
Electrical resistivity and induced polarization

modelling using the spectral-infinite-element

method

by

Kiana Damavandi

A thesis submitted to the

Department of Geological Sciences and Geological Engineering

in conformity with the requirements for

the degree of Master of Applied Science

Queen’s University

Kingston, Ontario, Canada

August 2024

Copyright © Kiana Damavandi, 2024



Abstract

Accurate and efficient modelling of the subsurface electrical properties is crucial for

several applications, such as geophysical exploration, environmental studies, and

resource identification. This study presents a versatile and efficient forward mod-

elling tool for calculating the electric potential of 3D complex models, incorporating

heterogeneities, topography, and anisotropy based on the Spectral-Infinite-Element

Method (SIEM). SIEM combines spectral and infinite elements to simulate complex

resistivity or conductivity models accurately and efficiently, incorporating the infi-

nite boundary conditions associated with the Poisson/Laplace equation that governs

the electrical potential. Two different numerical quadrature methods, namely, the

Gauss–Legendre–Lobatto (GLL) and the Gauss–Radau quadrature, are used for solv-

ing the discretized form of the governing equations within and outside the domain

of interest, respectively. To validate the method, comprehensive simulations were

performed, and results were compared with analytical and existing methods for var-

ious examples. With an appropriate mesh element size, SIEM achieved remarkable

accuracy, with maximum relative errors of about 1%. Furthermore, the substan-

tial reduction in simulation times demonstrates the computational efficiency of the

methodology, particularly when using local mesh refinement. Additionally, the effects
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of anisotropy and topography were investigated on resistivity and induced polariza-

tion (IP) data interpretation. Results show that anisotropic and topographic models

exhibited distinct patterns from isotropic and flat models, respectively. These find-

ings emphasize the importance of incorporating both directional resistivity and terrain

variation effects in geoelectrical modelling. This research establishes a foundation for

a future 3D adjoint inversion program that incorporates topography, heterogeneities,

and anisotropy, enhancing the accuracy of subsurface modelling and interpretation.
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Chapter 1

Introduction

Geophysical methods are e�ective noninvasive tools for subsurface exploration. For

example, they o�er high-resolution spatiotemporal information critical for the mining

industry. Among geophysical techniques, electrical resistivity and induced polariza-

tion (IP) methods play a crucial role in mineral exploration (Seigel et al., 2007, Zaid

et al., 2022). These methods provide detailed maps of subsurface electrical proper-

ties, which are essential for identifying concealed deposits and determining drilling

locations.

Electrical resistivity and IP measure potential di�erences between two potential

electrodes by applying a current to the subsurface using a pair of current electrodes.

They are e�ective because potential targets, such as ore bodies or contaminant for-

mations, have electrical properties distinct from the surrounding medium (Martinho,

2023). The electrical resistivity of the subsurface is highly sensitive to the texture and

composition of materials (Glover, 2015). This sensitivity makes IP a complementary

tool to resistivity measurements, allowing for the distinction between clay formations

and contaminated sands based on their polarization characteristics (Sharma, 1997).

IP provides insights into the ability of Earth materials to temporarily store electric
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current at the solid-
uid interface (Sumner, 1976). This method can be applied in

both time domain (TDIP) and frequency domain (FDIP).

Electrical resistivity and IP are e�ective in delineating contaminant plumes (Vaudelet

et al., 2011), di�erentiating between clay-rich and sand-rich aquifers (Binley et al.,

2005), and detecting biogeochemical processes related to contaminant degradation (Flores-

Orozco et al., 2020, Godio and Naldi, 2003). Their applications in environmental

studies (Gallas et al., 2010, G•unther and Martin, 2016, Slater and Lesmes, 2002)

improve remediation strategies, support sustainable groundwater management, and

reduce the environmental impact of mining wastes. This is crucial as it addresses

the growing demand for clean, accessible water (J�acome et al., 2021, Melouah and

Zerrouki, 2021).

The resistivity and IP data interpretations depend on accurate forward modelling

and inversion techniques. Traditional methods, such as the �nite di�erence method

(FDM) (Dey and Morrison, 1979a,b) struggled with precisely modelling complex sur-

face geometries. Advanced numerical techniques, such as the �nite element method

(G•unther et al., 2006, R•ucker et al., 2006), have improved our ability to model to-

pographic e�ects using unstructured tetrahedral meshes. However, these approaches

often rely on large model domains with arti�cial boundary conditions, which can in-

troduce errors and computational ine�ciencies (Tsynkov, 1998). The development

of in�nite elements has allowed for extending computational domains to e�ectively

in�nite extents, mitigating errors associated with arti�cial boundaries and enabling

more precise modelling without increasing the number of grid points (Angelov, 1991,

Blome et al., 2009).
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Additionally, anisotropy in
uences the interpretation of geoelectrical measure-

ments, particularly in environments with layered sediments or fractured rock forma-

tions (Kunz and Moran, 1958). Studies have demonstrated that ignoring anisotropy

can result in incorrect subsurface characterization (Asten, 1974, Greenhalgh et al.,

2010, Keller and Frischknecht, 1966). To address anisotropy challenges, Habber-

jam (1975) proposed square array methods to measure apparent resistivity in mul-

tiple directions, e�ectively distinguishing anisotropy from other subsurface features.

Both analytical and numerical solutions have been developed to accurately simulate

anisotropic e�ects in complex geological settings (Bibby, 1978, Pal and Kalyan, 1986).

This thesis introduces the Spectral-In�nite-Element Method (SIEM) for resistivity

and IP modelling, a novel approach that o�ers high accuracy and computational e�-

ciency for complex three-dimensional models. The Spectral Element Method (SEM),

which forms the basis of SIEM, combines the exponential convergence rate of the

spectral method with the 
exibility of �nite elements (Komatitsch and Tromp, 1999).

SEM has demonstrated its e�ectiveness in various geophysical applications, including

seismic wave propagation (Komatitsch et al., 2000, Peter et al., 2011), acoustic and

elastic wave equations (Lyu et al., 2020), and electromagnetic dynamic modelling

(Huang et al., 2019, Martinec, 1999, Weiss et al., 2022).

SIEM enhances the capabilities of SEM by incorporating in�nite elements, ad-

dressing the challenge of modelling unbounded domains in geophysical problems. To

verify the algorithm developed in this study, we provide examples of its performance

with synthetic data. These examples incorporate models with topography, anisotropy,

and layered earth structures, demonstrating SIEM's capability to handle varieties of

complex subsurface geometries and heterogeneities.
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Future work will focus on implementing SIEM to real-world resistivity and IP

datasets in complex geological settings while developing e�cient adjoint inversion al-

gorithms. Additionally, we plan to extend the SIEM approach to time-lapse monitor-

ing applications, enabling us to track dynamic subsurface processes in hydrogeological

and environmental studies.

