

Some of these surfaces are new examples of surfaces of general type with finitely
many curves of genus 0 or 1 (in fact, with no curves of this type) and not covered by
Bogomolov’s general theorem.

This implies the following conditional result.
Corollary 1.9. Assume the Bombieri-Lang conjecture for the surfaces X, .

o For k > 2, there are finitely many sequences of 8 integers whose k-th powers

have second differences equal to 2.

o For k > 6, there are finitely many sequences of 4 integers whose k-th powers

have second differences equal to 2.

Moreover, for any k > 2, there is a constant My, > 0 such that there are no sequences

of My, integers whose k-th powers have constant second differences equal to 2.

Moreover, we find all curves of low genus (not only for genus 0 or 1) on X, , so
we solve (unconditionally) the analogue of Problem 1.7 for function fields of genus g
over fields of characteristic zero (see Theorem 5.1 and Corollary 5.3).

If in addition we assume the n-term ABC conjecture (formulated by Browkin
and Brzezinski [BB94]) over the integers, we obtain a result for sequences of powers,

possibly of different exponents, having second differences equal to 2.
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Corollary 1.10. Assume the Bombieri-Lang conjecture for surfaces and the 4-term
ABC conjecture. There exists an M > 0 such that there are finitely many non-trivial
sequences of length M consisting of integer powers (of exponents greater or equal to

2) which have constant differences equal to 2.

By non-trivial sequences we mean sequences which are not of the form (z + yi)?
fori=1,...,n.

This generalization of the n-squares problem has received some attention in the
literature (see [Pasl3]), and it was only known under the assumption of a strong
analogue of the ABC conjecture for algebraic numbers.

Finally, the third application of the method is to investigate the classical perfect
cuboid problem (cf. Chapter 6). A perfect cuboid is a rectangular box having ra-
tional sides, face diagonals and main diagonal. The search for perfect cuboids with
sides xg, 1, xo leads to finding positive rational solutions of the following system of
Diophantine equations
xh+ 17 + a5 = 23

o]+ 15 =)

(1.3)

2 2 _ 2
Ty + x5 = T

2 2 _ 2
Ty + x] = Tg.

\

Several classical questions remain open about perfect cuboids, for instance: are there
any perfect cuboids? Is there a parametric family of perfect cuboids?

The existence of cuboids whose sides and face diagonals are rational (that is, solu-
tions of the last three equations of (1.3)) has been studied since the 18th century, but

no example of a perfect cuboid has been found. Euler (1770) and Sanderson (1740)
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independently gave a systematic method for finding cuboids whose sides and face di-
agonals are rational. Several authors have investigated the problem of finding perfect
cuboids, either by trying to find solutions [Kor92| or, more recently, by studying the
geometry behind it ([vLu00], [ST10], [FS13]).

The system of equations (1.3) defines a surface of general type with 48 singular
points. We denote this surface by Y;. While we are not able to find all curves of
genus 0 or 1 on Y, by using the techniques of this thesis, nevertheless Vojta’s method

gives new information about these curves. We show the following

Proposition 1.11. Every curve of genus 0 or 1 on the surface Y, contains at least

two singular points of Yj.

Moreover, in the case of genus 0 curves we can give more detailed information.
We also give bounds on the degree of curves (in P°) depending on their genus and

how they pass through the singular points of Yj, namely

Theorem 1.12. Let C' be a curve in Yy which does not contain any singularity of Yy.
Then
deg C < 4g(C) — 4.

Corollary 1.13. Let C be a curve in Yy, and suppose that C' is smooth at each of

the singularities of this surface that belong to C, if any. Then

deg C < 4g(C) + 44.

This is closely related to results given by Freitag and Salvati Manni [FS13].
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1.3 Organization of the thesis

This thesis is structured as follows.

In the second chapter (Background) we explain the Bombieri-Lang Conjecture and
its relation with curves of genus 0 or 1. We discuss the historical background for the
number-theoretical problems treated in this thesis, and we include several sections
containing preliminary material that will be used repeatedly in the next chapters.

In the third chapter we begin by sketching Vojta’s method. Then we discuss in
detail functorial properties of w-integral curves, a concept studied by Vojta, which
is key to the theory. This allows us to give a more detailed treatment of Vojta’s
work. After this, we will discuss in detail some theoretical tools that we introduce in
order to make systematic verifications in applications. Finally, we improve a result
of Vojta, which will allow us to deal with higher degree equations in a more efficient
way, taking advantage of higher order ramification (cf. Theorem 3.87).

The remaining chapters consider the applications discussed above. More precisely:
in the fourth chapter we apply the method of Chapter 3 to the problem of sequences
of squares with constant second differences. In Chapter 5 we consider the problem of
higher powers with constant second difference equal to 2. Finally, in Chapter 6 we

focus on the perfect cuboid problem.
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Chapter 2

Background

2.1 Diophantine equations and rational points on surfaces

2.1.1 The Bombieri-Lang conjecture

In this section, we formulate a Diophantine conjecture due (in this generality) to Lang.
Let us begin by briefly defining some geometric notions. For the basic geometric

definitions we refer to [Har77].

Definition 2.1. Let k£ be an algebraically closed field of characteristic zero. Given a
smooth projective variety X over k, the Kodaira dimension r(X) is the transcendence
degree over k of the quotient field of the ring @®,>oH"(X, L(nKx)) minus 1, where
K is a canonical divisor of X and L£(nKx) is the sheaf associated to the divisor

nKx.

It is known that x(X) can take on every value from —1 to dim(X). For more

information about this definition in the case of surfaces, we refer to [BPV84], p. 22.

Definition 2.2. Let X be a smooth variety. If x(X) = dim(X), then X is called a

variety of general type.
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An example of a variety of general type is any smooth projective curve of genus
greater or equal to 2. Here the genus g(X) of a smooth curve X is defined as
dimy, I'(X, wyx).

Let us recall some Diophantine statements, with X (K') being the set of K-rational

points of X:

Theorem 2.3 (Faltings). If X is a curve of genus g > 2 (i.e. a curve of general
type) defined over a number field Ky, then X (K) is finite for every number field K

containing K.

The following conjecture is a generalization to higher dimension of the previous

theorem.

Conjecture 2.4 (Bombieri-Lang). If X is a smooth projective algebraic variety of
general type defined over a number field Ky, then there exists a proper Zariski-closed
subset Z of X such that for all number fields K containing Ky, the set X (K)\ Z(K)
18 finite.

We will only use this conjecture for surfaces of general type, that is, the particular
case when dim(X) = 2. The following remark is the reason why we are interested in

finding curves of genus 0 or 1 on surfaces of general type.

Remark 2.5. Let X be a surface of general type defined over a number field K.
Then by the Bombieri-Lang Conjecture, we expect that all but finitely many K-
rational points of X lie in a Zariski-closed subset Z of X, that is, in a finite union of
curves.

Using Faltings’ Theorem, we can assume that Z is a finite union of curves of genus
0 or 1, since the curves of genus greater than or equal to 2 on Z only contain finitely

many Ky-rational points.
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From this we conclude that (under the Bombieri-Lang Conjecture) there are only

finitely many Kj-rational points outside the genus 0 and 1 curves of X.

Let ¢?(X), c2(X) denote the Chern numbers of a surface X (where ¢ = K%
and ¢y is defined as in [Har77], p. 433). Bogomolov [Bogl0], proved a theorem which
implies (cf. [Des79]) the following finiteness result for curves of genus 0 or 1 on certain

surfaces of general type:

Theorem 2.6. Let X be a surface of general type such that ¢3(X) > co(X). Then

there are only finitely many curves of genus 0 or 1 on X.

2.1.2 The n-Squares Problem
The following is a stronger version of Hilbert’s Tenth Problem.

Problem 2.7 (Biichi’s Problem). Does there exist an algorithm which decides, in a
finite number of steps, whether a system of diagonal quadratic Diophantine equations

does or does not have integer solutions?

By a diagonal quadratic Diophantine equation, we mean an equation of the form
S @i} = any1, with a; € Z and variables zq, ..., x,. Recall from Chapter 1 the

n-Squares Problem, which implies Biichi’s Problem (cf. [Lip90], [Maz94]):

Problem 2.8 (n-Squares Problem). Does there exist a positive integer M such that
every sequence of M or more integers, whose squares have second differences equal to
2, is necessarily a sequence whose squares are of the form (v + )%, i = 1,2,... for

some integer x ¢

We say that a sequence aq,ao,...,a, has second differences equal to 2 if for all

3 <1 < n we have a,_o — 2a;,_1 + a; = 2, and that a sequence having as squares
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(r+1i)% i=1,2...is called trivial, because

(x+i—2=2@+i—-1)>2+(x+i)?=2

For each n, the rational points on the smooth complete intersection surface

(
2 _ .2 2 2

2 _ 2 2 2
\ 20y = w, _o — 22, _, + @,

(in P") defined in [Voj00] give sequences of length n of rational numbers whose squares
have second differences equal to 2.

An example of a non-trivial sequence of length 4 is 6,23, 32, 39 (their squares have
first differences 493,495, 497), but there is no known example of length 5. However,
for rational numbers Lipman [Maz94] found examples of length 5, using the fact that
the surface Bs has many curves of genus 1. It is believed that for M > 6 there are
few sequences of length M, because the surfaces B,, with n > 6 are of general type;
see [Maz94].

In 2000, Vojta [Voj00], inspired by work of Bogomolov, proved the following result.

Theorem 2.9 (Vojta). For n > 8, the only curves of genus 0 or 1 on B,, are the 2"
lines

try =410 —29=...=t1, — (N — 1)x0.

Under the Bombieri-Lang conjecture for the surface B,,, we thus obtain that all
but finitely many rational points on B,, lie on these curves. Moreover, Vojta proved

under Bombieri-Lang that for n large enough, all rational points will be in one of
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these curves.
If a rational point [z : ... : x,] is on one of these curves, then by dehomogenizing

we obtain that £x; = +21 + (¢ — 1), and taking squares we see that

ri = (a2, + (i — 1))%

SO x1,...,T, form a trivial sequence. Hence, the unconditional geometric result ob-
tained by Vojta shows that the Bombieri-Lang Conjecture implies that the assertion
of Problem 2.8 is true. This is the first conditional result for the n-Squares Problem.
(A second conditional result is in [Pas13].) Vojta’s result also gives unconditionally
a solution for the analogue of the n-Squares Problem for function fields over a field
of characteristic zero.

Shlapentokh and Vidaux [SV11] prove an analogue of the n-Squares Problem for
function fields in any characteristic, following the method of Pheidas and Vidaux from
[PV06], [PV10], where they treat the case of function fields of genus 0 over fields of
any characteristic. (The case of function fields of positive characteristic is interesting
as it involves some exceptional solutions that do not occur in characteristic zero.

However, we will not consider this case in this thesis.)

2.1.3 Squares with constant second differences

One generalization of the n-Squares Problem is to consider sequences of squares having

constant differences not necessarily equal to 2.
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Definition 2.10. A sequence ay,...,a, of rational numbers has constant second

differences if for all 3 <1 <n

Aij—9 — 2a¢_1 +a; = D, (2.1)

with D a constant.
Taking third differences, the previous condition is equivalent to the following con-
dition which does not depend on D

a;—3 = 3a;_2 —3a;-1+ a;,

for 4 <3¢ <n.

Problem 2.11. Does there exist a positive integer M such that every sequence of
M or more integers, whose squares have constant second differences, is necessarily
proportional to a sequence whose squares are of the form (v + yi)?, i = 1,2,..., M

for some integers x,y?

The sequences (z+1)* with i = 1,2...,n are the trivial sequences of the n-Squares
Problem.
Proposition 2.12. A sequence of integers x1,...,x, having constant second differ-

ences gives rise to a quadratic polynomial f € Z[t] which satisfies the condition that
f(0),..., f(n—1) are integer squares. Conversely, a quadratic polynomial f, with the
property that f(0),..., f(n) are integer squares, gives a sequence i, ..., x, having
constant second differences. A quadratic polynomial which is a square corresponds to

a trivial sequence.
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Proof. If we have a quadratic polynomial f(t) = at® + bt + ¢ € Z[t] with the property
that f(0), f(1),..., f(n—1) are integer squares, then by the appendix in [Brz12], the
first differences f(i) — f(i — 1) are 2ai + a + b, hence the sequence f(0),..., f(n —1)
has constant second differences equal to 2a.

Now, suppose that we have a sequence aq,...,a, of integers whose squares have

constant second differences equal to D, and consider the quadratic polynomial

f) =2D(t* —t) + 4(a3 — a3t + 4a3 € Z[t).

Using Equation (2.1), we have that f(i) = a?,,, hence this polynomial satisfies that
f(0),..., f(n —1) are all squares.
If the quadratic polynomial f is of the form (a + bt)?, then it is clear that it

corresponds to a trivial sequence (a + bi)?. O

Hence, the problem of finding sequences of length M of integers whose squares
have constant second differences is equivalent to the problem of finding a quadratic
polynomial with integer coefficients and such that it is a square when evaluated at
0,...,M — 1. In the n-Squares Problem we have to deal with monic polynomials.

The problem of integer squares with constant second differences has been studied
by several people. In 1986, Allison [AlI86] found infinitely many non-trivial examples
of sequences of length 8; these are polynomials of the form a(z?+ z) + ¢ and they are
evaluated at —3, —2, ..., 3,4. Subsequent work by Bremner [Bre03| and by Gonzalez-
Jimenez and Xarles [GX11] gives a complete answer in the symmetric case, and it
turns out that the bound M in this case is 9.

In the general case (when symmetry is not assumed), Browkin and Brzezinski
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[BB06] proved that there are infinitely many non-trivial sequences of six integer
squares with constant second differences. Moreover, in [BB10] they define the fol-

lowing surfaces in P"~! which are related to Problem 2.11:

x} — 33 + 323 = 73

2 2 2 2
L T3 — 31’”_2 + 3xn—1 = Ty,

and they conjecture (inspired by Vojta’s work [Voj00]) that the only curves of genus
0 or 1in X; are the curves [s+¢: +(2s+¢) : ... : £(ns+t)] with [s : t] € P! and an
elliptic curve giving the examples found by Allison.

The curves [s +t : £(2s+1t) : ... : £(ns + t)] are called trivial because taking
squares of the coordinates of a point in such a curve one gets a trivial sequence
(s+6)% (25 +1)2,...,(ns+ )%

Brzezinski [Brz12] conjectures that every sequence of integer squares of length 8
with constant second differences is trivial or symmetric.

Gonzalez-Jimenez and Xarles [GX11] speculate that Vojta’s argument in [Voj00]
for Biichi’s Problem could give an answer under the Bombieri-Lang Conjecture to
Problem 2.11, which is what we do in Chapter 4 of this thesis.

We remark that for Biichi’s Problem (i.e. for monic quadratic polynomials) there
is a completely different approach by Pasten [Pasl3] using a version of the ABC
conjecture, which yields unconditional results over function fields. However, despite
the strength of the results in [Pas13], Pasten remarks on p. 2967 that it is not clear that
his method can be adapted to the general case (non-monic quadratic polynomials)

that we consider here.
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2.1.4 An extension of the n-Squares Problem for higher powers

In Chapter 5, we study the problem of sequences of k-th powers with second differences

equal to 2, namely

Problem 2.13. Let k > 2. Does there exist a positive integer M such that there are

no sequences of k-th powers having second differences equal to 27

An example of a sequence of this type is 64, —1, —64, —125, which is a sequence
of cubes having second differences equal to 2, hence for k = 3 the bound M has to be
at least 5. The analogous case k = 2 is the n-Squares Problem and there are (trivial)
sequences of any length.

This problem gives rise to the smooth complete intersection surfaces X, C P,

which are given by the equations

;

k_ .k ko ok
20y = T — 235 + T4

k _ _k k k
2.%'0 =Ty o — anfl + Ty

\

We study these surfaces using Vojta’s method in order to give an answer under
the Bombieri-Lang Conjecture of this problem, and an unconditional solution for
function fields of characteristic zero. This problem was conditionally solved under
Vojta’s general ABC conjecture for algebraic numbers by Pasten [Pasl3]. He also
gives a solution for the analogue of Problem 2.13 for function fields over fields of
characteristic zero using completely different methods (Nevanlinna theory), but his
bounds are much weaker than ours due to the methods that he uses. In fact, our

bounds are sufficiently sharp so as to give new examples of surfaces having no curves
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of genus 0 or 1, which do not satisfy Bogomolov’s hypothesis on Chern numbers.
There is another generalization for the n-Squares Problem in the literature, pro-
posed by Pheidas and Vidaux [PV05], considering k-th differences of k-th powers.
Although we will not consider this generalization, let us briefly comment on the
existing results for it. Pasten [Pasl3| also solves this under Vojta’s general ABC
conjecture for algebraic numbers, and unconditionally for function fields over fields
of characteristic zero. Moreover, An, Huang, and Wang [AHW13]| give an alternative
solution for function fields of characteristic zero following the methods of [PV06],

[PV10)].

2.1.5 Perfect cuboids

Recall from the introduction that the surface parametrizing perfect cuboids is given

by the equations:
.
x% + x% + :L‘% = x§

2 2 2
]t a5 =2y

2 2 _ 2
Ty + x5 = Tj

2 2 _ 2
Ty +x] = Tg

(
and that perfect cuboids correspond to positive rational solutions of (2.2).

As of today, no perfect cuboid has been found. Using computer search, Korec
[Kor92] showed in 1992 that a perfect cuboid with integer sides xg, x1, o must satisfy
max {xo, 71, T2} > 4 x 10°. However, there are infinitely many cuboids satisfying any
three of the four equations in (2.2) (see [Guy04] for details). Euler and Sanderson
(independently) gave a systematic method for finding cuboids satisfying the last three

equations of (2.2). Bremner [Bre88| gives a geometric argument (by finding rational
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curves on this surface) to explain why there are lots of solutions for the last three
equations of (2.2).

The surface Y, was studied by van Luijk in his undergraduate thesis [vLu00]. He
studies in detail the geometry of this surface. He shows that Y} is a surface of general
type having 48 isolated singularities. He also found 92 curves of genus 0 or 1 on this
surface, but we do not know if these are all the curves of genus 0 or 1. The known

curves are the following:
(a) The irreducible components of zgzz2x3 = 0 (32 rational curves).
(b) The irreducible components of z4x5x6 = 0 (12 elliptic curves).
(c) The curve defined by the equations

o = T

Ty = Ty
V2o = w4
2

2 2 _
T + x5 = 23

| 223 + a3 = 223,
Applying Aut(Y,) one gets 48 elliptic curves on Yj.

Stoll and Testa in [ST10] conjecture the following

Conjecture 2.14. All curves of genus at most 1 on Yy are contained in the previous

list.

They prove that all curves of genus 0 or 1 which have degree less than or equal to

4 are in the list.
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In 2013, Beauville [Beal3] showed that the surface Y} is a diagonal quotient surface
(see Section 6.2 for details on his proof), hence we can use the theory of diagonal
quotient surfaces from [KS97] in order to obtain more information about Yj.

The same year, Freitag and Salvati-Manni [FS13] parametrized the surface Yy
using theta functions. They deduced that Y, has an explicit modular parametrization,
i.e. is a modular diagonal quotient surface in the sense of [KS98]. They also give a

bound on the degree of the curves having mild singularities:

Proposition 2.15. Let C' C Yy be a curve such that the normalization map C — C

is bijective. Let g be the genus of C' and d be the degree of C'. Then the inequality

d < 176 + 16¢

holds.

They also observe (from [Beal3]) that a curve of genus 0 or 1 must intersect at
least one of the 48 singularities of Y.

Finally we would like to remark that the surface parametrizing perfect cuboids is
defined by diagonal quadratic equations. Therefore if one could find an algorithm as
the one in Biichi’s Problem, then one would be able to decide if there exists a perfect

cuboid.

2.2 Divisors

We will present some well known facts regarding divisors which will be used in the sub-

sequent chapters of this thesis. The basic references are [Har77], §I1.6 and [Mum66].
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2.2.1 Cartier divisors

Definition 2.16. Let X be a scheme. For each open set U, let S(U) denote the
set of elements of I'(U, Ox), which are not zero divisors in each local ring Ox ., for
x € U. Then the rings S(U)™'T'(U, Ox) form a presheaf, whose associated sheaf of
rings Kx we call the sheaf of total quotient rings of Ox. We denote by K% the sheaf
of invertible elements in Ky, i.e. for U C X an open set, I'(U, K%) are the invertible

elements of I'(U, Kx).
Definition 2.17. A Cartier divisor D on X is a section over X of K% /O%.

Concretely, a Cartier divisor is given by a collection of elements D, € (K% /O% )«
such that, for every x € X, there is an open neighborhood U of X, and an element
[ € I'(U,K%) which induces D, for all x € U. The element f is called a local
equation of D on U. The group of Cartier divisors on X forms a group (because
these are sections of a sheaf of abelian groups), which will be denoted by Cdiv(X).
If D € CDiv(X) then we can write D = {(U;, g;)}, where {U;} is an open cover of X

and each g; is a local equation for D on U;.

Definition 2.18. A Cartier divisor D is effective (D > 0) if D = {(U;, f;)} with
fi € OX(UZ)

Definition 2.19. A sheaf of ideals on X is a sheaf of Ox-modules J which is a
subsheaf of Ox. Thus, J(U) is an ideal in Ox(U) for every open set U C X.

Definition 2.20. Let Y be a closed subscheme of a scheme X, and let iy : Y — X
be the inclusion morphism. We define the ideal sheaf of Y, denoted Jy, to be the

kernel of the morphism 2# :Ox — 1y, Oy.
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Proposition 2.21. For any closed subscheme Y of X, the corresponding ideal sheaf
Jy 18 a quasi-coherent sheaf of ideals on X. Conversely, if J is a quasicoherent sheaf
of ideals on X, then [J is the ideal sheaf of a uniquely determined closed subscheme

Y of X. The scheme Y is determined by supp(Ox/J) with structure sheaf Ox/J .
Proof. [Har77] Proposition I1.5.9. O

Proposition 2.22. For any Cartier divisor D = {(U;, g;)} over X, there ezists a
unique invertible subsheaf L(D) (also denoted by Ox (D)) of Kx, defined by the rule

Proof. [Har77], proof of Proposition 11.6.13. O

Remark 2.23. From [Mum66| p. 63, a Cartier divisor D = {(U;, f;)} is effective if
and only if the sheaf £(—D) is an ideal sheaf, which will be denoted by Jp. If D is

effective, then let Y be the associated subscheme of Jp = L(—D).

Example 2.24. Let X = P} = Proj(k[xo, ..., z,]) with open affine cover {U;}o.;<,,

where U; = D (x;) (cf. [Har77], Proposition 11.2.5). If f € k[xg,--- ,x,] is homoge-

neous of degree d, then f defines an effective Cartier divisor {(Ui, %)} on Pp.
i/ ) 0<i<n

(3

Its associated subscheme is V(f), the subscheme associated to the homogeneous ideal

(f)-

If D > 0 is an effective Cartier divisor on X, then we have the following exact

sequence

0— E(—D) — OX — Z.YD*OYD — 0. (23)
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Thus, if D is represented by {(U;, fi)}, then (iy,«Oy, ), = Ou,/fiOv,. Tensoring

with a locally free sheaf F on X is exact, and we get the exact sequence
0= L(-D)®F B F =iy, .0y, @ F =0, (2.4)

where

p:L(—D)®F = F

is the composition of iz(_py®Idz (where iz py : L(—D) — Ox is the inclusion homo-
morphism) with the canonical isomorphism Ox ®e, F — F (that is, multiplication
of sections).

Taking global sections we obtain the exact sequence
0— H'(X,L(—D)® F) = H* (X, F) = H*(X,F ®@iy,.Oy,). (2.5)

From the previous exact sequence, we obtain the following.

Proposition 2.25. Let X be a scheme, let F be a locally free sheaf, and let D be an
effective Cartier divisor with associated subscheme Yp. If the section s € H°(X, F)
maps to zero under the homomorphism H°(X, F) — H°(X, F ®iy,.Oy,), then there

exists a unique section s' € HY(X, L(—D) ® F) which maps to s.

2.2.2 Functorial properties of effective divisors

Definition 2.26. If D = {(U;, f;)} is a Cartier divisor, then its support is the closed

set supp(D) ==, {z € U; : f; ¢ Ok, }-

If D > 0 is effective, then supp(D) = supp(Ox/Tp), i.e. supp(D) is just the
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support of the subscheme Yp.

Proposition 2.27. Let f : X — Y be a morphism of integral schemes, and let
D = {U;,g:} > 0 be an effective Cartier divisor on'Y such that f(X) < supp(D).
Then the rule f*({(U;, g:)}) = {(f 7 U, f*9:)} defines an effective Cartier divisor on
X, and we have that

Yf*D = fﬁl(YD) = YD Xy X.

Proof. The first assertion is a special case of [Mum66], p. 69, and the second is

explained in [EGA] (IV,21.4.7). O

Lemma 2.28. Let f : X — Y and g : Y — Z be morphisms of integral schemes
and let D > 0 be a Cartier divisor on Z such that g(Y') € supp(D) and such that
f(X) € supp(g*D). Then (go f)*D is defined and (go f)*D = f*¢*D.

Proof. See [EGA] (IV,21.4.4). O

Proposition 2.29. If f : X — Y is as before, then L(f*D) = f*L(D), for all

Cartier divisors D > 0 where f*D is defined.

Proof. [EGA] 1V,21.4.2. O

The following proposition will be used several times in Chapters 4, 5 and 6.

Proposition 2.30. Let 7, : P* --» P! be the projection map from the point
P=[0:...:0:1], and let X,, C P" be a closed subvariety of P* with P ¢ X,
50 Ty, induces a morphism m, : X, — X,—1 = T,(X,).

Let f € klxg, ...,z 1] C k[zo,...,x,] be a homogeneous polynomial and suppose
that X,, € Vpu(f). Then w'divx, ,(f) = divx,(f), and hence its associated sub-
scheme s given by the system of equations defining X,, and f = 0. In particular, if

Xy, s a complete intersection, then so is Yaivy (1)-



2.2. DIVISORS 28

Proof. Let i, : X,, — P™ be the inclusion morphism. Let U = P™"\{[0:...:0:1}}.

We have divpn(f) is represented by

oo L))

%

(where U; = {[zo :...: 2] 2; # 0}). We also have that (7, ;)" divpn-1(f) is repre-
sented by {(U NnU;, ﬁ)}, hence in U they are equal (i.e. divy (f) = (7pp)*diven-1(f)).

We have the commutative diagram

Xni—">U

Wnl lfrnm

X1 —— Pt

in—1

Thus, by Lemma 2.28 we obtain

mdivy, () = mhin_qdives-i(f)
= (ip_1 0 m,) " divpn-1(f)
= (Rpjpr © in)*divpn—i(f)
= iy divee-i (f)
= irdivy(f)
= divy, (f).

From Example 2.31, we know that divy,(f) = i% dive«(f), hence it is the in-
tersection of X, with V(f). Therefore, supp(divy, (f)) is given by the system of

equations defining X, and f = 0. [

Example 2.31. Let f € k[zg,...,x,] be a non-zero homogeneous polynomial of
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degree d, and let X C P" be a closed subvariety with X & V(f). Then by Example
2.24 and Proposition 2.30 we see that divx(f) := i%dive(f) defines an effective
Cartier divisor on X such that its associated subscheme is Yy (p) = X NV(f) the

(scheme-theoretic) intersection of X with V(f).

2.2.3 Welil divisors

Let X be a noetherian integral separated scheme of finite type over a field k& which is
regular in codimension 1. (This means that every local ring Ox p of dimension one
is regular, i.e. a discrete valuation ring.) An example of a scheme of this type is any

normal variety over k (cf. [Har77], p. 130).

Definition 2.32. A prime divisor on X is a closed integral subscheme Y of codi-
mension one. A Weil divisor is an element of the free abelian group DivX generated
by the prime divisors. We write a Weil divisor as D = ¥n;C;, where the C; are prime

divisors.
Definition 2.33. A Weil divisor D is effective (D > 0) if D = > n;C; with n; > 0.

Proposition 2.34. If X is locally factorial, then the group Div(X) of Weil divisors

on X is isomorphic to the group of Cartier divisors Cdiv(X).
Proof. See [Har77], Proposition 11.6.11. O

Remark 2.35. Note that for X as in Proposition 2.34, effective Cartier divisors

correspond to effective Weil divisors.

Remark 2.36. From the proof of [Har77], Proposition I1.6.11, we see that if X is

a noetherian integral separated normal scheme of finite type over a field k, then the
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group of Cartier divisors Cdiv(X) is embedded in the group of Weil divisors Div(X).

We need X to be locally factorial in order to have equality:.

Definition 2.37. If D = ¥n,;C; is a Weil divisor, then its support is

supp(D) := Uy, £0C;.

From [EGA] IV,21.6.6.2, we have that this notion is equivalent to that of Definition
2.26, when D is an effective Cartier divisor on a scheme X satisfying the conditions

of Proposition 2.34.

Definition 2.38. Let Y be a prime divisor on X, and let n € Y be its generic point.
Then the local ring Oy, is a discrete valuation ring with quotient field k£(X), the
function field of X. We call the corresponding (surjective) valuation vy : k(X)* — Z
the valuation of Y.

Let f € E(X)* be any nonzero rational function on X. Then vy (f) is an integer.
If it is positive, we say that f has a zero along Y, of that order; if it is negative, we

say that f has a pole along Y, of order —vy (f).

Lemma 2.39. Let X be as in the beginning of this subsection, and let f € k(X)* be

a nonzero function on X. Then vy (f) =0 for all except finitely many prime divisors

Y.
Proof. See [Har77], Lemma I1.6.1. O

Definition 2.40. Let X be as in the beginning of this subsection and let f € k(X)*.
We define the divisor of f by (f) :=> vy (f)Y.



2.2. DIVISORS 31

2.2.4 The degree of invertible sheaves on curves

Fix an arbitrary algebraically closed field k. All schemes in this section are projective
over k.

Let F be a coherent sheaf on a scheme X of dimension d. Let

X(F) = (=1)' dimy H'(X, F)

i=1
be the Euler characteristic of F.

Definition 2.41. Let C be an integral projective scheme of dimension 1 over an
algebraically closed field k. Using [Har77], Ex.IV.1.9, we define the degree degq(F)
of an invertible sheaf F on C as follows: Let C,., be the open set of regular points of
C (we delete from C the singular points). By [Har77] Ex.IV.1.9(c) there is a Cartier
divisor D on C' with support contained in C,.,, such that F = £(D). Since C,., is
regular, the restriction of D to C,, is given by a Weil divisor ) . n;P; (finite sum,

n; € Z and P; closed points of Cyey). We define degq(F) := deg(D) = > n;.

This definition is independent of the choice of the divisor D (provided that D is
supported on C,., and that F = £(D)). Indeed, from [Har77], Ex.IV.1.9(a), we have
that deg(D) = x(£(D)) — 1+ p.(C), and the right hand side is invariant under sheaf
isomorphisms. Note that deg(O¢) = 0 and that deg(F ® G) = deg(F) +degs(G)
(as the same property holds for divisors supported on Ci.,). In particular, we have

degq(F~') = — degq(F).

Theorem 2.42 (Riemann-Roch for curves). Let C' be an integral projective scheme
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of dimension 1 over k, and let F be an invertible sheaf on C'. We have

X(F) = dego(F) + x(Oc)

and deg : Pic(C) — Z is linear.
Proof. See [Har77|, Exercise IV.1.9 and the above discussion. O

Notation 2.43. We write k(X) for the function field of an integral variety X. Note

that k(X) is the local ring Ox ,,, where 1y is the generic point of X.

Proposition 2.44. If ¢ : C1 — Cy is a surjective morphism of projective integral

curves, then

dege, (f7£) = deg(e) dege, (£)
for all L € Pic(Cy), where deg(p) = [k(Ch) : ¢*k(Cy)].
Proof. See [Bad01] Lemma 1.18. O

Remark 2.45. For a closed subvariety X C P", we write deg(X) for the degree of X
in P" as defined in [Har77], p. 52. Let i : C' — P™ be the inclusion morphism. Then

by Example IV.3.3.2 in [Har77], we get

deg(C) = degp(i"Opn (1)) = deg(Oc(1)).

2.2.5 Intersection numbers on surfaces

If X/k is a smooth projective surface, then we have an intersection pairing on the
group Div(X); cf. [Har77], §V.1. More generally, on any projective surface we can

define an intersection product as follows.
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Notation 2.46. Let X be a projective scheme of dimension 2 over k, and let

Ly, Ly € Pic(X). Write

(L1.L)x = X(L1 ® La) — x(L1) — x(L2) + x(Ox).

Remark 2.47. This defines a bilinear pairing on Pic(X); cf. Lemma 1.6 in [Bad01].

Proposition 2.48. If X is a smooth projective surface over k, then (—.—)x coincides

with the usual intersection product on divisors:

(L(C).L(D))x = (C.D).

Proof. By [Har77], Ex.V.1.1. O

Proposition 2.49 (Weak projection formula). If f : X — Y is a surjective morphism

of projective integral surfaces over K, then we have

(f*L1.f"La)x = deg(f)(L1.L2)y

for L1, Ly € Pic(Y).

Proof. See [Bad01] Lemma 1.18. O

The following result, which we will need in Section 3.8, relates the intersection

pairing with the degree map on curves.

Proposition 2.50. Let X be a smooth projective surface over k. Let F be an invert-

wble sheaf on X, and let C' C X be an integral projective curve. Then we have

degc(i*()]:) = (E(O)-]:)X-
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Proof. From (2.3) with D = C we have x(Ox) — x(£L(—C)) = x(O¢). From [Liu02],
Ex. 5.1.1(c) we know F! ® ic.Oc ¥ ic.igF . From (2.4) replacing F by F~!
we have y(F ') — x(F!' @ L(-C)) = x(itF). From Proposition 2.42 we obtain
(6 F ) = dego (16 F ) + x(Oc). We know by Remark 2.47 that

(FLEC)x = (FLL-O)x
= X(F'®L(-C)) = x(F) = x(L(=0)) + x(Ox)
= —x(icF ) +x(0c)
= —dega(icF )
= dego(icF)

The last equality holds by Proposition 2.42. O]

2.2.6 The desingularization of a normal singular surface

In this section, surface means projective variety of dimension 2 over an algebraically
closed field k of characteristic 0.

Following [Mum61], we will discuss pullbacks of Q-divisors on a normal surface
X to its desingularization Y. Define the group of QQ-divisors on a normal surface
X as the group Div(X) ® Q. In other words, this is the group of formal Q-linear
combinations of curves (prime divisors) on X. Note that Div(X) is included in the
group of Q-divisors.

Normal surfaces can be singular. For example, the quadric surface {zy = 2?} C P3
is normal (cf. Exercise 1.3.17(b) [Har77]) and it is singular at [1 : 0 : 0 : 0], where
we use the coordinates [w : x : y : z] in P2. However, normal surfaces are regular in

codimension 1 and therefore the only possible singularities of a normal surface occur
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in codimension 2, that is, singular points.

By [Zar39], every normal surface X has a desingularization ¢ : Y — X, which is
obtained by a sequence of normalizations and quadratic transformations. Thus, Y is
smooth and ¢ is birational and proper. It is known that § can be chosen in such a
way that for each singular point P € X (if any) the fibre of P is the union of a finite
set of smooth curves E, ..., E, such that for all i # j, either E;NE; =0 or E;, E;
intersect transversely in exactly one point (so that (E;.E;)y = 1), which does not
belong to any other FEj.

Following [Mumé61] p. 17 we define the pullback C” (or ‘total transform’ in the
terminology of [Mum61]) of a Q-divisor C' in X by 4, which is going to be a Q-divisor
of Y. Since ¢ is an isomorphism away from the singular points of X, it suffices to
define the pull-back C’ near a singular point P, with fibre U} | E;, where the E; are as
before. For a Q-divisor C, write C' = > ¢;C; where C; are irreducible curves (prime
divisors) and ¢; € Q. The strict transform of C'is defined as ), ¢;D; where D; is the

strict transform (cf. [Har77] p. 30) of the curve C;.

Notation 2.51. Let U be a neighborhood of P such that P is the only singular point

of X in U. Let D be the strict transform of ', and define
Cly =Dy + z”: riE;
i=0
where the r; € Q are subject to the conditions (for 1 < j <n)
(D.E;)y + Z ri(Ei.Ej)y = 0.

These conditions uniquely determine the values of the r; € Q (cf. [Mum61] p.17).
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We remark that the collection of data C}; (as P varies) is compatible because it
only modifies D on the fibres of singular points, which are disjoint. Thus, this process
uniquely defines a Q-divisor C’.

On a normal variety every Cartier divisor is a Weil divisor (see Remark 11.6.11.2
in [Har77]), and therefore every Cartier divisor is also a Q-divisor. If C' is a Cartier
divisor on X, then we can also consider the pullback 6*C' as Cartier divisor because

0 is dominant.
Proposition 2.52. With the previous notation, we have §*C = C".

Proof. We follow the idea of property (i), [Mum61] p. 17. Let C = {(U;, f;)} be a
Cartier divisor. The functions g; := 6*f; are rational functions on Y and therefore
((gi)-E;)y = 0 (Y is smooth, so the intersection pairing is defined on divisors). The
curves E; live in fibres of 0, therefore we have that each E; is either completely

contained in 6~1U; or they don’t meet. It follows that

(5" C.E)y = ({6~ Us, gi}s, Ey)y = 0.

Now we compare 0*C and C’. Away from the fibres of singular points, we have that
both Q-divisors agree, as they are equal to the strict transform D of C' away from
fibres of singular points. Therefore 6*C' = D+S5, where S is a Q-linear combination of
the E;. The property (0*C.E;)y = 0 becomes in this notation (D.E;)y + (S.E;)y =0
which is exactly the same condition defining the coefficients r; for C’. By uniqueness

of the solution of the linear equations defining the r;, we conclude that 6*C' = C’. [

Therefore, we can unambiguously write 6*C := C’ for C' a Cartier, Weil, or a

Q-divisor. Moreover, the definition of C’ (using linear equations and intersection
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numbers in Y to find r;) can be used to compute the pull-back by § of Cartier

divisors.

2.3 Branches

Branches help us to study the local structure of a curve. In particular, we can study
a curve in neighborhoods of a singularity. The following discussion is based on the

work of Seidenberg in [Sei68a], [Sei68b] and the notes of [Kanl4al.

2.3.1 Basic definitions

Let k be an algebraically closed field of characteristic zero.

Definition 2.53. A branch is a non-zero, non-maximal prime ideal of k[[X, Y]].

In Seidenberg’s work (see [Sei68b]), a branch is defined as the equivalence class (up
to multiplication by units) of an irreducible element F of k[[X,Y]]. These notions are
equivalent because the equivalence classes defined by Seidenberg are in bijection with
nonzero and non maximal prime ideals of k[[X, Y]] (i.e. branches), since k[[X, Y]] is

a unique factorization domain of dimension 2.

Definition 2.54. A branch representation is a non-zero local k-algebra homomor-
phism
¢ K[[X, Y]] — K[[t]

Given a branch 3, a branch representation associated to B3 is a branch representation

¢ k[[X, Y]] — k[[t]] satisfying ker(¢) = PB. A branch representation

¢ KX, Y]] — K[[t]
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is primitive if ¢(k[[X,Y]]) € k[[7]] for any 7 € k[[t]] with ordyy(7) > 1.

With my) the maximal ideal of k[[t]], Seidenberg ([Sei68a], p. 89) defines a branch
representation at (0,0) as a pair (2(t),y(t)) € (mygy)* \ (0,0).

Each pair (z(t),y(t)) € (myg)? \ (0,0) determines a unique nonzero local ring
homomorphism f : k[[X, Y]] — k[[t]] such that f(X) = x(¢), f(Y) = y(t), so Defi-
nition 2.54 corresponds to the definition of branch representation from [Sei68a| and

conversely.

Definition 2.55. Two primitive branch representations fi, fo are equivalent if there

is a continuous a € Autg(k[[t]]) such that ao f; = fo.

Proposition 2.56. The rule ¢ — ker(¢) defines a bijection between the equiva-
lence classes of primitive branch representations ¢ : k[[ X, Y]] — k[[t]] and the set of

branches of k[[ X, Y]].

Proof. (Sketch, details in [Kanl4a], p. 8). A key point here is that if ¢ is a branch
representation, then the integral closure Im(¢)™~ of Im(¢) (in its quotient field) is equal
to k[[7]], for some 7 € k[[t]]. This follows easily from the Weierstrass preparation and
division theorems; cf. Theorem 21.1 and 21.2 in [Sei68a]. Moreover, k[[7]] = k[[t]] if
and only if ¢ is primitive.

From this we see that the given map is injective because if ker(¢;) = ker(¢s), then
im(¢1) = im(¢2), and this isomorphism extends to the integral closures, so ¢; and
¢9 are equivalent.

Moreover, the map is surjective because if 8 is a branch, then

Op: A= AP = (A/P)” = K]
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is a primitive branch representation (cf. [Kanl4a], p. 8). O

Now we present some useful definitions. Let F' € k[[X, Y]] be a power series. It

can be written as
F<XaY) = Fr(XaY) +Fr+1(X7Y) +-

with F), homogeneous polynomial of degree n and with F,. # 0. We call the number
r the order of F, and we denote it by ord(F).
Write
t

Fona(r)(X,Y) = c[[(m§’X = m{?Y)*,

i=1
with ¢ € k*, mgi) € k and m(()i)mgj) #* méj)m(li) for ¢ # j. If F is irreducible, then by
using Hensel’s Lemma we obtain that ¢ must be equal to 1 , but even in that case s;
can be different from 1, by [Sei68b], p. 249.

