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Abstract

The topics covered in this thesis belong to the theories of free probability and random ma-
trices. Random matrix ensembles formed of independent Haar-unitary random matrices, or
independent Haar-orthogonal random matrices, are known to be asymptotically liberating,
they give rise to asymptotic free independence when used for conjugation of constant ma-
trices. G. Anderson and B. Farrel showed that certain family of discrete random unitary
matrices can actually be used to same end.

We investigate fluctuation moments and higher order moments induced on constant ma-
trices by conjugation with asymptotically liberating random matrix ensembles. We show for
the first time that the fluctuation moments associated to second order free independence can
be obtained from conjugation with an ensemble consisting of signed permutation matrices
and the Discrete Fourier Transform matrix. We also determine fluctuation moments induced
by various related ensembles where we do not get known expressions but others related to

traffic free independence.
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Chapter 1

Introduction

1.1 Background

Random matrices are matrix-valued random variables that were first investigated in mathe-
matical statistics [25] and then in nuclear physics [24]. Over the years, its study has evolved
into a theory with applications to pure and applied sciences such as numerical analysis [6],
analytic number theory [9], and wireless communications [20], to name some.

One of the main topics in Random Matrix Theory is the study of limiting, or asymptotic,
properties of random matrix ensembles. The term random matriz ensemble is used in the
literature to refer to a sequence of random matrices {Xy}%_;, or a sequence of families
of random matrices {{Xn}icr}X—1, where the considered random matrices increase in size
with respect to N, their limiting properties are then those arising from letting N go to infin-
ity. Eigenvalue distributions, eigenvalues spacing, concentration inequalities, large deviation
principles, maximal eigenvalues, and central limit theorems are some examples of limiting
properties, for a good introduction on these subjects one can consult [2].

Now, introduced by D. Voiculescu in his research on von Neumann algebras in [22], free

probability theory has played a key role in the study of random matrices when multiple
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ensembles need to be considered. A main notion from free probability is that of asymptotic

free independence.

Definition 1.1.1. Let I be a non-empty set. Suppose {Xx;}¥_; is a random matrix en-
semble for each ¢ € I where each Xy ; is a N-by-N random matrix. We say that {Xxy,;}¥_,

with i € I are asymptotically freely independent if the following two conditions are satisfied:

(AF.1) the limit lim E [tr (X]TV”Z)} exists for each index ¢ € I and every integer m > 1, with

N—oo

tr (-) denoting the normalized trace +Tr (-), and

(AF.2) for all integers m > 1, all indexes iy,1ig,...,i, € I satisfying iy # is, iy # i3,...,
tm—2 F tm-1,tm-1 7# tm, and i, # 1; and all polynomials pi,pa,...,pm in the
algebra C[x|, we have lim E[tr (Yy1Yn2 - Ynm)] = 0 where Yy = pip (Xn,,) —

E [tr (pr (Xni,))] I

The first connection between free probability and random matrices was established by
D. Voiculescu when he shows in [23] that independent Gaussian Unitary Ensembles con-
verge to free semi-circular random variables, a result which generalizes Wigner’s semicircular
law and entails the asymptotic free independence of independent Gaussian Unitary Ensem-
bles. The list of random matrix ensembles exhibiting asymptotic free independence has
been extended since then and it now includes: independent Wishart ensembles, independent
Gaussian Orthogonal ensembles, independent Haar-unitary distributed ensembles, indepen-
dent Haar-orthogonal distributed ensembles, among others. The monograph [21] and the
book [17] have become standard introductions to free probability and the recent monograph
[15] is an excellent source presenting multiples directions in which the relation between free

probability and random matrices has been extended.
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Another result due to D. Voiculescu in [23], and subsequently generalized by other au-
thors, states that conjugation by independent Haar-distributed unitary random matrices
gives rise to asymptotic free independence. More concretely, assume Dy ; is a self-adjoint
N-by-N deterministic matrix for each index ¢ € I and each integer NV > 1 and suppose that

sup ||[Dn;l| <oo and  lim tr(DY,;) exists (1.1)
NEN N—o00 ’

for all i € I and m > 1; the random matrix ensembles { Dy ;}%_, with ¢ € I might or might
not be asymptotically freely independent, however, if {Uy;}ier is a family of independent
N-by-N Haar-unitary distributed random matrices for each N > 1, then {Uy Dy Uy }%=1
with ¢ € I are asymptotically freely independent. The same conclusion holds if each Uy ; is
Haar-orthogonal distributed, see [10].

Aiming to enclose all of the unitary random matrix ensembles that give rise to asymptotic
free independence when used for conjugation, B. Farrell and G. Anderson introduced in [1]

the notion of asymptotically liberating random matriz ensembles.

Definition 1.1.2. Suppose Uy is an N-by-N unitary random matrix for each index 7 € 1
and each integer N > 1. The unitary random matrix ensemble {{U Nitie 1}?\70:1 is asymptot-
ically liberating if for all indexes iy,49,...,%, € [ with iy # is,is # i3,...,9m_1 # im, and

im 7 17 there exists a constant C' > 0 depending only on the indexes i, s, . . ., 7,, such that
B [T (Unsy Ana Ui Unis AwaUbvas -+ Unisy AU )] | < ClAnlll Aol [ Al

for all integers NV > 1 and all matrices An1, Ang, ..., Aym € Maty(C) each of trace zero.

It follows immediately from the definition above that asymptotically liberating ensembles

gives rise to asymptotic free independence when used for conjugation. Indeed, suppose
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{{Un.i}ier} %=1 is asymptotically liberating and assume {Dy,;}%_; with i € I satisfy (1.1).
Letting Xn; = Uy,;Dy Uk, we have (1.1) implies (AF.1) from Definition 1.1.1; moreover,

if each Yy is as in (AF.2) from Definition 1.1.1, then
YN,1YN,2 T YN,m - (UN,ilAN,lU;f,z’l)(UN,igAN,zU;/,iz) T (UN,imAN,mU;f,z’m)

where Ay denotes the matrix of trace zero py(Dy; ) — tr(pr(Dy,, ))In, but (1.1) also
implies that supy|[Ay .|l < oo, and hence (AF.2) holds. As it was intended, independent
Haar-unitary random matrix ensembles and independent Haar-orthogonal random matrix
ensembles are among those unitary random matrix ensembles shown to be asymptotically
liberating, see Theorem 2.8 in [1] or Lemma 1.2.3 below.

A key feature of asymptotic free independence is that it provides us with universal rules
to compute limiting mixed moments out of individual ones. A limiting mized moment of the

ensembles {Xn;}%_; with ¢ € I is a limit of the form
dim E [tr (X, Xy, Xy, (1.2)

where at least two of the indexes iy, s, ...,4, € I are distinct and none of them depend on
N. Thus, if {Xx,;}%¥_, with i € I are asymptotically free independent and i;,io € I are
distinct, one can show that

Jim B [or (X5, Xh, X35 X, )] = o0 0 ool — afVaiP el ag®

where ol denotes ]\}im E[tr(X}y,;)] and is called the m-th limiting individual moment of
—00 ’

{Xni}%¥-1- The relation above, and any other derived from asymptotic free independence



1.1. BACKGROUND 5

to compute mixed moments, is called universal since it does not depend on any particular
choice of 4; and iy and it only requires { Xy }¥-; and {Xn;, }F_; to be asymptotically
freely independent.

At this point, one might wonder if there are universal rules for computing limiting mixed
moments of higher order out individual ones. A limiting moment of n-th order of the en-

sembles { Xy, }3_; with ¢ € I is defined to be a limit of the form

lim N, [Tr(X 1), Tr(Xna), - .., Te(Xnn)] (1.3)
—00
where ¢,[-, ..., ] denotes the n-th classical cumulant, see Section 2.1, and each X N i is of the
form

Xng = Xy s X 00 Xy
for some integer m; > 1 and some indexes igk), igk), e ,17(5,1 € I not depending on N. The

choice of the normalization factor N2 appearing in (1.3) is due to what has been observed
for the behavior of (1.3) when each Xy ; is a Gaussian Unitary Ensemble. Since the limiting
moment (1.3) is just a generalization of (1.2), we call it mized if at least two of the indexes
z'gl), e ,2%3 , i§2), e z%, e ,ig"), e ,Z%LT)L are distinct, and individual, otherwise.

The most studied moments of higher order are moments of second order, also known as

fluctuation moments. A fluctuation moment of the ensembles { Xy ,;}¥_, with i € I is then

a limit of the form
Jim Cov[Tr(Xni Xniy *** XNimy )s TH(X N, i1 XN 2 77 XN my )] (1.4)

for some integers my,my > 1 and indexes i1,%9, .., lmyy by t1s bmgt2s - -« bmyims € 1. A

common practice in free probability theory to determine (1.3), or (1.4), combinatorially
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is that of calculating limiting moments of products of cyclically alternating and centered
random matrices, as in (AF.2) from Definition 1.1.1. For fluctuation moments, this means

one must consider limits of the form
]\}lm COV [TI‘(YNJYNQ e YNJnl)’ TI'(ZNJZNQ s ZN,mg)]
—00
where Yy, and Zy; are given by

Y =P (X)) — Eftr (pre (Xni,))] Iv and Zny = qi (Xny;,) — Eftr (q (Xn,))] In - (1.5)

for all polynomials p1, P2, - - - ; Py, A1, 25 - - -, Amy, € C[x] and all indexes iy, iy, . . ., i, J1, Jos - - -,

ij € [ satisfying the condition

Z.l 7£ i2ai2 7é 7;37 CIC 7Z.m1—1 7é imlviml # ilajl 7£ j27j2 #jS) CE 7j’m2—1 7£ jmzajmz 7é jl- (16)

Analyzing the fluctuation moments of complex Gaussian and complex Wishart random
matrix ensembles, J. Mingo and R. Speicher found a relation between individual and mixed
moments of first and second order and introduced in [13] the notion of asymptotic free

independence of second order.

Definition 1.1.3. We say that the random matrix ensembles {Xy;}¥_, with ¢ € I are
asymptotically freely independent of second order if they are asymptotically freely indepen-

dent and the following three conditions are satisfied:

(ASOF.1) the limit A}im Cov [Tr(X},), Tr(X} ;)] exists for each index i € I and all integers
—00 ’ ’

m,n > 1,
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(ASOF.2) for all integers my,mg > 1, all indexes i1, 2, ..., im ; J1,J2, - - -, Jm, € I satisfying
(1.6), and all polynomials pi,ps, ..., Pmysd1,92, - - - s Am, 0 the algebra C[x], if
we take YN = YN,1YN,2 ce YN7m1 and ZN = ZN,1ZN,2 s ZN7m2 with YNJf and ZN,I

given by (1.5) for 1 <k <mj and 1 <1 < my, we have

mo M1
dim Cov [Te(Yy), Te(Zy)] = Gy my Jim. ; g Eltr YypZni—i)]  (L7)

where [ — k is taken modulo m», and

(ASOF.3) for ever integer n > 3, all polynomials pi,ps,...,p, in the algebra of non-

commutative polynomials C (x; | i € I), letting Yy = pr ({Xn.i}icr), we have

Nlim o [Tr (Yan), Tr (Yngz), .., Tr (Yan)] =0
—00

Similar to asymptotic free independence, asymptotic free independence of second order
provides us with universal rules, via the conditions (ASOF.1) and (ASOF.2) above, to cal-
culate limiting mixed fluctuation moments out of individual ones. Moreover, independent
Gaussian Unitary Ensembles are asymptotically freely independent of second order and con-
jugation by independent Haar-unitary random matrix ensembles leads to asymptotic free
independence of second order, see [13] and [12], respectively.

However, in contrast to moments of first order, fluctuation moments induced by Haar-
unitary random matrix ensembles and those induced by Haar-orthogonal random matrix
ensembles differ. Investigating fluctuation moments of independent Gaussian Orthogonal
Ensembles, E. Redelmeier proved in [18] that if each { Xy, }ie; forms a family of independent

Gaussian Orthogonal Ensembles for every N > 1, then the ensembles {Xn;}%_; with i € [
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satisfy (ASOF.1) and (ASOF.3) from Definition 1.1.3 but (ASOF.2) has to be replaced by

the following:

(ASOF.2%) for all integers my, my > 1, all indexes 41,42, . . ., im , j1, J2, - - -, m, € I satisfying
(1.6), and all polynomials p1,pa, ..., Pmysd1,d2, - - - Amy 10 the algebra C[x], if
we take YN = YN’1YN72 cee YN7m1 and ZN = ZN71ZN72 cee ZN,mg with YVN’]C and ZNJ

given by (1.5) for 1 < k <m; and 1 <1 < my, we then have

lim Cov [Te(Yy), Te(Zx)] =0,y lim_ > (H E[tr(yN,kZN,l_k)]> +

=1 k=1
b i 3 (}HE[tr<YN,kzﬁ,l+k>1) 18

where | — k and [ + k are taken modulo ms.

Asymptotically freely independent ensembles satisfying (ASOF.1), (ASOF.2"), and (ASOF.3)
are called asymptotically freely independent of second order in the real sense. Generalizing
the findings of E. Redelmeier in [18], it was showed by J. Mingo and M. Popa in [10] that in-
dependent orthogonally-invariant ensembles are asymptotically freely independent of second
order in the real sense, and therefore, the fluctuation moments induced by Haar-orthogonal

ensembles are not described by (1.7) but (1.8) instead.

1.2 Objectives and main results

The aim of this thesis is investigate the behavior of the fluctuation moments, and higher
order moments, resulting from conjugation by asymptotically liberating ensembles. Since
independent Haar-unitary and independent Haar-orthogonal are both asymptotically liber-

ating but the fluctuation moments each of them induces are distinct, we already know that
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the induced fluctuation moments depend on the specific liberating ensemble used for con-
jugation. However, it might well be the case that the relations in (1.7) and (1.8) cover all
possible behaviors for fluctuation moments induced by liberating ensembles, our first result
shows that this is actually not the case, i.e., more terms are needed, adding even more
evidence that fluctuation moments are more intricate than its first order counterpart.

It is illustrative and good for comparison to restate what the relations in (1.7) and in (1.8)
yield when Haar-unitary ensembles and Haar-orthogonal ensembles are used of conjugation.
So, let us assume Xy = Uy Dy Uy, and Xyo = UyyDy Uy, for each integer N >
1 where each sequence {Dy,;}%_; satisfies (1.1) and {Un,1,Un2}%-; is an asymptotically
liberating ensemble. Note that if the random matrices Yy and Zy are as in (ASOF.2) from

Definition 1.1.3, then we can write

YN = (UN,ilAN,lU]tf,il) (UN7i2AN,2U]t[,7;2) T (UN,izml AN,2m1 U]tf,igml)

and

IN = (UNJl BN,lUth,jl) (UNJZBNQU;[,JQ) T (UNJéml BN,2m1 U;ﬂbml)

where Ay , and B) , are deterministic matrices of trace zero given by

Ang =pr (Dng,) —tr (pr (Dng,)) I and By = qi (D) — tr(q (Dny,)) In - (1.9)

forl <k <2mjand1 <[ < 2msy. Forsimplicity, and without loss of generality, let us assume
i1 = j1. Now, if Uy, and Uy are independent Haar-unitary ensembles, it follows from

(AF.2) in Definition 1.1.1 and the relation in (1.7) that the covariance Cov [Tr(Yy), Tr(Zy)]
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converges to

mi1 2mso

hm 5m1 mzZHtr ANk-BNQl k) (110)

=1 k=1

as IV goes to infinity. On the other hand, if Uy and Uy are independent Haar-orthogonal
ensembles, then (AF.2) and (1.8) imply that Cov [Tr(Yy), Tr(Zy)] converges to

m1 2mo 2mso
]\}1_{1’1 5m1 mo Z (H tr (AN,kBN’Ql,k) + H tr (ANkB]j\}’QlJrk)) (111)
k=1 k=1

=1

as N goes to infinity. Note that (1.1) alone guarantees the existence of each of the limits
above if each matrix Dy ; equals its transpose, regardless of what Uy and Uy, are.
Another ensemble shown to be asymptotically liberating, see Corollary 3.2 in [1], and
a main focus to this thesis, is the unitary random matrix ensemble {Wx, HyWy/ VN,
XnHyWy/ VN } where Wy is a random N-by-N signed permutation matrix, X is a random
N-by-N signature matrix independent from Wy, and Hy is the N-by-N Discrete Fourier
Transform matrix. Our first result shows that if we take pairs of distinct unitary matrices
Uni and Uy from {Wy, HNWN/\/N, XNHNWN/\/N} and use them for conjugation, then
the resulting fluctuation moments vary with each pair and differ from those in (1.10) and in

(1.11).

Theorem 1.2.1. Let Dy and Dy 3 be N-by-N self-adjoint matrices for each integer N > 1
so that each { Dy ;}%_; satisfies (1.1). Take Xy = Uy Dy Uy, and Xy = Uy Dy ,Ux 5
where Uy and Uy are two distinct matrices from {Wy, HNWN/\/N, XNHNWN/\/N}. If
Yy and Zy are given by Yy = Yn1Yno- - Ynom, and Zn = Zy1Zn2 - - - ZN2m, Where Y i
and Zy, are defined as in (1.5) for some polynomials py, pa, . .., Pams A1, 42, - - - s A2ms € C[X]

and some indexes 4y, 4y, ..., 9om, ; J1,J2; - - - Jom, € {1,2} satisfying (1.6) and i; = j;, then
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the following holds:

(1) if UN71 = WN and UN72 = HNWN/\/N then

mi 2my 2my
Cov [Tr(Yy), Tr(ZN)] =0my ms Z (H tr (AnxBnai—k) Htr By oi - 1))

=1 k=1

+0 (N*%>
(2) UN,l = WN and UN72 = XNHNWN/\/N implies

m1 2my 2m1
COV [TI"(YN), TI‘(ZN)] :6m1,m2 Z (H tr AN kBN 2]— k + H tr ANk O BN 2+k— 1))

=1 \k=1 =

+0 (N—%>

(3) Uny = HyWy/VN and Uy s = Xy HyWy /+/N implies

2mq 2ma mq

ma2
COV [TI”(YN Tl" ZN ZZ H tl" ANll+k1 IANll k1 H tr (BN,l2+k2—1BN,l2—k2)

I1=11l=1k1=1 ko=1
2my 2my
1
+ (5m1’m2 Z (H tr (AN,kBN,l—k)> + O (N_i)
=1 k=1

with Ay and By, defined as in (1.9), 2l — k, 2l +k — 1, Iy + ki — 1, l; — ky, and | — k

interpreted modulo 2m, and Iy + ks — 1 and [y + ks interpreted module 2m,.

Evidence of the existence of second order behaviors, other than second order free inde-
pendence and second order free independence in the real sense, is not new, at least, from
an algebraic point of view. We mention in particular the papers [7] and [8] where the au-

thors analyze fluctuation moments of matrices with entries from a possibly non-commutative
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unital algebra and obtain different relations from those mentioned above. Now, notice (1.1)
alone is not enough to guarantee the existence of limiting second order behaviors in Theorem
1.2.1, in contrast to (1.10) and (1.11). For instance, if we want to take the limit as N goes
to infinity in (3) from Theorem 1.2.1, we need {Dy1}%_; and {Dy2}%_; to have a joint
limiting distribution, i.e., we need that the limit limy o tr(Dy;, Dy, -+ Dy, ) exists for
all integers m > 1 and all indexes iy, 1s,...,4, € {1,2}. This shows we can not expect a
classification for universal products of second order, in the spirit of [16] or [19], encompassing
all of the second order behaviors exhibited by random matrices.

Despite the fact that no pair of distinct unitary matrices Uy and Uy o from the ensemble
{Wnx, HyWx/ VN, XyHxWy / VN } leads to asymptotic free independence of second order
when used for conjugation, it turns out not much more is needed to achieve this end, at
least, partially. More concretely, if Uy; = Wy and Uye = HyWia/ VN where Wha
and Wy o are independent N-by-N uniformly-distributed signed permutation matrices, then
the fluctuation moments induced by {Un 1, Un2}%_, are the same as if Uy and Uy were
independent Haar-unitary, i.e., the induced fluctuation moments are described by (1.10).
Thus, we can think of {Wy 1, HNWN,Q/\/N}]OVozl as an asymptotically liberating ensemble of

second order.

Theorem 1.2.2. Let Dy; and Dys be N-by-N self-adjoint matrices for each integer
N > 1 so that each {Dy;}%_; satisfies (1.1). Suppose Xy = Uy Dy, Ux; and Xy =
Uy oDy Uk o where Uyy = Wiy and Uy = HyWyo/V/N. Then {Xy1}%-, and {Xn2}%_,
are asymptotically freely independent and they satisfy (ASOF.1) and (ASOF.2) from Defi-

nition 1.1.3. In particular, if Y, Zy, Any, and By, are given as in the previous theorem,
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then

Cov [Tr(Yn), Tr(Zn)] =0my ms i (1_[1 tr (AN,kBNQl_k)) +0 (N_%> (1.12)

=1 k=1

Now, the main result in [1] gives sufficient conditions on a unitary random matrix en-
semble to be asymptotically liberating. Using a different approach than that one in [1], we
have been able to prove that, under the same conditions, a unitary random matrix ensemble
not only is asymptotically liberating but also satisfies a natural generalization of the bound-
edness condition in Definition 1.1.2 to cumulants of any order. More concretely, we have the

following lemma.

Lemma 1.2.3. Let Uy, be an N-by-N unitary random matrix for each index ¢ € I and each
integer N > 1. Suppose the unitary random matrix ensemble U = {{Un,; }icr }3_, satisfies

the following two conditions:

(I) the families of random matrices {Ux; Uy, tiiner and {W*Ux; Uy, W}, iner are

equal in distribution for every N-by-N signed permutation matrix Wy and

(IT) for every positive integer m there is a constant C,, independent from N such that

H (U]tﬁszN,ig) (41, J2) ‘m < C, N2

for all integers ji, jo € {1,2,..., N} and indexes i1, iy € I with i; # is,

Now, given positive integers my, mo, ..., my,, take mj, =mj_, +m,_, for k =2,3,... n with
mj = 0, and consider the permutation v = (1,2,...,m} +my)(m) + L,m, + 2,...,mb +
mg)---(my, +1,...,m; +m,). If some indexes i1,is,...,in, € I satisfy i, # iy for k =

1,2,...,m where m = my +mg+- - - +m,, then there exists a constant C'(iy, s, . .., iy) such
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that for

— . * . . * . “ .. . * .
Yva’ - (UNva;C-HAm;ﬁ‘lUN,Zm;CH) (UN?Zm;C-FQ Am;c+2UN7Zm;€+2> (UN?Zm;C-&-mk Am;c"‘mk Uszm;C-‘rmk)

with Ay, Ao, ..., A, € My (C) each of trace zero, we have
[en [Tr (V) Tr (V) o Te (Vvn)]| < Clinyda, - i) [[A[[[[ Az] - - [[ A |

Thus, the fact that a unitary random matrix ensemble {{Un; }ier}¥—; satisfying (I) and
(IT) above is asymptotically liberating can now be seen as a particular case of the previous
lemma. Moreover, if Uy, and Uy, are independent Haar-unitary (resp. Haar-orthogonal),
then Uy ; Uy, is also Haar-unitary (resp. Haar-orthogonal), and hence, Uy ; Uy ;, satisfies
(I) and (IT) above. Therefore, independent Haar-unitary (Haar-orthogonal) random matrix
ensembles are asymptotically liberating.

The customary definition of asymptotic free independence for random matrix ensembles
involves the convergence of a sequence of linear functionals on non-commutative polyno-
mials, see Definition 3.2.4. In a similar way, multi-linear functionals on non-commutative
polynomials can be used to analyze the behavior of moments of higher order, allowing us to
show that unitary random matrix ensembles satisfying (I) and (II) above induce the bounded

cumulants property when used for conjugation.

Theorem 1.2.4. Let Dy; be a self-adjoint N-by-N deterministic matrix and let Uy, be
an N-by-N unitary random matrix for each index ¢ € I and each integer N > 1. Suppose
the unitary random matrix ensemble {{Un; }ier}3_; satisfies (I) and (II) from the previous
lemma and (1.1) holds. Then the ensemble {{Uy ;Dy Uy ;}ier}a—; has the bounded cumu-

lants property, namely, for all polynomials py, ps, ps, ... in the algebra of non-commutative
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polynomials C (x; | i € I) taking Yy = pr({Uy Dy Uy, }ier) we have
sup ¢, [Tr (Yna), Tr (Yn2) ..., Tr (Ya,)] | < o0 (1.13)
N

for every integer n > 2.

The term bounded cumulants property is borrowed from [11] where it is used to prove sev-
eral results concerning the limiting behavior of unitarily-invariant random matrix ensembles

and some other random matrix ensemble with this property.