1.1 Geoelectrical Methods

Geoelectrical methods can be categorized into active techniques, which use applied

current (such as electrical resistivity, IP, and electromagnetic methods), and passive

techniques, which measure natural current 
ow (including telluric, magnetotelluric,

and self-potential methods). This study focuses on electrical resistivity and IP meth-

ods. These techniques use electrodes to apply current and measure voltages, re
ecting

the electrical properties in
uenced by the arrangement of solids, liquids, and gases.

These methods provide lateral information by moving the array horizontally, while

vertical changes are detected by increasing electrode spacing. Robust inversion al-

gorithms are typically employed to constrain and interpret these multi-dimensional

datasets, ensuring reliable resolution of subsurface structures. Electrical resistivity

o�ers cost-e�ective implementation, while IP demonstrates enhanced sensitivity to

lithology change and pore-
uid chemistry (Attwa et al., 2011). Factors such as ground

moisture content, complex geological structures, and near-surface heterogeneities can

signi�cantly complicate data interpretation. Moreover, the depth of investigation is

often constrained by the available current injection power and electrode array con�g-

urations (Dahlin and Zhou, 2006). Despite these limitations, geoelectrical methods
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are essential for providing detailed insights into subsurface properties in various ge-

ological, environmental, and engineering applications (Buselli and Lu, 2001, Davis

et al., 2006, Gomo et al., 2023, Sparrenbom et al., 2017).

1.1.1 Electrical Resistivity Fundamentals

Electrical resistivity and IP surveys use low frequencies (typically below 10 kHz) to

probe subsurface properties. At these frequencies, electrical conduction in soils and

rocks occurs primarily through electrolytic and electronic mechanisms, with negligible

dielectric e�ects. This frequency range allows for deeper current penetration and

minimizes the electromagnetic coupling e�ect on measurements (Martin et al., 2020).

The resistivity ( � ) of a material is de�ned by its geometry and electrical properties,

represented by:

� =
R A
L

; (1.1)

whereR is the resistance,A is the cross-sectional area, andL is the length. This

resistance is determined by the applied voltage (V) and resulting current (I ) through

the Ohm's law:

R =
V
I

; (1.2)

Conductivity ( � ) is the reciprocal of resistivity:

� =
1
�

=
L

R A
=

J
E

; (1.3)

whereJ is current density andE is electric �eld intensity. In practice, the apparent
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resistivity ( � a) is measured by applying current (I ) to the ground through electrodes

and measuring the potential di�erence (� V) (Telford et al., 1990):

� a = k
� V
I

; (1.4)

wherek is the geometric factor that depends on the electrode arrangement. Appar-

ent resistivity represents the resistivity value that would be measured if the subsurface

were uniform and isotropic (Revil et al., 2012). However, it is crucial to understand

that apparent resistivity does not re
ect the actual resistivity of the subsurface, which

is typically heterogeneous. The relationship between apparent resistivity and true re-

sistivity is complex and non-linear, necessitating inversion techniques to estimate the

true subsurface resistivity distribution.

The geometric factork for a con�guration with current electrodesA and B, and

potential electrodesM and N in a homogeneous half-space, is given by:

k =
2�

1
AM � 1

BM � 1
AN + 1

BN

; (1.5)

where AM , BM , AN , and BN represent the distances between the respective

electrodes. The choice of electrode array signi�cantly in
uences the sensitivity dis-

tribution and depth of investigation, making it a crucial factor in survey design for

optimal subsurface characterization.

There are three main procedures in resistivity prospecting. Vertical Electrical

Sounding (VES) is used to investigate variations in resistivity with depth at a speci�c

location. The electrode spacing is progressively increased to obtain information from

greater depths. The lateral Pro�ling technique is employed to examine horizontal
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variations in resistivity along a pro�le. The electrode spacing remains constant while

the entire array is moved along the survey line. Electrical Resistivity Tomography

(ERT) combines aspects of both VES and pro�ling to examine variations in both

vertical and horizontal dimensions. It provides a 2D or 3D image of the subsurface

resistivity distribution (Binley and Slater, 2020).

Traditionally, resistivity surveys could be labour-intensive, particularly for large-

scale investigations. They were limited by hardware factors such as cable length and

available electrical power. However, modern multi-electrode systems and automated

data acquisition tools have signi�cantly reduced these limitations, allowing for the

rapid collection of large datasets.

Despite these improvements, careful survey design is still crucial. Factors such as

electrode spacing, array type, and total survey length must be considered in relation to

the target depth, expected resistivity contrasts, and desired resolution. Additionally,

data quality control and appropriate inversion techniques remain essential for reliable

interpretation of the subsurface resistivity structure.

1.1.2 Induced Polarization Measurements

The IP e�ect occurs through two main mechanisms. Electrode Polarization occurs

in materials containing metallic particles or electronic conductors. When current is

applied, charges accumulate at the interface between the metallic particles and the

surrounding electrolyte, creating a capacitor-like e�ect.

Membrane Polarization occurs in materials with pore spaces, particularly in the

presence of clay minerals. The applied current causes an ionic concentration gradient

across narrow pore spaces or clay particles, resulting in a voltage di�erence (Li et al.,
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2021).

Frequency-Domain Induced Polarization

The frequency-domain induced polarization (FDIP) method evaluates the electrical

properties of the subsurface by analyzing how an alternating current interacts with

geological materials. A key parameter in this method is the percent frequency e�ect

(PFE), which assesses the IP e�ect by comparing apparent resistivity at two low

frequencies. The PFE is de�ned as:

PFE = 100 �
� a(f 1) � � a(f 2)

� a(f 1)
; (1.6)

where � a(f 1) and � a(f 2) are the apparent resistivities at the lowerf 1 and higher

f 2 frequencies, respectively (Weller et al., 1996).

Spectral induced polarization (SIP) extends this by measuring the phase lag be-

tween the applied current and the resulting voltage, capturing complex electrical

conductivity. SIP characterizes this conductivity with an in-phase (real) and an

out-of-phase (imaginary) component, typically across a frequency range of 1 mHz

to 10 kHz, providing a comprehensive understanding of subsurface properties. The

complex conductivity � � is expressed as:

� � = j� j ei � = R(� ) + i I (� ) ; (1.7)

where j� j is the magnitude of conductivity, � is the phase angle,R(� ) is the

real part of conductivity, and I (� ) is the imaginary part (H•ordt et al., 2009). The

real part R(� ) primarily represents electrolytic conduction in pore 
uids, while the

imaginary part I (� ) is associated with polarization e�ects at grain-
uid interfaces
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(Kemna et al., 2012).

Time-Domain Induced Polarization

Time-domain induced polarization (TDIP) measures the voltage decay in the ground

after an applied current is shut o�. When the current is on, the ground acts like a

capacitor, storing electrical energy. After the current is shut o�, the stored energy

is released from the subsurface materials, causing them to act as secondary sources.

This results in a gradual decay of voltage over time, which is measured at the potential

electrodes.