The linear factors m(()i)X — mgi)Y of Firq(ry are called the tangents of F'. If F
is irreducible we can define the tangents of the branch (F') as the tangents of F. A
vertical tangent is a tangent of the form m((]i)X, and a horizontal tangent one of the

form mgi)Y.

2.3.2 Branches and curves

Let S be an irreducible algebraic surface defined over k = C, and let P be a smooth
point on it. We want to relate branches to the curves on a surface which pass through
a point P. For this, it is very important that the completion @5’ p of the local ring of
S at P is isomorphic to the power series ring k[[X,Y]] (cf. [Har77], Theorem 1.5.5.A).

Since the local ring Og p of S at P is a unique factorization domain of dimension
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2, the prime ideals of height 1 will be non-zero principal prime ideals and conversely.
Hence we have a bijection between irreducible curves through P and non-zero prin-

cipal prime ideals in Og p.

Definition 2.57. Let C' be an irreducible algebraic curve on S passing through P
with principal prime ideal (f) = p € Ogp. We define a branch of C' at P to be an
ideal P in the mg p-adic completion Og p of Og p satistying PN Ogp = p.

A branch representation associated to 9B is a morphism ¢ : Og p — k[[t]] such that

ker(¢) = B. Tt is primitive if ¢(Og,p) € k[[7]] for any 7 € k[[t]] with ord (1) > 1.

Since S is smooth at P, its local ring at P is regular. By Theorem 1.5.5.A in
[Har77], its completion satisfies Ogp = k[[X,Y]]. (This isomorphism depends on
a choice of local parameters.) Hence the definitions given in Definition 2.57 are

compatible to the ones in Definition 2.53 and Definition 2.54.

Remark 2.58. Denote by f the image of f € Ogp under the completion map
Cogp Osp — @& p. Note that since (537 p is a unique factorization domain, we can
write f = cosp(f) = agi'--- gy with a invertible, and the g; non-associated irre-
ducible elements and for all 1 < i < n the number r; > 1. Moreover, this factorization
is essentially unique. Hence (f) = (g7* - gir) = (") -+ (gir) = (g1)™ -+ (ga)"™.

By Theorem 32 in [ZS60] Ch. VIII, §13, if f is irreducible, then the ring Og p/(f)
is analytically unramified, so its completion @57 r/( f ) has no nilpotents. Therefore the
ideal ( f ) factors into distinct prime ideals in (’557 p, or equivalently, r; = --- =r, = 1.

Thus, if f is a local equation of C' at P, then the branches of C' at P are (¢1), ..., (gn)
and (f) = (91) -+~ (g0) = (91) N+ N (gn).

Proposition 2.59. Given a branch B € @SJD, there is at most one curve of S having

it as branch at P.
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Proof. Suppose that there are two curves Cp, Cy with ideals p;, p2 in Ogp, which

have 8 as branch. Then p; =B N Og p = po, and hence C; = Cs. O

Remark 2.60. There exist branches of Og p = k[[X,Y]] which do not belong to any
curve on S. For example, let S = A and P = (0,0). Let f(t) = >, t" € K[[t]].
In [ZS60] p. 220, it is shown that 1 + f(¢) is transcendental over k(t), hence f(t)
is transcendental over k(t). Let FI(X,Y) =Y — f(X) € k[[X,Y]]. Note that F' is
irreducible in k[[X,Y]] since ord(F') = 1 and ord is an additive function. Thus (F) is

a branch. Let

¢ k[XY]] — K[[t]]
X =t

Y —  f(b).

Since (F') C ker(¢) and (F') is a branch, we obtain that ¢ is a branch representation
of (F).

Suppose that (F) is a branch of a curve at P = (0,0) € A% Then there is a
non-zero polynomial h € k[X,Y] such that h € (F), hence ¢(h) = 0. Note that h is

non-constant in Y because otherwise we have
0=¢(h(X,Y)) = ¢(h(X,0)) = h(t,0) = h(t,Y) #0

(in k[t, Y] = k[X,Y]). Hence ¢(t, f(t)) = ¢(h) = 0 is a nontrivial equation of f(t)
over k(t). This contradicts the fact that f(¢) is transcendental over k(t). Therefore

(F') is not a branch of a curve at P.
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Definition 2.61 ([Har77], p. 388). Let C' be an effective Cartier divisor on a surface
S which is smooth at a point P. Then we define the multiplicity of C' at P, denoted
by 1p(C), to be the largest integer r such that f € mj p, where f is a local equation

for C' at the point P.

Proposition 2.62. Let p = (f) be the ideal associated to C in Ogp, and let p be its

completion. Then we have

pp(C) = ZOTdP(’B)?

where ordp(*P) = max {7“ B C mgp}, and the sum runs over the branches B in
Osyp with ]3 C ‘B.

A

Proof. We first prove that pp(C) = ordp(f). From [Bou72], p. 208, we have that
my pA = lp and 1 p N A = myp. Thus f € myp if and only if f € 1} p.
Therefore 11p(C) = ordp(f).

Let 9B be a prime ideal in Og p. By Remark 2.58 we have (f) = (g1) - - - (gy), so if

B D (f), then P D (g;) for some 4, and since (g;) is prime we obtain B = (g;). We

have

pup(C) = Ol"dP(f) = ZOfdP(Qi) = ZOfdP(‘B)a

Plp

with (g;) the branches of C. The second equality holds by Remark 2.58 and because
ordp is a valuation (since Qg p 2 k[[X,Y]] is a regular local ring and ordp in k[[X,Y]]

is a valuation, cf. [Bou90] IV.25). The last equality holds because

ordp(g:) = max {r : g; € iy} = max {r : (g:) C g p} .
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Definition 2.63. Let p € Ogp be a branch. Let ¢ : Ogp — k[[t]] be a branch
representation of . We say that ¢ is a linear branch representation of W if it is

surjective. We say that B is a linear branch if it has a linear branch representation.

In [Sei68al, a linear branch representation is a branch representation
¢ K[[X, Y]] = E[[t]

satisfying ¢(X) = cit + -+, ¢(Y) = dyt +--- with ¢; # 0 or dy # 0.

Proposition 2.64. IfB is a linear branch, then all primitive branch representations

¢ of B are linear.

Proof. Recall from Definition 2.55 that two primitive branch representations are as-
sociated to the same branch if there is o € Auty(k[[t]]) such that o f; = fo. Thus,

if fi is surjective, then fs is surjective. m

Proposition 2.65. Let B be a branch and ¢ a primitive branch representation of 3.
Let x,y be a system of local parameters at P. The branch B is linear if and only if

at least one of ¢(x), ¢(y) has order 1 (as power series in t).

Proof. 1f both ¢(z), ¢(y) have orders greater than one, and ord is a valuation, we
obtain that for any g € k[[z,y]] we have either ord¢(g) = 0 (when g has constant
term), or ordg(g) > 1 (when g has no constant term). Then ¢ cannot be surjective,
since ¢t will never be an image of ¢. Hence if 93 is linear then at least one of ¢(x) or ¢(y)
must have order 1. Now suppose that ¢(z) =t + ---. (The case for ¢(y) =t + ---
is similar.) Then there is fy € k[[t]] such that fy(o(z)) = t [Bou90] p. A.IV.30.
Hence the element fy(z) € Og p has image ¢(fo(z)) = fo(d(z)) =t (recall that ¢ is

continuous). Therefore ¢ is surjective and B is a linear branch. O]
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Corollary 2.66. A branch ‘B is linear if and only if ord(B) = 1.

Proof. Suppose that B is linear and choose a primitive branch representation ¢ of 3.
After choosing an isomorphism @5, p = k[[X,Y]], we know that at least one of ¢(X),
¢(Y) has order 1, hence P is of the form (F') with F' € k[[X, Y]] of order 1.

Let (F') be a branch of order 1. From [Sei68a], Theorem 11.3, there is a unique
power series ¢;X + ;X2 + -+ such that F(X, ;X + ¢;X? + ---) = 0. Taking the
branch ¢(X) = ¢, ¢(Y) = c1t + cot? + - -+ we obtain that F' has only one branch

representation and it is linear. O

Corollary 2.67. A curve passing through a point P is smooth at P if and only if it

has only one branch at P, and it is linear.

Proof. 1f C' is a curve which has only one linear branch at P, then by Proposition
2.62 we obtain that pup(C) = 1, hence it is smooth at P. Let C be a curve which is
smooth at P, so p1p(C') = 1. Then by Proposition 2.62 we get that } s ordp(B) = 1.
Therefore C' has only one branch 3 and it has order 1. By Corollary 2.66 it is a linear

branch representation. O

Notation 2.68. Let C' C S be a curve and let P be a point on C. Let ve : C — C
be the desingularization of C' (which can be constructed as the normalization of the

curve) and i¢ : C' — S the inclusion morphism. Let oo = i¢ o ve.

The points () in the preimage of P under v¢ are given by the maximal ideals mg of
the ring @C, p, the integral closure of O¢ p in its field of fractions. Given Q € v;'(P),

we have Og , = ((5qp)mQ and the map uﬁQ :Ocp — Opg = (Oc.p)my (cf. [Har77],

mQ

p. 72) is the inclusion map.
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Moreover, if f is a local equation for C' at P, then we have Ocp = Ogp/(f),
hence i, , : Ogp — Og.p/(f) = Oc.p. Therefore we have that gpﬁQ = Vgc 0 il p is
the composition of a quotient map and an inclusion map.

Taking completions we have that @ﬁyQ is given by the following composition

~

i . . .
Osp = Osp/(f) = Ocp =5 (Ocp)n, = Oc o

where the isomorphism Og p/(f) 2 O¢, p holds because Ogp/(f) = O¢.p and taking
completions is exact (cf. [AM69], Proposition 10.12).
The next result relates branches of a curve at a point P to the preimage of P in

the normalization of the curve.

Theorem 2.69. The rule ) — ker(gbﬁ’Q) gives a bijection between points () in the

preimage of P by the normalization map ve : C — C, and the branches of C at P.

Proof. The points ) in the preimage of P by the normalization map are in corre-
spondence with the maximal ideals m¢q of O, p.
From [CKPU13], Proposition 1.12, the maximal ideals of O¢ p are in correspon-

dence with the minimal prime ideals of (’A)Q p, given by

o
~ 12 ~
mq —> ker((’)qp i;g (OCJD)%Q)‘

Since the minimal prime ideals of O p are in bijection with the branches of C' at
P (by B — (Eﬁ ») ' (PB) for a minimal prime ideal 3), we obtain that the branches of

C at P are in bijection with the maximal ideals m¢ of @07 p, which are in bijection
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with the preimages ) of P by . Finally, observe that

(%,P)il (ker(ﬁﬁQ)) = ker(gﬁéQ) :

2.4 Stalks

In this section, we give some useful remarks and definitions about stalks of sheaves
and morphisms induced on stalks, which we will use in other parts of this thesis,
especially in Section 3.5.

Let X be a scheme. Given an Ox-module F and a point P € X, we recall from

[Har77], p. 62, that the stalk Fp is defined as

Fp = lig F(U),
PeU

where the limit is taken over the open neighborhoods of P, using the restriction maps
between the various F(U) (when we have inclusions of open sets). In particular, for

any open neighborhood U of P we have a map

s +— sp=(s,U)

(see notation in [Har77], p. 62.) The special case U = X (which is always a neigh-
borhood of P) gives the map H°(X,F) — Fp.
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Proposition 2.70. Let X be an integral scheme, and let F be a locally free Ox-
module. Let U C X be a non-empty open set. Then for all non-empty open sets

V C U, the restriction map F(U) — F(V) is injective.

Proof. Suppose that there exists V' C U with F(U) — F(V) not injective. Then
there is a section s € F(U) different from zero such that s,y = 0. Let U;Spec(A;) be
an affine cover of U such that for all 7, we have that Figpec(4,) is free. Since s # 0,
there is j such that sigpec(a,) # 0 (by the sheaf axioms). Let n € X be the generic
point (X integral). Then n € U N Spec(A;) NV. Since n € V, and s;y = 0, we have
sy = (8v)y = 0.

On the other hand, A; is an integral domain (since X is integral) and we have

Flspec(a;) = (A%)~. As n € Spec(A;) we have F(Spec(A;)) = A% and
Fy = (Flspec(ag)n = Aj @4, Quot(A;).

Both isomorphisms are compatible in the sense that the diagram

F(Spec(4;)) — F

gl lg

AT —— A7 @ Quot(4;)

J

commutes, where the top map takes a section t to t,, and the bottom map takes v to
v®1. Since A; is an integral domain, we have that the bottom map is injective, hence
F(Spec(4;)) — F, is injective. As s|spec(a;) 7 0 we obtain s, = (S|spec(a;))n 7 0,

which contradicts the fact that s, = 0. O

Corollary 2.71. Suppose that X is an integral scheme and that F is locally free. If

U is a neighborhood of P in X, then the map F(U) — Fp is injective.
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Proof. 1t F(U) — Fp is not injective, then there exists a section s # 0 in F(U) with
sp = 0. So there is a neighborhood V' C U of P such that sy = 0. This contradicts

Proposition 2.70. O

Remark 2.72. Given a morphism of Ox-modules u : 7 — G and given any inclusion

of open sets U C V of X, we have a commutative diagram using the restriction maps

FV) —— G(V)

l

FU) —— G(U).

For a point P € V| we vary U over the neighborhoods of P. Taking direct limits we

get a commutative diagram

H°(V,F) —— H°V,G)

! |

Fp B— gp

where the lower morphism is the map up : Fp — Gp induced on stalks by u.

Let f:Y — X be a morphism of schemes. Let () € Y be a point of Y and let
P = f(Q) € X. Recall that by definition of morphism of schemes (see [Har77], p.
72-73) we have an induced ring homomorphism fg : Ox,p — Oy (given by taking
direct limits on Oy (V) — Ox(f~*(V))), and moreover fg is local in the sense that
( fg )"'mx.p = myg. In particular, using the morphism f we have that Oy is an
Ox p-algebra.

We can adapt the construction of fg given in [Har77] p. 72-73 for the case of
sheaves of Ox-modules.

Let F be an Ox-module, then f*F is an Oy-module and one has the canonical
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morphism

ph o F— ff*F

(See Subsection 3.2.1 for a study of the pair (f*,p%).) Consider the Ox p-module

map on stalks induced by the canonical morphism p;

prp i Fp— (ffF)p.

As V varies over neighborhoods of P = f(Q), we have that f~'(V) varies over

neighborhoods of @), so for any Oy-module G we have a natural map

fgo,Q : (f*g>P — QQ

defined as follows

foq: (fG)p=lim £.G(V) = lim G(f~1(V)) — lim G(U) = Gq.

pPeVv pPeVv QeU

Notation 2.73. Denote by
fEo:Fp— (f*Fg

the homomorphism of Ox p-modules obtained from the composition f7. x5 o pé p

Remark 2.74. In the particular case that F = Oy, we have fg : Oxp — Oyg is

equal to the map f§_,: Oxp — (f*Ox)q = Oy, because f*Ox = Oy.
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Proposition 2.75. Let f : Y — X be a morphism of schemes, and let e : F — G be

a homomorphism of Ox-modules. Moreover, let Q € Y and put P = f(Q). Then the

following diagram is commutative:

#
I7q

Fp —= (f*"Fq

fPl l(f*é)Q

Gp — (f*G)q
Fao

Proof. We have fﬁQ = ffrgo pr’P and féfQ = ffgg© pé’P. We have the following

commutative diagram (cf. Subsection 3.2.1)

f
F 2 f.pF

| e

g — f.f7G.
o§

Evaluating at an open set U containing P we have

FU) s (L fF)U) —— (FPU) — (PR
€ lf*f*f lf*G lf*e
G(U) — (LSOU) = (FOUU) — (FGV)

where V' is any neighborhood of @ satisfying V' C f~}(U). Taking direct limits on
U in the neighborhoods of P and V' C f~}(U) in the neighborhoods of Q we obtain
Diagram (2.75). O
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2.5 Smooth projective varieties

In this section, we will show that a projective scheme X /k defined over an algebraically
closed field k is smooth at a point P if and only if the rank of the Jacobian matrix
of the homogeneous equations defining X is not zero when “evaluated” at P. This
result will be used in several proofs of Chapters 4, 5 and 6.

Given polynomials Fi,..., F. € klxg,...,z,]| of total degrees dy,...,d, > 1 re-

spectively, we define their Jacobian matriz as

oF;
JFl ..... Fr = [8$]:| ISlSr .

0<j<n

In the particular case when the F; are homogeneous, the non-zero entries of the i-th

row of Jp, . p. are homogeneous polynomials of degree d; — 1.

.....

Lemma 2.76. Let Fy,...F, € k[zo,...x,| be homogeneous polynomials of degrees
di,...,d, > 1, respectively. Let P, = (ag,...,a,), Py = (by,...,b,) € k"T\{0} be

such that Py = cPy for some ¢ € k*. Then the matrices Jp, g (P1) and Jp

-----

(obtained by evaluating the entries of Jp,

.....

same rank.

Proof. Since P, = ¢P; and since each F; is homogeneous of degree d; > 1, we get

that the i-th row of Jp £, (P1) multiplied by

777777777

c%i=1 =£ 0, and therefore these matrices have the same rank. m

From this lemma we obtain that given homogeneous polynomials Fj,...F,. €
k[xo,...xy,], the rank of Jp, g at a point P € P}(k) is a well-defined integer, which

can be computed as the rank of Jg, Fr(ﬁ’) for any affine representative P € k™! of
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P. Denote this number by
rkJFl,...Fr(P)-

Note that the following proposition is given in [Liu02], Ex. 4.2.10. I was unable

to find a proof in the literature.

Proposition 2.77. Let Fy,..., F. € klzg,...,x,| be non-zero homogeneous polyno-
mials. Let X C P} be the projective scheme defined by the polynomials F;. Let P € X
be a closed point and let d be the dimension of X at P (i.e. the Krull dimension of

the local ring Ox p). The following are equivalent:
(1) X is smooth at P (i.e. the ring Ox p is a regular local ring).
(ZZ) rkJFl,...FT(P) =n-—d.

Proof. Property (i) is invariant under invertible linear changes of coordinates in P}
because it is preserved under isomorphism. Now, if A : k"*t — E"*1 is an invertible
linear map (up to scalar it corresponds to a linear invertible change of variables in
P") then we have by the chain rule (with P € k"' an affine representative of P, and

Q € k™' such that P = A(Q))

Trroa,..oa(Q) = Jry .. 1 (AQ)) ag,..4,(Q) = Jr....1, (AQ))[A]

where [A] is the matrix of A and Ay, ..., A,, the composition of A with the coordinate
projections k"™ — k. Since A is invertible, we get that invertible linear changes of
variables do not affect the rank condition from item (ii). Therefore (ii) is invariant

under invertible linear changes of coordinates in k™.
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Therefore we can assume that P =[1:0:...:0]. We fix the affine representative
P =(1,0,...,0) € k™" of P.

Let f; € k[z1,..., 2] be the polynomial obtained by setting o = 1 in F; (the
dehomogenization of F; with respect to zp). Let Uy = {xo # 0} C P} so that
Up = Spec(k[xy,...,x,]), and observe that under this last isomorphism the point P
corresponds to the maximal ideal m = (xq, xs, ..., 2,) in k[z1, ..., x,], or equivalently,
to the point P’ = (0,...,0) in A". Let U = X N U, which is an open neighborhood
of P in X, which satisfies U = Spec(k[z1,...,x.])/(f1,- .-, fr).

Note that

OX,P = OU,P = (k[xlv ce vmn]/(fla R fr))m

where m is the image of the maximal ideal m in k[xy, ..., z,]/(f1,..., fr). By [Mat80]

p. 213-214, we know that the local ring (k[z1,...,z,]/(f1,..., fr)),, is regular if and

.....

with respect to x1,...,x,.

.....

So we only need to show that rkJp . (P) = rkJy

,,,,,

FT‘('P) = rkal ----- fr(ﬁ)/)

equivalent to rkJg,

Thus, we can assume that P = [1:0:...: 0] € X and that the affine chart is
Up = {[zo:...: 2, € P": 29 # 0}. Since P € X we must have F;(1,0,...,0) =0
for each 1 < j < r, thus the polynomials F; do not have monomials of the form
ozl with a € k (otherwise we would get a = 0 by evaluating at P = (1,0,...,0)).
Hence all the partial derivatives dF};/dxo vanish at P = (1,0,...,0) since all the

monomials of F} are divisible by some of x1,...,z,. Thus the first column of the

r (P) after

...........
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deleting the first column is equal to the matrix J;, s (P') (because P = (1,0,...,0)

.....

and P’ = (0,...,0)). We thus obtain that the ranks are the same. O

2.6 Complete intersection schemes

The purpose of this section is to give a result about complete intersection schemes

that will be used several times in Chapters 4, 5 and 6.

Definition 2.78. A closed subscheme Y of P} is called a complete intersection if the
homogeneous ideal [ of Y in S = k[zo, ..., x,] can be generated by r = codim(Y, P})

elements.

Proposition 2.79. Let X C P" be a smooth complete intersection scheme of dimen-
sion r > 1 defined by Fi...F,_. homogeneous equations of degree dy,...,d.. Then

X s irreducible and its canonical sheaf is Ox (> i d; —n —1).

Proof. Since X is smooth, we have that it is normal. By [Har77], Ex.IL.8.4(c) we
obtain that X is connected. Since X is smooth and connected we obtain that it is
irreducible. Then by [Har77], Ex.I1.8.4(e) we have that the canonical sheaf of X is
Ox(>idi—n—1). O

Proposition 2.80. Let C' C P" be a smooth complete intersection curve defined by

Fi ... F,_1 homogeneous equations of degree dy,...,d,_1. Then

deg(C) = Hdi;

=1

g(C) = %deg(C) (Z di—n— 1) + 1.

=1
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Proof. Let ¢ : C — P" be the inclusion morphism. Then we get degqi*Opn(1) =
deg(C) by Remark 2.45. From Proposition 2.79 we have that the canonical sheaf
of Cis i*Opn (3217 d; — n — 1). By [Har77], Example 1V.1.3.3, the degree of the

canonical sheaf of C' is 2¢(C') — 2, so we obtain

n—1

29(C) = 2= (> _di —n—1)deg(C).
i=1
Finally, by [EH00], Theorem II1-71 we have deg(C) = ]/, d;, hence proving the

proposition. O

Lemma 2.81. Let k be a field of characteristic zero. For n > 1 the polynomials

cox™ + Y + co € klx,y] with cy,c1,co € k™ are irreducible.

Proof. The curve C in P? defined by cox§ + 127 + cozy = 0 is a complete intersec-
tion. Moreover its matrix Jz(P) (cf. Section 2.5) at a point [ag : a1 : as] € P? is
(conag_l cinal ™! CQnag_l), which is not zero. Hence C' is irreducible by Proposi-
tion 2.79, therefore coxf + 127 + cox} is irreducible. Dehomogenizing we obtain that

cox™ £ c1y™ + ¢ is irreducible. O

2.7 Ramification

Let k be an algebraically closed field of characteristic 0. Let 7 : ¥ — X be a
proper dominant morphism of normal integral varieties over k and assume that
dim(Y') = dim(X). Identify the function field k(X ) with the subfield 7*k(X) of k(Y").
Since Y and X have the same dimension (which equals the transcendence degree of
their function fields over k), we obtain that [k(Y") : k(X)] is a finite field extension.

Then deg(m) := [k(Y) : k(X)] is defined (and is finite).
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Let C be a prime divisor of X and 7¢ the generic point of C. Then Ox ¢ = Ox
is a discrete valuation of k(Y). Let Ox.c be the integral closure of Ox ¢ in k(Y).
The non-zero prime ideals of @X,C are maximal and correspond to the curves D in
Y dominating C. Indeed, if D is a prime divisor of Y with (D) = C, then we
have Oy, p N k(X) = Ox,, and hence Oyp 2D @X,C. Thus myp N @X’C =: My,p
is a maximal ideal of @X,C- It follows from the valuative criterion of properness
[Har77], Theorem I1.4.7 (together with the Approximation Theorem, see [BouT72]

IV.7.1 Proposition 1) that the map D — 1y p is bijective.

Definition 2.82. Let C be a prime divisor of X, and let D be a prime divisor of Y
such that (D) = C. The ramification index of D over C' is the number ep () that
satisfies

eD/c(W)
mx.cOyy, =My

with mx ¢ the maximal ideal of Ox ¢ and my p the maximal ideal of Oy p.

The residue degree of D in the extension k(Y')/k(X) is

fpjo(m) = [Oyvp/mpy, : Ox.c/mon:]-

Note that fp,c(m) = [k(D) : k(C)] = deg(mp) because k(C) = Ox c/mey, and
similarly for k(D).

Let my,p be generated by an element ¢ € Oy, and let mx c be generated by
an element s € Ox . By definition of ep,c(7), we have that ep,c(m) = vpjex)(s).

Then for an element 7 = s’ € Ox ¢, (with r ¢ O% ) we have vo(r) = a and

vpikx) (1) = Upjeex) (") = avpieix)(s) = va(r)epc(r),
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hence vp|p(x)x = epjc(m)ve as valuations on k(X)*.

Definition 2.83. If 7(D) = C is a curve, then we say that 7 is unramified at D if
ep/o(m) = 1. We say that 7 is ramified at D and D is a ramification divisor of 7 if
ep/c(m) > 1. We say that m is totally ramified at D if fp,c(m) = 1 and there is no

other curve D’ such that =(D’) = C.

Remark 2.84. Note that it follows from Proposition 2.86 below that 7 is totally

ramified at D if and only if ep,c(7) = [k(Y) : k(X)] = deg(n).

Proposition 2.85. Let 7 : V — U be a finite surjective morphism of smooth surfaces
over k. Let Q € V and put P = 7(Q). If C is a curve passing through P, then there

exists a curve D passing through @ such that w(D) = C.

Proof. By [Har77] Ex.I11.9.3(a), we know that 7 is flat. By definition of a flat mor-
phism, we have that WZ‘; : Oyp — Oyg is flat. From Exercise 11 in Chapter 5 of
[AMG69], we get that Tg has the going down property. Consider the ideal o of C
in Opy,p. By the going down property, since 7#~(my.q) = myp and myp C Be,
then there is a prime ideal Q C my, in Oy such that Wg_l(ﬂ) = Pc. Since
(0) C Be C myp, we have (0) C Q C my,, hence there is a curve D passing
through @ and having ideal Q. Since ﬂgfl(il) = P we have that the generic point
of D is mapped to the generic point of C, thus 7(D) = C because 7 is finite, hence
closed, by [Har77], Ex.I1.3.5(c). O

Proposition 2.86. Let 7 : Y — X be a proper dominant morphism of normal

varieties, and let C C X be a prime diwisor in X. Let Dq,...,D, € Y be all the



2.7. RAMIFICATION 58

prime divisors in' Y such that 7(D;) = C. Then

deg(m) = Z ep,/cfo/c-

Proof. From the discussion at the beginning of this section, we know that since =
is a proper and dominant morphism of normal varieties, the curves Dy,..., D, are
in bijection with the maximal ideals of Ox,.. Now the result follows from [Ser79)

Chap.I, §4 Proposition 10, applied to the ring extension Ox ¢ C éX,nc' O

Lemma 2.87. Let f : Y — X be a dominant generically finite morphism of varieties
over k and suppose that char(k) = 0. Let n = deg(f). Then there is a non-empty

open set U C X such that we have #f~1(P) = n, for every closed point P € X.

Proof. Let V C X be an open set such that V' is smooth and fj;-1y): (V) =V
is finite. (This is possible by [Har77], Cor.I1.8.16 and [Har77] Ex.I1.3.7.) Note that
k(Y)/k(X) is a separable field extension because char(k) = 0, and note also that V'
is normal. So we can use Theorem 2.29 in [Shal3] to get a non-empty U C V which

satisfies the conditions. O

Proposition 2.88. Let 7 : Y — X be a proper dominant generically finite morphism
of surface over k. Let D be an irreducible curve on'Y and let C' = w(D) be a curve
on X. Suppose that on a nonempty open set U C C' we have that for any closed point

in U the preimage m=1(P) has only one element. Then 7 is totally ramified at C'.

Proof. We know that D lies in the preimage of C' by 7, because C' = 7(D). Note that
both D and C' are irreducible. Since each closed point of U has only one preimage by

7, we obtain that D is the only preimage of C. Indeed, if D’ # D is another curve
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mapping onto C, then DN D' is finite, so U\m(DND’) # () and each P € U\w(DND’)
would have at least two distinct pre-images.

From Lemma 2.87 we obtain that deg(mp) = 1. Moreover [k(D) : k(C)] = 1
because deg(mp) = 1. From this we get fp,c(m) = 1. From Proposition 2.86, we

have deg(m) = ep/c(m) fp/c(m) = epjc(n), thus 7 is totally ramified at D. O

Proposition 2.89. Let m : Y — X be a proper dominant morphism of normal
surfaces over k. Let U be an open set of X such that for V.= n'U we have that my
is finite and #7~1(P) = deg(rw) for each P in U. Then 7 is unramified at any curve

whose image intersects U.

Proof. Let C' be a curve which intersects U and let P € U N C be a point on C.
Let Dq,..., D, be all the curves on Y such that 7(D;) = C. By definition, we have
fp,jc(m) = [k(D;) : k(C)], which is also the number of preimages of P contained
in D;, for general P € U N C (cf. Lemma 2.87 applied to mp,). Note that each
preimage of P is at least in one of these curves, by Proposition 2.85 applied to the
open set U C X, V = n~"(U). Hence we obtain -, fp,/c(7) > #7~'(P) = deg().
From Proposition 2.86 we have deg(m) = >/, ep,/c(7)fp,jc(m) which can only hold

if ep,/c(m) = 1 for all D;. Therefore 7 is unramified at each D;. O

2.8 Diagonal quotient surfaces

In this section, we give some properties of a special case of the diagonal quotient
surfaces defined in [KS97]. The surface parametrizing cuboids (see Equation 2.2) is

a concrete example of these surfaces.

Definition 2.90. Let X be a variety and G < Aut(X). A quotient of X by the
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action of G is a pair (Y, 7) with Y a variety and 7 : X — Y a morphism satisfying

the following conditions.
(i) Forallg e G, mog =.

(ii) If 7+ X — Y” satisfies (i), then there exists a unique morphism ¢ : Y — Y’

such that 7’ = ¢ o 7.
Notation 2.91. If Y exists, then we denote it by G\ X.

Remark 2.92. A quotient G\ X exists when X is a quasi-projective variety and G
is a finite group (see [Ser56], §3 and [Gro71] V.1). It is unique up to isomorphism by

conditions (i) and (ii), and the morphism 7 is finite.

Let C' be a amooth projective curve, let G < Aut(C') be a subgroup of order
m = |G|, and let 7 : C'— G\C be the quotient map.

Let Y := C x C be the product surface, let Zg := Ag\Y where

Ac={(9,9):9€ G} <GxG

is the diagonal subgroup. We call Zs a diagonal quotient surface. Note that Zg is
normal since C' x C' is normal (cf. [MF82], p. 5).

Let ¢ : Y — Z; be the quotient map. Note that

Txm:CxC—G\CxG\C=Y

is the quotient map associated to (G x G)\(C x C'). From the universal property of ¢

we can define ¢ : Zg — Y := G\C x G\C as the unique map such that 7 x 7 = 1o ¢.
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Put ; := pr}? o for i = 1,2, with prf .Y — G\C the i-th projection map.

For y = (z1,22) € Y, put

G, = {9€G: gz, =}
Gy, = G NGy,

Sy = {yeY: |Gy >1}
Sze = ¢(Sy).

Proposition 2.93. The set of singularities of Zq 1s exactly Sz, and each singularity
s is a cyclic quotient singularity of type A q) (as defined in [BPV84], p. 82), with

n = |G| and 1 < g < n satisfying ged(n,q) = 1.

Proof. See [KS97], Theorem 2.3 (a). Note that ¢ can be explicitly computed, but we

will only need the fact that 1 < ¢ <n (¢ € Z). O

Proposition 2.94. Let x € C and z = n(z) € G\C. Then

O:Y:,i = w;(j)red = ¢((p1"37)_1(ii’))

with i = 1,2 is a smooth irreducible curve on Zg. Moreover, Cz; = G,\C for

r€n Hz) and i = 1,2. In particular, Cz; = C if |G| = 1.

Proof. See [KS97], Proposition 2.1 (b). O

2.9 Varieties over function fields

In this section we discuss the relation between morphisms from curves to projective

varieties, and solutions to homogeneous equations with coordinates in the function
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field of a curve.

Let C/k be a smooth projective curve defined over an algebraically closed field k
of characteristic 0, and let K = k(C') be its function field.

Let n be a positive integer. Given any non-zero h = (hy, ..., h,) € K"™\{0} we

have a rational map

U,cn:C-—>P, P [ho(P):...: hy(P)].

Lemma 2.95. For each h € K"*1\{0}, the rational map ¥, cpn : C — P" defines a
morphism. Moreover, for any h,g € K"\{0} we have V,,cn = U, ¢ if and only

if there is uw € K* with h = ug.

Proof. The map V¥, ¢ is defined (at least) on the non-empty open set U, C C' where
none of the h; has a pole, and not all the h; are zero simultaneously. Hence, ¥,, ¢, is
defined at the generic point of C' (which is contained in every non-empty open set of
C because C' is irreducible). Let P € C be a closed point. Since C' is a smooth curve
we see that O¢ p is a regular local ring of dimension 1, hence a discrete valuation
ring. Note that P} is proper because it is projective. Therefore, using Theorem I11.4.7
in [Har77] as in the proof of Lemma V.5.1 in [Har77], we get that ¥, ¢, is defined at
P. This proves that ¥, ¢, is defined everywhere on (', hence it is a morphism.

For the second part, suppose first that there is u € K* with h = ug. Then ¥,, ¢,
and ¥, ¢ agree at least on the non-empty open set U = Uy, N Ug N U,, where U, is
the open set where u does not have poles or zeros, because for P € U we have that

u(P) € k*, hence

[o(P) <o b (P)] = [u(P)go(P) : ... : u(P)gn(P)] = [90(P) : - .. - gn(P)].
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Since C'is irreducible and ¥,, ¢, and ¥,, ¢ ¢ agree on a non-empty open set of C, they
are equal by [Har77]|, Lemma 1.4.1.
Conversely, suppose that ¥,, oy, and ¥, ¢, are equal. Then at every closed point

P ¢ U, N Ug we have

(ho(P)> SR hn(P)) = ()\PQO(P)? ) )\Pgn(P))

(in k"*1) for some A\p € k*. Let j be an index for which h; # 0 (and hence g; # 0).
Then the rational function v = g;/h; € K* satisfies what we want, because u(P) = Ap
at every closed point P € Uy N Uy, thus h;(P) = u(P)g;(P) on Uy N Ug, and since C

is integral we get by [Har77], Remark 1.3.1.1 that h; = ug; on C for all 7. O
Lemma 2.96. If f : C' — P" is a morphism, then f = ¥, ¢y, for someh € K"\ {0}.

Proof. Let 0 < i <n be such that f(C') is not contained in {x; = 0}. To simplify the
notation we can assume ¢ = 0. Then f restricts to a rational function f': C --» A™.
Let hq,...,h, € k(C) be the rational functions obtained by composing f" with the
coordinate projections of A". Let hy = 1, then ¥,, 1, agrees with f on the domain of

f’, which is a non-empty open subset of C'. Since ¥,, ¢y, is a morphism, we have that

f =V, cn by [Har77], Remark 1.3.1.1. O

Proposition 2.97. Let C/k be a smooth projective curve defined over k, and let
K = Ek(C) be its function field. Let X C P} be a projective variety defined over k by
homogeneous polynomials Fy, ..., F. € k[zo,...,x,]. The rule h — ¥, ¢y, induces a

bijection ‘ilmc between the following sets:
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o (n+1)-tuples h = (hg,...,h,) € K"\ {(0,...,0)} (up to simultaneous multi-

plication by an element of K*), such that

Fl(h(),...,hn) = O

Fi(ho, ... hy) = 0.

e Morphisms f : C' — X.

Moreover, under this bijection, (n + 1)-tuples that are of the form (Au, ..., \yu) with

u € K* and \; € k (constants) correspond to constant morphisms f : C — X.

Proof. If r =0, then X = P", thus Lemma 2.95 shows that this rule is injective, and
by Lemma 2.96 it is surjective.

If h = (hg,...,h,) € K" is a solution of the system of equations defining X, then
for every P in an open set of C' we have that the point [hi(P) : ... : h,(P)] is in X,
therefore W,, ¢, has image in X, and since C' and X are reduced, it induces a unique
morphism from C' to X by Exercise 11.3.11(d) in [Har77].

Conversely, if f = U, o x : C'— X, then for every P in an open set (away from the
poles of the h; and the common zeroes of the h;) of C' we have that ho(P), ..., h,(P)
is a solution of the system of equations defining X. Therefore hy, ..., h, is a solution
of 1, =0,...,F, =0.

The final part about constant morphisms is clear. O
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2.10 Tangent spaces

Let X be a variety over an algebraically closed field k and let P € X be a closed
point. The tangent space of X at P is defined as (cf. [Har77] Ex.I1.2.8)

TpX = Homk(mx7p/m§(7p,k’>.

Recall that mx p/m% p is a k-vector space and that moreover TpX = (Q ), p ® k)"

(take duals in [Har77] Proposition 11.8.7). Therefore Theorem I1.8.8 in [Har77] gives:

Proposition 2.98. The k-vector space TpX has dimension dim X if and only if P

s a smooth point of X.

Morphisms of varieties induce maps in tangent spaces in a covariant way, as fol-
lows: Let f : X — Y be a morphism of varieties and let @ = f(P) € Y. Since
f is a morphism, we get a map fg : My, — mx,p on the maximal ideals by re-
stricting to the maximal ideals the induced map fg : Oy g — Ox p. Concretely, if
¢ € my,g C Oy, is aregular function near () which vanishes at @), then fg (¢) = pof
is a regular function near P which vanishes at P. Thus fg (¢) is an element of mx p.
Taking the quotient by the squares of these ideals we get an induced map of k-vector

spaces

f& s my.g/my o = mx,p/mk p

and taking duals as k-vector spaces, we obtain the differential map of f or the induced
map in tangent spaces

Tp[f] : TPX — TQY

Note that Tp[f] is usually denoted by df, but in this context this can lead to confusions
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so we denote it differently. Given ¢t € TpX, the element Tp[f](t) € TpY is to
fg . In other words, Tp[f](t) is the linear functional that takes ¢ mod ms., to
t(¢o f mod m¥% p). The following property follows from the definition and from the

properties of fg .

Proposition 2.99. Given f : X - Y andg:Y — Z, let Pe X, Q = f(P) €Y
and R = g(Q) € Z. Then Tp[go f] = Tplg] o Tr(f] as k-linear maps TpX — TrZ.

It is trivial to see that Tp[Idx] = Idr, x. From this we have the following

Proposition 2.100. If f : X — Y is an isomorphism of varieties, then we have that

Tplf]: TpX — ToY is an isomorphism of k-vector spaces.

Proposition 2.101. Suppose that f : X — Y s the inclusion of X in'Y as a
subvariety, so that Q@ = P € X C Y in this case. Then Tp[f] : TpX — TpY is

mjective.

Proof. The inclusion of the closed subvariety 7 : ¥ — X corresponds to a closed
immersion with the structure of reduced scheme (cf. [Har77], Examples 11.3.2.5 and
11.3.2.6) hence it induces a surjective sheaf morphism f# : Ox — f.Oy. Given
P €Y C X we then obtain a surjective induced map of local rings f;f :Oxp— Oyp
hence it induces a surjection of the corresponding maximal ideals. Thus the induced

map mx. p/ mg( p — My.p/ m% p 1s surjective, and hence its dual is injective. ]

Proposition 2.102. Suppose that f : X — Y is a constant map, that is, f(X) = {Q}

is a point. Then the map Tp[f] : TpX — ToY is the zero map of vector spaces.

Proof. Note that f factors over To f(X) = {0}. O
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Recall from [Har77| p. 357, that if X is a smooth surface and P € X, we say that
two curves C, D in X meet transversally at P if the local equation f,g € Ox p of
C, D generate the ideal my p. In this case Ocp = Ox p(f) and Opp = Ox.p/(9),
and the inclusions i, j of C', D in X induce the corresponding quotient maps on local
rings. We say that C, D meet transversally if they meet transversally at every point
PeCnD.

By [Har77], if C, D meet transversally then (C.D) = #C N D.

Lemma 2.103. We have that C, D meet transversally at a point P € C' N D if and

only if TpX = Tp[i)(TpC) & T,[j|(TpD).

Proof. The direct implication is proved in [Shal3] Theorem 2.4, and the converse
follows from Exercise 2 in [Shal3] p. 111. We remark that in [Shal3], the condition
on tangent spaces is taken as definition of transverse intersection and they prove the
equivalence with the condition on local equations (which is what [Har77] takes as

definition). O

2.11 Intersection with a contracted curve

When working with desingularizations, we will need to compute the intersection num-
bers of a strict transform and exceptional divisors. This will be useful in Chapter 6.
For this purpose, the next result will be helpful. I thank Cesar Lozano Huerta for

giving me the idea of the proof.

Proposition 2.104. Let f : S — S’ be a birational morphism of projective surfaces,
and suppose that S is smooth and irreducible, and S’ is normal. Let D C S be an
irreducible curve on S such that C = f(D) is a curve on S'. Let P € C be a point

such that
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(i) Ep = f~1(P) is a smooth irreducible curve, and
(i1) P is smooth on C.
Then Ep and D meet transversely at a unique single point, and hence (D.Ep) = 1.