1.3 Organization of this thesis

The rest of this thesis is organized as follows. In Chapter 2, we give some preliminary no-
tation and definitions, concretely, we provide the reader with the definitions and notation
for partitions, classical cumulants, non-commutative polynomials, and deterministic matri-
ces. A literature review of free probability and random matrices is presented in Chapter 3
and Chapter 4, anyone familiar with these subjects might choose to skip these two chapters
and turn to them only if necessary. Chapter 3 gives an introduction to the main notions
in algebraic probability spaces such as algebraic distribution, convergence in distribution,
free independence, and asymptotic free independence. In Chapter 4, we describe how the
algebraic notions from the previous chapter apply to random matrix ensembles and intro-
duce the notions of second order free independence and asymptotically liberating ensembles.
Chapter 5 contains various important results on graph sums of square matrices, a central
tool to prove our main results. Roughly speaking, a graph sums of square matrices is a
sum of products of entries of square matrices with the constraint that some of the entries

from distinct matrices are indexed by the same summation variable. In Chapter 6, we prove
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our main results, concretely, Lemma 1.2.3 and Theorem 1.2.4 are proved in Section 6.1 and
Section 6.1, respectively, whereas Theorem 1.2.1 and Theorem 1.2.2 are proved in Section
6.3. Finally, in Chapter 7, we give some concluding remarks including open questions and

further research projects.
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Chapter 2

Preliminaries

2.1 Set partitions, Mobius inversion function, and cumulants

A partition of non-empty set S is a set of non-empty and pair-wise disjoint subsets of S
whose union is S, i.e., a set 7 is a partition of S if B € S and B # 0 for every B € T,
BN B # () implies B = B’ for all B, B’ € 7, and Upe,B = S. The elements of a partition
are called blocks, a block is said to be even if it has even cardinality, and similarly, a block
is said to be odd if it has odd cardinality. A partition containing only even blocks is called
even, but if all of its blocks have exactly two elements, we refer to it as a pairing. The total
number of blocks in partition 7 is denoted by #(m) and we let P(S), Peen(S), and Py(S)
denote the set of all partitions of S, the set of all even partitions of S, and the set of all

pairing partitions of .S, respectively.

Example. The sets m = {{—1,-3,-2,2},{1,3}}, m = {{-1,—-2},{2},{1,—3,3}}, and
w3 = {{—1,-3},{1,3},{—2,2}} are all partitions of {—1, 1,2, —2,—3,3}. The partitions m
and 73 are both even, but while 73 is a paring, 7y is not. The partition 7, is neither even

nor odd since it contains two odd blocks, {2} and {1, —3, 3}, and one even block, {—1, 2}.

We let [m] and [£m] denote the sets of integers {1,2,...,m} and {—1,1,-2,2,...,
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—m,m}, respectively. The sets [m] and [+m] are used extensively in this thesis, so we will
omit the square brackets when referring to any of their sets of partitions. Thus, for instance,
we write Poyen(£m) instead of Peyen([£m]).

Every partition m € P(S) defines an equivalence relation, denoted by ~., that has the
blocks of 7 as equivalence classes. Thus, given elements k,l € S, we write k ~, [ only if k
and [ belong to the same block of 7. With this notation in mind, a partition 7 € P(+m) is
called symmetric if k ~, [ implies —k ~, —I.

The set of partitions P(S) becomes a partially ordered set with the partial order < defined
as follows: given partitions 7 and € in P(S), we write 7 < 6, and say that = is a refinement
of 0, if every block of 7 is contained in some block of #. Note that 7 < 6 if and only if k ~ [
implies k ~g [ for all k,1 € S. In the previous example, the partition 3 is a refinement of
w1, and there is no other refinement between 7, 7, and m3.

Consider now the function ¢ : P(S) x P(S) — {1,0} defined by

1 it <n
¢(0,n) =
0 otherwise.

This function is called the zeta function of P(S). It turns out that if S is a finite set, then

the system of equations

1 ifn=40
S™ (O, 0) = for 1.0 € P(S) @.1)
n<n<o 0 otherwise
determines a function p : P(S) x P(S) — Z called the Mébius function of P(S) which can

be explicitly computed, but first, let us establish the convention that whenever we write

n ={Bi,, Bi,, ..., B} for a partition 7, it is always assumed that blocks B;, and B;, are the
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same only if i, = 7;. Suppose now we are given partitions 7 and 0 in P(S). If 7 < 6, we can
write @ = {By,Bs,..., B,y and m = {B11,B12,..., Bimy, ..., Bom, } with By = U;"* By, for

each k, and, in this case, we have

n

p(m,0) = [ (=1 (me — 1)1 (2.2)

k=1

On the other hand, if 7 is not a refinement of 6, we have u(m, ) = 0. The Mdébius inversion

formula states that given arbitrary functions f, g : P(S) — C, we have the relation

Vo e P(S) fO)= ) g(m) <= VreP(S) gm)= Y u@0)f(O) (23)

reP(S) 0eP(S)
>0 0>m

The computation of Mobius function, Equation (2.2), and the Mébius inversion formula,

Equation (2.3), are well-known and their proofs can be found in [17, Lecture 10].

Classical cumulants

Let (92, F, P) be a classical probability space and let L>°~ (2, F, P) denote the set of complex-
valued random variables on (2, F, P) with finite moments of all orders. The classical n-th cu-

mulant on L>®~(Q, F, P) is the n-linear functional ¢,, : L=~ (Q, F, P) x---x L>®~(Q, F, P) —

C defined by
Cn[T1, T2, T3,y .o, Ty = Z p(m, 1,) HE be (2.4)
mEP(n) Berm beB
for random variables x1,x9,23,...,2, € L®(Q,F, P) and where E[-] denotes the corre-

sponding expected value. Note that if z; is a constant for some k € [n] and n > 2, then

Cn[l’l,ﬁg, e ,xn] =0.
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2.2 The kernel notation, tuples, and permutations

Let S7 and Sy be non-empty sets. We make the convention that for a function j : S — 5o,
we take jp = j(k) for every k € Si; additionally, if S; = [£m] for some integer m > 1, we
identify the function j : S; — Sy with the tuple (j_1,71,7-2,---,J—m,Jm). Moreover, the
kernel of a function j : S} — Ss, denoted by ker (j), is defined as the partition of S; whose

blocks are all of the non-empty pre-images of j, i.e.,

ker (j) = {j"'(s) #0 s € S} ={{k € S| ju = s} #0 | s € S}

Additionally, if we are given permutations o; € {f : S; — S; | f is bijective} for [ = 1,2, we
let jooy:S; — Sy and 5 0j: .57 — Sy be given by the usual composition of functions, so

we have

jooi(k) = joyay and oy 0j(k) = 02(Jk) Vk € 5;.

Example. The function j : [£3] — [4] given by

=) =§(2)=jB) =4, j(1)=j(=3)=1, and j(=2)=3,

or, equivalently, (j717j17j727j27j737j3) = (47 17 3747 17 4)7 has kernel

ker (j) = {{-1,2,3}, {1, -3}, {—2}}.

Additionally, if oy : [£3] — [£3] is given o1(k) = —k for every k € [£3] and oy : [4] — [4] is

the cyclic permutation (1,2,3,4), then joo; = (1,4,4,3,4,1) and o9 0j = (1,2,4,1,2,1).
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Now, the group of permutations {f : S — S| f is bijective} acts on the set of partitions
P(S) as follows: given a permutation o € {f : S — S| f is bijective} we let o o ™ be given

by

cor={o(B)|Ben}={{o(k)| ke B} | Ben}

The map 7 — o o, preserves order, i.e. for all partition 7,0 € P(S)

1<l <= ocom<ool.

Thus the map 7 — ¢ o 7 is a poset automorphism.

Remark. Note that a partition 7 € P(S;) and a function j : S; — S5 satisfy 7 < ker (j)
if only if the function j is constant when restricted to each of the blocks of 7, i.e., jr = 5
whenever k,l € B for some block B € w. Moreover, for permutations o : S; — 57 and

0y 1 Sy — Sy, we have that ker (jo o) = o7 ' o ker (j) and ker (j) = ker (o5 0 j).

2.3 Non-commutative polynomials

Let I be a non-empty set. We denote by C(x; | i € I) the algebra of non-commutative
polynomials on the family of variables {x; | i € I}. Let us recall that C(x; | i € I) is the
algebra over C with a basis consisting of all the words in the alphabet {x; | i € I'}, including
the empty word which acts as multiplicative identity, and the product of two basis elements
is given by concatenation. Thus, a basis element is a word of the form

XigKig ** Xip_1 X4

r
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for some integer r > 0 and some indexes i1, t2,...,7, € I, and if x; x;, - - - X;, is another basis

element, we have
(XX o Xa, ) (X Xy ++ XG,) = Xy Xy - X5, X5, X, 00 X

Given polynomials py, pa, ..., Pm in the algebra C (x; | i € I) and aset S = {k1 < ky <--- <

kn} C [m], we let

Hpk = PriPky " Pky
kes

Suppose A is a unital algebra over C with multiplicative identity 14 and assume we are given
a family of elements {a;};c; in A. For each non-commutative polynomial p € C(x; | i € I),

we denote by

p ({ai}iel)

the element in A obtained from replacing each x; appearing in the polynomial p with a; for
every ¢ € I and the constant term of p, say A, with the scalar multiple of the identity matrix

Al 4. For instance, if p(x1, %) = x1X9 — x3 + 4, then p({a;}ieqi2)) = @102 — a3 + 414 .

2.4 Deterministic matrices

We denote by Maty(C) the set of N-by-N matrices with complex entries for each positive
integer N. The identity matrix in Maty(C) is denoted by Iy. Recall that Maty(C) is a
unital algebra over C under the usual matrix operations. Given a matrix A € Maty(C), we
denote by A(i, j) its entry in the i** row and j column and by A* its conjugate transpose.

The operator norm || - || : Maty(C) — [0,00) is the norms on Maty(C) defined for each
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matrix A € Maty(C) by
| Al := sup{|Az|: x € CV, |z| = 1}

where | - | denotes the euclidean norm in CV. Recall that for all matrices A, B € Maty(C)

we have the inequalities
[AB| < [[Alll|BI]-

We always assume that Maty(C) is endowed with such topology.
The trace of a matrix A € Maty(C), denoted Tr(A), is defined as the sum of its entries

on the main diagonal, i.e.,

The normalized trace of A, denoted tr(A), is given by the average of its entries on the main

diagonal, so we have

tr(A) = %ZA(M) _ %Tr(A).

A matrix A € Maty(C) is said to be of trace zero if either its trace or its normalized trace

equals 0. Notice that for all matrices A, B € Maty(C), and complex numbers A € C we have

Tr(AA + B) = \Tr(A) + Tr(B), Tr(AB) =Tr(BA), and % ITr(A)| < ||A] .
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Chapter 3

Algebraic Probability

(Literature Review)

This chapter is the first part of the literature review. In this chapter, we start with an intro-
duction to notions of algebraic probability spaces, algebraic distribution, and convergence
in algebraic distribution. Then we examine how the notion of independence from classical
probability translates to the framework of algebraic probability spaces, so we can identify
some similarities and differences with the notions of free independence and asymptotic free

independence.

3.1 From classical probability to algebraic probability spaces

Algebraic probability spaces

Let us recall that a classical probability space is a triple (2, F, P) consisting of a non-empty
set €2, a o-algebra F of subsets of €, and a probability measure P : F — [0, 1]. Moreover,
a complez-valued random variable on (2, F, P) is a function z : Q — C so that the set
7 HU) = {w € Q: z(w) € U} belongs to the o-algebra F for every open set U C C. After

identifying complex-valued random variables on (€2, F, P) that are the same function up to a
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measurable set of probability zero, the set of complex-valued random variables on (Q2, F, P),
endowed with point-wise operations, becomes a complex unital algebra.
Now, the k-th moment of a complex-valued random variable x : 2 — C is defined as the

integral

JEERE®

if such integral exists, and it is not defined otherwise; we denote by L~ (2, F, P) the set
of complex-valued random variables on (€2, F, P) that have moments of all orders. The first
moment of x, denoted E[z], is also called the expected value of x, and it is well-defined if and

only if the integral

JEEL®

exists. Note the map z +— E[z]| defines a unital linear functional on L>*~ (2, F, P). Hence,
from an algebraic point of view, we might think of (L>*°~(Q,F, P),E[ - ]) merely as a pair
consisting of a complex unital algebra and a unital linear functional, leading to the following

definition.

Definition 3.1.1. An algebraic probability space is a pair (A, @) consisting of a unital algebra
A over C, with multiplicative identity 14, and a linear functional ¢ : A — C such that
©(14) = 1. The elements of A are called algebraic random wvariables, or simply random

variables.

Examples. In addition to (L>*°~ (2, F, P),E[ - ]), we have the following standard examples

of algebraic probability spaces:

(1) (C(x; | i€ I),u) the algebra of non-commutative polynomials together with any linear

functional p so that u(1) = 1.
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(2) (Mn(C),tr(-)) the algebra of N-by-N matrices with entries from C together with the

normalized trace tr(-) = +Tr(:).

(3) (CG, 1) where CG denotes the group algebra of a group G and 7 : CG — C is defined

by 7¢ (Z e agg> = a,. The group algebra CG of a group G is defined by

CG = {Z ay9 = (0y)gec | &y € Cand ay # 0 for finitely many g}

geG

together with point-wise addition and multiplication given by

(Zagg) (zﬁgg) Y| sl

geG geG g€G | h,keG
hk=g

(4) (B(H), 7¢) where B(H) denotes the algebra of all bounded linear operators on a Hilbert

space H with inner product (-, )4, £ is a vector in #H of unit norm, and 7 : B(H) — C

is given by 7 (1) = (T'(€), &) n.

In most cases, the unital complex algebras considered in algebraic probability spaces come
with underlying additional structure that can be exploited and from which some terminology
is borrowed. For instance, an algebraic probability space (A, ¢) endowed with an anti-linear
operation A 5 a — a* € A such that (a*)* = a, (ab)* = b*a*, and ¢p(a*a) > 0 for all a,b € A
is called a x-probability space. In this framework, a random variable a is called self-adjoint
if a = a*, normal if aa® = a*a, and unitary if aa®™ = a*a = 1 4.

Note that the algebraic space (L™ (€2, F, P),E[-]) is a x-probability space with the

« operation defined by x*(w) = z(w) for each z € L>*~(Q,F, P) and every w € , the

complex conjugate of a number z € C is denoted by Z. The algebraic probability spaces
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(Mn(C),tr(+)), (CG, 1), and (B(H),T¢) are also *-probability space if we take A* as the
conjugate transpose of a matrix A € My(C), (3_,cqc @g9)” == (D ,cq@-19) , and T* as the
adjoint of an bounded operator T' € B(H) .

Passing from an analytic setting to an algebraic one has certainly shortcomings and
virtues. On one hand, algebraic probability spaces only cover random variables with mo-
ments of all orders, and even in that case, we might lose some information since moments
do not determine random variables in the classical setting. On the other hand, once we
establish an appropriate notion of distribution for random variables in algebraic probability
spaces, the notion of independence, being that joint distributions can be recovered from
individual distributions via universal rules, leads to new types of independence, giving rise
to the question of how much of the theory of classical probability still holds or change if we
replace classical independence by another type of independence. At the end, the results from
algebraic probability theory have exceeded its apparent limitations, in particular, free prob-
ability theory, coupled to the notion of free independence, has had outstanding contributions

to what once was seemingly unrelated: Operator Algebras and Random Matrix Theory.

Algebraic distribution of first order

A good notion of distribution for algebraic random variables should allow us to compare
and analyze families of random variables even if the families come from different probability
spaces. In classical probability, if zy : 2y — C is a complex-valued random variable defined
on (Qn,Fn, Py) for each N > 1, the distribution of zy is defined as the push-forward
measure gy determined by py(U) = Py(xy'(U)) for open sets U C C. Moreover, the
probability spaces (2, Fu, Py) might be different from each other but all of the distributions

uy belong to the set of probability measures on C, so all of the py can be compared with
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each other, and hence, the further notions of equality in distribution and convergence in
distribution emerge.

Now, in an algebraic probability space (A, ¢), the linear functional ¢ is meant to play the
role of the expected value function, so the k-th moment of an algebraic random variable a € A
is defined to be the complex number ¢(a*) for every integer k¥ > 1. It might seem tempting to
define the distribution of the random variable a as the sequence of moments {p(a*)}32,, all
distributions would be sequences of complex numbers regardless of the ambient probability

space, but it is actually more convenient to do so as follows.

Definition 3.1.2. Let a be a random variable in an algebraic probability space (A, ). The
algebraic distribution of a is the linear functional pu, : C[x] — C given by p.(p) = ¢(p(a))

for every polynomial p € C[x] where p(a) € A is defined by substituting x = a.

Certainly, the unital linear functional u, : C[x] — C and the sequence of moments
{p(a®)}2, convey the same information, the distribution of a is completely determined
by its moments, and vice versa, but we prefer the former since it has a tidy and natural

generalization to several random variables.

Definition 3.1.3. Let {a;};c; be a family of random variables in an algebraic probability
space (A, ). The algebraic joint distribution of the family {a;}es is the linear functional

w:C(x;|iel)— Cgiven by u(p) = p(p({aitier)) for every polynomial p € C(x; | i € I).

Note that the definition above does achieve the goal of providing us with a notion of dis-
tribution that allow us compare families of random variables as long as the random variables
in each family are indexed by the same set. Thus, if we are given families of random variables
{a;}ier and {b;};cr from algebraic probability spaces (A, ) and (B, ), respectively, we say
that they are equal in distribution if their algebraic joint distributions give the same unital

linear functional on the algebra of non-commutative polynomials C (x; | i € I).
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Remark. Let {a;}ic; and {b;};,c; be as above and let p : C(x;|i€I) — C and v :
C(x; |i € I) — C be the algebraic joint distributions of {a;};cr and {b;};cs, respectively.
Note that if we let ev, : C(x; |1 € I) — A and ev, : C(x; | i € I) — B be the unique
algebraic homomorphisms such that ev,(x;) = a; and evy(x;) = b; for every ¢ € I, then
uw=poev, and v =1 oevy. Thus, {a;}ic; and {b;}ic; are equal in distribution only if the

following diagram commutes:

A—F 5 C

S

C<XZ|Z€]>6—%>B

Equivalently, {a;}ic; and {b;};c; are equal in distribution only if for all integers m > 1 and

indexes iy, s, ..., 4, € I we have p(a;a;, - -a;,) = (b, b, -+ b;,,).

The collection of k-th moments of a family of random variables {a;};cs in algebraic prob-
ability space (A, ¢) is the set {p(a;, @i, - -~ a;,) | 1,92, ..., 4 € I}, this generalizes the notion
of k-th moment of an algebraic random variable. Additionally, a moment ¢ (a;,a;, - - - a;, ) is
called mized if at least two of the indexes i1, is, . .., i are distinct, and it is called individual,
otherwise.

It is beneficial, and sometimes even fundamental, to link algebraic random variables to
probability measures associated with the corresponding algebraic distributions. Thus, given
a normal random variable a in a *-probability space (A, ¢), we say that a has an analytic

distribution if there is a measure v on the set of complex numbers C so that
p(a*(a*)) = / 22 dy(2)
C

for all integers k,l > 0. Note that if a is self-adjoint with analytic distribution v, then the
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support of ¥ must be a subset of R, so we consider v as a measure on R and write

o(a") :/Rtkdy(t).

Usually, an algebraic random variable with analytic distribution inherits the analytic distri-
bution’s name if there is one. For instance, a self-adjoint random variable a in *-probability

space (A, ) is called semi-circular if it satisfies

o(a®) = —/ t*Va—2dt V>0

2

A% if —2 <t <2, and f(t) = 0, otherwise,

since the probability density function f(t) =
gives the so-called semi-circular distribution on the real line.

Another example of an algebraic random variable with analytic distribution worth men-
tioning is the one related to the normalized Lebesgue measure on the unit circle T = {z € C :
|z| = 1}, also called Haar measure. We say that a unitary random variable u in *-probability

space (A, ¢) is Haar unitary if it satisfies

o(uf (u*)h) :/ zdz——/ el k=Dt gt

for all integers k,l > 0. Note that the random variable u is Haar unitary if and only if

e 1, if k=1,
p(u(u®)’) =
0, otherwise.
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Convergence in distribution of first order

Once a notion of distribution for algebraic random variables is established, a corresponding

notion of convergence in distribution emerge.

Definition 3.1.4. Let {an,;}ics be a family of random variables in an algebraic probability
space (An, pn) for each integer N > 1. We say that the sequence of families of random vari-
ables {{an;}ier}X_, converge in distribution to another family {a;};e; of random variables
in some algebraic probability space (A, ¢) if for every polynomial p € C (x; | i € I) we have
w(p) = limy o0 v (p) where po: C(x; | i € I) — C and puy : C(x; | i € I) — C are the joint

algebraic distributions of {a;};e; and {an, }icr, respectively.

Notice a concrete algebraic probability space (A, ), and hence, the random variables
{ai}ier, is not crucial for the convergence in distribution of the sequence {{an;}icr}3-; in
the previous definition. Indeed, let evy : C(x; | i € I} — Ay be the unital algebraic homo-
morphism such that evy(x;) = an,; for ever ¢ € I and note the joint algebraic distribution

of {an,i}icr satisfies uy = pn o evy, i.e., the following diagram

PN

eVNT uN

C<X1|Z€]>

commutes. Thus, imy_,oc on(an i ani, -+ N, ) exists for all integers m > 1 and indexes
i1,09, ..., 1, € I if and only if limy_, pn(p) exists for every polynomial p € C(x; | i € I),
but the latter condition implies {{an; }icr }¥_; converges in distribution to {x;},c; viewed as
a family of random variables in the probability space (C (x; | i € I),limpy_ o0 ptv). Therefore,
the sequence {{an;}ier}X_, converges in distribution if and only if {uy}3_, is a point-wise

convergent sequence of unital functionals on C (x; | i € I).
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In view of the above, it becomes imperative to investigate the point-wise convergence
of sequences {pun}%_; of linear functionals py : A — C, in particular, if the algebra A is
generated by a family of sub-algebras {A;};c;, which is the case when A is the algebra of

non-commutative polynomials C (x; | ¢ € I) and each A; is the algebra of polynomials C [x;].

Proposition 3.1.5. Let A be an algebra over C and let A; C A be a sub-algebra for each
i € I so that the family of sub-algebras {A; };c; generate the algebra A. Suppose py : A — C
is linear functional for each N > 1 such that p [p] := limy_,. pn [p] exists for every p € A;
and every ¢ € I. Then limy_, v [p] exists for every p € A if and only if any of the following

conditions hold:

(a) Hmy—yoo v [(P1 — p[P1]) (P2 — ¢ [P2]) -+ (Pm — p[Pm])] exists whenever p, € A;, with

i1 F Q2,00 F 03y i1 F

(b) imy_eo e [(P1 — v [P1]) (D2 — fn [D2]) -+ (P — 1w [Pm])] exists whenever pp € A;,

with iy # 9,19 # 13, .- - im—1 F im

Proof. Let J be the set of all positive integers I satisfying the following property: if p; € A; ,
Py € Aiy, - P € Ai, With i1y, 0, € T and 4y # iy, iy # i3,... 0, # i,, then
limpy 00 N [P1D2 - - - D) €xists. Since the algebras A; with i € I generate A and each uy is
linear, then limy_, o pn [p] exists for every p € A if the set J contains every positive integer.
Now, by hypothesis, 1 belongs to J, so let us assume 1,2,...,m —1 belong to J and suppose
D1, Doy - - -, Dy, are as above. Thus, if S = {k; < ky <--- < kig} is a strict subset of [m], the

limits

dim (=0T T o [oa] g [f[pk] and  tim (=) T ] e fpi] s [f[pk],

kese keS kesSe kesS
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where S¢ denotes the complement of S in the set [m] and |S¢| denotes the cardinality of S¢,

exists. Moreover, if (b) holds, the equality

pn [(pr = v [P1]) -+ (Pm — v [Pm])] = v [P1 -+ - Pl + Z (_1)\SC\ H LN [Pr] N [ﬁpk]

Sgim] kese kes

implies limy oo v [P1 - - Pm] exists. And therefore, J contains every positive integer by in-
duction on /. Similarly, if (a) holds, then limy_,o ptn [P1 -+ - Prm) €xists, and hence J contains
every positive integer, since each py [px] in the equality above can be replaced by u [pgl.
Let us now show that (a) and (b) are equivalent. Suppose p; € A; ,py € Ai,,..., D, €
Ai  with i1, 4a, ..., iy € I and 4y # iy, 0y # i3,...,%,_1 # %, and take qi = py — p[px] for

k=1,2,...,m. We then have limy_,o pn [qx] = 0 and the equality

keSe keS

p [(pr = v [P1]) -+ (P — v [Pn)] =g [ == o] + Y (DT T sy [ae] g [ﬂqk]
Scm]

= [(ar = g [en]) - - (Am = oy [Am])]

Thus, if condition (a) holds, then limy_, py [p] exists for every p € A, and hence

0= jvliinm(—l)|sc| H v [aw] i [H%] VS & [ml;
keSe kes

additionally, we have impy_o pin [(P1 — £ [P1]) -+ (P — 1 [Pm])] = UMy o0 i [d1 -+ - Qin] €X-

ists. Thus, we obtain the limit limy_ o0 v [(P1 — v [P1]) - -+ (Pm — v [P])] also exists.

This shows that (a) implies (b). A similar proof shows that (b) implies (a). O
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3.2 Free independence

Before we give the definition of free independence, it is convenient to examine how the notion
of independence from classical probability theory translates to the framework of algebraic
probability spaces, so we can identify some of the similarities and differences between these
two notions of independences.