The primary parameter measured in TDIP is chargeability (m), de�ned as (Seigel,

1959):

m =
Vs

Vp
; (1.8)

where Vs is the secondary voltage measured immediately after current shut-o�,

given by:

Vs = Vp � V ; (1.9)

whereVp is the primary voltage measured while the current was on, andV denotes

the potential in the absence of the IP e�ect (Oldenburg and Li, 1994). Chargeability

is a dimensionless parameter.

In practice, to avoid electromagnetic coupling e�ects, measurements are not taken

immediately after the current shut-o�. Instead, the voltage decay is typically mea-

sured at multiple time windows after a short delay time. The shape of the decay

curve can provide valuable information about the nature of the polarizable materials
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in the subsurface.

1.2 Objective

The primary objectives of this thesis are:

1. To develop an innovative, forward modelling tool for electrical resistivity and

induced polarization (IP) surveys using the Spectral-In�nite-Element Method

(SIEM).

2. To implement and investigate the in
uence of heterogeneities, topography, and

anisotropy on resistivity and IP measurements using the SIEM approach.

3. To address the challenges of modelling unbounded domains in geoelectrical ex-

ploration.

4. To validate the SIEM approach using synthetic data, demonstrating its capa-

bility to handle complex geological scenarios.

1.3 Previous Research

Early interpretation of resistivity data focused on 1D modelling and curve matching,

which provided information about layered structures beneath a single point (Singh

et al., 2005). However, it did not account for topographic e�ects leading to erroneous

interpretation of apparent resistivity (Sahbi et al., 1997). Thus, 2D and 3D algorithms

were introduced with the development of multi-channel systems, providing detailed

imaging of complex subsurface structures (Loke et al., 2013, Neyamadpour et al., 2009,

Pidlisecky et al., 2006). Pidlisecky and Knight (2008) proposed 2.5D modelling by
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assuming a 2D subsurface structure but accounting for 3D current 
ow. This approach

o�ers a balance between computational e�ciency and accuracy for scenarios where the

geology can be approximated as 2D. More recently, time-lapse measurements of 2D

and 3D surveys allow monitoring of temporal changes in subsurface properties, which

become an important tool in hydrogeological and environmental studies (Cassiani

et al., 2006, Johnson et al., 2017, Karaoulis et al., 2013).

Numerical methods for resistivity data modelling have evolved to address the com-

plexities of solving partial di�erential equations (PDEs) in heterogeneous subsurface

environments. The integral equation method (Hvo�zdara and Kaikkonen, 1998, Lee,

1975), while e�cient for simple geometries, becomes computationally intensive for

complex structures. Boundary element methods (Ma, 2002, S.Z. et al., 1998) o�er

improved memory e�ciency but remain limited to certain model geometries. Finite

di�erence methods (FDM), improved by Spitzer (1995) from earlier work by Mufti

(1976), provide a more versatile approach, discretizing the domain into a grid and

solving equations iteratively. Further advancements by Wang et al. (2000) introduced

an upgridding method to the FDM, optimizing the grid by coalescing cells of extreme

shapes, thereby reducing the number of unknowns and improving convergence rates

without compromising accuracy. However, FDM can still su�er from slow conver-

gence and round-o� errors, particularly in models with extreme cell aspect ratios.

The �nite volume method (FVM), as employed by Pidlisecky et al. (2007), o�ers en-

hanced 
exibility in mesh design and handles large conductivity variations well but

faces challenges with computational demands and accuracy in complex geometries.

Finite element methods (FEM), applied to resistivity modelling by Coggon (1971)

and later advanced by Fox et al. (1980), excel in modelling irregular geometries and
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topography through unstructured grids, providing a signi�cant advantage in repre-

senting complex subsurface structures. However, FEM's 
exibility comes at the cost

of increased complexity in mesh generation and higher computational requirements.

Further re�nements by Wu (2003) introduced e�cient algorithms for solving large lin-

ear systems. Building on these advancements, Zhu et al. (2019) proposed a spectral

element method (SEM) using unstructured tetrahedral grids, combining the high pre-

cision of spectral methods with the 
exibility of FEM to achieve improved accuracy

and e�ciency in modelling topographically complex environments.

Despite the importance of anisotropy in layered, fractured, or cleaved rocks, rela-

tively few studies have addressed it in numerical simulations. Early work by Niwas

and Upadhyay (1974), Pal and Dasgupta (1984) demonstrated the signi�cant in-


uence of anisotropy on electrical measurements, particularly in transitional layers.

Bahr (1997) used random resistor network models to explain electrical anisotropy in

crustal rocks, and Ling et al. (2024) showed how radio magnetotelluric data could de-

tect and characterize electrical anisotropy in the shallow subsurface. Herwanger et al.

(2004) made notable contributions by developing a �nite element method for inverting

electrical resistivity data to reconstruct the 3D conductivity tensor, accommodating

anisotropy. Moucha and Bailey (2004) developed an improved multigrid algorithm

for 2D forward resistivity modelling using a �nite di�erence scheme and directional

conductivity coarsening, signi�cantly enhancing the ability to handle anisotropy and

high conductivity contrasts compared to traditional methods. More recently, Al-

Hazaimay et al. (2016) experimentally validated a method to estimate subsurface

structural properties from electrical anisotropy measurements, further emphasizing
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the importance of incorporating anisotropy in electrical resistivity modelling and in-

terpretation.

Recent advances in DC resistivity modelling have signi�cantly improved the in-

corporation of complex topography and anisotropy in subsurface simulations. Zhou

et al. (2009) introduced the Gaussian Quadrature Grid (GQG) method for 2.5D and

3D modelling, while Suryavanshi and Dehiya (2023) developed a 2D mimetic �nite

di�erence method for irregular topography and anisotropic media. Both approaches

represent signi�cant steps forward in enhancing the capability of resistivity modelling

techniques to handle realistic geological complexities, with the GQG method extend-

ing these improvements to higher-dimensional scenarios.

Initially focused on mineral exploration for detecting ore bodies (Gong et al.,

2019), electrical resistivity and induced polarization (IP) methods have diversi�ed

applications in numerous areas of study. In environmental sciences, resistivity and IP

techniques are invaluable tools for monitoring contaminant migration (Casado et al.,

2015, Deng et al., 2018, Sogade et al., 2006, Vanhala, 1997), assessing microbial

activities (Flores Orozco et al., 2013, Martinho et al., 2013, Personna et al., 2008,

Williams et al., 2005), and evaluating groundwater remediation e�orts (Chambers

et al., 2010, Mao et al., 2015, Rockhold et al., 2020). The mining industry has

bene�ted from these methods in identifying valuable metal content in mining waste

(Hupfer et al., 2016, Martin et al., 2021).