Proof. Since S" and S are projective, we get that the morphism f is proper. We have
1 = deg(f) = epyc(f)fpsc(f), by Proposition 2.86. From this we get fp,c(f) =1,
thus fp := fip : D — C'is birational. Since C' is smooth at P, there exists an open
neighbourhood Up C C' of P such that Up is normal, and then f|;—1,, : ot (Up) —

Up is an isomorphism (cf. the proof of [Har77], Proposition 1.6.7). Thus, since
EpnD=f"(P)NnD = f;'(P),

we see that Ep N D = {Q} is a single point.

Write F := Ep. From the previous paragraph it follows that £ and D meet only
at one point.

We only need to show that the intersection of £ and D at () is transverse.

Note that D, E/, S are all smooth at () so the tangent spaces at () have dimensions

1,1, 2 respectively. By Lemma 2.103, it is enough to show that
ToS = To[il(To D) @ Toli)(To E)

where ¢ : D — S and j : Ep — S are the inclusions. (Note that by Proposition
2.101 each summand is isomorphic to ToD,ToE respectively.) Since we know the

dimensions (namely, 2, 1, 1 respectively) of these spaces, if the intersection is not
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transverse, then the previous direct sum fails and the only thing that can happen is

Tolil(Te D) = To[j)(To E)

inside Ty S. We will show that actually these two subspaces are different, which will
conclude the proof.
Since F is contracted to a point P, the map fj : E — S’ is constant and we get

that T[fj] is the zero map. Hence

TolfI(To(TQE)) = Tolfil(To E) = {0}

On the other hand, fo¢ : D — (C is an isomorphism near ) and we get that

Tolfi] : ToD — TpC' is an isomorphism, in particular surjective. Thus

To[f(Telil(TeD)) = Tolfil(TgD) = ToC # {0},

where the inequality holds because C' is smooth at P, hence the space TpC' has
dimension dim C' = 1. Therefore the vector spaces Tg[i](ToD) and Ty[j|(ToFE) are

different 1-dimensional subspaces of TS because they have different images under

Tolf]- 0
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Chapter 3

Explanation of the technique

The purpose of this chapter is to present a general method from Vojta’s work [Voj00]
and to provide complete proofs for some of his claims. We do this in an algebraic
setting, in a level of generality that will be convenient for improvements and concrete

new applications in later chapters of this thesis.

3.1 Sketch of Vojta’s method

In 1977, F. Bogomolov [Bogl0] (see [Des79]) proved that on a surface of general type,
which satisfies the inequality ¢? > ¢, of Chern numbers, there are only finitely many
curves of genus 0 or 1.

In 2000, P. Vojta [Voj00] was able to determine the complete list of curves of genus
zero and one for Biichi’s surfaces B,, C P" for n > 8. We recall from Subsection 2.1.2

that the surface B,, is defined by the following equations

2 _ .2 2 2

2 2
-2 2'7:71—1 + Z,
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These surfaces are smooth, and are of general type for n > 6. Moreover, for n > 10

they satisfy ¢2 > ¢y (cf. [Voj00], p. 264). What he proves is the following:

Theorem 3.1. Let n > 8. The only curves of genus 0 or 1 on B, are the 2" curves

giwen by the equations
try =dx9 — 29 = -+ = x1,, — (N — 1)20.

The strategy used by Vojta is related to that of Bogomolov in that both study
symmetric powers S"Q% e of the canonical sheaf of a surface X. But whereas Bogo-
molov studies curves on the 3-fold P(Q2} ) = Proj(@r>0 ), Vojta studies curves
directly on X. This has the advantage of leading to more effective results. We give a
brief sketch of his strategy.

He works with the notion of an w-integral curve which is defined as follows.

Definition 3.2. Let X be a smooth variety over a field of characteristic zero, let £
be an invertible sheaf on X and let w € H*(X, L ® S"Q% ), where r is an integer. An
irreducible curve C' on X is said to be w-integral if the image of the section ¢jw in

H(C, oL ® STQL) is zero, where ¢ C' — X is the normalization of C' C X.

By choosing a particularly convenient w € HY(X, L @ S™QL), Vojta is able to
compute the complete list of w-integral curves in X by using local information (cf.
Section 3.7). Roughly speaking, he translates the condition of w-integrality into
solutions of differential equations. Then he finds some solutions for the equations
and uses a local analysis to show that there are no other solutions. Then he shows,
using global cohomological arguments, that every curve of genus 0 or 1 is w-integral,

when w has been chosen suitably (cf. Section 3.3). Since the complete list of w-integral
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curves on X is known, one knows the complete list of curves of genus 0 or 1 on X.

In the particular case of the surfaces B,,, Vojta has an infinite tower of morphisms
P? =By & B3 & By & -+

He finds the complete list of w-integral curves on By = P? for a suitable section
w. By using pullbacks of w, he is able to find a suitable section w, in B, (for n
large enough) such that every curve of genus 0 or 1 is w,-integral. By calculating the
components of the pullbacks of the w-integral curves in Bs, he finds the complete list

of wy,-integral curves on B, without using local arguments on B,,.

Remark 3.3. The image of prw in H(C, pLL ® S7QL) will be denoted by ¢¢,,.  w
(cf. Section 3.2).

3.2 Functoriality and w-integral curves

Let 7 : X’ — X be a dominant morphism of surfaces. In this section, we will study
the relation between w-integral curves on X and “m*w-integral curves” on X’. This
explains the first statement in the proof of Lemma 2.9 in [Voj00].

I thank E. Kani for suggesting to me the current presentation based on functorial
properties, and for explaining to me many valuable ideas. Several intermediate results

in Subsections 3.2.1, 3.2.2 and 3.2.4 are due to Kani [Kanl4c|, [Kan14d] and [Kan15].

3.2.1 The functors f, and f*

Proposition 3.4. Let X,Y,Z be schemes, and let f : X =Y and g :Y — Z be

morphisms. The functors g, o f. : Modp,, — Modep, and (go f). : Modo, — Modp,
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are equal.

Proof. Let F be an Ox-module. By definition,

(9o [)FU)=F((go /) (V) =F(f g (U)) = fF(g~'(U)) = g f. F.

]

Remark 3.5. Let f: X — Y be a morphism of schemes. From [EGA] (01,4.3) and

(01,4.4) we obtain that if G is a Oy-module, then the covariant functor
H} : Modo, — Ab

defined by Hé(}") = Homy (G, f.F) is representable, i.e. there exists a pair (f*G, pé),
where f*G is an Ox-module and pé : G — fof"G is an Oy-homomorphism such that

for any Ox-module F, the rule v — Hé (v)(pé) = fi(v) o pé defines an isomorphism

hjg:Homy(f*G,F) — Homy(G, f.F)

u —  fu(u)o pé.
We obtain a covariant functor
f* : N[Od@y — MOd@X

by defining for v € Homy (G;, G2) the homomorphism f*v being the unique one making



3.2. FUNCTORIALITY AND w-INTEGRAL CURVES 74

the following diagram commutative:

fofeg U ¢ g,
pélT TP% (3.1)

G T> Go.

For F a Ox-module, we call pf]r : F — fof*F the canonical map.

Remark 3.6. From [EGA] (01,4.3.3), one can construct (f*G, pé) in such a way that:
if s is a section of G on an open set V of Y, then pg(s) is the section s’ ® 1 of f*G on

f7H(V), that is in f, f*G(V), with &' such that s}, = sy, for all z € f~1(V).

Lemma 3.7. Let f : X — Y be a morphism of schemes. Let H; be sheaves of abelian

groups on X. Then f*(®;H;) = B f*H,;.
Proof. See [EGA] (0,4.3.2.1). O

Lemma 3.8. Let f : X — Y be a morphism of schemes and suppose that X and 'Y

have noetherian topological spaces. Let H; be sheaves of abelian groups on X. Then

fo(@H;) = @i f Hi.

Proof. By [Har77], Ex.I1.1.11, the sheaf direct sum is equal to the presheaf direct sum

for noetherian topological spaces. Thus for any U C Y we have

(fe @ Hi)(U) = (@:H:)(fH(U)) = &:(H:)(fH(U)) = (@£ H)(U) = @i(fH:) (V).

From this point, we assume in this Thesis that all schemes are noetherian.
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Proposition 3.9. Let f : X =Y and g : Y — Z be morphisms of schemes. If H
1s an Oz-module, then we have that H%Of = HY, o f.. There is a unique isomorphism

gof;_ig 2 (go /)*H — f*g*H of Ox-modules such that the following diagram commutes:

gof

H o s (gof)go f)*H

P%l l(gOf)*wff
gegH —— (g0 [)J*(g"H).

g*pg*'H

Moreover, {cpf;f}H :(go f)* = f*g* defines an isomorphism of functors.

Proof. From Proposition 3.4, for a Ox-module F we have that
HiT(F) = Homy (M, (g © f)oF) = Homy (H, g. f. F) = Hy,(f.F) = (Hjj 0 f.)(F).

This proves the first assertion.
We know that H¥;/ is represented by ((g o f)*H, pl’). We want to prove that
Hf{of is also represented by (f*g*?-[,g*pg*ﬂ o p3,). Since for v € Homx (f*g*H, F) we

have

HE (0)(9.ph 0 %) = (90 Dal0)(gupli © %)
= g.(f0) 0 (gp}3)) © P,
= h;?—[(h},g*’}{(v))a

we obtain that Hilof (v)(g*pgw o pj,) is an isomorphism because it is a composition
of the isomorphisms hj ,, and h} .. Therefore the pair (f*g*H, g*pi;*ﬂ o pj,) also

represents HY/. By properties of representable functors (cf. [EGA] (07,1.1.8) we get
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that there is a unique isomorphism
o3 (go fy H = [rgH

which satisfies the commutativity condition.

Since (g o f)* and f*¢* are both left adjoints of (g o f)., we get that
pl9:(go ) = [y

defines an isomorphism of functors. Thus for u € Homyz(H;, Hz) we have the following

commutative diagram
f.9

® 1 * ok
(go fyHi — f*g"H,
(90f)*(u)l lg*(f*(U))
(9o ) Ho —— ["g"Ha.

P,

3.2.2 The symmetric algebra

Definition 3.10. Let (X, Ox) be a scheme. Let £ be a sheaf of Ox-modules. The
symmetric algebra of £ is a pair (Sx (&), ¢¢), where Sx (&) is a sheaf of commutative
Ox-algebras on X and ¢¢ : € — Sx(&) is a sheaf homomorphism of Oy-modules,
such that it satisfies the following universal property: For each commutative Ox-
algebra B and Ox-module homomorphisms f : & — B, there exists a unique Ox-ring

homomorphism af : Sx(€) — B such that f = af o ¢¢.

The existence and uniqueness (up to isomorphism) of the symmetric algebra come

from [EGA] (I1,1.7.4) or (1,9.4.3). Moreover, from [EGA] (II,1.7.4) we have a direct
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sum decomposition

S(E) = @2, SE.

Remark 3.11. Let u : £ — F be an Ox-module homomorphism. By applying the
universal property to the homomorphism ¢ ou : € — Sx(F), we obtain that there

is a unique Ox-ring homomorphism
Sx(u) : Sx<5> — Sx(f)

Moreover, Sx(u) is a graded homomorphism of Ox-modules.

Proposition 3.12. Let f : X — Y be a morphism of schemes. If G is a Oy -module,

then there exists a unique Ox-ring isomorphism
of : Sx(f°G) % f*5v(G)

such that

al o gpg = [¢g.

Proof. Since Sy (G) is a Oy-algebra, f*Sy(G) is an Ox-algebra by [EGA]| (01,4.3.4).
Moreover, since ¢g : G — Sy(G) is an Oy-module homomorphism, we obtain that
f*og : *G — f*Sy(G) is an Ox-module homomorphism, and so the existence of ozé
follows from the universal property of the symmetric algebra applied to f*¢g. The

homomorphism aé is an isomorphism by [EGA] (1,9.4.5). O
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Proposition 3.13. Let f : X — Z and g : Y — Z be morphisms of schemes. If H

1s an Oz-module, then the following diagram commutes

gof

Sx((go f)*H) - (9o f)*Sz(H)
Sx(eo{f)l lﬂog’zg(m (3.2)
Sx(f*g*H) T [*Sy(9*H) W [*9*Sz(H)

where cp{f 18 the isomorphism of Proposition 3.9.

Proof. By the universal property of the symmetric algebra, it suffices to show that

frady o adug 0 Sx(9hf) 0 bgoryn = 523y © A%’ © bigopya-

This is verified as follows. We have:

frag, o O‘g*H o SX(QDQQ) O PrgofyrH = frag, o 045*7_[ O (prgrp O gp{{’g

= frad o [Py ol
= [0 0 dgn) 0 0
= [ (g"n) o Y

= L9 0 (go ) (dn)

1 of
QDSZQ(H) o a3’ © Ggopy,

where the second, fourth and sixth equalities come from Proposition 3.12. The first

equality comes from Remark 3.11, and the fifth by Proposition 3.9. [

Proposition 3.14. Let u : Gi — Gy be an Oy-module homomorphism, then the
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following diagram commutes

f

Sx(fG) —2s Sy (Gy)
Sx(f*u)l lf*SY(U)
Sx(f*Gs) — Sy (G2).

ag,

Proof. Again, by the functorial property of the symmetric algebra, to verify the com-

mutativity we only need to check

F*Sy(u) o af, o g, = al, o Sx(fu)o dpg,.

We have

FSy(u)oal odpg = ['Sy(u)o f*dg,
= f*(Sy(u)odg,)
= f"(¢g, ou)
= [ (ba,) 0 [*(u)
= af, 0 pg, 0 f(u)
= af, o Sx(f*(u) 0 ¢y-g,

where the second and fifth equalities hold by Proposition 3.12, the first and last
equalities hold by Remark 3.11. [

Let f: X — Y be a morphism of schemes and let G be an Ox-module. Since
[:Sx(G) = B2 f+5%(G), we have a canonical morphism f,G — f.Sx(G) (inclusion in

degree one). Therefore we obtain a canonical Oy-homomorphism Sy (f.G) — f.Sx(G)



3.2. FUNCTORIALITY AND w-INTEGRAL CURVES 80

(by the universal property of the symmetric algebra).

Proposition 3.15. Let F be an Oy -module. The following diagram is commutative:

f
PsxF

SxF fof"SxF

SXP‘J;J Tf*af

Sx(fuf"F) —— Sy ([*F).

Proof. By the universal property of the symmetric algebra, it suffices to prove
pé}' °oQr = f*Oéf o Cﬁ*}- o Spf]_. o ¢F.
We have that

fuol och.zoSphopr = fuafochzo (8.5 pk) 0 r
= f*afoc}f*]rogbf*]_—op;
= f.al o fupproph
= falodpr)opr
= fuf oFopk

= psropk.

]

We will later work with stalks and we will need to understand symmetric algebras
of modules over rings, so let us briefly discuss some useful facts.

Let B be an A-algebra and let N be a B-module, then N is also an A-module
and we have an A-module map ¢p n : N — SN (inclusion into S !N, which is also a

B-module map). The universal property of symmetric algebras then gives a canonical
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morphism of graded A-algebras On := 04 pn : SaN — SpN which is functorial in the

sense that if f: N — N’ is a B-module map then the following diagram commutes

SAN -y §.N

SAfJ{ SBfl

SN My g N

(which is verified in degree 1 using ¢, similar to all previous verifications in this
subsection). In particular, given a morphism h : M — M’ of A-modules and a
morphism f : N — N’ of B-modules, and given an A-module map u : M — N and

an A-module map ' : M’ — N’ such that the diagram

M —5 N
o]
M Y N

commutes, then we get a commutative diagram

SAM 2ty SuN

SAhl SBfl

SuM 2y SN

where Su := 0y o Squ and Su := Oy o Sau.

Let us consider a slightly more general construction. Let B be an A-algebra,
let M be an A-module and let N be a B module, so that it is also an A-module.
Let f : M — N be an A-module morphism. Then we have an A-module map
us : M — SpN which is given by f composed with the canonical inclusion N — SgN.

In particular uy maps M to the part of degree 1 in SpN. The A-module map uy
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induces a unique map of A-algebras SyM — SpN which we denote by 04 5, and
this map respects the grading because it maps S4M = M to SEN (and SaM is
generated in degree 1). By construction, we have that the map induced by 04 5
in degree 1 gives again the map f : M = S{M — SLN = N. It is also clear that

OB, = 0OannNoSaf which was denoted before as Sf. Moreover, we have:

Lemma 3.16. Let A be a ring, B an A-algebra and C' a B-algebra (so that it is also an
A-algebra). Let M, N, P be modules over A, B,C respectively. Suppose that we have
A-module homomorphisms f: M — N, h: M — P and a B-module homomorphism

g: N — P such that h = gf. Then the following diagram commutes

O4,B,f
SaM B SgN

®ACN ﬁBcg

Proof. Since SyM is generated in degree 1 as A-algebra and the morphisms 6 are
morphisms of A-algebras, it suffices to check commutativity on elements of M = S} M
Now the result follows from the hypothesis h = gf because by the discussion before
the lemma, we know that the morphisms ¢ induce the original module maps on degree

1. [l

Given a scheme X, a point P € X and an Ox-module F, there is a canonical map
induced on stalks, constructed as follows. If A = Ox p, then we have the A-module
morphism ¢r p : Fp — (SxF)p that maps the A-module Fp to the part of degree 1
of the graded commutative A-algebra (SxF)p (that is, to (SF)p). By the universal

property of the symmetric A-algebra SyFp, we then get a morphism of A-algebras
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SaFp — (SxF)p induced by ¢ p, which we denote by sz p.

Lemma 3.17. With the previous notation, the map sy p respects the grading, is an

isomorphism, and it maps the homogeneous element t1 p---t, p to (t1---t,)p.

Proof. First we observe that the construction of sz p is the same as the construction
of the canonical isomorphism SaFp = (SxF)p in [EGA] (I1,1.7.4), which refers to
[EGA] (I1,1.7.2). Therefore, sz p is an isomorphism of graded A-algebras.

From the construction we have that sz p maps an element tp € Fp = SLFp to
tp € (SYF)p. As sy p respects multiplication, we obtain that it maps elements as

claimed. []
We will also need the following:

Proposition 3.18. Let f : X — Y be a morphism of schemes. Let Q € X and
P=f(Q) €Y. Let F be a locally free sheaf on'Y. Write B= Oxg and A = Oy p.

Then the following diagram commutes:

SF,P

SaFp (Sy F)p
Sfﬁ’Ql lfzyf@
Sp(["Flo —50— Ox["Flog ———— (["SvF)q

F,Q

where f#Q : Fp — (f*F)q is as in Notation 2.75.

Proof. The morphisms in the diagram are morphisms of graded A-algebras, and S, Fp
is generated in degree 1 as an A-algebra (see [EGA] (I1,1.7.1)), so we have to prove

that the diagram commutes in degree 1.
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First we note that given Ox-modules H; the following diagram commutes:

I&.3,
(fe @ Hi)p —— limpey(&H:)(f71U) 55 limgey (@) (V) —— (@:Hi)o
@(f*/}_[l)]D p— EB’L hmPGUH’L(f_lU) @—o> @Z thEVH’L(V) p— EB’LH’L,Q
7 HiQ

because taking stalks and f, commute with direct sums (cf. Lemma 3.8). Hence
fem.Q = ®iff, o> where ff o (fuH)p — Hq is as before Notation 2.73.
From Remark 3.6 we have that @ipfri = péi F,, hence fgi G0 = Di fgﬁ o for Oy-

modules G;. In particular, we have

b L
fovro = 1a,spr0 = O fi 7o

Then the following diagram commutes

SaFp (Sy-F)p
00 <S}4fﬁ,Q>l lffw,@
Sh(f*Flg ————— (Skf*Flg ———— ([*SLF)g
AL F.Q

because it is exactly the same as the diagram

Fp Fp

%o J Jfﬁ,Q

(f*F)a (f*Fa (f*F)a
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where the unlabeled arrows are the respective identity maps (and this diagram com-
mutes). As f;&%f@ is the component of f;‘;f,Q in degree 1, and f}fQ =fo (S}‘f]ﬁQ) is
the component of degree 1 of .S fﬁQ (as @ = 04 5, is a graded morphism), this proves

what we want. ]

3.2.3 Functoriality for tensor products

Let f : X — Y be a morphism of schemes and let 7 and G be Oy-modules. Recall

from [EGA] (01,4.3.3) that we have an isomorphism
[fF@fG— ff(Feg),

which is explicitly constructed. In this section, we give an alternative construction
for such an isomorphism, whose functorial properties are easier to understand. The
approach below using bigraded symmetric algebras was suggested to me by Hector
Pasten, and I thank him for this suggestion which simplified the exposition.

Let us consider the following variation of the notion of graded Ox-algebra.

A bigraded Ox-algebra is a commutative Ox-algebra A with a direct sum decom-
position A = @; j>0A;; where each A;; is an Ox-module, such that for all open sets
U C X this decomposition gives to A(U) the structure of a bigraded Ox (U)-algebra.
For example, if B = @&;B; and C = @,C; are graded Ox-algebras, then the algebra
B®C = ®;B; ®C, is bigraded.

In particular, given Ox-modules F,G, we have that S(F & G) = S(F) ® S(G)
(cf. [EGA] (I1,1.7.4)) hence S(F & G) = @;;S"F ® 57§ is bigraded. Moreover, this
bigraded O x-algebra comes with two canonical maps bz := ¢rggoir : F — S(F®G)

and bg := ¢rgg o ig where ix,ig are the canonical inclusions into F & G. Note that
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br is an isomorphism of F with the part of bidegree (1,0) and bg is an isomorphism
of G with the part of bidegree (0,1), because ¢rqgg identifies F & G with S*(F & G)
in S(F®G).

The universal property of the symmetric algebra (cf. Definition 3.10) gives:

Lemma 3.19. The triple (S(F @ G),bzx,bg) has the following universal property:
Given a bigraded Ox-algebra A and Ox-module morphisms {x : F — A and

lg: G — A, there is a unique morphism of Ox-algebras & : S(F & G) — A such that

lr =Eo0br and lg = £ o bg. Moreover, if {x maps F to Ajy and bg maps G to Ay

then & respects the bigrading.

Proof. From the universal property of the symmetric algebra we can take { = ay e,
then {obr = ay a0, 0 Pragoir = ({r®Lg)oir = {r and similarly for G. Uniqueness
follows because given ¢ with the same property, we have ' o prag = ({5 ® {g) which
implies &' = ay e, by the universal property of the symmetric algebra.

Suppose that ¢ maps F to Ao and {g maps G to Ag;. Then we need to show

that £ = ay g, respects the bigrading, that is, the direct sum decomposition

S(F®G)=d;5'F®5°G,

and A = @;;A;;, so we have to show that the image of S'F ® S?G is in the subsheaf
A;j of A for all ¢, 7.

We claim that this can be checked on stalks. This is because if the direct
sum decompositions are respected on stalks, then let U C X be an open set and
s € H°(U,S'F ® S7G), then the image ¢ of s is in H°(U, A) and we have to show that

it is in H%(U, A;;). Note that tp € (A;;)p for all P € U by hypothesis, so there is
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(', V) € (Ay)p with P € V C U such that ¢}, = tp so there is P € V' C V with
tyr =1t € H O(V', A;;). This holds at every P € U so by sheaf axioms this means
that t € H°(U, A;;) as we claimed.

Finally we have to prove that given any P € X, {p respects the bigrading of the
stalks. Note that Ap = @;;(A;;)p and S(F @ G)p = S(Fp @ Gp) = S(Fp) ® S(Gp)
(by [EGA] (I1,1.7.4)). We have that for a ring A, and an A-module M, the graded
algebra S(M) is generated as an A-algebra in degree 1 because S*(M) consists of
A-linear combinations of products of i elements of M (see [EGA] (II,1.7.1)). Hence
the bigraded Ox p-algebra S(Fp) ® S(Gp) is generated by the elements of bidegree
(1,0) and (0,1) (because S(Fp) and S(Gp) are generated in degree 1).

By hypothesis, £ respects the bigrading in bidegree (1,0) and (0,1) because {x
maps F to Ay and {x = £ o bz, but the part of bidegree (1,0) is the image of bx (see
the discussion before this lemma) and similarly for G. Therefore the homomorphism
¢p: S(Fp) ® S(Gp) — Ap respects the bigrading in bidegree (1,0) and (0,1). These
elements generate S(Fp) ® S(Gp) as Ox p-algebra, and &, respects the Ox p-algebra
structure, therefore elements of bidegree (i,j) (which can be written in terms of

elements of bidegree (1,0), (0,1)) are mapped to elements of bidegree (i, j). ]

Recall from Proposition 3.12 that we have the isomorphism
hog : Sx[(F®G) S f*Sy(F@g).
We have

Sx[(F@G)=Sx(f'F & fG) =BnBiyjun Sk f*F @ S%fG, (3.3)
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where the first equality follows from Lemma 3.7. The second equality holds by the
fact that Sx(F1) ® Sx(Fa) = (@54 F1) ® (©;S%Fa) = ©p @igjmn Sk F1 @ S5 Fa (cf,
[EGA] (I1,1.7.4)).

We also have
FSx(F®G) = f* ®n @iy jenSYF @ S5%G = B Birjun [T(SKF @ S5G)

where the second equality holds by Lemma 3.7.
The isomorphism aé@g respects the previous direct sum decomposition by Lemma

3.19.

Notation 3.20. If we restrict to ¢ = 1,j = 1 we obtain a functorial isomorphism
TLs [ FR G F(FRQ).

This isomorphism is functorial on F and G in the sense that if we have O x-module

homomorphisms u : F; — F» and v : G — Gs, then we get a commutative diagram

T

PF® G 2 f(F©G)
f*U®f*vl lf*(u@)v)
T7f"2a92
[fFRa® G —— [ (Fa®G)
This is deduced from the analogous property for the symmetric algebra S(F; & G;).

Now we will study the functorial properties of this isomorphism.
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Proposition 3.21. Let XY, Z be schemes and let f : X — Y and g:Y — Z. Let

H; be Oz-modules. The following diagram commutes:

[7g" @i H; Dif 9" H,;

fs fs
‘Peagii T TQBW"A?

(go f)  ®iHi @(go f)H,.

Proof. Tt suffices to show that the following diagram commutes (cf. Proposition 3.9)

pIot
DiH,; 2, (go f)slgo f)* @i H;
9eg" @ Hi ——— (g0 [)f"(g" @i Ha).
g*p®iHi

From Lemma 3.7, pullbacks commute with direct sums (since Oz-modules are
sheaves of abelian groups). From Remark 3.6, we have that @ipéi = péi 7 Since
pushforwards also commute with direct sums in the noetherian case (see Lemma 3.8),

the previous diagram becomes

eam‘,’fif "
©iHi  —— Di(go fllgo f)Hi
@iy, l lﬁ%(gof)*@{if

Dighg Hi —— @z‘<9 o f)*f*(g*Hz);
@ig*PHi

which commutes by the universal property of ga%;’f (cf. Proposition 3.9). Therefore

@iso"{fi] = @g%l : O
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Proposition 3.22. Let f : X = Y and g : Y — Z be morphisms of schemes. Let

F.G be Oz-modules. Then the following diagram commutes:

gof
Txg

(go f) FR(go f)G (go [y (F®Q)
l(p;g ®<pé»g
FgFefg6 vrbo
[t
(g F ®gg) — frg(F®g)
FTzg
Proof. Diagram (3.2) applied to F @ G is
o5
Sx((ge f)(F®g)) (go f)Sz(F ®G)
Sx(¢%2g) l‘f’gzguf@g)
Sx(Fg(FOG) > [l (FoG) > f'¢Su(Fog),
g+ (F©G) “Feg

which by using Equation (3.3) and Proposition 3.21 is equal to

gof
YFog

Sx((go [)*F& (g0 f)G) (go f)Sz(F®g)
Sx (¢h? EBwé’g)l l@?g(mg)

Sx(f"gF & [9°G)) — ["Sy (" F © g°9) T f[1g"Sz(F & G).
Yo (Fog) reg
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The latter is also equal to

fi9

Y@, ®1j_n S, FRSLG

9D, @iJrj:n S%]: ® Ség
Tf*agf@g

J* @, Dy jmn 9" F @ 976

Taf;wfee@

D, Do Sk (g0 [)F@S%(g0 [) D, B jon SS9 F @ S5 f9°G
g

.. ®i+j=n Sé{ @;g ® Sgﬁ”

(90 1) @p Bisjmn S7F © 577

Restricting the component for i = 1, j = 1 we obtain Diagram (3.22). O

The canonical homomorphism Sf.(G, & Go) — f.S(G1 & Ga) induces a homomor-
phism
f*gl ® f*gQ — f*(gl ® g2>

which is not in general injective or surjective (cf. [EGA] (01,4.2.2.1)).

Proposition 3.23. Let f : X — Y and let F,G be two Oy-modules. Then the

following diagram commutes

!

Fog I L (Feg)

p§®pél Tf*Tf
LPF @ fuf'G —— fu(f*F® fG).

Proof. As in the proof of Proposition 3.22, the diagram of Proposition 3.15 applied
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to F @ G is equal to:

f .
P L T J
On®Diqj—n Sy FOSLG

> B igjon [ SYF @ fL 755G
@n@iﬂ:nségpé_-@é’g(pél J,f*af

B Bipjon Sk f F*F @ S5 fof*G e B Biyjon Sv L [*F @ SLFFG

D Diyjen S5 F @ 5%G

The proposition follows by restricting to the component : =1, j = 1. O

Proposition 3.24. Let f : X — Y be a morphism of schemes. Let Q € X and
P=f(Q) €Y, andlet A= Oyp, B=0Oxgq. Let G,H be locally free sheaves on Y.

Then the following diagram commutes:

IR

Gp @aHp (G@H)p
f9#,Q®fﬁ,Ql lféﬁ@w@
(f*Gq@s (fH)q ——=— (f"G& [ H)q——— (["(G&H))q

where the isomorphisms are the canonical isomorphisms. Here we write fg#Q ® ffo

for the composition

Gp@aHp = (f*Glo@a (fH)q = (f'Glo @ (fH)o

where the first arrow is fth ®Afsz and the second is induced by the universal property

of the tensor product (or equivalently, induced by Og,am, cf. Section 3.2.2).

Proof. As before, we deduce this by taking the parts of bidegree i = 1,5 = 1 in
Proposition 3.18 applied to F = G & H. The bidegrees are respected by Lemma
3.19. =
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3.2.4 Functoriality for symmetric powers of differentials

Definition 3.25. Let p: X — S be an S-scheme, and let F be an Ox-module. An
S-derivation of Ox into F is a homomorphism D : Ox — F of sheaves of additive

groups such that

e For all open U C X and ty,t; € I'(U, Ox) we have

D(titz) = ti D(t1) + D(t1)ts;

e For every open U C X, t € I'(U,Ox) and every s € I['(V,Og), where V C S is

open with p~'(V) D U, we have
D(p*siyt) = p*sjuD(t).

with p# : Og — p.Ox defined as in [Har77], p. 72.

Remark 3.26. By [EGA] (IV,16.5.1) we have that the set of S-derivations of Ox
into F forms a I'(X, Ox)-module Derg(Ox, F).

Let f : X — Y be a morphism of S-schemes, and let Qﬁ(/s be the sheaf of
differentials on X/, with S-derivation dxss : Ox — Q/g, as defined in [EGA]
(IV,16.3.6).

Proposition 3.27. The functor Derg(Ox, —) : Modo, — Modr(x,0y) is represented

by the pair (Qﬁ(/s, dxs).

Proof. [EGA] (IV,16.5.3). O
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Proposition 3.28. If f : X — Y is a morphism of S-schemes, then there is a unique

homomorphism

fx/vys f*Q%//s - Q%(/S
which makes the following diagram commutative:

f#

OY f*OX
dy/sl lf* (dx/s) (3 4)
Ol " *()l *Ql .
/s pél Jof Y/Sf*(fX/Y/s)f X/s

v/s

Proof. The homomorphism f,(dy/s)o f# : Oy — f.Ox — f*Qk/S is an S-derivation
of Oy into f*Qﬁf/S. By Proposition 3.27, we get that there is a unique morphism
fx/y/g : Q%//s — f*Qﬁc/s such that fx/y/s ody/s = fuldx/s) © f#. By the adjoint
property of f*, we get that there is a unique homomorphism fx,y/s : f*Q5 /5~ Q% /s

such that f.(fx/v/s)© pék/s = fX/y/S. Thus applying dy,s to both sides we get

[«(fx/vys) 0 P{&/S odyss = [xv/s 0 dyss = fu(dxss) o 7.
If another homomorphism A : f*Q% s~ Qs ) also makes diagram (3.4) commutative,
then we get f*(h)op{21 odys = f*(fX/y/S)Opél ody/g, hence by [EGA] (IV,16.5.3)
Y/S Y/S
we have f.(h) op{21 = fi(fx/vss) o,o{21 . By the adjoint property of f*, and because
Y/s Y/S

,0{21 is an isomorphism, we obtain that h = fx,y/s. O
X/S
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Proposition 3.29. Let S be a scheme and let f : X =Y, g:Y — Z be morphisms

of S-schemes. Then the following diagram commutes:

9°f)x/z/s

. (
(go ) Qys ———= Qs
“’{z’g/sl TfX/Z/s (3.5)
* *Ql s *Ql .
f g Z/s f*(9v/z/s) f /s

Proof. Recall from Proposition 3.28 that (go f)x/z/s is the unique O x-homomorphism

such that

(go f)l(go fxszss) o szolzf/s odzys = (g0 f)ldxys) o (go f)F.

If we prove that fx/y/s o f*(9v/zs) © cpé’lg satisfies the same condition, then we
Z/S

obtain the conclusion. Recall that from Proposition 3.28 we have

9+(9v/z)s) © pi’pz/s odyzss = g«(dyys) o g*.
We also recall that if u : G — G5 is an Oy-module homomorphism, then we have
that f*(u) : f*G1 — f*Gs is the unique homomorphism of O x-modules such that we
have f,f*(u) o pél = péQ ou. Thus, applying this to u = gy;z/s : Q6 — Q5 /g, We
. N f _ . f
obtain fi f*(gyv/z/s) © pg*le/s = pﬂi/s ° gy/z/s- Moreover we have
f g

gof _
) ° lez/s o g*pg*glz/s ° lez/s'

(g0 f)(pa

z/s
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Thus,
(90 f)«(f*(gv/zs) © wﬂlz/s) o szolzf/s = (90 /)(f"(gvszs)) o (g f)*(SOQIZ/S) ° p?;zf/s
- g*(f*f (gY/Z/S)) © g*(pg*ﬂlz/s) © pg)lZ/S
= g:(fuf (gY/Z/S) © pg*le/s) ° lez/s
o f
— g*(pQ;/S o gY/Z/S> © P?)IZ/S'
and so

(g0 f)«(f*(9vzss) © <Pnlz/s) o Pf;lzf/s odz/s = g« (Pé;/s) ° g+(gy/z/s) © P?pz/s odys

= 9*(0?)1 )o g*(dy/s) © g#~
Y/S
It thus follows that

gof
(go fl«(h)o Poy, . ©dzys
= (g0 f(fxyvss) o (g0 f)(f (9v/zys) 0 @le/s) © Pfﬁ;/s odgys

= g.(f.(fx/vs)) 0 g*(p{py/s) o gu(dy/s) o g*

= gu(fe(fx/vss) o Pé;/s o dyss) o g*
= go(fuldxss) 0 [F) 0 g

= (g0 fldxss) o (g0 /).

This proves that

(g0 f)a(h) 0 pg] o dzss = (g0 fuldxss) o (g0 )F,
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and so by the uniqueness of (go f) x/z/s it follows that the diagram is commutative. [

Notation 3.30. For a morphism f : X — Y of S-schemes, let

¢f = (SXfX/Y/S) o (Ogé%//s)*l . f*SYQ%//S — S)(Qﬁ(/s

Recall from Proposition 3.12 that aél is an isomorphism.

Y/S

Proposition 3.31. If f: X =Y and g: Y — Z are morphisms of S-schemes, then

the following diagram commutes:

N ¢90f
(g0 f) 8290y, — SxQys

Wszﬂlz/SJ( T(pf (36)

* ok 1 * 1
f g SZQZ/S —>f*¢>9 f SyQy/S.
Proof. We want to prove that the following diagram commutes, since its outer diagram
is exactly Diagram 3.6.

(agof )—1

(go f)*SZQIZ/S L Sx(go f>*QlZ/S M SXQ%(/S
sxelf l TSfX/Y/S
Sx(frg 0 q) T gl
(agmlz/s)—ﬁ T(ag;y R

. . . Sy (9vyzss) .,

frg Szﬁlz/s ﬂ f*Syyg le/s —f SYQ%//S
aﬂl

Z/s

Applying the functor Sx to diagram (3.5) gives us commutativity of the top right

hand square. The bottom right hand square commutes by Proposition 3.14 applied
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{)1 ,aél are isomor-

to G = g*le/sa Gy = Q%f/s and u = gy/x/s, and because a 7/ y/s

phisms (cf. Proposition 3.12). The left hand square commutes by Proposition 3.13

and because oz%olf ol . and O‘gzl are isomorphisms. Therefore Diagram (3.6)
z/S 97375 zZ/S
commutes. OJ

Notation 3.32. We denote by
ol f*5"Qy s — ™

the induced map on S” by ¢/ (cf. Notation 3.30 and Lemma 3.7).

Moreover, for f: X — Y, and £ an invertible sheaf on Y, let
Rfrcr = (Id X ¢Z) o (T£f7STQ%//S)_1 : f*(ﬁ ® STQ%//S) — f*ﬁ ® STQ;/S

be the composition of (T oo, )7t f (L ® Sy g) = fFL® frS"QY ¢ (defined in
Oy g

Notation 3.20) with Id ® ¢/ : f*£L ® f*STQ%//S = [*L® S””Qﬁqs.

Proposition 3.33. Let f: X =Y and g : Y — Z be morphisms of S-schemes and

let L be an invertible sheaf on Z. The following diagram commutes.

Fgof,Lor eld
(g0 F) (L@ 5" go f) Lo S0y =5 [ L® S0k g
Aoy, | [mroer @37)
fra (L@ Sy q) g L@ S q)

kgL

Proof. We want to prove that the following diagram is commutative, since its outer
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diagram is exactly Diagram 3.7.

(Tﬂgsflﬁs"ﬂl/s 1d® ¢9°f
(go /) (LS s) — (go )L (g0 f)S Qs — (g0 f)" L S
el e1d
ok ®<ﬂ§’fglz/s 9 L® S’"Qﬁ(/s
‘pﬁ’éSTQIZ/s 1d ® ¢f
"L ® f*g*SrQlZ/S M P L® f*STQ%//S
(T grsray, )7 (T} sran, i
g (L® s Qys) o dLe 9" 5"Qy)s) PO pgLe S"y)s)
£,579L

We have that the top right hand square commutes, because

(d@¢l)o (e f'of) o (¢’ ©olly ) = ¢i' @ (9o ¢y, )
= ol ® ¢l

= (¢ ®1d) o (Id ® ¢2°7),

where the second equality holds by Proposition 3.31.
The bottom right hand square commutes because T/ is a functorial isomorphism.
The left hand square commutes by Proposition 3.22. Therefore Diagram (3.7) com-

mutes. O

3.2.5 w-integrality of pullbacks

We now come to the main aim of this section, which is to relate the w-integral curves

43

of a smooth surface X to the “m*w-integral curves” of a smooth surface X’. Here

7w : X' — X is a dominant morphism. For this, however, we first have to clarify
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what we mean by m*w-integral curves. Let w € H°(X, L& S"Qy ¢). By the canonical
morphism

Prosray,, t £8 5 Qe - mr (L@ S c)

we obtain an induced global section m*w € H*(X', 7* (L ® STQQ/C)). But since 7w
is a section of the sheaf 7*(£L ® STQﬁ(/C) (which is not of the form £’ ® STQ%/C), we
cannot talk about m*w-integral curves as in Definition 3.2.

We work with the image 77 ;w of w in HO(X', 7L ® S"QY, ) instead, where the

homomorphism
T HY (X, L® S’“Qﬁ(/c) — HY (X', 7L ® S" Qo)
is the induced map in global sections coming from the sheaf homomorphism
N Ly 2= Tk L O pZ®STQ§{/C L ® STQQ/C — T (T L ® S 1c)-

Definition 3.34. An irreducible curve C" C X’ is said to be w*w-integral if we have
i;fﬂ*ﬁw;yﬂw =0 in HO(X',*7*L ® S"QL,), where 7/ : ' — X' is the composition of

the normalization of C’ with the inclusion to X”.
We want to prove the following:

Theorem 3.35. Let m : X' — X be a morphism of smooth surfaces. Let C! C X'
be an irreducible curve and C = w(C") be an irreducible curve on X. Let L be an

invertible sheaf on X and let w € H*(X, L ® SrQﬁ(/C). The following are equivalent

(i) The curve C is w-integral;

(i) The curve C' is m*w-integral.
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In order to prove this, we first prove some technical lemmas. For these, note that

the situation of Theorem 3.35 is the following. We have the commutative diagram

!/

(@)

— X

/
X

—
hS]

@}

.
2

where i : C' — X is the normalization of C, the map i’ : C" — X’ is the desingular-
ization of C" and p is the morphism from the universal property of the normalization
of C applied to 7o 4'.

The following two lemmas will help us to prove the equivalence of (i) and (ii) in

Theorem 3.35.
Lemma 3.36. There is an isomorphism i"*7*L & STQI@/C =i L ® STQE,/C such

that the diagram

‘e

N - Z'7‘,7-r*[. A Ik % 4

HY(X', 7L & S"Qy1/c) ——— H(C', """ L@ S Qé//c)

L HOC!, pri* L ® STQlé,/C) (3.8)
TP:,Z'*L

H(X, L& S™0% ) — HY(C,i* L ® S™Q, o)

commautes.