Suppose we are given two complex-valued random variables x,y : {2 — C on a probability
space (£, F, P). Recall that z and y are said to be independent if for any pair of open sets
U,V C C we have

P U) Ny (V) = P (@7 (0) P (5 (V) (3.1)

The notion of independence from classical probability theory can be stated as the joint
distribution of independent random wvariables is the product of the individual distributions.
Now, if we think of x and y as algebraic random variables in (L~ (2, F, P),E[ - ]), then

their algebraic joint distribution is determined by the map
2129 Zm > Elz1ze - 2] (3.2)

where m > 1 and 2y, 29,..., 2, € {x,y}, and hence, the independence of x and y given by

(3.1) translates to the framework of algebraic probability spaces as
E (2120 - 2n) = E [2*] E [¢/] (3.3)

whenever x and y appear exactly k and [ times, respectively, in the expression zy2s - - - z,,,. We

can consider an arbitrary number of random variables, say z; : 2 — C is a complex-valued
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random variable for each index ¢ € I, and their algebraic joint distribution is also determined
by the map (3.2), but now each z; belongs to the set {x; | ¢ € I}, moreover, their mutual

classical independence translates to the framework of algebraic probability spaces as

E[zlzg---zm]:HE

Ber

-] - II=

keB Ber

ka] (3.4)

keB

whenever z12q -« 2, = T, Xy - - @, With i1,49,... 4, € I and 7 = ker (i), using the ker-
nel notation from Section 2.2. For instance, if I = [4] and 2129232425 = 2421232129, then
(3.4) gives E [z129- - 25] = E[21] E [2024) E [23] E [25] = E [24] E [x121] E [23] E [22]. The rela-
tion (3.4) holds even if each z; is replaced with a family {z;;},c;,, we would only have to
consider z;, j, instead of z;,, since random variables in L>~ (€2, F, P) always commute, but
commutativity does not hold true in arbitrary algebraic probability spaces. Nonetheless,
the relation (3.4) can be used to produce a notion of classical independence in the frame-
work of algebraic probability spaces that considers random variables that do not necessarily

commute.

Definition 3.2.1. Let (A, ) be an algebraic probability space. A collection {4, };c; of unital
sub-algebras of A is classically independent, also called tensor independent, with respect to
p if for all integers m > 0 and random variables a; € A;,, as € A,,, ..., and a,, € A;, with

i1,19,...,1m € I satisfying ker (i) = 7, we have

plajag - ay,) = H © <1:[ak) ) (3.5)

Ber keB

The product ﬁke p@ in the previous definition is the ordered product of the random

variables a; with respect to k, namely, we denote by ﬁke px the product ay ag, - --ay

n
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provided B = {k; < kg < -+ < k, }. Thus, the only difference between the relations (3.4) and
(3.5) is that the latter specifies the order in which the random variables ay, are to be multiplied
to take into account their possibly non-commutativity. Now, defining tensor independence for
collections of sub-algebras, instead of defining it merely for collections of random variables,
is the appropriate way of doing so in an algebraic setting, the independence of random
variables in the sense of (3.1) is such a strong condition that it implies the independence
of the algebras generated by the corresponding random variables, i.e., for any polynomials
p,q € C[x] we have that p(x) and q(y) are independent provided (3.1) holds. Consequently,
a collection of families of random variables {{a;;};eJ, }ier in an algebraic probability space
(A, p) is said to be tensor independent if the collection of sub-algebras {A;}ic; is tensor
independent where each A; is the unital sub-algebra generated by {a; ;} ;e

It is fundamental to the theory of probability that we are able to construct a “product
space” containing independent copies of any given collection of algebraic probability spaces.
This product space should be the algebraic analogue of constructing product measurable
spaces and product measures, and hence, it would be what would allow us to talk about
independent and identically distributed random variables, or, more generally, independent
random variables with predetermined distributions.

More specifically, suppose we are given two algebraic probability spaces (Aj, 1) and
(As, p2), which might or might not be the same space. We would like to find an algebraic
probability space (A, ) and injective unital algebra homomorphisms #; : A; — A and

Yy Ay — A so that the diagram

¢ (3.6)
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commutes, i.e., p; = p o and gy = p o 1y, and the sub-algebras ¥(A;) and s (As)
are independent with respect to ¢. Note that given an algebra 4 and homomorphisms
¥; + A; — A, the sub-algebras 11 (A;) and 15(.Ay) are tensor independent with respect to a

linear functional ¢ : A — C that makes the diagram (3.6) commute only if

olbnba ) = [T ¢ (f[wm)) “ Tl vo v (H) -~ T ¢ (H) (3.7

Ber keB Ber keB Ber keB

whenever by = ;, (a) with a € A;,, the indexes iy,1is,...,4, € {1,2} satisfy © = ker (i),
and ig := i) provided k € B € ker (i). Therefore, finding a probability space (A, ¢) contain-
ing tensor independent copies of (Aj, ¢1) and (As, p9) relies primarily on choosing a suitable
algebra A and the corresponding algebra homomorphisms ¢; : A; — A.

Now, for illustration, let us assume A; = C[x;] the algebra of commutative polynomials
on the indeterminate x;, so every unital linear functional ¢; : A; — C is determined by a
corresponding moment sequence {p;(x¥)}°,. We can then easily think of various candidates
for a unital algebra A that makes the diagram (3.6) commute. For instance, we could take
A = Cl[xy, xo], the algebra of commutative polynomials on the indeterminates x; and xj, or
A = C(x1,X9), the algebra of non-commutative polynomials on the indeterminates x; and
Xg, together with the canonical algebra homomorphisms v; : A; — A defined by 1;(x;) = x;.
Although both choices above for A are plausible, it is the non-commutative setting the one
that ultimately offers enough room for other independences to emerge, so we resolve to take
the algebra A as the free product of A; = C[xy] and Ay = Clx,] with identification of the
identities, namely, A = C(x1,Xs).

More generally, a unital algebra A is said to be the free product with identification of the
identity of a collection of unital algebras {A4;}ic; if there are unital algebra homomorphism

v; A — A satisfying the following universal property: if B is any unital algebra and
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¢; + Ai = B is a unital algebra homomorphism for each i € I, then there is a unique unital
algebra homomorphism ® : A — B so that ¢; = ® o) for all i € I, i.e., the following

diagram commutes:

A YA
kfp
B

Due to its defining universal property, the free product with identification of the identity of
a collection of unital algebras {A;};c; is unique up to isomorphism provided it exists, and,
if that is the case, we denote it by *;c;.4;. Roughly speaking, the free product *;c;.A; is the
smallest algebra containing copies of each A; so that elements from distinct algebras do not
commute except for the multiplicative identities 14,, which are to be considered the same
element. It is not hard to show that C(x;,xs) is indeed the free product with identification
of the identities of C[x;] and Clxs].

Let us now return to the particular case of finding a probability space (A, ¢) containing
tensor independent copies of (Aj, ¢1) and (A, p2) when A; = C[x;] and A = C[xg]. We
have already resolved to take A = A; x Ay = C(x3,x3), together with the algebra homo-
morphisms ¢; : A; — A defined by v;(x;) = x;, since the non-commutative setting offers
great generality. Strictly speaking, the algebra A contains copies of A; and A, via the ho-
momorphisms v; : A; — A, however, there is no harm if we think of A; and Ay simply as
unital sub-algebras of A. And thus, it remains to define a linear functional ¢ : A — C under
which A; and A, are tensor independent and so that |4, = ¢; for i = 1,2. To do so, we
just need to define the linear functional ¢ : C(x;1,x9) — C on basis elements of the form
Xi, X, -+ - X;,, with ¢ € {1,2} and abide by the relation (3.7). For instance, if we consider
X, XiyXisXi, = X1X2X1X2, which is a basis element of C(xy,xs), then ker (i) = {{1,3},{2,4}}

since iy = i3 = 1 and iy = iy = 2, and hence, the relation (3.7) forces v(x;,X;,Xi,X;,) to be
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given by

(x4, X5, X3 Xay) = 01(Xi, X4, )02 (X1, %0, ) = 01(x5)p2(x3). (3.8)

The general case is conceptually not different. If (A;, ;) is an algebraic probability space
for each ¢ € I, then the probability space (A, ¢) where A is the free product *;c7.A; and ¢ is
determined by (3.7) contains tensor independent copies of each (A;, ;).

So far, in this section, we have examined how the notion of independence from classical
probability translates to the framework of algebraic probability spaces, where it is called ten-
sor independence, and how we can construct product spaces containing tensor independent
copies of any given collection of algebraic probability spaces. In the algebraic framework, a
notion of independence should be understood as a set of universal rules to compute mixed
moments out of individual ones, for tensor independence such universal rules are encapsu-
lated in (3.5) and (3.7) and exemplified in (3.8). Hence, it is natural to ask if the relation
(3.7) can be replaced with some other relation that gives rise to a distinct notion of inde-
pendence. An answer to this question is given in [19] under the requirement that mixed
moments be expressed as “linear combinations” of “lower degree” individual moments.

In [19], each notion of independence is linked to a collection of coefficients A(w, #) where
7w and 0 are partitions in P(m) satisfying 7 < 6. Essentially, if we are given a collection
{(A;, i) }ier of algebraic probability spaces, the coefficients A(m,6) are used to define a
unital linear functional ¢ : #;c;. A — C under which {A;};c;, viewed as a collection of unital
sub-algebras of the free product *;c;.A4, is independent. More specifically, if we take indexes

11,%2, . ..,%, € I and random variables a1 € A;,as € A;,,...,a, € A;,, then the linear

im?
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functional ¢ evaluated at ajas - - - a,, € *;cr.A must be given by

olarag - ay) = Z A(m,0) H Vip <1:[ak> (3.9)

TEP(m) Bem keB
<6
where ker (i) = 0 and ip := i) provided k € B € ker (i). For instance, suppose a;,a3 €

Ay and as,ay € Ay, so we obtain (iy,i9,13,74) = (1,2,1,2), and hence, § = ker (i) =
{{1,3},{2,4}}. Thus, since we have

mo={{1,3},{2,4}} , m={{13},{2},{4
{rePE)|r<ker(i)} = HL3) 12,43 HLah 2n

T3 = {{1}7 {3}7 {2’ 4}} y T4 = {{1}7 {3}7 {2}7 {4}}

the relation (3.9) produces

p(arazazas) =A(m1,0)p1(araz)p2(azas) + A(ma, 0)p1(aras)pa(az)pz(aq)+

A3, 0)p1(ar)pi1(az)pa(asas) + Mg, 0)p1(ar)pr(az)pa(az)pa(as).  (3.10)

For tensor independence, the collection of coefficients A(w, #) is given by

1, ifr=290,
A, 0) = (3.11)

0, otherwise.

The coefficients A(m, ) are universal in the sense that they do not depend at all on the family
{(Ai, pi) bier- Tt is shown in [19] that if we require notions of independence to be commu-
tative and associative, meaning that they are independent from re-indexing and grouping
of the probability spaces (A;, p;), respecively, then there exists only one more notion of in-

dependence, called free independence; more concretely, other than (3.11), there exists only
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one more collection of coefficients A(7,#) so that (3.9) always gives a well-defined unital

functional.

Definition 3.2.2. Let (A, ¢) be an algebraicraic probability space. A family {A;};c; of
unital sub-algebras of A is freely independent, or simply free, with respect to ¢ if for all
positive integers m > 1, indexes iy, 1s,...,%, € I with i1 # i3,...,%m_1 F# im, and random

variables a; € A;, with ¢(ax) =0 for 1 <k < m we have p(ajaz---a,) = 0.

Similar to tensor independence, a collection of families of random variables {{a; ; } e, }ier
in an algebraic probability space (A, ¢) is said to be free independent if the collection of sub-
algebras {A;};cr is free independent where each A; is the unital sub-algebra generated by
{aij}je-

One might rightfully complain that tensor independence and free independence have been
defined in different ways: while tensor independence relies on explicit rules for computing
mixed moments out of individual ones, combining (3.9) and (3.11) to obtain (3.5), free in-
dependence is determined by the free independence condition, namely, ¢(ajas---ay,) = 0
whenever a, € A;, with ¢(ay) = 0 for £ = 1,2,...,m and the indexes i1,ia,...,%, € [
satisfy 47 # 49,...,%m_1 # im. The reason behind such difference is that the coefficients
A(m, 0) coupled to free independence are not as straightforward as the ones for tensor inde-
pendence and the free independence condition actually defines the corresponding set of rules
for computing mixed moments.

Let us examine what the free independence condition means for the computation of
mixed moments by looking at a few examples. Suppose A; and A, are freely independent
unital sub-algebras of an algebraic probability space (A, ). The free independence condition

implies the following three rules for mixed moments:

(1) w(bicr) = p(br)p(er)
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(i) @(biciba) = p(biba)w(c1)
(iil) @(bicibaca) = p(biba)p(c1)p(ca) + @ (b1)p(ba)p(cica) — @(b1)p(ba)w(c1)p(c2)

for all random variables by, by € Ay and ¢1,c € Ay. Notice that (i) and (ii) are the same
relations we would have if A; and Ay were tensor independent but (iii) is not, if A4; and
Ay were tensor independent we would have p(bic1bacs) = @(b1be)p(c1c2). We describe how

(i)-(iii) are obtained next. By the free independence condition, we have

0 = p(araz) = p(arazas) = p(arazaszay)

where agp_1 = by, — @(br)14 € Ay and agy = ¢, — p(cx)14 € As. But, we also have

araz = by — bip(er) — o(bi)er + o(br)(er)1a

and hence, by linearity of ¢, we obtain

¢ (a1a2) = @(bicr) — p(br)p(c1) — w(br)e(cr) + ©(b1)p(er) = 0.

Thus, we get ¢(bic1) = ¢(b1)p(c1). Similarly, since we have

ayazaz =biciby — bip(c1)by — p(by)ciby + o(b1)p(c1)bs

— bicip(ba) + bip(cr)p(b2) + p(br)crp(b2) — @(b1)p(cr)p(ba)la,

the freeness condition, the linearity of ¢, and (i) above imply p(biciby) = w(bi1bs)p(c1).
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Finally, (iii) follows from the freeness condition, the linearity of ¢, (i), (ii), and the relation

a1aza3as = bycibacy — bl@(Cl)b2C2 - 90(51)015202 + 90(51)90(01)5202
— bicrp(ba)ea + bip(cr)p(ba)ca + @(br)erp(ba)ca — w(br)p(cr)p(ba)cs
+ 510117290(02) — b190(61)b290(02> - 90(51>Clb290(c2> + W(b1)¢(01>b2@(02)

— bierp(b2)p(c2) + bip(cr)p(b2)p(c2) + @(br)c1(b2)p(cz) — @(b1)p(er)p(ba)@(c2)la

From the above, we can infer that free independence does determine a set of rules for com-
puting mixed moments and such rules are derived recursively from the free independence

condition.

Proposition 3.2.3. Let (A, ¢) be an algebraic probability space and let {A;};c; be a family
of unital sub-algebras of A be freely independent with respect to . If A is generated as an
algebra by the family {4, };cs, then ¢ is uniquely determined by the restrictions ¢| 4, and by

the free independence condition.

To prove the previous proposition, since the algebra A is assumed to be generated by
the family of sub-algebras {A;}ics, it is enough to show that the following holds: for any

indexes 11,1z, ...,im € I and random variables by € A;,,by € A,,, ..., by, € A, , the value

im?

©(b1by - - - by) is uniquely determined by the restrictions ¢|a, and by the free independence
condition. Suppose 11,1, ...,%, and by, by, ..., b, are as above. Without loss of generality,
we can assume iy # ig, io 7# i3, ..., and 4,1 7 i,, otherwise, we recursively group b, and

bps1 if i = igr1. Now, taking ar = by — p(br)14 for 1 < k < m, the free independence

condition implies ¢(ajay - - - a,,) = 0, but, we also have

a1a9 Ay — blbg s bm -+ Z (_1)m—|K| H QO(bk> : ku
KC[m]

ke[m]\K keK
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where |K| denotes the cardinality of the set K. Thus, by linearity of ¢, we obtain

Plbabs - bm) == Y (=)™ ] ebe) - ¢ (ﬁbk> (3.12)

KC[m] ke[m]\K keK

By induction on |K|, each term in the sum in the left-hand side of (3.12) is uniquely deter-

mined by the restrictions ¢| 4, and by the free independence condition, and so is ¢(b1b - - - by, ).

Remark. Even though it is not evident from the definition of free independence, the free
independence condition characterizes the product spaces containing free independent copies
of any given collection of algebraic probability spaces. Indeed, suppose (\A;, ¢;) is an algebraic
probability space for each i € I. Since ¢; : A; — C is a unital linear functional, each algebra

A; can be written as a direct sum of vector spaces
A, = ClAi D A;
where A; = ker (p;) := {a € A; | ¢i(a) =0} and Cly, = {14, € A; | A € C}. Moreover, it

can be shown that the free product x;c;.A; exists and is given by

o0
*ier A :ClA@@ @ Al @A, @ ® AL
m=1 11,82, im €l
11702,y im—1Fim

with multiplication on tensors a1 ® a2 ®- - -®a,, € A;, ®A;,®---®A;, and bj®by,®---®b,, €
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A, ®Aj, ® - ®A;, determined by

G R Qay Vb R Rby, ,if i # 51
(1@ Rap) (1@ Qb)) =¢ 1@ Qa1 Qam Dby @ -+ R b+

i (amb1) (a1 @ -+ @ ap—1)(ba ® -+~ ® by,) , otherwise,

where a,, = a;,b1 —(a,b1)1 4,, - Taking A as the free product *;c;.A; above, we can consider
each A; as a unital sub-algebra of A, although, strictly speaking, the algebra A contains the
sub-algebra C1 4 & jll which is canonically isomorphic to A;. Thus, to obtain a probability
space (A, ¢) containing free independent copies of each (A;, ;), we just need to find a unital
linear functional ¢ : A — C satisfying the free independence condition for {A;}icr, viewed
as a collection of sub-algebras of A, and ¢; = |4, for every i € I. But, a unital linear
functional ¢ : A — C satisfies the free independence condition for the collection {A;}ies if

and only if its kernel is given by

ker(p) =P P A24,0--0A4,. (3.13)
m=1 11,82, im €1
’51757:2 77777 'L'm—l#im

Thus, letting B denote the direct sum in right-hand side of (3.13), we have A = Cl, & B
and the map

Clau®eBaA4®b — QO()\lA@b) =AeC

is a well-defined unital linear functional ¢ : A — C satisfying the free independence condition
for {A;};cr. Finally, the condition ¢; = ¢|4, is an immediate consequence of the definition
of ¢ since every random variable a € A; can be written as a = p;(a)l4® (a —¢;(a)ly,) with

a—@i(a)ly € .jlz C B.
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Asymptotic free independence

In some cases, as we state for several random matrix ensembles in the next chapter, a sequence
of families of algebraic random variables converge to a free family of random variables, so

free independence arises as a limiting property.

Definition 3.2.4. Let I be a non-empty set. Assume {ay;}ies is a family of random
variables from an algebraic probability space (Ay,¢n) for each integer N > 1. We say
that the sequence {{an,;}icr}%-; of families of random variables is asymptotically freely
independent, or simply asymptotically free, if it converges in distribution to a family {a; }ies

of free random variables in some algebraic probability space (A, ¢).

Similar to convergence in distribution, the ambient probability space (A, ¢) is not deter-
mining for the asymptotic free independence of the sequence {{an,;}icr}%-; in the previous
definition. Indeed, given a family {a;};c; of random variables in some algebraic proba-
bility (A, ), if we let p : C(x; |i € I) — C be the algebraic distribution of {a;};,c; and
ev:C(x; |ieI)— A be the unital algebraic homomorphism such that ev(x;) = a; for ever

1 € I, the diagram
A—F - C

A

C(x;|iel)
commutes, and hence, the family {a;};c; is free independent with respect to ¢ if and only
if the family of unital sub-algebras {C[x;] C C(x; | i € I)}ies is free independent with re-
spect to u. Moreover, if uy : C(x; |i € I) — C is the algebraic distribution of {ay;}icr
for each integer N > 1, then the sequence {{an;}icr}¥_; converges in distribution if and

only if limy_,. pn(p) exists for every polynomial p € C (x; | i € I). Therefore, the sequence
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{{ani}ier is asymptotic free independent if and only if limy_, i [p] exists for every poly-
nomial p € C(x; |i € I) and the family of unital sub-algebras {C[x;] C C(x; |7 € I)}ies
is free independent with respect to limy_.o py. There is no reference to a particular space
(A, @) in the latter condition for the asymptotic free independence of {{an;}ier-

Let us recall that Proposition 3.1.5 provide us with a couple of equivalent conditions for
the point-wise convergence of a sequence {py}%_; of linear functionals py : A — C defined
on a complex algebra A which is generated by a family of sub-algebras {A;};c;. But this
is exactly the setting we have for the asymptotic free independence of {{ay;}icr if we let
A=C(x;|i€el)and A; = C[x,] for each index i € I. Hence, following the same steps as
in the proof of Proposition 3.1.5, we obtain some equivalent conditions for the asymptotic

free independence of a family of unital sub-algebras.

Corollary 3.2.5. Let A be an algebra over C and let A; C A be a sub-algebra for each ¢ € I
so that the family of sub-algebras {A;};c; generate the algebra A. Suppose uy : A — C is
linear functional for each N > 1 such that p[p] := limy_,o pn [p] exists for every p € A;

and every ¢ € I. Then the following two conditions are equivalent:

(a) lim ppy [p] exists for every p € A and the family of unital sub-algebras {A4;}ics is free

N—o0

independent with respect to p := A}im N
—00

(b) lim pn [(pr = pw [P1]) (P2 — piv [po]) -+ (P — piv [Pm])] = 0 whenever py € A;, with
iy F# 12,02 F 13, ., Im—1 7 Im
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Chapter 4

Free Probability and Random Matrices

(Literature Review)

This chapter is the second and last part of the literature review. First, we present some
fundamental definitions from random matrix theory and set the framework under which ran-
dom matrices are regarded as algebraic random variables. Second, we state what asymptotic
free independence means for random matrix ensembles and give some known results on this
matter. Lastly, we introduce the notions of second order free independence, the bounded
cumulants property, and asymptotically liberating ensembles and state some results relevant

to this thesis.

4.1 Random matrices as algebraic random variables

Definition 4.1.1. Let (2, F, P) be a classical probability space. An N-by-N random matrix
on (2, F, P) is a matrix X = (x;;)1<;j<n having complex random variables on (2, F, P) as

entries. The (i, j)-entry of X is also denoted by X (i, j).

Note that an N-by-N random matrix X on a classical probability space (€2, F, P) is

simply a matrix-valued random variable on (2, F, P), i.e., X is a function X : 2 — Maty(C)
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so that the set X 1(U) = {w € 2 : X(w) € U} belongs to the o-algebra F for every open set
U C Maty(C).

Although random matrices are interesting in their own, many of their most studied
properties arise as the matrix dimension goes to infinity. Thus, we are led to consider

sequences, or sequences of families, of size-increasing random matrices, known as ensembles.

Definition 4.1.2. Let I be and index set. Suppose (Q2y, Fn, Py) is a classical probability
space for each integer N > 1. A sequence of families {{Xx;}icr}%-; where each Xy ; is an
N-by-N random matrix on (Qy, Fy, Py) is called a random matriz ensemble. If the index

set [ is just a singleton {i}, we simply write {Xn;}%¥_; or {Xn}%_;.

Remark. Since entries from random matrices of distinct dimension are never used in the
same mathematical expression in this thesis, with out loss of generality, all of the random
matrices Xy, in a random matrix ensemble {{Xn;}ier}%_; can be assumed to be defined
on the same probability space (2, F, P), say, by letting (€2, F, P) be product space of the
(Qn, Fn, Pn).

Let us now address the question of finding an algebraic probability space where random
matrices can be regarded as algebraic random variables. Suppose we are given a classical

probability space (2, F, P). In Section 3.1, we consider the algebraic probability spaces:

1. (L= (Q,F, P),E[ - ]) where E[-] is the expected value on (2, F, P) and L*~(Q, F, P)
is the set of complex-valued random variables on (€2, F, P) that have moments of all
orders modulo the following relation: complex-valued random variables on (2, F, P)
that are the same function up to a measurable set of probability zero are considered

the same random variable.
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2. (Maty(C),tr(-)) where Maty(C) is the algebra of N-by-N matrices with entries from

C and tr(-) denotes the normalized trace +Tr().

It turns out that if we combine the above, we obtain an algebraic probability space whose al-
gebraic random variables are precisely random matrices with entries having finite moments of
all orders. More specifically, letting Maty (L) denote the set of N-by-N matrices with en-
tries from L~ (Q, F, P), the pair (Maty (L>*7),E[tr( - )]) is an algebraic probability space.
Indeed, random matrices are endowed with the usual matrix operations of addition, multi-
plication, and multiplication by scalars: given any two random matrices X = (z;;)1<;j<n

and Y = (y;)1<ij<n and a complex number A € C, we have

X +2Y = (iL‘iJ‘ + )\ym') and XY = (ngvz1 xi,ka,j)

1<ij<N 1<ij<N

Moreover, we can identify Maty(C) with the subset of Maty (L) consisting of constant
random matrices, and hence, Maty(L°7) is a unital algebra over the complex numbers with
multiplicative identity Iy. Now, generalizing the notions of trace and normalized trace from
Mat n(C), the trace and the normalized trace of a random matrix X € Maty (L"), denoted

Tr(X) and tr(X), respectively, are given by

Tr(X) = ZX(@',@') and  tr(X) = %ZX(Z’,@') = —Tr(X).