Hydrogeological applications include groundwater exploration (Hasan and Shang,

2023, Muchingami et al., 2012) and the investigation of aquifer characteristics (Adeyemo

et al., 2017). In environmental management, these techniques have been applied to

mapping land�lls (Donno and Cardarelli, 2017, Gazoty et al., 2012, Leroux et al.,
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2007) and assessing areas prone to landslides (Damavandi et al., 2022, Gallistl et al.,

2018).

The versatility of resistivity and IP methods is further demonstrated by their

integration with other geophysical techniques to enhance subsurface imaging of geo-

logical features that pose risks to infrastructure (Cardarelli et al., 2010, Hasan and

Shang, 2022, Rossi et al., 2018). Signi�cant advancements have been made in speci�c

geological challenges, such as delineating kaolinised and aquifer formations in com-

plex terrains (Prasad and Rao, 2022). These methods have even found applications

in archaeology, as demonstrated by AL-Hameedawi et al. (2022), who used Electri-

cal Resistivity Tomography (ERT) in conjunction with ground-penetrating radar to

locate buried archaeological walls in ancient Babylon.

1.4 Organization of Thesis

This thesis is organized into �ve chapters.

Chapter 1 outlines the research objectives, provides the fundamental concepts of

electrical resistivity and IP methods, and reviews relevant previous work in the �eld.

Chapter 2 discusses existing approaches to forward modelling, and details the

spectral-in�nite-element method (SIEM) developed in this research.

Chapter 3 focuses on the computational aspects and accuracy of the proposed

SIEM scheme using synthetic models.

Chapter 4 demonstrates the application of SIEM in studying the e�ects of terrain

topography and anisotropic conductivity on resistivity and IP surveys.

Chapter 5 concludes the thesis, summarizing the key �ndings, discussing their

implications, and proposing future work.
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Chapter 2

Numerical Method

Forward modelling of electrical resistivity and induced polarization involves solving

the generalized Poisson equation that governs the electric potential. Historically, the

interpretation of geoelectrical data relied on simple analytical solutions based on ideal-

ized models (Li and Uren, 1997, Patella, 1972). However, these approaches often failed

to capture the intricate variations and heterogeneities present in real-world environ-

ments (Zhu et al., 2019). Several numerical modelling methods have been developed

to address the complexities of geoelectrical problems. Integral equation methods (Li

and Stagnitti, 2000, Ling et al., 2024, Octavio et al., 2023), while e�ective for simple

geometries, faced limitations for complex models. Both FDM and FEM have been

widely used in geoelectrical modelling, with each method having its strengths and

limitations. While computationally e�cient, the FDM faces challenges in represent-

ing complex topography due to its reliance on orthogonal grids (Gao et al., 2019, Li

and Spitzer, 2002). Unlike the FDM, the �nite volume method (FVM) solves the

integral form of the governing equations on the �nite number of nonoverlapping cells

or the control volume (Patankar, 1980). The system of equations is formed by com-

puting the 
uxes across the �nite volume boundaries. The FVM can accommodate
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topography using unstructured mesh. For example, an open-source Python-based

geophysical simulation and parameter estimation tool (SimPEG) incorporates stag-

gered grid and mimetic �nite volume discretizations (Hyman et al., 2002, Hyman and

Shashkov, 1999) on structured and semi-structured meshes. FEM, on the other hand,

o�ers greater 
exibility in handling irregular geometries and incorporating topogra-

phy by solving the weak form of the governing equations on an unstructured grid

(Bing and Greenhalgh, 2001, Pridmore et al., 1981, Qiang et al., 2013). However, it

can be computationally intensive for large-scale problems and may require signi�cant

expertise in mesh design to achieve accurate results (Loke et al., 2022, Ren et al.,

2017).

Solving Poisson's equation in 3D is computationally expensive (Madsen et al.,

2020). The Poisson's equation governing the electric potential is generally considered

unbounded because the electric potential decays to zero at in�nity. Since geometric

discretization involves a �nite domain, numerically solving problems on unbounded

domains is challenging. To address the unbounded Poisson equation, a high-order

solver based on a convolution integral was proposed (Hejlesen et al., 2013). This

is part of a broader trend towards using advanced numerical methods to overcome

the limitations of both FDM and FEM. Key breakthroughs include the invention

of in�nite elements (El-Esnawy et al., 1995), which are crucial for modelling un-

bounded geophysical problems, and techniques for removing singularities caused by

rapid changes in potential near source electrodes (Lowry et al., 1989).

The spectral element method (SEM), initially developed for solving the 
uid dy-

namics problem, is a higher-order method with all the advantages of FEM and spectral

16



accuracy (Zhou et al., 2009). SEM's versatility is evident in its application across var-

ious �elds, such as geotechnical engineering for slope stability analysis (Gharti et al.,

2012b, Tiwari and Bhandary, 2023) and multistage excavation processes (Gharti et al.,

2012a). These advancements, particularly the integration of spectral methods with

in�nite elements, o�er promising solutions for addressing the challenges of modelling

unbounded domains in geoelectrical problems.

2.1 Spectral In�nite Element Method (SIEM)

The spectral element method (SEM) (Deville et al., 2002, Faccioli et al., 1997, Patera,

1984) marked a signi�cant advancement in the �eld of computational 
uid dynam-

ics. Its capability to deliver high-precision results while accommodating complex

geometries and non-uniform grids has set it apart as a powerful numerical technique

(Chaljub et al., 2007).

The spectral-element method (SEM) represents the solution within each element

using high-degree polynomials. The Lagrange interpolants are de�ned to be one at

their corresponding Gaussian-Legendre-Lobatto (GLL) quadrature points and zero

at all other points, as illustrated in Figure 2.1(a). In Figure 2.2(a), the interpolation

points are separate from the quadrature points for an element in FEM. In contrast, in

Figure 2.2(b), the interpolation points coincide with the Gaussian-Legendre-Lobatto

(GLL) quadrature points for SEM. This coincidence of interpolation and quadrature

points leads to several advantages. It allows for exponential convergence rates for

smooth problems, surpassing the geometric convergence of FEM. It also improves

computational e�ciency through diagonal mass matrices, reducing the complexity

associated with solving systems of equations. This is particularly bene�cial for wave
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propagation problems (Komatitsch and Tromp, 1999, Leki�c and Romanowicz, 2011).

Additionally, it enables the handling of complex geometries while maintaining spectral

accuracy. These features make SEM particularly e�ective for problems requiring high

precision, o�ering a powerful alternative to traditional �nite element methods in

various computational physics and engineering applications such as acoustic wave

propagation induced by moving underwater sources (Lloyd et al., 2019), and wave

propagation in porous media (Morency and Tromp, 2008).

