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Abstract

The topics covered in this thesis belong to the theories of free probability and random ma-

trices. Random matrix ensembles formed of independent Haar-unitary random matrices, or

independent Haar-orthogonal random matrices, are known to be asymptotically liberating,

they give rise to asymptotic free independence when used for conjugation of constant ma-

trices. G. Anderson and B. Farrel showed that certain family of discrete random unitary

matrices can actually be used to same end.

We investigate fluctuation moments and higher order moments induced on constant ma-

trices by conjugation with asymptotically liberating random matrix ensembles. We show for

the first time that the fluctuation moments associated to second order free independence can

be obtained from conjugation with an ensemble consisting of signed permutation matrices

and the Discrete Fourier Transform matrix. We also determine fluctuation moments induced

by various related ensembles where we do not get known expressions but others related to

traffic free independence.
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Chapter 1

Introduction

1.1 Background

Random matrices are matrix-valued random variables that were first investigated in mathe-

matical statistics [25] and then in nuclear physics [24]. Over the years, its study has evolved

into a theory with applications to pure and applied sciences such as numerical analysis [6],

analytic number theory [9], and wireless communications [20], to name some.

One of the main topics in Random Matrix Theory is the study of limiting, or asymptotic,

properties of random matrix ensembles. The term random matrix ensemble is used in the

literature to refer to a sequence of random matrices {XN}∞N=1, or a sequence of families

of random matrices {{XN,i}i∈I}∞N=1, where the considered random matrices increase in size

with respect to N , their limiting properties are then those arising from letting N go to infin-

ity. Eigenvalue distributions, eigenvalues spacing, concentration inequalities, large deviation

principles, maximal eigenvalues, and central limit theorems are some examples of limiting

properties, for a good introduction on these subjects one can consult [2].

Now, introduced by D. Voiculescu in his research on von Neumann algebras in [22], free

probability theory has played a key role in the study of random matrices when multiple
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ensembles need to be considered. A main notion from free probability is that of asymptotic

free independence.

Definition 1.1.1. Let I be a non-empty set. Suppose {XN,i}∞N=1 is a random matrix en-

semble for each i ∈ I where each XN,i is a N -by-N random matrix. We say that {XN,i}∞N=1

with i ∈ I are asymptotically freely independent if the following two conditions are satisfied:

(AF.1) the limit lim
N→∞

E
[
tr
(
Xm
N,i

)]
exists for each index i ∈ I and every integer m ≥ 1, with

tr (·) denoting the normalized trace 1
N

Tr (·), and

(AF.2) for all integers m ≥ 1, all indexes i1, i2, . . . , im ∈ I satisfying i1 6= i2, i2 6= i3, . . . ,

im−2 6= im−1, im−1 6= im, and im 6= i1 and all polynomials p1, p2, . . . , pm in the

algebra C[x], we have lim
N→∞

E [tr (YN,1YN,2 · · ·YN,m)] = 0 where YN,k = pk (XN,ik) −

E [tr (pk (XN,ik))] IN .

The first connection between free probability and random matrices was established by

D. Voiculescu when he shows in [23] that independent Gaussian Unitary Ensembles con-

verge to free semi-circular random variables, a result which generalizes Wigner’s semicircular

law and entails the asymptotic free independence of independent Gaussian Unitary Ensem-

bles. The list of random matrix ensembles exhibiting asymptotic free independence has

been extended since then and it now includes: independent Wishart ensembles, independent

Gaussian Orthogonal ensembles, independent Haar-unitary distributed ensembles, indepen-

dent Haar-orthogonal distributed ensembles, among others. The monograph [21] and the

book [17] have become standard introductions to free probability and the recent monograph

[15] is an excellent source presenting multiples directions in which the relation between free

probability and random matrices has been extended.
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Another result due to D. Voiculescu in [23], and subsequently generalized by other au-

thors, states that conjugation by independent Haar-distributed unitary random matrices

gives rise to asymptotic free independence. More concretely, assume DN,i is a self-adjoint

N -by-N deterministic matrix for each index i ∈ I and each integer N ≥ 1 and suppose that

sup
N∈N
‖DN,i‖ <∞ and lim

N→∞
tr(Dm

N,i) exists (1.1)

for all i ∈ I and m ≥ 1; the random matrix ensembles {DN,i}∞N=1 with i ∈ I might or might

not be asymptotically freely independent, however, if {UN,i}i∈I is a family of independent

N -by-N Haar-unitary distributed random matrices for each N ≥ 1, then {UN,iDN,iU
∗
N,i}∞N=1

with i ∈ I are asymptotically freely independent. The same conclusion holds if each UN,i is

Haar-orthogonal distributed, see [10].

Aiming to enclose all of the unitary random matrix ensembles that give rise to asymptotic

free independence when used for conjugation, B. Farrell and G. Anderson introduced in [1]

the notion of asymptotically liberating random matrix ensembles.

Definition 1.1.2. Suppose UN,i is an N -by-N unitary random matrix for each index i ∈ I

and each integer N ≥ 1. The unitary random matrix ensemble
{
{UN,i}i∈I

}∞
N=1

is asymptot-

ically liberating if for all indexes i1, i2, . . . , im ∈ I with i1 6= i2, i2 6= i3, . . . , im−1 6= im, and

im 6= i1 there exists a constant C > 0 depending only on the indexes i1, i2, . . . , im such that

∣∣∣E [Tr
(
UN,i1AN,1U

∗
N,i1

UN,i2AN,2U
∗
N,i2
· · ·UN,imAN,mU

∗
N,im

)] ∣∣∣ ≤ C‖AN,1‖‖AN,2‖ · · · ‖AN,m‖

for all integers N ≥ 1 and all matrices AN,1, AN,2, . . . , AN,m ∈ MatN(C) each of trace zero.

It follows immediately from the definition above that asymptotically liberating ensembles

gives rise to asymptotic free independence when used for conjugation. Indeed, suppose
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{{UN,i}i∈I}∞N=1 is asymptotically liberating and assume {DN,i}∞N=1 with i ∈ I satisfy (1.1).

Letting XN,i = UN,iDN,iU
∗
N,i, we have (1.1) implies (AF.1) from Definition 1.1.1; moreover,

if each YN,k is as in (AF.2) from Definition 1.1.1, then

YN,1YN,2 · · ·YN,m = (UN,i1AN,1U
∗
N,i1

)(UN,i2AN,2U
∗
N,i2

) · · · (UN,imAN,mU
∗
N,im)

where AN,k denotes the matrix of trace zero pk(DN,ik
) − tr(pk(DN,ik

))IN , but (1.1) also

implies that supN‖AN,k‖ < ∞, and hence (AF.2) holds. As it was intended, independent

Haar-unitary random matrix ensembles and independent Haar-orthogonal random matrix

ensembles are among those unitary random matrix ensembles shown to be asymptotically

liberating, see Theorem 2.8 in [1] or Lemma 1.2.3 below.

A key feature of asymptotic free independence is that it provides us with universal rules

to compute limiting mixed moments out of individual ones. A limiting mixed moment of the

ensembles {XN,i}∞N=1 with i ∈ I is a limit of the form

lim
N→∞

E
[
tr
(
XN,i1

XN,i2
· · ·XN,im

)]
(1.2)

where at least two of the indexes i1, i2, . . . , im ∈ I are distinct and none of them depend on

N . Thus, if {XN,i}∞N=1 with i ∈ I are asymptotically free independent and i1, i2 ∈ I are

distinct, one can show that

lim
N→∞

E
[
tr
(
X1
N,i1

X4
N,i2

X7
N,i1

X2
N,i2

)]
= α

(i1)
8 α

(i2)
4 α

(i2)
2 + α

(i2)
6 α

(i1)
1 α

(i1)
7 − α(i1)

1 α
(i2)
4 α

(i1)
7 α

(i2)
2

where α
(i)
m denotes lim

N→∞
E[tr(Xm

N,i)] and is called the m-th limiting individual moment of

{XN,i}∞N=1. The relation above, and any other derived from asymptotic free independence
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to compute mixed moments, is called universal since it does not depend on any particular

choice of i1 and i2 and it only requires {XN,i1}∞N=1 and {XN,i2}∞N=1 to be asymptotically

freely independent.

At this point, one might wonder if there are universal rules for computing limiting mixed

moments of higher order out individual ones. A limiting moment of n-th order of the en-

sembles {XN,i}∞N=1 with i ∈ I is defined to be a limit of the form

lim
N→∞

Nn−2cn[Tr(X̃N,1),Tr(X̃N,2), . . . ,Tr(X̃N,n)] (1.3)

where cn[·, . . . , ·] denotes the n-th classical cumulant, see Section 2.1, and each X̃N,k is of the

form

X̃N,k = X
N,i

(k)
1
X
N,i

(k)
2
· · ·X

N,i
(k)
mk

for some integer mk ≥ 1 and some indexes i
(k)
1 , i

(k)
2 , . . . , i

(k)
mk ∈ I not depending on N . The

choice of the normalization factor Nn−2 appearing in (1.3) is due to what has been observed

for the behavior of (1.3) when each XN,i is a Gaussian Unitary Ensemble. Since the limiting

moment (1.3) is just a generalization of (1.2), we call it mixed if at least two of the indexes

i
(1)
1 , . . . , i

(1)
m1 , i

(2)
1 , . . . , i

(2)
m2 , . . . , i

(n)
1 , . . . , i

(n)
mn are distinct, and individual, otherwise.

The most studied moments of higher order are moments of second order, also known as

fluctuation moments. A fluctuation moment of the ensembles {XN,i}∞N=1 with i ∈ I is then

a limit of the form

lim
N→∞

Cov[Tr(XN,i1XN,i2 · · ·XN,im1
),Tr(XN,im1+1XN,im1+2 · · ·XN,im1+m2

)] (1.4)

for some integers m1,m2 ≥ 1 and indexes i1, i2, . . . , im1 , im1+1, im1+2, . . . , im1+m2 ∈ I. A

common practice in free probability theory to determine (1.3), or (1.4), combinatorially
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is that of calculating limiting moments of products of cyclically alternating and centered

random matrices, as in (AF.2) from Definition 1.1.1. For fluctuation moments, this means

one must consider limits of the form

lim
N→∞

Cov [Tr(YN,1YN,2 · · ·YN,m1),Tr(ZN,1ZN,2 · · ·ZN,m2)]

where YN,k and ZN,l are given by

YN,k = pk (XN,ik)− E [tr (pk (XN,ik))] IN and ZN,l = ql (XN,jl)− E [tr (ql (XN,jl))] IN (1.5)

for all polynomials p1, p2, . . . , pm1 , q1, q2, . . . , qm2 ∈ C[x] and all indexes i1, i2, . . . , im1
, j1, j2, . . . ,

jm2
∈ I satisfying the condition

i1 6= i2, i2 6= i3, . . . , im1−1 6= im1
, im1

6= i1, j1 6= j2, j2 6= j3, . . . , jm2−1 6= jm2
, jm2

6= j1. (1.6)

Analyzing the fluctuation moments of complex Gaussian and complex Wishart random

matrix ensembles, J. Mingo and R. Speicher found a relation between individual and mixed

moments of first and second order and introduced in [13] the notion of asymptotic free

independence of second order.

Definition 1.1.3. We say that the random matrix ensembles {XN,i}∞N=1 with i ∈ I are

asymptotically freely independent of second order if they are asymptotically freely indepen-

dent and the following three conditions are satisfied:

(ASOF.1) the limit lim
N→∞

Cov
[
Tr(Xm

N,i),Tr(Xn
N,i)
]

exists for each index i ∈ I and all integers

m,n ≥ 1,



1.1. BACKGROUND 7

(ASOF.2) for all integers m1,m2 ≥ 1, all indexes i1, i2, . . . , im1
, j1, j2, . . . , jm2

∈ I satisfying

(1.6), and all polynomials p1, p2, . . . , pm1 , q1, q2, . . . , qm2 in the algebra C[x], if

we take YN = YN,1YN,2 · · ·YN,m1 and ZN = ZN,1ZN,2 · · ·ZN,m2 with YN,k and ZN,l

given by (1.5) for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2, we have

lim
N→∞

Cov [Tr(YN),Tr(ZN)] = δm1,m2 lim
N→∞

m2∑
l=1

m1∏
k=1

E [tr (YN,kZN,l−k)] (1.7)

where l − k is taken modulo m2, and

(ASOF.3) for ever integer n ≥ 3, all polynomials p1, p2, . . . , pn in the algebra of non-

commutative polynomials C 〈xi | i ∈ I〉, letting YN,k = pk ({XN,i}i∈I), we have

lim
N→∞

cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,n)] = 0

Similar to asymptotic free independence, asymptotic free independence of second order

provides us with universal rules, via the conditions (ASOF.1) and (ASOF.2) above, to cal-

culate limiting mixed fluctuation moments out of individual ones. Moreover, independent

Gaussian Unitary Ensembles are asymptotically freely independent of second order and con-

jugation by independent Haar-unitary random matrix ensembles leads to asymptotic free

independence of second order, see [13] and [12], respectively.

However, in contrast to moments of first order, fluctuation moments induced by Haar-

unitary random matrix ensembles and those induced by Haar-orthogonal random matrix

ensembles differ. Investigating fluctuation moments of independent Gaussian Orthogonal

Ensembles, E. Redelmeier proved in [18] that if each {XN,i}i∈I forms a family of independent

Gaussian Orthogonal Ensembles for every N ≥ 1, then the ensembles {XN,i}∞N=1 with i ∈ I
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satisfy (ASOF.1) and (ASOF.3) from Definition 1.1.3 but (ASOF.2) has to be replaced by

the following:

(ASOF.2’) for all integers m1,m2 ≥ 1, all indexes i1, i2, . . . , im1
, j1, j2, . . . , jm2

∈ I satisfying

(1.6), and all polynomials p1, p2, . . . , pm1 , q1, q2, . . . , qm2 in the algebra C[x], if

we take YN = YN,1YN,2 · · ·YN,m1 and ZN = ZN,1ZN,2 · · ·ZN,m2 with YN,k and ZN,l

given by (1.5) for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2, we then have

lim
N→∞

Cov [Tr(YN),Tr(ZN)] =δm1,m2 lim
N→∞

m1∑
l=1

(
m2∏
k=1

E[tr(YN,kZN,l−k)]

)
+

δm1,m2 lim
N→∞

m1∑
l=1

(
m2∏
k=1

E[tr(YN,kZ
T
N,l+k)]

)
(1.8)

where l − k and l + k are taken modulo m2.

Asymptotically freely independent ensembles satisfying (ASOF.1), (ASOF.2’), and (ASOF.3)

are called asymptotically freely independent of second order in the real sense. Generalizing

the findings of E. Redelmeier in [18], it was showed by J. Mingo and M. Popa in [10] that in-

dependent orthogonally-invariant ensembles are asymptotically freely independent of second

order in the real sense, and therefore, the fluctuation moments induced by Haar-orthogonal

ensembles are not described by (1.7) but (1.8) instead.

1.2 Objectives and main results

The aim of this thesis is investigate the behavior of the fluctuation moments, and higher

order moments, resulting from conjugation by asymptotically liberating ensembles. Since

independent Haar-unitary and independent Haar-orthogonal are both asymptotically liber-

ating but the fluctuation moments each of them induces are distinct, we already know that
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the induced fluctuation moments depend on the specific liberating ensemble used for con-

jugation. However, it might well be the case that the relations in (1.7) and (1.8) cover all

possible behaviors for fluctuation moments induced by liberating ensembles, our first result

shows that this is actually not the case, i.e., more terms are needed, adding even more

evidence that fluctuation moments are more intricate than its first order counterpart.

It is illustrative and good for comparison to restate what the relations in (1.7) and in (1.8)

yield when Haar-unitary ensembles and Haar-orthogonal ensembles are used of conjugation.

So, let us assume XN,1 = UN,1DN,1U
∗
N,1 and XN,2 = UN,2DN,2U

∗
N,2 for each integer N ≥

1 where each sequence {DN,i}∞N=1 satisfies (1.1) and {UN,1, UN,2}∞N=1 is an asymptotically

liberating ensemble. Note that if the random matrices YN and ZN are as in (ASOF.2) from

Definition 1.1.3, then we can write

YN =
(
UN,i1AN,1U

∗
N,i1

)(
UN,i2AN,2U

∗
N,i2

)
· · ·
(
UN,i2m1

AN,2m1
U∗N,i2m1

)
and

ZN =
(
UN,j1BN,1U

∗
N,j1

)(
UN,j2BN,2U

∗
N,j2

)
· · ·
(
UN,j2m1

BN,2m1
U∗N,j2m1

)
where AN,k and BN,l are deterministic matrices of trace zero given by

AN,k = pk (DN,ik)− tr (pk (DN,ik)) IN and BN,l = ql (DN,jl)− tr (ql (DN,jl)) IN (1.9)

for 1 ≤ k ≤ 2m1 and 1 ≤ l ≤ 2m2. For simplicity, and without loss of generality, let us assume

i1 = j1. Now, if UN,1 and UN,2 are independent Haar-unitary ensembles, it follows from

(AF.2) in Definition 1.1.1 and the relation in (1.7) that the covariance Cov [Tr(YN),Tr(ZN)]
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converges to

lim
N→∞

δm1,m2

m1∑
l=1

2m2∏
k=1

tr (AN,kBN,2l−k) (1.10)

as N goes to infinity. On the other hand, if UN,1 and UN,2 are independent Haar-orthogonal

ensembles, then (AF.2) and (1.8) imply that Cov [Tr(YN),Tr(ZN)] converges to

lim
N→∞

δm1,m2

m1∑
l=1

(
2m2∏
k=1

tr (AN,kBN,2l−k) +

2m2∏
k=1

tr
(
AN,kB

T
N,2l+k

))
(1.11)

as N goes to infinity. Note that (1.1) alone guarantees the existence of each of the limits

above if each matrix DN,i equals its transpose, regardless of what UN,1 and UN,2 are.

Another ensemble shown to be asymptotically liberating, see Corollary 3.2 in [1], and

a main focus to this thesis, is the unitary random matrix ensemble {WN , HNWN/
√
N,

XNHNWN/
√
N} whereWN is a randomN -by-N signed permutation matrix, XN is a random

N -by-N signature matrix independent from WN , and HN is the N -by-N Discrete Fourier

Transform matrix. Our first result shows that if we take pairs of distinct unitary matrices

UN,1 and UN,2 from {WN , HNWN/
√
N,XNHNWN/

√
N} and use them for conjugation, then

the resulting fluctuation moments vary with each pair and differ from those in (1.10) and in

(1.11).

Theorem 1.2.1. Let DN,1 and DN,2 be N -by-N self-adjoint matrices for each integer N ≥ 1

so that each {DN,i}∞N=1 satisfies (1.1). Take XN,1 = UN,1DN,2U
∗
N,1 and XN,2 = UN,2DN,2U

∗
N,2

where UN,1 and UN,2 are two distinct matrices from {WN , HNWN/
√
N,XNHNWN/

√
N}. If

YN and ZN are given by YN = YN,1YN,2 · · ·YN,2m1 and ZN = ZN,1ZN,2 · · ·ZN,2m2 where YN,k

and ZN,l are defined as in (1.5) for some polynomials p1, p2, . . . , p2m1 , q1, q2, . . . , q2m2 ∈ C[x]

and some indexes i1, i2, . . . , i2m1
, j1, j2, . . . , j2m2

∈ {1, 2} satisfying (1.6) and i1 = j1, then
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the following holds:

(1) if UN,1 = WN and UN,2 = HNWN/
√
N then

Cov [Tr(YN),Tr(ZN)] =δm1,m2

m1∑
l=1

(
2m1∏
k=1

tr (AN,kBN,2l−k) +

2m1∏
k=1

tr
(
AN,kB

T
N,2l+k−1

))

+O
(
N−

1
2

)

(2) UN,1 = WN and UN,2 = XNHNWN/
√
N implies

Cov [Tr(YN),Tr(ZN)] =δm1,m2

m1∑
l=1

(
2m1∏
k=1

tr (AN,kBN,2l−k) +

2m1∏
k=1

tr (AN,k ◦BN,2l+k−1)

)

+O
(
N−

1
2

)

(3) UN,1 = HNWN/
√
N and UN,2 = XNHNWN/

√
N implies

Cov [Tr(YN),Tr(ZN)] =

2m1∑
l1=1

2m2∑
l2=1

m1∏
k1=1

tr (AN,l1+k1−1AN,l1−k1) ·
m2∏
k2=1

tr (BN,l2+k2−1BN,l2−k2)

+ δm1,m2

2m1∑
l=1

(
2m1∏
k=1

tr (AN,kBN,l−k)

)
+O

(
N−

1
2

)

with AN,k and BN,l defined as in (1.9), 2l − k, 2l + k − 1, l1 + k1 − 1, l1 − k1, and l − k

interpreted modulo 2m1, and l2 + k2 − 1 and l2 + k2 interpreted module 2m2.

Evidence of the existence of second order behaviors, other than second order free inde-

pendence and second order free independence in the real sense, is not new, at least, from

an algebraic point of view. We mention in particular the papers [7] and [8] where the au-

thors analyze fluctuation moments of matrices with entries from a possibly non-commutative
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unital algebra and obtain different relations from those mentioned above. Now, notice (1.1)

alone is not enough to guarantee the existence of limiting second order behaviors in Theorem

1.2.1, in contrast to (1.10) and (1.11). For instance, if we want to take the limit as N goes

to infinity in (3) from Theorem 1.2.1, we need {DN,1}∞N=1 and {DN,2}∞N=1 to have a joint

limiting distribution, i.e., we need that the limit limN→∞ tr(DN,i1
DN,i2

· · ·DN,im
) exists for

all integers m ≥ 1 and all indexes i1, i2, . . . , im ∈ {1, 2}. This shows we can not expect a

classification for universal products of second order, in the spirit of [16] or [19], encompassing

all of the second order behaviors exhibited by random matrices.

Despite the fact that no pair of distinct unitary matrices UN,1 and UN,2 from the ensemble

{WN , HNWN/
√
N,XNHNWN/

√
N} leads to asymptotic free independence of second order

when used for conjugation, it turns out not much more is needed to achieve this end, at

least, partially. More concretely, if UN,1 = WN,1 and UN,2 = HNWN,2/
√
N where WN,1

and WN,2 are independent N -by-N uniformly-distributed signed permutation matrices, then

the fluctuation moments induced by {UN,1, UN,2}∞N=1 are the same as if UN,1 and UN,2 were

independent Haar-unitary, i.e., the induced fluctuation moments are described by (1.10).

Thus, we can think of {WN,1, HNWN,2/
√
N}∞N=1 as an asymptotically liberating ensemble of

second order.

Theorem 1.2.2. Let DN,1 and DN,2 be N -by-N self-adjoint matrices for each integer

N ≥ 1 so that each {DN,i}∞N=1 satisfies (1.1). Suppose XN,1 = UN,1DN,2U
∗
N,1 and XN,2 =

UN,2DN,2U
∗
N,2 where UN,1 = WN,1 and UN,2 = HNWN,2/

√
N . Then {XN,1}∞N=1 and {XN,2}∞N=1

are asymptotically freely independent and they satisfy (ASOF.1) and (ASOF.2) from Defi-

nition 1.1.3. In particular, if YN , ZN , AN,k, and BN,l are given as in the previous theorem,
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then

Cov [Tr(YN),Tr(ZN)] =δm1,m2

m1∑
l=1

(
2m1∏
k=1

tr (AN,kBN,2l−k)

)
+O

(
N−

1
2

)
(1.12)

Now, the main result in [1] gives sufficient conditions on a unitary random matrix en-

semble to be asymptotically liberating. Using a different approach than that one in [1], we

have been able to prove that, under the same conditions, a unitary random matrix ensemble

not only is asymptotically liberating but also satisfies a natural generalization of the bound-

edness condition in Definition 1.1.2 to cumulants of any order. More concretely, we have the

following lemma.

Lemma 1.2.3. Let UN,i be an N -by-N unitary random matrix for each index i ∈ I and each

integer N ≥ 1. Suppose the unitary random matrix ensemble U = {{UN,i}i∈I}∞N=1 satisfies

the following two conditions:

(I) the families of random matrices {U∗N,i1UN,i2}i1,i2∈I and {W∗U∗N,i1UN,i2W}i1,i2∈I are

equal in distribution for every N -by-N signed permutation matrix WN and

(II) for every positive integer m there is a constant Cm independent from N such that

∥∥∥ (U∗N,i1UN,i2) (j1, j2)
∥∥∥
m
≤ CmN

−1/2

for all integers j1, j2 ∈ {1, 2, . . . , N} and indexes i1, i2 ∈ I with i1 6= i2,

Now, given positive integers m1,m2, . . . ,mn, take m′k = m′k−1 +mk−1 for k = 2, 3, . . . , n with

m′1 = 0, and consider the permutation γ = (1, 2, . . . ,m′1 + m1)(m′2 + 1,m′2 + 2, . . . ,m′2 +

m2) · · · (m′n + 1, . . . ,m′n + mn). If some indexes i1, i2, . . . , im ∈ I satisfy ik 6= iγ(k) for k =

1, 2, . . . ,m where m = m1 +m2 + · · ·+mn, then there exists a constant C(i1, i2, . . . , im) such
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that for

YN,k =
(
UN,im′

k
+1
Am′k+1U

∗
N,im′

k
+1

)(
UN,im′

k
+2
Am′k+2U

∗
N,im′

k
+2

)
· · ·
(
UN,im′

k
+mk

Am′k+mkU
∗
N,im′

k
+mk

)
with A1, A2, . . . , Am ∈ MN(C) each of trace zero, we have

|cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,n)]| ≤ C(i1, i2, . . . , im)‖A1‖‖A2‖ · · · ‖Am‖

Thus, the fact that a unitary random matrix ensemble {{UN,i}i∈I}∞N=1 satisfying (I) and

(II) above is asymptotically liberating can now be seen as a particular case of the previous

lemma. Moreover, if UN,i1 and UN,i2 are independent Haar-unitary (resp. Haar-orthogonal),

then U∗N,i1UN,i2 is also Haar-unitary (resp. Haar-orthogonal), and hence, U∗N,i1UN,i2 satisfies

(I) and (II) above. Therefore, independent Haar-unitary (Haar-orthogonal) random matrix

ensembles are asymptotically liberating.

The customary definition of asymptotic free independence for random matrix ensembles

involves the convergence of a sequence of linear functionals on non-commutative polyno-

mials, see Definition 3.2.4. In a similar way, multi-linear functionals on non-commutative

polynomials can be used to analyze the behavior of moments of higher order, allowing us to

show that unitary random matrix ensembles satisfying (I) and (II) above induce the bounded

cumulants property when used for conjugation.

Theorem 1.2.4. Let DN,i be a self-adjoint N -by-N deterministic matrix and let UN,i be

an N -by-N unitary random matrix for each index i ∈ I and each integer N ≥ 1. Suppose

the unitary random matrix ensemble {{UN,i}i∈I}∞N=1 satisfies (I) and (II) from the previous

lemma and (1.1) holds. Then the ensemble {{UN,iDN,iU
∗
N,i}i∈I}∞N=1 has the bounded cumu-

lants property, namely, for all polynomials p1, p2, p3, . . . in the algebra of non-commutative
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polynomials C 〈xi | i ∈ I〉 taking YN,k = pk({UN,iDN,iU
∗
N,i}i∈I) we have

sup
N

∣∣∣cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,n)]
∣∣∣ <∞ (1.13)

for every integer n ≥ 2.

The term bounded cumulants property is borrowed from [11] where it is used to prove sev-

eral results concerning the limiting behavior of unitarily-invariant random matrix ensembles

and some other random matrix ensemble with this property.

1.3 Organization of this thesis

The rest of this thesis is organized as follows. In Chapter 2, we give some preliminary no-

tation and definitions, concretely, we provide the reader with the definitions and notation

for partitions, classical cumulants, non-commutative polynomials, and deterministic matri-

ces. A literature review of free probability and random matrices is presented in Chapter 3

and Chapter 4, anyone familiar with these subjects might choose to skip these two chapters

and turn to them only if necessary. Chapter 3 gives an introduction to the main notions

in algebraic probability spaces such as algebraic distribution, convergence in distribution,

free independence, and asymptotic free independence. In Chapter 4, we describe how the

algebraic notions from the previous chapter apply to random matrix ensembles and intro-

duce the notions of second order free independence and asymptotically liberating ensembles.

Chapter 5 contains various important results on graph sums of square matrices, a central

tool to prove our main results. Roughly speaking, a graph sums of square matrices is a

sum of products of entries of square matrices with the constraint that some of the entries

from distinct matrices are indexed by the same summation variable. In Chapter 6, we prove
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our main results, concretely, Lemma 1.2.3 and Theorem 1.2.4 are proved in Section 6.1 and

Section 6.1, respectively, whereas Theorem 1.2.1 and Theorem 1.2.2 are proved in Section

6.3. Finally, in Chapter 7, we give some concluding remarks including open questions and

further research projects.
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Chapter 2

Preliminaries

2.1 Set partitions, Möbius inversion function, and cumulants

A partition of non-empty set S is a set of non-empty and pair-wise disjoint subsets of S

whose union is S, i.e., a set π is a partition of S if B ⊂ S and B 6= ∅ for every B ∈ π,

B ∩ B′ 6= ∅ implies B = B′ for all B,B′ ∈ π, and ∪B∈πB = S. The elements of a partition

are called blocks, a block is said to be even if it has even cardinality, and similarly, a block

is said to be odd if it has odd cardinality. A partition containing only even blocks is called

even, but if all of its blocks have exactly two elements, we refer to it as a pairing. The total

number of blocks in partition π is denoted by #(π) and we let P (S), Peven(S), and P2(S)

denote the set of all partitions of S, the set of all even partitions of S, and the set of all

pairing partitions of S, respectively.

Example. The sets π1 = {{−1,−3,−2, 2}, {1, 3}}, π2 = {{−1,−2}, {2}, {1,−3, 3}}, and

π3 = {{−1,−3}, {1, 3}, {−2, 2}} are all partitions of {−1, 1, 2,−2,−3, 3}. The partitions π1

and π3 are both even, but while π3 is a paring, π1 is not. The partition π2 is neither even

nor odd since it contains two odd blocks, {2} and {1,−3, 3}, and one even block, {−1, 2}.

We let [m] and [±m] denote the sets of integers {1, 2, . . . ,m} and {−1, 1,−2, 2, . . . ,
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−m,m}, respectively. The sets [m] and [±m] are used extensively in this thesis, so we will

omit the square brackets when referring to any of their sets of partitions. Thus, for instance,

we write Peven(±m) instead of Peven([±m]).

Every partition π ∈ P (S) defines an equivalence relation, denoted by ∼π, that has the

blocks of π as equivalence classes. Thus, given elements k, l ∈ S, we write k ∼π l only if k

and l belong to the same block of π. With this notation in mind, a partition π ∈ P (±m) is

called symmetric if k ∼π l implies −k ∼π −l.

The set of partitions P (S) becomes a partially ordered set with the partial order ≤ defined

as follows: given partitions π and θ in P (S), we write π ≤ θ, and say that π is a refinement

of θ, if every block of π is contained in some block of θ. Note that π ≤ θ if and only if k ∼π l

implies k ∼θ l for all k, l ∈ S. In the previous example, the partition π3 is a refinement of

π1, and there is no other refinement between π1, π2, and π3.

Consider now the function ζ : P (S)× P (S)→ {1, 0} defined by

ζ(θ, η) =

 1 if θ ≤ η

0 otherwise.

This function is called the zeta function of P (S). It turns out that if S is a finite set, then

the system of equations

∑
η≤π≤θ

ζ(η, π)µ(π, θ) =

 1 if η = θ

0 otherwise
for η, θ ∈ P (S) (2.1)

determines a function µ : P (S) × P (S) → Z called the Möbius function of P (S) which can

be explicitly computed, but first, let us establish the convention that whenever we write

η = {Bi1 , Bi2 , . . . , Bir} for a partition η, it is always assumed that blocks Bik and Bil are the
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same only if ik = il. Suppose now we are given partitions π and θ in P (S). If π ≤ θ, we can

write θ = {B1, B2, . . . , Br} and π = {B1,1, B1,2, . . . , B1,m1 , . . . , Bn,mr} with Bk = ∪mkl=1Bk,l for

each k, and, in this case, we have

µ(π, θ) =
n∏
k=1

(−1)mk−1(mk − 1)! . (2.2)

On the other hand, if π is not a refinement of θ, we have µ(π, θ) = 0. The Möbius inversion

formula states that given arbitrary functions f, g : P (S)→ C, we have the relation

∀θ ∈ P (S) f(θ) =
∑

π∈P (S)
π≥θ

g(π) ⇐⇒ ∀π ∈ P (S) g(π) =
∑

θ∈P (S)
θ≥π

µ(π, θ)f(θ) (2.3)

The computation of Möbius function, Equation (2.2), and the Möbius inversion formula,

Equation (2.3), are well-known and their proofs can be found in [17, Lecture 10].

Classical cumulants

Let (Ω,F , P ) be a classical probability space and let L∞−(Ω,F , P ) denote the set of complex-

valued random variables on (Ω,F , P ) with finite moments of all orders. The classical n-th cu-

mulant on L∞−(Ω,F , P ) is the n-linear functional cn : L∞−(Ω,F , P )×· · ·×L∞−(Ω,F , P )→

C defined by

cn[x1, x2, x3, . . . , xn] =
∑

π∈P (n)

µ(π, 1n)
∏
B∈π

E

[∏
b∈B

xb

]
(2.4)

for random variables x1, x2, x3, . . . , xn ∈ L∞−(Ω,F , P ) and where E[·] denotes the corre-

sponding expected value. Note that if xk is a constant for some k ∈ [n] and n ≥ 2, then

cn[x1, x2, . . . , xn] = 0.
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2.2 The kernel notation, tuples, and permutations

Let S1 and S2 be non-empty sets. We make the convention that for a function j : S1 → S2,

we take jk = j(k) for every k ∈ S1; additionally, if S1 = [±m] for some integer m ≥ 1, we

identify the function j : S1 → S2 with the tuple (j−1, j1, j−2, . . . , j−m, jm). Moreover, the

kernel of a function j : S1 → S2, denoted by ker (j), is defined as the partition of S1 whose

blocks are all of the non-empty pre-images of j, i.e.,

ker (j) = {j−1(s) 6= ∅ | s ∈ S2} = {{k ∈ S | jk = s} 6= ∅ | s ∈ S2}.