Lemma 3.37. The map pt,. : HO(C,i*L ® S™QL ) — HO(C',p*i* L ® STQL

é/c cr /<c) is

mjective.

Before proving these two lemmas, we will show how they prove Theorem 3.35.
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Proof of Theorem 3.35. Suppose first that C' is w-integral. Then 4} ;w = 0, hence
we have p; .. ip jw = 0. From the commutativity of Diagram (3.8) we deduce that
z;‘ﬂ T cw =0, and hence C is m*w-integral.

Now suppose that C' is 7*w-integral. Then i;:ﬂ*cﬁ;7cw = 0. By Diagram (3.8) we
obtain that p} ;.7 ;,w = 0. By Lemma 3.37 we have that p} .. is injective, and hence

iy cw = 0. Therefore C' is w-integral. O
In the proof of Lemma 3.36 we will use the following result:

Lemma 3.38. Let f: X =Y, g:Y — Z be morphisms and let v = go f. Let L be

an Oz-module. The following diagram is commutative.

7*(902(;5%2}/@ ®1d)
Y(VL ® STQ§,/(C) g [ (ffg* L ® S’”Qk/(c)
RELZWIRS
,y*,y*(ﬁ & STQlZ/(C) xfebp gorr
p2®smlz/ V*¢£’§57-912/C
g fof g (L ® ST ) : g ff7 (gL @ ST )
P g fu f Kg,L,r ;
g*ﬁg*(ﬁ®srﬂlz/c) g*pg*L®STQ§,/C
L& STQIZ/(C g ’ g*g*(‘c ® STQIZ/C) Gxkg,L,r g*(g*£ ® STQ%//(C)
p£®STQlZ/C 95
(3.9)

Proof. The left hand side square commutes by Proposition 3.9 applied to £L® S™Q}, Ic-
The bottom left hand side square commutes by Remark 3.5. The top right hand side

square commutes by Proposition 3.33. Therefore Diagram (3.9) is commutative. [

Proof of Lemma 3.36. Let v =iop = moi'. Since Ny s, = Tukin oy O /fcr@s*m;/(c’ we
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have the following from the outer diagram of (3.9).

My, Lo = (7*(¢%(;STQ§(/C ® Id))il © i*np,i*ﬁ,r ONiLr-

Similarly, since m o i’ =i o p we obtain from Diagram (3.9):

i’ —1
M,.Lo = (’y*((‘pl:@STQé(/c ® Id)) O T Mit w* L © N Lor

From these equalities and noting that 7*(<p’£é 5y, ®1d) and 7*(¢ZgSTQ§{/C ®1d) are

isomorphisms, we obtain the commutative diagram

(1L ® ST o) — 5 i (i TL ® STOL

C’/(C)
lg

N, L7 Z*p* (p*l*ﬁ ® STQ%’/C)
Ti*np,i*ﬁ,r
L& 5 Ve . ("L ® 50 )

where the isomorphism is

(7* (@%;@Srgg(/c ® Id)) © (’Y* (QOZLZ;STQ&/C ® Id))_l = 7*(9012(;5r91 © ((pzﬁgsrgﬁ(/c)_l ® Id)

Xx/c
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Taking global sections we obtain the commutative diagram

HO(X, m (7L ® 50k, ) — HY(X, mil ("7 L © STOL, )

HY(X, i,p.(p*i*L @ S™QL, )

¢/c
|

HYX,L® S Qyje) ——— HU(X, i ("L ® 5% )

Hence the diagram

‘e

H(X', 7L ® §0Y, ) — 5 HO(C!,i*m* L ® 5™, )
HO(Cp'L® S, ) (3.10)
Tp;,i*ﬁ
HO(X’ LS STQ%{/C) T HO(C’, LR STQE/(C)

commutes. OJ

Now we want to prove Lemma 3.37. For this, we prove the following three auxiliary

results.

Lemma 3.39. Let f : X — Y be a dominant morphism of integral schemes, and let

L be an invertible sheaf on'Y . The sheaf homomorphism py : L — f.f*L is injective.

Proof. The homomorphism p,’éy Ky — f.f"Ky = Kx is induced from the inclusion

f* k(YY) — k(X) of function fields, hence it is injective. Since L is invertible, it is a
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subsheaf of Iy, thus we have an injection ¢ : £ — Ky. From Diagram 3.1 we obtain

fef™i
S L ——— ff"Ky

f
PQT ]\pKY

LKy

Thus p}. is injective. O

Lemma 3.40. Let f: X — Y be a non-constant morphism of smooth curves. Then

Ix/y

0= f*Qy ¢ © Qe = Qk)y =0

18 exact.

Proof. See [Har77], Proposition IV.2.1. Note that the proof of this result does not

require X and Y to be complete. O

Lemma 3.41. Let X be a scheme, let F,G be invertible sheaves on X, and let

u: F — G be a morphism. Suppose that u is injective.
(a) We have a functorial isomorphism S™F = F*"  for all r > 1.
(b) VL invertible sheaf, the map Id®@u: L& F — L ® G is injective.
(¢c) ¥r>1, S"u:S"F — S"G is injective.

Proof. Since F is a locally free Ox-module of rank 1, we obtain S"F = F®". This
proves (a).
Since tensoring with an invertible sheaf is exact, we obtain that Id ® u is injective,

hence proving (b).
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By part (a), S"(u) = u®" : F®" — G¥". By (b) and induction, we have that u®"

is injective. 0

Proof of Lemma 3.37. The morphism p : C' — C'is a dominant morphism of smooth

curves. Thus, by Lemma 3.39 we see that the homomorphism

Lok royl * [k r)l
pﬁ’w@STQém.zE@S Qé/(c—>p*p ("L S Qé/tc>

is injective.

) = p it L®STQL, s injective. We

Now we prove that -, : p*(i*L ® STQL cr /e

¢/c

have that (7% . .,
( *L,S Qlé/c

)71 p*(l*£ ® ST‘QL

C/C) — p* L @ p*STQL | is an isomorphism,

é/c

hence is injective. By Proposition 3.12, the homomorphism

-1 ., xqQr0l r. *0)l
(ozgmlé/c) i p*S Qé/c —S™p Qé/c

is injective. The homomorphism pe /e @ P*Q = Qg Jc 1s injective by Lemma
3.40, since p : ' — C is a non-constant morphism of smooth curves. By Lemma

3.41(c), with F = p*Q}

— 0Ol
é/c’g_Q~

e We get that STp(j,/é/C is injective. By Lemma
3.41(b), with sheaves F = S’"p*Qlé/C, g = STQlc”/(c we obtain that the morphism
p*i*ﬁ ® Srp*Ql - p*i*ﬁ ® STQI

é/c e is injective, and hence the morphism

Rpiecr - DL @ STQE ) = DL © ST, ¢

is injective.

p

oS0l is injective. Since taking global

Therefore the composition kg, 0 p

sections is a left exact functor, we obtain that p} .. is injective. O
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3.3 Curves of low genus and w-integrality

The following result allows us to find conditions on an invertible sheaf on a surface
to say that all curves of genus less than or equal to g on the surface are w-integral for

any w € HY(X, L ® STQQ/(C). This generalizes a result in [Voj00].

Proposition 3.42. Let N > 0, let X be a smooth projective surface and let C' C X
be an irreducible curve of genus g < N with ¢ : C — X the normalization of C. Let

r € N and L be an invertible sheaf on X such that
degs (L) < 2r — 2rN.

Then C' is w-integral for any w € H(X, L ® S’“Qﬁ(/(c).

Proof. Note that degs(¢iL) = dege(Lic) = (C.L) by Proposition 2.44 and Propo-
sition 2.50. Let w € H(X, L ® Q). We have with the notation as in Subsection
3.2.5, that

$lpew € H(C, e L ® ST ).

We have S"Q, e = KZ" by the definition of a canonical sheaf (cf. [Har77], p. 180),

and by Lemma 3.41(a) because €2, I is invertible. We obtain

dega(pel ® S7Qp 0) = dega(¢bl) + deg(KET)
= dega(ppl) +1(29 —2)
< dega(phL) +r(2N —2)

< 0.
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Then H°(C,ppL ® S’“Qlé/(c) = 0, so ¢¥, ,w is forced to be zero. Thus C' is w-

integral. O

3.4 Differential equations and branches

The connection between branches and w-integral curves will be made explicit via their
relations with solutions of differential equations. In this section we show under what
conditions one is able to count branch solutions of differential equations.

In this section, let k& be an algebraically closed field of characteristic zero.

Definition 3.43 ([Sei68b], p. 251). Let A(X,Y), B(X,Y) € k[[X,Y]]. A solution of
the differential equation

A(X,Y)dY = B(X,Y)dX

is a branch representation ¢ : k[[X, Y]] — k[[t]] such that

where z(t) = ¢(X), y(t) = ¢(Y). Two solutions are equivalent if they are equivalent

as branch representations (see Definition 2.55).

Remark 3.44. If ¢;, ¢, are equivalent branch representations (i.e. if there is a con-
tinuous automorphism a € Aut,k[[¢]] such that a o ¢; = ¢»), then ¢; is a solution if

and only if ¢5 is a solution. Indeed, if a(t) = a, with ¢;(X) = z;(t), and ¢;(Y) = v;(¢)
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and if 0 = A(zy,y1)dy; — B(x1,x1)dz; then we have

0 = A(z1(a), y1(a))dyi(a) = B(x1(a), yi(a))dz,(a)
= Ala(z, (), a(yi (1)) da(yi (1)) — Bla(zi(t)), a(yi(t)))dalz: (1))

= A(x2(t), y2(t))dya(t) — B(2(t), y2(t))da(2).
The following theorem is Theorem 2 of [Sei68b].

Theorem 3.45. Suppose that A(0,0) # 0. Then the differential equation
AX,Y)dY = B(X, Y)dX
has only one solution up to equivalence. It is a linear branch representation associated

to a branch P whose tangent is non-vertical (cf. Section 2.3.1).

Now we want to relate solutions of differential equations in the sense of Definition
3.43 with solutions of elements in certain modules of differentials, in a sense that we
will explain below. More specifically, branch representations ¢ : k[[X,Y]] — kl[[t]]

induce maps on differential k-algebras.

Definition 3.46. A differential algebra of R/Ry is an associative (not necessarily
commutative) graded R-algebra 2 = @,,cnQ", on which an Rg-linear map d : Q — Q

of degree 1 is given (i.e. dQ™ C Q") such that the following axioms are satisfied
e Q% = R and R is contained in the center of Q.
o () = R(dR) (i.e. as an R-algebra (2 is generated by the elements dr (r € R)).

e For all r,7" € R we have d(rr’) = rdr’ + r'dr.
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e For all r,7y,...,7, € R we have d(rdry ---dry,) = drdry - - - dr,.
o drdr =0 for each r € R.

The mapping d is called the differentiation of €2 and the elements of Q" are called

n-forms.

Definition 3.47 ([Kun86], p. 171). Let Ry be a ring and R be an Ry-algebra. A
universally finite differential algebra of R/Ry is a finite differential R-algebra € of
R/ Ry such that each finite differential R-algebra of R/R is a homomorphic image of
Q) (with respect to an R-homomorphism). If it exists, it is unique up to a canonical

R-isomorphism. It will be denoted by Qz /Ro-

Remark 3.48. By [Kun86|, Example 12.7, we have that the universally finite differ-

ential algebra Qk[[x,yﬂ /k exists, and that its degree one part satisfies
Qv = K Y)AX @ E[[X,Y]IdY.
Similarly, Qk[[t” /i exists and its degree one part satisfies
Qllc[[t}]/k = k[[t]]dt.
Taking symmetric powers we obtain
S,y = S (R[X, Y]dX & E[[X, YY) = &7_ok[[X,Y]](dX) " (dY)’,

Srﬁi[[t]]/k = k[[t]](dt)".
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Therefore, for @ € SrQllc[[X,Y}]/k we have

5= 3" AX)(dY)

=0
with A; € k[[X,Y]]. We call this expression a representation of ©.

Notation 3.49. Given a local map o : k[[X,Y]] — k[[t]], we have by [Kun86], Def.
11.3, an induced homomorphism of differential algebras o : Qk[[X,YH k= Qk[[t” /k, and
this map induces a map on the degree one component o; : Qllq[[X,Y}] e Q}C[[t” Ik

Taking symmetric powers we obtain a continuous homomorphism of algebras
G S vk = Sy
which restricts to a continuous map on r-th symmetric powers
o+ S Uovyyn = 5" gy e

Definition 3.50. Given @ € S”Q}C[[X’Y]]/k, a solution of @ is a branch P such that
for any primitive branch representation ¢g : k[[X,Y]] — k[[t]] of B, the induced map

O STQllc[[X,YH/k — STQ}CHt”/k satisfies ¢y (@) = 0.

Remark 3.51. Note that the property that oy, (@) = 0 does not depend on the
branch representation we use. Indeed, let o : k[[X,Y]] — k[[t]] be a branch rep-
resentation of a solution B of @. Then oy, (w) = 0. Let ¢’ be another branch
representation of B, so there is an o € Aut(k][[t]]) such that « o 0 = ¢’. Then «

induces an isomorphism @ : S’"Q}C[[tmk = STQ}g“t”/k, and we have
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-3 am(A )(d%(x))r‘i(dagg(YW

where the fourth equality holds by the definition of a.

Theorem 3.52. Let @ € STQi[[X’m]/k, and let

Z Ay(dX)(dY)

be a representation of w. Let P be a branch and let oy be a branch representation of

B. Then P is a solution of @ if and only if
> Az, y) () (y) =0
i=0

for x(t) = op(X), y(t) = op(Y).
Proof. We have

opr(@) = op, (ZA,-(dX)”(dY)i>

=0

_ Zmn )(dog (X)) (dog(Y))!
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= > Ai(x,y)(dx)" " (dy)’
i=0
= 3 Aay)dry iy
i=0
= D Al y) (@) () (@)
i=0
where the second equality comes from the definition of oy ,-, the third by the continuity

of oy, and the fourth by the continuity of d (see [Kun86], p. 182). Since (dt)" is a

basis of STQ}CW]W, we get that P is a solution of & (i. e. oy, (@) = 0) if and only if

> Ay ) =0

]

Note that when r = 1, Theorem 3.52 shows that Definition 3.43 and Definition

3.50 are equivalent.

3.4.1 Discriminants and counting solutions

Recall the definition of the discriminant of a polynomial from [Bou90], p. A.IV.81
and [Bou89] §I11.9.5.

Definition 3.53. Let R be a commutative ring, let f be a monic polynomial of R[T
of degree m, and denote by E the R-algebra R[T]/(f) and by x the canonical image
of T in E. We define the discriminant of f, written disc(f), as the discriminant

Dg/r(l,z,...,2™1) of the basis (1,z,...,2™ ') of the R-algebra E. Thus

disc(f) = det(Trg/r(2™7™%)1<ij<m),
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where Trg g : £ — R denotes the trace.

Proposition 3.54. Let f € R[T] be of degree m. Let av, ...,y be elements of R.
If f=(T—-ay) (T — ), then we have

disc(f) = H(ai — ;)%

i<j
Proof. This is Proposition 11 in [Bou90], p. A.IV.83. O

We now show a way to count the number of solutions of a differential equation

coming from a representation of @ € STQllc[[X,Y]] Ik under certain conditions.

Theorem 3.55. Let

T

S A(XY)([dX) T (dY)

i=0
be a representation of W in S’"Q}ﬁ[[x’YH/k. Suppose that Ay(0,0) # 0 and 6(0,0) # 0,
with 6 = disc(}];_, AZT’“ Y. Then & has at most r distinct solutions and they are

linear branch representations that have non-vertical tangents.

Proof. The module Qllc[[X,Y]] )1, is a free module on k[[X,Y]] with basis {dX,dY}, so
there is an isomorphism of graded rings SQIIC[[XvYH/k = k[[X,Y]][Z1, Zs] by [Kun86]
p. 171. We can associate to @ the polynomial ) _, A;Z77'ZL. Dividing by AgZ3
(and writing T = g—i) we obtain the monic polynomial )}, Al Tm=%. Since Ay is
invertible the elements 4% 4- are power series. Since 0(0,0) # 0 we get that the solu-
tions of this polynomial modulo (X,Y) are distinct in k£ = k[[X,Y]]/(X,Y), thus by
Hensel’s Lemma (Theorem 17 in [AM69] Ex.9, p. 115 repeatedly) this polynomial

can be factored into 37 AT = (T — oy)--- (T — ) with o distinct elements

=0 Ap

)
in k£[[X,Y]]. Using again the isomorphism S” Qk[[X vk = KX, Y])[Z1, Z5], we obtain
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that (Zy— Zyaq) -+ - (Zy — Z1av) is associated to (dY —aydX) - -+ (dY — . dX). Hence
oo Ai(dX)HAY) = Ap(dY — aqdX) -+ (dY — o, dX).

Let B be a solution of @ with branch representation oyg. Then we have the induced
maps oy, S’“QiHX’Y”/k — Srﬁi[[t]]/k. Moreover, 3 is a solution of @ if and only if

g (@) = 0. Then

0 = O'ng((:)) = 5’3}3(&)) = CNT&B(Z Az(XaY)(dX)r_l(dY)z)

= Gp(dY — aydX) - (dY — 0, dX)
= Gp(dY — aydX) - op(dY — ndX) € Sy

Since SQ}C[[t”/k = k[[X,Y]][Z1, Z5] is an integral domain, we obtain that
oq ., (dY — 0;dX) = op(dY — ;dX) =0

for some i. Hence P is a solution of some dX — a;dY =0 (i.e 2’ — a;y’ = 0). Since
dX — a;dY = 0 has exactly one solution (by Theorem 3.45), we get that there are
at most r solutions of the equation, and that they are linear branch representations,

each having non-vertical tangent by Theorem 3.45. [

3.5 Connection between w-integral curves and differential equations

In this section we explore the relation between the notion of w-integral curves and
(local) solutions of formal differential equations in the sense of branches. The main
results of this section are Theorems 3.66 and 3.67.

Let X and Y be smooth varieties (not necessarily projective) defined over C, and

let f:Y — X be a morphism. Let £ be an invertible sheaf on X, let » > 1 and let
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we HY (X, L® S“Qﬁqc).
As in Subsection 3.2.5, from the map 0y ., : L® STQQ/C = [ (ffL® STQ;/(C) we
obtain by taking global sections the homomorphism

fre  HY (X, L® S Qx)c) — HUX, f(fTLRS Qyc) = HY(Y, f'L.&S Dy ).

r

Let Q € Y be a point on Y, and let P := f(Q). Taking stalks at P we obtain the

commutative diagram

HY(X,L®S"Q%c) —5 HOUX, f(f'L®S QL))

| l

(LS Ue)p  ——  (LFLOS D))

(nf,ﬁ,r)P

Recall from Subsection 3.2.5 that the morphism 7¢ ., decomposes as follows

!

Presral

Lo YL (L e S0
fo(T] Sm&/@)‘l
— F([PL® [*S™Q% )
fo(1d@el) » .
— F(fFL® S V).

Notation 3.56. Let
Bri= 0o o fhay i (SO0 = (5790,

where f;éQﬁ(/c’P ; (S’“Qﬁ(/(c)p — (f*(STﬂﬁ(/C))Q is defined in Notation 2.73.
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Proposition 3.57. There exist injective vertical maps which make the following di-

agram commutative:

HO(X,L® SO ) —5 HOX, f(fL®SOL))

! !

(STQQ/C)P E— (STQ%//C)Q

By

Therefore, given w € H*(X,L ® S”Qﬁ(/(c), one has that f;.(w) = 0 if and only if

Br(wp) =0, where wp is the image of w in (S"Qﬁ(/(c)p.

For this we will need the following lemmas.

Lemma 3.58. We have the commutative diagram

I
H(X, L& S0 o) —= H(Y, [*L® S} )

l |

Lp® (STQﬁ(/C)P /B—f> (f*L)o® (STQ%//(C)Qa

where By = fﬁp ® Bf; and the vertical arrows map sections to the respective stalks.

Moreover, both vertical arrows are injective.

Proof. Recall Notation 2.73. We have the commutative diagram

0 . )P
LE®ST Q}(/C

(L® Sy e)p —————— (LS (LD Uy c))p

T2 rol
FLOS™y ,0),Q
f#
LRSTOL

V(L@ 0))e

— o] — o _ o
Let Y1 = ff*(l:@STQ%(/C),Q’ Y2 = ff*ﬁ@‘PBST'Q%(/C’Q and Y3 = ff*£®57'9%//c,Q‘
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From the definition of 7, 75 and ~3 the following diagram commutes:

(f*( £.8mQl ) 1)P (f(1d ®¢1{Q

X/C

(fef (LS QX/(C))P — (f(f*L® fr5"Q X/(C))P —_— (f*(f £®STQ%//<C

(f(Le 5% c))e —————— ('LO [ g ————— (/LS c)q

(7] g ) De 1@ ¢ o)q

x/c

)P

From Proposition 3.24 (with G = £, H = S"Qx ), we obtain the following

commutative diagram:

f# Tf -1
LesTOL ,0.Q (T o Qﬁ(/b)

(L® STQ%(/(:) (f(L®s" QX/(C))Q ———— ('L [r5Q X/(C)

I 1

Lp® (Ser/(c)P (f*L)g® (f*Srgﬁ(/c)Q

# #
fEp®Fe,
L,pP S Qk/C,P

Distributing stalks over the tensor product we obtain the commutative diagram

(1de] ) . .
(f*L® f*S Q% c)q 5 (fFL® S0

4 Tg

(f*L) @ (f*S™Q% c)o ﬁ (f*L)o ® (5" c)q-

Putting the previous diagrams together we deduce (with simplified notation, where
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the arrows are the morphisms indicated in the previous four diagrams):

(LOST)p —— (Fof*(LOSTOY)) P —> (f(FLOFSTOY)p —> (fu(f*LBSTQL))p

Iy

(F*(LRSTAY))g —— (F*LRf*S™0 ) —— (F*LRS™Q)q

T

(f*L)ea(f*S"%)q —> (f*L)e® (5" )

LpR(STOQL)p

Hence, by definition of 7y, and by definition of f?., the previous commutative

diagram together with Remark 2.72 gives the commutative diagram

HO(X,L® S c) - HYUX, fu([*L® S"Qyc))
L

A

(£L® Sy c)p T (o[ L@ S 0))p
h Y3

= (f*L® S 0)e
Lp® (STQ%C)P - (f*L)e® (STQ%//C)Q
fEp®(By)

We claim that 3 o A is injective. Indeed, from the definition of v3 we have the

following commutative diagram

HOX, f(f'L® ST o) = H(Y, [*L.® SO}

Lo
| |

(LS e))p ——  (FFLOS Q)
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where both vertical arrows are injective by Corollary 2.71 (because S™Q, ¢ is locally
free).

Therefore we get the commutative diagram

H(X, L& SV )0) —= H(Y, f*LO S )

| l

Lp®@ (S"Q/c)p 5—f> (f*L)q @ (S"Qyc)e-
where 3y = fip ® (ﬁ_f), the vertical arrows map sections to the respective stalks.
Moreover the vertical arrows are injective. O

Lemma 3.59. There is a neighborhood U of P and an isomorphism € : Liy — Oxu

such that the following diagram commutes

By

Lp @ (S"Qxc)p —— (L)o@ (S"Qyc)q
6p®IdJ( l(f‘*Ue)Q@)Id
Ox.p ®ox p» (S"Ux/c)p — Ov.q ®oy.q (SrQly/c)Q (3.11)
fQ ®ﬁf '
(S"Q%c)p 7 (S" Q)
s

where the lower vertical arrows are the canonical isomorphisms and the upper vertical

arrows are also injective, and [y is as defined in Lemma 3.58.

Proof. Since L is invertible, there is an open neighborhood U C X of P such that
Ly = Oxjy. Denote by e this isomorphism. We have an induced isomorphism

ep : Lp — Ox,p. Since f; is a functor we have (f;€)q : (fiyLw)e — (fiyOxw)q is
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also an isomorphism. From Proposition 2.75 we have the commutative diagram

#
fL,Q

Lp —= (f"L)q

GPJ( J((foe)Q

OX’p #—> (f*OX)Q
fOXaQ
We have that the homomorphism f(fx’Q : Ox.p — (f*Ox)g and the homomor-
phism fg : Ox,p — Oy, are equal by Remark 2.74. From this we obtain that the

following diagram commutes (by checking on elements)

T B * r
(L)p ®ox, (S 0)p —— (f*L)q R0y, (5 0)q
6P®Idl l(f\*UE)Q@Id
Ox,p ®ox,p (STQ§/C)P —— Oygq ®oy.q <STQ%’,C)Q'

fg@l?f
Using the canonical isomorphisms
Ox.p ®oyxp (5" c)p = (S"Uxsc)p
and

Oy, R0y (S U c)o = (S"Ne)o

we obtain that Diagram (3.11) commutes.
Since €p and ( f";]e)Q are isomorphisms we obtain that the vertical maps are in-

jective. 0

Proof of Proposition 3.57. From Lemma 3.58 and Lemma 3.59 we obtain the result.
O
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Write A := Ox p and B := Oy,g. The homomorphism fg : A — B induces a

unique homomorphism of A-modules
UL1Q - 9}4/@ - 9}3/((1

such that vy g ods =dpo fg with d4 and dp the respective associated derivations.

From the universal property of S AQ}B /C applied to the inclusion homomorphism
Q}B/(C — SBQIB/(C? we obtain the A-algebra map SAQ}B/(C — SBQ}B/C, which induces
the map

) 1 1
U@ P 9420 = SElpc-
Consider the isomorphism

~

wX,P:Qix/c - (Qﬁf/C)P

fedgep = (fdg)p

where f,g € Ox(U) for some neighborhood U of P.
Let F be a locally free Ox-module. The isomorphism sz p (cf. Lemma 3.17)

induces the following isomorphism in degree 7:

srrp:ShFp = (S%F)p

tipeetop = (b t)p

where ti,...,t,. are in F(U).
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By [EGA] (IL,1.7.4), we have the isomorphism

~

R . 1 1
prxp = Spa PO Shwx et SiQae = (SxQxc)p

frdgip---dg,p — (fdgi---dg,)p.

The following two Lemmas are easily verified by applying the maps to elements

of the stalks.

Lemma 3.60. The following diagram is commutative:

1 V1,r,Q 1
Qoxp/c Qoy o/c
u)X,P\L \L’LUY,Q

* 1
(@ se)r ——— (U)o ——— (Qela
@ Ix/v/c,Q

Lemma 3.61. Let Y be a scheme and let Q € Y. Let u : F — G be a morphism of

locally free Oy -modules. Then the following diagram commutes:

. (S3u) r
(SY]:)Q —Q> (SYQ)Q

Sr,}",QT Tsr,g,Q

Sy (Fo) ST—UQ> Sy (Gq)-

We also need the following lemma:

Lemma 3.62. Let f: Y — Z be a morphism of schemes. Let () be a point on'Y and
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P=f(Q) € Z. Let F be a locally free sheaf on Z. The following diagram commutes:

Sos» TP (S3F)r
Srf‘ﬁle lfs#g}"Q
Sy oI F)a —es (S " Fg ——— (fS;F)o
™ (al)q
Proof. This follows from Proposition 3.18. O]

Proposition 3.63. The following diagram commutes:

T 1 Yr.f,.Q r 1
SOXPQOX .p/C SOYQQOYQ/(C

/J'r-,X,Pl J/HT,Y,Q

(53'(9%(/@)13 B—f> (SET/Q%//C)Q'

Moreover, the vertical maps are isomorphisms. Thus v, so(wp) = 0 if and only if

Bt(wp) = 0.

Proof. We will prove that the following diagram is commutative

o ol Sox.p@ XP)S @) S0 o P (SLOL )
Ox,p*“Ox p/C 2 P0Oxp\*x/C/P Xseéx/c)p
S )| | e
il 0% e, o (@f)q -
vr.f.Q OYQ<f QX/(C)Q I (S I QX/(C)Q — (f*S% X/(C)
SQ(fx/y/c,Q)l l(sonyfX/Y/C)Q

SOYQQOYQ/(C T@) Soy,Q(Q%f/c)Q m (SQQ%//C)Q

The left hand side diagram commutes by Lemma 3.60 and Lemma 3.16. The top

right hand side diagram commutes by Lemma 3.62. The bottom right hand side
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square commutes by Lemma 3.61. Thus, the above diagram commutes. Note that

X

Q. _ r -1 # : :
By = (Sy fx/v/c)go (af)Q Ofsg(Ql s The vertical maps are p, x p and . y,o, which

are isomorphismes. O

Taking completions of vy r ¢ we obtain a homomorphism
oo Qe — O
l’sz . A/C B/(C'

Thus, if Cat, and Cat . are the respective completion maps, then 9, f ¢ is the unique
map satisfying

011, © Cay . = Cay, . © VL1Q-
We write

b ST e = S Q¢
Proposition 3.64. We have a commutative diagram

T v’"’f’Q} T
SAQ}LX/(C SBQE/(C

S"c S"c,
Qk/cl l 2% ¢

r 1 r )1

Moreover, the vertical maps are injective.
: S _ R . N . .
Proof. We have 01 7,0 Ca . = Cal, OVL1Q Taking r-th symmetric powers we obtain

the commutativity of the diagram.

Since B is Noetherian, we have from [AM69], Corollary 10.20 that S™Q} c
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(SO /(C)A is injective. Given a finitely generated R-module M, we have

— A

STM~R®rS"M>~S(RrM)=S"M.

Indeed, the first isomorphism holds by Proposition 10.13 in [AM69], as the ring R
is noetherian, and the second isomorphism holds by [Bou89|, Proposition 7 III §6.4.

From this we obtain that the map S"cq:1  is injective. O]
Qpc

The homomorphism fg induces a unique homomorphism fg; : A — B. The ho-
momorphism f(g induces a unique homomorphism on the universally finite differential

algebras

1~
B/C

0c,f1* Q}&/(C — Q
with associated derivations d 4 and dB respectively. Thus o¢ 71 is the unique map
satisfying oc 1 0 CZA = JB e fg

By the universal property of QY e the completion homomorphism c4 : A — A
induces a unique homomorphism

1

[0 QA/C:}QA/(C

which satisfies d i0ca = ayody. Similarly there exists a unique ap such that

dgocg = apodp. By [Kun86], Cor.12.5 (b), the homomorphism a4 induces an

isomorphism

1

ééA . QA/C—}QA/(C

such that a4 o Cay, . = QA Similarly, we get a map ap such that ap o Cat, . = OB
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Proposition 3.65. The following diagram commutes:
r O ﬁ”"vaQ r O
SAQ}LX/(C — SBQE/C
sraAl lsraB (3.12)

r Ol ; r Ol
SAQA/C oC.fir SBQB/C'

Proof. 1t suffices to prove that the following diagram is commutative:

A1 0L1.Q A1
Qyc > Qpc

ol e
1 s 31
QA/(C oe.fn QB/(C'

For this it suffices to prove that the following diagram commutes

oy Ulvf’Q; 0l

A/C B/C

aAl laB
N1 s N1

QA/C oot QB/(C'

because QY /c 18 dense on Q4 /C and the homomorphisms are continuous.

Given a € A, we have

oegi0aa(daa) = ocyri(di(cala)))
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hence proving the commutativity. O]

We denote by wp the image of wp under the map S”CQ}A/C ST e — STQ}MC.

By [Kun86], p. 171, since Q4 Jc s a finitely generated A-module, we have that
Quc = &) ¢ is a finite differential A-algebra. Thus by [Kun86], Cor. 12.5 (b),
Q ijc exists and it satisfies ijc =~N¢) 4/c. We denote by wp the image of wp under

the isomorphism S"é 4, that is, ©p = S"aa(wp) = S"aa(wp).

Theorem 3.66. Let X be a smooth surface, let L be an invertible sheaf and let
we H(X, L® S’“Qﬁ(/c). Let C' be a curve on X, let P € C and let Q be a fized

preimage of P via the map ¢ : C — X. The following are equivalent:
(i) The curve C' is w-integral (i.e., p¢,. (W) = 0),
(ii) Boo(wp) =0,
(ii) vrge.q(wp) =0,
(iv) /&T,LPQQ(C‘DP) =0,
(v) The branch ker(@ﬁ,Q) of C'is a solution of Wp.
Proof. From Proposition 3.57 we get that ¢, »(w) = 0 if and only if S, (wp) = 0,
thus proving the equivalence between (i) and (ii).
From Proposition 3.63 we obtain that 3,.(wp) = 0 if and only if v, ., o(wp) = 0.
Hence (ii) and (iii) are equivalent.
From Proposition 3.64 we get that 9, . o(wp) = 0 if and only if v, ., o(wp) = 0.
Therefore (iii) and (iv) are equivalent.

Since diagram (3.12) is commutative and the right vertical arrow is injective we

obtain the equivalence of item (iv) with ¢, (0p) = 0. The latter is equivalent to
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item (v) by definition of o¢ ., (recall Definition 3.50 and see the discussion after

Proposition 3.64). Hence (iv) and (v) are equivalent. O

Since the point @ in Theorem 3.66 was arbitrarily chosen in ¢ ' (P), the theorem

works for any Q € ¢;'(P), so we obtain:

Theorem 3.67. Let X be a smooth surface, let L be an invertible sheaf and let
we H(X,L® S”Q}X/(C). Let C be a curve on X, and P € C. The following are

equivalent:

o The curve C' is w-integral (i.e., ¢, r(w) =0),

e For one/any Q € o' (P), the branch ker(@ﬁ@) of C'is a solution of wp.
3.6 w-integrality from equations

In this section we will show how to verify that a curve on a surface is w-integral from
the equations that define it.
Let k be a field. From Proposition I1.8.4A in [Har77], we have, for a k-algebra A

and an ideal T = (fy,..., f.) of A, the exact sequence
I/ 5 Q@4 AT — Qbyp = 0 (3.13)
where for b € I/I? we have §(b) = db ® 1, and the homomorphism
Q}A/kz ®a AT — Q%A/I)/k

maps an element in the generating set adb ® [c| to [ac]d[b], where [a] is the class of a

in R/I.
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Lemma 3.68. If u : M — N is a surjective A-linear mapping, then the homo-
morphism S(u) : Sa(M) — Sa(N) is surjective and its kernel is the ideal of S(M)
generated by the kernel P C M C S(M) of u.

Proof. See Proposition 4 in [Bou89], I11.6.2. O

From this lemma, the surjective homomorphism of A/I-modules
Qix/k ®a AT — Q%A/I)/k
induces a surjective A/I-algebra homomorphism
v SA/I(QIILX/k ®a A/I)ﬁSA/I(Q%A/I)/k)a
with kernel generated by Im(d) in S(Q} i ®a A/I). 1t induces a surjective map
Tr Sr(Qix/k ®aA/I) — ST(Q(lA/I)/k)

with kernel ker(y,) = Im(d)S“l(Qz/k ®aA/I). Let SQQA/C — 52/1(9}4/@ ® A/I) be
induced by Q} ¢ — Q) ,c ® A/I and let

qr Szgix/c - SZ&/I(Q%/C ® A/I)/ ker(y,)

be the composition with the quotient map.
We will be using repeatedly the fact that if U = Spec(A) is an affine k-variety,

then

QlU/lc = Q,lax/k
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SUQ%///C = (SAQ}Lx/k)N
which follow from [EGA] (IV,16.3.7) and [EGA] (I1,1.7.6), respectively.

Proposition 3.69. Let X be a smooth surface over C, let w € HY(X, L ® S’"Qﬁqc)
and let U = Spec(A) be an affine open set of X such that Liy = Oy. Let C be an
irreducible curve in X which meets U. Let I = (f1,..., f,) be an ideal in A such that
CNU =Vy(I), the subscheme associated to the ideal I. Denote by wy € STQL/C the

image of w by the maps
HY(X,L® 8"k ) = HOU,L® §™Q c) 5 HOU, Sy c) = Sy ¢

where the first is the restriction to U, and h is the isomorphism induced by Ly = Oy .

Suppose that the image of wy by the map
dr - S;lelél/(C - 52/1(9114/@ ® A/[)/ker('yr)

1s zero. Then C' is w-integral.

Proof. Let P be any smooth point of C'NU. Then locally near P the normalization
of C' is an isomorphism, because we have that O¢ p is a regular local ring, and hence
Oc.p = Oc.p. So O¢ o = Oc.p where () is the preimage of P in the normalization of
C'. Note that C N U = Spec(A/I). If m is the maximal ideal of A/I corresponding
to the point P € C, then Op o = Oc,p = (A/I);. By Theorem 3.66, C' is w-integral
if and only if B,..q(wp) = 0.

We need the following two propositions

Proposition 3.70. Let A : S{Qy ¢ — (5" c)p = 54, Q4 ¢ be the localization
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map. The following diagram commutes:

HO(X, £.® 570 )

|

HO(U, L ® S"QYc) —— HO(U,5"Q% ) e 5"}

! ! £

(L& S e)p — s (S Qo) ™ 57O, = 570
B«pc l lvmpch

Ox.p
r Hr.c.Q T
(7L g 00 gra

a

c/c

Therefore for C' to be w-integral it suffices to prove that v, g © Mwp) = 0.

Proof. The left hand side square commutes by Remark 2.72; the bottom right hand
side square commutes by Proposition 3.63. The top right hand side diagram commutes
by using the formula of y, x p (from the statement before Lemma 3.60) and checking
on elements fdg; - - - dg, € STQi‘/k = H(U, STQ}(/(C), which are generators. Therefore
the diagram commutes. Note that the image of w by a o hp is wp, and C' is w-
integral if and only if 3,.(wp) = 0. From the commutativity of the diagram and
the fact that p, & o is an isomorphism (cf. Proposition 3.63) it suffices to prove that

UT7SDC’Q ° A(WO) - 0 D

Proposition 3.71. If wy maps to zero under the map Sgﬂh/k — SQ/IQ%A/I)/M then

C s w-integral.

Proof. The diagram
S — Shanm

3 l

Sy Qf — S, Ol
Ox,p""Ox,p Vrp 0@ 06.0"%¢ g
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commutes because the diagram

A — A/l

l |

AP e (A/I)m :AP/IP

commutes. Thus, if the image of wy is zero under the morphism SQQQ/,C — SZ/IQ%A/I)/,C,

then Aow, .. o(wp) = 0 and thus by Proposition 3.70 we have that C'is w-integral. [

We continue with the proof of Proposition 3.69. We have the commutative diagram

NS

2
Qasnm
where the right arrow comes from [Mat80], p. 186, the left arrow is induced by the

ring homomorphism A — A/I, and the horizontal arrow is extension of scalars (com-

mutativity is verified on elements). Hence the following diagram commutes

Sy —— 5, (e A/)

l l

52/19}4/1 # S;;/I(Qix ® A/I)/ ker(v,),

by Lemma 3.16 and because S7 (24 ® A/I) — S7 Q0 ; factors through the iso-
morphism 7,. We deduce that the map of Proposition 3.71 is exactly 4, o ¢,. This

proves the result. O

Corollary 3.72. Let X be a smooth surface, let w € H(X, L ® STQ}(/(C). Let C be

an irreducible curve in X, let U = Spec(A) be an open set in X such that CNV # (),
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and Ly = Oy. Let I = (g) be an ideal in A such that CNU = Vy(I). Ifw € STQ}MC

(as defined in Proposition 3.69) lies in gST(QlA/(C) +ngT*IQ}4/C, then C' is w-integral.

Proof. Note that gS’"(Q}L\/(C) + ngT_lQi‘/C C ker(q,) because dg € Im(d) and we are
tensoring by A/(g). If wy € gS"(yc) + dgS™ '} ¢, We get that wy € ker(g,). By

Proposition 3.69 we get that C' is w-integral. O]

3.7 Showing that there are no more w-integral curves on a surface

Given a set of w-integral curves on a smooth surface X, we want to know when that
set consists of all w-integral curves of X.
We will use the following proposition for obtaining functions on an open set from

local information.

Proposition 3.73. Let Y be a smooth variety over K. If uy,...,u, is any system
of local parameters at a point P € Y, then there exists an open affine neighborhood
V' of P such that the u; extend to reqular functions on V' and duq, ... ,du, generate
Q%//K(V) as an Oy (V)-module. Moreover, duy,...,du, are a basis of the Oy(V)-

module 4, (V).
Proof. See [Shal3], p. 193. O

Let X be a smooth surface over C, and let w € H°(X, £®STQ§/(C). The purpose of
this subsection is to give a criterion (cf. Theorem 3.76) for testing if a list of w-integral
curves consists of all w-integral curves.

Let V' C X be a non-empty affine open set such that there are regular functions

u,v € Ox (V) with the property that du, dv are a basis of Qﬁ(/(c(V) as Ox(V)-module
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(they exist by Proposition 3.73). Since V' is affine we have by [EGA], (IV.16.3.7),

that

e = Que(V)™ = (Qxe(V)™,

Writing V' = SpecA, for each non-empty basic affine open subset V' = D(f) CV

(for f € A) we have that the restrictions of du, dv to V’ form a basis for the A -module

Qe (V') = (Qxyc(V)™(D(f)) = (Qxsc (V) = Qxje(V) @ Ay

because extension of scalars (to a non-zero ring) takes a basis to a basis (note that
Ay is not the zero ring V' was taken non-empty).

Hence for all non-empty basic affine open sets V' = D(f) C V, the Ox(V’)-
module S"Qy (V") has {(du)'(dv)" "}, as a basis, because on affine open sets we
have

(™) (V') = S (Qx/c(V')).

Lemma 3.74. Using the previous notation, for any point P € V write ap = u(P)
and bp = v(P). Then up :=u— ap and vp := v — bp are local parameters at P and

they satisfy d(up) = du and d(vp) = dv.