Due to the computational ine�ciency of solving the full form of the Poisson equa-

tion, we decided to solve the weak form of the Poisson equation to calculate the electric

potential. The main challenge in this approach involves the unbounded nature of the

problem. To circumvent this challenge, we use the in�nite elements, a sophisticated

numerical technique developed to handle unbounded domain problems in computa-

tional physics and engineering. They extend the capabilities of �nite element methods

to e�ciently model problems where the domain of interest extends to in�nity. The

primary challenge in such problems is accurately representing the behaviour of the

solution at large distances without high computational cost. Two main approaches

to in�nite elements have been established. The displacement descent approach, intro-

duced by Bettess (1977) and further developed by Medina and Taylor (1983), maps

an element to a natural domain of interval [0,1 ]. This is achieved by multiplying

standard interpolation functions with suitable decay functions. A key challenge in

this approach is the need for specialized quadrature techniques to handle the in�nite

integration interval. Researchers have employed modi�ed Gauss-Legendre quadrature

to address this issue (Mavriplis, 1989). Regarding implementation, the classical �nite

element method requires modi�cations to both the Jacobian matrix of the coordinate
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transformation and the numerical integration techniques. The coordinate ascent ap-

proach, also known as the 'mapped in�nite element' approach, was proposed by Beer

and Meek (1981) and re�ned by Zienkiewicz et al. (1983). As illustrated in Figure

2.3(a), geometric nodes are used to transform an element from the physical domain

to a natural domain. In contrast, for the in�nite domain shown in Figure 2.3(b),

the mapped in�nite element approach uses a pole point located outside the element

(x0). Therefore, shape functions become singular at� = 1 as illustrated in Figure

2.1(b). This approach allows for the use of standard Gauss-Legendre quadrature

points, simplifying implementation. In contrast to the displacement descent method,

this approach simpli�es the programming requirements. The only necessary mod-

i�cation is to the Jacobian matrix of the coordinate transformation. Notably, the

numerical integration quadrature points can remain unchanged from those used in

traditional �nite element methods.

(a) Spectral element (b) In�nite element

Figure 2.1: Lagrange interpolation functions (̀) of a 1-D element with three nodes.�
denotes the interpolation/quadrature point. (Gharti et al., 2018b)
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(a) Finite element (b) Spectral element

Figure 2.2: Elements mapped to their natural coordinates with three nodes (solid
white circles) and Gauss{Legendre{Lobatto points (solid black circles) in
each dimension.

We employ the spectral-in�nite-element method, which combines the mapped

in�nite-element approach with a spectral-element method (SEM). While SEM pro-

vides a robust framework for handling �nite domains, its integration with in�nite ele-

ments expands its applicability to problems involving in�nite or semi-in�nite domains.

To solve the weak form of the Poisson/Laplace equation, we use the Gauss-Legendre-

Lobatto (GLL) quadrature in spectral elements inside the domain of interest. Outside

the domain, we use the Gauss-Radau quadrature in the in�nite direction and the GLL

quadrature in the other directions (Figure 2.4). This integration allows for a seam-

less transition from �nite elements handling the core of the computational domain

to in�nite elements modelling the solution's behaviour as it extends to in�nity. The

spectral-in�nite-element approach o�ers several computational advantages, including

high numerical precision through higher-order polynomials and e�cient parallel com-

putation potential. SIEM has been used to solve several problems in geomechanics,
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such as background gravity (Gharti and Tromp, 2017), gravity (Gharti et al., 2018b)

and magnetic (Gharti and Tromp, 2019) anomalies, coseismic and post-earthquake

deformation (Gharti et al., 2018a, Langer et al., 2019), earthquake-induced gravity

perturbations (Gharti et al., 2019), and seismic wave propagation (Gharti et al.,

2023).

(a) Finite element (b) In�nite element

Figure 2.3: Transformation of a one-dimensional element into its corresponding rep-
resentation in natural coordinate space (Gharti et al., 2018b).

Figure 2.4: Coupling between a spectral element and an in�nite element in 2-D
(Gharti et al., 2018a).
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2.2 SPECFEM-X

In this study, we use SPECFEM-X, an advanced, open-source software package that

employs the spectral-in�nite-element method (SIEM) to simulate geophysical phe-

nomena. While lacking an internal mesher, SPECFEM-X supports hexahedral meshes

from external tools like Gmsh (Geuzaine and Remacle, 2009), and TrueGrid (Rains-

berger, 2019). Its integration with ParaView (www.paraview.org) enhances data

visualization capabilities. Implemented in FORTRAN 90 and parallelized via MPI

(Skjellum et al., 1995) based on domain decomposition using open-source graph par-

titioning library SCOTCH (Pellegrini and Roman, 1996), enabled SPECFEM-X to

operate e�ectively on platforms ranging from single processors to large clusters. This

versatility and robust performance make it a valuable tool for researchers in geodesy,

seismic risk assessment, and mineral exploration, facilitating in-depth analysis of com-

plex geophysical data.

2.3 Formulations

2.3.1 Governing Equations

The electric potential induced by the applied current in an isotropic medium (Fig-

ure 2.5) is governed by:

� r � (� r ' ) = I (xs) � (x � xs) ; (2.1)

subject to the essential boundary condition

' = 0 on � 1 ; (2.2)
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[' ]+� = 0 on � ; (2.3)

and a natural boundary condition

[n̂ � (� r ' )]+
� = 0 on � ; (2.4)

n̂ � (� r ' ) = 0 on � 0 ; (2.5)

where, ' is the electric potential, � the electrical conductivity, I the electric

current applied at a point xs, and � (x � xs) the Dirac delta function. Similarly, n̂

denotes the unit outward normal to the boundary, and [� ]+� denotes the jump in the

enclosed quantity when going from the� side of boundary � to the + side. We note

that the electrical conductivity parameter can generally be a real or complex number.

Figure 2.5: Schematic diagram of a domain of interest 
 with the electrical conductiv-
ity � (x) embedded in a half-space 
1 . The �nite domain has a boundary
consisting of �0 and a remainder � . The unit outward normal to the do-
main boundary is denoted bŷn . The in�nite domain has a boundary � 1

where the electrical potential vanishes,' = 0 .
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2.3.2 Weak Form

The weak form of the governing equation 2.1 can be obtained by multiplying the

equation by the test function for the electric potential, ~' and performing integration

over the entire domain:

�
Z


 1

~' r � (� r ' ) dV =
Z


 1

~' I (xs) � (x � xs) dV ; (2.6)

Upon performing the integration, we obtain

Z


 1

r ~' � (� r ' ) dV �
Z

� 0

n̂ � (� r ' ) ~' dS

�
Z

�
[n̂ � (� r ' )]+

� ~' dS �
Z

� 1

n̂ � (� r ' ) ~' dS

= ~' (xs) I (xs) (2.7)

where we have used the Gauss divergence theorem to convert the volume integral

into the surface integral. After imposing the boundary conditions 2.4 and 2.5, �nally

we get:

Z


 1

r ~' � (� r ' ) dV �
Z

� 1

n̂ � (� r ' ) ~' dS = ~' (xs) I (xs) ; (2.8)