Additionally, if we are given permutations σl ∈ {f : Sl → Sl | f is bijective} for l = 1, 2, we

let j ◦ σ1 : S1 → S2 and σ2 ◦ j : S1 → S2 be given by the usual composition of functions, so

we have

j ◦ σ1(k) = jσ1(k) and σ2 ◦ j(k) = σ2(jk) ∀k ∈ S1.

Example. The function j : [±3]→ [4] given by

j(−1) = j(2) = j(3) = 4, j(1) = j(−3) = 1, and j(−2) = 3,

or, equivalently, (j−1, j1, j−2, j2, j−3, j3) = (4, 1, 3, 4, 1, 4), has kernel

ker (j) = {{−1, 2, 3}, {1,−3}, {−2}}.

Additionally, if σ1 : [±3]→ [±3] is given σ1(k) = −k for every k ∈ [±3] and σ2 : [4]→ [4] is

the cyclic permutation (1, 2, 3, 4), then j ◦ σ1 = (1, 4, 4, 3, 4, 1) and σ2 ◦ j = (1, 2, 4, 1, 2, 1).
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Now, the group of permutations {f : S → S | f is bijective} acts on the set of partitions

P (S) as follows: given a permutation σ ∈ {f : S → S | f is bijective} we let σ ◦ π be given

by

σ ◦ π = {σ(B) | B ∈ π} = {{σ(k) | k ∈ B} | B ∈ π}

The map π 7→ σ ◦ π, preserves order, i.e. for all partition π, θ ∈ P (S)

π ≤ θ ⇐⇒ σ ◦ π ≤ σ ◦ θ.

Thus the map π 7→ σ ◦ π is a poset automorphism.

Remark. Note that a partition π ∈ P (S1) and a function j : S1 → S2 satisfy π ≤ ker (j)

if only if the function j is constant when restricted to each of the blocks of π, i.e., jk = jl

whenever k, l ∈ B for some block B ∈ π. Moreover, for permutations σ1 : S1 → S1 and

σ2 : S2 → S2, we have that ker (j ◦ σ1) = σ−1
1 ◦ ker (j) and ker (j) = ker (σ2 ◦ j).

2.3 Non-commutative polynomials

Let I be a non-empty set. We denote by C 〈xi | i ∈ I〉 the algebra of non-commutative

polynomials on the family of variables {xi | i ∈ I}. Let us recall that C 〈xi | i ∈ I〉 is the

algebra over C with a basis consisting of all the words in the alphabet {xi | i ∈ I}, including

the empty word which acts as multiplicative identity, and the product of two basis elements

is given by concatenation. Thus, a basis element is a word of the form

xi1xi2 · · · xir−1xir
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for some integer r ≥ 0 and some indexes i1, i2, . . . , ir ∈ I, and if xj1xj2 · · · xjr is another basis

element, we have

(xi1xi2 · · · xir)(xj1xj2 · · · xjs) = xi1xi2 · · · xirxj1xj2 · · · xjs .

Given polynomials p1, p2, . . . , pm in the algebra C 〈xi | i ∈ I〉 and a set S = {k1 < k2 < · · · <

kn} ⊂ [m], we let

~∏
k∈S

pk := pk1pk2 · · · pkn .

Suppose A is a unital algebra over C with multiplicative identity 1A and assume we are given

a family of elements {ai}i∈I in A. For each non-commutative polynomial p ∈ C 〈xi | i ∈ I〉,

we denote by

p ({ai}i∈I)

the element in A obtained from replacing each xi appearing in the polynomial p with ai for

every i ∈ I and the constant term of p, say λ, with the scalar multiple of the identity matrix

λ1A. For instance, if p(x1, x2) = x1x2 − x2
2 + 4, then p({ai}i∈{1,2}) = a1a2 − a2

2 + 41A .

2.4 Deterministic matrices

We denote by MatN(C) the set of N -by-N matrices with complex entries for each positive

integer N . The identity matrix in MatN(C) is denoted by IN . Recall that MatN(C) is a

unital algebra over C under the usual matrix operations. Given a matrix A ∈ MatN(C), we

denote by A(i, j) its entry in the ith row and jth column and by A∗ its conjugate transpose.

The operator norm ‖ · ‖ : MatN(C) → [0,∞) is the norms on MatN(C) defined for each
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matrix A ∈ MatN(C) by

‖A‖ := sup{|Ax| : x ∈ CN , |x| = 1}

where | · | denotes the euclidean norm in CN . Recall that for all matrices A,B ∈ MatN(C)

we have the inequalities

‖AB‖ ≤ ‖A‖‖B‖.

We always assume that MatN(C) is endowed with such topology.

The trace of a matrix A ∈ MatN(C), denoted Tr(A), is defined as the sum of its entries

on the main diagonal, i.e.,

Tr(A) =
N∑
i=1

A(i, i).

The normalized trace of A, denoted tr(A), is given by the average of its entries on the main

diagonal, so we have

tr(A) =
1

N

N∑
i=1

A(i, i) =
1

N
Tr(A).

A matrix A ∈ MatN(C) is said to be of trace zero if either its trace or its normalized trace

equals 0. Notice that for all matrices A,B ∈ MatN(C), and complex numbers λ ∈ C we have

Tr(λA+B) = λTr(A) + Tr(B), Tr(AB) = Tr(BA), and
1

N
|Tr(A)| ≤ ‖A‖ .
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Chapter 3

Algebraic Probability

(Literature Review)

This chapter is the first part of the literature review. In this chapter, we start with an intro-

duction to notions of algebraic probability spaces, algebraic distribution, and convergence

in algebraic distribution. Then we examine how the notion of independence from classical

probability translates to the framework of algebraic probability spaces, so we can identify

some similarities and differences with the notions of free independence and asymptotic free

independence.

3.1 From classical probability to algebraic probability spaces

Algebraic probability spaces

Let us recall that a classical probability space is a triple (Ω,F , P ) consisting of a non-empty

set Ω, a σ-algebra F of subsets of Ω, and a probability measure P : F → [0, 1]. Moreover,

a complex-valued random variable on (Ω,F , P ) is a function x : Ω → C so that the set

x−1(U) = {ω ∈ Ω : x(ω) ∈ U} belongs to the σ-algebra F for every open set U ⊂ C. After

identifying complex-valued random variables on (Ω,F , P ) that are the same function up to a
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measurable set of probability zero, the set of complex-valued random variables on (Ω,F , P ),

endowed with point-wise operations, becomes a complex unital algebra.

Now, the k-th moment of a complex-valued random variable x : Ω→ C is defined as the

integral ∫
Ω

[x(ω)]kdP (ω)

if such integral exists, and it is not defined otherwise; we denote by L∞−(Ω,F , P ) the set

of complex-valued random variables on (Ω,F , P ) that have moments of all orders. The first

moment of x, denoted E[x], is also called the expected value of x, and it is well-defined if and

only if the integral ∫
Ω

|x(ω)|dP (ω)

exists. Note the map x 7→ E[x] defines a unital linear functional on L∞−(Ω,F , P ). Hence,

from an algebraic point of view, we might think of (L∞−(Ω,F , P ),E[ · ]) merely as a pair

consisting of a complex unital algebra and a unital linear functional, leading to the following

definition.

Definition 3.1.1. An algebraic probability space is a pair (A, ϕ) consisting of a unital algebra

A over C, with multiplicative identity 1A, and a linear functional ϕ : A → C such that

ϕ(1A) = 1. The elements of A are called algebraic random variables, or simply random

variables.

Examples. In addition to (L∞−(Ω,F , P ),E[ · ]), we have the following standard examples

of algebraic probability spaces:

(1) (C 〈xi | i ∈ I〉 , µ) the algebra of non-commutative polynomials together with any linear

functional µ so that µ(1) = 1.
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(2) (MN(C), tr(·)) the algebra of N -by-N matrices with entries from C together with the

normalized trace tr(·) = 1
N

Tr(·).

(3) (CG, τG) where CG denotes the group algebra of a group G and τG : CG→ C is defined

by τG

(∑
g∈G αgg

)
= αe. The group algebra CG of a group G is defined by

CG :=

{∑
g∈G

αgg := (αg)g∈G | αg ∈ C and αg 6= 0 for finitely many g

}

together with point-wise addition and multiplication given by

(∑
g∈G

αgg

)(∑
g∈G

βgg

)
=
∑
g∈G

∑
h,k∈G
hk=g

αhβk

 g.

(4) (B(H), τξ) where B(H) denotes the algebra of all bounded linear operators on a Hilbert

space H with inner product 〈·, ·〉H, ξ is a vector in H of unit norm, and τξ : B(H)→ C

is given by τξ(T ) = 〈T (ξ), ξ〉H.

In most cases, the unital complex algebras considered in algebraic probability spaces come

with underlying additional structure that can be exploited and from which some terminology

is borrowed. For instance, an algebraic probability space (A, ϕ) endowed with an anti-linear

operation A 3 a 7→ a∗ ∈ A such that (a∗)∗ = a, (ab)∗ = b∗a∗, and ϕ(a∗a) ≥ 0 for all a, b ∈ A

is called a ∗-probability space. In this framework, a random variable a is called self-adjoint

if a = a∗, normal if aa∗ = a∗a, and unitary if aa∗ = a∗a = 1A.

Note that the algebraic space (L∞−(Ω,F , P ),E[ · ]) is a ∗-probability space with the

∗ operation defined by x∗(ω) = x(ω) for each x ∈ L∞−(Ω,F , P ) and every ω ∈ Ω, the

complex conjugate of a number z ∈ C is denoted by z. The algebraic probability spaces
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(MN(C), tr(·)), (CG, τG), and (B(H), τξ) are also ∗-probability space if we take A∗ as the

conjugate transpose of a matrix A ∈MN(C), (
∑

g∈G αgg)∗ := (
∑

g∈G αg−1g) , and T ∗ as the

adjoint of an bounded operator T ∈ B(H) .

Passing from an analytic setting to an algebraic one has certainly shortcomings and

virtues. On one hand, algebraic probability spaces only cover random variables with mo-

ments of all orders, and even in that case, we might lose some information since moments

do not determine random variables in the classical setting. On the other hand, once we

establish an appropriate notion of distribution for random variables in algebraic probability

spaces, the notion of independence, being that joint distributions can be recovered from

individual distributions via universal rules, leads to new types of independence, giving rise

to the question of how much of the theory of classical probability still holds or change if we

replace classical independence by another type of independence. At the end, the results from

algebraic probability theory have exceeded its apparent limitations, in particular, free prob-

ability theory, coupled to the notion of free independence, has had outstanding contributions

to what once was seemingly unrelated: Operator Algebras and Random Matrix Theory.

Algebraic distribution of first order

A good notion of distribution for algebraic random variables should allow us to compare

and analyze families of random variables even if the families come from different probability

spaces. In classical probability, if xN : ΩN → C is a complex-valued random variable defined

on (ΩN ,FN , PN) for each N ≥ 1, the distribution of xN is defined as the push-forward

measure µN determined by µN(U) = PN(x−1
N (U)) for open sets U ⊂ C. Moreover, the

probability spaces (ΩN ,FN , PN) might be different from each other but all of the distributions

µN belong to the set of probability measures on C, so all of the µN can be compared with
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each other, and hence, the further notions of equality in distribution and convergence in

distribution emerge.

Now, in an algebraic probability space (A, ϕ), the linear functional ϕ is meant to play the

role of the expected value function, so the k-th moment of an algebraic random variable a ∈ A

is defined to be the complex number ϕ(ak) for every integer k ≥ 1. It might seem tempting to

define the distribution of the random variable a as the sequence of moments {ϕ(ak)}∞k=1, all

distributions would be sequences of complex numbers regardless of the ambient probability

space, but it is actually more convenient to do so as follows.

Definition 3.1.2. Let a be a random variable in an algebraic probability space (A, ϕ). The

algebraic distribution of a is the linear functional µa : C[x] → C given by µa(p) = ϕ(p(a))

for every polynomial p ∈ C[x] where p(a) ∈ A is defined by substituting x = a.

Certainly, the unital linear functional µa : C[x] → C and the sequence of moments

{ϕ(ak)}∞k=1 convey the same information, the distribution of a is completely determined

by its moments, and vice versa, but we prefer the former since it has a tidy and natural

generalization to several random variables.

Definition 3.1.3. Let {ai}i∈I be a family of random variables in an algebraic probability

space (A, ϕ). The algebraic joint distribution of the family {ai}i∈I is the linear functional

µ : C 〈xi | i ∈ I〉 → C given by µ(p) = ϕ(p({ai}i∈I)) for every polynomial p ∈ C 〈xi | i ∈ I〉.

Note that the definition above does achieve the goal of providing us with a notion of dis-

tribution that allow us compare families of random variables as long as the random variables

in each family are indexed by the same set. Thus, if we are given families of random variables

{ai}i∈I and {bi}i∈I from algebraic probability spaces (A, ϕ) and (B, ψ), respectively, we say

that they are equal in distribution if their algebraic joint distributions give the same unital

linear functional on the algebra of non-commutative polynomials C 〈xi | i ∈ I〉.
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Remark. Let {ai}i∈I and {bi}i∈I be as above and let µ : C 〈xi | i ∈ I〉 → C and ν :

C 〈xi | i ∈ I〉 → C be the algebraic joint distributions of {ai}i∈I and {bi}i∈I , respectively.

Note that if we let eva : C 〈xi | i ∈ I〉 → A and evb : C 〈xi | i ∈ I〉 → B be the unique

algebraic homomorphisms such that eva(xi) = ai and evb(xi) = bi for every i ∈ I, then

µ = ϕ ◦ eva and ν = ψ ◦ evb. Thus, {ai}i∈I and {bi}i∈I are equal in distribution only if the

following diagram commutes:

A C

C 〈xi | i ∈ I〉 B

ϕ

eva

evb

ψ

Equivalently, {ai}i∈I and {bi}i∈I are equal in distribution only if for all integers m ≥ 1 and

indexes i1, i2, . . . , im ∈ I we have ϕ(ai1ai2 · · · aim) = ψ(bi1bi2 · · · bim).

The collection of k-th moments of a family of random variables {ai}i∈I in algebraic prob-

ability space (A, ϕ) is the set {ϕ(ai1ai2 · · · aik) | i1, i2, . . . , ik ∈ I}, this generalizes the notion

of k-th moment of an algebraic random variable. Additionally, a moment ϕ(ai1ai2 · · · aik) is

called mixed if at least two of the indexes i1, i2, . . . , ik are distinct, and it is called individual,

otherwise.

It is beneficial, and sometimes even fundamental, to link algebraic random variables to

probability measures associated with the corresponding algebraic distributions. Thus, given

a normal random variable a in a ∗-probability space (A, ϕ), we say that a has an analytic

distribution if there is a measure ν on the set of complex numbers C so that

ϕ(ak(a∗)l) =

∫
C
zkzldν(z)

for all integers k, l ≥ 0. Note that if a is self-adjoint with analytic distribution ν, then the
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support of ν must be a subset of R, so we consider ν as a measure on R and write

ϕ(ak) =

∫
R
tkdν(t).

Usually, an algebraic random variable with analytic distribution inherits the analytic distri-

bution’s name if there is one. For instance, a self-adjoint random variable a in ∗-probability

space (A, ϕ) is called semi-circular if it satisfies

ϕ(ak) =
1

2π

∫ 2

−2

tk
√

4− t2dt ∀ k ≥ 0

since the probability density function f(t) =
√

4−t2
2π

, if −2 ≤ t ≤ 2, and f(t) = 0, otherwise,

gives the so-called semi-circular distribution on the real line.

Another example of an algebraic random variable with analytic distribution worth men-

tioning is the one related to the normalized Lebesgue measure on the unit circle T = {z ∈ C :

|z| = 1}, also called Haar measure. We say that a unitary random variable u in ∗-probability

space (A, ϕ) is Haar unitary if it satisfies

ϕ(uk(u∗)l) =

∫
T
zkzldz =

1

2π

∫ 2π

0

ei(k−l)tdt

for all integers k, l ≥ 0. Note that the random variable u is Haar unitary if and only if

ϕ(uk(u∗)l) =

 1, if k = l,

0, otherwise.
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Convergence in distribution of first order

Once a notion of distribution for algebraic random variables is established, a corresponding

notion of convergence in distribution emerge.

Definition 3.1.4. Let {aN,i}i∈I be a family of random variables in an algebraic probability

space (AN , ϕN) for each integer N ≥ 1. We say that the sequence of families of random vari-

ables {{aN,i}i∈I}∞N=1 converge in distribution to another family {ai}i∈I of random variables

in some algebraic probability space (A, ϕ) if for every polynomial p ∈ C 〈xi | i ∈ I〉 we have

µ(p) = limN→∞ µN(p) where µ : C 〈xi | i ∈ I〉 → C and µN : C 〈xi | i ∈ I〉 → C are the joint

algebraic distributions of {ai}i∈I and {aN,i}i∈I , respectively.

Notice a concrete algebraic probability space (A, ϕ), and hence, the random variables

{ai}i∈I , is not crucial for the convergence in distribution of the sequence {{aN,i}i∈I}∞N=1 in

the previous definition. Indeed, let evN : C 〈xi | i ∈ I〉 → AN be the unital algebraic homo-

morphism such that evN(xi) = aN,i for ever i ∈ I and note the joint algebraic distribution

of {aN,i}i∈I satisfies µN = ϕN ◦ evN , i.e., the following diagram

AN C

C 〈xi | i ∈ I〉

ϕN

evN µN

commutes. Thus, limN→∞ ϕN(aN,i1aN,i2 · · · aN,im) exists for all integers m ≥ 1 and indexes

i1, i2, . . . , im ∈ I if and only if limN→∞ µN(p) exists for every polynomial p ∈ C 〈xi | i ∈ I〉,

but the latter condition implies {{aN,i}i∈I}∞N=1 converges in distribution to {xi}i∈I viewed as

a family of random variables in the probability space (C 〈xi | i ∈ I〉 , limN→∞ µN). Therefore,

the sequence {{aN,i}i∈I}∞N=1 converges in distribution if and only if {µN}∞N=1 is a point-wise

convergent sequence of unital functionals on C 〈xi | i ∈ I〉.
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In view of the above, it becomes imperative to investigate the point-wise convergence

of sequences {µN}∞N=1 of linear functionals µN : A → C, in particular, if the algebra A is

generated by a family of sub-algebras {Ai}i∈I , which is the case when A is the algebra of

non-commutative polynomials C 〈xi | i ∈ I〉 and each Ai is the algebra of polynomials C [xi].

Proposition 3.1.5. Let A be an algebra over C and let Ai ⊂ A be a sub-algebra for each

i ∈ I so that the family of sub-algebras {Ai}i∈I generate the algebra A. Suppose µN : A → C

is linear functional for each N ≥ 1 such that µ [p] := limN→∞ µN [p] exists for every p ∈ Ai

and every i ∈ I. Then limN→∞ µN [p] exists for every p ∈ A if and only if any of the following

conditions hold:

(a) limN→∞ µN [(p1 − µ [p1])(p2 − µ [p2]) · · · (pm − µ [pm])] exists whenever pk ∈ Aik with

i1 6= i2, i2 6= i3, . . . , im−1 6= im

(b) limN→∞ µN [(p1 − µN [p1])(p2 − µN [p2]) · · · (pm − µN [pm])] exists whenever pk ∈ Aik

with i1 6= i2, i2 6= i3, . . . , im−1 6= im

Proof. Let J be the set of all positive integers I satisfying the following property: if p1 ∈ Ai1 ,

p2 ∈ Ai2 , . . ., pm ∈ Aim with i1, i2, . . . , im ∈ I and i1 6= i2, i2 6= i3, . . . , im−1 6= im , then

limN→∞ µN [p1p2 · · · pm] exists. Since the algebras Ai with i ∈ I generate A and each µN is

linear, then limN→∞ µN [p] exists for every p ∈ A if the set J contains every positive integer.

Now, by hypothesis, 1 belongs to J , so let us assume 1, 2, . . . ,m−1 belong to J and suppose

p1, p2, . . . , pm are as above. Thus, if S = {k1 < k2 < · · · < k|S|} is a strict subset of [m], the

limits

lim
N→∞

(−1)|S
c|
∏
k∈Sc

µN [pk]µN

[
~∏
k∈S

pk

]
and lim

N→∞
(−1)|S

c|
∏
k∈Sc

µ [pk]µN

[
~∏
k∈S

pk

]
,
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where Sc denotes the complement of S in the set [m] and |Sc| denotes the cardinality of Sc,

exists. Moreover, if (b) holds, the equality

µN [(p1 − µN [p1]) · · · (pm − µN [pm])] = µN [p1 · · · pm] +
∑
S [m]

(−1)|S
c|
∏
k∈Sc

µN [pk]µN

[
~∏
k∈S

pk

]

implies limN→∞ µN [p1 · · · pm] exists. And therefore, J contains every positive integer by in-

duction on I. Similarly, if (a) holds, then limN→∞ µN [p1 · · · pm] exists, and hence J contains

every positive integer, since each µN [pk] in the equality above can be replaced by µ [pk].

Let us now show that (a) and (b) are equivalent. Suppose p1 ∈ Ai1 , p2 ∈ Ai2 , . . . , pm ∈

Aim with i1, i2, . . . , im ∈ I and i1 6= i2, i2 6= i3, . . . , im−1 6= im and take qk = pk − µ [pk] for

k = 1, 2, . . . ,m. We then have limN→∞ µN [qk] = 0 and the equality

µN [(p1 − µN [p1]) · · · (pm − µN [pm])] =µN [q1 · · · qm] +
∑
S [m]

(−1)|S
c|
∏
k∈Sc

µN [qk]µN

[
~∏
k∈S

qk

]

=µN [(q1 − µN [q1]) · · · (qm − µN [qm])]

Thus, if condition (a) holds, then limN→∞ µN [p] exists for every p ∈ A, and hence

0 = lim
N→∞

(−1)|S
c|
∏
k∈Sc

µN [qk]µN

[
~∏
k∈S

qk

]
∀ S  [m];

additionally, we have limN→∞ µN [(p1 − µ [p1]) · · · (pm − µ [pm])] = limN→∞ µN [q1 · · · qm] ex-

ists. Thus, we obtain the limit limN→∞ µN [(p1 − µN [p1]) · · · (pm − µN [pm])] also exists.

This shows that (a) implies (b). A similar proof shows that (b) implies (a).
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3.2 Free independence

Before we give the definition of free independence, it is convenient to examine how the notion

of independence from classical probability theory translates to the framework of algebraic

probability spaces, so we can identify some of the similarities and differences between these

two notions of independences.

Suppose we are given two complex-valued random variables x, y : Ω→ C on a probability

space (Ω,F , P ). Recall that x and y are said to be independent if for any pair of open sets

U,V ⊂ C we have

P
(
x−1(U) ∩ y−1(V )

)
= P

(
x−1(U)

)
P
(
y−1(V )

)
. (3.1)

The notion of independence from classical probability theory can be stated as the joint

distribution of independent random variables is the product of the individual distributions.

Now, if we think of x and y as algebraic random variables in (L∞−(Ω,F , P ),E[ · ]), then

their algebraic joint distribution is determined by the map

z1z2 · · · zm 7→ E [z1z2 · · · zm] (3.2)

where m ≥ 1 and z1, z2, . . . , zm ∈ {x, y}, and hence, the independence of x and y given by

(3.1) translates to the framework of algebraic probability spaces as

E [z1z2 · · · zm] = E
[
xk
]
E
[
yl
]

(3.3)

whenever x and y appear exactly k and l times, respectively, in the expression z1z2 · · · zm. We

can consider an arbitrary number of random variables, say xi : Ω → C is a complex-valued
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random variable for each index i ∈ I, and their algebraic joint distribution is also determined

by the map (3.2), but now each zk belongs to the set {xi | i ∈ I}, moreover, their mutual

classical independence translates to the framework of algebraic probability spaces as

E [z1z2 · · · zm] =
∏
B∈π

E

[∏
k∈B

zk

]
=
∏
B∈π

E

[∏
k∈B

xik

]
(3.4)

whenever z1z2 · · · zm = xi1xi2 · · ·xim with i1, i2, . . . , im ∈ I and π = ker (i), using the ker-

nel notation from Section 2.2. For instance, if I = [4] and z1z2z3z4z5 = x4x1x3x1x2, then

(3.4) gives E [z1z2 · · · z5] = E [z1]E [z2z4]E [z3]E [z5] = E [x4]E [x1x1]E [x3]E [x2]. The rela-

tion (3.4) holds even if each xi is replaced with a family {xi,j}j∈Ji , we would only have to

consider xik,jk instead of xik , since random variables in L∞−(Ω,F , P ) always commute, but

commutativity does not hold true in arbitrary algebraic probability spaces. Nonetheless,

the relation (3.4) can be used to produce a notion of classical independence in the frame-

work of algebraic probability spaces that considers random variables that do not necessarily

commute.

Definition 3.2.1. Let (A, ϕ) be an algebraic probability space. A collection {Ai}i∈I of unital

sub-algebras of A is classically independent, also called tensor independent, with respect to

ϕ if for all integers m ≥ 0 and random variables a1 ∈ Ai1 , a2 ∈ Ai2 , . . ., and am ∈ Aim with

i1, i2, . . . , im ∈ I satisfying ker (i) = π, we have

ϕ(a1a2 · · · am) =
∏
B∈π

ϕ

(
~∏
k∈B

ak

)
. (3.5)

The product ~∏
k∈Bak in the previous definition is the ordered product of the random

variables ak with respect to k, namely, we denote by ~∏
k∈Bak the product ak1ak2 · · · akn
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provided B = {k1 < k2 < · · · < kn}. Thus, the only difference between the relations (3.4) and

(3.5) is that the latter specifies the order in which the random variables ak are to be multiplied

to take into account their possibly non-commutativity. Now, defining tensor independence for

collections of sub-algebras, instead of defining it merely for collections of random variables,

is the appropriate way of doing so in an algebraic setting, the independence of random

variables in the sense of (3.1) is such a strong condition that it implies the independence

of the algebras generated by the corresponding random variables, i.e., for any polynomials

p, q ∈ C[x] we have that p(x) and q(y) are independent provided (3.1) holds. Consequently,

a collection of families of random variables {{ai,j}j∈Ji}i∈I in an algebraic probability space

(A, ϕ) is said to be tensor independent if the collection of sub-algebras {Ai}i∈I is tensor

independent where each Ai is the unital sub-algebra generated by {ai,j}j∈Ji .

It is fundamental to the theory of probability that we are able to construct a “product

space” containing independent copies of any given collection of algebraic probability spaces.

This product space should be the algebraic analogue of constructing product measurable

spaces and product measures, and hence, it would be what would allow us to talk about

independent and identically distributed random variables, or, more generally, independent

random variables with predetermined distributions.

More specifically, suppose we are given two algebraic probability spaces (A1, ϕ1) and

(A2, ϕ2), which might or might not be the same space. We would like to find an algebraic

probability space (A, ϕ) and injective unital algebra homomorphisms ψ1 : A1 → A and

ψ2 : A2 → A so that the diagram

A1 A A2

C

ψ1

ϕ1

ϕ

ψ2

ϕ2

(3.6)
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commutes, i.e., ϕ1 = ϕ ◦ ψ1 and ϕ2 = ϕ ◦ ψ2, and the sub-algebras ψ1(A1) and ψ2(A2)

are independent with respect to ϕ. Note that given an algebra A and homomorphisms

ψi : Ai → A, the sub-algebras ψ1(A1) and ψ2(A2) are tensor independent with respect to a

linear functional ϕ : A → C that makes the diagram (3.6) commute only if

ϕ(b1b2 · · · bm) =
∏
B∈π

ϕ

(
~∏
k∈B

ψik(ak)

)
=
∏
B∈π

ϕ ◦ ψiB

(
~∏
k∈B

ak

)
=
∏
B∈π

ϕiB

(
~∏
k∈B

ak

)
(3.7)

whenever bk = ψik(ak) with ak ∈ Aik , the indexes i1, i2, . . . , im ∈ {1, 2} satisfy π = ker (i),

and iB := ik provided k ∈ B ∈ ker (i). Therefore, finding a probability space (A, ϕ) contain-

ing tensor independent copies of (A1, ϕ1) and (A2, ϕ2) relies primarily on choosing a suitable

algebra A and the corresponding algebra homomorphisms ψi : Ai → A.

Now, for illustration, let us assume Ai = C[xi] the algebra of commutative polynomials

on the indeterminate xi, so every unital linear functional ϕi : Ai → C is determined by a

corresponding moment sequence {ϕi(xki )}∞k=1. We can then easily think of various candidates

for a unital algebra A that makes the diagram (3.6) commute. For instance, we could take

A = C[x1, x2], the algebra of commutative polynomials on the indeterminates x1 and x2, or

A = C〈x1, x2〉, the algebra of non-commutative polynomials on the indeterminates x1 and

x2, together with the canonical algebra homomorphisms ψi : Ai → A defined by ψi(xi) = xi.

Although both choices above for A are plausible, it is the non-commutative setting the one

that ultimately offers enough room for other independences to emerge, so we resolve to take

the algebra A as the free product of A1 = C[x1] and A2 = C[x2] with identification of the

identities, namely, A = C〈x1, x2〉.

More generally, a unital algebra A is said to be the free product with identification of the

identity of a collection of unital algebras {Ai}i∈I if there are unital algebra homomorphism

ψi : Ai → A satisfying the following universal property: if B is any unital algebra and
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φi : Ai → B is a unital algebra homomorphism for each i ∈ I, then there is a unique unital

algebra homomorphism Φ : A → B so that φi = Φ ◦ ψi for all i ∈ I, i.e., the following

diagram commutes:

Ai A

B

ψi

φi
Φ

Due to its defining universal property, the free product with identification of the identity of

a collection of unital algebras {Ai}i∈I is unique up to isomorphism provided it exists, and,

if that is the case, we denote it by ∗i∈IAi. Roughly speaking, the free product ∗i∈IAi is the

smallest algebra containing copies of each Ai so that elements from distinct algebras do not

commute except for the multiplicative identities 1Ai , which are to be considered the same

element. It is not hard to show that C〈x1, x2〉 is indeed the free product with identification

of the identities of C[x1] and C[x2].

Let us now return to the particular case of finding a probability space (A, ϕ) containing

tensor independent copies of (A1, ϕ1) and (A2, ϕ2) when A1 = C[x1] and A2 = C[x2]. We

have already resolved to take A = A1 ∗ A2 = C〈x1, x2〉, together with the algebra homo-

morphisms ψi : Ai → A defined by ψi(xi) = xi, since the non-commutative setting offers

great generality. Strictly speaking, the algebra A contains copies of A1 and A2 via the ho-

momorphisms ψi : Ai → A, however, there is no harm if we think of A1 and A2 simply as

unital sub-algebras of A. And thus, it remains to define a linear functional ϕ : A → C under

which A1 and A2 are tensor independent and so that ϕ|Ai = ϕi for i = 1, 2. To do so, we

just need to define the linear functional ϕ : C〈x1, x2〉 → C on basis elements of the form

xi1xi2 · · · xim with ik ∈ {1, 2} and abide by the relation (3.7). For instance, if we consider

xi1xi2xi3xi4 = x1x2x1x2, which is a basis element of C〈x1, x2〉, then ker (i) = {{1, 3}, {2, 4}}

since i1 = i3 = 1 and i2 = i4 = 2, and hence, the relation (3.7) forces ϕ(xi1xi2xi3xi4) to be
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given by

ϕ(xi1xi2xi3xi4) = ϕ1(xi1xi3)ϕ2(xi2xi4) = ϕ1(x2
1)ϕ2(x2

2). (3.8)

The general case is conceptually not different. If (Ai, ϕi) is an algebraic probability space

for each i ∈ I, then the probability space (A, ϕ) where A is the free product ∗i∈IAi and ϕ is

determined by (3.7) contains tensor independent copies of each (Ai, ϕi).

So far, in this section, we have examined how the notion of independence from classical

probability translates to the framework of algebraic probability spaces, where it is called ten-

sor independence, and how we can construct product spaces containing tensor independent

copies of any given collection of algebraic probability spaces. In the algebraic framework, a

notion of independence should be understood as a set of universal rules to compute mixed

moments out of individual ones, for tensor independence such universal rules are encapsu-

lated in (3.5) and (3.7) and exemplified in (3.8). Hence, it is natural to ask if the relation

(3.7) can be replaced with some other relation that gives rise to a distinct notion of inde-

pendence. An answer to this question is given in [19] under the requirement that mixed

moments be expressed as “linear combinations” of “lower degree” individual moments.

In [19], each notion of independence is linked to a collection of coefficients λ(π, θ) where

π and θ are partitions in P (m) satisfying π ≤ θ. Essentially, if we are given a collection

{(Ai, ϕi)}i∈I of algebraic probability spaces, the coefficients λ(π, θ) are used to define a

unital linear functional ϕ : ∗i∈IA → C under which {Ai}i∈I , viewed as a collection of unital

sub-algebras of the free product ∗i∈IA, is independent. More specifically, if we take indexes

i1, i2, . . . , im ∈ I and random variables a1 ∈ Ai1 , a2 ∈ Ai2 , . . . , am ∈ Aim , then the linear
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functional ϕ evaluated at a1a2 · · · am ∈ ∗i∈IA must be given by

ϕ(a1a2 · · · am) =
∑

π∈P (m)
π≤θ

λ(π, θ)
∏
B∈π

ϕiB

(
~∏
k∈B

ak

)
(3.9)

where ker (i) = θ and iB := ik provided k ∈ B ∈ ker (i). For instance, suppose a1, a3 ∈

A1 and a2, a4 ∈ A2, so we obtain (i1, i2, i3, i4) = (1, 2, 1, 2), and hence, θ = ker (i) =

{{1, 3}, {2, 4}}. Thus, since we have

{π ∈ P (4) | π ≤ ker (i)} =

 π1 = {{1, 3}, {2, 4}} , π2 = {{1, 3}, {2}, {4}}

π3 = {{1}, {3}, {2, 4}} , π4 = {{1}, {3}, {2}, {4}}

 ,

the relation (3.9) produces

ϕ(a1a2a3a4) =λ(π1, θ)ϕ1(a1a3)ϕ2(a2a4) + λ(π2, θ)ϕ1(a1a3)ϕ2(a2)ϕ2(a4)+

λ(π3, θ)ϕ1(a1)ϕ1(a3)ϕ2(a2a4) + λ(π4, θ)ϕ1(a1)ϕ1(a3)ϕ2(a2)ϕ2(a4). (3.10)

For tensor independence, the collection of coefficients λ(π, θ) is given by

λ(π, θ) =

 1, if π = θ,

0, otherwise.
(3.11)

The coefficients λ(π, θ) are universal in the sense that they do not depend at all on the family

{(Ai, ϕi)}i∈I . It is shown in [19] that if we require notions of independence to be commu-

tative and associative, meaning that they are independent from re-indexing and grouping

of the probability spaces (Ai, ϕi), respecively, then there exists only one more notion of in-

dependence, called free independence; more concretely, other than (3.11), there exists only
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one more collection of coefficients λ(π, θ) so that (3.9) always gives a well-defined unital

functional.