Both maps X — Tr(X) and X + tr(X) are well-defined linear functionals from Mat (L)
to L™~ (Q, F, P) and the latter is also unital, in the sense that the multiplicative identity
in Maty(L*°7) is mapped to the multiplicative identity in L~ (£, F, P). Therefore, the
expected value of the normalized trace E[tr(-)] : Maty (L") — C is a unital linear functional

and the pair (Maty (L), E[tr( - )]) is an algebraic probability space.
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Remark. Through the entire thesis, we examine random matrices primarily as algebraic
random variables. Thus, unless otherwise stated, it is assumed that random matrices are
taken from algebraic probability spaces (Maty (L), E[tr( - )]). It is always under this
assumption that we make use of the results and terminology from algebraic probability

spaces when dealing with random matrices.

Regarding random matrices as algebraic random variables enables us to analyze random
matrix ensembles as sequences of families of algebraic random variables. This is particularly
important since many random matrix ensembles have been shown to exhibit asymptotic free
independence. Before we present some well-known results on asymptotic free independence
of random matrix ensembles, we need to provide the reader with some more notation and
terminology, as well as the definition of certain random matrices pertinent to this thesis.

As matrix-valued random variables, random matrices inherit the terminology and nota-
tion from matrices in Matx(C). Hence, for a random matrix X € Maty(L>~) we have the

following;:

e The transpose of X is the unique random matrix X7 € Mat(L>~) such that X7 (i, j) =

X (j,1). We call X orthogonal if it satisfies X7 X = X X7 = [y.

e The conjugate transpose of X is the unique random matrix X* € Maty (L") such
that X*(i,7) = X (j,i) where X (j,7) denotes the complex conjugate of X (j,7). The
matrix X is called normal if we have X*X = X X* and is said to be self-adjoint, or

Hermitian, if X = X*. We call X unitary if it satisfies X* X = X X* = I.

Additionally, a random matrix ensemble {{Xx;}icr}3_, is called orthogonal, self-adjoint, or

unitary if every Xy ; is orthogonal, self-adjoint, or unitary, respectively.
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Some random matrices and their distributions

Given a random matrix X € Maty (L"), there are three mathematical objects that are
referred as distribution of X: the matrix distribution of X, the algebraic distribution of the
entries of X, and the algebraic distribution of X. The matriz distribution of X is defined as

the push-forward measure px on Maty(C) determined by
px(U) = P(XH(U)) = P{w € Q| X(w) € U})

for every open set U C Maty(C). A non-trivial problem related to the matrix distribution

of X is that of computing matrix integrals. A matriz integral of X is a integral of the form

/MatN(c)f(MMMX(M) - /Qf(X(w>>dP(W) = /QfOX(w)dP(w)

where f : Maty(C) — C is a measurable function, often a polynomial function on the entries
of X and their complex conjugates. Now, regarding the entries of X, {X(i,7) | 1 <1i,5 < N},
as algebraic random variables in (L>*~(Q2,F, P),E[-]), the algebraic distribution of the

entries of X is the unital linear functional p: C(x;; | 1 <1i,5 < N) — C given by

Xy 1 Xin g K g ) = B[ X (01, 51) X (42, J2) - X (G Jim)]

for all integers m > 1 and 1 < ix,jx, < N for k = 1,2,...,m. Two families {X;};c; and
{Y;}ier of N-by-N random matrices from Maty (L") are said to be equal in distribution of

their entries, or simply equal in distribution, if they satisfy

m

1T X Gk e

k=1

E =K

H Yi, (j—k>jk)] (4.1)

k=1
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for all integers m > 1, indexes iy,1i,...,i, € I, and functions j : [+m| — [N]. Finally,
the algebraic distribution of X, regarded as an element of the algebraic probability space

(Maty (L>7),E[tr( - )]), is the unital linear functional u : C[x] — C determined by

P =Efr (XM = © Y BN 2)XGors) X (s )]

J1,J2seJk=1

for all integers m > 1 and functions j : [m] — [N].
We end this section with a list of some random matrices and the joint distribution of

their entries relevant to this thesis.

Real Wigner matrix. A self-adjoint N-by-N random matrix Xy = (\/Lﬁxiyj)lggjgv Is a
real Wigner matriz if 1 o has unit variance and {z; ; | 1 <i < j < N} and {z;; | 1 <i < N}
form two independent families of independent and identically distributed real-valued random
variables with zero mean and finite p-norms of all orders. If z;; and x;2 are Gaussian
distributed, we say Xy is a Gaussian Wigner matriz; additionally, z;; has variance 2, the

sequence { Xy }%_; is called Gaussian Orthogonal Ensemble.

Complex Wigner matrix. A self-adjoint N-by-/N random matrix Zy = (\/Lﬁzi7j)1§i§j§N is
an Hermitian Wigner matriz if z; o has zero second moment, |z »| has unit second moment
and {7z, | 1 <i < j < N} and {#,; | 1 <i < N} form two independent families of
independent and identically distributed complex-valued random variables with zero mean
and finite p-norms of all orders. If 21 ; is Gaussian distributed and z; o is complex-Gaussian
distributed, we say that Zy is a Gaussian Hermitian Wigner matriz; additionally, z; ; has

variance 1, we call the sequence {Zy}¥_; a Gaussian Unitary Ensemble.

Haar-unitary random matrix. An N-by-N random matrix Zy is a Haar-unitary random

matriz if it is unitary and its matrix distribution pz, gives the Haar-measure on the unitary
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group Un(C) = {U € Maty(C) | U'U = UU* = In}.

Haar-orthogonal random matrix. An N-by-N random matrix Zy is a Haar-orthogonal
random matriz if it is orthogonal and its matrix distribution pz, gives the Haar-measure on

the orthogonal group On(C) = {O € Maty(C) | OTO = 00T = Iy}.

Uniformly distributed signature matrix. An N-by-N random matrix X is a uniformly
distributed signature matriz if it is uniformly distributed on the set of N-by-N signature

matrices.

A matrix X € Maty(C) is a signature matriz if there exists signs €1,...,ey € {—1,1}

such that
- € ifi=j
X(i,j) =
0 otherwise .

If X is an N-by-N uniformly distributed signature matrix, then for all functions i, j : S — [V]

we have

o 1, ifi=jand ker (i) is an even partition
H X (g, Ji) | = (4.2)

kes 0, otherwise

E

Uniformly distributed signed permutation matrix. An N-by-/N random matrix W is
a uniformly distributed signed permutation matriz if it is uniformly distributed on the set of

N-by-N signed permutation matrices.

A matrix W € Maty(C) is a signed permutation matriz if there exists signs €;,..., ey €

{=1,1} and a permutation o € {f : [N] — [N] : f is bijective} such that

- & ifi=o(j)
W(i,j) = €io() =
0 otherwise
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If W is an N-by-N uniformly distributed signed permutation matrix, then for all functions

i,j: S — [N] we get

(N=#(m))! if m=ker (1) = ker (j) € Peven S
E|]] W(z‘s,js)] = v : Y " -
s€s 0 , otherwise

Remark. Suppose {V;}ier is a family of N-by-N random matrices distribution-invariant
under conjugation by signed permutation matrices, i.e., the families {V; };e; and {W*V;W},¢;
are equal in distribution, in the sense of (4.1), for every signed permutation matrix W. Then,

for all integers m > 1, indexes 41,4, . .., 4, € I, and functions j : [m]| — [N], we have

[T Vic(oGin), 0(jk))] (4.4)
for all signs €1,...,ex € {—1,1} and permutations o € {f : [N] — [N] : f is bijective} .

4.2 Asymptotic free independence

Let I be an index set. Suppose we are given a random matrix ensemble { Xy ;}%_, for each
index ¢ € I. Formally, the joint (algebraic) distribution of each family { Xy ;}ies is the unital

linear functional puy : C(x; | i € I) — C defined by

pn (p) == E[tr (p ({Xn,itier))]

for every polynomial p € C(x; | i € I). Moreover, the convergence in distribution of the
ensembles { X, }¥_; with i € I, as well as their asymptotic free independence, is defined as a

condition on the linear functionals ux resulting from taking /N going to infinity. However, the
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notions of convergence in distribution and asymptotic free independence for random matrix
ensembles can be stated without referring to the functionals py explicitly. For instance,
Corollary 3.2.5 implies that the ensembles {Xy;}¥_, with i € I are asymptotically freely

independent if and only if the following conditions hold:

(AF.1) lim E [tr (X} ;)] exists each integer k > 1 and each index i € I, and

N—o00
(AF.2) for all integers m > 1, all indexes iy,1s,...,1, € [ satisfying i; # is,i9 # 13,...,
im—2 7 tm-1,im-1 7# im and all polynomials py,ps,..., P, in the algebra C[x]|, we

have J\}I_I}I;OE [tI’ (YN,1YN,2 ce YN,m)] = (0 where Yva = Pk (XN,zk)_]E [tI‘ (pk (XN,zk))] [N-

The first result about random matrix ensembles exhibiting asymptotic free independence
is due to D. Voiculescu in [23]. He showed that independent Gaussian Unitary Ensembles
converge in distribution to free semi-circular random variables. This result has been extended

by many authors since then, here we present it as formulated in [2, Chapter 5].

Theorem 4.2.1. Let {Xy;}ier be a family of independent N-by-N complex (real) Wigner
matrices for every integer N > 1. Suppose the following two conditions hold:

(a) E [|XN’i(j1,j2)|2} = \/Lﬁ for all integers 1 < j1, 7, < N and indexes i € I,

(b) sup max VN[ Xn.i(j1,j2)|l, < oo for every integer p > 1 and ever index i € I.
N>11<51,J2<N

Then the random matrix ensembles { Xy ,;}%_; with ¢ € I are asymptotically free.

It turns out that Wigner matrix ensembles are also asymptotically freely independent
from any ensemble composed of deterministic matrices that has a limiting distribution of
first order, see [2, Chapter 5]. A random matrix ensemble {{Dy;}icr}¥_; has a first order

limiting distribution if the limit

lim E[tr (Dni, Dy, -+ D)
N—o00



4.2. ASYMPTOTIC FREE INDEPENDENCE 57

exist for all integers m > 1 and indexes i1, %9, ..., %,. If every Dy, is a deterministic matrix

from Maty(C), the limit above can be simply taken without the expected value.

Theorem 4.2.2. Let {{Xy,}icr} be a as in the previous theorem. Suppose {Dy;}ier is a
family of deterministic matrices in Maty(C) C Maty(L>") for each integer N > 1. If the
ensemble {{Dn;}icr}F-; has a first order limiting distribution, then {{Xn,}ier}¥-, and

{{Dn.}icr}%_; are asymptotically free.

It was first noted by D. Voiculescu in [23] that the previous two theorems hold if each
{Xn.i}ier is replaced by a family of independent Haar-unitary random matrices. In general,
an ensemble {{Dn; }ier }3_, with a first order limiting distribution and an unitarily (orthog-
onally) invariant random matrix ensemble {{Xn;}ics}¥_; are asymptotically free, see [11].
A random matrix ensemble {{ Xy} ier}¥-; is said to be wunitarily (orthogonally) invariant
if the distribution of each {Xx}es is invariant under conjugation by unitary (orthogonal)
matrices, i.e., {Xn;}ier and {Uy Xy Uy }icr are equal in distribution of their entries for any

unitary matrix Uy € Maty(C)

Theorem 4.2.3. Suppose { Xy, }ies is a family of independent N-by-N unitarily (orthogo-
nally) invariant random matrix for every integer N > 1. Then {{ Xy, }ier}¥—; is asymptoti-
cally free. Additionally, if the sequence {{Dy;}icr}%_; has a first order limiting distribution,

then {{Xn.}ier}¥—1 and {{Dn;}ier}X—, are asymptotically free.

Unitarily invariant ensembles include: Gaussian Unitary Ensembles, complex Wishart
ensembles, and Haar-unitary ensembles. Similarly, Gaussian Orthogonal Ensembles, real
Wishart ensembles, and Haar-orthogonal ensembles are orthogonally invariant. As a conse-
quence of Theorem 4.2.3 we have that conjugation of deterministic matrices by independent

Haar-unitary (Haar-orthogonal) random matrices gives rise to asymptotic free independence.
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Corollary 4.2.4. Suppose {Un,; }ier is a family of independent N-by-N Haar-unitary (Haar-
orthogonal) random matrices for each integer N > 1. If {{Dn;}ier}3_; has a first order

limiting distribution, then {Uy ;D y,;Ux ;}%—; with i € I are asymptotically free.

The assumption of {{Dx ;}icr}%-; having a first order limiting distribution is crucial for
the conclusion in Corollary 4.2.4. However, this assumption can be weaken if we require
each ensemble of constant matrices { Dy ;}%_; to be uniformly bounded with respect to the

operator norm.

4.3 Asymptotic free independence of second order

A main topic of independences of second order is the behavior of cov[Tr(Yy), Tr(Zy)] as
the size of random matrices Yy and Zy goes to infinity. As in the case of asymptotic free
independence, an independence of second order for random matrix ensembles { Xy 1 }%_; and

{Xn2}3%_; should allows us to compute

Jimcov [ Tr (X X XN ) T (Xiin Xt i) ] (4.5)
known as fluctuation moments, for all integers m,n > 1 and indexes i1,%9,...,0nin €

{1,2} in terms of individual second order moments: limy_,o cov [Tr(X} ), Tr(X} )] and
limpy o0 cov [Tr(X% ), Tr(Xy ,)]. In general, the computation of (4.5) also involves individ-

ual first order moments limy_,o0 E [tr(XF ;)] and limy_o E [tr(X},)].

Complex case

The Lindeberg trick, used for deriving universal or limit laws, consists in considering Gaussian

distributed random variables as a case study to infer what might hold true for general random
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variables. For instance, Wigner’s semicircular law was first established for Gaussian Unitary
Ensembles, Wigner matrices with standard Gaussian random variables as entries, and then
for general Wigner matrices. Analyzing the fluctuation moments of independent Gaussian
Unitary Ensembles, J. Mingo and R. Speicher found a relation between fluctuation moments

and individual moments of first and second order in [13].

Theorem 4.3.1. Suppose {{Xn;}%_; }ier is a family of independent Gaussian Unitary En-
sembles. Then the fluctuation moments of {{Xn;}ier}¥_; are determined by the following
property: for any given integers m;, ms > 1, polynomials p1,p2, ..., Pmysd1,d2y - -y Ay €

Clx] and indexes 71,13, ..., im ,J1,J2,- - - Jm, € I, if we take Yy, and Zy, given by

Yne = Pe (Xni) — Eltr (pre (Xni )] In and Zng = qi (Xny) — Eftr (q (Xny))] In (4.6)
for 1 <k <mjand 1 <[ < ms, then

hl’Il COVv TI‘ (YNJYNQ s YN,ml) ,TI' (ZN71ZN72 L ZN7m2):| =

N—oo
m2 mi

5m1,m2 ]\}1_1}(1)0 Z H E [tI‘ (YN,kZN,l—k)]

=1 k=1
provided 7:1 7é ig,iQ 7£ ig, . ,Z'm1,1 §£ iml’iml # il and jl §£ jQ, e 7jm271 # jmz,ij #]1

From an algebraic point of view, the previous theorem can be read as follows. For each
integer N > 1, we have a unital linear functional uy : C(x; | i € I) — C and a bi-linear

functional py : C(x; | i € I) x C(x; | i € I) — C so that the following conditions holds

Am py (01 = v (P1) <+ (Pony = 108 (D)) 5 (1 = (@) <+ (i, = v ()] =
me mi (47)
Omy,ma ]\}l_fgo Z H KN [(Pk — N (Pe)) (g — :uN(ql—k))]

=1 k=1
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whenever p; € Clx;,] and q; € C[x;,] for 1 < k < my and 1 <[ < my and the indexes
’il,ig, Ce ,iml,jl,jg, . 7jm2 < I satisfy il 7é iQ,iQ 7é ig, Ce 7Z.m1—1 7é Z‘ml,iml 7é il and jl 7é
J2y s Jmy—1 F Jmy»>Jm, 7 Ji1.- The unital linear functional py and the bi-linear functional

pn paired with the previous theorem are the ones defined by

pn (p) = Eftr (p ({Xnitier))] (4.8)

and

pn (P, q) = cov [Tr (p({ Xy tier))  Tr (a({ Xy }ier)) ] (4.9)

for all polynomials p,q € C(x; | i € I) and the conclusion is that both limits in (4.7) exists
and are equal if {Xy;}¥_; with ¢ € I are independent Gaussian Unitary Ensembles. The
same conclusion holds if {Xy,;}%_; with ¢ € I are independent complex Wishart random
matrix ensembles.

Motivated by their findings, J. Mingo and R. Speicher introduce in [13] the notions of
second order probability space and free independence of second order, providing an abstract
framework that captures the main algebraic aspects of what had being observed for some

random matrix ensembles.

Definition 4.3.2. A complex second order probability space is a triple (A, , 1) consisting of
a tracial algebraic probability space (A, ¢) and a symmetric bi-linear functional ¢ : A x A —

C tracial in each coordinate such that ¢ (a, 14) = ¥ (14, a) = 0 for all random variables a € A.

Note that the triple (Maty (L), E[tr( - )], cov[Tr( - ), Tr( - )]) is a complex second order

probability space. Indeed, for all random matrices X,Y, 7 € Maty (L") and any complex
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number A € C we have:

(1) Eftr(XY)] = E[te(YX)] (traciality)
(2) cov[Tr(X), Tr(Y)] = cov[Tr(Y), Tr(X)] (symmetry)
(3) cov[Te(X + AY), Te(Z)] = cov[Te(X), Te(Z)] + A - cov[Te(Y), Te(Z)]  (linearity)
4 cov[Te(XY), Te(Z)] = cov[Te(YX), Tr(Z)] (traciality)

Definition 4.3.3. Let (A, ¢, 1) be a second order algebraic probability space. A collection

{A;}ier of unital sub-algebras of A is complex second order free with respect to (¢, ) if
(i) the family {A;}ic; is free with respect to ¢ and

(ii) for all integers m,n > 1, indexes 1,92, ..., %m, j1,J2, - -, Jn € I With iy # ig, ... ipm_1 #
Gy b # 11 and J1 # Joy ..y n1 # JnyJn # J1, and random variables a; € A;, and

by € Aj, with p(ax) = ¢(by,) =0for 1 <k <mand 1 <! <mn, we have

Y(aray - am,biby -+ bn) = 0 > [ [ o(arbi)

=1 k=1

where | — k is taken modulo n; additionally, if m = n = 1 and i; # j;, we require

w(al, bl) = 0

A collection of families of random variables {{a; ;};c, }ier is called complex second order free
if the collection of sub-algebras {A;}ic; is complex second order free where each A; is the

unital sub-algebra generated by {a; ;};c,-

Complex free independence of second order determines a set of rules to compute mixed
moments in terms of individual moments. But in a complex second order probability space

(A, p,1) we have to consider two types of moments, one type corresponding to the linear
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functional ¢ and another type corresponding to the bi-linear functional . For a random
variable a € A, the set {p(a®) | k > 1} is the collection of moments of first order of a and
the set {u(a*,a') | k,l > 1 } is the collection of moments of second order. More generally,
the collection of moments of first order of a family of random variables {a;}icr C A is the
set

{p(a; a;,---a;,) | m>1and iy, ig, ... 0, € I}

and the collection of moments of second order of {a;};c; C A is the set
{w(ailaiQ cr Qg Ay Qg * 0 CLjn) | m,n Z 1 and 2'172.2, e ,im,jl,jg, ce ,jn € I}

A moment of first order p(a;,a;, - - a;,,) is said to be mized if at least two of the indexes
11,19, ...,4,, € I are distinct, otherwise, it is said to be individual. Similarly, a moment
of second order ¢ (a;, ---a;,,a;, ---aj,) is said to be mized if at least two of the indexes
Uy eeeslmy J1,- -+, Jn € I are distinct, and indiwvidual, otherwise.

Under the presence of free independence, the rules to compute mixed moments of first
order are determined by the free independence condition, see Proposition 3.2.3. On the other
hand, under the presence of complex free independence of second order, the computation of
mixed moments of second order is determined by the free independence condition and by

the free independence condition of second order, namely,

n m

7»Z}(GICLQ c ot G, ble T bn) - 5m,n Z H @(akbl—k)

=1 k=1

whenever a, € A;, and b € A;, with p(ar) = ¢(by,) =0for 1 <k <mand1<1<n

and the indexes 41,79, ...,%m, 1, J2, -, Jn € I satisfy i1 # io,... lm_1 # im,im # 11 and
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JF 2 In—1 F Jnsdn 7 J1-

Proposition 4.3.4. Let (A, ,%) be a complex second order probability space and let
{A;}ier be a family of unital sub-algebras of A second order free independent with respect to
(p,0). If A is generated as an algebra by the family {A;}:cs, then ¢ is uniquely determined

the complex second order free independence

condition.

Proof. Suppose ¢ € A;, and d; € Aj, for 1 <k < m and 1 <[ < n and some indexes
11,09, -+« s by J15 J2, - - - s Jn € 1. Without loss of generality, we can assume with i; # ig,.. .,
Tm—1 7 tmstm 7 01 and J1 # Jo, -y Jjn-1 7 Jn,Jn 7 J1, Otherwise, we recursively group ci
and cgyq if i, = igy1 or d; and djyq if i = 4;41. Now, taking ap = b — (b))l 4 for 1 <k <m

and b = d; — (d;)1 4 for 1 <1 < n, we have

—

103+ Ay, = C1Cy+* + Cy + Z (—1)m-IKl H o(cx) - HCk

KC[m] ke[m]\K keK

and

biby-- by =didy--dy+ Y (=1 T oldy) Hdl

LC[n] len)\L leL

Thus, by bi-linearity of ¥, we get

Ylaras - - - A, biby - - - by) — Z Z(_ ymtn= K- H o(cr) H o(dy) ¥ [ﬂck,ﬂdz]

KC[m] Lg[n] kelm]\K le[n]\L keK  IeL

= 77/}[0162 C e Com, didy - -+ dn]
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Moreover, the free independence condition of second order implies
w[a1a2 O, brba - ‘bn] = 0mn Z H (P(akblfk)a
I=1 k=1
and hence, we obtain

ESS) | O ESS SIS SIC Vil | INECON | JECOK: [ﬂck,fldl]

=1 k=1 KC[m] LC[n] kem\K le[n]\L keK leL

(4.10)

= zﬂ[01€2 “Cy, didy - dn]

By induction on |K|+ |L|, each term in the sum in ¢ (4.10) is uniquely determined by the

restrictions |4, and 1| 4,x4, and by the complex second order free independence condition,

and so is w[chg"'Cn“dldg"'dn]. ]

Following along with the line of algebraic probability spaces and free independence, we
obtain the corresponding notions of distribution, convergence in distribution, and asymptotic
independence for second order probability spaces and free independence of second order. The
distribution of first and second order of a family of random variables {a; };c; in a second order
probability space (A, ¢, 1) is the pair (i, p) where p: C(x; | i € I) — C is the unital linear

functional defined by

w(p) = p(p({aiticr))

for all polynomial p € C(x; |i € I) and p: C(x; |i € I) x C(x; | i € I) — C is the bi-linear
functional given by

p(p,a) = ¥ (p({aitier), a({ai}ier))
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for all polynomial p,q € C(x; | i € I). Moreover, if {ay;}icr is a family of random variables
from a complex probability space of second order (A, ¢y, n) for each integer N > 1, we
say that the sequence {{an;}icr}_, converge in distribution of first and second order to the
family {a; }ier if for all positive integers m,n > 1 and indexes i1, 92, ..., m, J1, 2, - 5 Jn € 1
we have

lim @x (ani,ang, - ON,) = © (G5, Gy - -+ GG,
N—oo

and

Sim P (AN N - AN ON G AN+ AN ) = P (@ Qi == i @y, -2 a5, )

Finally, if the sequence {{an;}ier}%_; converge in distribution of first and second order to
the family {a;}ic; and the family {a; }ie; is complex second order free with respect to (¢, ),
we say that the sequence {{an;}ier }X_, is asymptotically freely independent of second order,
or simply, asymptotically second order free.

As it might be expected, an specific limiting probability space is not needed for con-
vergence in distribution of first and second order. Indeed, suppose (un, py) is the distri-
bution of first and second order of family of random variables {ay;}ic; from a complex
probability space of second order (Ay,pn,%y) for each integer N > 1. The sequence
{{an,i}ier}-, converge in distribution of first and second order if and only if limy_, pn [p]
and limy_,« pn [P, q] exist for all polynomials p,q € C(x; | € I). For random matrix en-
sembles, convergence in distribution of first and second order is referred as having a second

order limiting distribution and takes the following form.