2.3.3 Discretization

The potential �eld, ' , and the weight function, ~' , are discretized on the natural

coordinates using the Lagrange polynomial de�ned on the Gauss-Legendre-Lobatto

(GLL) points.
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' (� ) =
n � n � n 
X

��
 =1

' ��
 ` � (� ) ` � (� ) ` 
 (� ) ;

~' (� ) =
n � n � n 
X

��
 =1

~' ��
 ` � (� ) ` � (� ) ` 
 (� ) ;

(2.9)

where ' ��
 , and ~' ��
 denote the electric potential and its test function, at an

interpolation/quadrature node f � � ; � � ; � 
 g. Similarly, n� , n� , and n
 represent the

number of GLL points in each direction in a 3D element in a natural domain. The

Lagrange interpolation polynomial` i (� ) is de�ned by the recursive product

` i (� ) =
n �Y

j =1
j 6= i

(� � � j )
(� i � � j )

: (2.10)

For conciseness, we can write eqn. (2.9) in the compact form

' (� ) =
nX

a=1

' a(t) Na(� ) ;

~' (� ) =
nX

a=1

~' a(t) Na(� ) ;

(2.11)

where ' a, and ~' a denote the electric potential and its test function at an in-

terpolation point � a = f � � ; � � ; � 
 g. The total number of interpolation points in an

element is denoted byn, and is given by the product of the number of GLL points in

each dimension, i.e.,n = n� n� n
 . The interpolation functions Na in natural coordi-

nates are determined by a tensor product of one-dimensional Lagrange polynomials:

Na(� ) = ` � (� ) ` � (� ) ` 
 (� ).
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In matrix-vector notation, the compact form of the interpolations (Eqn. 2.11) can

be written as

' = NT
e ' e ;

~' = NT
e ~' e ;

(2.12)

where we have de�ned the elemental electric potential vector

' e =
�

' 1 ' 2 ' 3 � � � ' n

� T

; (2.13)

with n entries for the electric potential at then quadrature points and the corre-

sponding potential interpolation vector

Ne =
�

N1 N2 N3 � � � Nn

� T

: (2.14)

The transpose of a vector or matrix is denoted byT . Upon substituting eqn. (2.12)

in the weak forms given by the eqn. (2.8), we obtain a set of linear elemental equations

in the matrix-vector form:

Ke ' e = Fe ; (2.15)

where Ke represents the conductivity sti�ness matrix, andFe denotes the force

vector due to the electric current. We can write the explicit expressions for the

elemental matrix and vector as follows.

Ke =
Z


 e

BT
e � Be dV ; (2.16)
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Fe = I Ne +
Z

� e

Ne n̂ � (� r ' e) dS ; (2.17)

such that the electric potential matrix

Be = d NT
e ; (2.18)

where we have de�ned the di�erential vector operator

d =

2

6
6
6
6
4

@
@x

@
@y

@
@z

3

7
7
7
7
5

: (2.19)

The conductivity sti�ness matrix, Ke, is computed in all elements in the entire

domain. For the force vector,Fe, the �rst term on the right-hand side of eqn. 2.17 is

computed only in the elements where the electric current is applied, and the second

term is initially unknown and relevant only on the in�nite elements. Finally, we

assemble the elemental matrix-vector equation 2.15 to form the global matrix-vector

equation:

K ' = F ; (2.20)

where,K represents the global conductivity sti�ness matrix,F the global force vector,

and ' the global electric potential vector.
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Chapter 3

3D Forward Modelling

This chapter examines 3D forward modelling for resistivity and FDIP in isotropic


at-earth scenarios. We explore SIEM's capabilities through numerical examples, in-

cluding a buried charged sphere in a homogeneous halfspace, a two-layer structure,

and a complex 3D conductivity model. For each model, we describe its geometry

and electrical properties and then analyze the modelling results. We validate our

method by comparing outputs with analytical solutions and results from SimPEG.

For FDIP simulations, we utilize parameters from the fractal model to capture com-

plex frequency-dependent behaviour. These examples demonstrate SIEM's ability

to handle discrete anomalies, strati�ed environments, and complex subsurface struc-

tures.

We designed the model and created the hexahedral mesh for all examples using

Coreform Cubit 2024.3 (Coreform Cubit, 2024). These meshes are preprocessed to

generate input mesh and boundary �les required for our program using MeshAssist

(Gharti et al., 2017). Our program utilizes parallel iterative Krylov solvers through

the open-source toolkit PETSc (Balay et al., 2022). We initially set three GLL points

along each axis, resulting in 27 nodes per element and a relative tolerance 1e-7 for
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the linear solver. We implement the element-by-element preconditioned conjugate-

gradient method (Erhel et al., 1991, King and Sonnad, 1987) to solve the linear

equations.

3.1 Charged Sphere

In the �rst example, we benchmark our method with the analytical method calculating

the electric potential induced by a charged sphere with a radius of 1 m and a charge

density of 1 C / m3, buried at a depth of 10 m as shown in Figure 3.1.

Figure 3.1: Model geometry for a buried charged sphere.

3.1.1 Model Construction

Model domain spanning 40 m� 20 m � 20 m surrounds the charged sphere and

includes the observation points. The model is discretized using a hexahedral mesh

with an initial element size of 1 m throughout the domain, as illustrated in Figure

3.2(a). The mesh comprises 17,432 elements and conforms to the spherical shape.
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A single layer of in�nite elements is added outside the entire domain to mimic the

in�nite boundary conditions, as shown in Figure 3.2(b).

3.1.2 Output and Computation

Simulations are run on the Niagara supercomputing cluster at the University of

Toronto, operated by the Digital Research Alliance of Canada (Loken et al., 2010,

Ponce et al., 2019). During the simulation process, the software captures the elec-

trical potential values for each element, which are then systematically saved in VTI

(Visualization Toolkit Image Data) format �les.

Once the simulation is complete, these VTI �les are transferred from the Niagara

supercomputer's directory to a local workstation for further analysis. The imported

VTI �les are then opened in ParaView, where they are processed using ParaView's

calculator �lter function. This involves dividing the data by the free-air electrical

permittivity constant (8.854187817e-12F=m) to make simulation results comparable

with the analytical solution given by equations A.1 and A.2.

The �rst simulation ran on 40 processors, which took� 3 seconds. Figure 3.3

shows the computed electric potential �eld in 3D. As expected, the magnitude of the

electrical potential is maximum at the centre of the charged sphere, and it decays

away from the sphere. Electric potential values are negative due to mathematical

conventions in electromagnetic theory, which is consistent with Poisson's equation.

3.1.3 Results and Discussion

We also plotted the electrical potential pro�le along the x-axis from -20 to 20 m at a

depth of z = -10 m and compared the results with the analytical results (Figure 3.4).
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(a) Spectral mesh

(b) In�nite elements extend outward from the outer sur-

face of the model.

Figure 3.2: Visualization of the meshed spherical model. The zoomed-in picture
demonstrates 3 GLL points per axis of the elements.
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Figure 3.3: 3D snapshot of the computed electrical potential �eld. For clarity, the
model was sectioned through the centre of the sphere.