Definition 3.2.2. Let (A, ϕ) be an algebraicraic probability space. A family {Ai}i∈I of

unital sub-algebras of A is freely independent, or simply free, with respect to ϕ if for all

positive integers m ≥ 1, indexes i1, i2, . . . , im ∈ I with i1 6= i2, . . . , im−1 6= im, and random

variables ak ∈ Aik with ϕ(ak) = 0 for 1 ≤ k ≤ m we have ϕ(a1a2 · · · am) = 0.

Similar to tensor independence, a collection of families of random variables {{ai,j}j∈Ji}i∈I

in an algebraic probability space (A, ϕ) is said to be free independent if the collection of sub-

algebras {Ai}i∈I is free independent where each Ai is the unital sub-algebra generated by

{ai,j}j∈Ji .

One might rightfully complain that tensor independence and free independence have been

defined in different ways: while tensor independence relies on explicit rules for computing

mixed moments out of individual ones, combining (3.9) and (3.11) to obtain (3.5), free in-

dependence is determined by the free independence condition, namely, ϕ(a1a2 · · · am) = 0

whenever ak ∈ Aik with ϕ(ak) = 0 for k = 1, 2, . . . ,m and the indexes i1, i2, . . . , im ∈ I

satisfy i1 6= i2, . . . , im−1 6= im. The reason behind such difference is that the coefficients

λ(π, θ) coupled to free independence are not as straightforward as the ones for tensor inde-

pendence and the free independence condition actually defines the corresponding set of rules

for computing mixed moments.

Let us examine what the free independence condition means for the computation of

mixed moments by looking at a few examples. Suppose A1 and A2 are freely independent

unital sub-algebras of an algebraic probability space (A, ϕ). The free independence condition

implies the following three rules for mixed moments:

(i) ϕ(b1c1) = ϕ(b1)ϕ(c1)
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(ii) ϕ(b1c1b2) = ϕ(b1b2)ϕ(c1)

(iii) ϕ(b1c1b2c2) = ϕ(b1b2)ϕ(c1)ϕ(c2) + ϕ(b1)ϕ(b2)ϕ(c1c2)− ϕ(b1)ϕ(b2)ϕ(c1)ϕ(c2)

for all random variables b1, b2 ∈ A1 and c1, c2 ∈ A2. Notice that (i) and (ii) are the same

relations we would have if A1 and A2 were tensor independent but (iii) is not, if A1 and

A2 were tensor independent we would have ϕ(b1c1b2c2) = ϕ(b1b2)ϕ(c1c2). We describe how

(i)-(iii) are obtained next. By the free independence condition, we have

0 = ϕ(a1a2) = ϕ(a1a2a3) = ϕ(a1a2a3a4)

where a2k−1 = bk − ϕ(bk)1A ∈ A1 and a2k = ck − ϕ(ck)1A ∈ A2. But, we also have

a1a2 = b1c1 − b1ϕ(c1)− ϕ(b1)c1 + ϕ(b1)ϕ(c1)1A

and hence, by linearity of ϕ, we obtain

ϕ (a1a2) = ϕ(b1c1)− ϕ(b1)ϕ(c1)− ϕ(b1)ϕ(c1) + ϕ(b1)ϕ(c1) = 0.

Thus, we get ϕ(b1c1) = ϕ(b1)ϕ(c1). Similarly, since we have

a1a2a3 =b1c1b2 − b1ϕ(c1)b2 − ϕ(b1)c1b2 + ϕ(b1)ϕ(c1)b2

− b1c1ϕ(b2) + b1ϕ(c1)ϕ(b2) + ϕ(b1)c1ϕ(b2)− ϕ(b1)ϕ(c1)ϕ(b2)1A,

the freeness condition, the linearity of ϕ, and (i) above imply ϕ(b1c1b2) = ϕ(b1b2)ϕ(c1).
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Finally, (iii) follows from the freeness condition, the linearity of ϕ, (i), (ii), and the relation

a1a2a3a4 = b1c1b2c2 − b1ϕ(c1)b2c2 − ϕ(b1)c1b2c2 + ϕ(b1)ϕ(c1)b2c2

− b1c1ϕ(b2)c2 + b1ϕ(c1)ϕ(b2)c2 + ϕ(b1)c1ϕ(b2)c2 − ϕ(b1)ϕ(c1)ϕ(b2)c2

+ b1c1b2ϕ(c2)− b1ϕ(c1)b2ϕ(c2)− ϕ(b1)c1b2ϕ(c2) + ϕ(b1)ϕ(c1)b2ϕ(c2)

− b1c1ϕ(b2)ϕ(c2) + b1ϕ(c1)ϕ(b2)ϕ(c2) + ϕ(b1)c1ϕ(b2)ϕ(c2)− ϕ(b1)ϕ(c1)ϕ(b2)ϕ(c2)1A.

From the above, we can infer that free independence does determine a set of rules for com-

puting mixed moments and such rules are derived recursively from the free independence

condition.

Proposition 3.2.3. Let (A, ϕ) be an algebraic probability space and let {Ai}i∈I be a family

of unital sub-algebras of A be freely independent with respect to ϕ. If A is generated as an

algebra by the family {Ai}i∈I , then ϕ is uniquely determined by the restrictions ϕ|Ai and by

the free independence condition.

To prove the previous proposition, since the algebra A is assumed to be generated by

the family of sub-algebras {Ai}i∈I , it is enough to show that the following holds: for any

indexes i1, i2, . . . , im ∈ I and random variables b1 ∈ Ai1 , b2 ∈ Ai2 , . . . , bm ∈ Aim, the value

ϕ(b1b2 · · · bm) is uniquely determined by the restrictions ϕ|Ai and by the free independence

condition. Suppose i1, i2, . . . , im and b1, b2, . . . , bm are as above. Without loss of generality,

we can assume i1 6= i2, i2 6= i3, . . ., and im−1 6= im, otherwise, we recursively group bk and

bk+1 if ik = ik+1. Now, taking ak = bk − ϕ(bk)1A for 1 ≤ k ≤ m, the free independence

condition implies ϕ(a1a2 · · · am) = 0, but, we also have

a1a2 · · · am = b1b2 · · · bm +
∑
K([m]

(−1)m−|K|
∏

k∈[m]\K

ϕ(bk) ·
~∏
k∈K

bk
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where |K| denotes the cardinality of the set K. Thus, by linearity of ϕ, we obtain

ϕ(b1b2 · · · bm) = −
∑
K([m]

(−1)m−|K|
∏

k∈[m]\K

ϕ(bk) · ϕ

(
~∏
k∈K

bk

)
(3.12)

By induction on |K|, each term in the sum in the left-hand side of (3.12) is uniquely deter-

mined by the restrictions ϕ|Ai and by the free independence condition, and so is ϕ(b1b2 · · · bm).

Remark. Even though it is not evident from the definition of free independence, the free

independence condition characterizes the product spaces containing free independent copies

of any given collection of algebraic probability spaces. Indeed, suppose (Ai, ϕi) is an algebraic

probability space for each i ∈ I. Since ϕi : Ai → C is a unital linear functional, each algebra

Ai can be written as a direct sum of vector spaces

Ai = C1Ai ⊕
◦
Ai

where
◦
Ai = ker (ϕi) := {a ∈ Ai | ϕi(a) = 0} and C1Ai = {λ1Ai ∈ Ai | λ ∈ C}. Moreover, it

can be shown that the free product ∗i∈IAi exists and is given by

∗i∈IAi = C1A ⊕
∞⊕
m=1

⊕
i1,i2,...,im∈I

i1 6=i2,...,im−1 6=im

◦
Ai1 ⊗

◦
Ai2 ⊗ · · · ⊗

◦
Aim

with multiplication on tensors a1⊗a2⊗· · ·⊗am ∈
◦
Ai1⊗

◦
Ai2⊗· · ·⊗

◦
Aim and b1⊗b2⊗· · ·⊗bm ∈
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◦
Aj1 ⊗

◦
Aj2 ⊗ · · · ⊗

◦
Ajn determined by

(a1 ⊗ · · · ⊗ am)(b1 ⊗ · · · ⊗ bn) =


a1 ⊗ · · · ⊗ am ⊗ b1 ⊗ · · · ⊗ bn , if im 6= j1

a1 ⊗ · · · ⊗ am−1 ⊗ âm ⊗ b2 ⊗ · · · ⊗ bn+

ϕim(amb1)(a1 ⊗ · · · ⊗ am−1)(b2 ⊗ · · · ⊗ bn) , otherwise,

where âm = amb1−ϕ(amb1)1Aim . Taking A as the free product ∗i∈IAi above, we can consider

each Ai as a unital sub-algebra of A, although, strictly speaking, the algebra A contains the

sub-algebra C1A ⊕
◦
Ai which is canonically isomorphic to Ai. Thus, to obtain a probability

space (A, ϕ) containing free independent copies of each (Ai, ϕi), we just need to find a unital

linear functional ϕ : A → C satisfying the free independence condition for {Ai}i∈I , viewed

as a collection of sub-algebras of A, and ϕi = ϕ|Ai for every i ∈ I. But, a unital linear

functional ϕ : A → C satisfies the free independence condition for the collection {Ai}i∈I if

and only if its kernel is given by

ker (ϕ) =
∞⊕
m=1

⊕
i1,i2,...,im∈I

i1 6=i2,...,im−1 6=im

◦
Ai1 ⊗

◦
Ai2 ⊗ · · · ⊗

◦
Aim . (3.13)

Thus, letting B denote the direct sum in right-hand side of (3.13), we have A = C1A ⊕ B

and the map

C1A ⊕ B 3 λ1A ⊕ b 7→ ϕ(λ1A ⊕ b) := λ ∈ C

is a well-defined unital linear functional ϕ : A → C satisfying the free independence condition

for {Ai}i∈I . Finally, the condition ϕi = ϕ|Ai is an immediate consequence of the definition

of ϕ since every random variable a ∈ Ai can be written as a = ϕi(a)1A⊕ (a−ϕi(a)1Ai) with

a− ϕi(a)1Ai ∈
◦
Ai ⊂ B.
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Asymptotic free independence

In some cases, as we state for several random matrix ensembles in the next chapter, a sequence

of families of algebraic random variables converge to a free family of random variables, so

free independence arises as a limiting property.

Definition 3.2.4. Let I be a non-empty set. Assume {aN,i}i∈I is a family of random

variables from an algebraic probability space (AN , ϕN) for each integer N ≥ 1. We say

that the sequence {{aN,i}i∈I}∞N=1 of families of random variables is asymptotically freely

independent, or simply asymptotically free, if it converges in distribution to a family {ai}i∈I

of free random variables in some algebraic probability space (A, ϕ).

Similar to convergence in distribution, the ambient probability space (A, ϕ) is not deter-

mining for the asymptotic free independence of the sequence {{aN,i}i∈I}∞N=1 in the previous

definition. Indeed, given a family {ai}i∈I of random variables in some algebraic proba-

bility (A, ϕ), if we let µ : C 〈xi | i ∈ I〉 → C be the algebraic distribution of {ai}i∈I and

ev : C 〈xi | i ∈ I〉 → A be the unital algebraic homomorphism such that ev(xi) = ai for ever

i ∈ I, the diagram

A C

C 〈xi | i ∈ I〉

ϕ

ev µ

commutes, and hence, the family {ai}i∈I is free independent with respect to ϕ if and only

if the family of unital sub-algebras {C [xi] ⊂ C 〈xi | i ∈ I〉}i∈I is free independent with re-

spect to µ. Moreover, if µN : C 〈xi | i ∈ I〉 → C is the algebraic distribution of {aN,i}i∈I

for each integer N ≥ 1, then the sequence {{aN,i}i∈I}∞N=1 converges in distribution if and

only if limN→∞ µN(p) exists for every polynomial p ∈ C 〈xi | i ∈ I〉. Therefore, the sequence
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{{aN,i}i∈I is asymptotic free independent if and only if limN→∞ µN [p] exists for every poly-

nomial p ∈ C 〈xi | i ∈ I〉 and the family of unital sub-algebras {C [xi] ⊂ C 〈xi | i ∈ I〉}i∈I

is free independent with respect to limN→∞ µN . There is no reference to a particular space

(A, ϕ) in the latter condition for the asymptotic free independence of {{aN,i}i∈I .

Let us recall that Proposition 3.1.5 provide us with a couple of equivalent conditions for

the point-wise convergence of a sequence {µN}∞N=1 of linear functionals µN : A → C defined

on a complex algebra A which is generated by a family of sub-algebras {Ai}i∈I . But this

is exactly the setting we have for the asymptotic free independence of {{aN,i}i∈I if we let

A = C 〈xi | i ∈ I〉 and Ai = C [xi] for each index i ∈ I. Hence, following the same steps as

in the proof of Proposition 3.1.5, we obtain some equivalent conditions for the asymptotic

free independence of a family of unital sub-algebras.

Corollary 3.2.5. Let A be an algebra over C and let Ai ⊂ A be a sub-algebra for each i ∈ I

so that the family of sub-algebras {Ai}i∈I generate the algebra A. Suppose µN : A → C is

linear functional for each N ≥ 1 such that µ [p] := limN→∞ µN [p] exists for every p ∈ Ai

and every i ∈ I. Then the following two conditions are equivalent:

(a) lim
N→∞

µN [p] exists for every p ∈ A and the family of unital sub-algebras {Ai}i∈I is free

independent with respect to µ := lim
N→∞

µN

(b) lim
N→∞

µN [(p1 − µN [p1])(p2 − µN [p2]) · · · (pm − µN [pm])] = 0 whenever pk ∈ Aik with

i1 6= i2, i2 6= i3, . . . , im−1 6= im
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Chapter 4

Free Probability and Random Matrices

(Literature Review)

This chapter is the second and last part of the literature review. First, we present some

fundamental definitions from random matrix theory and set the framework under which ran-

dom matrices are regarded as algebraic random variables. Second, we state what asymptotic

free independence means for random matrix ensembles and give some known results on this

matter. Lastly, we introduce the notions of second order free independence, the bounded

cumulants property, and asymptotically liberating ensembles and state some results relevant

to this thesis.

4.1 Random matrices as algebraic random variables

Definition 4.1.1. Let (Ω,F , P ) be a classical probability space. An N-by-N random matrix

on (Ω,F , P ) is a matrix X = (xi,j)1≤i,j≤N having complex random variables on (Ω,F , P ) as

entries. The (i, j)-entry of X is also denoted by X(i, j).

Note that an N -by-N random matrix X on a classical probability space (Ω,F , P ) is

simply a matrix-valued random variable on (Ω,F , P ), i.e., X is a function X : Ω→ MatN(C)
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so that the set X−1(U) = {ω ∈ Ω : X(ω) ∈ U} belongs to the σ-algebra F for every open set

U ⊂ MatN(C).

Although random matrices are interesting in their own, many of their most studied

properties arise as the matrix dimension goes to infinity. Thus, we are led to consider

sequences, or sequences of families, of size-increasing random matrices, known as ensembles.

Definition 4.1.2. Let I be and index set. Suppose (ΩN ,FN , PN) is a classical probability

space for each integer N ≥ 1. A sequence of families {{XN,i}i∈I}∞N=1 where each XN,i is an

N -by-N random matrix on (ΩN ,FN , PN) is called a random matrix ensemble. If the index

set I is just a singleton {i}, we simply write {XN,i}∞N=1 or {XN}∞N=1.

Remark. Since entries from random matrices of distinct dimension are never used in the

same mathematical expression in this thesis, with out loss of generality, all of the random

matrices XN,i in a random matrix ensemble {{XN,i}i∈I}∞N=1 can be assumed to be defined

on the same probability space (Ω,F , P ), say, by letting (Ω,F , P ) be product space of the

(ΩN ,FN , PN).

Let us now address the question of finding an algebraic probability space where random

matrices can be regarded as algebraic random variables. Suppose we are given a classical

probability space (Ω,F , P ). In Section 3.1, we consider the algebraic probability spaces:

1. (L∞−(Ω,F , P ),E[ · ]) where E[·] is the expected value on (Ω,F , P ) and L∞−(Ω,F , P )

is the set of complex-valued random variables on (Ω,F , P ) that have moments of all

orders modulo the following relation: complex-valued random variables on (Ω,F , P )

that are the same function up to a measurable set of probability zero are considered

the same random variable.
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2. (MatN(C), tr(·)) where MatN(C) is the algebra of N -by-N matrices with entries from

C and tr(·) denotes the normalized trace 1
N

Tr(·).

It turns out that if we combine the above, we obtain an algebraic probability space whose al-

gebraic random variables are precisely random matrices with entries having finite moments of

all orders. More specifically, letting MatN (L∞−) denote the set of N -by-N matrices with en-

tries from L∞−(Ω,F , P ), the pair (MatN (L∞−) ,E[tr( · )]) is an algebraic probability space.

Indeed, random matrices are endowed with the usual matrix operations of addition, multi-

plication, and multiplication by scalars: given any two random matrices X = (xi,j)1≤i,j≤N

and Y = (yi,j)1≤i,j≤N and a complex number λ ∈ C, we have

X + λY :=
(
xi,j + λyi,j

)
1≤i,j≤N

and XY :=
(∑N

k=1 xi,kyk,j

)
1≤i,j≤N

.

Moreover, we can identify MatN(C) with the subset of MatN(L∞−) consisting of constant

random matrices, and hence, MatN(L∞−) is a unital algebra over the complex numbers with

multiplicative identity IN . Now, generalizing the notions of trace and normalized trace from

MatN(C), the trace and the normalized trace of a random matrix X ∈ MatN(L∞−), denoted

Tr(X) and tr(X), respectively, are given by

Tr(X) =
N∑
i=1

X(i, i) and tr(X) =
1

N

N∑
i=1

X(i, i) =
1

N
Tr(X).

Both maps X 7→ Tr(X) and X 7→ tr(X) are well-defined linear functionals from MatN(L∞−)

to L∞−(Ω,F , P ) and the latter is also unital, in the sense that the multiplicative identity

in MatN(L∞−) is mapped to the multiplicative identity in L∞−(Ω,F , P ). Therefore, the

expected value of the normalized trace E[tr(·)] : MatN(L∞−)→ C is a unital linear functional

and the pair (MatN (L∞−) ,E[tr( · )]) is an algebraic probability space.
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Remark. Through the entire thesis, we examine random matrices primarily as algebraic

random variables. Thus, unless otherwise stated, it is assumed that random matrices are

taken from algebraic probability spaces (MatN (L∞−) ,E[tr( · )]). It is always under this

assumption that we make use of the results and terminology from algebraic probability

spaces when dealing with random matrices.

Regarding random matrices as algebraic random variables enables us to analyze random

matrix ensembles as sequences of families of algebraic random variables. This is particularly

important since many random matrix ensembles have been shown to exhibit asymptotic free

independence. Before we present some well-known results on asymptotic free independence

of random matrix ensembles, we need to provide the reader with some more notation and

terminology, as well as the definition of certain random matrices pertinent to this thesis.

As matrix-valued random variables, random matrices inherit the terminology and nota-

tion from matrices in MatN(C). Hence, for a random matrix X ∈ MatN(L∞−) we have the

following:

� The transpose ofX is the unique random matrixXT ∈ MatN(L∞−) such thatXT (i, j) =

X(j, i). We call X orthogonal if it satisfies XTX = XXT = IN .

� The conjugate transpose of X is the unique random matrix X∗ ∈ MatN(L∞−) such

that X∗(i, j) = X(j, i) where X(j, i) denotes the complex conjugate of X(j, i). The

matrix X is called normal if we have X∗X = XX∗ and is said to be self-adjoint, or

Hermitian, if X = X∗. We call X unitary if it satisfies X∗X = XX∗ = IN .

Additionally, a random matrix ensemble {{XN,i}i∈I}∞N=1 is called orthogonal, self-adjoint, or

unitary if every XN,i is orthogonal, self-adjoint, or unitary, respectively.
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Some random matrices and their distributions

Given a random matrix X ∈ MatN(L∞−), there are three mathematical objects that are

referred as distribution of X: the matrix distribution of X, the algebraic distribution of the

entries of X, and the algebraic distribution of X. The matrix distribution of X is defined as

the push-forward measure µX on MatN(C) determined by

µX(U) = P (X−1(U)) = P ({ω ∈ Ω | X(ω) ∈ U})

for every open set U ⊂ MatN(C). A non-trivial problem related to the matrix distribution

of X is that of computing matrix integrals. A matrix integral of X is a integral of the form

∫
MatN (C)

f(M)dµX(M) =

∫
Ω

f(X(ω))dP (ω) =

∫
Ω

f ◦X(ω)dP (ω)

where f : MatN(C)→ C is a measurable function, often a polynomial function on the entries

of X and their complex conjugates. Now, regarding the entries of X, {X(i, j) | 1 ≤ i, j ≤ N},

as algebraic random variables in (L∞−(Ω,F , P ),E [ · ]), the algebraic distribution of the

entries of X is the unital linear functional µ : C 〈xi,j | 1 ≤ i, j ≤ N〉 → C given by

µ(xi1,j1xi2,j2 · · · xim,jm) = E [X(i1, j1)X(i2, j2) · · ·X(im, jm)]

for all integers m ≥ 1 and 1 ≤ ik, jk ≤ N for k = 1, 2, . . . ,m. Two families {Xi}i∈I and

{Yi}i∈I of N -by-N random matrices from MatN(L∞−) are said to be equal in distribution of

their entries, or simply equal in distribution, if they satisfy

E

[
m∏
k=1

Xik(j−k, jk)

]
= E

[
m∏
k=1

Yik(j−k, jk)

]
(4.1)
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for all integers m ≥ 1, indexes i1, i2, . . . , im ∈ I, and functions j : [±m] → [N ]. Finally,

the algebraic distribution of X, regarded as an element of the algebraic probability space

(MatN (L∞−) ,E[tr( · )]), is the unital linear functional µ : C[x]→ C determined by

µ(xm) = E [tr (Xm)] =
1

N

N∑
j1,j2,...,jk=1

E [X(j1, j2)X(j2, j3) · · ·X(jm, j1)]

for all integers m ≥ 1 and functions j : [m]→ [N ].

We end this section with a list of some random matrices and the joint distribution of

their entries relevant to this thesis.

Real Wigner matrix. A self-adjoint N -by-N random matrix XN = ( 1√
N
xi,j)1≤i≤j≤N is a

real Wigner matrix if x1,2 has unit variance and {xi,j | 1 ≤ i < j ≤ N} and {xi,i | 1 ≤ i ≤ N}

form two independent families of independent and identically distributed real-valued random

variables with zero mean and finite p-norms of all orders. If x1,1 and x1,2 are Gaussian

distributed, we say XN is a Gaussian Wigner matrix ; additionally, x1,1 has variance 2, the

sequence {XN}∞N=1 is called Gaussian Orthogonal Ensemble.

Complex Wigner matrix. A self-adjoint N -by-N random matrix ZN = ( 1√
N
zi,j)1≤i≤j≤N is

an Hermitian Wigner matrix if z1,2 has zero second moment, |z1,2| has unit second moment

and {zi,j | 1 ≤ i < j ≤ N} and {zi,i | 1 ≤ i ≤ N} form two independent families of

independent and identically distributed complex-valued random variables with zero mean

and finite p-norms of all orders. If z1,1 is Gaussian distributed and z1,2 is complex-Gaussian

distributed, we say that ZN is a Gaussian Hermitian Wigner matrix ; additionally, z1,1 has

variance 1, we call the sequence {ZN}∞N=1 a Gaussian Unitary Ensemble.

Haar-unitary random matrix. An N -by-N random matrix ZN is a Haar-unitary random

matrix if it is unitary and its matrix distribution µZN gives the Haar-measure on the unitary
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group UN(C) = {U ∈ MatN(C) | U∗U = UU∗ = IN}.

Haar-orthogonal random matrix. An N -by-N random matrix ZN is a Haar-orthogonal

random matrix if it is orthogonal and its matrix distribution µZN gives the Haar-measure on

the orthogonal group ON(C) = {O ∈ MatN(C) | OTO = OOT = IN}.

Uniformly distributed signature matrix. An N -by-N random matrix X is a uniformly

distributed signature matrix if it is uniformly distributed on the set of N -by-N signature

matrices.

A matrix X ∈ MatN(C) is a signature matrix if there exists signs ε1, . . . , εN ∈ {−1, 1}

such that

X(i, j) =

 εi if i = j

0 otherwise .

If X is an N -by-N uniformly distributed signature matrix, then for all functions i, j : S → [N ]

we have

E

[∏
k∈S

X(ik, jk)

]
=

 1, if i = j and ker (i) is an even partition

0, otherwise
(4.2)

Uniformly distributed signed permutation matrix. An N -by-N random matrix W is

a uniformly distributed signed permutation matrix if it is uniformly distributed on the set of

N -by-N signed permutation matrices.

A matrix W ∈ MatN(C) is a signed permutation matrix if there exists signs ε1, . . . , εN ∈

{−1, 1} and a permutation σ ∈ {f : [N ]→ [N ] : f is bijective} such that

W(i, j) = εiδi,σ(j) =

 εi if i = σ(j)

0 otherwise
.
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If W is an N -by-N uniformly distributed signed permutation matrix, then for all functions

i, j : S → [N ] we get

E

[∏
s∈S

W (is, js)

]
=


(N−#(π))!

N !
, if π = ker (i) = ker (j) ∈ Peven(S)

0 , otherwise
(4.3)

Remark. Suppose {Vi}i∈I is a family of N -by-N random matrices distribution-invariant

under conjugation by signed permutation matrices, i.e., the families {Vi}i∈I and {W∗ViW}i∈I

are equal in distribution, in the sense of (4.1), for every signed permutation matrix W. Then,

for all integers m ≥ 1, indexes i1, i2, . . . , im ∈ I, and functions j : [±m]→ [N ], we have

E

[
m∏
k=1

Vik(j−k, jk)

]
=

m∏
k=1

εσ(j−k)εσ(jk)E

[
m∏
k=1

Vik(σ(j−k), σ(jk))

]
(4.4)

for all signs ε1, . . . , εN ∈ {−1, 1} and permutations σ ∈ {f : [N ]→ [N ] : f is bijective} .

4.2 Asymptotic free independence

Let I be an index set. Suppose we are given a random matrix ensemble {XN,i}∞N=1 for each

index i ∈ I. Formally, the joint (algebraic) distribution of each family {XN,i}i∈I is the unital

linear functional µN : C 〈xi | i ∈ I〉 → C defined by

µN (p) := E [tr (p ({XN,i}i∈I))]

for every polynomial p ∈ C 〈xi | i ∈ I〉. Moreover, the convergence in distribution of the

ensembles {XN,i}∞N=1 with i ∈ I, as well as their asymptotic free independence, is defined as a

condition on the linear functionals µN resulting from taking N going to infinity. However, the
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notions of convergence in distribution and asymptotic free independence for random matrix

ensembles can be stated without referring to the functionals µN explicitly. For instance,

Corollary 3.2.5 implies that the ensembles {XN,i}∞N=1 with i ∈ I are asymptotically freely

independent if and only if the following conditions hold:

(AF.1) lim
N→∞

E
[
tr
(
Xk
N,i

)]
exists each integer k ≥ 1 and each index i ∈ I, and

(AF.2) for all integers m ≥ 1, all indexes i1, i2, . . . , im ∈ I satisfying i1 6= i2, i2 6= i3, . . . ,

im−2 6= im−1, im−1 6= im and all polynomials p1, p2, . . . , pm in the algebra C[x], we

have lim
N→∞

E [tr (YN,1YN,2 · · ·YN,m)] = 0 where YN,k = pk (XN,ik)−E [tr (pk (XN,ik))] IN .

The first result about random matrix ensembles exhibiting asymptotic free independence

is due to D. Voiculescu in [23]. He showed that independent Gaussian Unitary Ensembles

converge in distribution to free semi-circular random variables. This result has been extended

by many authors since then, here we present it as formulated in [2, Chapter 5].

Theorem 4.2.1. Let {XN,i}i∈I be a family of independent N -by-N complex (real) Wigner

matrices for every integer N ≥ 1. Suppose the following two conditions hold:

(a) E
[
|XN,i(j1, j2)|2

]
= 1√

N
for all integers 1 ≤ j1, j2 ≤ N and indexes i ∈ I,

(b) sup
N≥1

max
1≤j1,j2≤N

√
N‖XN,i(j1, j2)‖p <∞ for every integer p ≥ 1 and ever index i ∈ I.

Then the random matrix ensembles {XN,i}∞N=1 with i ∈ I are asymptotically free.

It turns out that Wigner matrix ensembles are also asymptotically freely independent

from any ensemble composed of deterministic matrices that has a limiting distribution of

first order, see [2, Chapter 5]. A random matrix ensemble {{DN,i}i∈I}∞N=1 has a first order

limiting distribution if the limit

lim
N→∞

E [tr (DN,i1DN,i2 · · ·DN,im)]
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exist for all integers m ≥ 1 and indexes i1, i2, . . . , im. If every DN,i is a deterministic matrix

from MatN(C), the limit above can be simply taken without the expected value.

Theorem 4.2.2. Let {{XN,i}i∈I} be a as in the previous theorem. Suppose {DN,i}i∈I is a

family of deterministic matrices in MatN(C) ⊂ MatN(L∞−) for each integer N ≥ 1. If the

ensemble {{DN,i}i∈I}∞N=1 has a first order limiting distribution, then {{XN,i}i∈I}∞N=1 and

{{DN,i}i∈I}∞N=1 are asymptotically free.

It was first noted by D. Voiculescu in [23] that the previous two theorems hold if each

{XN,i}i∈I is replaced by a family of independent Haar-unitary random matrices. In general,

an ensemble {{DN,i}i∈I}∞N=1 with a first order limiting distribution and an unitarily (orthog-

onally) invariant random matrix ensemble {{XN,i}i∈I}∞N=1 are asymptotically free, see [11].

A random matrix ensemble {{XN,i}i∈I}∞N=1 is said to be unitarily (orthogonally) invariant

if the distribution of each {XN,i}i∈I is invariant under conjugation by unitary (orthogonal)

matrices, i.e., {XN,i}i∈I and {U∗NXN,iUN}i∈I are equal in distribution of their entries for any

unitary matrix UN ∈ MatN(C)

Theorem 4.2.3. Suppose {XN,i}i∈I is a family of independent N -by-N unitarily (orthogo-

nally) invariant random matrix for every integer N ≥ 1. Then {{XN,i}i∈I}∞N=1 is asymptoti-

cally free. Additionally, if the sequence {{DN,i}i∈I}∞N=1 has a first order limiting distribution,

then {{XN,i}i∈I}∞N=1 and {{DN,i}i∈I}∞N=1 are asymptotically free.

Unitarily invariant ensembles include: Gaussian Unitary Ensembles, complex Wishart

ensembles, and Haar-unitary ensembles. Similarly, Gaussian Orthogonal Ensembles, real

Wishart ensembles, and Haar-orthogonal ensembles are orthogonally invariant. As a conse-

quence of Theorem 4.2.3 we have that conjugation of deterministic matrices by independent

Haar-unitary (Haar-orthogonal) random matrices gives rise to asymptotic free independence.
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Corollary 4.2.4. Suppose {UN,i}i∈I is a family of independent N -by-N Haar-unitary (Haar-

orthogonal) random matrices for each integer N ≥ 1. If {{DN,i}i∈I}∞N=1 has a first order

limiting distribution, then {UN,iDN,iU
∗
N,i}∞N=1 with i ∈ I are asymptotically free.

The assumption of {{DN,i}i∈I}∞N=1 having a first order limiting distribution is crucial for

the conclusion in Corollary 4.2.4. However, this assumption can be weaken if we require

each ensemble of constant matrices {DN,i}∞N=1 to be uniformly bounded with respect to the

operator norm.

4.3 Asymptotic free independence of second order

A main topic of independences of second order is the behavior of cov[Tr(YN),Tr(ZN)] as

the size of random matrices YN and ZN goes to infinity. As in the case of asymptotic free

independence, an independence of second order for random matrix ensembles {XN,1}∞N=1 and

{XN,2}∞N=1 should allows us to compute

lim
N→∞

cov
[
Tr (XN,i1XN,i2 · · ·XN,im) ,Tr

(
XN,im+1XN,im+2 · · ·XN,im+n

)]
, (4.5)

known as fluctuation moments, for all integers m,n ≥ 1 and indexes i1, i2, . . . , im+n ∈

{1, 2} in terms of individual second order moments: limN→∞ cov
[
Tr(Xk

N,1),Tr(X l
N,1)
]

and

limN→∞ cov
[
Tr(Xk

N,2),Tr(X l
N,2)
]
. In general, the computation of (4.5) also involves individ-

ual first order moments limN→∞ E
[
tr(Xk

N,1)
]

and limN→∞ E
[
tr(Xk

N,2)
]
.

Complex case

The Lindeberg trick, used for deriving universal or limit laws, consists in considering Gaussian

distributed random variables as a case study to infer what might hold true for general random
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variables. For instance, Wigner’s semicircular law was first established for Gaussian Unitary

Ensembles, Wigner matrices with standard Gaussian random variables as entries, and then

for general Wigner matrices. Analyzing the fluctuation moments of independent Gaussian

Unitary Ensembles, J. Mingo and R. Speicher found a relation between fluctuation moments

and individual moments of first and second order in [13].