Proof. We have that up,vp € mp because they vanish at the point P, and we also
have d(up) = d(u — ap) = du and d(vp) = d(v — bp) = dv so d(up) and d(vp)
generate Q¢ (because du, dv generate). From Proposition I1.8.7 in [Har77], we have

Ql

oxp @ Ox p/mp = mp/m%. Thus, the images of up, Up generate mp/m%, hence

up, vp generate mp (by [AMG69], Prop. 2.8). Therefore up,vp are local parameters

and satisfy the required equation. O]
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Let U C V be a non-empty basic affine open set such that Ly = Oy (it exists
because such open sets form a basis for the topology of V'); we fix this choice for the

rest of this subsection. Then under the isomorphism
HO(U, £ 5" e) = H(U, 570 c)

induced by Ly = Oy, we have that the image of wyy in H(U, S’"Qﬁqc) can be written

as

Z A (du) " (dv)? (3.14)

with A; € Op(U) and u, v the regular functions on V' obtained by Proposition 3.73.
Since {(du)’(dv)" "} (<<, is a basis for the free Oy (U)-module S"Qy (U), the coef-
ficients A; are uniquely determined by the fixed choice of u,v and the isomorphism
L= Oy.

Let 6 € K = k(X) be the discriminant of the monic polynomial
T AZ '
» ST e KT,
= Ao

where K = k(X)) is the function field of X and T is a transcendental variable, and
note that 6 € Ox(U\Vy(Ap)) (that is, § is a regular function on U away from the

zero set of Ap).

Notation 3.75. Let
AU = (X\U) U VU(A0> U VU\VU(A0)<5) Q X,

where, for a scheme W and a regular function h € Oy (W), we write Vy, (h) for the
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vanishing set of h (which is closed in W).

Write Dy(Ao) = U\Vy(Ao) and Dy (ag)(0) = (U\V4,)\Vinw,(4,)(9), and

note that they are open in X. We have

Ay = Un((X\U) U Dy(Ag)) N ((X\(U\Vu(Ao))) U Dy (a0 (0)
= (UNDy(Ag)) N ((X\U) UVy(Ag) U Dy (40)(6)
= Dy (Ao) N ((X\U) U Vy(Ag) U Dy (4)(9)
= 0UDU (Dy(Ao) N Diywy (a0)(9))-

which is a union of open sets of X. Thus, the set Ay is Zariski closed in X.

In practice (in the applications in the next chapters), we will be able to compute
the closed set Ay explicitly for suitable choice of u,v and isomorphism Ly = Oy .

Now we will prove Theorem 3.76, which states that for a point P outside Ay,
then P belongs to at most r w-integral curves of X.

Let P € X\ Ay and use the local parameters @ = up and © = vp from Lemma 3.74.
Recall that the image of wyy in H(U, S"QY ) can be written as > 37_; A;(du) " (dv)".
Following notation of Section 3.5, the image of w in (S"Q sc)p is wp, and the image
of wp under the morphism S"cﬂi‘/C : STQ}MC — STQi‘/(C is Wp.

From Lemma 3.74 we can replace du and dv by dup and dvp in (3.14). Since w is

mapped to wp via localization and completion, we obtain the expression
'
wp =Y Ai(dup) " (dvp)’
=0

where 4; is the image of A4; € Oy (U) in @U’p = @X,p.

Consider the isomorphism ¢ : Oxp — k[[X,Y]] given by this choice of local
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parameters, with c(iip) = X and ¢(vp) = Y. The isomorphism ¢ induces the isomor-
phism

e = S Ux,yyye = S (CIX,Y]ldX @ C[X, YY),

. orol
¢S Q@X’P/

which is given by the rule ¢,(F(dip) " (dvp)’) = ¢(F)(dX) " (dY), for F € Ox p.

We have the canonical map S™Q, ¢ — S’”Qé given by

x,p/C

A(dup) " (dop)' — A(dip) " (dvp)’

which induces an isomorphism f : S’”Q}QX /C = S”Qéx o/ (from Cor.12.5(b) in

[Kun86]) with the property that
A(dup) (dvp)" — A(diip) " (dbp)".
We have that the image of wp € S’"Q%,)X »/c 0 S”Q}C[[X’YH/C under these maps is

e f(@p) = ¢ (Z A,-(dap)”(dép)i> = c(Ay)(dX)HdY)'.

i=0 =0

Theorem 3.76. Using the previous notation, for any given point P € X\Ay there
are at most r w-integral curves passing through P. More precisely, the sum of the

multiplicities pp(C') for all w-integral curves C' passing through P is at most r.

Proof. We apply Theorem 3.55 to @ := ¢, f(wp). Then the power series Ay from the

statement of Theorem 3.55 is ¢(A), and since F — ¢(F) is a ring homomorphism,

~

the power series § in the statement of Theorem 3.55 is ¢(0). Hence, the condition that



3.8. IMPROVING BOUNDS VIA RAMIFICATION 139

Ap(0,0) # 0 and 6(0,0) # 0in Theorem 3.55 (i.e. that these power series are not in the
maximal ideal (X,Y) ) is satisfied, because in our context Ag(P) # 0 and §(P) # 0
(which holds since P ¢ Ay) which means that Ag,0 ¢ mxp. We conclude from
Theorem 3.55 that ¢, f(wp) has at most r distinct solutions in the sense of Definition
3.50 and that they are linear branches (in C[[X,Y]]) with non-vertical tangents.

Finally, let C' be an w-integral curve passing through P. By Theorem 3.67, all
branches of C' are solutions of fc(wp) in the sense of Definition 3.50. From Proposition
2.62 the number pup(C') is the sum of the orders of the branches of C' at P. Since the
branch solutions of fe(wp) are all linear (of order 1 by the proof of Corollary 2.65),
we obtain that up(C) is the number of branches of C at P.

Since different curves C' cannot have a common branch by Proposition 2.59, we
get that the sum of up(C) for all w-integral curves C' passing through P is at most

the number of solution branches of wp, which is r. O

3.8 Improving bounds via ramification

The main goal of this section is to improve Lemma 2.10 in [Voj00]. This leads to
better bounds when we deal with Diophantine equations of larger degrees. Moreover,
we extend it to morphism of surfaces that are not necessarily finite. Such morphisms

will appear when we resolve singularities in certain applications, as in chapter 6.

3.8.1 Sections vanishing identically

Definition 3.77. Given a smooth irreducible surface X, an effective Cartier divisor
D of X with associated subscheme Y = Yp, a locally free sheaf F and a section

s € H°(X,F), we say that s vanishes identically along D if the image of s under the
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map

H(X,F) = H°(X, F ®iy.Oy)
(defined in Subsection 2.2.1) is zero.

Lemma 3.78. Let F be a locally free sheaf on X, let D be an effective Cartier
diwisor on X. For each P € X, let fp € Oxp be a local equation for D at P. If
s € HY(X,F), then s vanishes identically along D if and only if sp € fpFp for all
PeX.

Proof. Let Y be the closed subscheme of X associated to D. Let Z be the ideal sheaf
of Y. Then for all P € X we have Zp = fpOx p. Consider the homomorphism
p:I®F — F from (2.4), which is defined on open sets to be the multiplication of
sections. From the exact sequence (2.4) we have that the section s vanishes identically
along D if and only if s € HY(X,im(p)).

If s € HY(X,im(p)), then for all P in X we have sp € im(u)p. Conversely,
suppose that for all P € X we have sp € im(u)p, then there is a neighborhood Up
of P and ¢t € im(u)(Up) such that sp = tp in im(u)p, so in F. Thus there exists
Vp C Up such that sy, = tjy, in F(Vp), and since ¢ is a section of im(u) we get
Sjvp € im(p)(Vp). Since this holds for every P in X we obtain that s € H°(X,im(u)).

By [Har77], Ex.I1.1.2(a) we have that sp € im(u)p if and only if sp € im(up).
Since im(pup) = IpFp = fpOx pFp = fpFp, we obtain that sp € im(up) if and only
if sp € fpFp. O

Proposition 3.79. Let X be a smooth variety and let D, D’ be effective Cartier
divisors without common components. Moreover, let F be a locally free sheaf and let

s € H'(X,F). Then s vanishes identically along D and along D’ if and only if s
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vanishes identically along D + D’.

Proof. For every P € X, we let fp and gp in Ox p be local equations for D and D,
respectively. Note that fpgp is a local equation for D + D" at P.

Since X is smooth, Ox p is a unique factorization domain and since D and D’
do not share components, we see that fp and gp do not have a common irreducible
factor. Thus for all h € Ox p we have that fpgp divides h if and only if fp divides h
and gp divides h.

Now choose an Ox p-module isomorphism Fp = OS(’ p (recall that F is locally
free). Write tp = (hp1,..., hp,) € Ok p for the image of sp under this isomorphism.
Then by Lemma 3.78, s vanishes identically along D + D’ if and only if for all P, the
germ sp € fpgpFp. This holds if and only if for all P we have tp € fpgpO% p. By
definition this holds if and only if fpgp divides h, ; for each j = 1,...,r and for all
P. Since fp and gp do not have a common irreducible factor this holds if and only if
fp divides hp; and gp divides hp; for each j = 1,...,7. Moreover, this holds if and

only if s vanishes identically along D and along D’ by Lemma 3.78. O]

Now we will give a local criterion for proving that a section vanishes identically

along an effective Cartier divisor.

Proposition 3.80. Let D be a Cartier divisor on a smooth variety X which is of the
form nD', with D" prime and n > 0. Let Y be the associated subscheme of D, let U
be an affine open subset of X intersecting Y, let F be a locally free sheaf of X and let
s € HY(X,F). If the image of sy in HO(U, (F @ iy.Oy)y) is zero, then s vanishes

tdentically along D.

For this, we will use the following three lemmas.
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Lemma 3.81. Let A be a ring such that A = B/ f™, where B is a unique factorization
domain, f € B is an irreducible element and n is a positive integer. Then every zero

divisor of A s nilpotent.

Proof. Suppose that xy = 0 with z,y € A not zero. Let u,v in B be such that z = u
and y = v in the quotient A = B/(f™). Then f" divides uv in B.

Since B is unique factorization domain, we get that f divides uw or v. If n =1 we
get a contradiction because x,y are non-zero. If n > 1 then (because x,y are non-
zero) we have that f™ cannot only divide u and cannot only divide v. Thus f divides

u and f divides v. Thus f™ divides u™ and divides v™, so both z,y are nilpotent. [J

Lemma 3.82. Let V = Spec(A) with A satisfying the conditions of Lemma 3.81. Let
G be a free Oy-module, let P € V and let V' C V be a neighborhood of P such that
V''= D(g) with g € A. Let s € H(V,G). If sp» =0, then s = 0.

Proof. Since G is free, then it is quasi-coherent. By Lemma I1.5.3 in [Har77], we
obtain that there exists n > 0 such that g" - s = 0.

Since V' = D(g) = Spec(A,) is not empty, the ring A, is not zero, hence by
[Har77] Ex.I1.2.18 we have ¢ is not nilpotent, and so g" # 0.

We have that G(V) is free, and isomorphic to A" for some r > 1. If s # 0, then
for some non-zero coordinate t of s € A" we have ¢"t = 0 with ¢" # 0. From Lemma
3.81 we obtain that ¢g” is nilpotent, but we know that g is not nilpotent. Thus ¢ = 0,

which contradicts the fact that ¢ was a non-zero coordinate. Therefore s = 0. O

Lemma 3.83. Let D be an effective Cartier divisor on a smooth variety X such
that D is of the form nD' with n > 1 and D' a prime divisor. Let iy : Y — X be

the associated closed subscheme of D and let G be an Ox-module such that iy*G is
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a locally free Oy-module. Let U be a non-empty open set of X which intersects Y .

Then the restriction map H(Y,i3.G) — H(UNY, (43.G)juny) is injective.

Proof. Let s € H°(Y,i}G) and suppose that sjyry = 0 in H*(UNY, (43.G)juny). We
want to show that s = 0.

Let {Uj, q;}; represent the divisor D', with {U;}; a covering of X by affine open
sets U; = SpecB; such that i}.G is free on each U; N'Y (this is possible because i}.G
is locally free on Y, and Y has the subspace topology induced from X) and such
that each B; = Ox(U;) is a unique factorization domain (this is possible, possibly
after refining the covering {U;};, because X is smooth). Note that each ¢; € B;
is irreducible when U; intersects Y, and is invertible when U; does not intersect Y,
because D’ is a prime divisor. Write f; = ¢'; then D is represented by {(U;, fi)}i
because D = nD'.

The sheaf of ideals Zy is locally generated by f; = ¢/, and so the subscheme Y is
given in U; by Y NU; = SpecB;/(q) for all i with U; intersecting Y.

Let ¢ be such that U; has non-empty intersection with Y. Since Y is irreducible
(although it can be non-reduced), the non-empty open sets U; N Y and U N'Y meet,
and so there exists Pe U;NUNY. Let W CU; NUNY be an open neighborhood
of P in Y such that W = Dy,ny(g) for some g € Ox(U; NY) = B;/(f;). Since i}.G
is free on Y N U;, we see that all the conditions of Lemma 3.82 are satisfied. Note
that sy = 0 because sjyny = 0 and W C Y NU. Therefore Lemma 3.82 gives that
Sju;ny = 0.

We conclude that for every 7 with U; intersecting Y, we have that s),ny = 0. Since

these U; N'Y form an open cover of Y, we conclude that s = 0 in H(Y,4}.G). O

Proof of Proposition 3.80. From Exercise I11.5.1(d) in [Har77], there exists a canonical
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isomorphism ¢ : F ® iy, Oy — iy.itF.

Since ¢ is an isomorphism of sheaves, we get the commutative diagram

HY (X, F ®i,0y) — HU,F ®i,0y)

L(X)l L(U)l

HY(X,i,i*F) ——  HU,i*F)

HY,i*F) —— H'UNY,i*F)

where the horizontal arrows are restriction maps and the top vertical arrows are
isomorphisms. The bottom map is injective by Lemma 3.83, and so the top map is
injective.

By definition of a morphism of sheaves, we have the following commutative dia-

gram

HY(X,F) — H(X,F®i.0y)

| J

H(U,F) —— H(U, F ®i,0y)
where the vertical maps are the restriction maps, and the right vertical map is injective
by the previous discussion. By commutativity of this last diagram, if sy maps to
zero on H°(U, F ® i,0y), then s maps to zero on H°(X, F ® i,0y), so s vanishes

identically along D. O

Corollary 3.84. Let D be a Cartier divisor on a smooth variety X which is of the
form nD’, with D" prime and n > 0. Let Y be the associated subscheme of D, let
P €Y, let F be a locally free sheaf of X and let s € H°(X,F). If the image of
sp € Fp of the map Fp — (F ® iy.Oy)p is zero, then s vanishes identically along

D.
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Proof. 1f sp is mapped to 0 under the map Fp — (F ® iy.Oy)p, then there is a
neighborhood U of P such that sy € H(U, F) has image 0 under the map

F(U)=H'(UF) = (F®iy.0y)(U) = H (U, (F ® iy.Oy) )

(by definition of the image of a section in a stalk). The open set U contains P, hence

it is non-empty and it intersects Y. Therefore we can apply Proposition 3.80. O

3.8.2 Higher order ramification

Let X be an integral smooth surface defined over C, let C' be an irreducible curve
on X, let P be a point in C' such that C' is smooth at P. Let vo : C — C be the
normalization map, i : C — X the inclusion and ¢¢ = icove : C — X. Let Q
be the unique preimage of P under ¢¢. (Since C' is smooth at P, there is only one

preimage of P.)

Lemma 3.85. There are local parameters x,y € mxp € Oxp and t € mego ©

Op g such that y is a local equation for C' at P, and such that gpéQ(m) =t and

ker(of ) = (1).

Proof. Since P is a smooth point of X, we can take a local equation y € mx p for C

at P. The morphism i : C' — X induces the isomorphism

i Oxp/(y) = Ocp = Ogg.

Let t € mg, local parameter and let * € mx p such that VﬁQiﬁ(f) = t, then

mx,p/(y) = (Z) in Ox p/(y) (because mg o = (t) and VéQ is isomorphism since C'
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is smooth at P). Therefore we get mx p = (z,y) and since Ox p is a local ring of

dimension 2 we get that x,y are local parameters at P.

Finally
ng,Q(x) = VéQiﬁ(x) = V?’,Qiﬁ(j) =1
SD#,Q(?J) = Vﬁ,@iﬁ(y) = Vﬁ,Qiﬁ(g) =0

Since Ox p has dimension two, and (y) C ker(cpﬁ’Q) # (x,y), we obtain that (y) =
ker(gpéQ). O

Let ' : Y — X be a morphism of surfaces. Recall the notation 77, : H(X, £ ®

STQL) — HY(Y, m* L @ S"Q)) from Subsection 3.2.5.

Lemma 3.86. Let XY be smooth integral surfaces defined over C. Let m: Y — X
be a dominant morphism and let D C'Y be a prime divisor such that C' = (D) is a
curve (i.e. (D) is not a point). Let P' € D be such that D is the only component of
(7*C)rea passing through P', and put P = w(P’"). Let y € Ox_p be a local equation for
C and let z € Oy pr be a local equation for D. (They exist because X,Y are smooth.)

Then there is an o € Oy p, such that mh(y) = az® where e = epo().

Proof. We have that C is a Cartier divisor (X is a smooth variety). By the definition
of pullback of Cartier divisors (cf. Subsection 2.2.2) we have that 7% (y) is a local
equation for 7*C' at P’. The only component of 7*C'" at P’ is supported on D and z is
local equation for D. Since Oy pr is a unique factorization domain and z is irreducible,
there exists o € Oy p, such that 7%,(y) = az” for some r > 1 (r is the multiplicity of
D in mC).

We have Oy, pr C Oy, (with np the generic point of D), so a € Oy p, C Oy, .
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(s € Oyp if and only if s is regular in U which is a neighborhood of np). Since

a € Oy, , we have vp(a) = 0. Therefore

ep/c(m) = vpx)(y)
= up(np(y))
= wvp(az")

= vp(a)+rvp(z)=0+r-1=r

where the first equality holds because y generates my ., the second because Wﬁ(y)

is the image of y under k(X) < (Y'), and the fifth because z generates my,,,. O

Theorem 3.87. Let X and Y be smooth integral surfaces defined over C. Let
m:Y — X be a dominant morphism and let D C'Y be a prime divisor such that
C =mn(D) is a curve (i.e. (D) is not a point). Suppose that © has ramification index
e=epc(m) > 1 at D. Let L be an invertible sheaf on X, let r be a positive integer,
and let w € H'(X, L ® S"QY). If C is w-integral, then 7} ,w € H°(Y,7°L ® S"Qy)

vanishes identically along (e — 1)D.

Proof. Let Z be the subscheme associated to (e — 1)D (see Definition 2.21). By
Corollary 3.84, it is enough to prove that the image of (7}, w)p under the map
(T* LR S™N ) pr— ("L @ ST @ i7.07)pr is zero for any P’ € Z.

Choose P" € D such that (7*C')eq is smooth at P’. This ensures that D is the
only component of (7*C),eq containing P’ and that D is smooth at P’. There is an
open non-empty set of D satisfying this requirement, so we can further require that
P = 7(P') is a smooth point of C.

Let Q € C be the unique preimage of P by the normalization ¢¢ : C — C. Let
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z € my,p be a local equation of D at P'. By Lemma 3.85 we have that there are
local parameters = p, yp coming from rational functions z, y such that mx p = (xp, yp)
where ker(goéQ) = (yp) and gpﬁ’Q(xp) =Mme g

From Lemma 3.86 we obtain that 77, (yp) = az® with e = ep/c(m).

Since P is a smooth point of X and xp, yp are local parameters at P, we have that
(Qﬁ(/(c)p has basis dzp, dyp as Ox p-module, that is (Qﬁqc)p = Ox pdxp ® Ox pdyp.
Note that Lp = Ox p, that is, it is a free Ox p-module of rank 1. It follows that
under the identification (£ ® S’”Qﬁqc)p >~ Lp® ST(QQ/C)p, there are unique a; € Lp

such that the image of w in this stalk can be written as

wp = Z a; @ dm’édy’[;i

1=0

because the elements drbdyp " form a basis of S"(Q} sc)p- 1t follows that

Urpo(Wp) = Z SOéc,Q(ai) ® dSDﬁ,L,Q(l'P)id(Pﬁ,c,Q(yP)Tfi
=0

= Y @t rola) @dtdor
i=0
= @l rola) @t

Since C' is w-integral, we obtain by Theorem 3.52 that v, ,.o(wp) = 0, hence
gpéLQ(ar) = 0. By our choice of zp, yp,t, the kernel of QD#LQ is (yp), hence a, = yph
for some h € Lp.

Thus we have Wﬁ prla,) = Cl/Ze?T?Zi p(h). Moreover,

dn?h, (yp) = d(z°a) = 2° Y eadz + zda) € (2)°71 C Oy pr.
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From Lemma 3.58 we have

(Wz,LW)P

Bﬂ(wf)
B-(D_ a; @ (dw)'(dy)"™)

=0

> mhp(as) © Br((dr) (dy) ™)

> wf polas) @ Be((da)' (dy) ™).

where the last equality holds because Wﬁ p(ar) =0.

From Lemma 3.63 we obtain that

B ((d)'(dy)"™™")p

Hence (r3,.w)pr = Y14 7o

Hr,C.@ © Ur.1Q © 11y x p((dx) (dy) ") p

Jir.C,Q © Vr f,Q((dSCP)i(dyP)T_i)
Yd(rfyp)

prcod(mhap)d(z o)
)

uchd(Wpr (2 eadz + zda)) "

Mr,c,Qd(WQ P

(a;) ® d(ﬂpr)l(zefl(eadz + zda))" ™" which is zero

modulo (2¢71), thus the image of (77 ;w)p in (7L ® S"Qy ¢ @ i7.07)p is zero, and

thus 7} -w vanishes identically along (e —1)D. O

In later sections, the previous theorem will be used combined with Proposition

3.79 and with the following:

Proposition 3.88. Let Y be a smooth integral surface and let wy € H(Y, L& S™Q4).

Let D be an effective divisor on Y. Suppose that wy vanishes identically along D.
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Then there is a symmetric differential w) € H(Y, L(—D) @ L ® S™Q.) such that all

wy-integral curves are among the wy-integral curves.

Proof. The exact sequence (2.5) (cf. Subsection 2.2.1) gives the exact sequence
0— HY,L(-D)® L& S™QL) —2— HYUY,L®S™QL) — HO(Y,L® S"Q) ®i,0p)

where p is induced by pu: L(—D) ® L ® S™Q) — L ® S on global sections (cf.
the discussion after (2.4) in Subsection 2.2.1).

As wy vanishes along D, it is in the image of the injective map puo, and we let wy,
be the unique pre-image of wy under .

Let pi : L(—D)® L — L be the map from Subsection 2.2.1. Then ' ® Idgrq1 = p

because the following diagram commutes:

(L(=D)® L) ® 5" Q) — (Oy ® L) ® S"Qy,

:l l:

L(-D)® (L® S Q) — Oy @ (LD SNy

as the tensor product is associative (see the definition of the morphisms p in Subsec-

tion 2.2.1).

Let C' € Y be a curve with normalization ¢ : C' — Y. The following diagram

commutes because T} ¢, is functorial on the sheaves (see Subsection 3.2.3)
) Y

0
TE(—D)@L,STQ%,/IC

(L(=D)® L) ®i*S"Qy » (L(=D) ® L& SOy )

i*u’@i*ldl li*(u’@[d):i*,u

T 1
£,57Q

LS, T, (L ® S0,
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and the following diagram clearly commutes

i*(L(~D) ® L£) @ "S™Q .~ i*(L(~D) ® L) @ 570,
i*u’@i*ldl l(i*u’)@)ld
LSO, RLELN "L®STOL,

so the following diagram commutes

) Ki,£L(—D)QL,r

i*(L(~D) ® L ® ST, i*(L(~D)® L) ® 5™,

i*ul l(f*u’)@ﬂd

(L& S"QL,) e LSO,
Also, we know that the following commutes by properties of the canonical map

Pi 1
L(-D)®LOSTAL,

L(-D)® L ® S, s 0" (L(—D) ® £L.® 57 ,)

rO)1 p2®srﬂ%//k < ek rO)1
LSO, — i (L ® ST ,)

Therefore the following diagram commutes

L(-D)® L& S, 220 4, (*(L(~D) ® L) @ S'OL,)

| |rirsra

LSO, RN i.("L ® STk )
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and taking global sections we get that the following commutative diagram

H(Y,L(~D) ® L ® §'Q} ) 2% HO(C,i*(L(~D) ® L) ® 5™ ,)

ﬂOl l(f*u’)@ﬂd

HO(Y, L ® ST ) Ly HO(C,i*L ® 570%,,)

As pp is injective and po(w)) = wy, we conclude that if C' is wj-integral (that is

12— pyecr(@o) = 0), then it is wo-integral (that is 7. . (wo) = 0). O



Squares with constant second differences

Chapter 4

4.1 Introduction and main results

Recall the surfaces

\

2 2 2
x] — 3x; + 33

2 2 2
Ti_g — 3w;_o + 3w,

2 2 2
Tp—3— 3xn—2 + 3xn—1 -

153

which were defined in Subsection 2.1.2. For each n, the surface X, is in P*~!, and it

is defined by n — 3 equations. By convention, X3 = P2, It is well known that these

are surfaces, see [BB10]. A point [z1 : --- : x,] € X,,(Q) corresponds to a sequence

Tp, ...,z of rational numbers (up to scaling) satisfying =7 ; —3z? ,+32? | = 27 (i.e.

whose squares have constant second differences, cf. Subsection 2.1.3). Equivalently, it

corresponds to a polynomial P € Q[t] of degree less than or equal to 2 (up to scaling)

with all P(0),..., P(n — 1) square rational numbers.

In this chapter, we use Vojta’s technique to prove the following:
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Theorem 4.1. Let g > 0. If n > max{9,4g + 6}, then the only curves of genus at

most g on X,, are the trivial lines [s +t : +(2s+1t) : ---: £(ns+1t)] with [s : t] € P
This theorem specializes in the case g < 1 as follows:

Theorem 4.2. For n > 11, the only curves of genus 0 or 1 on X,, are the trivial

lines [s+t:+(2s+1): - : (ns+t)] with [s: t] € PL.

Hence we are able to find all rational or elliptic curves on X,, for n > 11.

Note that a point [z : -+ : x,] on a curve [s + ¢ : £(2s 4+ 1) : -+ : £(ns + )]
satisfies that 22 = (is + t)?, that is, it gives rise to a sequence of squares of elements
in arithmetic progression.

Theorem 4.1 gives us a result in the arithmetic of function fields.

Theorem 4.3. Let K be a function field of genus g with constant field C, and let
n > max{9,4g+6}. Let fi,...,fn € K be such that the squares of this sequence
have second differences equal to a fired f € K. Then the sequence (fi,..., fn) is
proportional to a sequence of complex numbers, or it is of the form f; = €;(aj + b)

for some a,b € K and ¢; € {—1,1}.

Browkin and Brzezinski [BB10] observed that if one is able to prove a theorem
like Theorem 4.2, we get the following arithmetic consequence (which we prove in

Subsection 4.8) regarding sequences of integers having constant second differences.

Theorem 4.4. Assume the Bombieri-Lang Conjecture (Conjecture 2.4) for the sur-
faces X, with n > 11. Then there are (up to scaling) finitely many sequences of 11
integers whose squares have constant second differences, but which are not of the form

(ns+ 1), withn =1,2,... and s,t € Z. Moreover, there exists an M > 0 such that
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if x1,..., 20 1S a coprime sequence of integers whose squares have constant second

differences, then the sequence is trivial.
Theorem 4.4 formulated in terms of square values of polynomials is as follows:

Theorem 4.5. Assume the Bombieri-Lang Conjecture for the surfaces X,,, with n >
11. Then, up to scaling, there are only finitely many polynomials P(t) € Q[t] which are
not the square of a polynomial, and the values P(1), P(2),..., P(11) are all squares.
Moreover, there exists an integer M > 0 such that if P(t) € Qt] is a quadratic
polynomial for which the values P(1), P(2),..., P(M) are squares, then P(t) is the

square of a polynomial.

4.2 The geometry of the surfaces X,
Recall that the surface X, is in P*1.
Lemma 4.6. If [zy:...:x,] € X,,, then we have

=3 =2) 2 (- 22— 13 +

forany 1 <m <n.

Proof. Fix n > 4. We will prove this lemma by induction on m. It can be seen that
the lemma is true for m = 1,2,3. We know that in X,, we have x? — 323 + 323 = 3,
so the lemma is also true for m = 4. Now let 4 < m < n and suppose that the

statement is true for all i < m. From the formula 22, 5 — 322 _, + 322, ;| = 22, of

(4.1) we obtain by the induction hypothesis that
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3[\')

m—6m=5) » o, (mesm—4) ,

- R )
_3((m—5)2(m—4)ﬁ_(( a1k (m—4)2(m—3)x§
+3<(m—4)2(m—3)x%_<< PRI (m—3)2(m—2) §>

_ (m—3)2(m—2)x%_((m_2>2_1)x%+(m—2)2(m—1)x§

[]

Proposition 4.7. Let f; = 7 — 3z7, + 3a7,, — 27,5 be the generators of the ideal
defining X,,,and let

k(k+1) ,

S0t (1) - a4 PR

Then we have the equality of ideals (f1,. .., fu-3) = (g1, - gn_3) in k[z1,...,2,]. In

particular, the g; for 1 <i < n —3 are also defining equations for X,.

Proof. First we show that for n > 4 we have I, :== (g1, .., 9n-3) C Jn :== (f1,- -, fu_3)-
It suffices to show that g; € J, for each 1 <k <n — 3, and we will do this by induc-
tion on k. Note that we have g, = 0 for £k = —2, —1,0, so for these values of k we
have gy € J,. Let 1 <k < n — 3 and suppose (as induction hypothesis) that g; € J,
for all =2 < j < k. Then, working modulo J,, and using that g; € J,, for =2 < j < k

we obtain
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2 _ 2 2 2
Ty = Tp_g— 3Tj_o+ 375, mod J,

(k—3)(k—2)
2

r] — ((k—3)% — a3 +

—2)(k—1
(k )2(k )x§ mod J,.

This proves that g, =0 mod J,, that is, g € J,. Therefore I,, C J,,.

Now we prove the inclusion J,, C I,,. Working modulo [,, we get the relations

1 1 -2
xi+3zk(k2+ )xf—((k—f—l)z—l)x%%—(k—{— );k )xg mod 1,
for —2<k<n-3,soforl1 <k<n-—3weget
fo = @i — 3% + 3051 — Tius
k—3)(k—2 k—2)(k—-1
- (( DR e (-2 - 1y B2 %g)
k—2)(k—1 k—1)k
—3<( )2( )xf—((k—l)z—l)xg—i-—( 5 ) .T%)
-1 1
+3 G )kmf—(kQ—l)mgﬁLk(k_'_ )xg)
2 2
k(k+1 k+1)(k+2
—( ( 2—'— )x%—((k+1)2—1)x§+( i )2( i )x§> mod 1,

= 0-2740-224+0-22=0 mod I,.

which proves that f, € I,, for 1 < k <n — 3. Therefore I,, = J,. O
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Lemma 4.8. If [x; : -+ : x,] is a point on X,,, then no three of x1,...,x, can be

simultaneously zero.

Proof. 1f x1,x9, x5 are all zero, then by Lemma 4.6 every x; = 0, which contradicts

the fact that [z1 :---: z,] € P, Now view

U—=3)—2) ,

5 xl—((j—Q)Q—l)CL’g—f—(j_l)(j_2) 2

5 r3=10

as an equation in j. Note that for j = 1 this gives 22 = 0, for j = 2 it gives 22 = 0

and for j = 3 this gives 2 = 0. This equation can be written in the form
(x] — 225 + 23)j* — (—5x] + 85 — 323)j + (6] — 625 +273) = 0. (4.2)

If all 27 — 223 + 23, —5z? + 822 — 322 and 627 — 623 + 222 are zero, then it can be
computed that z; = x9 = w3 = 0, which is not possible. Hence Equation (4.2) has
at most two solutions in j. Therefore there are at most two values of j such that

Ty = 0. ]
The following observation will allow us to prove that the surfaces X,, are smooth.

Observation 4.9. Let a # [ be different from 1,2,3. Then the matrix

(a—=3)(a—2)r; 2((a—2)?—1)x,
(B=3)(B=2)z1 2((8—2)* -1y
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has determinant 2zyz5(o — 3)(6 — 3)(a — B) # 0, if 129 # 0. The matrix
(a—=3)(a—2)x; (a—2)(a—1)z3
(B=3)(B=2)z1 (B—2)(B—1)zs

has determinant 2z;x3(a — 2)(8 — 2)(a — ) # 0, if xy25 # 0, and the matrix
2@ =22 = 1zy (o —2)(a— 1)
2((8 =2 =Daz (B-2)(8— s

has determinant 2zox3(a — 1)(8 — 2)(av — B) # 0, if zox3 # 0.

Lemma 4.10. For each n > 3, the surface X,, is smooth.

Proof. Since X3 = P? we know that X3 is smooth. Now let n > 4. By Proposition 4.7,
we have that the surface X, is defined by the equations ¢y, ..., g,. From Proposition
2.77, we only need to show that the Jacobian matrix of the homogeneous equations
g1, ---,9n of X,, has rank n — 3 when evaluated at [z; : ... : z,] € X,,. This is the

following (n — 3) x n matrix

221 —62x5 6x3 —2x4 0 e 0
6z, —16x, 1225 0 —2x5
0
(n—=3)(n—-2x; 2(n—22=Dzy (n—2)(n—1)x3 0 e 0 =21,

We will prove by induction on ¢ that this matrix has maximal rank equal to n — 3.
We know from Lemma 4.8 that for ¢ = 4 this matrix has maximal rank (equal to

1). Suppose by the induction hypothesis that the following (i — 3) x ¢ matrix with
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4 <7 <n—1 has maximal rank.

2%1 —6.’172 633‘3 —2234 0 tee 0
Ml. _ 61‘1 —161‘2 121‘3 0 —2$5
0
(—3)(i =2z 20(i—2%—Das (—2)Gi—Das 0 - 0 -2

and consider the (i — 2) x (i + 1) matrix

2£L'1 —6372 6[L‘3 —21'4 0 tee 0
61’1 —16I2 12$3 0 —2135
My =
0
(i—2)i—Day 2((i—1)2=Day (i—D(@as 0 - 0 —2aipn

If 2;11 # 0 then the matrix M; ; has rank M;+1 = ¢ —2. Now suppose that z;.; = 0.
By Lemma 4.8, at most one among x,...,2; can be zero. If all z; with 4 < j <4
are non-zero, then we are done. If z; = 0 for some 4 < j <4, then we only have to
prove that the (j — 3)-th row is not a multiple of the (i — 2)-nd row. By Lemma 4.8
we have that at least two of x1, x9, x5 are different from zero. Then the j-th row is
not a multiple of the first row by Observation 4.9, so the matrix M;,; has maximal
rank ¢ — 2.

Therefore the Jacobian matrix of X,, has rank n — 3 and thus by Proposition 2.77

the surface X, is smooth. O

Proposition 4.11. Forn > 3, the surface X,, is smooth and irreducible, and it is of

general type forn > 7.

Proof. Since X,, is a smooth complete intersection by Lemma 4.10, we get from




4.2. THE GEOMETRY OF THE SURFACES Xy 161

Proposition 2.79, that X,, is irreducible and its canonical sheaf is O(n — 6). By
Example I1.7.6.1 in [Har77], the sheaf O(n — 6) is ample for n > 7, thus a multiple of
O(n — 6) determines an embedding X,, — PV, and hence X, is a surface of general

type, by Theorem V.6.5 in [Har77]. ]

For each n > 4, define the map m, : X,, — X, _1 as the restriction to X,, of the

morphism
T P[0 -2 0: 1]} — P2
R BRI ) e S P S B ] B
The rational map 7,, corresponds to the inclusion map k[z1, ..., 2, 1] = klz1, ..., 2]

(which respects the grading) in the sense of [Har77] II, Exercise 2.14(b), and the

morphism ,, corresponds to the induced map

k?[[L‘l, . axn—l]/(fh ey fn—4) — k’[l’l, . ,[En]/(fl, . 7fn—3)7

which exists because (fi,...,fn—a) C klx1,..., 201 N (f1,..., fu—3). Therefore

7Tn<Xn) g anl-

Proposition 4.12. For each n, the map 7, is a finite surjective morphism of degree

2, with ramification curve R, = {x, =0} N X,.

Proof. 1f w,([xy : -+ - : x,]) is undefined, then we get g = --- = x,_; = 0. By Lemma
4.6 we obtain that z,, = 0, contradicting the fact that [z, : --- : x,] € P"~!. Therefore
T, is a morphism.

Now let P =[xy : - : @y q] € Xy, and let P := [y : ... : z,] € P""! be a
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preimage of P with respect to 7,,. Then P lies on X, if and only if

(n—=3)(n—-2) ,

(=2 -1) , )
2 1

xi = 5 s — ((n— 2)2 — 1)1‘% +

by Lemma 4.6. Since we can always solve this, we have that m, is a surjective quasi-
finite morphism. Moreover, it is finite because it is projective. It is of degree 2 by
Lemma 2.87.

The curve

=20 =D (-2 - 13 +

in P? is irreducible by Lemma 2.81. Since each point on this curve has only one
preimage under 7, in X,,, it follows that m, is totally ramified at each component of
R,, by Proposition 2.88. From Lemma 4.6 we have that the pullback of this curve on

X, has equation z2 = 0. O

We have a tower of finite morphisms between the surfaces X,:
P?= X3 & Xy & X585 -+

Define p, = m40---om,. The morphism p, has degree 2"~3. Note that by Lemma

4.6, the image under p,, of the ramification curve R,, : z,, = 0 in X3 = P? is

(n=3)(n-2) ,

C, : : xl—((n—2)2—1)x§+(n_2)2<n_1)x§:(),

50 pn(Ry) = Cy.
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Lemma 4.13. Forn > 4 we have p(C,) = 2R,,.

Proof. Recall that

—3)(n —2 —2)(n—1
C, = divy, ((n )2(n ).73% —((n—2)* —1)a3 + (n )2(n )x§> .
Then by Proposition 2.30 and Lemma 4.6 we have
— -2 —2)(n—1
G = aivy, (PO B (o2 - g+ P22 U)

= divy, (22) = 2R,.

n

4.3 A convenient differential form

Let {U;} C P? be the usual affine open cover of P? with U; = D, (X;). Working on

the open set Us; with affine coordinates z; = &1, 2, = &

e X5, we have the following

symmetric differential
vividridr, + (2109 — 40125 — 25wy )da dag + 43 x5dredr, € 82911]3/(@.
Proposition 4.14. This differential form in Us can be extended to a form

w e HO(P2, O(7) @ S*QL,).

Proof. Write
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A = ziridridry,
= (2129 — dx125 — 2325)dw1ds,
C = 4xiridrydrs.

In the open set U; with affine coordinates x5 := %, T3 1= §—f’1’, these forms become

A = zjxytd(ey)d(zz"),

B = (wow3? —4adrs? — xoxg?)d(23h)d(2ox3?t),
C = 4aivg*d(zoxst)d(woxs?t),
hence in U;
1
A+B+C = —7(4x§x3d:v2dx2 + (29 — 423 — 2923)dwodas + 2523dT3dT3).
T3
Similarly, in the open set U with affine coordinates x; := %, T3 = %
A = 22x3td(zy25Y)d(v1235Y),
B = (mx3? —4magt — i) d(vogt)d(a3h),

C = daiwytd(ay)d(as"),
hence in Us,

1
A + B + C = —7($%$3dI1d£L’1 + (—Ill’g — LL’? + 4.T1)d1’1dl’3 + .T%Igdl‘gdl‘:;).
T3
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Therefore our symmetric differential extends to a section w € H(P?, O(7) ® S*Q.).

O

Remark 4.15. We have carefully chosen this differential in such a way that the
curves C; are w-integral. This is a critical part of the argument, see for instance
Appendix A in [Voj00], where Vojta explains how he found his differential for the

application considered in [Voj00], using computer search in positive characteristic.

4.4 Finding all w-integral curves in X3

In this section we will find the complete set of w-integral curves in X3 = P2

Lemma 4.16. The following curves in X3 are w-integral:

(i) Co: 20202 — (0= 2)? = 1)ad + 200002 = 0, a € C\ {1,2,3};
(ii) Cu : 2% — 223 + 22 = 0;

151) The coordinate axes v1 =0, 19 =0, x3 =0;

(iii) ; ; ;

(i) The four curves xy &+ 2wy + 23 = 0.

Proof. The curves of type (i) and type (ii) are irreducible by Lemma 2.81. Let C,, be

a curve of type (i). The curve C,, restricted to Us has equation 22 = 22=172 — &=L,

a—2 a—3
Taking differentials we obtain dx; = 23—:§%dI2.
A, = 2irideidn,
2
9 o fsa—1x
= x7x5 (2 — | dxodx
12 < o — 2:62) 2
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Bic, = (xlxg — 4x1x§’ — xi’xg) dridxs

a—1x
= (xlzr:g — 4x1x§ — x‘;’@) (2

—) dl’gdl’g

o — 229
—1

—1 -1 —1 -1 —1
= (2& :Bg—a ) (1—4x§—2& 2, 2 >2& dxodxs,

a—2 a—3 04—2232 a—3 a—2

Cie., = Arizidrydr,
a—1, aoa-1

= 4 (2@ —o%2 T o 3) radryds.