Definition 4.3.5. We say that a random matrix ensemble {{Xn;}icr}%_; has a second

order limiting distribution if for all polynomials py, p2, ps, . .. from the algebra C(x; | i € I},
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letting Yy = pe({ Xwv,i}tier) for K =1,2, ..., we have:

(i) lim E[tr (Y1) exists,

N—oo

(i) lim cov |[Tr (Y1), Tr (Yn2)] exists, and

N—oo

(iii) lim ¢, [Tr (Yna), Tr (Yn2), ..., Tr (Yn,)] =0 for n > 3.

N—oo

Rigorously, condition (iii) above is not required for the convergence in distribution of
first and second order of a random matrix ensemble {{ Xy }ier}¥—;. Each family of random
matrices { Xy, }ier is being regarded as a family of random variables in the complex second
order probability space (Maty(L>*7), Eltr( - )], cov[Tr( - ), Tr( - )]), and hence, the conver-
gence in distribution of first and second order of the ensemble {{ Xy ;}ier}3-; depends only
on (i) and (ii) above. However, as pointed out in [10] and [11], condition (iii) is needed to
ensure the convergence of mixed fluctuation moments in results such as Theorem 4.3.8 and
Corollary 4.3.9 bellow, so it is just convenient to include it in the notion of second order
limiting distribution of random matrix ensembles.

Now, an specific limiting probability space is also not essential for asymptotic free in-
dependence of second order. Note that if (un,pn) and {an,}ier are as above for each
integer N > 1, the sequence {{an;}icr}¥_; is asymptotically second order free if and only
if limpy o0 e [p] and limy o0 pn [P, q] exists for all p,q € C(x;|i € I) and the family
of unital sub-algebras {C[x;]}ics is complex second order free independent with respect to
W= limy_ o uny and p := limy_,o, py. Following similar arguments to those in Proposition

3.1.5 and Proposition 4.3.18, we obtain the next result.

Proposition 4.3.6. Suppose uy : C(x; | ¢ € I) — C is a linear functional and assume

pn : C(x; | i€ I) xC(x; | i € I) — C is a bi-linear functional for each integer N > 1.
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The family of unital sub-algebras {C[x;]};cs is complex second order free independent with

respect to (limy_oo pt, limy o pw) if and only if the following three conditions hold:

(1) lim py [p] exists for every polynomial p € C(x; | ¢ € I) — C and the family of unital

N—o0

sub-algebras {C|x;]}icr is order free independent with respect to u := A}im LN,
—00
(2) A}im pn [P, q] exist for all polynomials p € C[x;] and q € Clx;| and indexes i, j € I,
—00

(3) for all integers my, mo > 1 and indexes i1, 99, ..., imy, J15 25 - - - Jmy € I With iy # 1o, ...,
Z'm1,1 % imlaiml % ’il and jl 7£ jz, Ce 7jm271 # ij,jm2 # jl, if we take Pk € C[sz] and
q € Clx;,| for 1 <k <my and 1 <1 < my, then

lim py [(py = x(P1) = (P, = 18 (D)) (a1 = o (1)) <+ (A, — v (ay)) | =

N—oo
mo m1

Oy m J\}l_f)noo Z H pn [P = b (Pi)) (i— = v ()]

=1 k=1

where [ — k is taken modulo my; moreover, if m; = mo =1 and iy # j;, we require

lim py [(py — v (p1)) , (a4 — pwv(ay))] = 0.

N—oo

Having a second order limiting distribution, in the sense of Definition 4.3.5, is required
in the most common definition of asymptotic free independence of second order for random
matrix ensembles. More concretely, random matrix ensembles { Xy, }¥_; with ¢ € I are said
to be asymptotically freely independent of second order, or simply, asymptotically second order
free, if the ensemble {{Xn;}icr}¥-; has a second order limiting distribution and converges
in distribution of first and second order to a complex second order free family of random
variables {a;}ier. As a result of Proposition 4.3.6, we are able to reformulate the notion of

asymptotic free independence of second order as follows.
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Definition 4.3.7. We say that the random matrix ensembles {Xny;}¥_, with ¢ € I are

asymptotically freely independent of second order, or simply, asymptotically second order

free, if they are asymptotically freely independent and the following three conditions are

satisfied:

(ASOF.1) Nlim Cov [Tr(X},), Tr(X} ;)] exists for each index i € I and all integers m,n > 1,
—00 ’ ’

(ASOF.2)

(ASOF.3)

for all integers mq,my > 1, indexes i1,4a,...,0m , J1,J2,- -, Jm, € I satistying
i F G2yl o1 F gy Gy 7 01 A0 1 F Jos e Jma—1 F Jmas Jma # J1, and
polynomials p1,pa, ..., Dmys A1, d2; - - -, Am, 10 the algebra C[x], if we take Yy =
YniYno - YNm and Zy = Zy1Zn2 -+ Znm, With Ya, and Zy,; given by (4.6)

for 1 <k <mjand 1 <[ < mgy, we have

m1 Mo
lim Cov [Tr(Yy), Tr(Zw)] = Oy m, Jim ;’HE[U (YvpZng-x)]  (4.11)

where [ — k is taken modulo ms; moreover, if m; = mo = 1 and iy # j;, we require

lim cov [Tr (Yna1), Tr (Zn1)] =0,

N—o0

for ever integer n > 3, all polynomials pi,ps,...,p, in the algebra of non-

commutative polynomials C (x; | i € I), letting Yy x = pr ({Xn.i}icr), we have

lim ¢, [Tr (Yni),Tr (Ynz2),...,Tr (Yan)] =0

N—o0
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Independent Gaussian Unitary Ensembles, independent Haar-unitary ensembles, and in-
dependent complex Wishart ensembles are among those ensembles known to exhibit asymp-
totic second order free independence, see [13, 12]. All of the above ensembles are unitarily-
invariant, in the sense that their matrix-distribution is invariant under conjugation by uni-
tary matrices, and the fact that they are asymptotically second order free can be seen as a

particular case of the following general theorem from [11].

Theorem 4.3.8. Suppose { X, }icr is a family of independent N-by-N unitarily invariant
random matrix for every integer N > 1. Then {{Xn,}ier}¥-, is asymptotically second
order free. Additionally, if an ensemble {{ Dy ;}icr}3_; has a second order limiting distribu-
tion and is independent from {{Xn;}icr}¥-;, then {{Xn,}tier}¥-; and {{Dn.}ier}¥_, are

asymptotically second order free.

As a consequence, conjugation by independent Haar-unitary random matrices gives rise

to asymptotic free independence of second order.

Corollary 4.3.9. Suppose {Uy; }ier are independent N-by-N Haar-distributed random uni-
tary matrices for each integer N > 1. If {{Dy;}ier}%_; has a second order limiting distri-

bution, then {{Uy ;Dy,;Ux ;}ier} =, is asymptotically second order free.

Note that conjugation by unitary matrices does not change individual distributions in
the sense that for all random matrices Dy and Uy from Maty(L>~) with Uy unitary,
we have E [tr((UxDyUy)™)] = E[tr(DR)] and cov [Tr (U DyUx)™), Tr (U DyUn)™)] =
cov [Tr (D), Tr (D%;)]. Thus, conjugation by Haar-unitary random ensembles allows us to
construct asymptotically second order free random matrices with arbitrary distributions of

first and second order.
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Real case

Although independent Gaussian Unitary Ensembles and independent Gaussian Orthogonal
Ensembles exhibit the same asymptotic behavior of first order, both of them are asymptoti-
cally free by Theorem 4.2.1, they display distinct behavior of second order. This distinction
was first noted by E. Redelmeier in [18] where the fluctuation moments of independent

Gaussian Unitary Ensembles are computed.

Theorem 4.3.10. Suppose {{Xx,;}%_; }ier is a family of independent Gaussian Orthogonal
Ensembles. Then the fluctuation moments of {{ Xy, }ier} ¥, are determined by the following
condition: given integers my, my > 1, polynomials p1, pa, - -, Pmys A1, d2; - - - » Amy € C[x] and

indexes 41,4, -+, Um, s 15 J2, - - -, Jm, € I, if we take
Ve = pr (Xni) — Eltr (pr (Xni, )] v and Zng = q (Xnj,) — Eftr (q (X))l In

for 1 <k <mjand 1 <[ < ms, then

lim cov [Tr (YaaYno - Yam) Tt (ZnaZns - Zms) ] _

N—o0
mao mi mi (412)
Oy ma A}f}ﬁ Z <HE [tr (YN,kZN,l—k)} + HE [tr (YN,kZJY\;,l—i-k)])
=1 \k=1 k=1

provided i1 # 49,12 7 13, -+, b —1 7 Uy s by 7 01,01 F J25 -+ Jmy—1 7 Jmys Jmy 7 J1-

It was also proved by E. Redelmeier in [18] that independent real Ginibre ensembles and
independent real Wishart ensembles exhibit the same fluctuation moments as independent
Gaussian Orthogonal Ensembles. The appearance of (4.12) in several random matrix en-
sembles led E. Redelmeier to introduce the notions of real second order probability space

and real second order free independence.
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Definition 4.3.11. A real second order probability space is a quadruple (A, ¢, p, t) consisting
of a second order algebraic probability space (A, ¢, p) and an involution ¢ : 4 — A, called
transpose, such that (ab)’ = b'a’, p(a) = p(a'), and p(a, b) = p(a’,b) = p(a,b’) for all random

variables a,b € A.

Definition 4.3.12. Let (A, ¢, p, t) be a real second order probability space. A family {A;}cs
of unital sub-algebras of A, invariant under a +— a', is said to be real second order free with

respect to (o, p) if

i) the family {A,}.es is free with respect to ¢, and

ii) for all positive integers m,n > 1, indexes iy, 49, . . ., im, j1, Jo, - - -, in € I withiy #dg, ...,

Im—1 7é ima im 7& (1 and jl 7é j2> B 7jn71 7é ]na]n 7é jl ) and random variables ap € Alk

and b, € Aj, with ¢(a;) = ¢(b,,) =0for 1 <k <mand 1 <[ <n we have

N m m
pla1as - s bibo b)) = G ( plarbi) + [ w(akbm))
k=1

=1 k=1
where [ — k and [ + k are taken modulo n.

We could perform a similar analysis than the one we did for complex second order
probability spaces and define the notions of ¢-distribution, convergence in t-distribution,
and asymptotic real second order free independence in purely algebraic terms. However,
since both analysis would be very similar and our main focus is on random matrices,
we simply present these notions in terms of random matrices ensembles. Note that if
T : Maty(L>*") — Maty (L") is the function that maps a matrix to its transpose, then

(Maty (L), Eftr( - )], cov[Tr( - ), Tr( - )],T) is a real second order probability space.

Definition 4.3.13. We say that a random matrix ensemble {{Xy,}ier}¥_; has a second

order limiting t-distribution if {{Xy ;, X%, }ier} %, has a second order limiting distribution.
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Definition 4.3.14. We say that the random matrix ensembles {Xx;}%_, with i € I are
asymptotically real second order free if {{X N,iaX]€7i}iEI}?Vo:1 is asymptotically freely inde-

pendent and the following three conditions are satisfied:

(ASOF.1) Nlim Cov [Tr(p(Xp ;. Xn ;) Tr(a(Xy,, Xy ;)] exists for each index i € I and all
—00 ’ ’ ’ ’

polynomials p,q € C(x,x"),

(ASOF.2) for all integers mi,my > 1, all indexes 4,42, .., im ,J1,J2,- -, Jm, € I With

i1 F 2,02 F 13y, 1 F Gy by, 7L FE J25 e Jmy—1 F Jmys Jm, 7 J1, and

all polynomials py, P2, - - -, Pmy, A1, d2s - - - G, 10 the algebra C(x,xT), if we take

YN,k = Pk (XN,ika XJY\;,zk) -E [tI‘ (pk (XN7ik’X],1\;7ik)):| Iy

and

ZN,l =q (XN,]'H XZJ\;,jl) —E [tr (ql (XN,jl?XJT\;,jz))] Iy

for 1 <k <m;and 1 <[ < msy, then

lim cov [Tr (YaaYwo - Yam) Tt (ZnaZns - Znms) ] _

N—o0
mo mi mi
Oy mo ]\}5{1)0 Z (HE [tr (YN,kZN,l—kﬂ + HE [tr (YN,kZJY\;,l—i-k)])
=1 \k=1 k=1

where [ — k is taken modulo ms; additionally, if m; = my = 1 and iy # j;, we
require

lim cov [Tr (Yna), Tr (Zn1)] =0,

N—o0

(ASOF.3) for ever integer n > 3, all polynomials pi,ps,...,p, in the algebra of non-

commutative polynomials C <Xi,XT | i€ I>, letting v, = pr ({XNyi,XJI\;,i}iGI),

)
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we have

lim Cn [TI‘ (YN71) ,TI‘ (YN’Q) Sees 7’I‘I‘ (YN,n)] =0

N—oo

The random matrix ensembles analyzed by E. Redelmeier in [18] are orthogonally-invariant,
their matrix-distribution is invariant under conjugation by orthogonal matrices. It was
showed by J. Mingo and M. Popa [11] that orthogonal invariance leads to asymptotic real sec-
ond order free independence, just as unitary invariance leads to asymptotic complex second

order free independence. Specifically, J. Mingo and M. Popa showed the following.

Theorem 4.3.15. Suppose {Xy;}ier is a family of independent N-by-N orthogonally in-
variant random matrix for every integer N > 1. Then {{ Xy }icr}¥_; is asymptotically real
second order free. Additionally, if the sequence {{Dny;}ier}¥—; has a second order limiting
t-distribution, then {{Xn;}icr}¥-; and {{Dn,; }icr }X-, are asymptotically real second order

free.

Corollary 4.3.16. Suppose {Uy,}icr are independent N-by-N Haar-distributed random
orthogonal matrices for each integer N > 1. If {{Dn}ier}¥_, has a second order limiting

t-distribution, then {{Uy;Dy Uy ;}ier} %=, is asymptotically real second order free.

The bounded cumulants property

As mentioned earlier, condition (iii) from Definition 4.3.5 is not needed for the convergence
in distribution of first and second order of a random matrix ensemble {{ Xy ;}icr }X_q, it is
only needed to ensure the convergence of mixed fluctuation moments. In most cases, see

[10, 11}, this condition can be replaced with the bounded cumulants property.

Definition 4.3.17. A random matrix ensemble {{ Xy, }icr}-, is said to have the bounded

cumulants property if for all polynomials py, ps, ps, ... in the algebra of non-commutative
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polynomials C (x; | i € I) taking Y = pe({ Xy, }icr) We have
sup ¢, [Tr (Y1), Tr (Ya2), ..., Tr (Yan)] | < oo (4.13)
N

for every integer n > 2.

The bounded cumulants property for the random matrix ensemble {{Xn;}ier}¥-; can
be formulated in terms of multi-linear funtionals as follows. Let A be the algebra of non-
commutative polynomials C (x; | i € I) and let A; be the algebra of polynomials C [z;] for
each 7 € I. For each integer N > 1, let us consider the n-linear map py : A x -+ x A — C

defined by

PN [P1, D2, -, Pa) = [TT (pl({XN,i}iEI)) poee, 1T (pn({XN,i}iel))} (4.14)

for all polynomials py,ps,...,pn € A and where ¢,[-, ..., ] denotes the classical cumulant
from Section 2.1. The random matrix ensemble {{Xy ;}icr}3—; has then the bounded cu-

mulants property if only if

sgp!pzv [P1, P2, -+, Pul| < 00 (4.15)

for all p1,psa,...,pn € A and any integer n > 2. Let us now consider the joint distribution

of each family {Xy;}ier, the unital linear functional py : C(x; | i € I) — C defined by

pn (p) = Eftr (p ({Xnitier))]

for every polynomial p € C(x; | i € I). If the ensemble {{ Xy, }icr}¥-, converge in distribu-

tion, i.e., limy_,o pn [p] exists for all polynomials p € A, then each polynomial py appearing
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in (4.15) can be replaced by

k k k k
0 — DO — ) - (% — unp®)])

for some polynomials pgk) € Ai<k),pgk) € Aioc), e 7p7(ff”)€ € Ai(k) and still get the bounded
1 2 mp

cumulants property under a mild additional condition.

Proposition 4.3.18. Let A be an algebra over C and let A; C A be a sub-algebra for
each i € I so that the family of sub-algebras {A;};,c; generate the algebra A. Suppose
pun A — C is linear functional and py : A x -+ x A — C is an n-linear functional for
each N > 1 such that limy_, pn [p] and limy_,o0 pn [P1, P25 - - -, Dn €xist for all p € A, p; €
Aisp2 € Aiy, ... pn € A, with 4y,19,...,4, € I. Then the following three conditions are

equivalent:

(a‘) Sl]ifp ‘ION [p17p27"‘7pn” < oo for all P1,D2,---,Pn € A

(b) sup |pn [d1,42, - - -, dn]| < o0 if each g is of the form
N

k k
ar = pipy” - p)

with p* € A and it #a, i #0il #dl)
J

mg

(c) sup |pn [AN1,AN2s - - -5 ANa)| < 00 if each gy is of the form
N

k k k k
ank = (0 — px PPN OY — unps?]) - (® — pn[p®))

with p®) € A and i # il 6P 2P iE )
J

mg

Proof. Conditions (a) and (b) are equivalent since each py is n-linear and the algebra A is
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generated by the sub-algebras {A;}ic;. We only need to prove that (a) implies (¢) and (c)
implies (b).
Suppose (a) holds and let qy is as in (c) for £ = 1,2,...,n. Then, by multi-linearity,

we have

PN (AN - ANp) = Z H H 1)l ] "PN Lﬂp§1)7"'v ﬂpg'k)]

J1ClmalycsJnClma] \k=1j€J¢ ey j€Jn

The sum above is a finite sum and, by hypothesis, each of its elements is uniformly bounded
with respect to N. Hence, (c) follows.

Let us assume now (c) holds and let J be the set of all positive integers I satisfying the

following property: if m = my+ms+- - -+m,, for some positive integers mi, Ma, ..., My, and
P € A for j=1,2,...,my and i? £ i iF £ i 268 for k=1,2,.
J

then supy|pn(d1,dz, - - -, dn)| < 0o where each gy, is given by qj = pg )pé ). pﬁfi,{ Note that
we are done if we show that J = {n,n+ 1,n+2,...}. By hypothesis, n belongs to .J, so let

(%)

us assume n,n +1,...,m — 1 belong to J and let p;”, qyx and qx as above. Consider the

equality

PN [qN,la <. 7qN,n] — PN [(117- .. 7Qn]

SR SR 110V CIEvR) P by (e v el

J1C[m1] ..... JnC[mn] k= 1]eJ° eJ1 jE€Jn

given by n-linearity of py. Now, since (c) holds, pn(dn1,--.,qn ) is uniformly bounded
with respect to N and, by induction hypothesis, so is py|[]] ;e legk), | J; I pj ] if at least
one Jy is not [mg]. Thus, pn(qi,...,qs) is also uniformly bounded with respect to N, and

hence I belongs to J. O]
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Very similar arguments show that the previous result still holds if we replace the supre-

mum by the limit.

Proposition 4.3.19. If A, A;, uy, and py be as in Proposition 4.3.19, then the following

are equivalent:
(a) A}im PN [P1, D2, - - -, Dn) exists for all py,pa,...,pn €A
—00

(b) A}im PN [d1, e, - - -, ] exists if each qi is of the form
—00

k) (k
ar = pyps” b))

? 'my,

with pi* € A and i #0820 £l
J

(c) A}im PN AN, AN 2, - - -, AN, exists if each qu is of the form
—00

k k k k
avk = (0 — un DO = pnps?]) - (0% — un[p®)])

with p¥ € A and il # il 2, W 20k
J

mg

Now, if each multi-linear functional py : A X --- x A — C in Proposition 4.3.18 is tracial

in each entry, i.e., for ever integer k € [n] and polynomials qg,qq, - .., q, € A, we have

pN[Chv <o 9k—1, 909 Ak+15 - - - ;Qn] = pN[Ql; e Qk—15 9690, Dk415 - - - ,Qn],

we can impose the condition that i'%) igk) in (b) and (c¢) from Proposition 4.3.18 and still

get uniform boundedness of py [p1, P2, - - -, Pn] With respect to N.

Corollary 4.3.20. Suppose A, A;, uy, and py are as in Proposition 4.3.18. If py is tracial

in each entry, then condition (a) from Proposition 4.3.18 is equivalent to any of the following:
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(b") S%p a1, d2, - - -, dn]| < 00 if each q is of the form q; = pgk)pgk) . pﬁ,’f,l with pg-k) € Aw
J

and i) #0080 £ a% £, and i) # i

(¢) sup |pn [An1,AN2s -« -5 AN a)] < 00 if each qun is of the form
N
k k k k
avs = (01 = uv i) 08 — unlpd”) -+ (%) — unp)))

Wlthp] GA(k) and 21k)7é22 722)7& (k),..., mk 17&2mk,andz #@fﬂ

Proof. Note that while condition (b) from Proposition 4.3.18 allows the indexes i} and Z’ka
to be possibly the same, condition (b’) above explicitly prohibits this. Thus, by traciality
of py in each entry, we have that (b’) and (b) are equivalent, and hence, it only remains to
show that (c¢’) above implies (¢) from Proposition 4.3.18.

Assume (c’) holds and let J be the set of all positive integers I satisfying the following

property: if m = my+mqy+- - -+m,, for some positive integers mq, ms, ..., m,, and pg-k) € Aw
j
for j=1,2,...,my and zl 7& 22 ) ;é zgk),...,igiifl =+ 17(7];,1 for k=1,2,...,n, then
suplpn [An,1, AN, - - -5 Al < 00 (4.16)
N
where each qy  as above. By hypothesis, n belongs to J, so let us assume n,n+1,...,m—1

belong to J and let p(-k)

;s dvk and qi as above. Thus, if z,&’j,{ #* igk) for k = 1,2,...,n,

Inequality (4.16) holds. On the other hand, if i'r) = i* for some k € {1,2,...,n}, let us
consider polynomials py , and Ty, given by

P =% — unpEN Y — pnpi™))

~ k k k k k k
P =05 — xS NS — unpS]) - % — un[p® 1))
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By traciality of py in the k-th entry, we have

PN [AN1s -+ s ANy - - ANm) =PN [ANLs - -+ DNATN s - -+ AN 5
moreover, from the relation

~ k k k k
P =0 — iy p® p™) 4+ pn [pF p] — v [pE ] pn [p]

k k k
— un PP — D) — v pP1E® — pnpP])

we get the equality

L (k) (k) (k) (K)

PN[qN,1,-~,QN,n] :pN[QN,lw- PmP1 —,UN[PmkIh ])?N,kw-,QN,n]

k ~
+ MN[P%ZP% )]PN[QNJ; TN -5 AN

k ~
- NN[pg:Z]:UJN[pg )]PN[th o INEy .- qu,n]

k ~
— un [P lonlanas - %) — P8 Dk - - Al

k k)1~
— ux PP pwlan, - (08 — [P DNk - -+ Al

by linearity of py in the k-th entry. But then, by induction hypothesis, every element in the
right hand side of the equality above is uniformly bounded with respect to IV, and therefore,

SO is pN[qN,1, e aQ.N,n]' .

4.4 Asymptotic liberation of deterministic matrices

The notion of asymptotically liberating random matrix ensemble, introduced by G. Anderson

and B. Farren in [1], aims to enclose those random unitary matrix ensembles that give rise
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to asymptotic free independence when used for conjugation of constant matrices, a feature
already seen in matrix ensembles composed of independent Haar-unitary random matrices
or independent Haar-orthogonal random matrices. As we describe next, this notion arises
naturally from the application of Corollary 3.2.5 to random matrices.

Let I be an index set. Assume Dy ; is a deterministic matrix in Maty (C) and Uy is
a random unitary matrix in Maty (L) for each index i € I and each integer N > 1. We
would like to find sufficient conditions for the random matrix ensembles {UX Dy Uy} ¥—;
with ¢ € I to be asymptotically freely independent. To that end, let us consider the joint dis-
tribution of the collection of random matrices {U} ;D ;Uy ; }ier, the unital linear functional

pun = C(x; | i€ I)— C given by

pn (p) :=E [tr (p (‘{va,iDN,iUN,z'}ieI))]

for every polynomial p € C(x; | 7 € I). By Corollary 3.2.5, the random matrix ensembles
{UN: Dy Uy }%=1 with i € I are asymptotically freely independent if and only if the fol-

lowing two conditions hold:

(1) lim pn(x¥) exists for every integer k > 1 and every index i € I and

)
N—oo

(ii) ]\}1_13%0 pn ((P1 = pv(P1)) (P2 — v (P2)) -+ (Pm — #n(Pm))) = O for all integers m > 2,
indexes i1, ... i, € I with iy # i, ..., i;y—1 7 im, and polynomials p; € C[x;,|,p2 €

C[XZ‘Q], ey Pm S C[Xim]-

Note that conjugation by unitary matrices does not modify individual distribution, meaning

that for each index 7 € I we have

MN(Xf) =K [tr<<U]t/,iDN,iUN,i)k)] = tr(D?V,i)
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for every integer k > 1, and hence, since the condition (i) above must hold, we have to assume
each matrix ensemble {D ;}%_, has a limiting distribution, i.e., limy_,o tr(D};;) exists for
every integer k > 1. Therefore, the feature of unitary ensembles inducing asymptotic free
independence on constant matrices relies primarily on whether or not the unitary ensembles
make the condition (ii) above hold. Suppose p1,ps,. .., Pm are polynomials as in (ii) above

and note that if q € C[xy] for some i’ € I, then

q <{U]t/,iDN,iUN,i}i€1) =q (U]t/,i’DN,i’UN,i’) = Uzt/,z'/q (DN,i’) UN,i"

Thus, letting qnx = pr — un(px) € Clx;, ] and Anx = qnk (DNﬂ-k) for 1 < k < m, we have

UN (QN,IQN,2 " 'QN,m) =E [tl" ((U;/,ilAN,lUN,il)(Uztf,z'QAN,zUN,iz) e (U;T,imAN,mUN,im»} .