Theorem 4.3.1. Suppose {{XN,i}∞N=1}i∈I is a family of independent Gaussian Unitary En-

sembles. Then the fluctuation moments of {{XN,i}i∈I}∞N=1 are determined by the following

property: for any given integers m1,m2 ≥ 1, polynomials p1, p2, . . . , pm1 , q1, q2, . . . , qm2 ∈

C[x] and indexes i1, i2, . . . , im1
, j1, j2, . . . , jm2

∈ I, if we take YN,k and ZN,l given by

YN,k = pk (XN,ik)− E [tr (pk (XN,ik))] IN and ZN,l = ql (XN,jl)− E [tr (ql (XN,jl))] IN (4.6)

for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2, then

lim
N→∞

cov
[
Tr (YN,1YN,2 · · ·YN,m1) ,Tr (ZN,1ZN,2 · · ·ZN,m2)

]
=

δm1,m2 lim
N→∞

m2∑
l=1

m1∏
k=1

E [tr (YN,kZN,l−k)]

provided i1 6= i2, i2 6= i3, . . . , im1−1 6= im1
, im1

6= i1 and j1 6= j2, . . . , jm2−1 6= jm2
, jm2

6= j1.

From an algebraic point of view, the previous theorem can be read as follows. For each

integer N ≥ 1, we have a unital linear functional µN : C〈xi | i ∈ I〉 → C and a bi-linear

functional ρN : C〈xi | i ∈ I〉 × C〈xi | i ∈ I〉 → C so that the following conditions holds

lim
N→∞

ρN
[
(p1 − µN(p1)) · · ·

(
pm1
− µN(pm1

)
)
, (q1 − µN(q1)) · · ·

(
qm1
− µN(qm2

)
)]

=

δm1,m2 lim
N→∞

m2∑
l=1

m1∏
k=1

µN
[
(pk − µN(pk))(ql−k − µN(ql−k))

] (4.7)
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whenever pk ∈ C[xik ] and ql ∈ C[xjl ] for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2 and the indexes

i1, i2, . . . , im1
, j1, j2, . . . , jm2

∈ I satisfy i1 6= i2, i2 6= i3, . . . , im1−1 6= im1
, im1

6= i1 and j1 6=

j2, . . . , jm2−1 6= jm2
, jm2

6= j1. The unital linear functional µN and the bi-linear functional

ρN paired with the previous theorem are the ones defined by

µN (p) = E [tr (p ({XN,i}i∈I))] (4.8)

and

ρN(p, q) = cov
[
Tr
(
p({XN,i}i∈I)

)
,Tr

(
q({XN,i}i∈I)

)]
(4.9)

for all polynomials p, q ∈ C〈xi | i ∈ I〉 and the conclusion is that both limits in (4.7) exists

and are equal if {XN,i}∞N=1 with i ∈ I are independent Gaussian Unitary Ensembles. The

same conclusion holds if {XN,i}∞N=1 with i ∈ I are independent complex Wishart random

matrix ensembles.

Motivated by their findings, J. Mingo and R. Speicher introduce in [13] the notions of

second order probability space and free independence of second order, providing an abstract

framework that captures the main algebraic aspects of what had being observed for some

random matrix ensembles.

Definition 4.3.2. A complex second order probability space is a triple (A, ϕ, ψ) consisting of

a tracial algebraic probability space (A, ϕ) and a symmetric bi-linear functional ψ : A×A →

C tracial in each coordinate such that ψ(a, 1A) = ψ(1A, a) = 0 for all random variables a ∈ A.

Note that the triple (MatN(L∞−),E[tr( · )], cov[Tr( · ),Tr( · )]) is a complex second order

probability space. Indeed, for all random matrices X, Y, Z ∈ MatN(L∞−) and any complex
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number λ ∈ C we have:

(1) E[tr(XY )] = E[tr(Y X)] (traciality)

(2) cov[Tr(X),Tr(Y )] = cov[Tr(Y ),Tr(X)] (symmetry)

(3) cov[Tr(X + λY ),Tr(Z)] = cov[Tr(X),Tr(Z)] + λ · cov[Tr(Y ),Tr(Z)] (linearity)

(4) cov[Tr(XY ),Tr(Z)] = cov[Tr(Y X),Tr(Z)] (traciality)

Definition 4.3.3. Let (A, ϕ, ψ) be a second order algebraic probability space. A collection

{Ai}i∈I of unital sub-algebras of A is complex second order free with respect to (ϕ, ψ) if

(i) the family {Ai}i∈I is free with respect to ϕ and

(ii) for all integers m,n ≥ 1, indexes i1, i2, . . . , im, j1, j2, . . . , jn ∈ I with i1 6= i2, . . . , im−1 6=

im, im 6= i1 and j1 6= j2, . . . , jn−1 6= jn, jn 6= j1, and random variables ak ∈ Aik and

bl ∈ Ajl with ϕ(ak) = ϕ(bm) = 0 for 1 ≤ k ≤ m and 1 ≤ l ≤ n, we have

ψ(a1a2 · · · am, b1b2 · · · bn) = δm,n

n∑
l=1

m∏
k=1

ϕ(akbl−k)

where l − k is taken modulo n; additionally, if m = n = 1 and i1 6= j1, we require

ψ(a1, b1) = 0.

A collection of families of random variables {{ai,j}j∈Ji}i∈I is called complex second order free

if the collection of sub-algebras {Ai}i∈I is complex second order free where each Ai is the

unital sub-algebra generated by {ai,j}j∈Ji .

Complex free independence of second order determines a set of rules to compute mixed

moments in terms of individual moments. But in a complex second order probability space

(A, ϕ, ψ) we have to consider two types of moments, one type corresponding to the linear
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functional ϕ and another type corresponding to the bi-linear functional ψ. For a random

variable a ∈ A, the set {ϕ(ak) | k ≥ 1} is the collection of moments of first order of a and

the set {ψ(ak, al) | k, l ≥ 1 } is the collection of moments of second order. More generally,

the collection of moments of first order of a family of random variables {ai}i∈I ⊂ A is the

set

{ϕ(ai1ai2 · · · aim) | m ≥ 1 and i1, i2, . . . , im ∈ I}

and the collection of moments of second order of {ai}i∈I ⊂ A is the set

{ψ(ai1ai2 · · · aim , aj1aj2 · · · ajn) | m,n ≥ 1 and i1, i2, . . . , im, j1, j2, . . . , jn ∈ I}.

A moment of first order ϕ(ai1ai2 · · · aim) is said to be mixed if at least two of the indexes

i1, i2, . . . , im ∈ I are distinct, otherwise, it is said to be individual. Similarly, a moment

of second order ψ(ai1 · · · aim , aj1 · · · ajn) is said to be mixed if at least two of the indexes

i1, . . . , im, j1, . . . , jn ∈ I are distinct, and individual, otherwise.

Under the presence of free independence, the rules to compute mixed moments of first

order are determined by the free independence condition, see Proposition 3.2.3. On the other

hand, under the presence of complex free independence of second order, the computation of

mixed moments of second order is determined by the free independence condition and by

the free independence condition of second order, namely,

ψ(a1a2 · · · am, b1b2 · · · bn) = δm,n

n∑
l=1

m∏
k=1

ϕ(akbl−k)

whenever ak ∈ Aik and bl ∈ Ajl with ϕ(ak) = ϕ(bm) = 0 for 1 ≤ k ≤ m and 1 ≤ l ≤ n

and the indexes i1, i2, . . . , im, j1, j2, . . . , jn ∈ I satisfy i1 6= i2, . . . , im−1 6= im, im 6= i1 and
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j1 6= j2, . . . , jn−1 6= jn, jn 6= j1.

Proposition 4.3.4. Let (A, ϕ, ψ) be a complex second order probability space and let

{Ai}i∈I be a family of unital sub-algebras of A second order free independent with respect to

(ϕ, ψ). If A is generated as an algebra by the family {Ai}i∈I , then ψ is uniquely determined

by the restrictions ϕ|Ai and ψ|Ai×Ai and by the complex second order free independence

condition.

Proof. Suppose ck ∈ Aik and dl ∈ Ajl for 1 ≤ k ≤ m and 1 ≤ l ≤ n and some indexes

i1, i2, . . . , im, j1, j2, . . . , jn ∈ I. Without loss of generality, we can assume with i1 6= i2, . . . ,

im−1 6= im, im 6= i1 and j1 6= j2, . . . , jn−1 6= jn, jn 6= j1, otherwise, we recursively group ck

and ck+1 if ik = ik+1 or dl and dl+1 if il = il+1. Now, taking ak = bk−ϕ(bk)1A for 1 ≤ k ≤ m

and bl = dl − ϕ(dl)1A for 1 ≤ l ≤ n, we have

a1a2 · · · am = c1c2 · · · cm +
∑
K([m]

(−1)m−|K|
∏

k∈[m]\K

ϕ(ck) ·
~∏
k∈K

ck

and

b1b2 · · · bn = d1d2 · · · dn +
∑
L([n]

(−1)n−|L|
∏

l∈[n]\L

ϕ(dl) ·
~∏
l∈L

dl.

Thus, by bi-linearity of ψ, we get

ψ[a1a2 · · · am, b1b2 · · · bn]−
∑
K([m]

∑
L([n]

(−1)m+n−|K|−|L|
∏

k∈[m]\K

ϕ(ck)
∏

l∈[n]\L

ϕ(dl) ψ

[
~∏
k∈K

ck,
~∏
l∈L

dl

]

= ψ[c1c2 · · · cm, d1d2 · · · dn]
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Moreover, the free independence condition of second order implies

ψ[a1a2 · · · am, b1b2 · · · bn] = δm,n

n∑
l=1

m∏
k=1

ϕ(akbl−k),

and hence, we obtain

δm,n

n∑
l=1

m∏
k=1

ϕ(akbl−k)−
∑
K([m]

∑
L([n]

(−1)m+n−|K|−|L|
∏

k∈[m]\K

ϕ(ck)
∏

l∈[n]\L

ϕ(dl) ψ

[
~∏
k∈K

ck,
~∏
l∈L

dl

]

(4.10)

= ψ[c1c2 · · · cm, d1d2 · · · dn]

By induction on |K| + |L|, each term in the sum in ‘ (4.10) is uniquely determined by the

restrictions ϕ|Ai and ψ|Ai×Ai and by the complex second order free independence condition,

and so is ψ[c1c2 · · · cm, d1d2 · · · dn].

Following along with the line of algebraic probability spaces and free independence, we

obtain the corresponding notions of distribution, convergence in distribution, and asymptotic

independence for second order probability spaces and free independence of second order. The

distribution of first and second order of a family of random variables {ai}i∈I in a second order

probability space (A, ϕ, ψ) is the pair (µ, ρ) where µ : C 〈xi | i ∈ I〉 → C is the unital linear

functional defined by

µ(p) = ϕ(p({ai}i∈I))

for all polynomial p ∈ C 〈xi | i ∈ I〉 and ρ : C 〈xi | i ∈ I〉 ×C 〈xi | i ∈ I〉 → C is the bi-linear

functional given by

ρ(p, q) = ψ (p({ai}i∈I), q({ai}i∈I))
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for all polynomial p, q ∈ C 〈xi | i ∈ I〉. Moreover, if {aN,i}i∈I is a family of random variables

from a complex probability space of second order (AN , ϕN , ψN) for each integer N ≥ 1, we

say that the sequence {{aN,i}i∈I}∞N=1 converge in distribution of first and second order to the

family {ai}i∈I if for all positive integers m,n ≥ 1 and indexes i1, i2, . . . , im, j1, j2, . . . , jn ∈ I

we have

lim
N→∞

ϕN (aN,i1aN,i2 · · · aN,im) = ϕ (ai1ai2 · · · aim)

and

lim
N→∞

ψN (aN,i1aN,i2 · · · aN,im , aN,j1aN,j2 · · · aN,jN ) = ψ (ai1ai2 · · · aim , aj1aj2 · · · ajm) .

Finally, if the sequence {{aN,i}i∈I}∞N=1 converge in distribution of first and second order to

the family {ai}i∈I and the family {ai}i∈I is complex second order free with respect to (ϕ, ψ),

we say that the sequence {{aN,i}i∈I}∞N=1 is asymptotically freely independent of second order,

or simply, asymptotically second order free.

As it might be expected, an specific limiting probability space is not needed for con-

vergence in distribution of first and second order. Indeed, suppose (µN , ρN) is the distri-

bution of first and second order of family of random variables {aN,i}i∈I from a complex

probability space of second order (AN , ϕN , ψN) for each integer N ≥ 1. The sequence

{{aN,i}i∈I}∞N=1 converge in distribution of first and second order if and only if limN→∞ µN [p]

and limN→∞ ρN [p, q] exist for all polynomials p, q ∈ C 〈xi | i ∈ I〉. For random matrix en-

sembles, convergence in distribution of first and second order is referred as having a second

order limiting distribution and takes the following form.

Definition 4.3.5. We say that a random matrix ensemble {{XN,i}i∈I}∞N=1 has a second

order limiting distribution if for all polynomials p1, p2, p3, . . . from the algebra C〈xi | i ∈ I〉,
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letting YN,k = pk({XN,i}i∈I) for k = 1, 2, . . ., we have:

(i) lim
N→∞

E [tr (YN,1)] exists,

(ii) lim
N→∞

cov [Tr (YN,1) ,Tr (YN,2)] exists, and

(iii) lim
N→∞

cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,r)] = 0 for n ≥ 3.

Rigorously, condition (iii) above is not required for the convergence in distribution of

first and second order of a random matrix ensemble {{XN,i}i∈I}∞N=1. Each family of random

matrices {XN,i}i∈I is being regarded as a family of random variables in the complex second

order probability space (MatN(L∞−),E[tr( · )], cov[Tr( · ),Tr( · )]), and hence, the conver-

gence in distribution of first and second order of the ensemble {{XN,i}i∈I}∞N=1 depends only

on (i) and (ii) above. However, as pointed out in [10] and [11], condition (iii) is needed to

ensure the convergence of mixed fluctuation moments in results such as Theorem 4.3.8 and

Corollary 4.3.9 bellow, so it is just convenient to include it in the notion of second order

limiting distribution of random matrix ensembles.

Now, an specific limiting probability space is also not essential for asymptotic free in-

dependence of second order. Note that if (µN , ρN) and {aN,i}i∈I are as above for each

integer N ≥ 1, the sequence {{aN,i}i∈I}∞N=1 is asymptotically second order free if and only

if limN→∞ µN [p] and limN→∞ ρN [p, q] exists for all p, q ∈ C 〈xi | i ∈ I〉 and the family

of unital sub-algebras {C[xi]}i∈I is complex second order free independent with respect to

µ := limN→∞ µN and ρ := limN→∞ ρN . Following similar arguments to those in Proposition

3.1.5 and Proposition 4.3.18, we obtain the next result.

Proposition 4.3.6. Suppose µN : C〈xi | i ∈ I〉 → C is a linear functional and assume

ρN : C〈xi | i ∈ I〉 × C〈xi | i ∈ I〉 → C is a bi-linear functional for each integer N ≥ 1.
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The family of unital sub-algebras {C[xi]}i∈I is complex second order free independent with

respect to (limN→∞ µN , limN→∞ ρN) if and only if the following three conditions hold:

(1) lim
N→∞

µN [p] exists for every polynomial p ∈ C〈xi | i ∈ I〉 → C and the family of unital

sub-algebras {C[xi]}i∈I is order free independent with respect to µ := lim
N→∞

µN ,

(2) lim
N→∞

ρN [p, q] exist for all polynomials p ∈ C[xi] and q ∈ C[xj] and indexes i, j ∈ I,

(3) for all integers m1,m2 ≥ 1 and indexes i1, i2, . . . , im1 , j1, j2, . . . , jm2 ∈ I with i1 6= i2, . . . ,

im1−1 6= im1 , im1 6= i1 and j1 6= j2, . . . , jm2−1 6= jm2 , jm2 6= j1, if we take pk ∈ C[xik ] and

ql ∈ C[xjl ] for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2, then

lim
N→∞

ρN
[
(p1 − µN(p1)) · · ·

(
pm1
− µN(pm1

)
)
, (q1 − µN(q1)) · · ·

(
qm1
− µN(qm2

)
)]

=

δm1,m2 lim
N→∞

m2∑
l=1

m1∏
k=1

µN
[
(pk − µN(pk))(ql−k − µN(ql−k))

]
where l − k is taken modulo m2; moreover, if m1 = m2 = 1 and i1 6= j1, we require

lim
N→∞

ρN [(p1 − µN(p1)) , (q1 − µN(q1))] = 0.

Having a second order limiting distribution, in the sense of Definition 4.3.5, is required

in the most common definition of asymptotic free independence of second order for random

matrix ensembles. More concretely, random matrix ensembles {XN,i}∞N=1 with i ∈ I are said

to be asymptotically freely independent of second order, or simply, asymptotically second order

free, if the ensemble {{XN,i}i∈I}∞N=1 has a second order limiting distribution and converges

in distribution of first and second order to a complex second order free family of random

variables {ai}i∈I . As a result of Proposition 4.3.6, we are able to reformulate the notion of

asymptotic free independence of second order as follows.
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Definition 4.3.7. We say that the random matrix ensembles {XN,i}∞N=1 with i ∈ I are

asymptotically freely independent of second order, or simply, asymptotically second order

free, if they are asymptotically freely independent and the following three conditions are

satisfied:

(ASOF.1) lim
N→∞

Cov
[
Tr(Xm

N,i),Tr(Xn
N,i)
]

exists for each index i ∈ I and all integers m,n ≥ 1,

(ASOF.2) for all integers m1,m2 ≥ 1, indexes i1, i2, . . . , im1
, j1, j2, . . . , jm2

∈ I satisfying

i1 6= i2, . . . , im1−1 6= im1 , im1 6= i1 and j1 6= j2, . . . , jm2−1 6= jm2 , jm2 6= j1, and

polynomials p1, p2, . . . , pm1 , q1, q2, . . . , qm2 in the algebra C[x], if we take YN =

YN,1YN,2 · · ·YN,m1 and ZN = ZN,1ZN,2 · · ·ZN,m2 with YN,k and ZN,l given by (4.6)

for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2, we have

lim
N→∞

Cov [Tr(YN),Tr(ZN)] = δm1,m2 lim
N→∞

m1∑
l=1

m2∏
k=1

E [tr (YN,kZN,l−k)] (4.11)

where l−k is taken modulo m2; moreover, if m1 = m2 = 1 and i1 6= j1, we require

lim
N→∞

cov [Tr (YN,1) ,Tr (ZN,1)] = 0,

(ASOF.3) for ever integer n ≥ 3, all polynomials p1, p2, . . . , pn in the algebra of non-

commutative polynomials C 〈xi | i ∈ I〉, letting YN,k = pk ({XN,i}i∈I), we have

lim
N→∞

cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,n)] = 0
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Independent Gaussian Unitary Ensembles, independent Haar-unitary ensembles, and in-

dependent complex Wishart ensembles are among those ensembles known to exhibit asymp-

totic second order free independence, see [13, 12]. All of the above ensembles are unitarily-

invariant, in the sense that their matrix-distribution is invariant under conjugation by uni-

tary matrices, and the fact that they are asymptotically second order free can be seen as a

particular case of the following general theorem from [11].

Theorem 4.3.8. Suppose {XN,i}i∈I is a family of independent N -by-N unitarily invariant

random matrix for every integer N ≥ 1. Then {{XN,i}i∈I}∞N=1 is asymptotically second

order free. Additionally, if an ensemble {{DN,i}i∈I}∞N=1 has a second order limiting distribu-

tion and is independent from {{XN,i}i∈I}∞N=1, then {{XN,i}i∈I}∞N=1 and {{DN,i}i∈I}∞N=1 are

asymptotically second order free.

As a consequence, conjugation by independent Haar-unitary random matrices gives rise

to asymptotic free independence of second order.

Corollary 4.3.9. Suppose {UN,i}i∈I are independent N -by-N Haar-distributed random uni-

tary matrices for each integer N ≥ 1. If {{DN,i}i∈I}∞N=1 has a second order limiting distri-

bution, then {{UN,iDN,iU
∗
N,i}i∈I}∞N=1 is asymptotically second order free.

Note that conjugation by unitary matrices does not change individual distributions in

the sense that for all random matrices DN and UN from MatN(L∞−) with UN unitary,

we have E [tr((U∗NDNUN)m)] = E [tr(Dm
N )] and cov [Tr ((U∗NDNUN)m),Tr ((U∗NDNUN)n)] =

cov [Tr (Dm
N ),Tr (Dn

N)]. Thus, conjugation by Haar-unitary random ensembles allows us to

construct asymptotically second order free random matrices with arbitrary distributions of

first and second order.
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Real case

Although independent Gaussian Unitary Ensembles and independent Gaussian Orthogonal

Ensembles exhibit the same asymptotic behavior of first order, both of them are asymptoti-

cally free by Theorem 4.2.1, they display distinct behavior of second order. This distinction

was first noted by E. Redelmeier in [18] where the fluctuation moments of independent

Gaussian Unitary Ensembles are computed.

Theorem 4.3.10. Suppose {{XN,i}∞N=1}i∈I is a family of independent Gaussian Orthogonal

Ensembles. Then the fluctuation moments of {{XN,i}i∈I}∞N=1 are determined by the following

condition: given integers m1,m2 ≥ 1, polynomials p1, p2, . . . , pm1 , q1, q2, . . . , qm2 ∈ C[x] and

indexes i1, i2, . . . , im1
, j1, j2, . . . , jm2

∈ I, if we take

YN,k = pk (XN,ik)− E [tr (pk (XN,ik))] IN and ZN,l = ql (XN,jl)− E [tr (ql (XN,jl))] IN

for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2, then

lim
N→∞

cov
[
Tr (YN,1YN,2 · · ·YN,m1) ,Tr (ZN,1ZN,2 · · ·ZN,m2)

]
=

δm1,m2 lim
N→∞

m2∑
l=1

(
m1∏
k=1

E
[
tr
(
YN,kZN,l−k

)]
+

m1∏
k=1

E
[
tr
(
YN,kZ

T
N,l+k

)]) (4.12)

provided i1 6= i2, i2 6= i3, . . . , im1−1 6= im1
, im1

6= i1, j1 6= j2, . . . , jm2−1 6= jm2
, jm2

6= j1.

It was also proved by E. Redelmeier in [18] that independent real Ginibre ensembles and

independent real Wishart ensembles exhibit the same fluctuation moments as independent

Gaussian Orthogonal Ensembles. The appearance of (4.12) in several random matrix en-

sembles led E. Redelmeier to introduce the notions of real second order probability space

and real second order free independence.
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Definition 4.3.11. A real second order probability space is a quadruple (A, ϕ, ρ, t) consisting

of a second order algebraic probability space (A, ϕ, ρ) and an involution t : A → A, called

transpose, such that (ab)t = btat, ϕ(a) = ϕ(at), and ρ(a, b) = ρ(at, b) = ρ(a, bt) for all random

variables a, b ∈ A.

Definition 4.3.12. Let (A, ϕ, ρ, t) be a real second order probability space. A family {Ai}i∈I

of unital sub-algebras of A, invariant under a 7→ at, is said to be real second order free with

respect to (ϕ, ρ) if

i) the family {Ai}i∈I is free with respect to ϕ, and

ii) for all positive integersm,n ≥ 1, indexes i1, i2, . . . , im, j1, j2, . . . , in ∈ I with i1 6= i2, . . . ,

im−1 6= im, im 6= i1 and j1 6= j2, . . . , jn−1 6= jn, jn 6= j1 , and random variables ak ∈ Aik

and bl ∈ Ajl with ϕ(ak) = ϕ(bm) = 0 for 1 ≤ k ≤ m and 1 ≤ l ≤ n we have

ρ(a1a2 · · · am, b1b2 · · · bn) = δm,n

N∑
l=1

(
m∏
k=1

ϕ(akbl−k) +
m∏
k=1

ϕ(akb
t
l+k)

)

where l − k and l + k are taken modulo n.

We could perform a similar analysis than the one we did for complex second order

probability spaces and define the notions of t-distribution, convergence in t-distribution,

and asymptotic real second order free independence in purely algebraic terms. However,

since both analysis would be very similar and our main focus is on random matrices,

we simply present these notions in terms of random matrices ensembles. Note that if

T : MatN(L∞−) → MatN(L∞−) is the function that maps a matrix to its transpose, then

(MatN(L∞−),E[tr( · )], cov[Tr( · ),Tr( · )], T ) is a real second order probability space.

Definition 4.3.13. We say that a random matrix ensemble {{XN,i}i∈I}∞N=1 has a second

order limiting t-distribution if {{XN,i, X
T
N,i}i∈I}∞N=1 has a second order limiting distribution.
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Definition 4.3.14. We say that the random matrix ensembles {XN,i}∞N=1 with i ∈ I are

asymptotically real second order free if {{XN,i, X
T
N,i}i∈I}∞N=1 is asymptotically freely inde-

pendent and the following three conditions are satisfied:

(ASOF.1) lim
N→∞

Cov
[
Tr(p(XN,i, X

T
N,i)),Tr(q(XN,i, X

T
N,i))

]
exists for each index i ∈ I and all

polynomials p, q ∈ C〈x, xT 〉,

(ASOF.2) for all integers m1,m2 ≥ 1, all indexes i1, i2, . . . , im1
, j1, j2, . . . , jm2

∈ I with

i1 6= i2, i2 6= i3, . . . , im1−1 6= im1
, im1

6= i1, j1 6= j2, . . . , jm2−1 6= jm2
, jm2

6= j1, and

all polynomials p1, p2, . . . , pm1 , q1, q2, . . . , qm2 in the algebra C〈x, xT 〉, if we take

YN,k = pk
(
XN,ik

, XT
N,ik

)
− E

[
tr
(
pk
(
XN,ik

, XT
N,ik

))]
IN

and

ZN,l = ql
(
XN,jl , X

T
N,jl

)
− E

[
tr
(
ql
(
XN,jl , X

T
N,jl

))]
IN

for 1 ≤ k ≤ m1 and 1 ≤ l ≤ m2, then

lim
N→∞

cov
[
Tr (YN,1YN,2 · · ·YN,m1) ,Tr (ZN,1ZN,2 · · ·ZN,m2)

]
=

δm1,m2 lim
N→∞

m2∑
l=1

(
m1∏
k=1

E
[
tr
(
YN,kZN,l−k

)]
+

m1∏
k=1

E
[
tr
(
YN,kZ

T
N,l+k

)])

where l − k is taken modulo m2; additionally, if m1 = m2 = 1 and i1 6= j1, we

require

lim
N→∞

cov [Tr (YN,1) ,Tr (ZN,1)] = 0,

(ASOF.3) for ever integer n ≥ 3, all polynomials p1, p2, . . . , pn in the algebra of non-

commutative polynomials C
〈
xi, x

T
i | i ∈ I

〉
, letting YN,k = pk

(
{XN,i, X

T
N,i}i∈I

)
,
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we have

lim
N→∞

cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,n)] = 0

The random matrix ensembles analyzed by E. Redelmeier in [18] are orthogonally-invariant,

their matrix-distribution is invariant under conjugation by orthogonal matrices. It was

showed by J. Mingo and M. Popa [11] that orthogonal invariance leads to asymptotic real sec-

ond order free independence, just as unitary invariance leads to asymptotic complex second

order free independence. Specifically, J. Mingo and M. Popa showed the following.

Theorem 4.3.15. Suppose {XN,i}i∈I is a family of independent N -by-N orthogonally in-

variant random matrix for every integer N ≥ 1. Then {{XN,i}i∈I}∞N=1 is asymptotically real

second order free. Additionally, if the sequence {{DN,i}i∈I}∞N=1 has a second order limiting

t-distribution, then {{XN,i}i∈I}∞N=1 and {{DN,i}i∈I}∞N=1 are asymptotically real second order

free.

Corollary 4.3.16. Suppose {UN,i}i∈I are independent N -by-N Haar-distributed random

orthogonal matrices for each integer N ≥ 1. If {{DN,i}i∈I}∞N=1 has a second order limiting

t-distribution, then {{UN,iDN,iU
∗
N,i}i∈I}∞N=1 is asymptotically real second order free.

The bounded cumulants property

As mentioned earlier, condition (iii) from Definition 4.3.5 is not needed for the convergence

in distribution of first and second order of a random matrix ensemble {{XN,i}i∈I}∞N=1, it is

only needed to ensure the convergence of mixed fluctuation moments. In most cases, see

[10, 11], this condition can be replaced with the bounded cumulants property.

Definition 4.3.17. A random matrix ensemble {{XN,i}i∈I}∞N=1 is said to have the bounded

cumulants property if for all polynomials p1, p2, p3, . . . in the algebra of non-commutative
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polynomials C 〈xi | i ∈ I〉 taking YN,k = pk({XN,i}i∈I) we have

sup
N

∣∣∣cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,n)]
∣∣∣ <∞ (4.13)

for every integer n ≥ 2.

The bounded cumulants property for the random matrix ensemble {{XN,i}i∈I}∞N=1 can

be formulated in terms of multi-linear funtionals as follows. Let A be the algebra of non-

commutative polynomials C 〈xi | i ∈ I〉 and let Ai be the algebra of polynomials C [xi] for

each i ∈ I. For each integer N ≥ 1, let us consider the n-linear map ρN : A× · · · × A → C

defined by

ρN [p1, p2, . . . , pn] = cn
[
Tr
(
p1({XN,i}i∈I)

)
, . . . ,Tr

(
pn({XN,i}i∈I)

)]
(4.14)

for all polynomials p1, p2, . . . , pn ∈ A and where cn[·, . . . , ·] denotes the classical cumulant

from Section 2.1. The random matrix ensemble {{XN,i}i∈I}∞N=1 has then the bounded cu-

mulants property if only if

sup
N
|ρN [p1, p2, . . . , pn]| <∞ (4.15)

for all p1, p2, . . . , pn ∈ A and any integer n ≥ 2. Let us now consider the joint distribution

of each family {XN,i}i∈I , the unital linear functional µN : C 〈xi | i ∈ I〉 → C defined by

µN (p) = E [tr (p ({XN,i}i∈I))]

for every polynomial p ∈ C 〈xi | i ∈ I〉. If the ensemble {{XN,i}i∈I}∞N=1 converge in distribu-

tion, i.e., limN→∞ µN [p] exists for all polynomials p ∈ A, then each polynomial pk appearing



4.3. ASYMPTOTIC FREE INDEPENDENCE OF SECOND ORDER 75

in (4.15) can be replaced by

(p
(k)
1 − µN [p

(k)
1 ])(p

(k)
2 − µN [p

(k)
2 ]) · · · (p(k)

mk
− µN [p(k)

mk
])

for some polynomials p
(k)
1 ∈ A

i
(k)
1
, p

(k)
2 ∈ A

i
(k)
2
, . . . , p

(k)
mk ∈ Ai(k)mk

and still get the bounded

cumulants property under a mild additional condition.

Proposition 4.3.18. Let A be an algebra over C and let Ai ⊂ A be a sub-algebra for

each i ∈ I so that the family of sub-algebras {Ai}i∈I generate the algebra A. Suppose

µN : A → C is linear functional and ρN : A × · · · × A → C is an n-linear functional for

each N ≥ 1 such that limN→∞ µN [p] and limN→∞ ρN [p1, p2, . . . , pn] exist for all p ∈ A, p1 ∈

Ai1 , p2 ∈ Ai2 , . . . , pn ∈ Ain with i1, i2, . . . , in ∈ I. Then the following three conditions are

equivalent:

(a) sup
N
|ρN [p1, p2, . . . , pn]| <∞ for all p1, p2, . . . , pn ∈ A

(b) sup
N
|ρN [q1, q2, . . . , qn]| <∞ if each qk is of the form

qk = p
(k)
1 p

(k)
2 · · · p(k)

mk

with p
(k)
j ∈ Ai(k)j

and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk

(c) sup
N
|ρN [qN,1, qN,2, . . . , qN,n]| <∞ if each qN,k is of the form

qN,k = (p
(k)
1 − µN [p

(k)
1 ])(p

(k)
2 − µN [p

(k)
2 ]) · · · (p(k)

mk
− µN [p(k)

mk
])

with p
(k)
j ∈ Ai(k)j

and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk

Proof. Conditions (a) and (b) are equivalent since each ρN is n-linear and the algebra A is
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generated by the sub-algebras {Ai}i∈I . We only need to prove that (a) implies (c) and (c)

implies (b).

Suppose (a) holds and let qN,k is as in (c) for k = 1, 2, . . . , n. Then, by multi-linearity,

we have

ρN [qN,1, . . . , qN,n] =
∑

J1⊂[m1],...,Jn⊂[mn]

 n∏
k=1

∏
j∈Jck

(−1)|J
c
k|µN [p

(k)
j ]

 · ρN [ ~∏
j∈J1

p
(1)
j , . . . ,

~∏
j∈Jn

p
(k)
j

]

The sum above is a finite sum and, by hypothesis, each of its elements is uniformly bounded

with respect to N . Hence, (c) follows.

Let us assume now (c) holds and let J be the set of all positive integers I satisfying the

following property: if m = m1 +m2 + · · ·+mn for some positive integers m1,m2, . . . ,mn, and

p
(k)
j ∈ Ai(k)j

for j = 1, 2, . . . ,mk and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk for k = 1, 2, . . . , n,

then supN |ρN(q1, q2, . . . , qn)| <∞ where each qk is given by qk = p
(k)
1 p

(k)
2 · · · p

(k)
mk . Note that

we are done if we show that J = {n, n+ 1, n+ 2, . . .}. By hypothesis, n belongs to J , so let

us assume n, n + 1, . . . ,m − 1 belong to J and let p
(k)
j , qN,k and qk as above. Consider the

equality

ρN [qN,1, . . . , qN,n]− ρN [q1, . . . , qn]

=
∑

J1⊂[m1],...,Jn⊂[mn]
∪nkJ

c
k 6=∅

 n∏
k=1

∏
j∈Jck

(−1)|J
c
k|µN [p

(k)
i ]

 · ρN [ ~∏
j∈J1

p
(1)
j , . . . ,

~∏
j∈Jn

p
(k)
j

]
.

given by n-linearity of ρN . Now, since (c) holds, ρN(qN,1, . . . , qN,n) is uniformly bounded

with respect to N and, by induction hypothesis, so is ρN [ ~∏
j∈J1p

(k)
j , . . . , ~∏

j∈Jnp
(k)
j ] if at least

one Jk is not [mk]. Thus, ρN(q1, . . . , qn) is also uniformly bounded with respect to N , and

hence I belongs to J .