Thus the restriction of w to C,, has equation

-1 —1\? —1)\? -1 -1
p i R 9% b2t 2 O
oa—2 a—3 o —2 oa—2 a—3
—1 —1 —1 —1 —1
p T3 — a 1 — 423 — 2% T3 — a 2 dzodz,
a—2 a—3 o — 2 a—3 o — 2

a—1\" a—1 a—1 a—1(_ a—-1 a—1
- 4(04—2) ‘7[:%—’_204—2%3_804—2363_204—2<204—2gcg_04—3)xg
1 —1
+4 (2& 21‘%— a 3) x%) dzodz,
o — o —

Hence by Corollary 3.72, the curves of type (i) are w-integral.
The curve of type (ii) restricted to Us has equation z3 — 222 + 1 = 0. Taking

differentials we get dx, = Qi—jdl'g. Therefore
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A|Coo = 4$3d372d$2,
Bic.. = 2(2x3 — 6x3)dzads,
Clo.. = 4(2x5 — 23)dwods,

hence the restriction of w to the curve Cy has equation

4oy + 2(275 — 675) + 4(225 — 13))dwodry
= (222 — 4 + 22222)dxodry
= (@ +1— (27 + 1>+ 22(x7 + 1))dwoday
= 0.

Thus by Corollary 3.72, the curve of type (ii) is w-integral.
For the coordinate axes (curves of type (iii)), it is easy to prove that w vanishes
along them. (Write w in appropriate coordinates for each case.) For example, on Us

we have

Wiz, =0 = x%x%dmldxl + (2129 — 4x1x§ — x?xg)dxldxg + 4x%x§dx2dx2 =0

because the curve x; = 0 satisfies dr; = 0. Hence by Corollary 3.72 they are w-
integral.
Let Coy e, i= @1 + 26279 + €323 = 0, with ez,e3 € {£1}. In U; it has equation

r1 = —2€x9 — €3. Taking differentials we get dx; = —2exdrs. Hence
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A|C€27€3 = l’%l’%(—262)2dl’2dﬂf2 = (161’;1 + 437% + 1662631’%)d$2d$2,
Be,,., = (z172— daixy — 2325)(—2€5)daodry = (—3225 — 32€9e3x5 — 822)dwodry,
Cleye = 4atwydrsdrs = (1625 + 4as + 166263735 )dwodms.
Thus wic,, ., has equation
A|CEQ,E3 + B\CCQ,% + 0‘062‘63 = 0.
Therefore from Corollary 3.72, the curves of type (iv) are w-integral. O]

Lemma 4.17. The curves from Lemma 4.16 are the only w-integral curves on the

surface X = P2,

Proof. The restriction of w to Us is
vividridr) + (v10y — 40103 — 2320)do dry + 4P ridrodr,.
We have from the Notation 3.75
A = (PP\Us) U{P € Us: Ay(P) = 0 or A(P) — 4Ay(P)Ay(P) =0} C P~
Restricting to our case the last condition becomes (for P = (z1,x2)):

Ag(P) —4A(P)A3(P) = (r129 — 4x1x§’ — xi’xQ)Z — 16:10‘1%‘21

= zir3 H (1 + €219 + €3). (4.3)

62,636{—1,1}
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We also have Ay = x?z2. Therefore A is the union of the three coordinate axes and
the curves x; 4+ 2x5 £+ 1. All of them are w-integral curves.

From Theorem 3.76 we only need to prove that for any P ¢ A there are at least two
w-integral curves passing through P. Let P = [x; : 25 : 23] be a point outside A. The
point P lies on a curve C, if and only if Wﬁ—((a—%z—l)x%—i—%x% =0,
and it is in Cy, if and only if 2 — 223 + 22 = 0. Since P ¢ A, we have that z; # 0

for i = 1,2,3 (because A contains the coordinate axes). The discriminant of the

quadratic equation (with a the unknown)

(@=3)(a-2) , (@=2)(a-1) ,

5 r; — ((a — 2)2 — 1)x§ + 5 x5=0 (4.4)
18
3 5 2 2 2
(—§m§ +day — 5:53) — 4 (25 — 3x3 + 327) (% — 2+ %)

1
1(331 + 2xy + x3) (21 + 229 — 3) (21 — 229 + 23) (21 — 229 — T3),

which is different from zero at P because it is outside A (by Equation (4.3)). The
leading coefficient from the quadratic equation (4.4) is %(m% — 222 + 23). Suppose
that P is not in C, then equation 4.4 has degree 2 in .. Noting that Equation (4.4)
is the Equation of C, (see Lemma 4.16), we get that there are precisely two values
of a such that the curve C, passes through P. On the other hand, if P € C, then
Equation 4.4 is linear in « and it has exactly one solution g and we get that C, and

C,, pass through P. Since this holds for every P outside A we know that there are

no more w-integral curves in Xsj. O]
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4.5 Pullbacks of w-integral curves

Now that we have the complete list of w-integral curves of X5 = P2, we will use them

to find p;w-integral curves on the other surfaces X,,.

Lemma 4.18. The pull-back under p, of a curve of type (iii) of Lemma 4.16 is a

smooth complete intersection, and it is given by the equations

2] —3x3+ 325 = 1]
—3)n -2 —2)(n—1
(n—3)(n )xf —((n—2)* —1)a3 + (n = 2)(n )azg = 22,

2 2
with i € {1,2,3}.

Proof. Let C be the pullback of a curve of type (iii). By Proposition 2.30 the equations

of C are

r? — 323+ 325 = o]
—3)n -2 —2)(n—1
(n )2(n )x% —((n—2)* —1)a5 + (n )2(n )x§ = 22,

with ¢ one of 0, 1,2, hence it is a complete intersection on P*~!. Its Jacobian matrix
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evaluated at the point [z :...: x,] € X, is a (n — 2) X n matrix of the form
a b c 0 0 0 0
2[)31 —61’2 65173 —25(74 0 ce 0
61’1 —16.%'2 121’3 0 —21’5
0

(n=3)(n—2x; 2((n—22-1zy (n—2)(n—1zz 0 e 0 =2z,
with exactly one of a, b, ¢ different from zero (and equal to 1).

If none of xy, .. ., x, is zero, then the (n—2) X n matrix has maximal rank (because
one of a,b, ¢ is equal to 1). If exactly two of z4,...,x, are zero, then by Lemma 4.8
we obtain that none of x1, x5, x5 is zero. The determinant of the submatrix

a b
(4.5)

(i —3)(i—2)z1 2((i —2)% — 1)ws

with ¢ > 4 is b(i — 3)(i — 2)x1 — 2a((z — 2)* — 1)z, which is different from zero
when 1,29 # 0 and either (a,b) = (0,1) or (a,b) = (1,0). The determinant of the

submatrix

a C

(1 =3)(i —2)z1 (i —2)(i — )3

(4.6)

with ¢ > 4 is ¢(i — 3)( — 2)x; — a(i — 2)(i — 1)z3, which is different from zero
when 1,29 # 0 and either (a,c) = (0,1) or (a,c¢) = (1,0). The determinant of the

submatrix

(4.7)
2((i —2)2 — Doy (i —2)(i — 1)as
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with 4 > 4 is 2¢((i — 2)? — 1)z — b(i — 2)(i — 1)x3, which is different from zero when
x1, 22 # 0 and either (b,¢) = (0,1) or (b,¢) = (1,0). hence if zox; # 0 we get that the
(n —2) x n matrix has maximal rank. If one of xy, ...z, is zero, then at least two of
x1, T2, r3 must be different from zero. Suppose that z; = 0. If either b or c is different
from zero, then Matrix (4.7) has non-zero determinant. If a # 0, then Matrix (4.5)
and Matrix (4.6) will have non-zero determinant. Therefore, by a reasoning similar
to the proof of Lemma 4.10, the (n — 2) x n matrix will have maximal rank. The

cases 9 = 0 and x3 = 0 are proved similarly. O]

Lemma 4.19. The pull-back under p, of the curve Cy, of type (i) of Lemma 4.16 with

a#4,...,nis a smooth complete intersection curve given by the system of equations

(a=3)(a=2) , (a—=2)(a—1) ,

5 3 — ((a—2)* = 1)as + 5 3 = 0
v} — 35+ 325 = o)
—3)(n—2 —2)(n—1
(n )2(n )xf—((n—2)2—1)x§+(n )2(n ):U§ = 2.

The pull-back under p,, of the curve Cw, of type (ii) is a smooth complete intersection

given by the equations

v} - 25+ 2k = 0
xf—3x§+3x§ =

—3)(n—2 —2)(n—1
n >2(” ) (27— a3+ " );” e

Proof. Let C' = C, be the pullback of a curve of type (i). By Proposition 2.30 the
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equations of C' are

(a=3)(a=2) , (a=2)(a—1) ,

5 o7 — ((a—2)? — )5 + 5 x5 = 0
v} — 35+ 325 = o}

—3)(n—2 —2)(n—1
R R

Therefore, this curve is a complete intersection in P"~!. The Jacobian matrix of

C evaluated at [z1 :...: x,] € X,, is the (n — 2) x n matrix

(a—=3)(a—2)r; 2((a—2)? =Dz (@ —2)(a—1zz 0 0 0 0
221 —615 6x3 —2x4 0 e 0
6z, —16x4 1225 0 —2x5

0
n—=3)(n—-2x; 2((n—2%=1zy (n—2)(n—1)z3 0 e 0 2w,

A computation similar to the proof of Lemma 4.10 (using Observation 4.9) gives
us that the curve C\, is smooth.

The equations defining the curve of type (ii) are

r]—2r5+1; = 0
72 —3x§+3x§ = 2’
— 3N (n -2 —2)(n—-1

2 2
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Hence this curve is a complete intersection in P*~!. The Jacobian matrix of C' eval-

uated at [z :...:2,] € X, is the (n — 2) X n matrix
214 —4x, 213 0 0 0 0
221 —62x5 6x3 —2x4 0 e 0
621 —16x, 12x3 0 —2x5
0
(n—=3)(n—-2)x; 2(n—22=Dzy (n—2)(n—1)a3 0 e 0 =21,

The submatrix

21’1 —4$2

(i —3)(i —2)z; 2((i —2)% — 1)ay

has determinant 4(i — 3)(2¢ — 3)z122 # 0 when @ # 3 and z125 # 0. The submatrix

21’1 2.T3
(i —=3)(i —2)xy (i —2)(i— s
has determinant 4(7 — 2)z123 # 0 when @ # 2 and z723 # 0. The submatrix
—4ZL‘2 2ZL‘3

2((i —2)2 = Doy (i —2)(i — 1)a3

has determinant —4(2i — 5)(i — 1)zoz3 # 0 when @ # 1 and xox3 # 0.
Hence a similar computation proves that this matrix has maximal rank. Therefore

the curve of type (ii) is smooth. O

Lemma 4.20. For 3 < i < n, the curves (w1 0+ om,)*R; are smooth complete
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intersection curves given by the system of equations

r? — 323+ 325 = o]
—3)n -2 —2)(n—1
(n )2(n )x% —((n—2)* —1)a5 + (n )2(n ):1:3 = 2.

Proof. By Proposition 2.30 the equations of (m;41 0o m,)*R; are

r? — 325+ 325 = o]
—3N(n -2 —2)(n—1
(n )2(n )w% —((n—2)* —1)a5 + (n )2(n ):1:3 = 2.

Therefore R; is a complete intersection in P*~!. The Jacobian matrix of the curve R;

evaluated at the point [xg : ... : x,] € X, is the (n — 2) X n matrix
0 0 0 o --- 1 0 0
221 —62x5 6x3 204 0 -+ -+ 0
6z, —16x, 1225 0 25
0
n—=3)(n—-2x; 2(n—22-Dzy (n—2)(n—1az 0 -+ -+ 0 2z,

where the non-zero component on the first row is on the i-th column, and 2x; = 0.
Interchange the (7 — 2)-nd row and the first row. Then a computation similar to the

proof of Lemma 4.10 gives that this matrix has maximal rank, hence the curve R; is
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smooth. O

Lemma 4.21. The pullbacks of the curves x, & 2x9 & x5 = 0 are the following 2" *
curves:

[s+t:+(2s+1t):--: £(ns+1)] with [s:t] € PL.
These are smooth irreducible curves of genus 0.

Proof. First note that [s +t : £(2s+t) : ... : £(ns + t)] is in X,, because taking
squares we obtain a sequence consisting of squares of elements in arithmetic progres-
sion (which have constant second differences).

The image under 7, of the curve [s+¢ : €2(25+1) : ... : e,(ns+t)] (with ¢ € {£1})
is the curve [s 4+t : ex(2s+t) : ... €,1((n — 1)s +¢)]. Since 7, is of degree 2 and
there are two different curves mapping onto [s+1t : €3(25+1) : ... €,-1((n—1)s+1)],
namely [s +t:e(2s+t):...: (ns+t)] and [s+t:e(2s+1t) ... —(ns+t)],
we obtain from Proposition 2.87 that these two curves are all the preimage curves of
[s+t:e(2s+1t) ... e1((n—1)s+1)].

e, for the curve in X, given by [s +t : €(25 +1) : ... : €,(ns + t)]

,,,,,

,,,,, e I8 [s+t:e(2s+1) :e3(3s+1t)]. The

points on this curve satisfy the equation xy — 2225 + €323 = 0, which is the equation

of one of the curves of type (iv). The curves C., are irreducible smooth curves of

..... €n

genus zero because they are isomorphic images of P! (the inverse of this map is the

morphism 7 : C¢, ., — P!, mapping [z1 : 3 : -+ 1 1,] to [eaz2 — 21 1 221+ €225]). O

Lemma 4.22. Let C be a curve of type (i), (ii) or (iii) in Lemma 4.16. Then

(P2 (C))rea s smooth and irreducible for every n > 4.

Proof. The pullbacks of the curves of type (i) with a # 1,...n, of type (ii) and of
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type (iii) are smooth and complete intersections by Lemma 4.18 and Lemma 4.19.
From the proofs of these Lemmas, we know that the pullbacks p! (C,) of curves of
type (i) (with o # 4,...,n), (ii) and (iii) are smooth complete intersections. From
Proposition 2.79 we have that these curves are all irreducible. By Lemma 4.13 we
have that

pnCi = (g1 0 omy) pi (C) = 2(m}, 0+ 0omy) ()

with 4 < i < n. Since the pullbacks (w41 0 --- o m,)*R; are smooth and com-
plete intersections by Lemma 4.20, they are irreducible by Proposition 2.79. Thus

(P2 (Ci))rea = (mip1 0 -+ - om,)*(R;) is smooth and irreducible. O

4.6 Integral curves on X,
Recall that p, = m4 0---om,. Using the notation of Subsection 3.2.5, let
wn = (pn)2.0mw € H(X,,,0x,(7) ® SzQ%{,l/(c)
Lemma 4.23. The following curves on X, are smooth, irreducible and w,-integral.
Moreover, every wy,-integral curve is one of these curves:
(a) p:Cy, with « € C\{1,--- ,n}. They have genus 2" 3(n —4) + 1;
(a’) (miz100-omy)* Ry = (p(Ci))rea, with 4 < i < n. They have genus 2"~ *(n—5)+1.
(b) p:Co. It has genus 2" 3(n — 4) + 1.

(¢) The pullbacks under p, of the coordinate axes x7 = 0, zo = 0, z3 = 0 of

X3 =P2. They have genus 2"~*(n —5) + 1;
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(d) The irreducible components of the pullbacks of the curves x1 £+ 2xe + x3 = 0.
These are the 2"~ ' curves [s +t : £(2s +t) : --- : +(ns +t)] with [s : t] € P!

and have genus 0.

Proof. Let C' C X,, be a curve. By Theorem 3.35 the curve C' is wy-integral if and
only if its image D = p,(C) is w-integral. By Lemma 4.16, this means that D is one
of the curves of type (i)-(iv) of Lemma 4.16, and hence C' is a component of p} D.

If D has type (iv), then by Lemma 4.21, the components of D are the curves of
type (d), which are smooth and irreducible of genus 0 by Lemma 4.21.

Now suppose that D is of type (i), (ii) or (iii). Then (p}(D));eq is irreducible by
Lemma 4.22.

Let D be a curve of type (i). Then C = (p:D)wa = p.D is of type (a) and
from Proposition 4.19 we know the equations defining C', thus by Proposition 2.79
we have K¢ = O(2(n — 2) —n) = O(n — 4). From Proposition 2.80 we have that
the genus of C' is 2" 3(n — 4) + 1. Similarly, if C' is a curve of type (a’), we have
Ko = O(n — 5) by Proposition 4.20, hence the genus of C is 2"~4(n —5) + 1. If C' is
the curve of type (b), then by Proposition 4.19 we have K¢ = O(n —4) and its genus
is 2" 3(n—4)+1. If C'is a curve of type (c), then by Proposition 4.18 K¢ = O(n—75)
and g(C) = 2"4(n —5) + 1. O

4.7 Curves of low genus on X,

Now we will prove that all the curves in X,,, whose genus is bounded by a certain

explicit constant (depending on n) must be w,-integral, and hence they are of type

(a), (a), (b), (c) or (d).



4.7. CURVES OF LOW GENUS ON Xy 179

Lemma 4.24. For eachn > 4, the section w,, € H(X,, Ox, (7)®S*QY ) determines
a unique section wl, € H*(X,, Ox, (10—n)®S5*QY ). Moreover, the w,-integral curves

are wy-integral curves.

Proof. For 4 < i < n, the curves C; are w-integral and ramified with respect to p,
by Lemma 4.13. The section w,, vanishes along (w1100 m,)*R; = (p5(C;))rea by
Theorem 3.87 (which is irreducible by Lemma 4.22).

Since (m;41 0+ -om,)*R; is the intersection of X, and {z, = 0}, it is a hyperplane
section in X,, C P""! and hence its ideal sheaf is O(—1).

By Proposition 3.79, we get that w,, vanishes along Y (w410 om,)*R;. Thus
by Proposition 2.25, we get that for each n, the section w, € H°(X,, O(7) ® S*Q% )
determines a unique section w/, € H(X,, O(10 — n) ® S*Q% ). By Theorem 3.88 we

obtain that the w! -integral curves are w,-integral curves. ]

Lemma 4.25. Let n > max{9,4g + 6}, and let C C X,, be an irreducible curve of

genus g. Then C' is wy-integral, and hence is one of the curves of type (a), (a’), (b),

(c) or (d).

Proof. For n > max{9,4g + 6}, and an irreducible curve C' C X,, of genus g, let
¢c : ¢ — X be the normalization of C.
We know from Remark 2.45 that degs p5O(1) = deg(C') > 0. Thus, since n > 9,

we have that

degs 9 O(10 — n) = (10 — n) degs 9 O(1) < 10 —n < 4 —4g.

Therefore by Proposition 3.42 we obtain that C' is w/ -integral. By Lemma 4.24, we

get that C' is w,-integral. The last statement holds by Lemma 4.23. O]
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4.8 Proof of the main results

Proof of Theorem 4.1. From Lemma 4.25 we have that all the curves of genus ¢ in X,
are w, -integral. Hence by Lemma 4.24, these curves are w,-integral. Since g < ”T_G
and n > 9, we know by Lemma 4.23 that the only w,-integral curves of genus less
than or equal to g are the curves of type (d). Therefore the only curves of genus less

than or equal to g in X, are the curves of type (d), hence proving Theorem 4.1. [

Proof of Theorem 4.2. Let C be a curve of genus 0 or 1. By Theorem 4.1 we obtain

that for n > 11 all the curves of genus 0 or 1 are the curves of type (d). O

Proof of Theorem 4.3. Let K be a function field of genus g, and let C'x is the unique
curve (up to isomorphism) with function field K. Let n > 4¢g + 6. By Proposition
2.97, the solutions over K (up to scaling) of the system of equations (4.1) are in
bijection with the morphisms {f : Cx — X/C}.

By Riemann-Hurwitz, these morphisms are either constant, or must map the curve
Ck to curves in X with genus less than or equal to g. By Theorem 4.1, the only curves
with genus less than or equal to g are the curves of type (d).

Hence each non-constant map f : Cx — X must have image contained in one of
the curves of type (d), which means that the corresponding solution [a; : ... : a,] to
the previous system is not proportional to a constant solution, and it corresponds to

a K-rational point in a curve of type (d). Hence it is of the form

a1 ... tap] =[E£(s+1t) ... £(ns+1)].
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Solving for s and t we see that they are in K, so we get a,b € K satisfying

[a1:... a,) =[E(a+0b):...: £(na+D)].

]

Proof of Theorem 4.4. Let n > 11 and let a,, . .., a; be a sequence of n integers whose
squares have constant second differences, but which is not an arithmetic progression
(up to signs), hence for all 3 < i < n it satisfies a? , — 2a? | + a? = D, for some D
not depending on . By transitivity of the equality, the following holds for 4 <1 < n:
a? 5 — 3a? 5 + 3al_, = a?. Since it is not an arithmetic progression (up to signs),
there are no s,¢t € Z such that a? = (si + ¢)®. Thus, the point [a; : ... : a,] is
in X, and it is not in one of the curves of type (d). If there are infinitely many
non-proportional sequences satisfying this, we would obtain infinitely many rational
points on X,, which are not on the curves of genus 0 or 1 of X,,. This contradicts the
Bombieri-Lang conjecture on X,,.

To deduce an absolute bound (possibly larger than 11) from the finiteness, we
follow an elementary combinatorial idea of Vojta [Voj00] adapted to our case.

Suppose that there are, up to scaling, exactly N sequences of squares 2%, ..., 1%,
with z; € Q having constant second differences and such that the sequence is non-
trivial (i.e. the z; are not an arithmetic progression up to sign). We claim that
there is no nontrivial sequence of rational M = N + 11 squares with constant second
differences.

Indeed, suppose that a?,...,a?%; is such a non-trivial sequence. Then for all 1 <

i < N+1 we have that a?, ..., a?,, also has constant second differences and we claim
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that it is non-trivial. Suppose that it is trivial, then in particular there are signs
€1,€62 € {1, —1} with a; — 2€za;41 + €3a;42 = 0. Note that [a; : a;11 : a;0] € X3 = P?
lies on a curve of type (iv) and [a; : ... : ay] € Xp_ir1, so it is in a curve of
type (d), so a;, a;12, i3, ..., ap is an arithmetic progression up to sign. Similarly
ai,...,a; Q;o,a;p3 1S an arithmetic progression up to sign (using the same signs for
ai, as, az), and we get that the sequence aq, . .., ay/ is trivial, a contradiction with the
fact that it is non-trivial.

Thus, we obtain non-trivial sequences a?, ..., a2, ;o for all 1 <7 < N+1. We claim
that they are non-proportional. Indeed, there is a polynomial f(t) = ut?+vt+w such
that f(n) = a2 for all 1 < n < M because the a,, have constant second differences,
and our sequence is non-trivial so f is non-constant. It is easy to check that the
function F : A' — P? defined by t — [f(t) : f(t+ 1) : f(t + 3)] is injective, proving
our claim.

Finally, this is a contradiction because there are at most N non-proportional non-

trivial sequences of length 11 and we have produced N + 1 of them. This proves that

there is no non-trivial sequence of length M = N + 11.
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Chapter 5

An extension of Biichi’s problem

5.1 Introduction and main results

For k > 2 and n > 2 define X,, ;, by the equations

k_ .k ko ok
2xg = x7 — 215 + 73
k_ K ko ok
2xg = Ty — 2w5 + T4

(5.1)

k

E_ k k
20y = x,_o — 22, _ +x,.

These are smooth surfaces in P" (cf. Proposition 5.10). By convention X, = P2.
Forn > 2+ ﬁ, the surface X, is of general type (cf. Proposition 5.13). We will

find all the genus 0 and 1 curves in X, ; (for n large enough). In particular, we prove:

Theorem 5.1. Let k > 3, let g > 0 and let n > % +3. If C is a curve in X, x,

then g(C) > g.

This theorem specializes as follows for g = 0, 1:
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Theorem 5.2. (a) For k > 2 and n > 8, there are no curves of genus 0 or 1 on

X k-
(b) For k> 6 and n > 4, there are no curves of genus 0 or 1 on X, .

Note that the case k = 2 is considered by Vojta in [Voj00], and for every n > 2
the surface X, » has rational curves (see Theorem 2.9 in Section 2.1.2).

Theorem 5.2 gives us examples of regular surfaces (i.e. ¢ := dim H°(X, Q5 i) =0)
without rational or elliptic curves. Moreover, we obtain examples of surfaces which

do not satisfy Bogomolov’s condition ¢ > ¢y (see Theorem 2.6), but which have no

curves of genus 0 or 1. The following examples were computed using Magma (recall

that ¢f = K% )

nlk| & o | & —cy

4|8 | 7744 | 7808 | —64

6 | 3]2025 | 2187 | —162

416 | 1764 | 2088 | —324

4 1713969 | 4263 | —294

In the case that k = 2, Vojta notes that Bogomolov’s inequality holds for n > 10.
From Theorem 5.1 we obtain the following result on the arithmetic of function

fields.

Theorem 5.3. Let K be a function field of genus g with constant field C, let k > 3,
and let n > % +3. Let f1,..., fn € K be such that the k-th powers of this sequence
have second differences equal to 2. Then the sequence (fi,..., fn) is a sequence of

complex numbers.

From Theorem 5.2 the following result on Diophantine equations follows:
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Theorem 5.4. Assume the Bombieri-Lang Conjecture (Conjecture 2.4) for the sur-
face X, . Let L be a number field.

o If k > 2, there are only finitely many sequences of 8 elements of L whose k-th

powers have second differences equal to 2.

o [fk > 6, there are only finitely many sequences of 4 elements of L whose k-th

powers have second differences equal to 2.

Moreover for any k > 3, there exists My, > 0 such that there are no sequences of

My, 1. elements of L whose k-th powers have constant second differences equal to 2.

Concrete examples of sequences as considered in this theorem do in fact exist. For
instance

64, —1,—64, —125

is an example of 4 cubes with second differences equal to 2.

More generally, we can ask about sequences of powers of possibly different ex-
ponents. We also obtain a result in this direction, see Theorem 5.34 below. This
was motivated by a question of R. Murty about the n-term ABC Conjecture in our

context. I thank him for asking that question.

5.2 The geometry of the surfaces X, ;

Recall that for each n, the scheme X,, j is in P¢.

Lemma 5.5. Let P = [xg:...:x,] € P" withn > 3, then P € X, if and only if

(i —1)(i —2)af — (i = 2)a¥ + (i — V)ab =¥, for 1 <i<n.
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This clearly follows from the following much stronger proposition.

Proposition 5.6. Let f; = 2§ — xF , 4+ 22F | — 2F be the generators of the ideal

defining X, i, and let

gi = (0= 1)(i = 22§ — (i = 2)ak + (= 1) — b

Then we have the equality of ideals (f1,...,fn) = (91, 9n) 1 k[z1,...,2,]. In

particular, the g; for 1 <1 < n are also defining equations for X, .

Proof. First we show that for n > 1 we have I, := (g1,...,9n) C Jn :== (f1,-- -, fn)-
It suffices to show that g; € J, for each 1 < i < n, and we will do this by induction
on 7. Note that we have g; = 0 for ¢ = 1,2, so for these values of i we have g; € J,,.
Let 1 <4 < n and suppose (as induction hypothesis) that g; € J, for all 1 < j <.

Then, working modulo J,, and using that g; € J, for 1 < j < i we obtain

_ k_ k k k
vy = 2x5— w5+ 2x; ; —x; modJ,

=

2cF — ((i — 3)(i — 4)ak — (i — )2 + (i — 3)zh)
+2((i — 2)(i — 3)ak — (i — 3)ak + (i — 2)ah)
—((i = 1)(i — 2)af — (i — 2)2¥ 4+ (i — 1)2%) mod J,

(i —1)(i — 2)xk — (i = 2)2% + (i — 1)z} mod J,.

This proves that ¢; =0 mod J,, that is, that g; € J,,. Therefore I,, C J,.

Now we prove the inclusion J,, C I,,. Working modulo [,, we get the relations

¥ =G - 1) —2)xk — (i —2)2 + (i — )25 mod I,
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for 1 <i¢<n,soforl<i<n weget

_ k k k k
Je = 2mg— x4+ 2% —

22 — ((i = 3)(i — 4)ak — (i — 4)z¥ + (i — 3)2)
+2((i — 2)(i — 3)xk — (i — 3)ak + (i — 2)ah)
—((G=1)(i = 2)zf — (i — 2)a% + (i — 1)) mod I,

= 0-204+0-2¥Y4+0-25=0 mod I,,

which proves that f; € I, for 1 < i <n — 3. Therefore I,, = J,. O
Lemma 5.7. If [z : - -+ : x,] is a point on X, i, then no three of o, ..., x, are zero.
Proof. We cannot have ro = 1 = x93 = 0 because of Lemma 5.5. Now view

(=1 —2)zk — (j —2)a¥ + (j — 1)z% = 0 as an equation in j. Tt can be written

in the form

whi? 4 (—30k — 2k 4 ab)j+ 20k + 228 — 2k = 0 (5.2)

If 9 # 0, then Equation (5.2) has at most two solutions, hence there are at most two
values of j for which z; = 0.

If zp = 0, then Equation (5.2) becomes a linear equation in j. If also both
—3zk —2b + 25 = 0 and 22} — 25 = 0, we get zy = 21, = 2o = 0, which is not possible.

Hence Equation (5.2) has at most one solution when zy = 0. O

For each n > 3, let m, : X, ), = X1 be the restriction to X, ; of the morphism

T :PPA\{[0:---:0:1]} — P!
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(ko : -ty = Jro:- ]

The rational map 7,, corresponds to the inclusion map k[zo, ..., x,] — k[xq, ..., T,1]
(which respects the grading) in the sense of [Har77] Exercise 11.2.14(b), and the

morphism ,, corresponds to the induced map

k’[l’o, A ,xn]/(fl, . 7fn) — k[l‘g, . ,l’n_l]/(fl, ey fn_1>,

which exists because

(fl, e 7fn) Q k‘[l’o, e 7ZL'n_1] N (fl, .. '7fn—1)'

Therefore 7, (X, k) C Xp—14-

Lemma 5.8. For each n < 3, the map m, : X, — X,,—1 15 finite and surjective.

Proof. Let P = [xo : ... : ©,—1] be in X,_;4. Then for any z, € k, the point
P= [zg :...:x,] is a preimage of P under 7,,. By Lemma 5.5, P lies on X1 if and
only if

F = (n—1)(n —2)zf — (n — 2)a% + (n — 1)ab.

n

Since this equation always has a solution x,, € k, we see that m, is surjective. More-
over, we see that |m,(P)| < k, so the map is quasi-finite, hence finite, because m, is

projective. O

Lemma 5.9. Each irreducible component of X, i has dimension greater than or equal

to 2.



5.2. THE GEOMETRY OF THE SURFACES Xy x 189

Proof. First we will prove by induction that each irreducible component in the inter-
section of m hypersurfaces in P has dimension greater than or equal to n — m. An
hypersurface in P" has dimension n — 1. Suppose that the intersection (denoted by
Y') of m hypersurfaces has all irreducible components having dimension d > n — m.
If we intersect Y with another hypersurface, we get by Theorem 1.7.2 in [Har77] that
the dimension of all irreducible components of this intersection is greater than or
equal tod4+n—1—n=d—1=n—m — 1. Therefore the intersection of m + 1
hypersurfaces has all its irreducible components with dimension greater than or equal
ton — (m+1).

Since the variety X, ; is the intersection of n — 2 hypersurfaces in P", we obtain

that each irreducible component of X,, ; has dimension greater than or equal to 2. [

Proposition 5.10. The dimension of each irreducible component of X, i is exvactly

2.

Proof. Let Y be an irreducible component of X, ;. By Lemma 5.8, the morphism
Pnji = T30 --0my : Xpp — P? is finite and surjective, hence dimY < dimP? = 2.

By Proposition 5.9 we obtain that dimY = 2. O]

The following observation will be useful for several subsequent lemmas.

Observation 5.11. Let «, 8 # 1,2, with a # 3. The matrix

—(a—2)(a — 1)xlg_1 (0 — 2)ah™t
—(B=2)(B =1zt (B—2)az1"
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has determinant x5~ 'z}~ (o — 2)(8 — 2)(8 — a) # 0 when zoz, # 0. The matrix

—(a—2)(a — 1)3:’5‘1 —(a — 1)3:];_1

~(B=2)(8 = Dag —(B—1)a5™"

has determinant zf 25~ (a — 1)(8 — 1)(a — 3) # 0 when zozy # 0. The matrix

(a=2)2y" —(a— D™

(B=2)2f™" —(8— 15"
has determinant z¥ 2571 (8 — @) # 0 when x5 # 0.
Proposition 5.12. For each n > 2, the scheme X, is smooth.

Proof. Note that X = P2, thus it is smooth and irreducible. Let [zg: -t xn] € Xk
with n > 3. By Proposition 2.77 we only need to check that the Jacobian matrix
of the homogeneous equations defining X, evaluated at [zg : --- : z,| € X, has
rank n — 2, because X, is equidimensional of dimension 2 by Proposition 5.10. By
Proposition 5.6 we know that the ideal (g¢i,...,g,) defines X, x. We thus get the

(n—2) x (n+ 1) matrix

k-1 k-1 k-1 k-1
—2xy @y —2xy T3 0 e 0

k—1 k—1 k—1 k—1

k—1 k-1 k=1 k-1
—2x, 0 0 Ty 9 —2T,_7 T
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After applying suitable row operations we obtain

— 2kt bt —2z51 it 0 -0
—6x§_1 2xk1 — 3kt 0 aht
0
—(n—=2)(n—1zft (n—2)2F' —(n—-125t 0o ... 0 k!

We will prove by induction on ¢ that this matrix has rank n — 2. We know from

Lemma 5.7 that no three of xy, ..., z, are zero, hence

k-1 k-1 k-1 k-1
(—2:60 T —2z, T3 )

is not the zero vector. Let 3 < i < n — 1 and suppose by the induction hypothesis

that the following (i — 2) x (¢ + 1) matrix has rank i — 2.

— 2kt it — 2751 ot 0 -0
V- —6$’5_1 21 —3xk1 0 it
Z 0
—(i=2)(i — Dy (i—2)2f" —(i—125" 0 - 0 af!

and consider the (i — 1) x (i 4+ 2) matrix

—leg_l k=1 —2xh1 x’?f_l o - 0

—6p ! 20k1 - I
My =

- D@ (-Dab i 0 e 0 gk
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If z;11 # 0 then the matrix M;,; has maximal rank rkM;,; = rkM; + 1 =17 — 1.
Now suppose that z;.1 = 0. If none of z3, ..., z; is zero, then M;,; has maximal
rank. By Lemma 5.7, at most one among zy,...,z; can be zero. If z; = 0, then
we only have to prove that the j-th row is not a multiple of the (i + 1)-st row. By
Lemma 5.7 we have that at least two of xg, x1, x5 are different from zero. Then by
Observation 5.11, we obtain that the j-th row is not a multiple of the (i + 1)-st row,
so the matrix M;,; has maximal rank. Therefore the Jacobian matrix has rank n — 2

and thus by Proposition 2.77 the surface X, j is smooth. ]

Proposition 5.13. The surface X, is smooth and irreducible and its canonical sheaf
18

Olk(n —2) —n —1).

The surface X, 1 is of general type for n > % =2+ ﬁ. Moreover, when k > 5,

the surface X, i, is of general type for n > 3.

Proof. Since X,, j is defined by n—2 equations, which is equal to its codimension in P"
(by Proposition 5.10), we obtain that X, is a complete intersection. From Proposi-
tion 5.12 and Proposition 2.79 we have that X, ;, is irreducible and its canonical sheaf
is O(k(n —2) —n —1). We have that k(n —2) —n —1 > 1 when n > 22 From
Example 11.7.6.1 in [Har77] we have that for n > 2%2 the sheaf O(k(n —2) —n — 1)
is ample, thus a multiple of it determines an embedding X, , — PY and by Theorem

V.6.5 in [Har77] we have that X, is a surface of general type. O

Corollary 5.14. We have

= DN

= (k(n —2) — (n + 1))2%k"2
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Proof. From Proposition 5.13, a canonical divisor of X,, x is (k(n —2) —n — 1)H with
H a hyperplane section, hence ¢? = (k(n —2) —n — 1)?(H.H).

Let L be an hyperplane in P" such that its intersection with X is a smooth curve
C' (this exists by [Har77], Theorem I1.8.18). Then (H.H) = (H.C) because C is an
hyperplane section. Since H is also an hyperplane section we get (H.C') = deg(C') by
[Har77] Theorem 1.7.7. Since C'is a complete intersection, we have by Proposition 2.80
that deg(C') = H;:ll d; where d; are the degrees of the equations F; defining C' in P™.
By Proposition 2.30, we have deg(C') = k"2, thus ¢} = (k(n—2) — (n+1))k" 2. O

Lemma 5.15. The morphism m, : X, — X,,_1 s ramified only at the components
of the divisor

Cp, =divy, , ().

Moreover, we have

pn,k’(Cn) - Dn—Qa

where ppr =730+ 0m, : Xyx — P? and
Dy_y:(n—1)(n—2)zk —(n—2)2F + (n - 1)ak =0.

In addition,

p:;an_Q - kCn

Proof. From the proof of Lemma 5.8, we see that |7, *(P)| = k for all P € X,,_14

except when P = [xg:...: x, 1] lies on the curve

Dy (n—1)zk —(n—2) 2% —(n—1)(n—-2)zk=0.
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Thus deg(m,) = k by Lemma 2.87, and 7, is unramified at any curve C' ¢ D, _s.

Moreover, since |, (P)| = 1 for each P € supp(D,_2), we see by Lemma 2.88 that

7, is totally ramified of degree k at each component of D,,_». Now

Thus, m, is ramified precisely the components of C),. Finally

* * % * T
pn,an*2 = 71-npnfl,kl)n*2 = Trnl)n*2 = kCn

We have by Lemma 5.5 that the image under p;; of the curve C;

Xg’k = Pz is
Diy:(i—1)(i—2)ak - (i —2) 2k + (i —1)zk=0.

5.3 Finding all w,-integral curves in X,

Let us prove the following lemma, which will be useful later.

Lemma 5.16. Let

P(x1,29) = 1+ 22 + 228 — 228 — 228 — 22kah — (2% — 2b) — 1)% — 4ab.

e [f k is an even integer, then P factors in irreducible factors as follows:

£k ko Eok k
P=(-zf —x3 —1)(zf + 23 —1)(—af + 23 —1)(z7 —a3 —1);

cx; = 0 in
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o [fk is an odd integer, then P(xy,x3) is irreducible.

Proof. That P(x1,xs) factors in that form for k even is easily checked. Note that
cach (2% + y2 =+ 1) is irreducible by Lemma 2.81.

When £ is an odd integer, we want to prove that P(x,z5) is irreducible. Let
F : k[ry,25] — k[u,v] be the homomorphism of k-algebras defined by F(x;) = u?
F(xy) = v If P(z1,20) = Q(x1,79)R(x1,12), then P(u? v?) = Q(u?, v?)R(u?, v?).

Note that

by the previous assertion, and this factorization into irreducible factors is unique (up
to constants) because k[u,v] is a unique factorization domain.

Therefore (without loss of generality, because of the symmetry of @ and R) we
have, from the above factorization of P(u?,v?), that either Q(u?, v?) is irreducible or
a product of two irreducible factors.

In the first case Q(u?,v?) = equ* — 5 — 1, with ¢; € {£1}, and in the second case

we have that

Q(u%,vY) = (euf + e — 1) (esuf +e0” — 1)
= €1€3U2k + 6164ukvk — eluk + ezegukvk + 62640%
—Egvk - Eguk — E4Uk + 1.
but neither of these two polynomials is in the image of F', because k is odd and in

both cases we obtain an exponent equal to k. Therefore P(x1,x5) is irreducible. [

Let {U;} C P? be the usual affine open cover of P2. In U, with affine coordinates
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— X2

=3 consider the following symmetric differential form

" agdrdey + (1 — 2 — 28)deyday + 2125 deydas.

Remark 5.17. Choosing this particularly convenient symmetric differential is a non-

trivial key step in the argument. See Remark 4.15.

Proposition 5.18. This differential form in U; can be extended to a form
Wok € HO(]P)Q, O(/{? + 3) & 829%»2)
Proof. Write

A = x]f_lxgdxldxl
B = (1—a% - 2%)dx dx,

Cc = xla:’;_ld:vgd:@.
In the open set U; with affine coordinates xq = %’, Ty = %, these forms become

A = zgFryd(zgMd(zg") = xg ¥ aadodrg
B = (1—ay" —ag*af)d(zgd(vg ws) = (1 — 2y” — o5t ah) (—2g3dwod,

+$a4$2d$0d$0>

C = xpF ol d(zy wo)d(wg twy) = x5 *ab (23dwoday + v2dodry

—2$0$2d.’170d$2) .
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Hence

A+B+C = Yoodaodrg + (1 — 25 — ab)dwoday + voxl tdasdasy).

s (25
T

Similarly on U, we have (with affine coordinates xg = §—‘2), xr = %)

A = xokacl 1d(x0 xl)d(ajalxl)
= (1 —ap"a) — g ")d(ay z)d(ay )

C = xgFad(zgt)d(zgh).
thus

A+B+C= “odrodrg + (—ab — 2k + V) dwodr, + voxt daryday).

e (29

O

Lemma 5.19. For a natural number k > 1, the following irreducible curves are

wa -integral curves on Xop = P2:
(Z) Ty = 0, T = 0, To = 0,’
(ii) D, : c(c+ 1)zl = cah — (¢ + 1)k, with c € C\ {-1,0}.
If k is an even natural number, the following are also ws i-integral curves on Xy :
K k k
(iii) x@ a7 = +x3.
If k is an odd natural number, the following (irreducible) curve is also wq p-integral:

(iv) 1+ 22k + 22k — 22% — 228 — 22kak = 0.
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Proof. For curves of type (i), the curve x; = 0 satisfies dx; = 0 (writing woy in
appropriate coordinates for each case, note that we are working in O(k+3)® S ’"Qﬁ{m,
where we tensor by z£"®). Hence by Corollary 3.72 one gets that curves of type (i)
are wsq p-integral.