The analytical expression for the electric potential of a uniform sphere of charge

is given by eqns (A.1) and (A.2). Although we observe a generally good agreement,

there are noticeable discrepancies, particularly near the sphere's centre. Therefore,

we performed further tests with three di�erent re�ned meshes. Speci�cally, we re�ned

the mesh using three di�erent element sizes 0.5 m, 0.25 m, and 0.125 m. Table 3.1

presents mesh parameters for each element size. Re�ned meshes consist of the total

numbers of elements 138,488, 759,339, and 8,089,852. We still used the same number

of processors to run simulations for mesh sizes 0.5 m and 0.25 m. However, for the

simulation with a mesh size of 0.125 m, we increased the number of processors to 240.

Computation times for the three simulations were 30 s, 345 s, and 1753 s, respectively.

The resulting pro�les are superimposed in Figure 3.4. We observe that computational

results gradually converge towards the analytical results with the re�ned mesh.
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Figure 3.4: Electric potential pro�les calculated atz = 10 m along the x-axis.

Table 3.1: Mesh parameters for di�erent element size of the spherical model

Mesh element size Number of nodes Number of elements Degrees of Freedom
1.000 173,318 17,432 15,6859
0.500 1,243,612 138,488 117,7136
0.250 6,500,896 759,339 6,286,071
0.125 67,424,329 8,089,852 66,407,449

3.1.4 Local Mesh Re�nement

Over the past two decades, adaptive and local mesh re�nement techniques have be-

come increasingly important in modelling geophysical data. These methods aim to

optimize computational e�ciency while maintaining high accuracy, particularly for

complex 3D problems. These developments include the use of Delaunay re�nement
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algorithms (Shewchuk, 2002), adaptive mesh re�nement techniques (Codd and Gross,

2017, Ren and Tang, 2010, Ren et al., 2009), unstructured tetrahedral meshes (Lu

et al., 2014, Wang et al., 2013), and deformed hexahedral elements (Yang et al., 2023).

(Zou et al., 2015) introduced an innovative approach focusing on re�ning elements

with the most signi�cant impact on results rather than minimizing all geometric er-

rors.

To increase computational e�ciency, we implemented local re�nements that use

�ner elements in and near the sphere and coarser elements away from the sphere

(Figure 3.5). As a result, the mesh comprised 39,922 elements, and the simulation

ran on 40 processors, taking only 16 seconds. The results closely match both the

analytical solution and a uniform �ne mesh (size 0.25 m), as shown in Figure 3.6.

Figure 3.5: Local mesh re�nement near the buried sphere
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Figure 3.6: Comparison of results between locally and generally re�ned mesh against
the analytical solution. Results from the locally re�ned mesh (Blue) over-
lapped with those from mesh size 0.25 m (Red).

3.2 Two-Layer Model

In this example, we consider the electrical resistivity and induced polarization mod-

elling of a two-layer model, as illustrated in Figure 3.7. The top and bottom layers are

2 m and 8 m thick, respectively. The electrical properties of the model are determined

from the parameters listed in Table 3.2, which provides a frequency-dependent frac-

tal model of complex resistivity (See Appendix A.2 proposed by da Rocha (1995)).

The �rst layer represents a more resistive medium with a higher frequency exponent,

while the second layer is a more conductive environment with a lower frequency ex-

ponent. This con�guration mimics coastal settings where dry sand overlies wet clay

or saturated sediments. We carried out simulations at a frequency (! ) of 0.1 Hz. We

used a dipole-dipole electrode array arrangement for simulations, with eight spacing
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numbers (n) and a spacing between electrodes (a) of two meters.

Figure 3.7: Two-layer model with a dipole-dipole array con�guration involving two
current electrodes (A and B) and two potential electrodes (M and N). The
symbol a denotes the electrode spacing, andn is the spacing number.

Table 3.2: Fractal model parameters for the two-layer model (da C. Farias et al.,
2010)

Parameters � 0 (
m) m � (s) � f (ms) � 0 (ps) � r �
First layer 100 0.5 1.0 1.0 1.0 1.0 0.5
Second layer 10 0.5 1.0 1.0 1.0 1.0 0.25

3.2.1 Model Construction

To create the mesh, we consider a model of size 40 m� 20 m � 10 m. We used

hexahedral elements to discretize the model using a coarse mesh with an element

size of 1 m, resulting in 10,000 elements (Figure 3.8(a)). We set the free-surface

boundary condition, i.e., zero Neumann condition on the top surface and in�nite

boundary condition on all lateral and bottom surfaces (Figure 3.8(b)). We ran the

initial simulation on 40 processors, which took approximately 2 s.
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3.2.2 Output and Computation

Figure 3.9 illustrates the computed electric potential �eld in a 2D snapshot sectioned

through the middle along the electrode line. Due to the contrast in resistivity between

the two layers, the electrical potential is distorted, showing the imprint of the layer

interface. This plot helps interpret the possible sub-surface anomalies and is critical

to understanding the electrical characteristics of the subsurface layers.

We conducted two separate simulations for each spacing factor, using both the

real and imaginary parts of the complex resistivity derived from fractal properties, as

shown in Table 3.2 and calculated using expression A.3. The apparent resistivity for

both simulations was determined using equation 1.4, where the potential di�erence

(� V) was obtained from the simulation outputs at the speci�ed electrode locations

using ParaView's Probelocation �lter. The geometric factor (k) for the dipole-dipole

array was calculated ask = �an (n + 1)( n + 2), with a representing the dipole length

and n the separation factor. Subsequently, we computed the amplitude as the magni-

tude of the complex apparent resistivity (
p

real(� a)2 + imaginary( � a)2) and the phase

as the arc tangent of the ratio of the imaginary to the real apparent resistivity.

3.2.3 Results and Discussion

From the computed electrical potential �eld, we calculated the apparent resistivity

pro�le considering the set of spacing numbers, (n = 1; 2; 3; � � � ; 8) and superimposed

the result with the analytical result using the expression given for a single overburden

in eqn (A.7). Further, we also computed the apparent resistivity pro�le using the well-

known open-source Python-based geophysical tool called the SimPEG (Simulation

and Parameter Estimation in Geophysics) (Cockett et al., 2015).
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(a) Spectral mesh

(b) Spectral mesh surrounded by in�nite elements

Figure 3.8: 3D visualization of the meshed two-layer model.
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Figure 3.9: 2D snapshot of the computed electrical potential �eld. The model was
sectioned through the middle along the electrodes. Current electrodes
are located at (-10,0,0) and (-8,0,0). The dashed line marks the layer
interface.

The SimPEG employs the staggered mimetic �nite volume method to solve 2D

and 3D resistivity problems. For our comparative analysis, we modi�ed the source

code provided in the SimPEG tutorial on forward modelling for DC resistivity. This

modi�cation allowed us to customize the model to accurately represent our speci�c

two-layer model.