4.3. ASYMPTOTIC FREE INDEPENDENCE OF SECOND ORDER 77

Very similar arguments show that the previous result still holds if we replace the supre-

mum by the limit.

Proposition 4.3.19. If A, Ai, µN , and ρN be as in Proposition 4.3.19, then the following

are equivalent:

(a) lim
N→∞

ρN [p1, p2, . . . , pn] exists for all p1, p2, . . . , pn ∈ A

(b) lim
N→∞

ρN [q1, q2, . . . , qn] exists if each qk is of the form

qk = p
(k)
1 p

(k)
2 · · · p(k)

mk

with p
(k)
j ∈ Ai(k)j

and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk

(c) lim
N→∞

ρN [qN,1, qN,2, . . . , qN,n] exists if each qN,k is of the form

qN,k = (p
(k)
1 − µN [p

(k)
1 ])(p

(k)
2 − µN [p

(k)
2 ]) · · · (p(k)

mk
− µN [p(k)

mk
])

with p
(k)
j ∈ Ai(k)j

and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk

Now, if each multi-linear functional ρN : A× · · ·×A → C in Proposition 4.3.18 is tracial

in each entry, i.e., for ever integer k ∈ [n] and polynomials q0, q1, . . . , qn ∈ A, we have

ρN [q1, . . . , qk−1, q0qk, qk+1, . . . , qn] = ρN [q1, . . . , qk−1, qkq0, qk+1, . . . , qn],

we can impose the condition that i
(k)
mk 6= i

(k)
1 in (b) and (c) from Proposition 4.3.18 and still

get uniform boundedness of ρN [p1, p2, . . . , pn] with respect to N .

Corollary 4.3.20. Suppose A, Ai, µN , and ρN are as in Proposition 4.3.18. If ρN is tracial

in each entry, then condition (a) from Proposition 4.3.18 is equivalent to any of the following:
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(b’) sup
N
|[q1, q2, . . . , qn]| <∞ if each qk is of the form qk = p

(k)
1 p

(k)
2 · · · p

(k)
mk with p

(k)
j ∈ Ai(k)j

and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk , and i

(k)
mk 6= i

(k)
1

(c’) sup
N
|ρN [qN,1, qN,2, . . . , qN,n]| <∞ if each qN,k is of the form

qN,k = (p
(k)
1 − µN [p

(k)
1 ])(p

(k)
2 − µN [p

(k)
2 ]) · · · (p(k)

mk
− µN [p(k)

mk
])

with p
(k)
j ∈ Ai(k)j

and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk , and i

(k)
mk 6= i

(k)
1

Proof. Note that while condition (b) from Proposition 4.3.18 allows the indexes ik1 and ikmk

to be possibly the same, condition (b’) above explicitly prohibits this. Thus, by traciality

of ρN in each entry, we have that (b’) and (b) are equivalent, and hence, it only remains to

show that (c’) above implies (c) from Proposition 4.3.18.

Assume (c’) holds and let J be the set of all positive integers I satisfying the following

property: ifm = m1+m2+· · ·+mn for some positive integersm1,m2, . . . ,mn, and p
(k)
j ∈ Ai(k)j

for j = 1, 2, . . . ,mk and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk for k = 1, 2, . . . , n, then

sup
N
|ρN [qN,1, qN,2, . . . , qN,n]| <∞ (4.16)

where each qN,k as above. By hypothesis, n belongs to J , so let us assume n, n+1, . . . ,m−1

belong to J and let p
(k)
j , qN,k and qk as above. Thus, if i

(k)
mk 6= i

(k)
1 for k = 1, 2, . . . , n,

Inequality (4.16) holds. On the other hand, if i
(k)
mk = i

(k)
1 for some k ∈ {1, 2, . . . , n}, let us

consider polynomials p̃N,k and r̃N,k given by

p̃N,k =(p(k)
mk
− µN [p(k)

mk
])(p

(k)
1 − µN [p

(k)
1 ])

r̃N,k =(p
(k)
2 − µN [p

(k)
2 ])(p

(k)
3 − µN [p

(k)
3 ]) · · · (p(k)

mk−1 − µN [p
(k)
mk−1])
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By traciality of ρN in the k-th entry, we have

ρN [qN,1, . . . , qN,k, . . . , qN,n] =ρN [qN,1, . . . , p̃N,k r̃N,k, . . . , qN,n] ;

moreover, from the relation

p̃N,k =(p(k)
mk

p
(k)
1 − µN [p(k)

mk
p

(k)
1 ]) + µN [p(k)

mk
p

(k)
1 ]− µN [p(k)

mk
]µN [p

(k)
1 ]

− µN [p(k)
mk

](p
(k)
1 − µN [p

(k)
1 ])− µN [p

(k)
1 ](p(k)

mk
− µN [p(k)

mk
])

we get the equality

ρN [qN,1, . . . , qN,n] =ρN [qN,1, . . . , (p
(k)
mk

p
(k)
1 − µN [p(k)

mk
p

(k)
1 ])̃rN,k, . . . , qN,n]

+ µN [p(k)
mk

p
(k)
1 ]ρN [qN,1, . . . , r̃N,k, . . . , qN,n]

− µN [p(k)
mk

]µN [p
(k)
1 ]ρN [qN,1, . . . , r̃N,k, . . . , qN,n]

− µN [p
(k)
1 ]ρN [qN,1, . . . , (p

(k)
mk
− µN [p(k)

mk
])̃rN,k, . . . , qN,n]

− µN [p(k)
mk

]ρN [qN,1, . . . , (p
(k)
1 − µN [p

(k)
1 ])̃rN,k, . . . , qN,n]

by linearity of ρN in the k-th entry. But then, by induction hypothesis, every element in the

right hand side of the equality above is uniformly bounded with respect to N , and therefore,

so is ρN [qN,1, . . . , qN,n].

4.4 Asymptotic liberation of deterministic matrices

The notion of asymptotically liberating random matrix ensemble, introduced by G. Anderson

and B. Farren in [1], aims to enclose those random unitary matrix ensembles that give rise
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to asymptotic free independence when used for conjugation of constant matrices, a feature

already seen in matrix ensembles composed of independent Haar-unitary random matrices

or independent Haar-orthogonal random matrices. As we describe next, this notion arises

naturally from the application of Corollary 3.2.5 to random matrices.

Let I be an index set. Assume DN,i is a deterministic matrix in MatN (C) and UN,i is

a random unitary matrix in MatN (L∞−) for each index i ∈ I and each integer N ≥ 1. We

would like to find sufficient conditions for the random matrix ensembles {U∗N,iDN,iUN,i}∞N=1

with i ∈ I to be asymptotically freely independent. To that end, let us consider the joint dis-

tribution of the collection of random matrices {U∗N,iDN,iUN,i}i∈I , the unital linear functional

µN : C 〈xi | i ∈ I〉 → C given by

µN (p) := E
[
tr
(
p
(
{U∗N,iDN,iUN,i}i∈I

))]
for every polynomial p ∈ C 〈xi | i ∈ I〉. By Corollary 3.2.5, the random matrix ensembles

{U∗N,iDN,iUN,i}∞N=1 with i ∈ I are asymptotically freely independent if and only if the fol-

lowing two conditions hold:

(i) lim
N→∞

µN(xki ) exists for every integer k ≥ 1 and every index i ∈ I and

(ii) lim
N→∞

µN ((p1 − µN(p1))(p2 − µN(p2)) · · · (pm − µN(pm))) = 0 for all integers m ≥ 2,

indexes i1, . . . , im ∈ I with i1 6= i2, . . ., im−1 6= im, and polynomials p1 ∈ C[xi1 ], p2 ∈

C[xi2 ], . . . , pm ∈ C[xim ].

Note that conjugation by unitary matrices does not modify individual distribution, meaning

that for each index i ∈ I we have

µN(xki ) = E
[
tr((U∗N,iDN,iUN,i)

k)
]

= tr(Dk
N,i)
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for every integer k ≥ 1, and hence, since the condition (i) above must hold, we have to assume

each matrix ensemble {DN,i}∞N=1 has a limiting distribution, i.e., limN→∞ tr(Dk
N,i) exists for

every integer k ≥ 1. Therefore, the feature of unitary ensembles inducing asymptotic free

independence on constant matrices relies primarily on whether or not the unitary ensembles

make the condition (ii) above hold. Suppose p1, p2, . . . , pm are polynomials as in (ii) above

and note that if q ∈ C[xi′ ] for some i′ ∈ I, then

q
(
{U∗N,iDN,iUN,i}i∈I

)
= q

(
U∗N,i′DN,i′UN,i′

)
= U∗N,i′q

(
DN,i′

)
UN,i′ .

Thus, letting qN,k = pk − µN(pk) ∈ C[xik ] and AN,k = qN,k
(
DN,ik

)
for 1 ≤ k ≤ m, we have

µN (qN,1qN,2 · · · qN,m) = E
[
tr
(
(U∗N,i1AN,1UN,i1)(U

∗
N,i2

AN,2UN,i2) · · · (U
∗
N,imAN,mUN,im)

)]
.

Moreover, each matrix AN,k is of trace zero since µN(pk) = tr (pk(DN,ik)) implies AN,k =

pk(DN,ik) − tr(pk(DN,ik))IN . Therefore, the random matrix ensembles {U∗N,iDN,iUN,i}∞N=1

with i ∈ I are asymptotically freely independent provided

lim
N→∞

1

N
E
[
Tr
(
(U∗N,i1AN,1UN,i1) · · · (U

∗
N,imAN,mUN,im)

)]
= 0 (4.17)

for all indexes i1, . . . , im ∈ I satisfying i1 6= i2, . . ., im−1 6= im and matrices AN,1, . . . , AN,m ∈

MatN(C) of trace zero.

Definition 4.4.1. Let {UN,i}i∈I be a family of N -by-N random unitary matrices for each

integer N ≥ 1. The random unitary matrix ensemble {{UN,i}i∈I}∞N=1 is said to be asymp-

totically liberating if for every integer m ≥ 2 and indexes i1, . . . , im ∈ I satisfying i1 6=

i2, . . . , im−1 6= im, there exists a constant C(i1, . . . , im) depending only on the m-tuple
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(i1, i2, . . . , im) such that

∣∣∣E[Tr(UN,i1AN,1U
∗
N,i1
· · ·UN,imAN,mU

∗
N,im)

]∣∣∣ ≤ C(i1, . . . , im)
m∏
k=1

‖AN,k‖ (4.18)

for all integers N ≥ 1 and matrices AN,1, . . . , AN,m ∈ MatN(C) of trace zero.

In view of (4.17) and (4.18), to conclude that random matrix ensembles {UN,iDN,iU
∗
N,i}∞N=1

with i ∈ I are asymptotically free, provided {{UN,i}i∈I}∞N=1 is asymptotically liberating and

limN→∞ tr(Dk
N,i) exists for every integer k ≥ 1 and every index i ∈ I, we still need a condi-

tion ensuring that if AN,k = pk(DN,ik)− tr(pk(DN,ik))IN for any given polynomial pk ∈ C[x]

and index ik ∈ I with k = 1, 2, . . . ,m, then

sup
N≥1

m∏
k=1

‖AN,k‖ <∞.

Note that if p(x) =
∑n

j=0 αjx
j ∈ C[x] and we take AN = p(DN,i)− tr(p(DN,i))IN , then

‖AN‖ ≤ ‖p(DN,i)‖+ ‖tr(p(DN,i))IN‖ ≤ 2
n∑
j=0

|αj|‖DN,i‖j.

Therefore, the desired condition is the uniform boundedness of each sequence {DN,i}∞N=1

with respect to the operator norm, namely, supN≥1‖DN,i‖ <∞.

Theorem 4.4.2. Let {DN,i}i∈I be a family of N -by-N deterministic matrices for each integer

N ≥ 1 such that supN≥1‖DN,i‖ < ∞ and limN→∞tr(Dk
N,i) exists for ever integer k ≥ 1 and

every index i ∈ I. If {{UN,i}i∈I}∞N=1 is an asymptotically liberating random unitary matrix

ensemble, then {UN,iDN,iU
∗
N,i}∞N=1 with i ∈ I are asymptotically freely independent.

Although conjugation of constant matrices by any asymptotically liberating ensemble

does give rise to asymptotic free independence, provided individual distributions exist and
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each ensemble is uniformly bounded with respect to the operator norm, nothing has been said

about the existence of liberating ensembles. Moreover, matrix ensembles composed of inde-

pendent Haar-unitary random matrices, or independent Haar-orthogonal random matrices,

should be asymptotically liberating since we want the notion of asymptotically liberating

ensemble to enclose those random unitary matrix ensembles that induce asymptotic free

independence when used for conjugation. The next theorem, due to G. Anderson and B.

Farren in [1], addresses these two concerns by establishing sufficient conditions on a random

unitary matrix ensemble {{UN,i}i∈I}∞N=1 to be asymptotically liberating.

Theorem 4.4.3. Let {UN,i}i∈I be a family of N -by-N random unitary matrices for each

integer N ≥ 1. Suppose the following two conditions hold:

(I) for every integer N ≥ 1 and every signed permutation matrix W ∈ MatN(C) the

families {U∗N,i1UN,i2}i1,i2∈I and {W∗U∗N,i1UN,i2W}i1,i2∈I are equal in distribution and

(II) for all integers p ≥ 1 and indexes i1, i2 ∈ I with i1 6= i2 we have

sup
N≥1

max
1≤j1,j2≤N

√
N
∥∥(U∗N,i1UN,i2) (j1, j2)

∥∥
p
<∞

Then the ensemble {{UN,i}i∈I}∞N=1 is asymptotically liberating.

Note that matrix ensembles composed of independent Haar-unitary random matrices,

or independent Haar-orthogonal random matrices, are asymptotically liberating. Suppose

UN,i1 and UN,i2 are independent Haar-unitary (resp. Haar-orthogonal) random matrices.

Then U∗N,i1UN,i2 is also Haar-unitary (resp. Haar-orthogonal), and hence, U∗N,i1UN,i2 satisfies

(I) and (II) above. The distribution of U∗N,i1UN,i2 is unitarily-invariant and each entry of

a Haar-unitary (resp. Haar-orthogonal) is approximately a centered complex (resp. real)

Gaussian random variable of variance 1/N .
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Another ensemble known to be asymptotically liberating is the unitary random matrix

ensemble {WN , HNWN/
√
N,XNHNWN/

√
N}∞N=1 where WN is a random N -by-N signed

permutation matrix, XN is a random N -by-N signature matrix independent from WN , and

HN is the N -by-N Discrete Fourier Transform matrix. This is actually a consequence of a

more general result due to G. Anderson and B. Farrel in [1] that we state next.

Theorem 4.4.4. Suppose WN is an N -by-N uniformly distributed random signed permu-

tation matrix, {XN,i}i∈I is a family of independent N -by-N uniformly distributed signature

matrices independent from WN , and HN ∈ MatN(C) is a complex Hadamard matrix for each

integer N ≥ 1. Then the random unitary matrix ensemble

{{
WN ,

1√
N
HNWN

}
∪
{

1√
N
XN,iHNWN | i ∈ I

}}∞
N=1

satisfies hypothesis (I) and (II) from Theorem 4.4.3, and therefore, it is asymptotically

liberating.

We end this section with a proposition that allows to reformulate the notion of asymp-

totically liberating ensemble. By traciality, the constants C(i1, . . . , im) from Definition 4.4.1

can be taken with or without the additional condition that im 6= i1.

Proposition 4.4.5. A random unitary matrix ensemble {{UN,i}i∈I} is asymptotically lib-

erating (if and only) if for every integer m ≥ 2 and indexes i1, . . . , im ∈ I satisfying

i1 6= i2, i2 6= i3, . . . , im−1 6= im, and im 6= i1 there exists a constant C(i1, . . . , im), depending

only on (i1, . . . , im) such that inequality (4.18) holds for all positive integers N ≥ 1 and

N -by-N complex matrices AN,1, . . . , AN,m of trace zero.

Proof. Let J be the set of all positive integers m ≥ 2 satisfying the following property: if

the indexes i1, . . . , im ∈ I satisfy i1 6= i2, i2 6= i3, . . . , im−1 6= im, there exists a constant
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C(i1, . . . , im) independent from N such that

∣∣∣E[Tr(UN,i1AN,1U
∗
N,i1
· · ·UN,imAN,mU

∗
N,im)

]∣∣∣ ≤ C(i1, . . . , im)
m∏
k=1

‖AN,k‖ (4.19)

for all integers N ≥ 1 and matrices AN,1, . . . , AN,m ∈ MatN(C) of trace zero. We will show

that J = {m ∈ N | m ≥ 2}.

Suppose 2, 3, . . . ,m − 1 belong to J and assume we are given indexes i1, . . . , im ∈ I

satisfying i1 6= i2, i2 6= i3, . . . , im−1 6= im and matrices AN,1, AN,2, . . . , AN,m ∈ MatN(C) of

trace zero. By hypothesis, if i1 6= im, there is a constant C(i1, . . . , im) such that (4.19) holds,

so we can assume i1 = im; moreover, if m = 2 and i1 = im, then we have

∣∣E[Tr(UN,i1AN,1U
∗
N,i1

UN,i2AN,2U
∗
N,i2

)
]∣∣ =

∣∣Tr(AN,1AN,2)
∣∣ ≤ ∥∥AN,1∥∥∥∥AN,2∥∥,

so we can further assume m ≥ 3. Now, consider the matrices XN and AN given by

XN = (UN,i2AN,2U
∗
N,i2

)(UN,i3AN,3U
∗
N,i3

) · · · (UN,im−1
AN,m−1U

∗
N,im−1

)

and

AN = AN,mAN,1 −
1

N
Tr(AN,mAN,1)IN ,

and not that

Tr
(
UN,i1AN,1U

∗
N,i1

UN,i2AN,2 · · ·UN,imAN,mU
∗
N,im

)
= Tr

(
UN,imAN,mU

∗
N,imUN,i1AN,1U

∗
N,i1

XN

)
.

Moreover, since i1 = im, we have U∗N,imUN,i1 = IN , and hence, by linearity of the trace, we
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get

Tr
(
UN,imAN,mU

∗
N,imUN,i1AN,1U

∗
N,i1

XN

)
= Tr

(
UN,i1ANU

∗
N,i1

XN

)
+

1

N
Tr (AN,mAN,1) Tr (XN)

By induction hypothesis, m−1 and m−2 belong to J , so there are constants C(i1, . . . , im−1)

and C(i2, . . . , im−1) independent from N such that

∣∣E[Tr(UN,i1ANU
∗
N,i1

XN)
]∣∣ ≤ C(i1, . . . , im−1)‖AN‖

m−1∏
k=2

‖AN,k‖

and ∣∣E[Tr(XN)
]∣∣ ≤ C(i2, . . . , im−1)

m−1∏
k=2

‖AN,k‖.

Thus, since
∣∣ 1
N

Tr(AN,mAN,1)
∣∣ ≤ ‖AN,m‖‖AN,1‖ and ‖AN‖ ≤ 2‖AN,m‖‖AN,1‖, if we take x

C(i1, . . . , im) = 2C(i1, . . . , im−1) + C(i2, . . . , im−1), we obtain

∣∣E[Tr(UN,i1AN,1U
∗
N,i1
· · ·UN,imAN,mU

∗
N,im)

]∣∣ ≤ C(i1, . . . , im)
m∏
k=1

‖Ak‖ .

Therefore, m belongs to J , and by induction on m, we conclude J = {m ∈ N | m ≥ 2}.
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Chapter 5

Graph Sums of Square Matrices

In this chapter, we review and prove some useful results on graph sums of square matrices.

A graph sum of given matrices A1, A2, . . . , Am ∈ MatN(C) is a sum of the form

∑
j:[±m]→[N ]

ker(j)≥π

A1(j−1, j1)A2(j−2, j2) · · ·Am(j−m, jm) =
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk) (5.1)

for some partition π ∈ P (±m). Note that the condition ker (j) ≥ π in the sum above is

simply a restatement of a set of equalities between the indexes j±k. For example, if we let

π = {{1,−2}, {2,−3}, . . . , {m − 1,−m}, {m,−1}}, then ker (j) ≥ π only if j1 = j−2, j2 =

j−3, . . . , jm−1 = j−m, and jm = j−1, and thus we get

∑
j:[±m]→[N ]

ker(j)≥π

m∏
k=1

Ak(j−k, jk) = Tr (A1A2 · · ·Am) .

It is worth mentioning that although the labeling of the entries of Ak in (5.1) is not customary,

it has proven to be suitable for many of our calculations; moreover, for a bijection σ : [±m]→
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S, the relation

∑
j:S→[N ]
ker(j)≥π̂

m∏
k=1

Ak(jσ(−k), jσ(k)) =
∑

j:[±m]→[N ]
ker(j)≥σ−1◦π̂

m∏
k=1

Ak(j−k, jk) ∀π̂ ∈ P (S) (5.2)

provides the link between the labeling of the entries of Ak in (5.1) and any other labeling.

For instance, if σ : [±m]→ [2m] is given by σ(−k) = 2k − 1 and σ(k) = 2k for 1 ≤ k ≤ m,

then

∑
j:[2m]→[N ]

ker(j)≥π̂

m∏
k=1

Ak(j2k−1, j2k) = Tr (A1) Tr (A2) · · ·Tr (Am) =
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

where π̂ = {{1, 2}, {3, 4}, . . . , {2m − 1, 2m}} and π = σ−1 ◦ π̂ = {{−1, 1}, {−2, 2}, . . . ,

{−m,m}}. The type of sums above are named graph sums because they can be associated

to certain graphs that, as we will see next, help us analyze the corresponding sums.

5.1 Bounds of graph sums of general square matrices

Suppose we are given a partition π in P (±m) and let #(π) denote the number of blocks of

π. Note that, for all integers N ≥ 1 and all matrices A1, A2, . . . , Am ∈ MatN(C), we have

∣∣∣∣∣∣∣∣
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

∣∣∣∣∣∣∣∣ ≤ N#(π)

m∏
k=1

‖Ak‖ ≤ N2m

m∏
k=1

‖Ak‖ (5.3)
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since #(π) ≤ 2m and |Ak(j−k, jk)| ≤ ‖Ak‖ for any matrix Ak ∈ MatN(C). Thus, we might

ask for the least number τ ≥ 0 such that the inequality

∣∣∣∣∣∣∣∣
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

∣∣∣∣∣∣∣∣ ≤ N τ

m∏
k=1

‖Ak‖ (5.4)

holds for all integers N ≥ 1 and all matrices A1, A2, . . . , Am ∈ MatN(C). The minimal τ ≥ 0

satisfying (5.4) always exists since (5.3) holds, so we call such minimal τ the graph sum

exponent of π and denote it by τπ.

A main result in [14] states that the graph sum exponent τπ can be algorithmically

computed analyzing the two-edge connectedness of a graph associated to π. For the reader’s

convenience, we recount the algorithm from [14] next.

Step 1. Given a partition π ∈ P (±m), consider the undirected graph Gπ resulting from,

first, taking edges E1, E2, . . . , Em with endpoints −1,+1,−2,+2, . . . ,−m,+m, re-

spectively, and, then, identifying endpoints when they belong to the same block of

π.

Step 2. Identify the cutting-edges and the two-edge connected components of Gπ. Recall that

a cutting-edge of a graph, also known as a bridge, is an edge whose removal increases

the number of connected components. Moreover, a graph is two-edge connected if

it is connected and has no cutting-edges, and, consequently, a two-edge connected

component of a graph is a subgraph that is maximal, under the usual graph inclusion,

in the set of all two-edge connected subgraphs.

Step 3. Letting Fπ denote the graph with vertex set given by the set of all two-edge connected

components of Gπ and edge set given by the set of all cutting-edges of Gπ, the graph
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sum exponent τπ is given by

τπ =
∑

v vertex in Fπ

l(v) where l(v) :=


1
2

if deg(v) = 1,

1 if deg(v) = 0,

0 otherwise.

(5.5)

and deg(v) denotes the degree of the vertex v in the graph Fπ.

Example. The undirected graph Gπ associated to the partition

π =

 {−3}, {+3,+1,−2}, {−5,−1,−7,−4}, {+7}, {+2,+4}, {+6},

{−6,+5,+8}, {−8}, {−10,+12}, {+10,−12}, {−11,+11,−9}, {+9}

 ∈ P (±12)

can be represented as

{-3} {+3,+1,-2}

{+6} {-6,+5,+8}

{+2,+4}

{+10,-12}

{-10,+12}{+7}

{-5,-1,-7,-4}

{+9}

{-11,+11,-9}

{-8}

E3

E2

E6 E8

E4

E1

E5

E7

E10 E12

E11

E9

Hence, the cutting-edges of Gπ are E3, E5, E6, E7, E8, and E9; moreover, the two-edge

connected components of Gπ are exactly what remains of Gπ after removing all of its cutting-

edges. The graph Fπ can be obtained from Gπ by shrinking each of the two-edge connected

components of Gπ to a vertex, and thus, if we represent the cutting-edges of Gπ with dashed

lines, we obtain

1/2 0 1/2

1/2

0

1

1/2

1/2
1/2

E3

E6 E8

E5

E7

E9

E3

E2

E6 E8

E4

E1

E5

E7

E10 E12

E11

E9
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where Fπ is the graph on the right and next to each of its vertexes we have placed the

corresponding contribution l(v) to the graph sum exponent τπ. Therefore, we have τπ = 4.

The main result in [14] concerns more general graph sums, allowing the matrices Ak

in (5.1) to be rectangular and not necessarily square. For graph sums of square matrices,

however, the result takes the following form.

Theorem 5.1.1. Suppose π is a partition in P (±m). If τπ is computed as above, i.e., τπ is

given by (5.5), then the following two conditions hold:

(a) for all integers N ≥ 1 and all matrices A1, A2, . . . , Am ∈ MatN(C) we have

∣∣∣∣∣∣∣∣
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

∣∣∣∣∣∣∣∣ ≤ N τπ

m∏
k=1

‖Ak‖;

(b) if τ ≥ 0 satisfies ∣∣∣∣∣∣∣∣
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

∣∣∣∣∣∣∣∣ ≤ N τ

m∏
k=1

‖Ak‖

for all integers N ≥ 1 and all matrices A1, A2, . . . , Am ∈ MatN(C), then τπ ≤ τ .

Proposition 5.1.2. If π ∈ P (±m) is an even partition, then the graph sum exponent τπ

equals the number of connected components of Gπ.

Proof. By Equation (5.5), it suffices to show that the graph Gπ has no cutting-edges. Suppose

Gπ has a cutting-edge. If we remove such cutting-edge, we get two disjoint graphs, each of

which has one single vertex of odd degree and the other vertexes of even degree. But, this

contradicts the handshaking lemma that in any graph the sum of degrees over all its vertices
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must be even. Thus, Gπ has no cutting-edges, and hence all its connected components are

two-edge connected.

Remark 5.1.3. Resulting from endowing each edge Ek in the graph Gπ with the direction

that goes from +k to −k, the directed graph ~Gπ can sometimes be used to describe the

corresponding graph sum. In particular, a graph sum factors as a product of traces of

matrices when all connected components of Gπ are bouquets, to which we refer as multiple-

loops, or cycles, each connected component gives rise to a trace. For example, for the

partition

π = {{1,−6}, {6, 5}, {−5, 7}, {−7,−1, }, {−2, 3}, {−3, 2}, {−4, 4}}

and given matrices A1, A2, . . . , A7 ∈ MatN(C), we have the graph sum

∑
j:[±7]→[N ]
ker(j)≥π

7∏
k=1

Ak(j−k, jk) = Tr
(
A1A6A

T
5A

T
7

)
Tr (A2A3) Tr (A4 ◦ A8) (5.6)

where the right hand side can be deduced from analyzing the directed graph ~Gπ as follows:

1. The corresponding directed graph ~Gπ has exactly three connected components, two

cycles and one double-loop, and can be represented as

E3

E2

E7

E1 E6

E5

{+7,-5}
{+2,-3}

{-2,+3}

{+6,+5}

{+1,-6}

{-7,-1}

E4

E8

-4,+4,
-8,+8{     }

Each cycle and each one multiple-loop gives rise to a trace in the right hand side of

(5.6).



5.1. BOUNDS OF GRAPH SUMS OF GENERAL SQUARE MATRICES 93

2. If a connected component of ~Gπ is a cycle, we unfold it to obtain a horizontal line and

replace each edge Ek by the matrix Ak if the direction of Ek goes from right to left

in the horizontal line, otherwise, we replace Ek by ATk , the transpose of Ak. We then

put the matrices Ak or ATk in a trace Tr (·) as they appear when we read the resulting

horizontal line from left to right. For instance, the longest cycle of ~Gπ gives

E7 E1 E6 E5
{+7}

{+6,+5}{+1,-6}{-7,-1}

{-5}

AT7 A1 A6 AT5

And so, we obtain the trace Tr
(
AT7A1A6A

T
5

)
in (5.6). Note that Tr

(
A1A6A

T
5A

T
7

)
and

Tr (A2A2) do not depend on how the cycles in ~Gπ are unfolded since for any matrices

A,B ∈ MatN(C) we have Tr (AB) = Tr (BA), Tr (A) = Tr
(
AT
)
, and (AB)T = BTAT .

3. On the other hand, a multiple-loop in ~Gπ with edges Ek1 , Ek2 , . . . , Ekn yields to the

trace of the Hadamard product of Ak1 , Ak2 , . . . , Akn . This way, we get Tr (A4 ◦ A8) in

(5.6).

Thus, if π is now given by

π = {{−1,+6}, {+1,−6}, {−2,−7}, {+2,+7}, {−3,+3,−5,+5}, {−4,+4}},

the corresponding directed graph ~Gπ can be represented as

E6

E1

E7

E2 E3 E5 E4

{-1,+6}

{+1,-6} {-2,-7}

{+2,+7}

{-4,+4}{-3,+3,-5,+5}

and hence, we obtain

∑
j:[±7]→[N ]
ker(j)≥π

7∏
k=1

Ak(j−k, jk) = Tr (A1A6) Tr
(
A2A

T
7

)
Tr (A3 ◦ A5) Tr (A4) .
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5.2 Bounds of graph sums of The Discrete Fourier Transform

Although the bound for graph sums given by Theorem 5.1.1 is optimal in the set of all square

matrices, it might not optimal for some graph sums involving the Discrete Fourier Transform

matrix. Let us recall that the N -by-N Discrete Fourier Transform matrix is the symmetric

matrix H with entries given by

H(j1, j2) = ω(j1−1)(j2−1) (5.7)

where ω = exp(−2π
N

√
−1) is a primitive N -th root of unity. Now, letting h(j) be given by

h(j) =
m∏
k=1

H(j−2k+1, j2k−1)H∗(j−2k, j2k) (5.8)

for each function j : [±2m]→ [N ], Theorem 5.1.1 gives us that

∣∣∣∣∣∣∣∣
∑

j:[±2m]→[N ]
ker(j)≥π

h(j)

∣∣∣∣∣∣∣∣ ≤ N τπ

m∏
k=1

‖H‖
m∏
k=1

‖H∗‖ = Nm+τπ (5.9)

for any partition π ∈ P (±2m); on the other hand, since h(j) has absolute value 1, we also

obtain ∣∣∣∣∣∣∣∣
∑

j:[±2m]→[N ]
ker(j)≥π

h(j)

∣∣∣∣∣∣∣∣ ≤
∑

j:[±2m]→[N ]
ker(j)≥π

1 = N#(π). (5.10)

Thus, if π is the partition {{2k−1,−2k+1, 2k,−2k} | k = 1, 2, . . . ,m}, then the graph sum

exponent τπ equals m, and hence τπ + m = 2m, but also #(π) = m, so (5.10) is a sharper
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bound than (5.9) in this case. In general, we prefer (5.10) over (5.9) since (5.10) is invariant

under re-labeling of the entries of H and H∗ in (5.8), namely, if σ : [±2m] → [±2m] is

bijective and we take

h(j ◦ σ) =
m∏
k=1

H(jσ(−2k+1), jσ(2k−1))H
∗(jσ(−2k), jσ(2k))

for any function j : [±2m]→ [N ], then the inequality in (5.10) implies

∣∣∣∣∣∣∣∣
∑

j:[±2m]→[N ]
ker(j)≥π

h(j ◦ σ)

∣∣∣∣∣∣∣∣ ≤ N#(σ−1◦π) = N#(π)

since we have the relation

∑
j:[±2m]→[N ]

ker(j)≥π

h(j ◦ σ) =
∑

j:[±2m]→[N ]
ker(j)≥σ−1◦π

h(j). (5.11)

Moreover, in the proof of Theorem 1.2.1, we will need to consider sums of the form

∑
j:[±2m]→[N ]

ker(j)=π

h(j ◦ σ) =
∑

j:[±2m]→[N ]
ker(j)=σ−1◦π

h(j) (5.12)

where m = m1+m2 for some integers m1,m2 ≥ 1 and σ : [±2m]→ [±2m] is the permutation

with cycle decomposition given by

σ = (−1, 1,−2, 2, . . . ,−2m1, 2m1)(−2m1 − 1, 2m1 + 1, . . . ,−2m1 − 2m2, 2m1 + 2m2).

(5.13)
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Although the sum in (5.12) is not a graph sum, it can be determined up to a term of order

N#π−1 analyzing (5.11) since for every partition π ∈ P (±2m) we have

∑
j:[±2m]→[N ]

ker(j)=π

h(j) =
∑

j:[±2m]→[N ]
ker(j)≥π

h(j) −
∑

θ∈P (±2m)
θ>π

∑
j:[±2m]→[N ]

ker(j)=θ

h(j). (5.14)

The rest of this section is devoted to find and classify partitions π such that (5.10) becomes

an equality. To do that, let us first associate a polynomial to each partition π ∈ P (±2m).

The polynomial pπ

Given a partition π = {B1, B2, . . . , Br} ∈ P (±2m), we let pπ(x1, x2, . . . , xr), or simply pπ,

be the polynomial obtained from the expression

−x−1x1 + x−2x2 − x−3x3 + · · ·+ x−2mx2m (5.15)

after replacing each variable xk by xl whenever k belongs to the block Bl. For instance, if

π = {B1 = {−1, 3}, B2 = {−3, 1}, B3 = {−2, 2}, B4 = {−4, 4}}, then

pπ(x1, x2, x3, x4) = −x1x2 + x3x3 − x2x1 + x4x4.