Moreover, each matrix Ay is of trace zero since un(px) = tr (px(Dyy,)) implies Ay =
Pr(Dni,) — tr(pr(Dni, ) ) In. Therefore, the random matrix ensembles {UX Dy Uy} %-
with ¢ € I are asymptotically freely independent provided

lim N]E [Tr ((UN,ilAN,lUN,il) T (UN,z’mAN,mUN,im)” =0 (4.17)

N—oo

for all indexes 1, ...,%, € I satisfying ¢; # 4o, ..., t;—1 # i, and matrices Ay1,..., Anm €

Maty(C) of trace zero.

Definition 4.4.1. Let {Un,}icsr be a family of N-by-N random unitary matrices for each
integer N > 1. The random unitary matrix ensemble {{Uy;}icr}¥—; is said to be asymp-
totically liberating if for every integer m > 2 and indexes iy,...,1, € [ satisfying i; #

Q9.+ im-1 # im, there exists a constant C(iy,...,4,) depending only on the m-tuple
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(11,19, ..,1m) such that

[E[Tr (U, AU, Unia AnanUiian)]| € Clins i) T A (4.18)
k=1
for all integers N > 1 and matrices Ay, ..., Anm € Maty(C) of trace zero.

In view of (4.17) and (4.18), to conclude that random matrix ensembles {Uy ;D ;Ux i } 3=
with ¢ € I are asymptotically free, provided {{Un, }icr }%_; is asymptotically liberating and
limpy 00 tr(DfW) exists for every integer £ > 1 and every index 7 € I, we still need a condi-
tion ensuring that if Ay = pr(Dn,) — tr(pr(Dny,)) Iy for any given polynomial py € C[x]

and index i € [ with k =1,2,...,m, then

m
sup H||ANk|| < 0.
Nzl

Note that if p(x) = 37 a;x/ € C[x] and we take Ay = p(Dn,;) — tr(p(Dn,i)) I, then

AN < [[P(Dna)[| + tr(p(Dwi) || < 22|04j‘”DN,1;||j-
=0
Therefore, the desired condition is the uniform boundedness of each sequence {Dy;}¥_;

with respect to the operator norm, namely, sup || Dyl < oo.

Theorem 4.4.2. Let { Dy ;}icr be a family of N-by-N deterministic matrices for each integer
N > 1 such that supy, || Dw;| < oo and limy_,otr(Df ;) exists for ever integer k& > 1 and
every index ¢ € I. If {{Un;}ier}%-, is an asymptotically liberating random unitary matrix

ensemble, then {Uy ;D y Uy ;}¥-; with ¢ € I are asymptotically freely independent.

Although conjugation of constant matrices by any asymptotically liberating ensemble

does give rise to asymptotic free independence, provided individual distributions exist and
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each ensemble is uniformly bounded with respect to the operator norm, nothing has been said
about the existence of liberating ensembles. Moreover, matrix ensembles composed of inde-
pendent Haar-unitary random matrices, or independent Haar-orthogonal random matrices,
should be asymptotically liberating since we want the notion of asymptotically liberating
ensemble to enclose those random unitary matrix ensembles that induce asymptotic free
independence when used for conjugation. The next theorem, due to G. Anderson and B.
Farren in [1], addresses these two concerns by establishing sufficient conditions on a random

unitary matrix ensemble {{Un;}icr}%_; to be asymptotically liberating.

Theorem 4.4.3. Let {Uy,;}icr be a family of N-by-N random unitary matrices for each

integer N > 1. Suppose the following two conditions hold:

(I) for every integer N > 1 and every signed permutation matrix W € Maty(C) the

families {Uy ;, Uy, birsiner and {W*UR; Uy ;, W }i, iner are equal in distribution and

(IT) for all integers p > 1 and indexes i1,y € I with iy # iy we have

sup max \/NH(UX[,QUN@) (jlan)Hp <00

N>115j1,j2<N

Then the ensemble {{Un;}icr}3_; is asymptotically liberating.

Note that matrix ensembles composed of independent Haar-unitary random matrices,
or independent Haar-orthogonal random matrices, are asymptotically liberating. Suppose
Un,, and Uy, are independent Haar-unitary (resp. Haar-orthogonal) random matrices.
Then Uy ,;, Uy ,, is also Haar-unitary (resp. Haar-orthogonal), and hence, Uy ; Uy ;, satisfies
(I) and (II) above. The distribution of Uy ; Uy, is unitarily-invariant and each entry of
a Haar-unitary (resp. Haar-orthogonal) is approximately a centered complex (resp. real)

Gaussian random variable of variance 1/N.
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Another ensemble known to be asymptotically liberating is the unitary random matrix
ensemble {WN,HNWN/\/N, XNHNWN/\/N}?Vozl where Wy is a random N-by-N signed
permutation matrix, Xy is a random N-by-N signature matrix independent from Wy, and
Hy is the N-by-N Discrete Fourier Transform matrix. This is actually a consequence of a

more general result due to G. Anderson and B. Farrel in [1] that we state next.

Theorem 4.4.4. Suppose Wy is an N-by-N uniformly distributed random signed permu-
tation matrix, { Xy }ies is a family of independent N-by-N uniformly distributed signature
matrices independent from Wy, and Hy € Maty(C) is a complex Hadamard matrix for each

integer N > 1. Then the random unitary matrix ensemble

o0

{{WN; \/LNHNWN} U {\/LNXNﬂ-HNWN | i€ ]}}

N=1

satisfies hypothesis (I) and (II) from Theorem 4.4.3, and therefore, it is asymptotically

liberating.

We end this section with a proposition that allows to reformulate the notion of asymp-
totically liberating ensemble. By traciality, the constants C'(iy, ..., %, ) from Definition 4.4.1

can be taken with or without the additional condition that 7,, # ;.

Proposition 4.4.5. A random unitary matrix ensemble {{Un,}icr} is asymptotically lib-
erating (if and only) if for every integer m > 2 and indexes i,...,i, € I satisfying
i1 # do,09 7 93y -+, bm—1 7 im, and i, # i; there exists a constant C(iy,...,14,,), depending
only on (i1,...,4,) such that inequality (4.18) holds for all positive integers N > 1 and

N-by-N complex matrices Ay 1, ..., Ay, of trace zero.

Proof. Let J be the set of all positive integers m > 2 satisfying the following property: if

the indexes iy,...,%,, € [ satisfy iy # is,i5 # 13,...,0m_1 # Im,, there exists a constant
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C(iy, ..., iy) independent from N such that
[E[Tr (U, Aw Ui, Unia AnanUiian)]| € Clins i) T A (4.19)
k=1

for all integers N > 1 and matrices Ay, ..., An,m € Maty(C) of trace zero. We will show
that J ={m e N|m > 2}.

Suppose 2,3,...,m — 1 belong to J and assume we are given indexes iy,...,%, € [
satisfying 41 # dg,49 # i3,...,0m—1 7# im and matrices An1, Ang, ..., Anm € Maty(C) of
trace zero. By hypothesis, if i # ,,, there is a constant C(iy, ..., i,,) such that (4.19) holds,

SO we can assume i; = i,,; moreover, if m = 2 and i; = i,,,, then we have

Y

‘E[TY(UN,ilAN,lU;mUN,@AN,QU;],Q)]| = ’Tr<AN,1AN72)’ < HAN,lHHAN,z

so we can further assume m > 3. Now, consider the matrices X and Ay given by

XN = (UN,igAN,2U]>:f,i2)(UN,igAN,SU]tf,ig) T (UN,im_lAN,m—lU]tf,im_l)

and

1
Ay = AN,mAN,l - NTT(AN,mAN,l)INa

and not that
Tr (UN,ilAN,lU;f,il UN,igAN,Z T UN,imAN,mU]t/,im) =Tr (UN,imAN,mU]tf,im UN,ilAN,lU;f,ilXN) .

Moreover, since i; = i,, we have Uy; Uy, = Iy, and hence, by linearity of the trace, we
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get
1
Tr (UN7Z.mAN7mU]>§,7Z.m UNJIANJU;;’“XN) =Tr (UN,ilANU;,yilXN) + NTr (AnmAn) Tr (Xy)

By induction hypothesis, m —1 and m — 2 belong to .J, so there are constants C'(i1, ..., 4m_1)
and C'(ig,...,4n_1) independent from N such that
m—1
E[Tr(Uy,;, AnUs iy Xa)] | < Clins im0 1AV T 1 ANk]
k=2
and

m—1
E[Te(Xy)]| < Clia, - vim) [] 1AWl
k=2

Thus, since |%Tr(AN,mAN71)| < [ Anmll[[Anall and ||Ax]| < 2||Anml|/||Ana]], if we take x

C(il, ce ,’Lm) = 20(21, ce 7Z.m—1) + C(ig, ce ;’im—l), we obtain
BT (Un iy Ana Ui, Una Awan Ui, )] | < CGnsoim) TTIAGT
k=1

Therefore, m belongs to J, and by induction on m, we conclude J ={m € N|m >2}. O
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Chapter 5

Graph Sums of Square Matrices

In this chapter, we review and prove some useful results on graph sums of square matrices.

A graph sum of given matrices Ay, Ay, ..., A, € Maty(C) is a sum of the form

> A i) A ge) Anlemdm) = > [[AGokde)  (B.1)

Ji[E=m]—([N] ji[Em]—=[N] k=1
ker(j)>m ker(j)>m

for some partition # € P(£m). Note that the condition ker (j) > 7 in the sum above is
simply a restatement of a set of equalities between the indexes ji;. For example, if we let
= {{1,-2},{2,-3},....,{m — 1,—m},{m, —1}}, then ker (j) > = only if j; = j_o,jo =

723y s Jm-1 = J—m, and j,, = j_1, and thus we get

Do 1A ki) = Tr(AiAz--- Ay).

Ji[Em]—=[N] k=1
ker(j)=m

It is worth mentioning that although the labeling of the entries of Ay in (5.1) is not customary,

it has proven to be suitable for many of our calculations; moreover, for a bijection o : [£m] —
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S, the relation

Y [alocoi) = Y [[Aliwi) vrePs) (62

J:S—[N] k=1 [:I:m]ﬁ[N] k=1
ker(j)>7 ker( Y>>0 Loi

provides the link between the labeling of the entries of A in (5.1) and any other labeling.

For instance, if o : [£m] — [2m] is given by o(—k) =2k — 1 and o(k) = 2k for 1 < k < m,

then
D TT Aok o) = Tr(A) Tr (Ao) - Tr(Ap) = > [ ] Arlrs i)
j:[2m]—[N] k=1 J:[Em]—[N] k=1
ker(j)># ker(j)>m

where 7 = {{1,2},{3,4},...,{2m — 1,2m}} and # = o' o7 = {{-1,1},{-2,2},...,
{—m,m}}. The type of sums above are named graph sums because they can be associated

to certain graphs that, as we will see next, help us analyze the corresponding sums.

5.1 Bounds of graph sums of general square matrices

Suppose we are given a partition 7 in P(+m) and let #(7) denote the number of blocks of

7. Note that, for all integers N > 1 and all matrices A, Ay, ..., A, € Maty(C), we have

> L AGwi)| < N#C HHAkH<N2mHHAkH (5.3)

j:[Em]—[N] k=1
ker(j)>m
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since #(m) < 2m and |Ag(j_k, jr)| < ||Ag|| for any matrix Ay € Maty(C). Thus, we might

ask for the least number 7 > 0 such that the inequality

> T AG-)| < 5 TT 4 (54)

Ji[Em]—[N] k=1
ker(j)>m

holds for all integers N > 1 and all matrices Ay, As, ..., A, € Maty(C). The minimal 7 > 0
satisfying (5.4) always exists since (5.3) holds, so we call such minimal 7 the graph sum
exponent of m and denote it by 7.

A main result in [14] states that the graph sum exponent 7, can be algorithmically
computed analyzing the two-edge connectedness of a graph associated to 7. For the reader’s

convenience, we recount the algorithm from [14] next.

Step 1. Given a partition 7 € P(+m), consider the undirected graph G, resulting from,
first, taking edges E1, Es, ..., E,, with endpoints —1,+1, —2,+2,..., —m, +m, re-
spectively, and, then, identifying endpoints when they belong to the same block of

.

Step 2. Identify the cutting-edges and the two-edge connected components of G,.. Recall that
a cutting-edge of a graph, also known as a bridge, is an edge whose removal increases
the number of connected components. Moreover, a graph is two-edge connected if
it is connected and has no cutting-edges, and, consequently, a two-edge connected
component of a graph is a subgraph that is maximal, under the usual graph inclusion,

in the set of all two-edge connected subgraphs.

Step 3. Letting F,. denote the graph with vertex set given by the set of all two-edge connected

components of G, and edge set given by the set of all cutting-edges of G, the graph
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sum exponent 7, is given by

if deg(v) =1,
7= Y I(v) where [(v):=1{ 1 if deg(v)=0, (5.5)

v vertex in Fr

N[

0 otherwise.

and deg(v) denotes the degree of the vertex v in the graph F.

Example. The undirected graph G, associated to the partition

- (=3}, {+3,+1, -2}, {—5,—1, =7, —4}, {+7}, {+2, +4}, {+6}, € P(+12)

{—6,+5, +8},{-8}, {—-10,+12},{+10, —12}, {—11,+11, -9}, {+9}

can be represented as

{-3} {+3,+1-2} {+7} {-10,+12} Ey

(-11,411,-9}

{+6} {-6,+5+8} {-8} {+10,-12} {+9}

Hence, the cutting-edges of G, are E3, E5, Eg, E7, Eg, and Ey; moreover, the two-edge
connected components of G, are exactly what remains of G, after removing all of its cutting-
edges. The graph F, can be obtained from G, by shrinking each of the two-edge connected
components of G, to a vertex, and thus, if we represent the cutting-edges of G, with dashed

lines, we obtain
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where F, is the graph on the right and next to each of its vertexes we have placed the

corresponding contribution [(v) to the graph sum exponent 7. Therefore, we have 7, = 4.

The main result in [14] concerns more general graph sums, allowing the matrices Ay
in (5.1) to be rectangular and not necessarily square. For graph sums of square matrices,

however, the result takes the following form.

Theorem 5.1.1. Suppose 7 is a partition in P(+£m). If 7, is computed as above, i.e., 7, is

given by (5.5), then the following two conditions hold:

(a) for all integers N > 1 and all matrices Aj, Ao, ..., A,, € Maty(C) we have

Z HAk(jfkajIQ SNTWHHAICH;
fm1

J:[Em]—[N] k=1
ker(j)>m

(b) if 7 > 0 satisfies

Z HAk(j—kajk) SNTHHAkH
fm1

J:[Em]—[N] k=1
ker(j)>m

for all integers N > 1 and all matrices A;, Ay, ..., A,, € Maty(C), then 7, < 7.

Proposition 5.1.2. If 7 € P(+m) is an even partition, then the graph sum exponent 7,

equals the number of connected components of G.

Proof. By Equation (5.5), it suffices to show that the graph G, has no cutting-edges. Suppose
G, has a cutting-edge. If we remove such cutting-edge, we get two disjoint graphs, each of
which has one single vertex of odd degree and the other vertexes of even degree. But, this

contradicts the handshaking lemma that in any graph the sum of degrees over all its vertices
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must be even. Thus, G, has no cutting-edges, and hence all its connected components are

two-edge connected. O

Remark 5.1.3. Resulting from endowing each edge F}, in the graph G, with the direction
that goes from +k to —k, the directed graph G, can sometimes be used to describe the
corresponding graph sum. In particular, a graph sum factors as a product of traces of
matrices when all connected components of G, are bouquets, to which we refer as multiple-
loops, or cycles, each connected component gives rise to a trace. For example, for the

partition

™ = {{17 _6}7 {67 5}7 {_57 7}7 {_77 _17 }7 {_27 3}7 {_37 2}7 {_47 4}}

and given matrices Ay, As, ..., A7 € Maty(C), we have the graph sum

7
S™ T A ki) = Tr (A, AAT AT) Tr (A, 4,) Tr (4, 0 Ay) (5.6)
J:[£7]—=[N] k=1
ker(j)>m

where the right hand side can be deduced from analyzing the directed graph G as follows:

1. The corresponding directed graph C/:r has exactly three connected components, two
cycles and one double-loop, and can be represented as

16} {243}

{+2,-3}

Each cycle and each one multiple-loop gives rise to a trace in the right hand side of

(5.6).
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2. If a connected component of Q_;r is a cycle, we unfold it to obtain a horizontal line and

replace each edge Fj by the matrix A; if the direction of Ej goes from right to left
in the horizontal line, otherwise, we replace Ej by AT, the transpose of A;. We then
put the matrices A, or AT in a trace Tr (-) as they appear when we read the resulting
horizontal line from left to right. For instance, the longest cycle of G gives

E; E; Eq Eg A7 Aq As Ay
+7) o=—> <] <] D—s (5} —D <] <]

{-7,-1} {+1,-6} {+6,+5}

N
Vv

And so, we obtain the trace Tr (A¥ A, AgAT) in (5.6). Note that Tr (A4, A;AT AT) and
Tr (A,A,) do not depend on how the cycles in G, are unfolded since for any matrices

A, B € Maty(C) we have Tr (AB) = Tr (BA), Tr (A) = Tr (AT), and (AB)" = BTAT.

. On the other hand, a multiple-loop in Q; with edges Ej,, Ey,, ..., Ey, yields to the

trace of the Hadamard product of Ay, Ay,, ..., Ak, . This way, we get Tr (A4 0 Ag) in
(5.6).

Thus, if 7 is now given by

m={{-1,+6},{+1,—-6},{—2, -7}, {+2,+7},{-3,+3, =5, +5},{—4, +4}},

the corresponding directed graph G. can be represented as

(+1-6) & t2:7) E. Es Es ©E4
-1,46 +2,+7
EQ (1+6) Q@ t+2:47) < x >

(-3+3,5,+5} (4,44}

and hence, we obtain

7
> T ArGok:gi) = Tr (A1 4g) Tr (A, AT) Tr (Ag 0 A) Tr (A,) .
J[E7—=[N] k=1
ker(j)>m
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5.2 Bounds of graph sums of The Discrete Fourier Transform

Although the bound for graph sums given by Theorem 5.1.1 is optimal in the set of all square
matrices, it might not optimal for some graph sums involving the Discrete Fourier Transform
matrix. Let us recall that the N-by-N Discrete Fourier Transform matrix is the symmetric

matrix H with entries given by
H(jl’jQ) — U1=D02-1) (5‘7)

where w = exp(—%’r\/—l) is a primitive N-th root of unity. Now, letting h(j) be given by

m

h(j) = H H(j k41, Jor—1) H" (j -2k, jor) (5.8)

k=1

for each function j : [2m]| — [N], Theorem 5.1.1 gives us that

Y. wG) <N TIE ) = N (5.9)
k=1 k=1

j:[£2m]—[N]
ker(j)>m

for any partition 7 € P(£2m); on the other hand, since h(j) has absolute value 1, we also

obtain

> hG < Y 1 = N¥O (5.10)

j:[£2m]—[N] j:[E2m]—[N]
ker(j)=m ker(j)=m

Thus, if 7 is the partition {{2k — 1, —2k+ 1,2k, -2k} | k = 1,2,...,m}, then the graph sum

exponent 7, equals m, and hence 7, +m = 2m, but also #(m) = m, so (5.10) is a sharper
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bound than (5.9) in this case. In general, we prefer (5.10) over (5.9) since (5.10) is invariant
under re-labeling of the entries of H and H* in (5.8), namely, if o : [£2m] — [+2m] is

bijective and we take

m

h(joo) = H H (jo(-2k41), Jo2b—1)) H (Jo(=2k): Jo(2k))
fm1

for any function j : [2m] — [N], then the inequality in (5.10) implies

S h(joo)| < NHEm — N#E

j:[£2m]—[N]
ker(j)>m

since we have the relation

> h(joo) = > h() (5.11)

j:[E2m]—[N] j:[£2m]—[N]
ker(j)>m ker(j)>o~lor

Moreover, in the proof of Theorem 1.2.1, we will need to consider sums of the form

> h(oo) = > h( (5.12)

j:[E2m]—[N] j:[E£2m]—[N]
ker(j)=m ker(j)=c"torm

where m = mj+my for some integers my, mg > 1 and o : [£2m] — [£2m] is the permutation

with cycle decomposition given by

o=(-1,1,-2,2,...,=2my,2my)(=2my — 1,2m; + 1,..., —2my — 2ma, 2my + 2ms).
(5.13)
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Although the sum in (5.12) is not a graph sum, it can be determined up to a term of order

N#™=1 analyzing (5.11) since for every partition 7 € P(42m) we have

> bl = ) - Y > n(). (5.14)

j:[£2m]—[N] j:[£2m]—[N] 0eP(+2m) j:[£2m)] —>[N]
ker(j)=mn ker(j)>m O>m ker(j)=0

The rest of this section is devoted to find and classify partitions 7 such that (5.10) becomes
an equality. To do that, let us first associate a polynomial to each partition = € P(£2m).
The polynomial p,.

Given a partition 7 = {By, By, ..., B.} € P(£2m), we let p.(x1,Xs,...,X,), or simply px,
be the polynomial obtained from the expression

—X_1X] + X_9X9 — X_3X3 + -4 X_omXam (515)

after replacing each variable x; by x; whenever k belongs to the block B;. For instance, if

™ = {Bl = {—1,3}, B2 = {—3, 1},B3 = {—272}, B4 = {—4,4}}, then
Pr(X1,X2,X3,X4) = —X1X2 + X3X3 — X2X1 + X4X4.

Equivalently, the polynomial p,(x1,X2,...,%,) is the image of (5.15) under the unique ho-
momorphism from Z [X_1,Xy, ..., X_om, Xom] t0 Z[X1,X2, ..., X,]| such that x; — x; whenever
k € B;. Note that p,(x1,Xs, .. .,X,) has degree either 0 or 2 and can also be explicitly defined

as

Pr(X1,X0, .., Xp) = Z Ay sXtXs (5.16)
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where

agy = Z (—1)* and a;s = Z (—1)* + Z (=)' fort#s;  (5.17)

ke2m) ke2m) le[2m]

—k,kEB; —k€By ,kEBs l€By,~1€Bs
moreover, p.(Xj,Xs, ..., X,) satisfies the relation

N-1 S
2my/—1 L. .
Z h(J) _ e N Pr(ird2,ir) (5.18)
j:[E2m]—[N] J1,J25+++,Jr=0
ker(j)>m

Therefore, (5.10) becomes an equality precisely when p,(x1,Xs, . . ., X;) is the zero polynomial.
On the other hand, if p,(x1, X2, ..., X,) is a non-zero polynomial, we can then find a sharper

bound than (5.10) via the reciprocity theorem for generalized Gauss sums, see [3, Section

1.2] for a proof of this theorem.

The reciprocity theorem for generalized Gauss sums. Suppose a, b, ¢ are integers with

a,c # 0 and ac + b even. Then

le|—1 la[—1

aj24bj cl3 lac|—b2 —cj?—bj
S(a, b, C) = Z eﬂ-\/jl ! c+b] = —_ 267r\/jl 4ac Z eﬂ- -1 ja = (519)
=0 “4 =0

Proposition 5.2.1. If p(xq,xa, ..., X,) is a non-zero polynomial of degree at most 2 in the
algebra of polynomials with integer coefficients Z [x1,Xa, ..., X,], then there exist a constant
(), independent of N such that

N-1

Z 67 QW\Iéjlp(jl»jQV"va) S CpN’rié .

J1,525--,r=0

Proof. Suppose p(xi,...,%X,) € Z[X1,...,X,] is a non-zero polynomial of degree at most
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2. Without loss of generality, we can assume that there is a non-zero linear polynomial
Qr(x1, -, %) = X1+ @eXo++ - -+, X, € Z[X1,Xo,...,X,] and a polynomial qa(xs, ..., x,) €

7 [x9,X3,...,x,] of degree at most 2 such that

P(X1;- -5 X)) = x1qu (X1, -, %) + d2(X2, - X0).