Figure 3.10(a) compares the apparent resistivity pro�les for our method with the

analytical and SimPEG results. Initially, the computed results for the coarse mesh

with element size 1 m are signi�cantly di�erent from the analytical and SimPEG

results, although the general trend is similar. To improve the result, we gradually

re�ne the mesh starting from the element size 0.5 m. This re�nement increases the

total number of elements to 72,000. Running this re�ned simulation on 40 processors

required roughly 10 s. This re�ned mesh signi�cantly improved the results, especially
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for the higher spacing numbers. In the subsequent re�nement, we reduced the ele-

ment size to 0.25 m, increasing the element count to 544,000. The new simulation

took approximately 88 s, again running on the same 40 processors. The new re-

sults are in excellent agreement with both analytical solutions and SimPEG results,

demonstrating a rapid convergence. Quantitatively, the maximum relative errors for

SIEM and SimPEG with respect to the analytical solutions are 1.81 % and 3.63 %,

respectively. Table 3.3 provides a detailed overview of the mesh parameters for each

of these re�nement levels, including the number of elements, nodes, and degrees of

freedom.

Additionally, we computed the phase pro�le and superimposed the results with

the analytical solution and SimPEG results, as shown in Figure 3.10(b). Computed

results are in excellent agreement with both analytical and SimPEG results. Notably,

the phase pro�le is less sensitive to the mesh re�nement, unlike the apparent resistiv-

ity. Quantitatively, the maximum relative errors for SIEM with element size 0.25 m

and SimPEG with respect to analytical solutions are 0.67 % and 1.09 %, respectively.

Table 3.3: Mesh parameters for di�erent grid re�nements of the two-layer model.

Mesh element size Number of nodes Number of elements Degrees of Freedom
1.000 16,033 10,000 93,207
0.500 94,602 72,000 628,359
0.250 629,750 544,000 4,555,100
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(a) Amplitude

(b) Phase

Figure 3.10: Comparison of calculated results among the analytical, SimPEG, and
SIEM solutions.
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3.3 Single and multi-block Models

We illustrate the complex resistivity and induced polarization by considering a single-

block model (Figure 3.11(a)) and a complex multi-block model (Figure 3.11(b)). The

model geometries are similar to the examples found in Geosci.xyz (2024). Both single-

block and multi-block models consist of an identical large block of size 50 m� 50 m�

50 m block at a depth of 25 m from the surface, but the multi-block model additionally

consists of three smaller blocks arbitrarily placed along they-axis, all measuring 20 m

� 20 m� 20 m at a shallow depth of 3 m with di�erent resistivity properties. Again,

we use the fractal model to determine the complex resistivity. Table 3.4 and Table 3.5

show the fractal parameters for the single block and multiblock model, respectively.

Table 3.4: Parameters of the fractal model for the single-block scenario.

Parameters � 0 (
m) m � r � (� s) � f (ms) � � 0 (ps)
Half-space 105 0.995 4.016 0.583 0.001 0.154 1.0
Block 1 11 0.756 2.032 0.121 0.783 0.378 1.0

Table 3.5: Parameters of the fractal model for the multi-block scenario.

Parameters � 0 (
m) m � r � (� s) � f (ms) � � 0 (ps)
Block 2 11 0.756 2.032 0.121 0.783 0.378 1.0
Block 3 314.526 0.885 4.537 0.242 0.923 0.449 1.0
Block 4 51.755 0.906 4.859 0.357 0.007 0.202 1.0
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(a) Single block model

(b) Multi-block model

Figure 3.11: Visualization of the model with subsurface inhomogeneities.In the multi-
block model, the �rst and the second blocks are 75 m apart, the second
and the third are 65 m apart, and the third and fourth are 125 m apart.

3.3.1 Model Construction

We created the model domain of dimensions 500 m� 250 m� 125 m to accomodate

internal blocks and the observation points. The models were discretized using a
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hexahedral mesh with an average element size of 5 m both within and around the

blocks, as demonstrated in Figure 3.12(a) and Figure 3.13(a). The mesh for the

single block model consists of 137,500 elements, whereas the multiblock model has

142,800 elements. The numbers of elements are di�erent because the actual element

size may di�er due to the complexity of model geometries. An in�nite-element layer

was added outside all the lateral and bottom surfaces to simulate the in�nite extent

of the model, as shown in Figures 3.12(b) and 3.13(b). The free surface boundary

condition is imposed on the top surface.

For an e�ective exploration of subsurface resistivity, we employed a dipole-dipole

electrode array con�guration in our simulations, characterized by an expansion factor

of 15 and a constant electrode spacing of 10 m. The simulations ran on 40 processors

and took about 20 s and 25 s for single and multi-block models, respectively.

3.3.2 Output and Computation

Figure 3.14(a) shows a 2D section of the computed electric potential cut along the

vertical plane at y = 0 for the single block model. As expected, the electric potential

is high, and the equipotential lines are concentrated around the electrode locations.

The presence of the resistive block de
ects the equipotential lines, showing a strong

anomaly in the electric potential �eld. Figure 3.14(b) demonstrates the computed

electric potential �eld and equipotential lines for the multi-block model. A closer

look at the electric �eld lines reveals a more complex pattern, which is the result

of the interaction of multiple blocks with the electric potential �eld. Each block

causes distortions in the electric potential �eld, causing warped equipotential lines

around each anomaly, creating a more intricate equipotential pattern compared to a
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single-block model.

We conducted 43 simulations, systematically increasing the distance between cur-

rent and potential electrodes. Following the procedure in Section 3.2.2, we calculated

the apparent resistivity and phase for each simulation.

3.3.3 Results and Discussion

The speci�c locations of the source and receiver electrode pairs in the dipole-dipole

survey setup are depicted in Figure 3.15(a) and 3.16(a) for single-block and multi-

block models, respectively. We plotted the apparent resistivity in a pseudosection con-

sidering the spacing number,n, from 1 to 15 as shown in Figures 3.15(b) and 3.16(b).

For the single block model, the conductive block appears as a low-resistivity anomaly

in the centre of the pseudosection in Figure 3.15(b), with distinctive outward and

downward extensions. For the multi-block model, the apparent resistivity pattern of

the central block is visible at the centre of the pseudosection but is obscured by the

signatures of other blocks, producing the complicated apparent resistivity anomaly

patterns as illustrated in Figure 3.16(b). Compared to the halfspace or the host rock,

the blocks 1, 2, and 4 are conductive. Therefore, we observe the lower apparent

resistivity anomalies for those blocks. By contrast, block 3 has a higher resistivity,

producing a higher apparent resistivity anomaly. The phase plots in Figures 3.15(c)

and 3.16(c) show the distribution of phase angles in the pseudosections. In the single-

block model, the phase anomalies are distinct and similar to the resistivity anomalies.
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