Equivalently, the polynomial pπ(x1, x2, . . . , xr) is the image of (5.15) under the unique ho-

momorphism from Z [x−1, x1, . . . , x−2m, x2m] to Z[x1, x2, . . . , xr] such that xk 7→ xl whenever

k ∈ Bl. Note that pπ(x1, x2, . . . , xr) has degree either 0 or 2 and can also be explicitly defined

as

pπ(x1, x2, . . . , xr) =
∑

1≤t≤s≤r

at,sxtxs (5.16)
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where

at,t =
∑
k∈[2m]
−k,k∈Bt

(−1)k and at,s =
∑
k∈[2m]

−k∈Bt,k∈Bs

(−1)k +
∑
l∈[2m]

l∈Bt,−l∈Bs

(−1)l for t 6= s; (5.17)

moreover, pπ(x1, x2, . . . , xr) satisfies the relation

∑
j:[±2m]→[N ]

ker(j)≥π

h(j) =
N−1∑

j1,j2,...,jr=0

e
2π
√
−1

N
pπ(j1,j2,...,jr). (5.18)

Therefore, (5.10) becomes an equality precisely when pπ(x1, x2, . . . , xr) is the zero polynomial.

On the other hand, if pπ(x1, x2, . . . , xr) is a non-zero polynomial, we can then find a sharper

bound than (5.10) via the reciprocity theorem for generalized Gauss sums, see [3, Section

1.2] for a proof of this theorem.

The reciprocity theorem for generalized Gauss sums. Suppose a, b, c are integers with

a, c 6= 0 and ac+ b even. Then

S(a, b, c) :=

|c|−1∑
j=0

eπ
√
−1aj

2+bj
c =

∣∣∣ c
a

∣∣∣ 12 eπ√−1
|ac|−b2

4ac

|a|−1∑
j=0

eπ
√
−1−cj

2−bj
a (5.19)

Proposition 5.2.1. If p(x1, x2, . . . , xr) is a non-zero polynomial of degree at most 2 in the

algebra of polynomials with integer coefficients Z [x1, x2, . . . , xr], then there exist a constant

Cp independent of N such that

∣∣∣∣∣
N−1∑

j1,j2,...,jr=0

e−
2π
√
−1

N
p(j1,j2,...,jr)

∣∣∣∣∣ ≤ CpN
r− 1

2 .

Proof. Suppose p(x1, . . . , xr) ∈ Z [x1, . . . , xr] is a non-zero polynomial of degree at most
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2. Without loss of generality, we can assume that there is a non-zero linear polynomial

q1(x1, . . . , xr) = α1x1 +α2x2 + · · ·+αrxr ∈ Z [x1, x2, . . . , xr] and a polynomial q2(x2, . . . , xr) ∈

Z [x2, x3, . . . , xr] of degree at most 2 such that

p(x1, . . . , xr) = x1q1(x1, . . . , xr) + q2(x2, . . . , xr).

Since we have the inequality

∣∣∣∣∣
N−1∑

j1,j2,...,jr=0

e−
2π
√
−1

N
p(j1,j2,...,jr)

∣∣∣∣∣ ≤
N−1∑

j2,...,jr=0

∣∣∣∣∣
N−1∑
j1=0

e−
2π
√
−1

N
j1q1(j1,j2,...,jr)

∣∣∣∣∣,
we only need to show that there is a constant Cp independent from N such that

N−1∑
j2,...,jr=0

∣∣∣∣∣
N−1∑
j1=0

e−
2π
√
−1

N
j1q1(j1,j2,...,jr)

∣∣∣∣∣ ≤ CpN
r− 1

2 .

Suppose α1 6= 0. Then, we have that

N−1∑
j1=0

e−
2π
√
−1

N
j1q(j1,j2,...,jm) =

N−1∑
j1=0

eπ
√
−1
−2α1j

2
1−2

∑r
k=2 αkjkj1

N = S

(
−2α1,−2

r∑
k=2

αkjk, N

)

where S(a, b, c) denotes the generalized Gauss quadratic sum as in (5.19). Thus, by the

reciprocity theorem for generalized Gauss sums, we get

∣∣∣∣∣S
(
−2α1,−2

r∑
k=2

αkjk, N

)∣∣∣∣∣ ≤
∣∣∣∣ N

−2a1

∣∣∣∣ 12 |−2a1| = |2α1N |
1
2 ,
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and therefore, we obtain

N−1∑
j2,...,jr=0

∣∣∣∣∣
N−1∑
j1=0

e−
2π
√
−1

N
j1q1(j1,j2,...,jr)

∣∣∣∣∣ ≤ |2α1|
1
2N r− 1

2 .

Now, suppose α1 = 0. Recall that

N−1∑
j1=0

e−
2π
√
−1

N
j1q1(j1,j2,...,jr) =

 N, if q1(j1, . . . , jr) =
∑r

l=2 αljl ≡ 0 mod N

0, otherwise

So, we have

N−1∑
j2,...,jr=0

∣∣∣∣∣
N−1∑
j1=0

e−
2π
√
−1

N
j1q1(j1,...,jr)

∣∣∣∣∣ =

N ·#

{
(j2, . . . , jr) ∈ [0, N − 1]r−1 :

r∑
l=2

αljl ≡ 0 mod N

}
.

But, since the polynomial q1(x1, . . . , xr) = α1x1 + · · ·+αrxr is non-zero, we must have αk 6= 0

for some k 6= 1, and hence, the equation

αkx + β ≡ 0 mod N

has at most |αk| solutions in the set {0, 1, . . . , N − 1} for any given integer β. Thus, we have

#

(j2, . . . , jr) ∈ [0, N − 1]r−1 : αkjk +
r∑
l=2
l 6=k

αljl ≡ 0 mod N

 ≤ |αk|N r−2,
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and therefore, we get

N−1∑
j2,...,jr=0

∣∣∣∣∣
N−1∑
j1=0

e−
2π
√
−1

N
j1q1(j1,j2,...,jr)

∣∣∣∣∣ ≤ |αk|N r−1.

As an immediate consequence from (5.14), (5.18), and Proposition 5.2.1, we have the

following.

Corollary 5.2.2. If pπ(x1, x2, . . . , xr) is a non-zero polynomial for some given partition

π = {B1, B2, . . . , Br} ∈ P (±2m), then there is a constant C independent from N so that

∣∣∣∣∣∣∣∣
∑

j:[±2m]→[N ]
ker(j)=π

h(j)

∣∣∣∣∣∣∣∣ ≤ CN#(π)− 1
2 .

The next two propositions establish necessary and sufficient conditions for the polynomial

pπ(x1, x2, . . . , xr) to be zero. Roughly speaking, the polynomial pπ(x1, x2, . . . , xr) is zero if

only and if the blocks of the partition π group the elements of the set [±2m] in such a way

that the positive and negative signs appearing in (5.15) cancel each other out.

Proposition 5.2.3. Suppose π = {B1, B2, . . . , B2m} is a pairing partition in P (±2m). Then

the polynomial pπ(x1, x2, . . . , x2m) is zero if and only if π is a symmetric partition such that

k ∼π l implies k + l odd for all integers k, l ∈ [±2m].

Proof. Suppose pπ(x1, x2, . . . , x2m) is the zero polynomial and take at,s as (5.17) for 1 ≤

t ≤ s ≤ 2m. To prove π is a symmetric partition such that k ∼π l implies k + l odd

for all integers k, l ∈ [±2m], it suffices to show that for every integer k ∈ [2m] there exist

an integer l ∈ [2m] such that k + l is odd and either k ∼π l and −k ∼π −l or k ∼π −l
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and −k ∼π l. Fix k ∈ [2m] and let t′, s′ ∈ [2m] such that k ∈ Bt′ and −k ∈ Bs′ . Since

pπ(x1, . . . , x2m) =
∑

1≤t≤s≤r at,sxtxs is the zero polynomial, we must have at′,s′ = 0. Now, if

t′ 6= s′, from (5.17) we get that

at′,s′ = (−1)k +
∑

l∈[2m]\{k}
l∈Bt′ ,−l∈Bs′

(−1)l +
∑
l∈[2m]

−l∈Bt′ ,l∈Bs′

(−1)l = 0,

which implies there exists l ∈ [2m] such that (−1)k + (−1)l is zero and either l ∈ Bt′ and

−l ∈ Bs′ or −l ∈ Bt′ and l ∈ Bs′ . But this is equivalent to the desired conclusion. A similar

argument works for the case s = t.

Now, if the partition π is a symmetric pairing in P (±2m) such that k ∼π l implies k+l odd

for all integers k, l ∈ [±2m], we can write π = {B1, B2, . . . , B2m} with B1 = {−k1,−l1}, B2 =

{k1, l1}, B3 = {−k2,−l2}, B2 = {k2, l2}, . . . , B2m = {km, l2m} and k1, l1, k2, l2, . . . , lm ∈

[±2m] satisfying ki + li odd for i = 1, 2, . . . ,m. Moreover, since
⋃2m
i=1Bi = [±2m] and

(−1)k = (−1)−k for k ∈ [±2m], we have

−x−1x1 + x−2x2 − x−3x3 + · · ·+ x−2mx2m =
m∑
i=1

(−1)kix−kixki + (−1)lix−lixli .

Therefore, from the definition of pπ(x1, x2, . . . , x2m) and the fact that ki + li is odd for

i = 1, 2, . . . ,m, we get

pπ(x1, x2, . . . , x2m) =
m∑
i=1

(−1)kix2i−1x2i + (−1)lix2i−1x2i = 0.

Proposition 5.2.4. Let π = {B1, B2, . . . , Bn} be a partition in P (±2m). If there is a

partition θ ∈ P (±2m) such that θ ≤ π and pθ is the zero polynomial, then pπ is also the
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zero polynomial. Conversely, if pπ is the zero polynomial, then there is symmetric pairing

partition θ ≤ π such that pθ is the zero polynomial.

Proof. Suppose θ ≤ π and pθ is the zero polynomial. Write θ = {B1,1, B1,2, . . . , B1,m1 , . . . ,

Bn,mn} with Bi = ∪mij=1Bi,j for i = 1, 2, . . . , n. Take A = Z [x1, x−1, . . . , x2m, x−2m], B =

Z[x1,1, x1,2, . . . , x1,m1 , . . . , xn,mn ], and C = Z[x1, x2, . . . , xn] and let Φ : A → B and Ψ : B → C

be the unique homomorphisms such that Φ(xk) = xi,j if k ∈ Bi,j and Ψ(xi,j) = xi. Note that

(Ψ ◦ Φ)(xk) = xl only if k ∈ Bl, and thus, by definition of pπ and pθ, we have that

pπ = Ψ ◦ Φ

(
m∑
k=1

(−1)kx−kxk

)
= Ψ (pθ) .

Hence, if pθ is the zero polynomial, so is pπ.

Suppose now pπ is the zero polynomial and let θ be a minimal element of the set {π̂ ∈

P (±2m) : π̂ ≤ π and pπ̂ = 0} endowed with the partial order inherited from P (±2m). By

Proposition 5.2.3, the partition θ has no singletons, and thus, either θ is a pairing partition

or θ has a block with at least three elements. Let us assume θ = {C1, C2, . . . , Cn} has a block

with at least three elements, say Cn. By Proposition 5.2.3, there are integers k, l ∈ [2m] such

that k + l is odd and at least one of the following conditions holds:

1. +k,+l ∈ Cn and −k ∼θ −l

2. +k,−l ∈ Cn and −k ∼θ +l

3. −k,−l ∈ Cn and +k ∼θ +l

4. −k,+l ∈ Cn and +k ∼θ −l

Assume (1) holds. Then, Cn \ {k, l} is not empty, and hence, letting Ĉi = Ci for i =

1, 2, . . . n − 1, Ĉn = Cn \ {k, l}, and Ĉn+1 = {k, l}, we have θ̂ = {Ĉ1, Ĉ2, . . . , Ĉn+1} is a

partition of [±2m] such that θ̂ � θ, i.e., θ ≥ θ̂ but θ 6= θ̂. Let us show that pθ̂ must be

the zero polynomial, contradicting the minimality of θ. Take A = Z [x1, x−1, . . . , xm, x−m],
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B = Z[x1, x2, . . . , xn], and B̂ = Z[x1, x2, . . . , xn+1] and let Φ : A → B and Φ̂ : A → B̂ be

the unique homomorphisms such that Φ(xi) = xj if i ∈ Cj and Φ̂(xi) = xj if i ∈ Ĉj. Since

Φ(xi) = Φ̂(xi) for i ∈ [±2m] \ {k, l}, we have

2m∑
i=1
i 6=k,l

(−1)iΦ(x−i)Φ(xi) =
2m∑
i=1
i 6=k,l

(−1)iΦ̂(x−i)Φ̂(xi).

Moreover, since −k ∼θ −l we have Φ(x−k) = Φ(x−l) = Φ̂(x−k) = Φ̂(x−l), so we get

0 = (−1)kΦ(x−k)Φ(xk) + (−1)lΦ(x−l)Φ(xl)

= (−1)kΦ̂(x−k)Φ̂(xk) + (−1)lΦ̂(x−l)Φ̂(xl)

since k + l is odd, Φ(xk) = Φ(xl) = xn, and Φ̂(xk) = Φ̂(xl) = xn+1. Thus, we obtain

pθ̂ =
2m∑
i=1

(−1)iΦ̂(x−i)Φ̂(xi) =
2m∑
i=1

(−1)iΦ(x−i)Φ(xi) = pθ = 0

But then, θ is not minimal, and therefore, (1) does not hold. Similar arguments show that

neither (2), nor (3), nor (4) hold. Therefore, the partition θ must be a pairing, and, in fact,

a symmetric pairing by Proposition 5.2.3.

As mentioned earlier, in proving Theorem 1.2.1, we need to consider sums as in (5.12).

Note that if σ : [±2m]→ [±2m] is bijective and pσ−1◦π is the zero polynomial, then h(j) = 1

for any function j : [±2m]→ [N ] satisfying ker (j) ≥ σ−1 ◦ π, and hence, we would get

∑
j:[±2m]→[N ]

ker(j)=π

h(j ◦ σ) =
∑

j:[±2m]→[N ]
ker(j)=σ−1◦π

h(j) =
N !

(N −#(π))!
.
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On the other hand, if the polynomial pσ−1◦π is non-zero, we have that (5.12) is of order

N#(π)−1/2 by Corollary 5.2.2. We will now use the previous results to classify all symmetric

pairing partitions so that pσ−1◦π is the zero polynomial.

Lemma 5.2.5. Let m = m1 +m2 for some integers m1,m2 ≥ 1 and let σ be the permutation

given by (5.13). Suppose k and l are integers in [2m] and π is a symmetric pairing partition

in P (±2m) such that pσ−1◦π is the zero polynomial. If −k ∼π l, then σ−t(−k) ∼π σt(l) for

every integer t ≥ 0. On the other hand, if −k ∼π −l, then σt(−k) ∼π σt(−l) for every

integer t ≥ 0.

Proof. Note that k̂ ∼π l̂ implies σ(−σ−1(k̂)) ∼π σ(−σ−1(l̂)). Indeed, by Proposition 5.2.4,

the partition σ−1◦π is symmetric since pσ−1◦π is the zero polynomial, and hence−σ−1(k̂) ∼σ−1◦π

−σ−1(l̂) provided k̂ ∼π l̂, but in that case we must have σ(−σ−1(k̂)) ∼π σ(−σ−1(l̂)). Note

also that for every integer k̂ ∈ [±2m] we have

σ(−σ−1(k̂)) =

 σ(k̂) if k̂ > 0

σ−1(k̂) if k̂ < 0

since for 1 ≤ k ≤ 2m we have σ−1(k) = −k, −σ−1(−k) < 0, and σ(−k) = k.

Now, suppose σ−t(−k) ∼π σt(l) for some integer t ≥ 0. If t is even, then k̂ = σ−t(−k) <

0 < σt(l) = l̂, and hence σ−t−1(−k) = σ(−σ−1(k̂)) ∼π σ(−σ−1(l̂)) = σt+1(l). On the other

hand, if t is odd, we have σ−t(−k) > 0 > σt(l), and hence σ−t−1(−k) = −σ−t(−k) ∼π

−σt(l) = σt+1(l) since π is symmetric. Thus, −k ∼π l implies σ−t(−k) ∼π σt(l) for every

integer t ≥ 0 by induction on t. Similarly, assuming −k ∼π −l, we get σt(−k) ∼π σt(−l) for

all t ≥ 0.

Proposition 5.2.6. Let m = m1 + m2 for some integers m1,m2 ≥ 1 and let σ be the
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permutation given by (5.13). Suppose π is a symmetric pairing partition of [±2m] and

denote by π1 and π2 the restrictions of π to [±2m1] and [±2m] \ [±2m1], respectively. Then

pσ−1◦π is the zero polynomial if and only if one of the following conditions holds:

(1) π 6= π1tπ2, m1 = m2, and there are integers 1 ≤ k ≤ 2m2 and 2m1 +1 ≤ l ≤ 2m1 +2m2

such that k + l is even and π = {{σt(−k), σ−t(l)} | 1 ≤ t ≤ 2m1 + 2m2}.

(2) π 6= π1tπ2, m1 = m2, and there are integers 1 ≤ k ≤ 2m2 and 2m1 +1 ≤ l ≤ 2m1 +2m2

such that k + l is odd and π = {{σt(−k), σt(−l)} | 1 ≤ t ≤ 2m1 + 2m2}.

(3) π = π1 tπ2 and there are integers 1 ≤ k ≤ 2m1 and 2m1 + 1 ≤ l ≤ 2m1 + 2m2 such that

π1 = {{σt1(−k), σ−t1(k)} | 1 ≤ t1 ≤ 2m1} and π2 = {{σt2(−l), σ−t2(l)} | 1 ≤ t2 ≤ 2m2}.

(4) π = π1 t π2, m1 and m2 are odd, π1 = {{σt1(−1), σt1(−m1 − 1)} | 1 ≤ t1 ≤ 2m1}, and

π2 = {{σt2(−2m1 − 1), σt2(−2m1 −m2 − 1)} | 1 ≤ t2 ≤ 2m2}.

(5) π = π1 t π2, m2 is odd, π2 = {{σt2(−2m1 − 1), σt2(−2m1 −m2 − 1)} | 1 ≤ t2 ≤ 2m2},

and there is an integer 1 ≤ k ≤ 2m1 such that π1 = {{σt1(−k), σ−t1(k)} | 1 ≤ t1 ≤ 2m1}.

(6) π = π1 t π2, m1 is odd, π1 = {{σt1(−1), σt1(−m1 − 1)} | 1 ≤ t1 ≤ 2m1}, and there is an

integer 2m1 + 1 ≤ l ≤ 2m1 + 2m2 such that π2 = {{σt2(−l), σ−t2(l)} | 1 ≤ t2 ≤ 2m2}.

Proof. Put π̂ = σ−1 ◦ π. Suppose π̂ = {B1, B2, . . . , Br} and let Φ be the unique homomor-

phism from Z[x−1, x1, . . . , x−2m, x2m] to Z[x1, x2, . . . , xr] such that Φ(xi) = xj if i ∈ Bj. If

condition (1) holds, then π̂ = {{σt(−k), σ−t−2(l)} | t = 1, 2, . . . , 4m1} and σt(−k) + σ−t−2(l)

is odd for t = 1, 2, . . . , 4m1. Thus, since we can write

2 ·
2m∑
i=1

(−1)ix−ixi =

2m1∑
t=1

(−1)σ
2t(−k)xσ2t(−k)xσ2t+1(−k) +

2m1∑
t=1

(−1)σ
−2t−2(l)xσ−(2t+1)−2(l)xσ−2t−2(l),
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we get pπ̂ = Φ(
∑2m

i=1(−1)ix−ixi) = 0. It follows from similar arguments that pπ̂ is the zero

polynomial if (2) holds. Now, if (4) holds and we take l = 2m1 +1, we have σt(−k)+σ−t−2(k)

and σt(−l)+σt(−m2−l) are odd and π̂ = {{σt(−k), σ−t−2(k)}, {σt(−l), σt(−m2 − l)} | t ≥ 0}.

Thus, since we can write

2m∑
i=1

(−1)ix−ixi =
1

2

2m1∑
t=1

(−1)σ
2t(−k)xσ2t(−k)xσ2t+1(−k) +

1

2

2m1∑
t=1

(−1)σ
−2t−2(k)xσ−(2t+1)−2(k)xσ−2t−2(k)

+

m2∑
t=1

(−1)σ
2t(−l)xσ2t(−l)xσ2t+1(−l) +

m2∑
t=1

(−1)σ
2t(−m2−l)xσ2t(−m2−l)xσ2t+1(−m2−l)

we get pπ̂ = 0. Similar arguments show that if either (3), (5), or (6) holds, then pπ̂ is the

zero polynomial.

Suppose now pπ̂ is the zero polynomial and let π̂1 and π̂2 be the restrictions of π̂ to

[±2m1] and [±(2m1 + 2m2)] \ [±2m1], respectively. We will consider two cases π̂ 6= π̂1 t π̂2

and π̂ = π̂1 t π̂2. Assume first π̂ 6= π̂1 t π̂2. By Proposition 5.2.3, there are integers

1 ≤ k ≤ 2m1 and 2m1 + 1 ≤ l ≤ 2m1 + 2m2 such that k + l is odd and one of the following

holds:

(1’) k ∼π̂ −l and −k ∼π̂ l.

(2’) k ∼π̂ l and −k ∼π̂ −l.

Suppose (2’) holds. Then, −k = −σ(−k) ∼π −σ(−l) = −l, and by Lemma 5.2.5, we

have that σt(−k) ∼π σt(−l) for every integer t ≥ 0. Moreover, since −k = σ4m1(−k),

σ4m1(−k) ∼π σ4m1(−l), and π is a pairing, we must have −l = σ4m1(−l). But, the equation

−l = σt(−l) holds only if t is an integer multiple of 4m2, and hence, 4m1 is a multiple of

4m2. Similarly, 4m2 is a multiple of 4m1, and therefore, 4m1 = 4m2, and the partition π̂

satisfies condition (2). A similar argument shows that π̂ satisfies condition (1) if we suppose
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(1’) holds. Assume now π̂ = π̂1 t π̂2. By Proposition 5.2.3, there is an integer 1 < k̂ ≤ 2m1

satisfying one of the following:

(a) 1 ∼π̂ k̂, −1 ∼π̂ −k̂, and 1 + k̂ is odd.

(b) 1 ∼π̂ −k̂, −1 ∼π̂ k̂, and 1 + k̂ is odd.

and there is an integer 2m1 + 1 < l̂ ≤ 2m1 + 2m2 satisfying one of the following:

(A) 2m1 + 1 ∼π̂ l̂, −2m1 − 1 ∼π̂ −l̂, and 2m1 + 1 + l̂ is odd.

(B) 2m1 + 1 ∼π̂ −l̂, −2m1 − 1 ∼π̂ l̂, and 2m1 + 1 + l̂ is odd.

If (a) holds, we know that σt(−1) ∼π σt(−k̂) for every integer t ≥ 0 by Lemma 5.2.5. But

then, since −k̂ = σ2k̂−2(−1), σ2k̂−2(−1) ∼π σ2k̂−2(−k̂), and π is a pairing, we must have

σ2k̂−2(−k̂) = −1, or, equivalently, 4k̂− 4 is a multiple of 4m1. Therefore, m1 = k̂− 1 is odd,

and σt1(−1) ∼π̂ σt1(−m1 − 1), and hence

π1 =
{
{σt1(−1), σt1(−m1 − 1)} | t1 = 1, 2, . . . , 4m1

}
On the other hand, if (b) holds, it follows from Lemma 5.2.5 that σt(1) ∼π σ−t(−k̂′) for every

integer t ≥ 0. Moreover, since k̂′ has the same parity as 1 + k̂, we have k̂′ = 2k− 1 for some

integer k ≥ 1. But then, since k = σ2k−2(1) = −σ2−2k(2k−1) and σ2k−2(1) ∼π σ2−2k(2k−1),

we have k ∼π −k, and therefore,

π1 =
{
{σt1(k),−σ−t1(−k)} | t1 = 1, 2, . . . , 2m1

}
Similar arguments show that if (A) holds, then m2 is odd and

π2 =
{
{σt2(−2m1 − 1), σt2(−2m1 −m2 − 1)} | t2 = 1, 2, . . . , 4m2

}
,
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and if (B) holds, then there is an integer l such that

π2 =
{
{σt2(l), σ−t2(−l)} | t2 = 1, 2, . . . , 2m2

}
This completes the proof that if pπ̂ is the zero polynomial, then π̂ must satisfy either (1),

(2), (3), (4), (5), or (6).

Remark 5.2.7. Notice the results regarding the polynomials pπ and pσ−1◦π being zero can

be restated in terms of the graphs Gπ and ~Gπ from Section 5.1. For instance, Proposition

5.2.6 states that if π ∈ P (±2m) is a symmetric partition, then the polynomial pσ−1◦π is zero

if and only if one of the following conditions for the directed graph ~Gπ, where Ft denotes the

edge E2m1+t for t = 1, 2, . . . , 2m2, holds:

1. m1 = m2 and there is an integer 1 ≤ l ≤ m2 so that the graph ~Gπ can be represented

as

F2l-1

E1

F2l-2

E2

F2l-2m1+1

E2m1-1

F2l-2m1

E2m1

. . .

2. m1 = m2 and there is an integer 1 ≤ l ≤ m2 so that the graph ~Gπ can be represented

as

F2l

E1

F2l-1

E2

F2l-2m1+1

E2m1-1

F2l-2m1

E2m1

. . .

3. ~Gπ is the disjoint union of ~Gπ1 and ~Gπ2 , there is an integer 1 ≤ k ≤ 2m1 so that ~Gπ1

can be represented as

Ek-1

Ek+1

E2k-2

Ek+2

Ek-m1+1

Ek+m1-1
Ek Ek+m1
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and there is an integer 2m1 + 1 ≤ l ≤ 2m1 + 2m2 so that ~Gπ2 can be represented as

Fl-1

Fl+1

Fl-2

Fl+2

Fl-m2+1

Fl+m2-1
Fl Fl+m2

4. m1 and m2 are odd integers, the graph ~Gπ is the disjoint union of ~Gπ1 and ~Gπ2 , the

graph ~Gπ1 can be represented as

E1 E2

Em1+1
Em1+2

E2m1

Em1

and the graph ~Gπ2 can be represented as

F1 F2

Fm2+1
Fm2+2

F2m2

Fm2

5. m2 is odd, ~Gπ is the disjoint union of ~Gπ1 and ~Gπ2 , there is an integer 1 ≤ k ≤ 2m1 so

that ~Gπ1 can be represented as

Ek-1

Ek+1

E2k-2

Ek+2

Ek-m1+1

Ek+m1-1
Ek Ek+m1

and the graph ~Gπ2 can be represented as

F1 F2

Fm2+1
Fm2+2

F2m2

Fm2

6. m1 is odd, the graph ~Gπ is the disjoint union of ~Gπ1 and ~Gπ2 , the graph ~Gπ1 can be

represented as

E1 E2

Em1+1
Em1+2

E2m1

Em1
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and there is an integer 1 ≤ l ≤ 2m1 so that ~Gπ2 can be represented as

Fl-1

Fl+1

Fl-2

Fl+2

Fl-m2+1

Fl+m2-1
Fl Fl+m2

In the graphs above, 2l− t, 2l+ t− 1, and k± t are taken modulo 2m1 for t = 1, 2, . . . , 2m1

and l ± t is taken modulo 2m2 for t = 1, 2, . . . , 2m2.

Moreover, since holds,

The inequality implies t

we have there always exists a

for all matrices A1, A2, . . . , Am ∈ MatN(C) and all integers N ≥ 1,

For graph sums of square matrices, given a partition in π ∈ P (±m), the result gives an

answer to the problem of finding the least number τ ≥ 0 such that the inequality

∣∣∣∣∣∣∣∣
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

∣∣∣∣∣∣∣∣ ≤ N τ

m∏
k=1

‖Ak‖ (5.20)

holds for all matrices A1, A2, . . . , Am ∈ MatN(C) and all integers N ≥ 1. Note that, letting

#(π) denote the number of blocks of π, we always have

∣∣∣∣∣∣∣∣
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

∣∣∣∣∣∣∣∣ ≤ N#(π)

m∏
k=1

‖Ak‖ ≤ N2m

m∏
k=1

‖Ak‖

since #(π) ≤ 2m and |Ak(j−k, jk)| ≤ ‖Ak‖ for any matrix Ak ∈ MatN(C). Thus, given

a partition in π ∈ P (±m), there always exists a minimal τ ≥ 0 making (5.4) hold for all
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matrices A1, A2, . . . , Am ∈ MatN(C) and all integers N ≥ 1, we call such minimal τ the

graph sum exponent of π and denote it by τπ.

concerns more general graph sums, allowing the matrices Ak in (5.1) to be rectangular

and not necessarily square.

It is also shown in [14] that

the existence of a minimal τ making (5.4) hold the main result in [14] provides us with

an algorithm to compute it.

dd

that

given a partition in π ∈ P (±m) there is an optimal

Given a partition in π ∈ P (±m), we can consider the map Gπ : MatN(C) × · · · ×

MatN(C)→ C

Gπ(A1, A2, . . . , Am) =
∑

j:[±m]→[N ]
ker(j)≥π

m∏
k=1

Ak(j−k, jk)

there are some non-zero matrices B1, B2, . . . , Bm ∈ MatN(C) satisfying

∣∣∣∣∣ ∑
j:[±m]→[N ]

ker(j)≥π

m∏
k=1

Bk(j−k, jk)

∣∣∣∣∣ = N τπ

m∏
k=1

‖Bk‖
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Chapter 6

Main Proofs

This chapter contains the proofs to our main results, namely, Theorem 1.2.1, Theorem 1.2.2,

Lemma 1.2.3, and Theorem 1.2.4. The relation (6.3) from the proof of Lemma 1.2.3 is a

starting point to the proof of Theorem 1.2.1, so we prove Lemma 1.2.3 first. Then, we show

how the conclusion in Theorem 1.2.4 is be obtained from Lemma 1.2.3 and Proposition 4.3.18.

Finally, Theorem 1.2.1 are Theorem 1.2.2 are proved with the assistance of the bounds on

graph sums of the Discrete Fourier Transform from Section 5.2.

6.1 Proof of Lemma 1.2.3

Let I be an index set. Suppose UN,i is an N -by-N random unitary matrix for each index

i ∈ I and each integer N ≥ 1 such that the following two conditions hold:

(I) the families of random matrices {U∗N,i1UN,i2}i1,i2∈I and {W∗U∗N,i1UN,i2W}i1,i2∈I are

equal in distribution for every N -by-N signed permutation matrix W,

(II) for every positive integer m there is a constant Cm independent from N such that

∥∥∥ (U∗N,i1UN,i2) (j1, j2)
∥∥∥
m
≤ CmN

−1/2
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for all integers j1, j2 ∈ {1, 2, . . . , N} and indexes i1, i2 ∈ I with i1 6= i2, and

Fix an integer n ≥ 1. Assume m = m1 + m2 + · · · + mn for some positive integers

m1,m2, . . . ,mn, take m′k = m′k−1 + mk−1 for k = 2, 3, . . . , n with m′1 = 0, and consider

the permutation γ with cycle decomposition

γ = (1, 2, . . . ,m′1 +m1)(m′2 + 1,m′2 + 2, . . . ,m′2 +m2) · · · (m′n + 1, . . . ,m′n +mn).

Now, given matrices A1, A2, . . . , Am ∈ MatN(C) of trace zero and indexes i1, i2, . . . , im ∈ I

satisfying ik 6= iγ(k) for k = 1, 2, . . . ,m, we let YN,k be given by

YN,k =
(
UN,im′

k
+1
Am′k+1U

∗
N,im′

k
+1

)(
UN,im′

k
+2
Am′k+2U

∗
N,im′

k
+2

)
· · ·
(
UN,im′

k
+mk

Am′k+mkU
∗
N,im′

k
+mk

)
for k = 1, 2, . . . ,m. Thus, putting Vk = U∗N,ikUN,iγ(k) for k = 1, 2, . . . ,m, we have that

Tr (YN,k) = Tr
(
Am′k+1Vm′k+1Am′k+2Vm′k+2 · · ·Am′k+mkVm′k+mk

)
.

Moreover, letting a(j),v1(j),v2(j), . . . ,vn(j) be given by

a(j) =
m∏
k=1

Ak(j−k, jk) and vk(j) =

m′k+mk∏
l=m′k+1

Vl(jl, j−γ(l)) for k = 1, 2, . . . , n

for each function j : [±m]→ [N ], we obtain

cn [Tr (Y1) , . . . ,Tr (Yn)] =
∑

j:[±m]→[N ]

a(j)cn [v1(j),v2(j), . . . ,vn(j)] (6.1)

since the matrices Ak are deterministic and the classical cumulants are multi-linear.
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By hypothesis, the family of random matrices {Vl}ml=1 is distribution-invariant under

conjugation by signed permutation matrices, and thus, given a function j : [±m] → [N ] we

have

cn [v1(j), . . . ,vn(j)] =
m∏
k=1

εσ(jk)εσ(j−k)cn [v1(σ ◦ j), . . . ,vn(σ ◦ j)]

for all signs ε1, ε2, . . . , εN ∈ {±1} and permutations σ ∈ {f : [N ] → [N ] | f is bijective}.

This implies that

cn [v1(j), . . . ,vn(j)] = 0

whenever ker (j) contains at least one block of odd size, and

cn [v1(j), . . . ,vn(j)] = cn [v1(j′), . . . ,vn(j′)]

provided a function j′ : [±m] → [N ] satisfies ker (j′) = ker (j). Hence, letting cn [π] denote

the common value cn [v1(j), . . . ,vn(j)] among all those functions j : [±m] → [N ] satisfying

ker (j) = π, Equation (6.1) becomes

cn [Tr (Y1) , . . . ,Tr (Yn)] =
∑

π∈Peven(±m)

cn [π]
∑

j:[±m]→[N ]
ker(j)=π

a(j). (6.2)

Moreover, the Möbius inversion formula, Equation (2.3), implies

∑
j:[±m]→[N ]

ker(j)=π

a(j) =
∑

θ∈P (±m)
θ≥π

µ(π, θ)
∑

j:[±m]→[N ]
ker(j)≥θ

a(j)
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since for all partitions θ ∈ P (±m) we have the relation

∑
j:[±m]→[N ]

ker(j)≥θ

a(j) =
∑

π∈P (±m)
π≥θ

∑
j:[±m]→[N ]

ker(j)=π

a(j).