Curves of type (ii) are irreducible by Lemma 2.81. For a curve D, of type (ii),

we have c(c + 1) = cz} — (¢ + 1)z% in Uy. Taking differentials we obtain dr; =

c T

1\2 2k—2 1\ 2 k-1
Ap, = o (C+ ) <ﬁ> dodry = x5 (i) iiqdﬂfzd%

k-1
(i) (m—2> dx,, hence on that curve

C T C 1
c+1 (z\" c+1 2c+1 , zk1t
B — (1 =gl — 2k o2 dredrs — o mE2 g
|De ( Ty — T3) - (331) 110X . (—c c x2)xlf_1 TodXo,
1 k—1
Cip, = $1$§_1d$2d$2 =c+1+ %x’;%d@d@.
1
Hence
c+1\? ec+1 2c+1
Aip. + Bip. +Cip. = <$§( ) + (—c— w5)
c c c
1 k—1
—|—c—|—1—|—c+ ’5) xi_ldﬂfgdl'g
1
k—1
— 02 _drodas.
L1

By Corollary 3.72 we get that D, is ws p-integral.

For an even integer k, the curves of type (iii) are irreducible by Lemma 2.81. Let

k k k k k

Ck ., = xdex? = ex] with e1,e; € {£1}, then we have 1 + ;27 = ex] in Up.
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k k
. . . ) E_j kg
Taking differentials we obtain e;z{ “dr; = ex3 “dxg, hence on that curve

NN

_ 2 2

Ao = g lp, [ = — =zt drodrs

|C€L62 1 €1 T 2 )
k

kE_q
2
Bicx = (1—af - :UIQ“)E—2 (?) dxodzsy

€1-€2 €1 1

€ 1\’ € € 1\ '
= <1 — <—2xl§/2 - —) — x§> (—2) 955/2 (—ng/Q - _> —
€1 €1 €1 €1 €1 1
_ _2629[;/;/271(6 xl;/Z 1>€ $§/2(62$§/2 1)—1@
T1
= —2x’§_1w1dx2dm2,
C|Ck = I11’2 d$2d$2

€1,€9

€1,€2

Therefore A‘Cfm + B|C§1’52 + C\Cé“l,eg = 0 and from Corollary 3.72 we have that C*
is wo p-integral.

Now we consider the case k odd and the curve of type (iv): Note that this curve is
irreducible by Lemma 5.16. Taking differentials of 14 x2% + 2% — 22k — 228 —22k2k = 0

we obtain
2h—1 _ k=1 _ pk=1k hpk=1 4 ph=1 _  2k-1
(" =y — ) xry)dry — (xjxy " + x5 )dxe =0

hence (by a similar computation) ws , restricted to the curve of type (iv) on the open

set U3 N Dy (2} — 2% — 1) has equation

a:i Feb=1(1 + a2% 4 22 — 22F — 228 — 22k k)
(v} — 2§ — 1)?

dl’gdl’g = 0.
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We have that Us N D (2% — 2% — 1) intersects the irreducible curve

1 +xfk + x%k — 2x’f — 2:6’;€ — 2:1:’fx§ =0

because z¥ — 2% — 1 is not a multiple of this curve. Therefore applying Corollary 3.72

to this open set, we have that the curve
14 22F 4 228 — 228 — 228 — 2280k =0

is wy p-integral when £ is odd.
So the curves of type (i), (il) are ws-integral for any k, curves of type (iii) are

ws p-integral for k even, and the curve of type (iv) is ws g-integral for k£ odd. O

Lemma 5.20. If k is an odd natural number, the curves of type (i), (ii) and (iv) are
the only ws -integral curves on Xop = P2. If k is even, the curves of type (i), (ii)

and (iii) are the only ws k-integral curves on Xo .

Proof. The restriction of wyj to Uy has equation
Wo g = " agdrdey + (1 — b — o8)drydoy + 2125 drydas.
We have from the definition of A in Subsection 3.7
A = (P\Up) U{P € Uy : Ag(P) = 0 or A7(P) — 4A¢(P)Ay(P) =0} C P~

In our case the last condition becomes (for P = (x4, z3))

A3 (P) = 4AL(P)A3(P) = (1 — a7 — 13)" — 4() w2) (21237
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= 1+ 22 422 — 228 — 228 — 22kat,
Therefore
A= {[wo Sy SCQ] 1303711’2(1 + xl + x2 — 2x’f — 2:615 — 21,‘]{”‘13]26) = O} )

Note that by Lemma 5.19, when k is odd, A is the union of the curves of type (i) and
(iv), and when k is even, A is the union of the curves of type (i) and (iii).

Now we want to prove that the w, j-integral curves not contained in A are exactly
the curves of type (ii). Let P = [x; : x2 : 23] be a point ouside A. From Theorem
3.76 we only need to prove that there are at least two ws y-integral curves of type (ii)
passing through P. The point P lies on D, if and only if ¢(c+ 1)zf = ca¥ — (c+ 1)k

The discriminant of the equation cz} — (¢ + 1)z% = ¢(c + 1) (with ¢ the variable) is
1+ 22 4 o2k —22% — 228 — 20h 0k

which is different from zero because P is outside A. Therefore there are two values

of ¢ for which D, pass through P. O

5.4 Pullbacks of w;;-integral curves

Now that we have the complete list of ws -integral curves of Xy = P2 for any k > 1,
we will use them to find integral curves on the other surfaces X, j.

We have a chain of finite surjective morphisms:

Xop & Xap & Xyp & -+
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and recall that for each n > 3 we denote by p,,  the composition m3omyo---m,. We

have deg(pnx) = k" 2.

Lemma 5.21. The pull-backs under p,j of the curves of type (i) and (it) with
c#—1,...,n—2 of Lemma 5.19 are smooth complete intersection curves. The pull-

back of a curve of type (i) is given by the equations

IjIO

k k k. _ k

(n—1)(n—2)ak —(n—2)2 + (n — Dab = 2%,

The pullback of a curve of type (ii) with ¢ # —1,...,n — 2 is given by the equations

clc+Daf —cab +(c+1ak = 0

k k ko _ k

(n—1)(n—2)ak —(n—2)2¥ + (n — Dab = 2%,

Proof. Let C be the pullback of a curve of type (ii) with ¢ # —1,...,n — 2. By

Proposition 2.30 and Proposition 5.6, the equations of C' are

cle+ D)k —caf +(c+ 1)k = 0

k k k k

(n—1)(n—2)2k —(n—2)2¥ +(n—1Dak = 2F
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with ¢ # —1,...,n—2 and it is a complete intersection in P*. Writing d = ¢+2 we have
d#1,...,n,and the Jacobian matrix of C' evaluated at the point [xo : ... : z,] € X,

is the (n — 1) x (n 4+ 1) matrix

—(d—=2)(d— 1Dt (d—2)zF' —(d-125" 0 0 - 0
— 2! it —2xk1 0 o0
k —6ap 20k 1 — 3kt 0 aft
0
—(n—=2)n -1zt (n—-2)z"' —(n—-1Da2kt 0 N |

The last n rows are linearly independent by Lemma 5.12. If at least two of z¢, x1, x5
are zero, then by Observation 5.11 we obtain that this matrix has maximal rank (since
d#1,...,n). If only one of zg,x1,xs is different from zero, then zs---z, # 0 by
Lemma 5.7. Therefore the matrix has maximal rank.

Now let C' be the pullback of a curve of type (i). By Proposition 2.30 and Propo-

sition 5.6, it has equations

xj:O

k k k k

(n—1)(n—2)2k —(n—2)2" +(n—1ak = 2F

with j = 0,1, 2 and it is a complete intersection. The Jacobian matrix of C' evaluated
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at the point [zg :...:2,] € X,k is the n — 1 X n 4+ 1 matrix
a b c 0 0O -~ 0
—2xht okt —2x51 S | B |
k —6xlg_1 2:Elf_1 —ng_l 0 xﬁ_l
0
—(n—=2)n -1zt (n—=2)2"' —(n-1D2kt 0o ... 0 28!

with exactly one of a, b, ¢ different from 0 (and equal to %) Note that the submatrix

a b

—(i—2)(i — D™t (i —2)2h!

has determinant (i — 2)(z%*a + (i — 1)zf™'b) # 0 when i # 1,2, 1125 # 0 and either

a # 0 or b # 0. The submatrix

a C

—(i—2)(i — Daf™t —(i — 1D)ak™!

has determinant (i —1)(—25a+ (i —2)zhc) # 0 when i # 1,2, 2125 # 0 and either

a # 0 or ¢ # 0. The submatrix

b c

(i—2)ay™ —(— 1y

has determinant —(i — 1)as b — (i — 2)a¥ ¢ # 0 when i # 1,2, 1125 # 0 and either

b # 0 or ¢ # 0. From this observation and a similar computation to the one in Lemma
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5.12 we obtain that this matrix has maximal rank, hence C'is smooth. Therefore the

pullbacks of curves of type (i) are smooth. O

Lemma 5.22. Let 3 < j <mn, and let C,,j = (mjp10---0om,)*C; in Xy, ,. The curves

Cy,; are smooth complete intersection curves given by the following equations:

ZL‘]‘:O

k_ ok ko Lk
20 — 2] + 225 = x4

(n—1)(n—2)2h —(n—2)2f +(n—1Dak = 2F

Proof. By Proposition 2.30 and Proposition 5.6, the equations of C,, ; are

ZL‘j:O

k_ ok ko Lk
20 —x] + 225 = x4

(n—1)(n—2)2f —(n—2)2f +(n—1ak = 2F

with j = 3,...,n, hence it is complete intersection. The Jacobian matrix of C, ;
evaluated at the point [xg : ... : x,] € X, is the (n — 1) x (n + 1) matrix
0 0 0 0 S |
—2;5’5_1 ah=1 —2xh—1 xé”‘l o - - 0
k —6x’5—1 2x’f‘1 —3xl§_1 0 xi_l
0

—(n=2)(n -1zt (n—2)2"' —(n—-1Dakt 0 I
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where the non-zero component of the first row is on the j + 1-st column. The last
n rows are linearly independent by Lemma 5.12. If z; = 0, then the matrix has
maximal rank. If z; # 0, then since no three of z4,...,z, are zero, we obtain that
the (j + 1)-st row and the first row are linearly independent. Therefore the matrix

has maximal rank and hence the curve C, ; is smooth. ]

Lemma 5.23. Let k be an even integer. The irreducible components of the pullbacks

of the curves of type (iii) are the smooth complete intersection curves Cflwen C Xk
giwen by the equations (with ¢; € {£1}):
k k k
2 2 —
Ty FE€xy = €5
k k k
(n—1)a +exi = €22 (5.3)
Proof. Let CF . be of type (iii).
E ok
From the first equation of C¥ _ we have 2exdx} = —xf — 2§ + x§. Squaring

k k k Eok
(i — V)ag + e12f = ez} and replacing 26,2222 by —zk — 2% + 2% one gets

(i —1)(i — 2)xk — (1 — 2)ak + (i — 1)ah = 2*.

2

Since this holds for every ¢ > 3 we obtain that Cfl C X,k

yees€n —

We have m,,(CE ) C CF

€] yeeny€n—

. € X, k. Since for any

P=lwg:...:m, 4] €CF C Xk

€1y.e€n—1 —

we have that Q = [zg : ... : z,) € CF with e,zh/% = elxlf/Q + (n — 1)x§/2 is a

yees€n
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preimage of P, we obtain that ﬂn(C’fh.”’En) D Cflm%_l, thus Wn(thwﬁn) =C*

€1, €n—1"

From this we also get that every component of Cflw . has dimension less than or

equal to 1 since 7, (CF ) # m(Xnx) = X1 and m, is finite. On the other hand,

every component of C¥  has dimension at least 1 because it is defined by n — 1

s€n

equations in P" and we conclude by Theorem 1.7.2 in [Har77]. Therefore, C’fl has

En

all its irreducible components of dimension exactly 1 (it is equidimensional).

Since th___M is equidimensional of dimension 1 in P"” and is defined by n — 1

equations, it is a complete intersection. The Jacobian matrix of C’fh.“’en evaluated at

[zo : ... : x| is the following (n — 1) X (n + 1) matrix:
kE_4 kE_1 E_1
x5 €ri €275 0 0
k_ k_q k
k 2% €177 0 €373
2
kE_1 kE_q E_1
(n—1Dz; e 0 o 0 euan
If none of x», ..., x, is zero, then this matrix has maximal rank. If one of zo,..., 2,

is zero, then at least one of xg, z; is not zero, hence the matrix has maximal rank. If
two of xq, ..., x, are zero, then we have xgr; # 0. Noting that for any 2 <i # 757 < n

we have that
k

E_ E_
(i — 1)ag ! e1xf !
E_ E_
(=D axi

has non-zero determinant, we obtain that the (n — 1) x (n 4 1) matrix has maximal

rank. Since C’fl  is a smooth complete intersection, we obtain that it is irreducible.

€

_under p, is C*k Now we want to prove

€1,€2°

For fixed €1, €5 the image of any C’fl

L€

that these irreducible curves are all the preimages of C* The restriction of the

€1,€2°
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morphism P\ [0:...:0:1] = P! to C¥ _ has degree £ (by Lemma 2.87). The
composition of these restrictions has degree (g)n_Q, hence deg(pn,,ﬂcﬁ1 )= (%)n_z.
Let ¢ be a primitive g—th root of —1. For 2 < 57 < mn let

0 if €;€1 = 1

a; =

1 if €;€1 = —1
Then the point P, . = [0:1:¢* :¢* :...: (*] will satisfy the equations
(7 — 1).7:]5/2 + et = e]-x;w for 2 < j < n because €;¢; = ((%)*?2 holds. Note that

if we choose a point Py o, then not all the equations (j — 1)x§/2 + elxlf/Q = ejxfﬂ
will be satisfied. Hence the point Py . only belongs to C¢ . Therefore all the

components of the preimage of C* _ under p, . are distinct.

€1,€2
. n_2 . . k . . k
Since there are 2 distinct curves Cf, _ in the preimage of Cf _, we get
n—2 _ _ .
(5)" 72772 = k"2, hence the curves C¥ _are all the preimages of C¥ _ . O

Lemma 5.24. Let k be odd. If CS,Z) is defined as the pull-back to X, of the curve

of type () of Xo, then C’q(j,z) 15 irreducible and is given by the equations

x%k T A Q:E’(jzrlf — 2:6’596'5 —2zkah = 0

20k — ok 4228 = b
(n—1)(n—2)2k —(n—2)2" + (n— 1Dk = 2%

Moreover, the 2" curves C2F  _ C X, 0 are isomorphic to each other, and are bira-

yees€n —

tional to CS;Z) .

Proof. The rule [xg : ... : z,] = [23 : ... : 22| defines a surjective morphism
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F,: Xpor — X,k We have the commutative diagram (as can be seen from the

equations)
Frn
Xn,2k ? Xn,k

pn,le J{pn,k

X ok —>F Xok
2

Note that ng) = divp(Py) with P, = 228 + 22% + 23% — 22kah — 22kak — 22k
which is the homogenization of the polynomial P from Lemma 5.16. By that lemma,

we have F*Cé k) =3 C*

€1,€2 T €1,€2°

By Lemma 5.23 we obtain p} ., >, C? =% . C2 where G = {£1}". By

€1,€2

definition, we have 01(1 p = p;’kC'Q(iZ) so we get

FiC5) = FihnCoy) = mha5C55) =D G
eeG
In particular C’T(ZZ;Z) is reduced because the curves C2* are reduced by Lemma 5.23.

Let G = {£1}" = (Z/2Z)" act on P" via
T([xo ...t xp]) = [xo:mxy oo Ty

Then 7(X,2r) = Xpo, for all 7 € G and F,, o7 = F,,. Moreover 7C2* = C2?¥ where
€= (€1,...,6,) € G, and so CF = €CFF ). Thus F,(C2") = F,(CF ), for all
eeG.

Thus, since Fj, is surjective, we have

Oyl = B (O = F(UCH) = FU(rC ) = FuCE_y)-

777777777



5.5. INTEGRAL CURVES ON Xy g 210

.....

and F,(C25) = C™) for all € Since deg(F,) = 2", we have by Proposition 2.86 that

n,

fc%/c(iv) = 1, for all € and hence F,, 2 : C#* — CS? is birational O
€ n,k € i

Lemma 5.25. The pullbacks under p, . of curves of type (i) and the curves of type
(ii) with ¢ # —1,...,n—2 are irreducible and reduced. If k is even, then the pullbacks
of the curves of type (iii) is the union of the curves C¥ with € € G which are irreducible
and reduced. If k is odd the pullback of the curve of type (iv) is irreducible and reduced.
The pullback of curves of type (ii) with c =1,...,n — 2 is p;, (D) = kCy 2 where

C,.,; are irreducible and reduced.

Proof. From Lemma 5.24 we know that the curves of type (iv) are irreducible. The
pullbacks of the curves of type (i), (iii) and (ii) with ¢ # —1,...,n—2 are smooth and
complete intersection curves by Lemmas 5.21 and 5.23. From Lemma 5.22 we know
that the curves C; are smooth complete intersections. From Proposition 2.79 we get
that all these curves are irreducible. The curves of type (ii) with ¢ =1,...,n —2 are
irreducible (but not reduced) because they are k times a curve C), .12 (see Lemma

5.22 and Lemma 5.5). O

5.5 Integral curves on X, ;

Let

Wt = (Pnp)r o ray W2k € H(Xng, Ok +3) © S*Qy ).
Proposition 5.26. For k > 2, the w, y-integral curves in X, are the following:

(a) The pullbacks under p, , of the coordinate azes of Xoy. These curves are smooth

2

and irreducible with genus == (k(n — 2) —n) + 1.
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(b) Cnerz = (P (De))rea with ¢ # {—=1,0}. These curves are smooth and iree-

ducible. When ¢ & {1,...,n — 2}, they have genus kanl(k:(n —1)—n—-1)+1,

kn—2

and when c € {1,...,n — 2}, they have genus "5 (k(n —2) —n) + 1.

Moreover, the following curves are also w, -integral:

(c) If k is odd, the pullback of the curve of type (iii). It is irreducible and it has

kn—l

genus “5—(k(n —1) —n — 1)+ 1.

(d) If k is even, the 2" curves Ce,

----- €n *

E E E
6Ty = €T5 —I;

k k E
ari = exp —(n—1)zg.

They are smooth and irreducible and have genus 1(5)" " '(5(n—1)—n—1)+1.

Proof. Let C C X,k be an w, ;-integral curve. By Theorem 3.35 its image D = p,, 1 (C')
must be wy g-integral. Therefore C' is a component of p;, , (D). Hence by Lemma 5.19
and Lemma 5.25, C' is a curve described in this proposition.

Now we compute the genus of these curves. Let C' be a curve of type (a). From

Proposition 5.21 we have K¢ = O(k(n — 2) — n), hence from Proposition 2.80 its

kn—2
2

(k(n—2) —n) + 1.

genus is

Let C be a curve of type (b) with ¢ ¢ {1,...,n—2}. Then from Proposition 5.21
we have Ko = O(k(n—1) —n —1). From Proposition 2.80 we have that the genus of
Cis %ﬂ(k(n—l) —n—1)+1. If Cis a curve of type (b) with c € {1,...,n—2}, we

have K¢ = O(k(n —2) —n) by Proposition 5.22 and Lemma 5.25, hence the genus of

kn—Q
2

Cis

(k(n—2) —n) + 1.
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Let k be even and let C be a curve of type (d). By Proposition 5.23 we have
Ke =0 ((n — 1)% —n— 1), and by Proposition 2.80 we obtain that C' has genus
1E) ' EMm-1)—n-1)+1.

Since the genus of a curve of type (d) in X, o is 2(Z)" 1 (ZE(n—-1) —n—1) +1,
n—1

2

we obtain by Lemma 5.24 that the genus of the curve of type (c¢) in X, % is (k(n—

1) —n—1)+1. m

5.6 Curves of low genus on X, ;

Now we will show that the curves of bounded genus (with bound depending on n and

k) on X, are w, g-integral.

Lemma 5.27. The section w, defines a unique section
W € HO (X, Ok 43 = (k= 1)(n - 2)) © S0 ,).

Moreover, every w;7k-integral curve 1s wy, -1ntegral.

Proof. By Lemma 5.15, we have that p(D;_2) = kC;. Since the curves D, with
c=1,...,n — 2 are wy-integral, Theorem 3.87 shows that the section w, ; vanishes
along Cy cyo0 = (p;;?k(Dc))red with multiplicity £ — 1, for each ¢ = 1,...,n — 2. Since
Ch 42 1s an hyperplane section in X, j, its ideal sheaf is O(—1). By Proposition 3.79,
we get that the section w, ; vanishes along (k —1)>"" ; C, c4o. Thus by Proposition
2.25, we get that for each n, the section wy, . € H(X,, 1, O(k+3)®S2Q}(nyk) determines

a unique section wj, , € H*(Xp 1, O(k+3 = (k—1)(n—2))®S*Q% ). From Theorem

3.88 we obtain that the w%vk—integral curves are wy, i-integral. O
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Proposition 5.28. Let k > 3, let g > 0 and let n > max {ﬁ + 3, % + 3}. If C is

an irreducible curve of genus g(C) < g in Xy, then C is w,, . -integral.

Proof. Recall that ¢¢ : C — Xn i is the normalization of C'. We know that
degc p50(1) = (C.H) > 0,
with H an hyperplane section on X,, ;. Hence since n > ﬁ + 3 we have

dege Ok +3—(k—=1)(n—2)) = (k+3—(k—1)(n—2))degspcO(1)
< (k+3—(k—1)(n—2))

< 4 —4g.
Therefore by Proposition 3.42 we obtain that C'is w;, ;-integral. O

5.7 Proof of the main results

Proof of Theorem 5.1. Let g be fixed and let n > % + 3. Recall that k£ > 3.

The curves of type (a) and the curves of type (b) with ¢ € {1,...,n — 2} have

genus
kan kn72
5 (k(n—2)—n)+1 = 5 (n(k—1)—2k)+1
n—2
> (49 +3(k — 1) — 2k) + 1
n—2
= (4g+k—3)+1>49+2—-3+12>g,

hence curves of type (a) and curves of type (b) with ¢ € {1,...,n — 2} have genus

strictly greater than g.
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Curves of type (b) with ¢ ¢ {1,...,n — 2} and curves of type (c) have genus

kgl(k(n—l)—n—1)+1 — knzl(n(k—n—k—nﬂ

kn—l

(dg+3k—1)—k—1)+1

kn—l
= 5 Ugt2%k-4)+1>dg+4-4>yg

Thus, curves of type (b) with ¢ ¢ {1,...,n — 2} and curves of type (c) have genus
strictly greater than g.

Now suppose that k > 4 is even. Curves of type (d) have genus

: (g)n_l (g(n— D —n—1)+1=

97 (65

1
2

1 /E\"! k—2

S Q" f ke —4) +1
HOMNCI=SEE
2?—2(2gg+4—4>+129

Hence for k£ > 4, curves of type (d) have genus greater than g.
From Proposition 5.28 we get that all curves with genus g(C') < g are w,, ,-integral.
Since for £ > 3 and n > % + 3 the wj, ;-integral curves have genus strictly greater

than g, we get that there are no curves of genus ¢(C) < g in X, 4. O]

Proof of Theorem 5.2. If k > 2 and n > 8, then we have n > % +3. If £ > 6 and
n > 4, then we have n > % + 3. Therefore by Theorem 5.1 we get that there are no

curves of genus g(C) <1 on X, in these cases. O

Proof of Theorem 5.3. Let K be a function field of genus g, let £k > 3 and let
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n > % + 3. By Proposition 2.97, the solutions over K (up to scaling) of the system
of equations (5.1) are in bijection with the morphisms {f : Cx — X/C}, with Ck the
curve (up to isomorphism) with function field K. By Riemann-Hurwitz, these mor-
phism are either constant, or must map the curve Ck to curves in X with genus less
than or equal to g. By Theorem 5.1, there are no curves of genus less than or equal
to g. Therefore there are no nonconstant solutions in K of the system of equations
(5.1), so there are no sequences of length n of elements in K not all constant whose

k-th powers have second differences equal to 2. O

Lemma 5.29. Letaq, ..., a, be a sequence in a number field. It has second differences

equal to 2 if and only if for all 1 < j < n we have

a5 = —(j = a1+ ( — Daz + (j — 1)(j - 2).

Proof. We first prove by induction that if a sequence has constant second differences,
then it satisfies a; = —(j —2)a1 + (j — D)ag + (j — 1)(j — 2) for all 1 < j < n. The
formula is trivially true for 5 = 1,2. Suppose now that 7 > 3 and that the lemma is
true for all integers up to j — 1. Since the sequence has second differences equal to 2,

we know that 2 — a;_s 4+ 2a;_1 = a;. Then we have

a; = 2—aj_o+2a;
= 2—(—(j—4)ar+(j—3)as+(j —3)(j —4))
+2(=( = 3)ar + (j —2)az + (j —2)(j — 3))

= —(j—2ar+ (G —Daz+ (G — 1) —2).

Hence (j —1)(j —2) = (j = 2)a1 + (j — 1)az = a;.
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To prove the converse, let 1 < 57 < n — 2. Then we have

—(=2)ar+(—Da+ (-1 —2)—2(=0 — Dar + (jlaz + () — 1))
+(=()ar + (j + Daz + (5 + 1)(5))
= (=242 -1 —=far+((j—1) =2+ (j +1))as

(-0 -2 -2 -+ 0G+1)j)

= OCL1 + 0(12 + 2.
Therefore the sequence has constant second differences. O
Proof of Theorem 5.4. Let aq,...,a, be a sequence of n elements of L whose k-th
powers have second differences equal to 2. Then [1 : z; : ... : x,] is an L-rational

point on X, ; by Lemma 5.29 and Lemma 5.5. If we have infinitely many sequences of
length n satisfying these conditions, then we obtain infinitely many L-rational points
on X, . There are only finitely many L-rational points on X, ; which are not in
the curves of genus 0 or 1 of X, ; by the Bombieri-Lang conjecture, since X, j is of
general type for n > 4 by Proposition 5.13. By Corollary 5.2, we get that there are
finitely many sequences of this form for n > 8 when £ > 2, and for n > 4, when
k > 6 (since in these cases the surface X, ; has no curves of genus 0 or 1). This finite
number only depends on k£ and L.

Let k£ > 2, and suppose that there are N sequences of length 8 whose k-th powers
have second differences equal to 2 (for k > 6 we can replace 8 by 4 in this argument).
Let x1,...,xy.8 be a sequence of elements of L whose k-th powers have second
differences equal to 2. By Lemma 5.5 we have that no term appears three times in

the sequence. The N + 1 sequences z;,...,z;47 (for 1 < i < N 4 1) are distinct
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sequences of length 8 whose k-th powers have second differences equal to 2. This

contradicts the fact that there are only N sequences satisfying this condition. O

Lemma 5.30. If ay,...,a, is a sequence in C having second differences equal to 2,

then no three terms are equal.

Proof. For every 1 < i < n we have a; = (i — 1)ag — (i — 2)a; + (i — 1)(i — 2), by
Lemma 5.29. Suppose that three terms in the sequence are equal to «, which means
(1—1)ag — (i —2)a; + (i — 1)(i — 2) = « for at least three values of . Writing this as

an equation on 7, we obtain that

i+ (ay —a; —3)i+2a; —ay +2 —a =0,

and so we see that there are at most two values of ¢ for which a; = . O
The following conjecture is due to Browkin and Brzezinski [BB94]:

Conjecture 5.31 (n-term ABC conjecture). Given any integer n > 2 and any € > 0,

there exists a constant C,, . such that for all integers a4, ..., a, with a; +---+a, =0,
ged(ay, ..., a,) =1 and no proper zero subsum, we have
max(|ai, ..., |a,|) < C, rad(a; - -~ a,)* e

We will use the following very important theorem:

Theorem 5.32 (Szemerédi’s theorem). Let k be a positive integer and let 0 < 6 <

[

There exists a positive integer N = N(k,0) such that every subset of {1,..., N} of

size at least 6N contains an arithmetic progression of length k.
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Definition 5.33. Recall (from Chapter 1) that a sequence ay, . .., a, is trivial if there
is an arithmetic progression a + jb such that a; = (a + ib)?. Note that in the case

when the second differences are 2, trivial sequences have the form a; = (i + a)?.
We want to prove the following

Theorem 5.34. Assume the Bombieri-Lang Conjecture for the surfaces X, with
n>2+ % and the 4-term ABC conjecture. There exists an M > 0 such that there
are no non-trivial sequences of length M consisting of integer powers (of possibly

different exponents greater or equal to 2) which have constant differences equal to 2.

Lemma 5.35. For k > 2, define the sets
Sy ={n €Z:n is a k-th power} = {m" :m € Z},
and also define
Seo ={n €Z :n is a k-th power, with k > 13} = Ug>135k.

There exists an N such that for any sequence aq,...,ayn formed by integer powers

with constant second differences equal to 2, there is an arithmetic progression
m,m-+mn,...,m+20n

(of length 21) in {1,..., N} such that for all 0 < j < 20 we have Gyt jn € Sk, for a
fized k € {2,...,12,00}. Moreover, n < (N —1)/20.

Proof. Let N = N(21,1/13) be the integer obtained by Szemeréri’s theorem. There

exists k € {2,...,12,00} such that at least 1—13 of the elements of {aq,...,ax} are in
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Sy (since the sequence consists of integer powers with exponent at least 2). Hence
by Theorem 5.32, there is an arithmetic progression m,m+n, ..., m+ 20n such that

Ay - - - 5 Qma20n CONsSists of elements of (the same) Sy. O

Notation 5.36. If « is an algebraic number over QQ, then we denote the number field

Q(«a) by L.

Lemma 5.37. Fiz N as in the previous lemma. There is a finite collection F of
integer sequences of length 21, depending only on the choice of N, with the following
property:

Let ay,...,an be a sequence of powers with second differences equal to 2. Suppose
that for some k € {2,3,...,12} and some n € {1, cee N2—61} there is a subsequence
Gy - -y Q20 cONSisting of k-th powers. If k > 2, then this subsequence belongs to

F. If k = 2, then either the subsequence ay,, . .., Gmi20n 45 trivial (that is, of the form

(nj +m)?) or it belongs to F.

Proof. Since aq, ..., ay have second differences equal to 2, there exists a monic poly-
nomial P(z) = 2% + bz + ¢ € Q[z] such that P(i) = a;.
Suppose that P(m), P(m + n),..., P(m 4 20n) are all k-th powers. Then the

monic polynomial

1
Qz) = ﬁ((m +2n)? + b(m + 2n) + ¢)
1 1
_ .2 2
= z —l—ﬁ(2m+b)z+ﬁ(m +bm + ¢)
(which is an element in Q[z]) satisfies that Q(0),...,Q(20) are k-th powers in L,,2/x.
(Observe that for k£ = 2 we have L,2/x = Q.)

From Corollary 5.4, and under Bombieri-Lang (for the number field L,/ ), we
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obtain that there are finitely many sequences of length 21 formed by k-th powers (in
L, 2/x) whose second differences are equal to two.
From Theorem 3.1, and under Bombieri-Lang (for Q) we get that there are finitely

many non-trivial sequences of length 21 formed by squares. n

Remark 5.38. Since £ < 12 and n < NZ—BI can take only finitely many values, we
get that there are finitely many subsequences in aq,...,ay indexed by 21 elements
in arithmetic progression and which consist of elements of the same set S, with

2< k<12,

Lemma 5.39. Assume the 4-term ABC Congjecture. There is a finite collection F' of
integer sequences of length 21, depending only on the choice of N, with the following
property:

Letn € {1, ceey % . If the subsequence ay,, . . ., Gmioon Of a sequence of N terms

with second differences 2, consists of elements in S, then it belongs to F'.

Proof. From Lemma 5.30 we know that there are at most 2 values of j for which
Um+tjn = 0, that there are at most 2 values of j for which a,,;, = 2n? and that there
are at most 2 values of j for which a,,,;, = —n?. Since our subsequence consists of
21 elements, there are three consecutive elements such that they all are different from
0,2n% —n?. The elements a,,;, (in our subsequence) satisfy (for 0 < j < 21) the

relation

Ut (7420 — 20441y + Qmajn — 20° =0, (5.4)

because the sequence aq,ao,...,a, has second differences equal to 2. If a subsum of

three terms in the relation is equal to zero, then the fourth term has to be equal to
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zero, but this cannot hold since all terms are different from zero. We cannot have
pptjin = 2n?, Uy (j+2)n = 2n? or Ut (j+1)n = —n?, hence no proper subsum consisting

of two terms is zero. Therefore no proper subzero sum of

2
Ut (j+2)n — 20mt(j+1)n T Gmajn — 210

is zero, and G (j42)0—20m+ (410 mrjn—207 = 0. I ged (@t 42)n, 20mt (41)n> Untin, 202) 7
1 we divide by the common term. From Conjecture 5.31 with € = %, there exists

Cy > 0 such that

14
max(|a'm+(l+2)n|a |2am+(l+1)n|a |am+ln|7 |2n2|) < C4,erad(am+(l+2)nam+(l+1)nam+ln) 5.

(The ged condition can be omitted because the relevant ged is at most 2n? < N2

which can be absorbed in Cy..) Hence we have

|am+(l+2)nam+(l+1)nam+ln|1/3 < maX(|am+(l+2)n|u |2am+(l+1)n|u |am+ln|7 |2n2|)
14
< C4,erad(am+(l+2)nam+(l+1)nam+ln) °
S C,(|am+(l+2)nam+(l+l)nam+ln|1/13)14/5

for an absolute constant C”, because @t (12)ns 20m+(i4+1)n> Gm+in are powers of ex-
ponent at least 13 (they are in S.). As 1/3 > (1/13)(14/5) we conclude that
At (142)ns 20m(1+1)ns Am+in are bounded by an absolute constant, hence there are only
finitely many possibilities for these three integers. Thus there are only finitely many
Qrmtin, Om+(+1)ns Gm+(+2)n Satisfying Equation 5.4. Since the polynomial P has de-

gree 2, it can be uniquely determined by the finitely many choices of @y, 1im, @m(41)n;
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Am+(1+2)n, therefore F is finite. O

Proof of Theorem 5.34. A monic quadratic polynomial is completely determined by
its values at three given points. Thus, the fact that the sets F and F’ from the
previous lemmas are finite gives the result up to finitely many sequences. We conclude

by the same combinatorial argument as in the proof of Corollary 5.4. O]
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Chapter 6

The surface parametrizing cuboids

6.1 Introduction and main results

Recall from Subsection 2.1.5 that the box variety is the surface Y; C P® defined by

Ty +af + 5 = a3

Ty + a5 = 2}
(6.1)

Ty + a5 = 1}

x% + a:% = x%.
We use the theory of diagonal quotient surfaces and a modification of Vojta’s
technique to classify all the w-integral curves in the desingularization Yy of Y for a

specific w (Theorem 6.39). Moreover, we give a numerical criterion for a curve C’ on

Y, to be w-integral (Theorem 6.48). From Theorem 6.48 we deduce the following:

Theorem 6.1. Let C' be a curve in Yy which does not contain any singularity of Yy.
Then

deg C' < 4¢(C) — 4.
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Here and below, the degree deg(C') of a curve C' C Y, C P! is as defined in Remark

2.45. From Theorem 6.48 we also deduce the following;:

Theorem 6.2. Every curve of genus 0 or 1 on the surface Yy contains at least two

singular points of Yy.

Theorem 6.3. An irreducible curve of genus 0 on Yy must contain singularities of

Y, of at least two of the following sets:

A = {[0:£i:1:0:0:£1: £ JU{[1:0:0:4£1:0:+£1:£1]}
Ay = {[0:1:0:4+1:£1:0:£1}U{[2i:0:1:0:41:0: %]}
Ay = {[0:0:1:4+1:£1:+1:0]JU{[2i:1:0:0:£1:+i:0]}.

Theorem 6.4. Let C' be an irreducible curve in Yy, smooth at the singularities of this

surface. (C' can have singularities outside the 48 singular points of Yy.) Then

deg C' < 4g(C) + 44.

This result can be compared with a result in [FS13] (see Proposition 2.15 in this
thesis for their result). By using other methods, Kani also obtains the inequality

deg C < 4¢(C) + 44 for smooth curves.

6.2 An example of a diagonal quotient surface

The box variety Y} is an example of a diagonal quotient surface (cf. Subsection 2.8).
This is discussed in [Beal3|, using canonical embeddings. Here we prove this using
a slightly different approach based on the universal property of diagonal quotient

surfaces. This approach was suggested by Kani.
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Let Y, C PS (with coordinates X, Y, Z, T, U, V, W) be defined by the equations

0 = XT-YZ
U* = XT
V2 — X2—Y2—Z2+T2

W? = X*+Y P+ 224+ T2

and let Y} C P? (with coordinates 2, 21, 22, z3) be defined by the equation

Z0R3 — R1%2.

Consider the isomorphism 7; : P* — P3 (the first P? with coordinates xg, x1, 9, T3,

the second with 2, 21, 22, 23) defined by

771([.130 M 1 T 4 T 133]) = [$0+i$1 T3+ T Xy — To - .130-2&31]

This is an isomorphism because it is an invertible linear change of variables, with

inverse given by

2ot a3 20— 21— 22 21t 2
2 2 2 ' 2

ny ([20 0 21 0 22 ¢ 23))

Similarly we define the isomorphism 7, : P® — P% by

Na([mo sy i wo i g iy w51 wg]) = [wo 41Xy T3+ Tt k3 — X9 1 To — Ty Xy Ty T
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whose inverse is given by

20 + 23 ‘20—23 ‘21—22 'Zl—i_ZQ
2 2 2 2

i (o212 20 24t 25 26)) a5 2%

Define Y; C P? by

2 2 2 2
ZL‘0—|—$1+ZL‘2:£C3

and recall the definition (6.1) of Y; from the previous section. Then directly from the

equations we see that n; (for i = 1,4) induces an isomorphism 7} : Y; — Y;.

Lemma 6.5. We have that Yy, Yy are normal complete intersection projective sur-

faces, and Y1,Y; are smooth projective surfaces.

Proof. In [vLu00], Lemma 3.2.15, it is proved that the box variety Y, is a normal
complete intersection, and one can directly check that Y; is a smooth surface. Since

n. (for i = 1,4) are isomorphisms we obtain the result. O

Define p: Y, — Y] by

pllxo ...t xg]) = [mo 2 21 29

This is a morphism from Y, to Y; because from the equations of Y, we see that the
conditions xy = x5 = x3 = 0 imply that z; = 0 for all 0 <4 < 6 (so p is defined) and
the equation defining Y] is one of the equations defining Y, (thus p maps Y} to Y7).

Similarly we define p: Y, — Y; as
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and similarly this is a morphism from Y} to Y;. Moreover, from the definitions we see

that

mop=pon. (6.2)

Lemma 6.6. The morphisms p,p are finite of degree 8.

Proof. By Equation (6.2) we only have to prove the result for p. Given a point

P=la:b:c| €Y, we see that the preimages of P by p are given by

[a:b:c: VD2 +c2:£Va2+c2: Va2 + b?]

which are at most 8 points, all of them in Y}, and in general (more precisely, when the
last 3 coordinates are non-zero), they are exactly 8. Therefore p is quasi finite and by

Proposition 2.87 of degree 8, and since p is projective we obtain that it is finite. [

In P* with homogeneous coordinates x, y, u, v, w we consider the scheme D defined

by the equations

Ty =u
22—y =02
2?4y = w?

One sees that D has dimension 1 using the same method that we used in Chapter 5
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for the surfaces X,, ;. The Jacobian matrix of D is

2¢ 2y 0 —2v O

20 2y 0 0 2w

and so it follows that D is smooth. As it is a smooth complete intersection, we deduce
that D is a smooth irreducible curve with canonical sheaf O(6 —4 — 1) = O(1) and
genus 32°-1+1 =5 (cf. Section 2.6).

Following [Beal3|, we let G = (Z/2Z)* act on D by changing the sign of the
coordinates u, v, w. This action is faithful, so we have a quotient map 7, : D — G\ D

of degree #G = 8. (Note that Beauville writes I'; instead of G.)

Lemma 6.7. We have G\D = P! with quotient map given by the map

Tp:ilxiyruiv:w) =[xyl

Proof. We have that D is a smooth projective curve, thus G\ D is again a smooth
projective curve (cf. [KS97] Section 1.1).

As in the proof of Lemma 6.6 (computing pre-images) we see that mp is a finite
morphism of degree 8. Moreover, for all ¥ € G and @ € D we have mp(7-Q) = 7p(Q)
because v only changes the signs of the last three coordinates of (), so by the universal
property of the quotient (G\ D, 7y ) there isamap ¢ : G\D — P! such that tor, = 7p.

Since deg(my) = 8 = deg(mp) we get that ¢ is birational. Since P! is a smooth
projective curve, and G\ D is projective, and ¢ : G\ D — P! is birational, we get that

t is an isomorphism. Since the pair (G\D,n) is unique up to isomorphism, we can
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choose it so that it equals (P!, 7p). O

Let Y = D x D C P* x P, Then Y is a smooth surface. (We denote the
homogeneous coordinates in the first copy of P* by x, y, u, v, w and those of the second
by o',y v’ v w'.)