Since we have the inequality

N-—1 N-—1 N-—1
E e 2L b (1,525 rdr) < § § e_sz =L j1a1 (1,20 0r)
—_— )
J1,25,Jr=0 J2,Jr=0]j1=0

we only need to show that there is a constant C}, independent from N such that

N-1 |N-1
2m/—1 o . 1
E § e~ X gz i) | < CyN™"3,
J2s--:dr=0]71=0
Suppose a; # 0. Then, we have that
N—-1 /T N—-1 2ay 225 o r
LS . — —201 571 =23} 9 AgIgI1 .
E e N 1aUL2edm) — E eVl N =S| —-2a1,-2 E e, N
j1=0 j1=0 k=2

where S(a, b, c) denotes the generalized Gauss quadratic sum as in (5.19). Thus, by the

reciprocity theorem for generalized Gauss sums, we get

1
N 2
< ‘—‘ |—2a1| = [2a, N|?,
—2(1,1

S (-20% —2 Z QO Jks N)
!
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and therefore, we obtain

N-1 N-1

Z Ze 20 =1 5 (1 j2seeniir) <|2a1| N2

Now, suppose a; = 0. Recall that

N*l . . . _ T . —
Z o 2#\/7J1q1(]1 J2sdr) Na if ql(.]lv s 7.]7”) - ZZ:Q ajr = 0 mod N
j1=0 0, otherwise

So, we have

E e~ =2 11 (f1seende) |

J25eees Jr=0

N'#{(]QW"JJT) [O,N—]. Zal]l—o mOdN}

But, since the polynomial q; (x1, ..., X,) = a1X1 +- - - + @, X, is non-zero, we must have ay, # 0

for some k # 1, and hence, the equation
apx+ =0 mod N

has at most |ax| solutions in the set {0,1,..., N — 1} for any given integer 5. Thus, we have

#S (Garerdr) €N =1t o+ Y i =0 mod N p < [ay|N"2,
=2
Ik
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and therefore, we get

27/ —1 . . . o
e~ ai(dngzeir) §|ak|Nr 1

]

As an immediate consequence from (5.14), (5.18), and Proposition 5.2.1, we have the

following.

Corollary 5.2.2. If p,(x1,Xg,...,X,) is a non-zero polynomial for some given partition

m ={DBy,Bs,...,B,} € P(£2m), then there is a constant C' independent from N so that

> h()| < ONFOE,

j:[£2m]—[N]
ker(j)=m

The next two propositions establish necessary and sufficient conditions for the polynomial
Pr(X1,X2,...,X%,.) to be zero. Roughly speaking, the polynomial p,(xi,xa,...,x,) is zero if
only and if the blocks of the partition 7 group the elements of the set [+-2m] in such a way

that the positive and negative signs appearing in (5.15) cancel each other out.

Proposition 5.2.3. Suppose m = { By, Bs, . . ., By, } is a pairing partition in P(+2m). Then
the polynomial p, (X1, X, ..., Xony) is zero if and only if 7 is a symmetric partition such that

k ~, [ implies k + [ odd for all integers k, [l € [£2m].

Proof. Suppose pr(X1,Xa,...,Xom) is the zero polynomial and take a; as (5.17) for 1 <
t < s < 2m. To prove 7 is a symmetric partition such that & ~, [ implies £ 4+ [ odd
for all integers k,l € [£2m], it suffices to show that for every integer k € [2m] there exist

an integer [ € [2m] such that k 4 [ is odd and either k ~, [ and —k ~, —l or k ~, —I
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and —k ~, [. Fix k € [2m] and let ', s’ € [2m] such that k € By and —k € By. Since
Pr(X1, .0, Xom) = Z1§t§s§r ay sX:Xs is the zero polynomial, we must have ay ¢ = 0. Now, if

t' # s, from (5.17) we get that

=D+ > (-D'+ D (-1'=0

le2m]\{k} le2m]
lEBtl,—ZGBS/ —lEBt/,leBs/

which implies there exists [ € [2m] such that (—1)* + (=1)! is zero and either [ € By and
—l € By or —1 € By and | € By. But this is equivalent to the desired conclusion. A similar
argument works for the case s = t.

Now, if the partition 7 is a symmetric pairing in P(£2m) such that k ~, [ implies k4 odd
for all integers k,l € [+2m], we can write m = { By, Ba, ..., Boy, } with By = {—k;,—1}, Bs =
{k1,lbl},Bs = {—ko,—l2}, By = {ko,l2},...,Boyy = {km,lom} and ky,ly, ko, lo, ... 1, €
[+£2m] satisfying k; + l; odd for i = 1,2,...,m. Moreover, since | J7" B; = [+2m] and
(—=1)k = (=1)7* for k € [£2m)], we have

m

—X_1X] + X_9X9 — X_3Xg + -+ + X_omXom = Z(—l)k"x_kixki + (= 1)x_y,xg,.

7 7
i=1

Therefore, from the definition of pr(xi,Xa,...,Xs,) and the fact that k; + [; is odd for

1=1,2,...,m, we get
pﬂ-(Xl, X9, ... 7X2m> = Z(—l)kiX%_lX% + (—1)liX2i_1X2i = 0
i=1

O

Proposition 5.2.4. Let 7 = {By, Bs,...,B,} be a partition in P(+2m). If there is a

partition § € P(£2m) such that § < 7w and py is the zero polynomial, then p, is also the
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zero polynomial. Conversely, if p, is the zero polynomial, then there is symmetric pairing

partition # < 7 such that py is the zero polynomial.

Proof. Suppose 6 < 7 and py is the zero polynomial. Write § = {B11,B12,..., Bimy,---»
By, } with By = U, B;j for i = 1,2,...,n. Take A = Z[x;,X_1,...,Xom, X 2m|, B =
Z[X11,X1,24 s Ximys - - - s Xnmy ) and C = Z[x1,Xa,...,X,] and let &: A — Band ¥V: B —C
be the unique homomorphisms such that ®(x;) = x; ; if k € B; ; and U(x; ;) = x;. Note that

(¥ o ®)(xx) = x; only if k € By, and thus, by definition of p, and py, we have that

Pr=VYod (i(—l)kx_kxk> = U (pg) .

k=1

Hence, if py is the zero polynomial, so is p;.

Suppose now p; is the zero polynomial and let # be a minimal element of the set {7 €
P(£2m) : @ < 7 and pz = 0} endowed with the partial order inherited from P(£2m). By
Proposition 5.2.3, the partition 6 has no singletons, and thus, either 6 is a pairing partition
or 6 has a block with at least three elements. Let us assume 6 = {C}, Cs, ..., C,} has a block
with at least three elements, say C,,. By Proposition 5.2.3, there are integers k,[ € [2m] such

that k 4 [ is odd and at least one of the following conditions holds:
1. +k,+l € C, and —k ~y —I 3. —k,—l e, and +k ~g +l
2. +k,—l € C, and —k ~g +I 4. —k,+l € C, and +k ~y —I

Assume (1) holds. Then, C, \ {k,[} is not empty, and hence, letting C; = C; for i =
1,2,...n—1, én = C, \ {k, 1}, and 6n+1 = {k,l}, we have 0 = {61,62,...,@“} is a
partition of [£2m] such that ) <0 ie., 0> 9 but 6 + 0. Let us show that pg must be

the zero polynomial, contradicting the minimality of #. Take A = Z[x1,X_1,...,Xm,X_m),
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B = Z[xi1,x%a,...,X,], and B = Z[x1,Xa,...,Xps1] and let & : A — B and d: A — Bbe
the unique homomorphisms such that ®(x;) = x; if ¢ € C; and §(Xz) =x;if i € éj. Since

O(x;) = B(x;) for i € [£2m] \ {k, 1}, we have

YD )B(x) = D (— 1) R(x-) ()
oy fory

Moreover, since —k ~y —I we have ®(x_;) = ®(x_;) = D(x_;) = B(x_;), s0 we get

0= (—1f0(x_1)P(xz) + (—1)'d(x_;)P(x))

(x_1) ®(x;)

Il

|
—_
=
=3
i
=
S
kel
T
_|_

|
=
S0

since k + [ is odd, ®(xx) = ®(x;) = x,, and &\)(Xk) = EI\)(XZ) = X,+1. Thus, we obtain

2m 2m

by = Z<_1)@(X—1)6(X1) - Z<_1)i¢(x—i>‘b(xz’) =pg=0

=1 =1

But then, 6 is not minimal, and therefore, (1) does not hold. Similar arguments show that
neither (2), nor (3), nor (4) hold. Therefore, the partition § must be a pairing, and, in fact,

a symmetric pairing by Proposition 5.2.3. [

As mentioned earlier, in proving Theorem 1.2.1, we need to consider sums as in (5.12).
Note that if o : [£2m] — [£2m)] is bijective and p,-1,, is the zero polynomial, then h(j) = 1

for any function j : [£2m] — [N] satisfying ker (j) > o~! o 7, and hence, we would get

N
S oh(oo) = 3 h() = o
N — !
F o] {N] Lo N (N = #(m))
ker(j):ﬂ' ker(j):o_low
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On the other hand, if the polynomial p,-1,, is non-zero, we have that (5.12) is of order
N#™=1/2 by Corollary 5.2.2. We will now use the previous results to classify all symmetric

pairing partitions so that p,-1., is the zero polynomial.

Lemma 5.2.5. Let m = my +my for some integers my, ms > 1 and let o be the permutation
given by (5.13). Suppose k and [ are integers in [2m] and 7 is a symmetric pairing partition
in P(4+2m) such that py-1,, is the zero polynomial. If —k ~, [, then o~ *(—k) ~, o'(l) for
every integer ¢ > 0. On the other hand, if —k ~, —I, then o'(—k) ~, o'(=1) for every

integer ¢ > 0.

Proof. Note that k ~ [ implies o(—o (k) ~r o(—o*(1)). Indeed, by Proposition 5.2.4,

o7 is symmetric since p,-1., is the zero polynomial, and hence —o (k) ~y-10,

the partition o~
—o (1) provided k ~ [, but in that case we must have o(—o1(k)) ~r o(—o*(1)). Note
also that for every integer k € [£2m] we have

o(k) ifk>0

ooty = "
o (k) itk <0
since for 1 < k < 2m we have 07 (k) = —k, —o71(=k) <0, and o(—k) = k.

Now, suppose o~ t(—k) ~ o'(l) for some integer ¢ > 0. If ¢ is even, then k = o~*(—k) <
0 < o'(l) = I, and hence 0~ (=k) = o(—o (k) ~x o(—=o~ (1)) = o'*'(I). On the other
hand, if ¢ is odd, we have o7*(—k) > 0 > o'(l), and hence o~} (—k) = —07t(—k) ~,
—ot(l) = o'™1(l) since 7 is symmetric. Thus, —k ~, [ implies 0~ '(—k) ~, o(l) for every
integer ¢ > 0 by induction on ¢. Similarly, assuming —k ~, —l, we get o'(—k) ~, o'(—1) for

all ¢ > 0. [l

Proposition 5.2.6. Let m = my + my for some integers my,ms > 1 and let ¢ be the
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permutation given by (5.13). Suppose 7 is a symmetric pairing partition of [+2m] and
denote by m; and 7y the restrictions of m to [£2my] and [£2m] \ [£2m4], respectively. Then

Po-1or 18 the zero polynomial if and only if one of the following conditions holds:

(1) m # m Ums, my = mg, and there are integers 1 < k < 2mgy and 2my+1 <1 < 2my +2ms

such that k + 1 is even and m = {{o'(=k),c7 (1)} | 1 <t < 2my + 2my}.

(2) m # mUme, my = mg, and there are integers 1 < k < 2mg and 2my+1 <1 < 2my +2ms

such that k + 1 is odd and © = {{o*(—k),0' (=)} | 1 <t < 2my + 2ma}.

(3) m = m Umy and there are integers 1 < k < 2my and 2m; +1 <1 < 2my 4 2my such that

m = {{o"(=k),c7(k)} | 1 <t; <2my} and mo = {{o2(—1),072(D)} | 1 <ty < 2mo}.

(4) m = m Umg, my and my are odd, 7 = {{o"(—1),0"(—my — 1)} |1 <t <2my}, and

Ty = {{Ut2<—2m1 — 1),0t2(—2m1 — Mg — 1)} | 1 S t2 S 2m2}

(5) ™ = m Umg, my is odd, m = {{0"2(=2my — 1),0%2(=2m1 —mg — 1)} | 1 <ty < 2ms},

and there is an integer 1 < k < 2m; such that m; = {{o"(=k),c7 " (k)} | 1 < t; < 2my}.

(6) m=m Umg, my is odd, m = {{o"(=1),0" (—=my; — 1)} | 1 < t; <2m4}, and there is an

integer 2m; + 1 <1 < 2my + 2my such that m = {{02(=1),c72(1)} | 1 <ty < 2my}.

Proof. Put # = o' o. Suppose # = {By, By, ..., B} and let ® be the unique homomor-
phism from Z[x_1,X1,...,X_om, Xom] t0 Z[X1,X2,...,X,] such that ®(x;) = x; if i € B;. If
condition (1) holds, then # = {{o'(—=k),c " 2())} |t =1,2,...,4m,} and o!(—k) + o 72(I)

is odd for t = 1,2,...,4m;. Thus, since we can write

2m 2m1 2my

2. Z(—l)ix—ixi - Z(—l)"%(_k)xaﬂ( X2y + Z a—2t=2( 07(2H1>72(l)X072t72(l),

i=1 t=1
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we get pr = ®(3.7" (—1)'x_;x;) = 0. It follows from similar arguments that p; is the zero
polynomial if (2) holds. Now, if (4) holds and we take [ = 2m; +1, we have o*(—k)+o~"2(k)
and o'(—1)+0'(—ma—I1) are odd and 7 = {{o*(—k),c " 2(k)},{c' (=), 0" (—=ma — 1)} | t > 0}

Thus, since we can write

2m 2my 2my
1 1

D (i =5 Y (D)7 Iz 5 D (=17 Px e a2

i=1 t=1 t=1

ma m2
o2t (— o2t (—mo—
+ E (—1) “( l)Xo.2t(_l)Xo-2t+1(_l)—|— E (—1) t(=m2 Z)Xo.Qt(_m2_l)Xo-2t+l(_m2_l)
t=1 t=1

we get p» = 0. Similar arguments show that if either (3), (5), or (6) holds, then pz is the
zero polynomial.

Suppose now p; is the zero polynomial and let 7; and 7, be the restrictions of 7 to
[£2m4] and [£(2my + 2m9)] \ [£2m4], respectively. We will consider two cases 7 # 71 L 7o
and 7 = 7y U . Assume first 7 # 7, U 7. By Proposition 5.2.3, there are integers
1<k <2m; and 2m; + 1 <1 < 2my 4 2ms such that k + [ is odd and one of the following

holds:
(1) k~z —l and —k ~; L.
(2°) k ~z land —k ~; —L.

Suppose (2’) holds. Then, —k = —o(—k) ~, —o(=l) = —I, and by Lemma 5.2.5, we
have that of(—k) ~, o'(=l) for every integer ¢ > 0. Moreover, since —k = %™ (—k),
oM (—k) ~p 0¥ (=), and 7 is a pairing, we must have — = o™ (—[). But, the equation
—1 = ¢'(—1) holds only if ¢ is an integer multiple of 4ms, and hence, 4m; is a multiple of
4mo. Similarly, 4ms is a multiple of 4my, and therefore, 4m; = 4ms,, and the partition 7

satisfies condition (2). A similar argument shows that 7 satisfies condition (1) if we suppose
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(1°) holds. Assume now 7 = 711 LI To. By Proposition 5.2.3, there is an integer 1 < k< 2m,

satisfying one of the following:
(a) 1~z k, —1 ~z —k, and 1 + k is odd.
(b) 1~z —k, —1 ~z k, and 1 + k is odd.
and there is an integer 2m; + 1 < [ < 2mi + 2ms satisfying one of the following:

(A) 2mq + 1 ~; f, —2mq — 1 ~; —f, and 2my + 1+ [ is odd.

(B) 2my + 1~z —I, =2my — 1 ~z [, and 2my + 1 + [ is odd.

~

If (a) holds, we know that o*(—1) ~, o'(—k) for every integer ¢ > 0 by Lemma 5.2.5. But
then, since —k = 02-2(—1), 0%*2(—1) ~, 0% 2(—k), and 7 is a pairing, we must have
02’;*2(—1%) = —1, or, equivalently, 4k —4is a multiple of 4m,. Therefore, m; = k—1is odd,

and 0" (—1) ~z o (—=my — 1), and hence
m o= {{o"(-1),0" (—=my — 1)} |t = 1,2,...,4m }

On the other hand, if (b) holds, it follows from Lemma 5.2.5 that o(1) ~, o~*(—k') for every
integer ¢ > 0. Moreover, since k' has the same parity as 1+ /%, we have &/ = 2k — 1 for some
integer k > 1. But then, since k = 02*72(1) = —0272*(2k—1) and 02*72(1) ~, 0272*(2k —1),

we have k ~, —k, and therefore,
™ = {{Utl (k)7 _O-itl(_k)} | l = 17 27 s 72m1}
Similar arguments show that if (A) holds, then my is odd and

T2 = {{o't2<_2m1 — 1),at2(_2m1 — Mg — 1)} | to=1,2,... ,4m2},
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and if (B) holds, then there is an integer [ such that
m = {{o”(1), 072 (=1)} | 2 =1,2,...,2my}

This completes the proof that if p; is the zero polynomial, then 7 must satisfy either (1),

(2), 3), (4), (5), or (6). O

Remark 5.2.7. Notice the results regarding the polynomials p, and p,-1., being zero can
be restated in terms of the graphs G, and G. from Section 5.1. For instance, Proposition
5.2.6 states that if 7 € P(+2m) is a symmetric partition, then the polynomial p,-1, is zero
if and only if one of the following conditions for the directed graph .C’;;r, where F}; denotes the

edge Eop, 4t for t =1,2,...,2my, holds:

1. my = my and there is an integer 1 <[ < my so that the graph Q; can be represented

El: EZ : E2m1-1 EZml :
F F

FZl—l 21-2 l:21»2m,+1 21-2m,

as

2. m; = my and there is an integer 1 <[ < my so that the graph Q:, can be represented

E, E, Ezm,-1 Eom,
tFZI t F Z F

21-1 Falam+1 21-2m,

as

3. g} is the disjoint union of @1 and Q_;Tz, there is an integer 1 < k < 2my so that Q;l

can be represented as

Ek .D. Ek+l i Ek+2 i Eker]-l i Ek+m\ i
Ep1 Eorz Ek»mﬁl
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and there is an integer 2m; + 1 <1 < 2my + 2ms so that Qjm can be represented as
Fl 1:‘l+1 i F1+2 i FH—mz f l:‘l+m2
O Fiy Fi, Fim41 O
4. m; and my are odd integers, the graph g} is the disjoint union of g}l and g}z, the
graph g]l can be represented as
and the graph Q;Q can be represented as
5. msy is odd, Q_;T is the disjoint union of Q_;Tl and Q_;FQ, there is an integer 1 < k < 2my so
that @1 can be represented as
k Ek+l Ek+2 Ek+m 1 Ek+m1
O <& <& 0
and the graph Q_;Q can be represented as
P,
6. my is odd, the graph @ is the disjoint union of g}l and g}z, the graph g}l can be

represented as
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and there is an integer 1 <[ < 2m; so that Q;Q can be represented as

Fl[: Fiq i Fiiz i Flima i F1+m2[:
Fiy Fi,

Fim,+1

In the graphs above, 2l — ¢, 2l +t — 1, and k + ¢ are taken modulo 2m, for t =1,2,...,2m,

and [ =t is taken modulo 2my for t = 1,2, ..., 2ma.

Moreover, since holds,

The inequality implies t

we have there always exists a

for all matrices Ay, Ay, ..., A, € Maty(C) and all integers N > 1,

For graph sums of square matrices, given a partition in 7 € P(£m), the result gives an

answer to the problem of finding the least number 7 > 0 such that the inequality

) HAk J-ks Ji)| < NTHHAk” (5.20)

j:[£m]—[N] k=1
ker(j)>m

holds for all matrices Ay, Ay, ..., A, € Maty(C) and all integers N > 1. Note that, letting

# () denote the number of blocks of 7, we always have

> HAkjk,jk < N#(T H\Ak\<N2mHHAkH
k=1

FEm] V] k=1 k=1
ker(j)>m

since #(m) < 2m and |Ag(j_k, Jr)| < ||Ax|| for any matrix Ay € Maty(C). Thus, given

a partition in m € P(£m), there always exists a minimal 7 > 0 making (5.4) hold for all
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matrices Ay, Ag, ..., A, € Maty(C) and all integers N > 1, we call such minimal 7 the
graph sum exponent of m and denote it by 7.

concerns more general graph sums, allowing the matrices Ay in (5.1) to be rectangular
and not necessarily square.

It is also shown in [14] that

the existence of a minimal 7 making (5.4) hold the main result in [14] provides us with

an algorithm to compute it.

dd

that
given a partition in 7 € P(£m) there is an optimal
Given a partition in 7 € P(£m), we can consider the map G, : Maty(C) x -+ x
Maty(C) — C N
Gr(Ar, Azy o A) = > T Al i)
Jilm] o [N] k=1

ker(j)>m

there are some non-zero matrices By, By, ..., B, € Maty(C) satisfying

> T Beli-rrin)| = N T]IBk|
k=1

FEm[N] k=1
ker(j)>m
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Chapter 6

Main Proofs

This chapter contains the proofs to our main results, namely, Theorem 1.2.1, Theorem 1.2.2,
Lemma 1.2.3, and Theorem 1.2.4. The relation (6.3) from the proof of Lemma 1.2.3 is a
starting point to the proof of Theorem 1.2.1, so we prove Lemma 1.2.3 first. Then, we show
how the conclusion in Theorem 1.2.4 is be obtained from Lemma 1.2.3 and Proposition 4.3.18.
Finally, Theorem 1.2.1 are Theorem 1.2.2 are proved with the assistance of the bounds on

graph sums of the Discrete Fourier Transform from Section 5.2.

6.1 Proof of Lemma 1.2.3

Let I be an index set. Suppose Uy, is an N-by-N random unitary matrix for each index

1 € I and each integer N > 1 such that the following two conditions hold:

(I) the families of random matrices {Uy; Uy, tiriner and {W*UR; Uy, W} iper are

equal in distribution for every N-by-N signed permutation matrix W,

(IT) for every positive integer m there is a constant C, independent from N such that

H (U;/,ilUN,ig) (j1>j2)Hm < C,N71/2
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for all integers ji, jo € {1,2,..., N} and indexes 41,45 € I with i; # iy, and

Fix an integer n > 1. Assume m = my + mg + --- + m,, for some positive integers
my, Ma, ..., My, take m, = mj_; +m,_; for k = 2,3,...,n with m| = 0, and consider

the permutation v with cycle decomposition
vy=(1,2,...,m5 +my)(mh+1,mi+2,...,my+mg)---(m), +1,....,m, +my,).

Now, given matrices Ay, Ay, ..., A, € Maty(C) of trace zero and indexes iy, g, . .., iy € I

satisfying iy, # tyx) for k= 1,2,...,m, we let Yy, be given by

+mk)

_ * * *
YN’k o (UN’Zm;€+1Am;€+1 UN7im;€+l) (UN’im;C‘i’? Am;c+2UN7Zm;€+2) T (UN?Zm;€+mk Am;c—i_mk Usz'mi:

for k=1,2,...,m. Thus, putting V; = Uy, Un; ,, for k=1,2,...,m, we have that

Tr (YN,k) =Tr (Am2+1vm;€+1Am;€+2vm;€+2 T Am;€+mk Vm;Cerk) .

Moreover, letting a(j), vi(j), va(j), - - -, va(j) be given by

m mj 4+my
a(j) = HAk<j—k7jk) and Vk(j) = H ‘/l<jl7j—’y(l)) for k = 1727 R ]
k=1

l=mj +1

for each function j : [£m] — [N], we obtain

&[T (V) T (V)= > ali)en Vi), va().- -, va(i)] (6.1)

Ji[Em]—[N]

since the matrices A; are deterministic and the classical cumulants are multi-linear.
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By hypothesis, the family of random matrices {V;};", is distribution-invariant under
conjugation by signed permutation matrices, and thus, given a function j : [+m] — [N] we

have

¢ [V1(J), - = [[ ccto6otinen vilo o), ... valo 0 j)]
k=1

for all signs €, ¢€z,...,exy € {£1} and permutations o € {f : [N] — [N] | f is bijective}.