So, we get

cn [Tr (Y1) , . . . ,Tr (Yn)] =
∑

π∈Peven(±m)

∑
θ∈Peven(±m)

θ≥π

cn [π]µ(π, θ)
∑

j:[±m]→[N ]
ker(j)≥θ

a(j) (6.3)

Note that if a partition θ ∈ P (±m) has a block of the form {k,−k}, then a function

j : [±m]→ [N ] satisfies ker(j) ≥ θ only if j−k = jk, and hence, we can write

∑
j:[±m]→[N ]

ker(j)≥θ

a(j) = Tr (Ak) ·
∑

j′:S→[N ]
ker(j′)≥θ′

m∏
k′=1
k′ 6=k

Ak′(j−k′ , jk′)

where S = [±m] \ {−k, k} and θ′ = θ \ {{−k, k}}. Therefore, since each Ak is assumed to

be of trace zero, we have

cn [Tr (Y1) , . . . ,Tr (Yn)] =
∑

π∈Peven(±m)

∑
θ∈Pχ(±m)

θ≥π

cn [π]µ(π, θ)
∑

j:[±m]→[N ]
ker(j)≥θ

a(j) (6.4)

where Pχ(±m) denotes the set of all partitions in Peven(±m) with no blocks of the form

{k,−k}.

For a partition θ ∈ Pχ(±m), each connected component of the graph Gθ, constructed as

in Section 5.1, has at least two edges, and hence, Gθ has at most m
2

connected components.
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Thus, from Theorem 5.1.1, Proposition 5.1.2, and the equality in (6.4), we get

|cn [Tr (Y1) , . . . ,Tr (Yn)]| ≤
∑

π∈Peven(±m)

∑
θ∈Pχ(±m)

θ≥π

|cn [π]||µ(π, θ)|N
m
2

m∏
k=1

‖Ak‖.

Since the sums above are over the finite sets Peven(±m) and Pχ(±m), to conclude that

|cn [Tr (YN,1) ,Tr (YN,2) , . . . ,Tr (YN,n)]| ≤ C(i1, i2, . . . , im)‖A1‖‖A2‖ · · · ‖Am‖

for some constant C(i1, . . . , im) independent from N , it only remains to show that there is a

constant Cn independent from N such that

|cn [v1(j), . . . ,vn(j)]| ≤ CnN
−m

2

for all functions j : [±m]→ [N ].

Let j : [±m]→ [N ] be arbitrary. By Hölder’s inequality, letting mB :=
∑

k∈Bmk for any

given subset B of [n], we have

∥∥∥∥∥∏
k∈B

vk(j)

∥∥∥∥∥
1

=

∥∥∥∥∥∥
∏
k∈B

m′k+mk∏
l=m′k+1

Vl(jl, j−γ(l))

∥∥∥∥∥∥
1

≤
∏
k∈B

m′k+mk∏
l=m′k+1

∥∥Vl(jl, j−γ(l))
∥∥
mB
.

But, by hypothesis, the p-norms of the entries of
√
NVl are uniformly bounded, i.e., there

are constants C1, C2, . . . , Cm such that

∥∥Vl(jl, j−γ(l))
∥∥
p
≤ CpN

− 1
2
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for all integers 1 ≤ jl, j−γ(l) ≤ N and p, l = 1, 2, . . . ,m, and hence, we get

∥∥∥∥∥∏
k∈B

vk(j)

∥∥∥∥∥
1

≤
∏
k∈B

m′k+mk∏
l=m′k+1

CmBN
− 1

2 =
(
CmBN

− 1
2

)mB
.

Now, the moment-cumulants relation in (2.4) implies

|cn [v1(j), . . . ,vn(j)]| ≤
∑

π∈P (n)

|µ(π, 1n)|
∏
B∈π

∥∥∥∥∥∏
k∈B

vk(j)

∥∥∥∥∥
1

,

so it follows that

|cn [v1(j), . . . ,vn(j)]| ≤
∑

π∈P (n)

|µ(π, 1n)|
∏
B∈π

(
CmBN

− 1
2

)mB
=N−

m
2

∑
π∈P (n)

|µ(π, 1n)|
∏
B∈π

(CmB)mB .

And the proof of Lemma 1.2.3 is now complete.

6.2 Proof of Theorem 1.2.4

Let I be an index set. Suppose DN,i is a self-adjoint N -by-N deterministic matrix and UN,i is

a random unitary matrix for each index i ∈ I and each integer N ≥ 1. Assume the following

three conditions hold:

(I) the families of random matrices {U∗N,i1UN,i2}i1,i2∈I and {W∗U∗N,i1UN,i2W}i1,i2∈I are

equal in distribution for every N -by-N signed permutation matrix W,
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(II) for every positive integer m there is a constant Cm independent from N such that

∥∥∥ (U∗N,i1UN,i2) (j1, j2)
∥∥∥
m
≤ CmN

−1/2

for all integers j1, j2 ∈ {1, 2, . . . , N} and indexes i1, i2 ∈ I with i1 6= i2, and

(III) for every index i ∈ I and every integer k ≥ 1 we have sup
N∈N
‖DN,i‖ < ∞ and

lim
N→∞

tr
(
Dk
N,i

)
exists.

Put A = C 〈xi | i ∈ I〉 and Ai = C [xi] ⊂ A for each index i ∈ I. Additionally, for each

integer N ≥ 1, take XN,i = UN,iDN,iU
∗
N,i for every index i ∈ I and let µN : C 〈xi | i ∈ I〉 → C

the joint distribution of {XN,i}i∈I given by

µN (p) := E [tr (p ({XN,i}i∈I))] (6.5)

for every polynomial p ∈ C 〈xi | i ∈ I〉. Since p ∈ Aj for some j ∈ I implies p ({XN,i}i∈I) =

UN,jp(DN,j)U
∗
N,j, we have that limN→∞ µN [p] exists for every p ∈ Ai and every i ∈ I . Now,

suppose we are given polynomials p1 ∈ Ai1 , p2 ∈ Ai2 , . . . , pm ∈ Aim with i1, i2, . . . , im ∈ I

and i1 6= i2, i2 6= i3, . . . , im−1 6= im , and im 6= i1. Note that

NµN [(p1 − µN [p1])(p2 − µN [p2]) · · · (pm − µN [pm])] = E [Tr (YN)]

where

YN =
(
UN,i1AN,i1U

∗
N,i1

)(
UN,i2AN,i2U

∗
N,i2

)
· · ·
(
UN,imAN,imU

∗
N,im

)
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and each AN,ij is of trace zero and given by

AN,ij = U∗N,ij

(
pj(XN,ij

)− E[tr(pj(XN,ij
))]IN

)
UN,ij = pj(DN,ij

)− tr(pj(DN,ij
))IN .

Thus, by Lemma 1.2.3, there is a constant C depending only on the indexes ij such that

|NµN [(p1 − µN [p1])(p2 − µN [p2]) · · · (pm − µN [pm])]| ≤ C

m∏
j=1

∥∥∥AN,ij∥∥∥.
But then, since supN‖DN,i‖ <∞ and limN→∞ tr(Dk

N,i) exists for every k ≥ 1 and any i ∈ I,

we have supN‖AN,ij‖ <∞, and therefore

lim
N→∞

µN [(p1 − µN [p1])(p2 − µN [p2]) · · · (pm − µN [pm])] = 0 (6.6)

Each linear functional µN is tracial, i.e., µN [pq] = µN [qp] for all p, q ∈ A, and thus, follow-

ing similar arguments to those in the proof Corollary 4.3.20, we can remove the condition

im 6= i1 and still get (6.6). Therefore, by Corollary 3.2.5, the random matrix ensembles

{UN,iDN,iU
∗
N,i}∞N=1 with i ∈ I are asymptotically free and limN→∞ µN [p] exists for every

p ∈ A.

Fix now an arbitrary integer n ≥ 2. For every integer N ≥ 1, let ρN : A× · · · × A → C

be the n-linear map given by

ρN [p1, p2, . . . , pn] = cn
[
Tr
(
p1({XN,i}i∈I)

)
, . . . ,Tr

(
pN({XN,i}i∈I)

)]
(6.7)

for polynomials p1, p2, . . . , pn ∈ A and where cn[·, . . . , ·] denotes the classical cumulant. Note

that for any indexes i1, i2, . . . , in ∈ I and polynomials p1 ∈ Ai1 , p2 ∈ Ai2 , . . . , pn ∈ Ain , we
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have

ρN(p1, p2, . . . , pn) = cn
[
Tr
(
p1(DN,i1

)
)
, . . . ,Tr

(
pn(DN,in)

)]
= 0

since Tr
(
pk(DN,ik

)
)

is a constant. Thus, since n is arbitrary, the family of ensembles

{{UN,iDN,iU
∗
N,i}∞N=1}i∈I has the bounded cumulants property if the multi-linear functional

ρN satisfies (c’) from Corollary 4.3.20, namely,

sup
N
|ρN [qN,1, qN,2, . . . , qN,n]| <∞

whenever each qN,k is of the form

qN,k = (p
(k)
1 − µN [p

(k)
1 ])(p

(k)
2 − µN [p

(k)
2 ]) · · · (p(k)

mk
− µN [p(k)

mk
])

with p
(k)
j ∈ Ai(k)j

and i
(k)
1 6= i

(k)
2 , i

(k)
2 6= i

(k)
3 , . . . , i

(k)
mk−1 6= i

(k)
mk , and i

(k)
mk 6= i

(k)
1 . Suppose i

(k)
j , p

(k)
j ,

and qN,k are as above and take YN,k = qN,k ({XN,i}i∈I) for k = 1, 2, . . . , n. Then, we have

ρN [qN,1, qN,2, . . . , qN,n] = cn
[
Tr
(
YN,1

)
,Tr

(
YN,2

)
, . . . ,Tr

(
YN,n

)]
.

Moreover, letting A
N,i

(k)
j

= p
(k)
j (D

N,i
(k)
j

) − tr(p
(k)
j (D

N,i
(k)
j

))IN for each i
(k)
j and every N ≥ 1,

we get A
N,i

(k)
j

is of trace zero, supN‖AN,i(k)j

‖ <∞, and

YN,k =
(
U
N,i

(k)
1

A
N,i

(k)
1

U∗
N,i

(k)
1

)(
U
N,i

(k)
2

A
N,i

(k)
2

U∗
N,i

(k)
2

)
· · ·
(
U
N,i

(k)
mk

A
N,i

(k)
mk

U∗
N,i

(k)
mk

)
.

Therefore, by Lemma 1.2.3, there is a constant C depending only on the indexes i
(k)
j such
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that

|ρN [qN,1, qN,2, . . . , qN,n]| ≤ C

n∏
k=1

mk∏
j=1

∥∥∥A
N,i

(k)
j

∥∥∥ <∞.
6.3 Proof of Theorem 1.2.1

Let DN,1 and DN,2 be N -by-N self-adjoint matrices for each integer N ≥ 1 so that the

following holds:

(i) lim
N→∞

tr
(
Dk
N,i

)
exists for every index i ∈ {1, 2} and every integer k ≥ 1 and

(ii) sup
N∈N
‖DN,i‖ <∞ for every index i ∈ {1, 2}.

Suppose XN,1 = UN,1DN,2U
∗
N,1 and XN,2 = UN,2DN,2U

∗
N,2 where UN,1 and UN,2 are distinct

matrices from {W,HW/
√
N,XHW/

√
N} with W an N -by-N uniformly-distributed signed

permutation matrix, X an N -by-N uniformly-distributed signature matrix independent from

W, and H the N -by-N Discrete Fourier Transform matrix.

Let m = m1 +m2 for some integers m1,m2 ≥ 1. Assume we are given indexes polynomi-

als p1, p2, . . . , p2m1 , q1, q2, . . . , q2m2 ∈ C[x] and some indexes i1, i2, . . . , i2m1
, j1, j2, . . . , j2m2

∈

{1, 2} satisfying i1 = j1, i1 6= i2, i2 6= i3, . . . , i2m1−1 6= i2m1
, i2m1

6= i1, and j1 6= j2, j2 6=

j3, . . . , j2m2−1 6= j2m2
, j2m2

6= j1. Note that i1 = i2k−1 = j2l−1 6= i2 = i2k = j2l. Consider the

random matrices

YN,k = pk (XN,ik)− E [tr (pk (XN,ik))] IN and ZN,l = ql(XN,jl)− E[tr(ql(XN,jl))]IN

for 1 ≤ k ≤ 2m1 and 1 ≤ l ≤ 2m2. Now, letting YN = YN,1YN,2 · · ·YN,2m1 and ZN =

ZN,1ZN,2 · · ·ZN,2m2 , we have

YN =
(
UN,i1AN,1U

∗
N,i1

)(
UN,i2AN,2U

∗
N,i2

)
· · ·
(
UN,i2m1

AN,2m1
U∗N,i2m1

)
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and

ZN =
(
UN,j1BN,1U

∗
N,j1

)(
UN,j2BN,2U

∗
N,j2

)
· · ·
(
UN,j2m1

BN,2m1
U∗N,j2m1

)
where AN,k and BN,l are deterministic matrices of trace zero given by

AN,k = pk (DN,ik)− tr (pk (DN,ik)) IN and BN,l = ql(DN,jl)− tr(ql(DN,jl))IN

for 1 ≤ k ≤ 2m1 and 1 ≤ l ≤ 2m2. Thus, following similar arguments to those in the proof

of Lemma 1.2.3, we obtain

Cov [Tr(YN),Tr(ZN)] =
∑

θ∈Pχ(±2m)

 ∑
π∈Peven(±2m)

π≤θ

c2 [π]µ(π, θ)

 ∑
j:[±2m]→[N ]

ker(j)≥θ

a(j) (6.8)

where Pχ(±2m) denotes the set of all even partitions of [±2m] with no blocks of the form

{k,−k}, µ : P (±2m)× P (±2m)→ C is the Möbius inversion function, a(j) is given by

a(j) =

2m1∏
k=1

AN,k(j−k, j+k) ·
2m2∏
l=1

BN,l(j−2m1−l, j+2m1+l),

for function each j : [±2m]→ [N ], and if j : [±2m]→ [N ] satisfies ker (j) = π, then

c2 [π] = cov

[
2m1∏
k=1

Vk(jσ(−k), jσ(k)),

2m1+2m2∏
k=2m1+1

Vk(jσ(−k), jσ(k))

]
(6.9)

with V2k−1 = V ∗2k = U∗N,i1UN,i2 for k = 1, 2, . . . ,m and σ : [±2m] → [±2m] is the cyclic

permutation given by

σ = (−1, 1,−2, 2, . . . ,−2m1, 2m1)(−2m1 − 1, 2m1 + 1, . . . ,−2m1 − 2m2, 2m1 + 2m2).
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Notice that (6.8) becomes

Cov [Tr(YN),Tr(ZN)] =
∑

θ∈Pχχ(±2m)

 ∑
π∈Peven(±2m)

π≤θ

c2 [π]µ(π, θ)

 ∑
j:[±2m]→[N ]

ker(j)≥θ

a(j) +O(N−1)

(6.10)

where Pχχ(±2m) denotes the set of all partitions θ ∈ Pχ(±2m) such that the graph sum ex-

ponent τθ, defined in Section 5.1, equals m. Indeed, if we are given partitions π ∈ Peven(±2m)

and θ ∈ Pχ(±2m) satisfying θ ≥ π, then Theorem 5.1.1 and Proposition 5.1.2 imply

∣∣∣∣∣∣∣∣c2 [π]µ(π, θ)
∑

j:[±2m]→[N ]
ker(j)≥θ

a(j)

∣∣∣∣∣∣∣∣ ≤ |c2 [π]||µ(π, θ)|N τθ

2m1∏
k=1

‖AN,k‖
2m2∏
l=1

‖BN,l‖ (6.11)

where τθ is the number of connected components of the graph Gθ. Now, by hypothesis,

supN‖DN,i‖ <∞ and limN→∞ tr(Dk
N,i) exists for every k ≥ 1 and any i ∈ {1, 2}, so we have

sup
N

2m1∏
k=1

‖AN,k‖
2m2∏
l=1

‖BN,l‖ <∞.

Moreover, every connected component of Gθ contains at least two edges since θ is even and

has no blocks of the form {−k, k}, and hence, the graph sum exponent τθ satisfies

τθ ≤ m.

Additionally, since the unitary ensemble {{UN,1, UN,2}}∞N=1 satisfies (II) from Lemma 1.2.3,

it follows from the proof of Lemma 1.2.3 that there is a constant C2 independent from N
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satisfying

|c2 [π]| ≤ C2N
−m.

Therefore, from (6.11) we obtain

c2 [π]µ(π, θ)
∑

j:[±2m]→[N ]
ker(j)≥θ

a(j) = O(N−1) (6.12)

unless the graph sum exponent τθ = m, and, consequently, we get (6.10).

The condition τθ = m, for an even partition θ ∈ P (±2m) with no blocks of the form

{+k,−k}, forces each component of the undirected graph Gθ to have exactly two edges.

Thus, for any partition θ ∈ Pχχ(±2m), each component of the directed graph ~Gθ has one of

the following three forms:

El

Ek

El

Ek Ek

El

And therefore, as illustrated it at the end of Section 5.1, each graph sum
∑

ker(j)≥θ a(j)

appearing in (6.10) can be written as a product of traces of matrices where each trace is

of the followings forms: Tr(CN,kCN,l), Tr(CN,kC
T
N,l), or Tr(CN,k ◦ CN,l) where CN,k and CN,l

belong to the set {AN,1, . . . , AN,2m1 , BN,1, . . . , BN,2m2}. Hence, letting c[π] be given by (6.9)

for each partition π ∈ P (±2m), the conclusions in Theorem 1.2.1 will follow from (6.10)

once we determine the order of

∑
π∈Peven(±2m)

θ≥π

c2 [π]µ(π, θ). (6.13)

Now, recall the values of Möbius inversion function are determined by (2.1), and given
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explicitly by (2.2). Thus, to determine the order of (6.13), it is enough to compute c2[π]

for even partitions π ∈ P (±2m) satisfying π ≤ θ for some another partition θ in the set

Pχχ(±2m).

Proposition 6.3.1. Suppose θ is a partition in Pχχ(±2m). If π is an even partition such

that π ≤ θ and c2[π] is given by (6.9), then the following holds:

(1) for U∗N,i1UN,i2 = 1√
N
W ∗HW , we have

(a) Nmc2[π] = 1 +O (N−1) if there symmetric pairing partition θ̂ ≤ π satisfying either

(1) or (2) from Proposition 5.2.6

(b) Nmc2[π] = O
(
N−1/2

)
in any other case

(2) for U∗N,i1UN,i2 = 1√
N
W ∗XHW , we obtain

(a) Nmc2[π] = 1 + O (N−1) if there symmetric pairing partition θ̂ ≤ π satisfying (1)

from Proposition 5.2.6

(b) Nmc2[π] = 1+O (N−1) if there symmetric pairing partition θ̂ ≤ π satisfying (2) from

Proposition 5.2.6 and the graph Gπ has only double-loops as connected components

(c) Nmc2[π] = O
(
N−1/2

)
in any other case

(3) for U∗N,i1UN,i2 = 1
N
W ∗H∗XHW , we get

(a) Nmc2[π] = 1 + O (N−1) if m1 = m2 and there are integers 1 ≤ k ≤ 2m1 < l ≤

2m1 + 2m2 so that σt(−k) ∼π σ−t(l) for every integer t ≥ 0

(b) Nmc2[π] = 2 +O (N−1) if there are integers 1 ≤ k ≤ 2m1 < l ≤ 2m1 + 2m2 so that

σ−t(k) ∼π σt+1(k) and σ−t(l) ∼π σt+1(l) for every integer t ≥ 0

(c) Nmc2[π] = O
(
N−1/2

)
in any other case
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The proof of Proposition 6.3.1 is based on the expected value of products of entries from

X and W , see relations (4.2) and (4.3), and the results on graph sums of the Discrete Fourier

Transform from Section 5.2, however, it requires some technical intermediate steps, so we

will omit it for now and leave it to the end of this section. Nonetheless, the computation of

(6.13) up to a term of order N−m−1/2 is quite simple assuming Proposition 6.3.1 holds.

Lemma 6.3.2. Suppose θ is a partition in Pχχ(±2m) and let c[π] be given by (6.9) for each

partition π ∈ P (±2m). Then the following holds:

(1) for U∗N,i1UN,i2 = 1√
N
W ∗HW , we have

(a)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = 1 + O
(
N−1

)
if θ is a symmetric pairing partition

satisfying either (1) or (2) from Proposition 5.2.6

(b)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = O
(
N−1/2

)
in any other case

(2) for U∗N,i1UN,i2 = 1√
N
W ∗XHW , we obtain

(a)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = 1 + O
(
N−1

)
if θ is a symmetric pairing partition

satisfying (1) from Proposition 5.2.6

(b)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = 1 + O
(
N−1

)
if there symmetric pairing partition

θ̂ ≤ θ satisfying (2) from Proposition 5.2.6 and θ has only blocks of size 4 of the

form {k,−k, l,−l}

(c)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = O
(
N−1/2

)
in any other case

(3) for U∗N,i1UN,i2 = 1
N
W ∗H∗XHW , we get
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(a)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = 1 + O
(
N−1

)
if m1 = m2 and there is an integer

2m1 + 1 ≤ l ≤ 2m1 + 2m2 so that θ = {{σt(−1), σ−t−1(−l)} | t ≥ 0}

(b)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = 2 + O
(
N−1

)
if there are integers 1 ≤ l1 ≤ 2m1 <

l2 ≤ 2m1 + 2m2 so that θ = θ1 t θ2 where θ1 = {{σt(−l1), σ−t−1(−l1)} | t ≥ 0} and

θ2 = {{σt(−l2), σ−t−1(−l2)} | t ≥ 0}

(c)
∑

π∈Peven(±2m)
π≤θ

Nmc2 [π]µ(π, θ) = O
(
N−1/2

)
in any other case

Proof. Suppose U∗N,i1UN,i2 = W ∗XHW/
√
N . Proposition 5.2.6 and Proposition 6.3.1 imply

that

∑
π∈Peven(±2m)

π≤θ

Nmc2 [π]µ(π, θ) = O
(
N−1/2

)

unless there are integers 1 ≤ k ≤ 2m1 < l ≤ 2m1 + 2m2 satisfying one of the following:

(i) k + l is even and σt(−k) ∼θ σ−t(l) for all integers t ≥ 0 or

(ii) k + l is odd, σt(−k) ∼θ σt(−l) for all integers t ≥ 0 and Gθ has only double-loops as

components

Assuming (i) above holds, consider the pairing partition θ̂ = {{σt(−k), σ−t(l)} | t ≥ 0} and

note that Proposition 6.3.1 implies that

∑
π∈Peven(±2m)

π≤θ

Nmc2 [π]µ(π, θ) =
∑

π∈Peven(±2m)

θ̂≤π≤θ

Nmc2 [π]µ(π, θ) +O
(
N−1/2

)
. (6.14)
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Moreover, since Nmc2 [π] = 1 +O(N−1) for any partition π satisfying θ̂ ≤ π ≤ θ, we get

∑
π∈Peven(±2m)

π≤θ

Nmc2 [π]µ(π, θ) =
∑

π∈Peven(±2m)

θ̂≤π≤θ

µ(π, θ) +O(N−1/2) =

 1 +O
(
N−1/2

)
if θ̂ = θ

O
(
N−1/2

)
if θ̂ < θ

from equations in (2.1) defining the Möbius inversion function. On the other hand, if (ii)

above holds, consider θ̂ = {{σt(−k), σt(−l)} | t ≥ 0} instead and note that (6.14) above

holds also in this case. Hence, since Nmc2 [θ] = 1 + O(N−1) and Nmc2 [π] = O(N−1/2) for

any partition θ̂ ≤ π < θ, we obtain

∑
π∈Peven(±2m)

π≤θ

Nmc2 [π]µ(π, θ) = Nmc2 [θ]µ(θ, θ) +
∑

π∈Peven(±2m)

θ̂≤π<θ

Nmc2 [π]µ(π, θ) = 1 +O(N−1/2)

The other cases, namely, U∗N,i1UN,i2 = W ∗HW/
√
N and U∗N,i1UN,i2 = W ∗H∗XHW/N , are

proved in the same way, one chooses a suitable pairing partition θ̂ such that (6.14) holds,

and then the corresponding conclusion follows from Proposition 6.3.1 and the equations in

(2.1) defining the Möbius function.

As mentioned earlier, the proof of Theorem 1.2.1 is complete once we apply Lemma 6.3.2

to the relation (6.10). For instance, suppose U∗N,i1UN,i2 = W ∗H∗XHW/N . Then, Theorem

5.1.1, Lemma 6.3.2, and (6.10) imply that

Cov [Tr(YN),Tr(ZN)] =δm1,m2

∑
θ∈P1

∑
j:[±2m]→[N ]

ker(j)≥θ

a(j) +
∑
θ∈P2

2
∑

j:[±2m]→[N ]
ker(j)≥θ

a(j) +O
(
N−

1
2

)
(6.15)
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where P1 and P2 are subsets of Pχχ(±2m) given by

P1 = {{{σt(−1), σ−t−1(−l)} | t = 0, 1, 2, . . . , 4m} | l ∈ [2m] \ [2m1]}

and

P2 = {{{σt(−l1), σ−t−1(−l1)}, {σt(−l2), σ−t−1(l2)} | t ≥ 0} | l1 ∈ [2m1], l2 ∈ [2m] \ [2m1]}.

Now, note the set P1 has cardinality 2m1 provided m1 = m2. Moreover, m1 = m2 implies

that a partition θ ∈ P (±2m) belongs to the set P1 if and only if for some integer 1 ≤ l ≤ 2m1

the directed graph ~Gθ can be represented as

Fl-1

E1

Fl-2

E2

Fl-2m1+1

E2m1-1

Fl-2m1

E2m1

. . .

where Fk denotes the edge E2m1+k and l − k is taken module 2m1 for k = 1, 2, . . . , 2m1.

Thus, for each integer 1 ≤ l ≤ 2m1, there exists a unique θ ∈ P1 so that

∑
j:[±m]→[N ]

ker(j)≥θ

a(j) =

2m1∏
k=1

Tr (AN,kBN,l−k) ,

and hence, we obtain

Cov [Tr(YN),Tr(ZN)] =δm1,m2

2m1∑
l=1

(
2m1∏
k=1

tr (AN,kBN,l−k)

)
+
∑
θ∈P2

2
∑

j:[±2m]→[N ]
ker(j)≥θ

a(j) +O
(
N−

1
2

)
.
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On the other hand, the set P2 has cardinality m1 ·m2 since

{{σt(−l1), σ−t−1(−l1)} | t ≥ 0} = {{σt(−m1 − l1), σ−t−1(−m1 − l1)} | t ≥ 0}

and

{{σt(−l2), σ−t−1(−l2)} | t ≥ 0} = {{σt(−m2 − l2), σ−t−1(−m2 − l2)} | t ≥ 0}

for l1 = 1, 2, . . . ,m1 and l2 = 1, 2, . . . ,m2. Moreover, a partition θ ∈ P (±2m) belongs to the

set P2 if and only if for some integers 1 ≤ l ≤ m1 and 1 ≤ l2 ≤ m2 the directed graph ~Gθ

can be represented as

El1-1

El1+m1-1
El1 El1+1

El1-2 El1-m1
Fl2-1

Fl2+m2-1
Fl2 Fl2+1

Fl2-2 Fl2-m2

where l1 − k1 and l2 − k2 are taken modulo 2m1 and 2m2, respectively, for k1 = 1, 2, . . . ,m1

and k2 = 1, 2, . . . ,m2. Thus, for each partition θ ∈ P2 there are integers 1 ≤ l1 ≤ m1 and

1 ≤ l2 ≤ m2 satisfying

∑
j:[±m]→[N ]

ker(j)≥θ

a(j) =

m1∏
k1=1

Tr (AN,l1+k1−1AN,l1−k1) ·
m2∏
k2=1

Tr (BN,l2+k2−1BN,l2−k2) .

Therefore, we have

Cov [Tr(YN),Tr(ZN)] =2

m1∑
l1=1

m2∑
l2=1

m1∏
k1=1

tr (AN,l1+k1−1AN,l1−k1)

m2∏
k2=1

tr (BN,l2+k2−1BN,l2−k2)

+ δm1,m2

2m1∑
l=1

(
2m1∏
k=1

tr (AN,kBN,l−k)

)
+O(N−1/2).
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The other cases, namely, U∗N,i1UN,i2 = W ∗HW/
√
N and U∗N,i1UN,i2 = W ∗XHW/N , are

proved in the same way, applying Lemma 6.3.2 to the relation (6.10) we obtain similar

relations to that in (6.15) that lead to (1) and (2) in Theorem 1.2.1.

The remaining of this section is devoted to the proof of Proposition 6.3.1. For clarity, we

have considered two cases: U∗N,i1UN,i2 = W ∗H∗XHW/N and U∗N,i1UN,i2 = W ∗Y HW/
√
N

where Y is either the identity matrix IN or an N -by-N uniformly distributed signature

matrix X. But first, let us introduce some more notation for partitions.

Given a partition π ∈ P (±2m), we let πeven and πodd denote the restriction of π to the

sets {k ∈ [±2m] | k is even} and {k ∈ [±2m] | k is odd}, respectively. Moreover, we let

πeven and πodd denote the partitions of {k ∈ [±4m] | k is even } and {k ∈ [±4m] | k is odd},

respectively, given by πeven = {{2k | k ∈ B} | B ∈ π} and πodd = {{2k − sign (k) | k ∈ B} |

B ∈ π} where sign(k) = 1, if k is positive, and sign(k) = −1, otherwise. For instance, if π

is the partition in P (±6) given by

π = {{−1, 4}, {1,−3}, {−2, 3}, {2,−4}},

then

πeven = {{−2, 8}, {2,−6}, {−4, 6}, {4,−8}} πeven = {{4}, {−2}, {2,−4}}

πodd = {{−1, 7}, {1,−5}, {−3, 5}, {3,−7}} πodd = {{−1}, {1,−3}, {3}}.
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6.3.1 Case U∗N,i1UN,i2 = W ∗Y HW/
√
N

Let Y be an N -by-N diagonal random matrix independent from W . Given a function

i : [±2m]→ [N ], we let

h(i) = h1(i)h2(i) and y(i) = y1(i)y2(i)

where h1(i), h2(i), y1(i), and y2(i) are given by

h1(i) =

m1∏
k=1

H(i−2k+1, i2k−1)H∗(i−2k, i2k), h2(i) =

m1+m2∏
k=m1+1

H(i−2k+1, i2k−1)H∗(i−2k, i2k),

y1(i) =

m1∏
k=1

Y (i−2k+1, i−2k+1)Y (i2k−1, i2k−1), y2(i) =

m1+m2∏
k=m1+1

Y (i−2k+1, i−2k+1)Y (i2k−1, i2k−1);

additionally, if we are given a function j : [±2m]→ [N ], we put

w(i, j) = w1(i, j)w2(i, j)

where w1(i, j) and w2(i, j) are given by

w1(i, j) =

2m1∏
k=1

W (ik, jk)W (i−k, j−k) and w2(i, j) =

2m1+2m2∏
k=2m1+1

W (ik, jk)W (i−k, j−k).

Now, for every partition π ∈ P(±2m) and any function j : [±2m]→ [N ] satisfying ker (j) = π,

we define C2 [π] by

∑
i:[±2m]→[N ]

ker(i)=π

h(i ◦ σ)E [w(i, j)]E [y(i)]−
∑

i:[±2m]→[N ]
ker(i)=π1tπ2

h(i ◦ σ)E [w1(i, j)]E [w2(i, j)]E [y1(i)]E [y2(i)]
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= C2 [π] (6.16)

where π1 and π2 denote the restrictions of π to [±2m1] and [±2m] \ [±2m1], respectively,

and σ is the cycle permutation given by

σ = (−1, 1,−2, 2, . . . ,−2m1, 2m1)(−2m1 − 1, 2m1 + 1, . . . ,−2m1 − 2m2, 2m1 + 2m2).

Proposition 6.3.3. Suppose U∗N,i1UN,i2 = W ∗Y HW/
√
N where Y is an N -by-N diagonal

matrix independent from W so that each entry Y (i, i) takes values in the set {−1, 1}. If

c2[π] and C2 [π] are given by (6.9) and (6.16), respectively, then for every even partition

π ∈ P (±2m) we have

Nmc2 [π] = C2 [π] +O(N−1) (6.17)

Proof. Fix a function j : [±2m] → [N ] satisfying ker (j) = π. Note that the (j−2k+1, j2k−1)-

entry of U∗N,i1UN,i2 and the (j−2k, j2k)-entry of U∗N,i2UN,i1 are given by

N∑
i−2k+1,i2k+1=1

1√
N
W ∗(j−2k+1, i−2k+1)Y (i−2k+1, i−2k+1)H (i−2k+1, i2k−1)W (i2k−1, j2k−1)

and

N∑
i−2k,i2k=1

1√
N
W ∗(j−2k, i−2k)H

∗(i−2k, i2k)Y (i2k, i2k),W (i2k, j2k),



6.3. PROOF OF THEOREM 1.2.1 134

respectively. Thus, from (6.9) and the linearity of the covariance, we have that

Nmc2 [π] =
∑

i:[±2m]→[N ]

h(i) · cov
[
w1(i, j ◦ σ) · y1(i),w2(i, j ◦ σ) · y2(i)

]

where h(i), w1(i, j), w2(i, j), y1(i), y2(i), and σ are defined as above. But, for every function

i : [±2m]→ [N ], we have that

wk(i, j) = wk(i ◦ σ, j ◦ σ) and yk(i) = yk(i ◦ σ) for k = 1, 2,

so we obtain

Nmc2 [π] =
∑

i:[±2m]→[N ]

h(i ◦ σ) · cov [w1(i, j) · y1(i),w2(i, j) · y2(i)] . (6.18)

Moreover, from (4.3) we get that

E [w1(i, j)w2(i, j)] = 0 and E [w1(i, j)]E [w2(i, j)] = 0

provided ker (i) 6= π and ker (i) 6≥ π1tπ2, respectively. And hence, equality in (6.18) becomes

Nmc2 [π] =
∑

i:[±2m]→[N ]
ker(i)=π

h(i ◦ σ)E [w1(i, j)w2(i, j)]E [y1(i)y2(i)]

−
∑

θ∈P (±2m)
θ≥π1tπ2

∑
i:[±2m]→[N ]

ker(i)=θ

h(i ◦ σ)E [w1(i, j)]E [w2(i, j)]E [y1(i)]E [y2(i)] .