Let Ag = G be the diagonal subgroup of H := Gx G, andlet H actonY = Dx D
as (7,7) - (@Q,Q) :=(v-Q,7 - Q). Then Ag has the diagonal action on Y. (These
actions are faithful.) Consider the diagonal quotient surface Z := Ag\Y and the
surface H\Y. Let qa, Y — Z and gy : Y — H\Y be the respective quotients. By

Lemma 6.7 we have that

H\Y = (G\D) x (G\D) = P" x P*

with quotient map explicitly given by

qgu=mpX7p:([x:y:u:v:w)[z ¢ v W)= ([x:y], [, 9]).

Note that the universal property of (Z, ga.) gives a unique map ¢ : Z — P! x P! such
that ga, ©q = gu. From this and the theory of diagonal quotient surfaces (cf. Section

2.8) we deduce:

Lemma 6.8. The surface Z is normal and projective. The morphisms

qAG2Y—>Z

gy Y — P! x P!
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are finite of degrees #Ag = 8, and #H = 64, respectively. The morphism

q: 7 — P x P!

has degree 8 = 64/8.

Lemma 6.9. Let p, : D x D — Y, be given by

(lz:y:u:v:w), |2y v W)= [ 2y g2 gy ud o0 ww

Then p,. defines a morphism from D x D to Yj.

/ / / /

Proof. Given a point ([z : y :u:v:wl[z :y :d v :w]) € Dx D, suppose
that xa’ = 0,2y’ = 0,yx’ = 0,yy" = 0,uv’ = 0,v0" = 0,ww’ = 0. Without loss of
generality we suppose that x = 0. From the equations of D we get u = 0, y = +iv,
y = Fw, so none of y, v, w can be zero. Then v/ = v' = w’ = 0 and from the equations
of D we get ' = 0,u’ = 0, which is not possible. Therefore p, is defined everywhere
in D x D, so it is a morphism. Substituting the formula for p, in the equations of

Y., and using the equations defining D, we get that it maps D x D to Y. O]

By composition we obtain the morphism po py : Y — Y;. It is given by

([z:y:u:v:w, @y u v w)) = [z xy y2 gyl

The following is the main result of this section. In particular, it shows that the

box variety Y} is a diagonal quotient surface.
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Proposition 6.10. There exist unique morphisms ¢ : H\Y = P! x P! — Y} and

@04 : Z — Yy such that the following diagram commutes:

Y [— Y
SORR
Z 7 Y,
P4 N
P! x P! > Y] < Y,
1 ny

Moreover, ¢y is the Segre map

([z,y], [« y]) = w2’ 2y’ ya - yy],

which is an isomorphism of P! x P' and Y,. Moreover, @4 is also an isomorphism.

Proof. Let v € G and (Q,Q")=([z:y:u:v:w[z' ¢y v :v:w])eY =DxD.
Recall that v changes signs at most in u,v,w and «’,v’,w" (simultaneously, because
we use the diagonal action of Ag). Then from the explicit formula defining p, we see
that

p+((v@,7Q") = p+((Q, Q).

The existence and uniqueness of ¢4 follows from the universal property of the quotient
(Z,4a6)-

The existence and uniqueness of ¢, is proved similarly, using the action of H and
the formula for po p,.

All other parts of the diagram commute by the previous results in this section.

Now recall that the Segre morphism s : P! x P! — P3 (cf. [Har77] Ex. 1.2.14) is
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given by

([z, 9], [, y]) = [w2” s 2y’ s ya” 2 yy]

and by the formulas of ¢ and pop, we have that soqy = pop,. By the uniqueness
of 1 with respect to this property, we get ¢; = s. In particular ¢; is an isomorphism
because the Segre map is an isomorphism with its image Y; = {2023 = 2120}

Note that pop, = ¢10qy is finite and surjective because gy is finite and surjective,
and because 7 is an isomorphism. We have that p, has finite fibres because gy is
finite, therefore p, is quasifinite. Since Y, Y; and Y; are irreducible of dimension 2,
and the morphism p, is quasifinite (in particular it is not constant), it follows that
P+ is dominant, hence it is surjective because it is projective.

By Lemma 6.6 we have deg(p) = 8. Since ¢; has degree 1 (because it is an
isomorphism) and deg(pop,) = deg(p1qn) = deg(qu) = 64, we get that deg(p,) = 8.
Since p; = @aqa, and deg(ga,) = 8 we get that degpy, = 1 so ¢, is a birational
morphism.

The morphism ¢, is surjective and has finite fibres because p, is surjective and has
finite fibres, because py = ¢4qa, and because ga,, is surjective. Since ¢y is birational
and quasifinite, and Y, is normal, we obtain that ¢, is an isomorphism by [Liu02]

Corollary 4.4.3. ]

6.3 Singularities of Y,

Recall from the previous section that Yy = Z = Ag\(D x D) is a diagonal quotient
surface. Let 6 : Y, — Y, (respectively 0 : 7 =7 ) be the minimal desingularization
of Y (respectively, of Z).

See Subsection 2.2.6 for the notation about diagonal quotient surfaces.
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Proposition 6.11. If y = (z1,22) € Sy, then |G| = 2.

Proof. Since y € Sy we know |G,| > 1, hence both G,, and G,, are nontrivial.
Since we are working in an algebraically closed field of characteristic zero, by [Ser79],
p. 67, both G,,, G,, are cyclic and they are subgroups of G = (Z/2Z)3. Thus
|Gy, | = |Gay| = |Z/2Z| = 2. Therefore |G,| < 2, and hence |G,| = 2. O

Proposition 6.12. Let s € S;. Then 6,'(s) = E, =2 P! and E? = —2.

Proof. We have that s is a quotient singularity of type A, ), cf. [KS97], p. 16. From
Theorem 2.3 (a) in [KS97] we know that n = |G,| = 2 with y = ¢~ '(s), hence ¢ = 1
(because 1 < ¢ < n). Since s is of type A1), we have by [BPV84] III (2.3)(ii)
that the desingularization of s is irreducible and isomorphic to P!, and we also have

(Es.Eg) = =2 for E the exceptional divisor of s. O

Note that we also have (Es.Ey) =0 for s,s" € Sz, when s # §'.
Given T € P! = G\ D, denote by f)m the strict transform of D;; (cf. Proposition

2.94 for notation).

Proposition 6.13. Forz € P! = G\D, the curve Dy is irreducible and smooth, and

Dz 22 Dy, fori=1,2.

Proof. This assertion comes from Proposition 2.94 and Proposition 2.1(b) in [KS97].
[

Proposition 6.14. Let s € Sz, & € P! = G\D. Then

N 1 ifs€Sy;Nny;(z)

0 otherwise,
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(DenB) = 1 ifse SzNyy'(z)

0 otherwise,

where v¥; = pr;oq: Z — P! and pr; : P x P! — P! is the i-th projection.

Proof. We will consider Dy, the other case is similar. If s ¢ Sz N ;! (Z), then
s ¢ Dz 1. Therefore bf,l and E, do not meet. Hence (Dm.Es) = 0. Now suppose
that s € Sy Ny () C D; ;. Then by Proposition 2.104, since D;; = (5([?53,1) is

smooth, we obtain that (Dz;.F,) = 1. O

Proposition 6.15. The total transform 03 (Dz;) is equal to l~)g—m~ + ZSESZ Mz s s,

where mz; s = % when s € Dz ;, and mz; s = 0 otherwise.

Proof. By Proposition 2.52 and Notation 2.51, we have 6, D;; = Dm’ + Zsesz mgFE,,
where the E, = P! are the exceptional divisors obtained by desingularization of the

48 singularities of Y;. The m, can be computed by the equation

(Ds4-Es) + Y my(E.E,) = 0.

teSy

Since (E;.E) = —2 and (Fy.E;) = 0 for E; # Eg, we have ([?mES) = 2m.
From Proposition 6.14 we get that mg = % when s € D;;, and m, = 0 otherwise.

]

Proposition 6.16. The genus of Dz, is 5 when & = wp(z) and |G| = 1. The genus

of Dz ; is 1 when T = np(x) and |G| = 2.

Proof. The case |G| = 1 comes from Proposition 2.94, because the genus of D is 5,

see Section 6.2.
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Now suppose that |G,| = 2. By Proposition 2.94 it is sufficient to prove that
9(G,\D) = 1. Let G, = {Id,~}, with v # Id. Then v-x = z. Since z € D is fixed
by a nontrivial element of G, it has to be of the form x = [a : b : ug : vg : wp| with at
least one of wug, vy, wy equal to zero. From the equations of D we cannot have more
than one of wg, vg, wy equal to zero, so v € {(1,0,0),(0,1,0),(0,0,1)} C G (where
(i,5,k) € G acts by (i,7,k)-[a:b:u:v:w]=[a:b:(=1)u:(=1)v:(=1)kw]). A
verification with the equations of D shows that in these three cases v has exactly 8
fixed points (for example, if w = 0 then either z 4 iy = 0 or x — iy = 0, and thus the
8 points [—iy : y : £(—iy?) : £((—iy)? —y*) : 0], [iy : y : Fiy® : £((7y)* — y*) : 0] are
fixed by (0,0,1)). Since D — G,\D has degree 2 = |G,|, and 8 ramification points,
the Riemann-Hurwitz formula gives 8 = 2(2¢(G,\D) —2) +8, thus g(G,\D) =1. O

Proposition 6.17. The set Sy is the union of the following sets:

Sy = {[0:0:1:+1:41:41:0]}
Sy = {[0:4i:1:0:0:=£1:+i]}
Sy = {[0:1:0:+1:41:0:=£1]}
Sy = {[#i:0:1:0:+1:0:=%}
Ss = {[£i:1:0:0:+1:+i:0]}
Se = {[1:0:0:+1:0:=+1:41]},

giing a total of 48 points. These singularities are ordinary double points, the excep-
tional divisor of the desingularization of any of these singularities is isomorphic to

P! and has self-intersection number —2.
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Proof. That these points are the 48 singularities of Y} is shown in Corollary 3.2.3 in

[vLu00]. The properties of these singularities come from Proposition 6.12. O

6.4 Ramification curves

In addition to Y}, define Y3 (in P?) by

x% +af+a5 = x%
x? + x% = xi
a:g + x% = xg,
define Y5 (in P*) by
vyt ity = a3
vitay = ai,
and recall that Y] is given by
x4+ 2ty = a3
Lemma 6.18. The surfaces Yi,...,Y, are normal.

Proof. We know that Y; and Y, are normal by Lemma 6.5. We prove that Y5, Y3 are

normal by using Magma, with the codes:
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P4<x,y,z,w,t> := ProjectiveSpace(Rationals(),4);
X := Surface(P4, [x"2+y"2+z"2-w"2, y 2+z"2-t"2]);
X;

IsNormal (X);

giving as result

Surface over Rational Field defined by
X2 +y"2+ 272 - w2,

y'2 +z72 - t72

true

in less than 3 seconds, and

P5<x,y,z,w,s,t> := ProjectiveSpace(Rationals(),5);

X := Surface(P5, [x"2+y~"2+2"2-w"2, y 2+z72-572,x72+z72-t"2]);
IsNormal (X) ;

giving as result

Surface over Rational Field defined by

X"2 +y"2+ 272 - w2,

y°2 +z72 - 872,

X2 + 272 - t72

true

for the surface Ys. O
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Lemma 6.19. For each 1 < i < 3, the map m; : Yii 1 — Y; defined by the restriction

to Yii1 of the morphism

7 PN L0: -2 0: 1)) — P2

[ko: - - :mips] — [mo:- T

15 a finite surjective morphism. Thus, each Y; is a normal algebraic variety and

deg(m;) = 2.

Proof. First note that [0 : --- : 0 : 1] ¢ Y;;;. Indeed, suppose that for a point in
Yiy1 € Pi*2 we have 29 = --- = 2,40 = 0. Then from the equations of Y; we obtain
that z;,3 = 0, which contradicts the fact that [z : -+ : ;3] € P3. Therefore
0:---:0:1] ¢ Yiq. Hence m; := (7;)}y,,, is defined. We have m;(Y;;1) C Y] because

the equations of Y; also hold in Y.

Let P = [xg: -+ : @isa) € Y. Then [vg : ... : 73] € 7, '(P) if and only if
x} 5= a2+ xy. If £a;43 # 0 (which is the general case), then the points having P as
image under m; are [zg : -+ : T;40 : £x;13] of which there are exactly two. If z;,3 =0
then the only point having P as image under ; is [xg : -+ : ;32 : 0. Thus, 7; is a
surjective quasi-finite projective morphism, hence is a finite surjective morphism.

Since Y} is irreducible by Lemma 6.5, it follows that Y; = m;0- - -om3(Yy) (1 < i < 3)
is also irreducible, and so by Lemma 6.18, Y; is a normal algebraic variety. The above

discussion and Proposition 2.87 shows that deg(m;) = 2. O
Proposition 6.20. For every 1 < i <4, Y, is a normal complete intersection surface.

Proof. First of all, we know that Y] is a surface because it is a hypersurface in P3.

Since the morphisms 7; are surjective and finite we obtain by [Bou83|, p. AC VIII.17
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that Y5, Y3 and Yj are also surface. Counting the number of equations defining each
Y; we get that Y; is a complete intersection. These surfaces are normal by Lemma

6.18. =

We have a tower of morphisms of surfaces
Vi&E Y, Y, 8,
Notation 6.21. Define p; = m 0 -+ om;, with 1 < ¢ < 3. Observe that p3 = p (cf.

Section 6.2).

Proposition 6.22. The morphism 7; is unramified outside R; = divy,,, (x;y3) and

it 1s totally ramified over the components of R;.

Proof. From the proof of Lemma 6.19, we know that if P € Y;,;\R;, then

#m; H(mi(P)) = 2 = deg(m,).

Thus by Proposition 2.89 7; is unramified on any curve intersecting Y;1\R;. Since
#n Y (m;(P)) = 1 for P € R;, we obtain from Proposition 2.88 that 7; is totally

%

ramified on the components of R;. O]
Proposition 6.23. We have p;(R;) = supp(C;) for 1 <i < 3, where
C, = divy, (27 + 23),

Cy = divy,(z] + 23),

Cs = divy, (23 +27).
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Proof. This holds because we know that in Y; we have 22 = 22 + 22, in Y3 we have

2 _ .2, .2 : 2 _ .2, 2
T = x§ + 735, and in Y, we have zj = x{ + 5. O

Proposition 6.24. We have p;(C;) = 2R;.

Proof. We will prove the proposition for ¢ = 3. The proof of the other cases is similar.
Recall that C3 = divy, (z3 + 2%). Since Y; € Vpira (22 + 2%), we have by Proposition
2.30 that

p3divy, (:Bg + x%) = divY4(:v3 + ﬁ)

Since 22 + 22 = 22 on Y}, we have

divy, (22 + 23) = divy, (23) = 2divy, (7).

Recalling that R3 = divy, (z¢) we obtain that p5(C5) = 2Rs. O
Notation 6.25. We denote B; = divy, (z;43) for i = 1,2,3. Thus R3 = Bs.
Proposition 6.26. For 1 <i < 3, we have (p3)*(C;) = 2B;.

Proof. From Proposition 6.24 we know that p}(C;) = 2R;. For ¢ = 3 we are done

since B3 = R3. By Proposition 2.30 and using the definition of R; we have now that

p3(C2) = m3p5(Cs) = m3(2Ry) = 2divy, (75) = 25,

p;(CH) = W;W;(ZRl) = 2diVy4 (.T4) = 231
[

Recall from Section 6.2 that the change of variables 1, : P> — P? is defined by the
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following equations

20 = X+ z':z:l,
21 = T3+ T,
g2 = X3 — T2,
zZ3 = T — i.%l, (63)

which induces an isomorphism 7] : Y7 — Y;. For simplicity we now write 1 := n].

The inverse of 7 is given by

Zo + 23
g = 9
20 — <3
EEY
21 — 22
o = 5
21+ 29
xr3 = 9 )

hence the branch curves C;, Cy, C5 in Y; C P? are mapped to

7701 : (21 — 22)2 — (ZO — 23)2 =0
7702 : (20 + 23)2 + (21 — 22)2 =0

7703 . 202320

in Y;.

We denote by o : Y, — P! x P! the inverse of the Segre isomorphism

o P x P 5V
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(cf. Proposition 6.10).

Proposition 6.27. The images of C1,Cs, Cs by o on are the following divisors in

P! x P!:
Vi o= P x[l:—1]+P x[1:1]4+[1: =1 xP +[1:1] xP!
Vo == P x[1:d]+P x[1:—i]+[1:4] x P 4+ [1: —i] x P!
Vi = [0:1]xP' +P"x[0:1]+[1:0] x P* +P' x [1:0].

Proof. The images of the curves n(Cy), n(Cy), n(C3) in P! x P! under o are (with
Uy, U, coordinates on the first copy of P!, and Wy, W, coordinates on the second copy

of P1):

Vi (UWh)2+ (UWo)? — (UgWo)? — (UW)2 =0
‘/Q . (U0W0)2 + (U1W1)2 + (U0W1)2 + (U1W0)2 = 0

VE; . UOWOU1W1:0.

Factoring these equations we get

‘/1 . (WQ+W1)(W1—WO)(U0+U1)(U0—U1):0
‘/2 : (WQ+ZW1)(WO—ZWl)(U()—I—’LUl)(UO—ZUl):O

‘/3 : UQW()U1W1:0.

Thus the irreducible components of V;, V3 and V3 have the form {p} x P! or

P! x {p} with p € P!, explicitly,
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Vi = P x[1:=1]+P' x[1:1]+[1:=1]xP'+[1:1] xP*
Vo = P x[1:i)+P x[1:—d)+[1:d] xP'+[1:—i] x P

Vi = [0:1]xP' +P'x[0:1]+[1:0] x P' +P* x [1:0].

]

Corollary 6.28. The curves C; C P? are reduced. Each C; is the union of 4 irre-

ducible components. No two C;’s share a common irreducible component.

Proof. From Proposition 6.27 we know that each V; is reduced and it has 4 irreducible
components. Moreover, V; and V; do not share common components when 7 # j.

Since V; is the image of C; under the isomorphism o o7, we obtain the result. [
Proposition 6.29. For each 1 <1 < 3 the diwvisor B; of Notation 6.25 is reduced.

Proof. We will prove the case ¢+ = 2; the other cases are proved similarly. From
Proposition 6.22 we have that m; is only ramified along Ry, hence it is only branched
along C and it is not branched along any irreducible component of C5. Since Cy
is reduced, we get that 7j(C5) is reduced. By Proposition 2.86, we get that the
pullback under my of each irreducible component of 7} (Cs) is either twice an irre-
ducible curve or the sum of two distinct irreducible curves. By Proposition 6.24 we
have that 75 o 7} (Cy) = 2R, hence the pullback of each irreducible component of
Cs is twice an irreducible component of R,. Since 7y is of degree two and rami-
fied along each irreducible component of 7} (Cs), it follows that Ry is reduced. We

have 2B, = p3(Cy) = m5(2Rs) = 275(R2). Since w3 only ramifies along the irreducible
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components of Rz, and Rz, 75(Rs) do not share components (since ps(R3) = Cs,

p2(R2) = Cy do not have common components), we obtain that By is reduced. O

Including n and o, we now have the sequence of morphisms

o

P xP VeV, 2y28Y,.

We denote the composition of these maps by ¥ : Y, — P! x P!, Note that by

Proposition 6.26 and Proposition 6.27, we have ¥(B;) = g on(C;) = V.

Proposition 6.30. Let D' be an irreducible component of V;. Then (V*(D’))req is

irreducible and smooth.

Proof. We obtain this from Proposition 2.94 and Proposition 6.10 by observing that

p3 = p, because an irreducible component of V; is the image of C; under o o 7. O

Proposition 6.31. The divisors By, By and Bs in Y,y have exactly 4 distinct irre-

ducible smooth components.

Proof. Recall that ¥(B;) = V; and that each B; is reduced. The irreducible compo-
nents of the curves V; € P x P! are of the form {p} x P! or P! x {¢}. From Proposition
6.30 applied to each irreducible component of V;, we obtain that for 1 < ¢ < 3, the

divisor B; contains 4 distinct irreducible components and they are smooth. O

6.5 Image of the singularities under ¥

Notation 6.32. Let [z : y] € P'. If P! x [z : y] € V;, then we write a; [3.] = P! X [z : y]

and similarly we write b; ;.,) = [z : y] x P! in the case that [z : y] x P! € V;.



6.5. IMAGE OF THE SINGULARITIES UNDER ¥ 245

Lemma 6.33. The image of the 48 singular points of Yy under ¥ are the 12 points

aipNbp withi € {1,2,3} and P,Q € P' such that a; p Ub; o C V;.

Proof. The image under p3 of the 48 singular points of Y; (see Proposition 6.17) are

the 12 points in Y] (where s; := p3(.S;)):

s1={[0:0:1:+1]}
sp={[0:+i:1:0]}
s3={[0:1:0:+1]}
sq={[£i:0:1:0]}
s5={[£i:1:0:0]}
s6={[1:0:0:%1]}.

where the points in S; are mapped to points in s;. Their images under 7 are

= {[0:1:0:0],]0:0:1:0]}
= {[1:1:=1:-1],[1:-1:1:-1]}

= {[1:0:0:0,[0:0:0:1]}
= {[1:1:1:1],[1:—-1:-1:1]}

Then applying o we get the 12 points (in P! x P!)

([1:0,[0:1]) = as,[1:0] N b3,[0:1
([0:1),[1:0]) = asjo.q) N bs 1]
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([L: 1], [1: 1))
([L:1],[1: =1])
([1s =], [1: =)
([1 e, [124])
([, [ =)
([Ls =], [124])
([1=0],[1:0])
([0:1],[0:1])
([1= 1] 1= 1])
)

a,1:—1] N by 1]
ar:1) N by -1
g, [1:—q) N b2 1.4
g [1:q N b2 [1:4]
g, (1:4) N ba,[1:—q)
az,[1:—q] M ba |14
as,1:0] N bs [1:0]
as,(0:1] N b3 0.1
a1 N by

ay -1 N by -1

Noting that there are 12 intersections of this type, and they intersect at the 12
images in Y7 of the singularities, we get that all these intersections are images of

singularities of Y}. O

Remark 6.34. From the proof of Lemma 6.33, we also see that every V; contains
exactly 4 of these 12 points. Moreover, these 4 points which are contained in V; are

contained in a; p, U a; p,, and also in b; p, U b; p,, when Py, P, € P! are such that

a;,p, Uaip, Ub;p Ub;p, = V.

Proposition 6.35. We have

SoUSs C B
SsUSy C By
S;USs C Bs.
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Moreover, each of these singular points is contained in 2 irreducible components of

the corresponding B;.

Proof. 1t follows from Proposition 6.17 that the singularities of S, and Sg in Yy
are contained in By = divy,(x4), the singularities of S3 and S; are contained in
By = divy, (x5) and the singularities of S; and S5 are contained in By = divy,(zg).
From Proposition 6.30 we obtain that the preimage of an irreducible component of
V; is an irreducible component of U*(V;) = 2B;. Take a singular point in Y} contained
in B;. From Lemma 6.33, its image is in V; and it is contained in a component a;
and in one b; in V;. From Proposition 6.31 we get that the singular point in Y} is

contained in 2 irreducible components of B;. O]

Note that from the definition of B;, the irreducible components of By + By + Bs

are the elliptic curves of type (b) found by van Luijk (see Section 2.1.5).

6.6 w-integral curves on P! x P!

We are interested in obtaining more information about the curves of genus 0 or 1 in

Y, by using w-integral curves. Define the open sets X; x Z; C P! x P! where

Xi:{[Uinl]E]PlZUi?éO},

and

Zi ={[Wo:Wi] e P' - W; # 0} .
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Let ug := £ and uy := & so uy = uj!, and similarly define wg,w;. Consider the
0 Uy Uo 0 1 > 0>

following symmetric differential on Xy x Zj:
duidwy.

Proposition 6.36. The symmetric differential duidw, in Xy X Zy extends to a sym-

metric differential

we H P x P, O(2,2) ® S*U 1),

where O(a,b) = piOpi(a) @o,, ., P3O0 (b) and p; : P! x P! — P! is the projection

onto the i-th component, fori=1,2.

Proof. In the open set X; x Z; with affine coordinates ug, wg, the symmetric differ-
ential form becomes

ﬂdﬂodﬂ)g.
UpWy

Similarly, in the open set Xy x Z; with affine coordinates uy, wy (respectively, in
X X Zy with ug, wy) this section becomes %duldwo (respectively u%du()dwl). There-
1 0

fore du;dw; extends to a differential (tensoring by uZw?)
we H P x P, O(2,2) @ S*Upip1)-

O

Theorem 6.37. The w-integral curves in P! x P! are exactly the ones given by the
equations: aUy + bU; = 0, cWy + dW, = 0 (seen as bihomogeneous polynomials
in k[Uo, Up; Wo, W1] of bidegrees (1,0) and (0,1) respectively). Hence the w-integral

curves are of the form
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(i) {P} x P!, with P € P!;
(ii) P x {P} with P € PL.
Proof. 1t {P} x P! is a curve of type (i) with P # [0 : 1], then it is given by the
formula aUy +bU; = 0 with b # 0 on P! x P1. In X, x Z; this formula can be written
as a + buy; = 0 with b # 0. Differentiating we get bdu; = 0, thus du;dw; = 0 on this
curve, hence by Corollary 3.72 we obtain that {P} x P! is w-integral. Similarly, it
can be proved that any curve of type (ii) with P # [0 : 1] is w-integral. We can check
that {[0: 1]} x P! and P! x {[0: 1]} are w-integral by using Corollary 3.72 and the
restriction of w to the open set X; x Z;. Therefore the curves of type (i) and (ii) are
w-integral. Observe that exactly 2 of these w-integral curves pass through each point
on P! x PL,
Now we will prove that there are no more w-integral curves in P* x P!. Consider
the open affine subset U := X, x Z, C P! x P%.
In our case Ay = 0, so results of Section 3.7 do not apply directly here. Instead,

consider the isomorphism

0:A2 —» U

(Uo,ul) — (U0+U1,U0—U1).

By Theorem 3.35, a curve C' C A? is f*w-integral if and only if (C) is w-integral.
We get

0*(w) = d(UO + ul)d(u() — Ul) = 1<dU0)2 + Oduodu1 — 1(du1)2

giving (in the notation of Section 3.7) 6 = 4 and Ay = 1 (they never vanish). Therefore
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at most two #*w-integral curves pass through each point of U.

For a,b € C, the curve 2a + b(ug — u1) = 0 in A? has image the curve a + bu; = 0
in U. Similarly, a curve a(ug + u1) + 2b = 0 in A% has image the curve auy + b = 0.
The curves 2a + b(ug — uy) = 0 and a(ug + u1) + 2b = 0 are §*w-integral. When we
choose a point P = (ug,u;) € A% we obtain a pair (a,b) € C such that the curves
2a + b(up — u1) = 0 and a(ug + w1) + 2b = 0 pass through P.

Since at most two f*w-integral curves pass through each point P, we get that
there are no more 0*w-integral curves. Using the bijection between w-integral curves

and #*w-integral curves, this proves the theorem. O

6.7 ws-integral curves in Y}

Let § : Yy — Y be the desingularization of Y;. Let U = Uod. We want to find all
U*w-integral curves in Yj.
Recall from Proposition 6.27 that the images in P! x P! under o o 5 of the curves

01,02703 C Y] are

Vit (vo+v1)(vr —wo)(ug +uy)(up —up) =0
Vo o (v +ivy)(vo — dv1) (ug + tuq ) (ug — iug) =0

Vs wugvouivg = 0.

Lemma 6.38. Let C C P! x P! be a curve of type (i) or (i1) of Theorem 6.37, which
is not an irreducible component of Vi UVoU V5. Then the pull-back of C' under ¥ does

not contain any singular point of Y.

Proof. Let C be a curve of type (i) (respectively (ii)). Since it is not an irreducible
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component of V3 U Vo U V3 we get that it does not intersect any component of type
(i) (resp, type (ii)) of V4 U V4, U V3. By Lemma 6.33 we obtain that the pull-back of

C under ¥ does not contain any singular point of Yj. m

Let

wy = U3 o aw € H(Y,, U*0(2,2) ® S*0%).
Since 0*Op1,p1(2,2) = Oy, (2) by [Har77] Example 11.6.6.2, and pi Oy, (2) = Oy, (2)
by Proposition 2.30, we see that

T Oprpr (2,2) = Oy, (2).

We want to explicitly find all the wy-integral curves in Y;. We will not prove that
exceptional divisors obtained by the desingularization of Y, are w, integral, since the

image of these curves in Y} are points.

Theorem 6.39. With wy on Yy defined as before, the following curves on Yy are all

the wy-integral curves on Yy which are not exceptional divisors.
(a) The pull-backs (under ¥) of curves of type (i), not contained in Vi U Vy U V;

(a’) The strict transforms of the preimages (under V) of an irreducible component

of Vi UVa U Vs of type (i);
(b) The pull-backs (under \if) of curves of type (ii), not contained in V4 U Vo U Vi;

(b’) The strict transforms of preimages (under V) of an irreducible component of

ViU Vo U Vs of type (ii).
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The curves of type (a) and (b) have genus 5 and do not contain singular points of
Yy. The curves of type (a’) and (b’) have genus 1 and any of these curves contains 4

singular points of Yy.

Proof. Let C' € Yy be an wy-integral curve which is not an exceptional divisor (in
particular C' is irreducible). By Theorem 3.35, we have that the curve Cy = ¥(C)
must be w-integral, hence Cy is a curve of type (i) or (ii) of Theorem 6.37.

Let C be of type (a) or (b). By Proposition 6.13, C'is a smooth irreducible curve
isomorphic to a curve Dy ;, with & € G\ D. Therefore C' is the pull-back of Cy. Since C'
does not contain any singular point of Y, we get |G| = 1 and by Proposition 6.16 that
go = 5. Let C be of type (a’) or (b’). By Proposition 6.13, C'is a smooth irreducible
curve isomorphic to a curve Dz ;, with z € G\ D. Therefore C is the preimage of Cj.
By Proposition 6.13 C' is isomorphic to a curve Dz ;, with z € P! = G\ D, and since
C contains a singular point of Y; we get by Proposition 6.16 that go = 1.

The curves of type (a) and (b) do not contain singular points of Y, because the
curves of type (i) are not contained in V; U V5, U V3 (hence they do not contain the
image of a singular point of Y;). A curve of type (a’) or (b’) contains 8 singular points
of Y} because it contains the bijective image of 8 fixed points from Sy (cf. the proof

of Proposition 6.16). O

6.8 Curves of low genus on Y, and main inequality

Recall that ¢ : 174 — Y} is the minimal desingularization of Y} (in this case it is exactly

the blow-up of the 48 ordinary double points of Y; by [vLu00], Lemma 3.2.8).

Notation 6.40. From now on, we write B = B; + By + Bs and denote its strict trans-

form by B. Thus B is the sum of the strict transforms of the irreducible components



6.8. CURVES OF LOW GENUS ON Y; AND MAIN INEQUALITY 253

of Bl, BQ, Bg.

Remark 6.41. From Proposition 6.29, we know that each B; is reduced. Since the
images of By, By, B3 under p3 are (', C5, Cs, and no two C; share common compo-

nents, we obtain that B is reduced. Since B is reduced, we have that B is reduced.

Proposition 6.42. The section wy = \ij;,onﬂ LW € HO(Y,,6*O(2) ® S%Qy, ) van-

ishes identically on B.

Proof. We know from Proposition 6.26 that ¥ ramifies on By, B, and Bs. Since ¢ is
an isomorphism outside the singularities of Y, (which are contained in B) we get that
U ramifies on the total transforms of By, By and Bs. In particular it ramifies on the
irreducible components of By + By+ Bg. Since the strict transforms of the irreducible
components of By, By, Bs are wy-integral we get from Proposition 3.87 (applied to ﬁf)
that w, vanishes identically along each component of B;, and from Proposition 3.79

we obtain that w, vanishes identically on B. O]

Corollary 6.43. The section wy gives rise to a unique section
wy € H(Y), L(—B) ® 6°0(2) ® 5°Q4, ).

Moreover, the wj-integral curves are also wy-integral.

Proof. By Proposition 6.42 we have that w, vanishes identically on B. By Proposition
2.25, the section wy defines a unique section w}, in H°(Y;, £L(—B)®@W¥*O(2,2) ®5%Q;3, ).

From Proposition 3.88 we obtain that the w)-integral curves are also wy-integral. [

Let C be a curve in Y,. To determine whether its strict transform C’ in 374 is
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wi-integral, we have to check that ¢?, TEPB)@M(Q)% is zero in

HY(C, ¢t (L(—B) @ §*O(2)) ® SQQE),
where pcr : C — C” is the desingularization of €. For this, it suffices to show that

dege (0t (L(—B) ® 6*0(2)) ® S*QL) < 0,

because then H°(C', o, (L(—B) ® 0*0(2)) ® S*QL) = 0. We now give conditions for

making this degree negative.
Lemma 6.44. We have that 6*B = B + > ses, Ps-

Proof. From Remark 6.34 we know that the 4 singular points contained in V; are also
contained in a; p, Ua; p,, hence ¥*(a; p,) UW*(a; p,) contains the 16 singular points of
Y, that are preimages of these 4 points. Similarly, ¥*(b; p,) U ¥*(b; p,) also contains
these 16 points.

Consider B;. Here the irreducible components which are preimages of [1 : 1] x P*
and [1 : —1] x P! contain all the singularities of type Sy and Sg. Similarly the
irreducible components P! x[1 : —1] and P! x[1 : 1] contain all the singularities of type
S, and Sg. Therefore from Proposition 6.15 applied to the irreducible components of

B; we have

FBi=Bi+ Y B4+ Y sE=B+ Y B

SES2USg SES2USg s€ES2USg

Similarly, we also have

0*By=DBy+ Y  E,

s€S3USy
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and

6*Bs = B3 + Z E..

s€S1USs

Proposition 6.45. We have

1%

L(-5"B) @ L() _E;) = L(-B). (6.4)

Proof. Note that 6*B = 0*B; + 0* By + 0" B3 is a Cartier divisor because By, Bs, Bs
are hyperplane sections of Y; (see Subsection 2.2.6). Hence £(d*B) is defined. From

Lemma 6.44, we have
48 .
~5*B+ Y Ei=-B.
i=1

]

Remark 6.46. Since for each 1 < ¢ < 3 the divisor B; is an hyperplane section, we
have

L(B;) = Oy, (1),

thus

L(B) = Oy,(3).

Remark 6.47. Let C be a curve on Y, with strict transform ¢’ C 374. Let H be a
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hyperplane section of Yj.

(6"H,C") = dege/(6"Oy,(1)cr) by Proposition 2.50
= degy(Oy, (1)) by Proposition 2.44

= deg(C)>1 by Proposition 2.45.
Theorem 6.48. Let C' be a curve on Yy with strict transform C' C Y. Then
dega (0t (L(—B) ® 6*0(2)) @ S*QL) = —deg(C) + (E.C") +2(2g — 2),

where g is the genus of C, H is any hyperplane section in'Yy, C is the desingularization

of C" and E = Z?il E;. Therefore, if
deg(C) > (E.C") +2(2g9 — 2)

then C" is w)-integral.

Proof. Since SQQE/C >~ K32, we obtain from Lemma 6.44 and Remark 6.46 that:

dega(ptn (L(—B) ® 670(2)) ® S*Qp)
= dege(pe (070, (=3) ® L(E) @ 6* Oy, (2)) ® S*Qf)
= dega (90" Oy,(—1)) + dega (e L(E)) + 2(29 — 2)

= dego ((0" Oy, (=1))1c7) + deger (Lo (E)) + 2(29 — 2)
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where the last equality comes from Proposition 2.44. We then have

deger (0" Oy, (—1))jcr + deger (L1 (E)) + 2(2g — 2)
= dego (0" L(—H) + deger (L(E))) + 2(29 — 2)
=—(6"H.C") + (E.C") +2(29 — 2)

= —deg(C) + (E,C") +2(29 — 2),

where the second equality holds by Proposition 2.50 and the last by Remark 6.47.
This proves the asserted degree formula.

If deg(C) > (E.C") +2(2g — 2), then dega(wi (L(—B) @ 5*O(2)) ® $°Q¢ ) <0,
hence HO(C, ¢t (L(—B) ® §*O(2)) @ S?Qp) = 0 and C is therefore wj-integral. [

6.9 Some applications

Now we use Theorem 6.48 to prove the results in Section 6.1.

Lemma 6.49. Let C be an irreducible curve of genus zero or one on Yy that only
contains exactly one singular point of Yy. Then C' (the strict transform of C in }74)

o
s wy-integral.

Proof. Suppose without loss of generality that the singularity of Y, contained in C' is

in By. Then by Lemma 6.35 we have (E.C") = (D E;.C"). Choose H = B;.

SES2USs

By the proof of Lemma 6.44 we have 6*B; = B; + ZS€S2U56 E,. Hence

—("HC)+(BL) = —(B.C)— > (B.CH+ > (B.C)
s€S2USg s€S2USg

= —(B,.C").
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The curve C’ cannot be an irreducible component of B; because any of these
curves contain 4 singular points of Y}.

We need to prove that By intersects C’, so that —(B;.C") < 0.

Suppose that C” does not intersect B;. This implies that C' does not intersect B;
at a point which is not a singularity of Y;.

Let Dy and Dy be the two irreducible components of B; that do not contain the
singularity s (they exist by Lemma 6.35). The images of D; and D, in P! x P! under
U are {p;} x P! and P! x {py} with p;,p, € PL.

We have that ¥(C) must intersect at least one of {p;} x P* or P* x {p,}. Suppose
without loss of generality that W(C) intersects {p;} x P! at a point P. Since P is
in U(C), we get that there is a point @ € C such that ¥(Q) = P. Since D; is the
pullback of {p;} x P! and this curve contains P, we get that Q € D;. Thus D; and C
have nonempty intersection. Similarly, if U(C) intersects P! x {p,}, we obtain that
D5 and C' have nonempty intersection.

Therefore C intersects Dy or Dy, and thus C intersects B; in another point which is
not a singularity (by hypothesis). From this contradiction we get that the intersection
between C’ and B is non-trivial, thus —(Bl.C’) < 0. By Theorem 6.48 we obtain
that C' is w)-integral.

One can do the same reasoning for singularities contained only in B or only in

Bs to prove that C” is w)-integral. O]

Proof of Theorem 6.2. We know from Theorem 6.48 that if a curve C' of genus 0 or
1 on Y, does not contain a singular point of Yy, then it is w)-integral (because such
curves give —deg(C) < 0, (E.C') =0 and 2(2g — 2) < 0), but by Theorem 6.39, we

know that w)-integral curves that do not contain any singular point of Y, have genus
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5. Suppose that C' contains exactly one singular point of Y;. From Corollary 6.49 we
know that C'is wj-integral. This contradicts the fact (from Theorem 6.39) that there
are no wj-integral curves that contain exactly one singular point on Y,. Therefore C'

must contain at least two singular points of Y. O]

Proposition 6.50. Let C' be an irreducible curve of genus zero in Yy satisfying that

C' NSy C By, for fized i. Then C' (the strict transform of C in Yy) is w}-integral.

Proof. Suppose without loss of generality that C' NS, C B;. Then we have that
(B.C") = (3 ,e5,us, Fi-C"). Choose H = B;. By the proof of Lemma 6.44 we have
0*B, = By + ZSjESgUSz; E;. Hence

—("HC) + (EC") +4g—4 = —(B.C")— > (E.CY+ Y (E.C)—4
$;€S53USy $;€S53USy

= —(B.C") — 4.

If ¢" and B; do not have a common component then (B;.C’) > 0 and thus
—(B,.C") — 4 < 0. We get from Theorem 6.48 that C” is w/-integral. If C’ is an
irreducible common component of By then by Theorem 6.39 we have that C” is w)-
integral.

One can do the same reasoning for singularities contained only in By or only in

Bj; to prove that C” is w)-integral. O

Proof of Theorem 6.3. Let C' be an irreducible curve of genus 0 which only contains
singularities that belong to B;, for fixed i. From Corollary 6.50, C" must be w)-
integral. This contradicts the fact that there are no wj-integral curves of genus 0.
Hence C' contains singularities that belong two different B;, B;. These points are

described in Lemma 6.35. O
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From Remark 6.47 and Theorem 6.48 follows the proof of the last two theorems:

Proof of Theorem 6.1. Suppose first that the strict transform C” of C'is an w)-integral
curve. Since C' does not contain a singular point of Yy, we get that the curve C’ has
to be of type (a) or (b) (cf. Theorem 6.39). Then C' has genus 5, and degree 8 (it is
the pull-back of a curve of degree 1 by a morphism of degree 8, with C' not in the
ramification locus). Therefore degC' =8 < 16 = 4¢(C) — 4.

Now suppose that C’ is not w)-integral. Then by Theorem 6.48 it has to satisfy
deg(C) < (E.C")+2(29(C) — 2) =4¢(C) — 4. O

Proof of Theorem 6.4. If C" is an w)-integral curve of type (a) or (b) we know this
holds by the proof of Theorem 6.1. By a similar computation, w)-integral curves of
type (a’) and (b’) also satisfy this inequality.

Now suppose that C” is not wy-integral. We know that § is an isomorphism outside
the singular points of Y;. From Proposition 6.12 we have that the preimage of any
singular point of Y} is isomorphic to P!, which is a smooth curve. If C' is smooth at a
singularity s of Yy, then by Proposition 2.104 we obtain that (Es.C") = 1. Therefore

(E.C") < 48. By Theorem 6.48 the curve C’ has to satisfy

deg(C) < (E.C") +2(29(C) — 2) < 48 +4¢(C) — 4.
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