To obtain (6.17), it only remains to show that for θ 
 π1tπ2, i.e., θ ≥ π1tπ2 but θ 6= π1tπ2,
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implies

∑
i:[±2m]→[N ]

ker(i)=θ

h(i ◦ σ)E [w1(i, j)]E [w2(i, j)]E [y1(i)]E [y2(i)] = O
(
N−1

)
.

Suppose θ ∈ P (±2m) satisfies θ 
 π1 t π2. Then, we must have #(θ) < #(π1 t π2) =

#(π1) + #(π2), or, equivalently,

#(θ)−#(π1)−#(π2) ≤ −1.

Now, h(i◦σ) has absolute value 1 for any function i : [±2m]→ [N ] and |E [y1(i)]E [y2(i)]| ≤

1, so (4.3) implies

∣∣∣∣∣∣∣∣
∑

i:[±2m]→[N ]
ker(i)=θ

h(i ◦ σ)E [w1(i, j)]E [w2(i, j)]E [y1(i)]E [y2(i)]

∣∣∣∣∣∣∣∣
≤ (N −#(π1))!

N !
· (N −#(π2))!

N !
·

∣∣∣∣∣∣∣∣
∑

i:[±2m]→[N ]
ker(i)=θ

h(i ◦ σ)

∣∣∣∣∣∣∣∣ = O
(
N−#(π1)−#(π2)+#(θ)

)
= O

(
N−1

)
.

Proof of (1) from Proposition 6.3.1. Let Y be the identity matrix IN . By Proposition

6.3.3, we only need to show that

C2[π] =


1 +O (N−1) if there symmetric pairing partition θ̂ ≤ π satisfying either (1) or

(2) from Proposition 5.2.6,

O
(
N−1/2

)
otherwise.
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where C2 [π] is given by (6.16). Note that from (4.3) and (6.16) we obtain the inequality

|C2[π]| ≤ (N −#(π))!

N !

∣∣∣∣∣∣∣∣
∑

i:[±2m]→[N ]
ker(i)=π

h(i ◦ σ)

∣∣∣∣∣∣∣∣+
(N −#(π1))!

N !

(N −#(π2))!

N !

∣∣∣∣∣∣∣∣
∑

i:[±2m]→[N ]
ker(i)=π1tπ2

h(i ◦ σ)

∣∣∣∣∣∣∣∣.

But then, if pσ−1◦π is a non-zero polynomial, so is pσ−1◦π1tπ2 by Proposition 5.2.4, and

therefore, the last inequality and Corollary 5.2.2 would imply C2 [π] = O(N−1/2). And so,

we can assume pσ−1◦π is the zero polynomial without loss of generality.

Now, for every function i : [±2m]→ [N ] satisfying ker (i) = π we have h(i ◦σ) = 1 since

pσ−1◦π is the zero polynomial; additionally, (4.3) gives E [w(i, j)] = (N−#(π))!
N !

since π is an

even partition. Thus, from (6.16) we obtain

C2[π] = 1−
∑

i:[±2m]→[N ]
ker(i)=π1tπ2

h(i ◦ σ)E [w1(i, j)]E [w2(i, j)] . (6.19)

Moreover, by Proposition 5.2.4, there is a symmetric pairing partition θ̂ ≤ π such that pσ−1◦θ̂

is also the zero polynomial, and hence, the partition θ̂ must satisfy one of the conditions

(1)-(6) from Proposition 5.2.6. Notice θ̂ = θ̂1 t θ̂2, where θ̂1 and θ̂2 denote the restrictions

of θ̂ to [±2m1] and [±2m] \ [±2m1], respectively, implies

C2[π] = 1− (N −#(π1))!

N !
· (N −#(π2))!

N !
· N !

(N −#(π1 t π2))!
= O

(
N−1

)
. (6.20)

Indeed, if θ̂ = θ̂1 t θ̂2, then θ̂1 and θ̂2 must be even partitions, and so are π1 and π2 since

θ̂ ≤ π implies θ̂1 ≤ π1 and θ̂2 ≤ π2, so (4.3) gives

E [w1(i, j)] =
(N −#(π1))!

N !
and E [w2(i, j)] =

(N −#(π2))!

N !
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for every function i : [±2m] → [N ] satisfying ker (i) = π1 t π2; moreover, Proposition 5.2.4

implies the polynomial pσ−1◦π1tπ2 is also zero since θ̂ = θ̂1t θ̂2 ≤ π1tπ2, and thus, we obtain

h(i ◦ σ) = 1.

Hence, (6.20) follows from (6.19) provided θ̂ satisfies either (3), (4), (5), or (6) from Propo-

sition 5.2.6.

Assume now θ̂ satisfies either (1) or (2) from Proposition 5.2.6. Then, either π1 t π2

contains some singletons, if {k, l} ∈ π or {k,−l} ∈ π for some integers 1 ≤ k ≤ 2m1 < l ≤

2m1 + 2m2, or π1 t π2 = {{−k, k} | k ∈ [±2m]}, otherwise. In any case, the graph ~Gπ1tπ2

does not satisfy none of the conditions (1)-(6) from Remark 5.2.7 since m1 + m2 > 2, and

hence, the polynomial pσ−1◦π1tπ2 is non-zero. Thus, by (4.3) and Corollary 5.2.2, we have

∣∣∣∣∣∣∣∣
∑

i:[±2m]→[N ]
ker(i)=π1tπ2

h(i ◦ σ)E [w1(i, j)]E [w2(i, j)]

∣∣∣∣∣∣∣∣ ≤ CN#(π1tπ2)− 1
2 · (N −#(π1))!

N !
· (N −#(π2))!

N !

(6.21)

for some constant C > 0 independent from N . Therefore, from (6.19) we get that

C2[π] = 1 +O(N−1/2).

Proof of (2) from Proposition 6.3.1. Let Y be a random N -by-N signature matrix

independent from W . Similar to the previous case, U∗N,i1UN,i2 = W ∗HW/
√
N , we can
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assume pσ−1◦π is the zero polynomial and it suffices to show that

C2[π] =



1 +O (N−1) if there symmetric pairing partition θ̂ ≤ π satisfying (1) from Pro-

position 5.2.6,

1 +O (N−1) if there symmetric pairing partition θ̂ ≤ π satisfying (2) from Pro-

position 5.2.6 and the components of Gπ are all double-loops,

O
(
N−1/2

)
otherwise.

Let πodd,1 and πodd,2 denote the restrictions of πodd to [±2m1] and [±2m] \ [±2m1], re-

spectively. Note that if πodd is not an even partition, then either πodd,1 or πodd,2 is not even,

and hence, we obtain C2[π] = 0 since (4.2) would imply E [y1(i)]E [y2(i)] = E [y(i)] = 0 for

every function i : [±2m] → [N ] satisfying ker (i) = π. Thus, we can further assume πodd is

even. It then follows from (4.2) and (4.3) that

h(i ◦ σ) = 1, E [y(i)] = 1 and E [w(i, j)] =
(N −#(π))!

N !

for i : [±2m]→ [N ] satisfying ker (i) = π, and hence, we obtain

C2[π] = 1−
∑

i:[±2m]→[N ]
ker(i)=π1tπ2

h(i ◦ σ)E [y1(i)]E [y2(i)]E [w1(i, j)]E [w2(i, j)] . (6.22)

By Proposition 5.2.4, there is a symmetric pairing partition θ̂ ≤ π such that pσ−1◦θ̂ is also

the zero polynomial, and thus, the partition θ̂ must satisfy one of the conditions (1)-(6) from

Proposition 5.2.6. However, if θ̂ satisfies either (3), (4), (5), or (6), then

C2[π] = 1− N !

(N −#(π1 t π2))!
· (N −#(π1))!

N !
· (N −#(π2))!

N !
= O

(
N−1

)
. (6.23)
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Indeed, suppose θ̂ satisfies either (3), (4), (5), or (6) from Proposition 5.2.6, let θ̂1 and θ̂2

denote the restrictions of θ̂ to [±2m1] and [±2m] \ [±2m1], respectively, and let i : [±2m]→

[N ] be a function satisfying ker (i) = π1 t π2. Note that θ̂ = θ̂1 t θ̂2 ≤ π1 t π2 since θ̂ ≤ π

implies θ̂1 ≤ π1 and θ̂2 ≤ π2, and thus, by Proposition 5.2.4, the polynomial pσ−1◦π1tπ2 is

zero, and hence, we get

h(i ◦ σ) = 1.

Moreover, π1 and π2 are even partitions since θ̂ is even and θ̂ = θ̂1 t θ̂2 ≤ π, so, from (4.3),

we get

E [w1(i, j)] =
(N −#(π1))!

N !
and E [w2(i, j)] =

(N −#(π2))!

N !
.

The partitions πodd,1 and πodd,2 are also even since θ̂odd is even and θ̂ = θ̂1 t θ̂2 ≤ π implies

θ̂odd = θ̂odd,1 t θ̂odd,2, θ̂odd,1 ≤ πodd,1, and θ̂odd,2 ≤ πodd,2 where θ̂odd,1 and θ̂odd,2 denote the

restrictions of θ̂odd to [±2m1] and [±2m] \ [±2m1], respectively. Thus, from (4.2), we have

E [y1(i)]E [y2(i)] = 1.

Consequently, we obtain (6.23) from (6.22). Now, similar to U∗N,i1UN,i2 = W ∗HW/
√
N , if

the partition θ̂ satisfies either (1) or (2) from Proposition 5.2.6, then pσ−1◦π1tπ2 is a non-zero

polynomial and (6.21) holds, so, from (6.22), we obtain

C2[π] = 1 +O(N−1/2)

since we have |E [y1(i)]E [y2(i)] = 1| ≤ 1 for any function i : [±2m]→ [N ].
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It only remains to show that the undirected graph Gπ must have only double-loops as

connected components if θ̂ satisfies (2) from Proposition 5.2.6. So, suppose θ̂ satisfies (2)

from Proposition 5.2.6. Note that if π has a block of the form {k, l}, then k + l is odd, and

hence, we must have either {k} or {l} is a block of πodd, contradicting the assumption that

πodd is an even partition. Thus, π has only blocks of the form {k, l,−k,−l}, or, equivalently,

the undirected graph Gπ has only double loops as connected components.

6.3.2 Case U∗N,i1UN,i2 = W ∗H∗XHW/N

For each function i : [±4m]→ [N ], we let ĥ(i), ĝ(i), x̂1(i), and x̂2(i) be given by

ĥ(i) =
2m∏
k=1

H∗(i−2k+1, i2k−1)H(i−2k, i2k), ĝ(i) =
2m∏
k=1

H∗(i−2k+1, i−2k)H(i2k, i2k−1),

x̂1(i) =

2m1∏
k=1

X(i−2k, i2k), and x̂2(i) =

2m1+2m2∏
k=2m1+1

X(i−2k, i2k);

additionally, if we are given a function j : [±2m]→ [N ], we take

t = (t−1, t1, t−3, t3, . . . , t4m1+4m2−1) = (j−1, j1, j−2, j2, . . . , j−2m, j2m) (6.24)

and let ŵ1(i, t) and ŵ2(i, t), also denoted ŵ1(i) and ŵ2(i), respectively, be defined by

ŵ1(i, t) =

2m1∏
k=1

W (i2k−1, t2k−1)W (i−2k+1, t−2k+1) and

ŵ2(i, t) =

2m1+2m2∏
k=2m1+1

W (i2k+1, t2k+1)W (i−2k+1, t−2k+1).



6.3. PROOF OF THEOREM 1.2.1 141

Now, given partitions π ∈ P (±2m) and α ∈ P2(2m) and a function j : [±2m] → [N ]

satisfying ker (j) = π, we define C2 [π, α] by

∑
i:[±4m]→[N ]

ker(i)=α̂tπodd

ĥ(i ◦ σ̂)E [ŵ(i)]E [x̂(i)]−
∑

i:[±4m]→[N ]

ker(i)=α̂tπodd
1 tπodd

2

ĥ(i ◦ σ̂)E [ŵ1(i)]E [ŵ2(i)]E [x̂1(i)]E [x̂2(i)]

= NmC2 [π, α] (6.25)

where πodd
1 and πodd

2 denote the restrictions of πodd to the sets [±4m1] and [±(4m1 + 4m2)] \

[±4m1], respectively, α̂ is the partition given by α̂ = {{−2k, 2k,−2l, 2l} | {k, l} ∈ α}, and

σ̂ : [±4m]→ [±4m] is the permutation with cycle decomposition

σ̂ = (−1, 1,−2, 2, . . . ,−4m1, 4m1)(−4m1 − 1, 4m1 + 1,−4m2 − 2, . . . , 4m1 + 4m2).

Proposition 6.3.4. Suppose π is an even partition in P (±2m) and assume U∗N,i1UN,i2 =

W ∗H∗XHW/N . If c2 [π] is given by (6.9) and C2 [π, α] is given by (6.25) for every pairing

partition α ∈ P2(2m), then

N2mc2 [π] =

 ∑
α∈P2(2m)

C2 [π, α]

+O
(
Nm−1

)
(6.26)

Proof. Fix a function j : [±2m] → [N ] satisfying ker (j) = π and let t be as in (6.24). The

(j−k, jk)-entry of U∗N,i1UN,i2 is then given by the sum

N∑
i−2k+1,i2k+1,i−2k,i2k=1

W ∗(t−2k+1, i−2k+1)H∗(i−2k+1, i−2k)X(i−2k, i2k)H (i2k, i2k−1)W (i2k−1, t2k−1),
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and hence, by Equation (6.9) and the linearity of the covariance, we get

N2mc2 [π] =
∑

i:[±4m]→[N ]

ĝ(i) · cov
[
ŵ1(i, t ◦ σ̃) · x̂1(i),w2(i, t ◦ σ̃) · x̂2(i)

]

where ĝ(i), ŵ1(i, t), ŵ2(i, t), x̂1(i), and x̂2(i) are defined as above and σ̃ : [±4m] → [±4m]

is the permutation with cycle decomposition

σ̃ = (−1, 1,−3, 3, . . . ,−4m1 + 1, 4m1 − 1)(−4m1 − 1, 4m1 + 1, . . . , 4m1 + 4m2 − 1).

Note that for every function i : [±4m]→ [N ] we have

ĥ(i ◦ σ̂) = ĝ(i ◦ σ̃), ŵk(i, t) = ŵk(i ◦ σ̃, t ◦ σ̃), and x̂k(i) = x̂k(i ◦ σ̃)

for k = 1, 2, so we get

N2mc2 [π] =
∑

i:[±4m]→[N ]

ĥ(i ◦ σ̂) · cov [ŵ1(i, t) · x̂1(i),w2(i, t) · x̂2(i)] .

Now, suppose θ = ker (i) for a function i : [±4m]→ [N ]. Since πodd = ker (t), from (4.3) we

have that

E [ŵ1(i, t)ŵ2(i, t)] = 0 and E [ŵ1(i, t)]E [ŵ2(i, t)] = 0

provided θodd 6= πodd and θodd 6≥ (π1 t π2)odd = πodd
1 t πodd

2 , respectively; moreover, (4.2)

implies that

E [x̂1(i)x̂2(i)] = E [x̂1(i)]E [x̂2(i)] = 0

if θeven is not an even partition, θeven has a block of the form {2k,−2k}, or 2k 6∼θ −2k for
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some k ∈ [2m]. Thus, we obtain

N2mc2 [π] =
∑

θ∈P̃π(±4m)

∑
i:[±4m]→[N ]

ker(i)=θ

ĥ(i ◦ σ̂)E [ŵ1(i, t)ŵ2(i, t)]E [x̂1(i)x̂2(i)]

−
∑

θ∈P̃π1tπ2 (±4m)

∑
i:[±4m]→[N ]

ker(i)=θ

ĥ(i ◦ σ̂)E [ŵ1(i, t)]E [ŵ2(i, t)]E [x̂1(i)]E [x̂2(i)]

where P̃β(±4m) denotes the set of all partitions θ ∈ P (±4m) such that θodd ≥ βodd and for

every integer k ∈ [2m] there exists l ∈ [2m] \ {k} such that 2k ∼θ −2k ∼θ −2l ∼θ 2l.

Now, letting P̂β(±4m) denote the set of partitions θ ∈ P̃β(±4m) so that θ = θeven t θodd,

θodd = βodd, and every block of θeven is of the form {2k,−2k, 2l,−2l} with k, l ∈ [2m] and

k 6= l, note the mapping

α 7→ α̂ t βodd

with α̂ = {{2k,−2k, 2l,−2l} | {k, l} ∈ α} gives a bijection between the set of pairing parti-

tions P2(2m) and the set P̂β(±4m) for any partition β ∈ P (±2m). Thus, to get (6.26), it

only remains to show that

N2mc2 [π] =
∑

θ∈P̂π(±4m)

∑
i:[±4m]→[N ]

ker(i)=θ

ĥ(i ◦ σ̂)E [ŵ(i, t)]E [x̂(i)]

−
∑

θ∈P̂π1tπ2 (±4m)

∑
i:[±4m]→[N ]

ker(i)=θ

ĥ(i ◦ σ̂)E [ŵ1(i, t)]E [ŵ2(i, t)]E [x̂1(i)]E [x̂2(i)]

+O
(
Nm−1

)
.

Suppose θ ∈ P̃π1tπ2(±4m). Then, since θodd ≥ (π1 t π2)odd = πodd
1 t πodd

2 and each block of
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θeven has at least 4 elements, we get the inequality

#(θ) ≤ #(θodd) + #(θeven) ≤ #(π1) + #(π2) +m

with equality only if θ = θeven t θodd, θodd = πodd
1 t πodd

2 , and each block of θeven has exactly

4 elements, i.e., θ ∈ P̂π1tπ2(±4m); moreover, (4.2) and (4.3) imply that

∣∣∣∣∣∣∣∣
∑

i:[±4m]→[N ]
ker(i)=θ

ĥ(i ◦ σ̂)E [ŵ1(i, t)]E [ŵ2(i, t)]E [x̂1(i)]E [x̂2(i)]

∣∣∣∣∣∣∣∣
≤ (N −#(π1))!

N !
· (N −#(π2))!

N !
·

∣∣∣∣∣∣∣∣
∑

i:[±4m]→[N ]
ker(i)=θ

ĥ(i ◦ σ̂)

∣∣∣∣∣∣∣∣ = O
(
N−#(π1)−#(π2)+#(θ)

)
.

Hence, if θ ∈ P̃π1tπ2(±4m) \ P̂π1tπ2(±4m), we have

∑
i:[±4m]→[N ]

ker(i)=θ

ĥ(i ◦ σ̂)E [ŵ1(i, t)]E [ŵ2(i, t)]E [x̂1(i)]E [x̂2(i)] = O
(
Nm−1

)
.

Similar arguments show that #(θ) ≤ m+#(π) for every partition θ ∈ P̃π(±4m) with equality

only if θ ∈ P̂π(±4m), and hence, we get

∑
i:[±4m]→[N ]

ker(i)=θ

ĥ(i ◦ σ̂)E [ŵ(i, t)]E [x̂(i)] = O
(
Nm−1

)

for any θ ∈ P̃π(±4m) \ P̂π(±4m).

Proposition 6.3.5. Suppose π ∈ P(±2m) and α ∈ P2(2m) and let α1 and α2 denote the
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restrictions of α to the sets [2m1] and [2m1 + 2m2] \ [2m1], respectively. If C2[π, α] is given

by (6.25), then

C2[π, α] =



1 +O (N−1) if there is a symmetric pairing η ∈ P (±4m) satisfying (1) from

Proposition 5.2.6 and such that η ≤ α̂ t πodd,

1 +O (N−1) if α 6= α1 t α2 and there is a symmetric pairing η ∈ P (±4m)

satisfying (3) from Proposition 5.2.6 with k and l even and

such that η ≤ α̂ t πodd,

O(N−
1
2 ) otherwise.

Proof. Note that if the polynomial pσ̂−1◦(α̂tπodd) is non-zero, then C2[π, α] = O(N−1/2). In-

deed, if pσ̂−1◦(α̂tπodd) is a non-zero polynomial, so is pσ̂−1◦(α̂tπodd
1 tπodd

2 ) by Proposition 5.2.4,

and thus, Corollary 5.2.2 implies there is a constant C independent from N such that

∣∣∣∣∣∣∣∣
∑

i:[±4m]→[N ]

ker(i)=σ̂−1◦(α̂tβodd)

ĥ(i)

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
∑

i:[±4m]→[N ]

ker(i)=α̂tβodd

ĥ(i ◦ σ̂)

∣∣∣∣∣∣∣∣ ≤ CNm+#(β)− 1
2

for β = π and β = π1 t π2. But then, we get that C2[π, α] = O(N−1/2) since from (4.2),

(4.3), and (6.25) we have

∣∣∣C2[π, α]
∣∣∣ ≤ C · (N −#(π))!

N !
·N#(π)− 1

2 + C · (N −#(π1))!

N !
· (N −#(π2))!

N !
·N#(π1)+#(π2)− 1

2 .

Assume pσ̂−1◦(α̂tπodd) is the zero polynomial. Then, by Proposition 5.2.4, there is a sym-

metric pairing partition η ≤ α̂tπodd such that pσ̂−1◦η is also the zero polynomial, and hence,

the partition η must satisfy one of the conditions (1)-(6) from Proposition 5.2.6. However,

we have η = ηodd t ηeven, since η ≤ α̂ t πodd, and neither 2m1 or 2m2 is odd, so conditions
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(2) and (4)-(6) can not hold. Now, note that if pσ̂−1◦(α̂tβodd) is zero polynomial for some

partition β ∈ P (±2m), then

∑
i:[±4m]→[N ]

ker(i)=α̂tβodd

ĥ(i ◦ σ̂) =
N !

(N −#(α̂ t βodd) + 1)!
=

N !

(N −m−#(β) + 1)!

since we would have ĥ(i◦σ̂) = 1 for any function i : [±4m]→ [N ] satisfying ker (i) = α̂tβodd.

Hence, if α1, α2, π1, and π2 are all even partitions and the polynomial pσ−1◦α̂tπodd
1 tπodd

2
is

zero, from (4.2), (4.3), and (6.25), we obtain

(N −#(π))!

N !
·

∑
i:[±4m]→[N ]

ker(i)=α̂tπodd

ĥ(i ◦ σ̂)− (N −#(π1))!

N !
· (N −#(π2))!

N !
·

∑
i:[±4m]→[N ]

ker(i)=α̂tπodd
1 tπodd

2

ĥ(i ◦ σ̂)

= NmC2[π, α] = O
(
Nm−1

)
(6.27)

On the other hand, if either α1 or α2 is not an even partition, from (4.2) and (6.25), we get

C2[π, α] =
1

Nm
· (N −#(π))!

N !
·

∑
i:[±4m]→[N ]

ker(i)=α̂tπodd

ĥ(i ◦ σ̂) = 1 +O
(
N−1

)
. (6.28)

Suppose η satisfies (3) from Proposition 5.2.6 and let 1 ≤ k ≤ 4m1 and 4m1 + 1 ≤ l ≤

4m1 + 4m2 such that η = {{σ̂t1(−k), σ̂−t1(k)}, {σ̂t2(−l), σ̂−t2(l)} | t2, t2 ≥ 0} . We need to

consider three cases: k and l are both odd, k + l is odd, and k and l are both even. First, if

k and l are both odd, then pσ−1◦α̂tπodd
1 tπodd

2
is also the zero polynomial, π1 and π2 are both

even partitions, and α = α1 t α2, so (6.27) holds. Second, if k + l is odd, then α = α1 t α2

and π = π1tπ2, but then (6.27) holds too. Third, if k and l are both even, then π = π1tπ2

and either α = α1 t α2 or α 6= α1 t α2. However, if α = α1 t α2, we already know that
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C2[π, α] = O(N−1) from (6.27), and if α 6= α1 t α2, then α1 and α2 are not even partitions,

so (6.28) holds. Finally, if η satisfies (1) from Proposition 5.2.6, we must have α 6= α1 t α2,

so we obtain C2[π, α] = 1 +O (N−1).

Proof of (3) from Proposition 6.3.1. Fix an even partition π ∈ P (±2m) such that

π ≤ θ for some partition θ ∈ Pχχ(±2m) and let C2[π, α] be given by (6.25) for each pairing

partition α ∈ P2(2m). By Proposition 6.3.5, we have that

∑
α∈P2(2m)

C2 [π, α] = |Eπ|+ |Fπ| − |Eπ ∩ Fπ|+O(N−1/2)

where Eπ and Fπ are the subsets of P2(2m) given by

Eπ =

α ∈ P2(2m)

∣∣∣∣∣∣∣
η ≤ α̂ t πodd for some symmetric pairing η ∈ P (±4m)

satisfying (1) from Proposition 5.2.6


and

Fπ =

α ∈ P2(2m)

∣∣∣∣∣∣∣
α 6= α1 t α2 and η ≤ α̂ t πodd for some symmetric pairing

η ∈ P (±4m) satisfying (3) from Proposition 5.2.6 with k and l even

 .

Thus, by Proposition 6.3.4, we only need to show that Eπ 6= ∅ implies |Eπ| = 1, Fπ 6= ∅

implies |Fπ| = 2, and Eπ ∩ Fπ is empty.

Let α and β be pairing partitions in P2(2m) and suppose there are symmetric pairings

ηα, ηβ ∈ P (±4m) satisfying (1) from Proposition 5.2.6, ηα ≤ α̂ t πodd, and ηβ ≤ β̂ t πodd.

Then, there are integers 2m1 + 1 ≤ lα, lβ ≤ 2m1 + 2m2 so that

σ̂−t(2lα − 1) ∼ηα σ̂t(−1) ∼ηβ σ̂−t(2lβ − 1) ∀t ≥ 0
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where σ̂ is the permutation given by

σ̂ = (−1, 1,−2, 2, . . . ,−4m1, 4m1)(−4m1−1, 4m1+1,−4m1−2, . . . ,−4m1−4m2, 4m1+4m2).

But then, we must have

σ̂−t(2lα − 1) ∼α̂tπodd σ̂t(−1) ∼β̂tπodd σ̂
−t(2lβ − 1) ∀t ≥ 0 (6.29)

since ηα ≤ α̂ t πodd and ηβ ≤ β̂ t πodd, and thus, we get that

σ−t(lα) ∼π σt(−1) ∼π σ−t(lβ) ∀t ≥ 0

where σ is the permutation given by

σ = (−1, 1,−2, 2, . . . ,−2m1, 2m1)(−2m1−1, 2m1+1,−2m1−2, . . . ,−2m1−2m2, 2m1+2m2).

In particular, for t = 0, we obtain lα ∼π −1 ∼π lβ, and thus, we have lα = lβ since π is

an even partition with only blocks of the form {−k,+k,−l, l} and {+k,−l}. Therefore, it

follows from (6.29) that α̂ = β̂, or, equivalently, α = β. This shows that Eπ 6= ∅ implies

|Eπ| = 1.

Suppose now there are symmetric pairings ηα, ηβ ∈ P (±4m) satisfying (3) from Proposi-

tion 5.2.6 with k and l even, ηα ≤ α̂ t πodd, and ηβ ≤ β̂ t πodd. Then, there exists integers

1 ≤ kα ≤ kβ ≤ 2m1 so that

σ̂t(−2kα) ∼ηα σ̂−t(2kα) and σ̂t(−2kβ) ∼ηβ σ̂−t(2kβ) ∀t ≥ 0,
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and hence, we get

σ̂t(−2kα) ∼α̂tπodd σ̂−t(2kα) and σ̂t(−2kβ) ∼β̂tπodd σ̂
−t(2kβ) ∀t ≥ 0 (6.30)

since ηα ≤ α̂ t πodd and ηβ ≤ β̂ t πodd; in particular, we must have

σ̂4t(2kα) ∼α̂ σ̂−4t(−2kα) and σ̂4t(2kβ) ∼β̂ σ̂
−4t(−2kβ) ∀t ≥ 0.

Now, since α and β are pairing partitions of [2m1 + 2m2], α̂ = {{+2k,−2k,+2l,−2l} |

{k, l} ∈ α}, and β̂ = {{+2k,−2k,+2l,−2l} | {k, l} ∈ β}, we get

σ2t(kα) ∼α σ−2t(kα) and σ2t(kβ) ∼β σ−2t(kβ) ∀t ≥ 0,

where σ is the permutation defined above; hence, we obtain

α1 = {{kα}, {kα + 1, kα − 1}, . . . , {kα +m1 − 1, kα −m1 + 1}, {kα +m1}}

and

β1 = {{kβ}, {kβ + 1, kβ − 1}, . . . , {kβ +m1 − 1, kβ −m1 + 1}, {kβ +m1}}

where α1 and β1 denote the restrictions of α and β, respectively, to the set [±2m1]. Let us

show that α1 = β1. From (6.30), we also have that

σ̂4t(−2kα − 1) ∼πodd σ̂−4t(2kα − 1), σ̂4t(2kα + 1) ∼πodd σ̂−4t(−2kα + 1),

σ̂4t(−2kβ − 1) ∼πodd σ̂−4t(2kβ − 1), and σ̂4t(2kβ + 1) ∼πodd σ̂−4t(−2kβ + 1)
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for every integer t ≥ 0, and thus, since πodd = {{2k− sign (k) | k ∈ B} | B ∈ π}}, we obtain

σt+1(kα) = σt(−kα − 1) ∼π σ−t(kα) and σt+1(kβ) = σt(−kβ − 1) ∼π σ−t(kβ) ∀t ≥ 0.

Let t = kβ − kα and note that

σ2t(kα) ∼π σ−2t+1(kα) ∼π σ2t+1(kα)

since

kβ = σ2t(kα) ∼π σ−2t+1(kα) and σ2t+1(kα) = σ(kβ) ∼π kβ;

moreover, since σ2t(kα) > 0, σ−2t+1(kα), σ2t+1(kα) < 0, and π is a partition with only blocks

of the form {−k,+k,−l, l} and {+k,−l} with k, l > 0, we must have

σ2t(kα) = −σ−2t+1(kα), σ2t(kα) = −σ2t+1(kα), or σ−2t+1(kα) = σ2t+1(kα),

or, equivalently,

σ4t−2(kα) = kα, σ−2(kα) = kα, or σ−4t(kα) = kα.

But the equality σs(kα) = kα holds if only if s ≡ 0 mod 4m1, so only σ−4t(kα) = kα can

hold, and thus, we get kα = kβ or kβ = kα +m1 since 0 ≤ t = kβ − kα ≤ 2m1− 1. Therefore,

α1 = β1 and there is an integer 1 ≤ k = kα ≤ 2m1 so that

α1 = {{k}, {k + 1, k − 1}, . . . , {k +m1 − 1, k −m1 + 1}, {k +m1}} = β1

= {{σ2t(k), σ−2t(k)} | 0 ≤ t ≤ m1}.
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Similarly, letting α2 and β2 denote the restrictions of α and β, respectively, to the set

[±(2m1 + 2m2)] \ [±2m1], we have α2 = β2 and there is an integer 2m1 + 1 ≤ l ≤ 2m1 + 2m2

so that

α2 = {{l}, {l + 1, l − 1}, . . . , {l +m2 − 1, l −m2 + 1}, {l +m2}} = β2

= {{σ2t(l), σ−2t(l)} | 0 ≤ t ≤ m2}.

This shows that |Fπ| = 2 provided Fπ 6= ∅ since γ ∈ Fπ implies

γ = {{k, l}, {k +m1, l +m2}} ∪ α̃ or γ = {{k, l +m2}, {k +m1, l}} ∪ α̃

where α̃ = {{σ2t(k), σ−2t(k)} | 1 ≤ t ≤ m1 − 1} ∪ {{σ2t(l), σ−2t(l)} | 1 ≤ t ≤ m2 − 1}.

Finally, Eπ ∩ Fπ is empty since Eπ 6= ∅ implies π 6= π1 t π2, and, on the other hand,

Fπ 6= ∅ implies π = π1 t π2.



152

Chapter 7

Conclusions

(1) The random matrix ensemble {WN,1, HNWN,2}∞N=1 satisfies the hypothesis in Lemma

1.2.3, and hence, Theorem 1.2.2 is proved once we show (1.12) holds. To that end,

we first define appropriate versions of the functions w(i, j), w1(i, j), w2(i, j), and show

that (6.17) still holds in this case. Then, following similar steps to those in the proof

of Proposition 6.3.1 and Lemma 6.3.2 and letting U∗N,i1UN,i2 = 1√
N
W ∗
N,1HNWN,2, we

conclude

∑
π∈Peven(±2m)

π≤θ

Nmc2 [π]µ(π, θ) =


1 +O

(
N−1/2

)
if θ is a pairing partition satisfying (1)

from Proposition 5.2.6,

O
(
N−1/2

)
otherwise.

(2) One can replace the Discrete Fourier transform HN in the unitary random matrix en-

semble {WN , HNWN/
√
N,XNHNWN/

√
N}∞N=1 by any Hadamard matrix H ′N and still

get an asymptotically liberating ensemble, see [1]. Moreover, key equations in this paper

involving HN still holds when we replace HN by a general Hadamard matrix H ′N , for
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instance, (5.10), (5.12), and (5.14). Thus, to determine the corresponding induced fluc-

tuations moments, one needs to compute graph sums of H ′N and obtain similar results to

those from Section 5.2. However, the results for graph sums of HN were possible thanks

to the reciprocity theorem for generalized Gauss sums and it is not obvious what could

be used for a general H ′N .

(3) Although Proposition 4.3.18 and Corollary 4.3.20 give equivalent conditions only for

point-wise uniform boundedness, similar statements and proofs provide us with corre-

sponding conditions for the point-wise convergence of a sequence of multi-linear func-

tionals. These conditions together with bounds for graph sums can be exploited to study

higher order moments. In particular, the relations (6.4) and (6.10) can be used to deter-

mine the higher order moments induced by Haar-unitary and Haar-orthogonal via the

Weingarten Calculus from [4] and [5].
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