This implies that

provided a function j' : [£m] — [N] satisfies ker (j') = ker (j). Hence, letting ¢, [r] denote
the common value ¢, [vi(j), ..., v,(j)] among all those functions j : [£m] — [N] satisfying

ker (j) = 7, Equation (6.1) becomes

[Te (Vh), . Te (V)] = Wil S ag). (62)
7€ Peven (+m) Ji[£m]—[N]
ker(j)=m

Moreover, the Mébius inversion formula, Equation (2.3), implies

Yo oa) = > umo) D a(j)

j:[£m]—[N] 0eP(+m) j:[£m]—[N]
ker(j)=m 0> ker(j)>0
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since for all partitions # € P(£m) we have the relation

dooa@ = > > al)

ji[Em]—[N] weP(+m) j:[£m]—[N]
ker(j)>0 >0 ker(j)=m

So, we get

&[T (V). T (V)= > ¢ [rp(m,0) > a(f)  (6.3)

WEPeven(:tm) GEPeven( ) J[im]_)[N}
ker(j)>6

Note that if a partition § € P(+m) has a block of the form {k,—k}, then a function

j i [£m] — [N] satisfies ker(j) > 0 only if j_, = ji, and hence, we can write

doa@) =Tr(4) - Y, H Ap (Jr, i)

Ji[Em]—[N] j':S—[N] k=1
ker(j)>0 ker(j')>0' k' #k

where S = [£m] \ {—k,k} and ¢ = 0\ {{—k, k}}. Therefore, since each Ay is assumed to

be of trace zero, we have

Q[T (Vi) T (V)= > > clrlulro) > a(j) (6.4)

TE Peven (£m) € Py (£m) J:[m]—[N]
0>m ker(j)>6

where P, (£m) denotes the set of all partitions in Peyen(£m) with no blocks of the form
{k, —k}.
For a partition § € P, (£m), each connected component of the graph Gy, constructed as

in Section 5.1, has at least two edges, and hence, Gy has at most = Connected components.
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Thus, from Theorem 5.1.1, Proposition 5.1.2, and the equality in (6.4), we get

e[V, TS Y > lealmllu(m OINE [TIA-

7"'eF.even(:‘:Tn) QGPX(:tm) k=1
0>m

Since the sums above are over the finite sets Poven(£m) and P, (£m), to conclude that
e [Tr (Y1), Tr (V) oo Te (V)| < Clinsdas -y [[A[[[| A2l - - - [ A |

for some constant C'(iy,...,1%,,) independent from N, it only remains to show that there is a

constant €, independent from N such that
60 [V1(3), -, V()] S CuN ™7

for all functions j : [+m] — [N].
Let j : [m] — [N] be arbitrary. By Hélder’s inequality, letting mp 1=, .z my for any

given subset B of [n], we have

mj +my mj +my
[Tv:®| =11 II viGui-o)| <11 11 Vi @) ., -
keB 1 k€B l=mj +1 1 k€B l=mj +1

But, by hypothesis, the p-norms of the entries of v/ NV, are uniformly bounded, i.e., there

are constants C1, Cs, ..., C,, such that

Vit da)ll, < CoN ™2
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for all integers 1 < j;,j_y¢) < N and p,l =1,2,...,m, and hence, we get

mk+mk

<TI II CwsN:= (C’mBN“> .

1 keB |= mk+1

[T

keB

Now, the moment-cumulants relation in (2.4) implies

e [V2(3), - |<Z|M7Tl )11

TeP(n Ber

[T

keB

so it follows that

0 Vi) va DI £ Y L |H(0mBN“)mB

meP(n) Bem

2> ulm ) ] (©

mEP(n) Bem

And the proof of Lemma 1.2.3 is now complete.

6.2 Proof of Theorem 1.2.4

Let I be an index set. Suppose Dy ; is a self-adjoint N-by-N deterministic matrix and Uy ; is
a random unitary matrix for each index ¢ € I and each integer N > 1. Assume the following

three conditions hold:

(I) the families of random matrices {Uy; Uy, tiriner and {W*UR; Uy, W}, iper are

equal in distribution for every N-by-N signed permutation matrix W,
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(IT) for every positive integer m there is a constant C,, independent from N such that

H (UXI,Z’lUN,ig) (41, 72) - < C,N~1/2

for all integers ji, jo € {1,2,..., N} and indexes i1,y € I with i; # iy, and

(III) for every index i € [ and every integer £ > 1 we have sup ||Dy;|| < oo and
NeN

. k .
]\}gnoo tr (DNJ) exists.

Put A=C(x;|i€I)and A; = C|[z;] C A for each index i € I. Additionally, for each
integer N > 1, take Xy ; = Uy ,;Dy Uy, for every index i € I and let puy : C(x; |i € [) = C

the joint distribution of { Xy, }ier given by

pn (p) = Etr (p ({Xnitier))] (6.5)

for every polynomial p € C(x; | i € I). Since p € A; for some j € I implies p ({Xn, }ier) =
Uy ;p(Dy ;)Ux j, we have that limy . pun[p] exists for every p € A; and every i € I . Now,
suppose we are given polynomials p; € A; ,py, € Aj,,..., D, € A, With iy, ia,... 0, € [

and iy # 1y, 09 F U3, ..oy 1 F iy, and ¢, 7# ;. Note that

Nuy [(p1 = pv [P1]) (P2 — pav [P2]) -+ (Pm — v [Pm])] = E [Tr (Y]

where

Yy = (UN,ilAN,ilU}:/,il) (UN,¢2AN,i2 U;r,iQ) T (UN,imAN,im U;/,im)
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and each Ay ; is of trace zero and given by
Ani, = Uk, (Pj(XN,z'j) = E[tf(Pj(XN,ij))]fN) Uy, = P;j(Di,) = tr(p;(Dwi ) In-
Thus, by Lemma 1.2.3, there is a constant C' depending only on the indexes i; such that

[N (01 = o [p1]) (02 = oy [pa]) -+ (bon = sy )] < O T | A,

=

But then, since supy||Dy,|| < 0o and limy_,« tr(DY;,) exists for every k& > 1 and any i € I,

we have supy||Ay,; || < oo, and therefore
]

dim gy [(pr = v [Pr]) (P2 = v [P2]) -+ - (P = i [Pn])] = 0 (6.6)

Each linear functional uy is tracial, i.e., uy[pq] = pn[gp] for all p,q € A, and thus, follow-
ing similar arguments to those in the proof Corollary 4.3.20, we can remove the condition
im # 11 and still get (6.6). Therefore, by Corollary 3.2.5, the random matrix ensembles
{UnDyUxi}%=1 with i € I are asymptotically free and limy o pun[p] exists for every
p €A

Fix now an arbitrary integer n > 2. For every integer N > 1, let py : A X --- x A — C

be the n-linear map given by

PN [Phpz, e ;Pn} =0 [TY (pl({XN,i}iEI)) poeey 1T (pN({XN,i}iGI))] (6-7)

for polynomials py, ps, ..., pn € A and where ¢,[-, ..., | denotes the classical cumulant. Note

that for any indexes 41,179, ...,4, € I and polynomials p; € A;,,p2 € Ai,,...,pn € A;,, We
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have

pN(p1,p2, cen 7pn) =Cn [Tr (p1<DN,i1)) soees 1T (pn(DN,in>)] =0

since Tr (pk<DN,ik)) is a constant. Thus, since n is arbitrary, the family of ensembles
HUn.iDn iUy i}%=1}ier has the bounded cumulants property if the multi-linear functional

pn satisfies (¢’) from Corollary 4.3.20, namely,

SUP|PN [qN,h qn,2; - - - 7QN,n]| < o0
N

whenever each qu is of the form

k k k k
ave = (017 = [ D57 = v [ps”]) -+ (o) — o))
with pgk) € 'Ai;k) and z'gk) # z'gk), igk) # igk), e ,z'gfi_l + 1%,)6, and zv(q]i,)c # igk). Suppose ig-k), p§k),

and qy are as above and take Yy = qn g ({Xn,i}ier) for k= 1,2,...,n. Then, we have

PN AN 1, AN2s -+ - AN ) = Cn [Tr (YN,I) ,Tr (YN,2) U (YN,n)} )

Moreover, letting AN’i§k) = p§k)(DN’i§k)) - tr(pgk)(DNyi;m))IN for each igk) and every N > 1,

we get A is of trace zero, supNHAN | < o0, and
5

N,i{?

== * * PR *
Yve = (UN,i§k>AN,i§’“> UN,i§k>) (UNJgMAN,ig@ UN,ig’”) (UN,igf,i AN,z‘ﬁ,’i,l Uy )-

(k)

Therefore, by Lemma 1.2.3, there is a constant C' depending only on the indexes ¢; such
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that

n mg

lon (AN dn2s - -5 A | < CH H

k=1j=1

< 0Q.

ANJ.;k)

6.3 Proof of Theorem 1.2.1

Let Dy, and Dys be N-by-N self-adjoint matrices for each integer N > 1 so that the

following holds:

(i) lim tr (D?VZ) exists for every index i € {1,2} and every integer k£ > 1 and

N—oo

(ii) sup |[Dn|| < oo for every index i € {1, 2}.
NeN

Suppose Xn1 = Uy DyoUx; and Xyo = Uy oDy Uy o where Uy and Uy o are distinct
matrices from {W, HW/v/N, XHW/+/N} with W an N-by-N uniformly-distributed signed
permutation matrix, X an N-by-N uniformly-distributed signature matrix independent from
W, and H the N-by-N Discrete Fourier Transform matrix.

Let m = my 4+ my for some integers mq, ms > 1. Assume we are given indexes polynomi-
als p1, P2, -+, Pamy, 1,42, - - - s dom, € C[x] and some indexes i1, is, . . . sl2m, > J15 J2s - -5 Jom, €
{1,2} satisfying iy = j1, i1 # d2,02 # i3,..,02m, 1 F fom ,f2m, 7# i1, and j1 # jJo,jo #
J3s s Jamy—1 F Jamy» Jom, 7 J1- Note that iy = idgp1 = jo1 # 42 = dgx = ju. Consider the

random matrices

Ynie =k (Xng,) — Eftr (pr (Xng)) Iv - and  Zny = qi(Xnyj,) — Eftr(qi(Xw))] v

for 1 < kK < 2my; and 1 < [ < 2my. Now, letting Yy = Yn1Yno2 - Ynom, and Zy =

ZNJZN,Q s ZN’QmZ, we have

Yy = (UN,ilAN,lU;{/,il) (UN,Z'QANQU;/,Q) T (UN,igml AN,Zml U;/,z‘zml)
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and

ZN = (UNJl BN,lU;;,Ji) (UN,JQBN,?U;[,E) e (UN,j2m1 BN72m1 U;f,ijl)

where Ay, and By, are deterministic matrices of trace zero given by

Anji =pi (Dnyi,) —tr(pr (Dny,)) In - and  Byy = q(Dny,) — tr(ai(Dnj,)) In

for 1 <k <2m; and 1 <1 < 2msy. Thus, following similar arguments to those in the proof

of Lemma 1.2.3, we obtain

Cov [Tr(Yn), Te(Zn)] = ) > cxlnlp(m,6) > a(j) (6.8)
GGPX(i2m) Tl'ePcvcn(iQm) j[iQm}H[N]
<0 ker(j)>6

where P, (£2m) denotes the set of all even partitions of [£2m] with no blocks of the form

{k, =k}, p: P(£2m) x P(+£2m) — C is the Mdbius inversion function, a(j) is given by

2my 2mo
a(j) = H ANg (T, Jrr) - H BNi(J-2my-15 J2ma+1),
k=1 =1

for function each j : [£2m]| — [N], and if j : [£2m] — [N] satisfies ker (j) = 7, then

2mq 2m1+2ma
¢ [1] = cov | [[ ViGoemysdon)s [T ViGorys dowy) (6.9)
k=1 k=2m1+1

with Vo, | = V5, = Ux,;,Uny, for k= 1,2,...,m and o @ [£2m] — [+2m] is the cyclic

permutation given by

o= (-1,1,-2,2,...,—2my,2my)(—2my — 1,2my + 1,..., —2mq — 2my, 2my + 2ms).
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Notice that (6.8) becomes

Cov [Tr(Yy), Te(Zn)] = Y > oln]u(r,0) > a@)+owh
0€ Py (£2m) \ 7€ Poyen(£2m) j:[£2m]—[N]
<6 ker(j)>60

(6.10)

where P, (£2m) denotes the set of all partitions § € P, (£2m) such that the graph sum ex-
ponent 7y, defined in Section 5.1, equals m. Indeed, if we are given partitions m € Poyen(£2m)

and 0 € P, (£2m) satisfying # > 7, then Theorem 5.1.1 and Proposition 5.1.2 imply

2m1 2myo
o) > al)| < lemllut 0N T AN« ] TIBrl (6.11)
j:[E£2m]—[N] k=1 =1
ker(j)>6

where 7y is the number of connected components of the graph Gy. Now, by hypothesis,

sup v || Dy || < 0o and limy_o tr(D};;) exists for every k > 1 and any i € {1,2}, so we have

2m1 2mg

sup [ [ Anl [[IIBrall < 0.
N k=1 =1

Moreover, every connected component of Gy contains at least two edges since 6 is even and

has no blocks of the form {—k, k}, and hence, the graph sum exponent 74 satisfies
T < M.

Additionally, since the unitary ensemble {{Un1,Un2}}%_; satisfies (II) from Lemma 1.2.3,

it follows from the proof of Lemma 1.2.3 that there is a constant C5 independent from N
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satisfying
|C2 [71'” < CQN_m.

Therefore, from (6.11) we obtain

om0 Y af)=0(N"") (6.12)
j:[£2m]—[N]
ker(j)>6

unless the graph sum exponent 7y = m, and, consequently, we get (6.10).
The condition 7p = m, for an even partition § € P(£2m) with no blocks of the form
{+k, —k}, forces each component of the undirected graph G, to have exactly two edges.

Thus, for any partition 0 € P, (£2m), each component of the directed graph Gy has one of

E, E, E,
E, E, E,

And therefore, as illustrated it at the end of Section 5.1, each graph sum Zker(j)ze a(j)

the following three forms:

appearing in (6.10) can be written as a product of traces of matrices where each trace is
of the followings forms: Tr(CnxChny), Tr(Cy . CX ), or Tr(Cy i o Cny) where Cy i and Chy
belong to the set {An1,..., AN2m,, BN1,- -, BNam, }- Hence, letting ¢[n] be given by (6.9)
for each partition m € P(£2m), the conclusions in Theorem 1.2.1 will follow from (6.10)

once we determine the order of

> olr]ulr,6). (6.13)

TE Poven (£2m)
0>m

Now, recall the values of Md&bius inversion function are determined by (2.1), and given
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explicitly by (2.2). Thus, to determine the order of (6.13), it is enough to compute ¢s[7]
for even partitions m € P(4+2m) satisfying 7 < 6 for some another partition 6 in the set

P\, (£2m).

Proposition 6.3.1. Suppose 6 is a partition in P,,(£2m). If 7 is an even partition such

that 7 < 6 and cq[7] is given by (6.9), then the following holds:

(1) for Uy, Uy, = \/—%W*HW, we have

(a) N™cy[n] = 14O (N~1) if there symmetric pairing partition 6 < 7 satisfying either

(1) or (2) from Proposition 5.2.6
(b) N™cy[n] = O (N~'/2) in any other case
(2) for Uy ;, Uy, = \/LNW*XHW, we obtain
(a) N™cyln] = 1+ O (N1 if there symmetric pairing partition § < = satisfying (1)
from Proposition 5.2.6

(b) N™cy[m] = 140 (N 1) if there symmetric pairing partition 6 < 7 satisfying (2) from

Proposition 5.2.6 and the graph G, has only double-loops as connected components
(¢) N™ep[m] = O (N~*2) in any other case
(3) for Uy, Uy, = W H*XHW , we get
(a) N™cy[r] = 1+ O(N7') if my = my and there are integers 1 < k < 2m; < [ <
2my + 2my so that o'(—k) ~, o (1) for every integer t > 0

(b) N™cy[r] =2+ O (N71) if there are integers 1 < k < 2m; <1 < 2m; + 2msy so that

o7t (k) ~r o1 (k) and o7(1) ~, o'TL() for every integer t > 0

(¢) N™ep[m] = O (N~*/2) in any other case
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The proof of Proposition 6.3.1 is based on the expected value of products of entries from
X and W, see relations (4.2) and (4.3), and the results on graph sums of the Discrete Fourier
Transform from Section 5.2, however, it requires some technical intermediate steps, so we
will omit it for now and leave it to the end of this section. Nonetheless, the computation of

(6.13) up to a term of order N~""1/2 is quite simple assuming Proposition 6.3.1 holds.

Lemma 6.3.2. Suppose 0 is a partition in Py, (+2m) and let ¢[r] be given by (6.9) for each

partition 7 € P(+2m). Then the following holds:
(1) for Uy ;, Uy, = \/LNW*HW, we have

(a) Z N™¢ [ p(m,0) = 1+ O (N7') if 6 is a symmetric pairing partition

TE Peven (£2m)
<6

satisfying either (1) or (2) from Proposition 5.2.6

(b) Z N™¢y [n] p(m,0) = O (N_1/2) in any other case
TE Peven (£2m)
<6

(2) for Uy ;, Uy, = \/LNW*XHW, we obtain

(a) Z N™¢ [mlp(m,0) = 1+ O (N7') if 6 is a symmetric pairing partition

TE Poven (£2m)
<6

satisfying (1) from Proposition 5.2.6

(b) Z N"™¢ [ p(m,0) = 14 O (N~') if there symmetric pairing partition

TE Poven (£2m)
<6

0 < 6 satisfying (2) from Proposition 5.2.6 and 6 has only blocks of size 4 of the
form {k, —k,l, -1}

(c) Z N™¢y [n] p(m,0) = O (N’l/Q) in any other case
TE Poven (£2m)

<0

(3) for U, Uy, = ¥WH* XHW , we get
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(a) Z N™¢ [l p(m,0) = 1+ O (N7") if my = my and there is an integer

TE Peven (£2m)
<6

2my + 1 <1< 2my + 2my so that 0 = {{o!(=1),07(=1)} | t > 0}

(b) Z N"¢ [m] p(m,0) = 2+ O (N~') if there are integers 1 < I; < 2my <

TE Peven (£2m)
<6

Iy < 2my + 2my so that 6 = 6; U 0y where 6, = {{c*(—1;),07"(=11)} | t > 0} and
0y = {{o" (=), 07" (=)} | t = O}
(c) Z N™¢y [n] p(m,0) = O (N’l/Z) in any other case
TE Poven (£2m)
<6

Proof. Suppose Uy ; Uy ,;, = W*XHW/+/N. Proposition 5.2.6 and Proposition 6.3.1 imply

that

Z N™¢y [7] p(m,0) = O (N2
ﬂ'EPeven(Hi2m)
<

unless there are integers 1 < k < 2my < < 2my + 2ms satisfying one of the following:
(i) k41 is even and o'(—k) ~g o7 *(1) for all integers t > 0 or

(ii) k+11is odd, o'(—k) ~y o'(=1) for all integers t > 0 and Gy has only double-loops as

components

Assuming (i) above holds, consider the pairing partition § = {{o*(—k),o (1)} | t > 0} and

note that Proposition 6.3.1 implies that

Z N™¢y 7] u(m, 0) = Z N™e¢y 7] p(m,0) + O (N_I/Q) : (6.14)

Wepeven(:tzm) WEPeVen(izm)
w<0 H<r<6
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Moreover, since N™c¢y [r] = 1+ O(N~!) for any partition 7 satisfying 6 <7 <80, we get

1+O(N-Y2) ifg=0

S NG = Y ur,0) + O(NY2) = (N=12) A

TFGPeven(:t2m) WGPeven(:tQm) O (N_l/Z) lf 8 < 0
m<0 f<n<6

from equations in (2.1) defining the Mobius inversion function. On the other hand, if (ii)
above holds, consider § = {{o'(—k),o"(—I)} | t > 0} instead and note that (6.14) above
holds also in this case. Hence, since N™¢y[] = 1+ O(N~!) and N™¢y [1] = O(N~Y2) for

any partition O<n< 0, we obtain

> Nralra(m0) = N 0lu0.0) + Y Neldur.0) =1+ 0N
TE Peven (£2m) 7E Peven (£2m)
<60 f<mw<0

The other cases, namely, Uy, Uy,;, = W*HW/VN and Uy, Uy, = W*H*XHW/N, are
proved in the same way, one chooses a suitable pairing partition 6 such that (6.14) holds,
and then the corresponding conclusion follows from Proposition 6.3.1 and the equations in

(2.1) defining the Mobius function. O

As mentioned earlier, the proof of Theorem 1.2.1 is complete once we apply Lemma 6.3.2
to the relation (6.10). For instance, suppose Ux,; Uy, = W*H*XHW /N. Then, Theorem

5.1.1, Lemma 6.3.2, and (6.10) imply that

Cov [Tr(Ya ). Te(Z0)] =6 3 > al)+>.2 Y a(j)+0(N—%) (6.15)

0€Py j:[£2m]—[N] 0€P2  j:[£2m]—[N]
ker(j)>0 ker(j)>0
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where P; and P, are subsets of P, (£2m) given by
Pr={{{o"(=1),07" (=D} [t =0,1,2,... 4m} | | € [2m] \ [2ma]}
and

Py ={{{o"(=l), 0" (=l)} {o' (=)0 ()} [ £ = 0} |l € 2], 1x € [2m] \ [2m4]}.

Now, note the set P; has cardinality 2m; provided m; = msy. Moreover, m; = my implies
that a partition § € P(£2m) belongs to the set Py if and only if for some integer 1 <1 < 2m,

the directed graph g} can be represented as

El EZ E2m1.1 E2m,
Fl-l Fl-Z Fl-2m1+l l::l-Zm,

where Fj denotes the edge Eo,,+x and | — k is taken module 2m; for k = 1,2,...,2m,.

Thus, for each integer 1 <[ < 2my, there exists a unique 6 € P; so that

2mq
Z a(j) = H Tr (AnkBni-t),
ji[Em]—[N] k=1

ker(j)>0

and hence, we obtain

Cov [Tr(Yx), Te(Zn)] =6mymz D (H tr (AN,kBN,l_k)> +3 2 Y ag+o (N—%) .

=1 \k=1 0€P2  j:[£2m]—[N]
Ker(5)>0
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On the other hand, the set P, has cardinality my - ms since

{o' (=), 07" (=l)} [t = 0} = {{o" (=m1 — h), 0~ (=m1 — )} | £ > 0}

and

{o"(=l2), 07" (=l)} | £ = 0} = {{o" (=ma — l2), 0" (=ma — 1) } | £ > 0}

forly =1,2,...,m; and Iy = 1,2,...,my. Moreover, a partition § € P(£2m) belongs to the
set P, if and only if for some integers 1 <[ < m; and 1 < Iy < my the directed graph g}

can be represented as

E, [j Ej 1 [j Bl m,1 i Fy, i Fiu1 i Flima [j
Ej 1 E Ejm, Fiq Fi2 Fim,

where [, — k1 and Iy — ko are taken modulo 2my and 2ms, respectively, for k; =1,2,...,m;
and ko = 1,2,...,ms. Thus, for each partition § € P, there are integers 1 < I; < my and

1 < Iy < my satisfying

mi m2
Z a(j) = H Tr (AN k-1 AN —8) - H Tr (BN g+ ko 1BN 1y —ky) -
Ji[£m]—[N] k=1 ka=1
ker(j)>6

Therefore, we have

mp m2 mi

COV [TI'(YN TI' ZN QZZ H tI‘ ANllJrknl 1ANl1 k1 HtI‘ BNl2+k2 1BN12 kg)

l1=11l=1k1=1 ko=1

2mq 2mq
+ Omyma ) (H tr (AN,kBN,l—k)> +O(N™Y2).

=1 k=1
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The other cases, namely, Uy, Uy,;, = W*HW/+/N and UriUyiy, = W XHW/N, are
proved in the same way, applying Lemma 6.3.2 to the relation (6.10) we obtain similar
relations to that in (6.15) that lead to (1) and (2) in Theorem 1.2.1.

The remaining of this section is devoted to the proof of Proposition 6.3.1. For clarity, we
have considered two cases: Uy, Uy,;, = W*H*XHW/N and U} ; Uy,, = W*Y HW /N
where Y is either the identity matrix Iy or an N-by-N uniformly distributed signature
matrix X. But first, let us introduce some more notation for partitions.

Given a partition m € P(£2m), we let Teven and moqq denote the restriction of 7 to the
sets {k € [£2m] | k is even} and {k € [£2m] | k is odd}, respectively. Moreover, we let
7o and 7° denote the partitions of {k € [+4m] | k is even } and {k € [+4m] | k is odd},
respectively, given by 7® = {{2k | k € B} | B € 7} and 7°% = {{2k —sign (k) | k € B} |
B € 7} where sign(k) = 1, if k is positive, and sign(k) = —1, otherwise. For instance, if 7

is the partition in P(46) given by
= {{_17 4}7 {17 _3}7 {_27 3}, {27 _4}}7
then

7 = {{—2,8}, {2, —6}, {—4,6}, {4, -8}} Teven = {{4}, {—2}, {2, —4}}
w4 = ({-1,7}, {1, -5}, {-3,5}, {3, -7}} Moaa = {{=1}, {1, =3}, {3}}.
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6.3.1 Case Uy, Uy, = WYHW/VN

Let Y be an N-by-N diagonal random matrix independent from W. Given a function

i:[+2m] — [N], we let
h(i) = hi(i)ho(i) and y(i) = y1(i)y2(i)

where hy (i), ha(i), y1(i), and y2(i) are given by

mi1+ma

mi
h, (i) = H H (i—gp11, 99k—1) H" (i—ok, 2k, h,(i) = H H (k41 996-1) H" (i—ok, tor),
k=1 k=m1+1
mi mi+ma
yi(i) = HY(i—2k+1>i—2k+1)Y(i2k—17i2k—1), ya(i) = H Y (i—okt1, i—2k+1)Y (G2k—1, G2k-1);
k=1 k=m1+1

additionally, if we are given a function j : [£2m] — [N], we put

W(1>j) =W (lﬂJ)W2(17j>

where wy (i,j) and wy(i, j) are given by

2my 2m1+2ma
wi(i,d) = [[ Wk )Wk jr) and  woi,3) = [[ Wik i)W ik dr)-
k=1 k=2m1+1

Now, for every partition 7 € P(£2m) and any function j : [£2m] — [N] satisfying ker (j) = ,

we define &, [r] by

Y h(icoEWWLIEN@H - Y, hioo)E[wi(i,j)]EW:(ii)]E [yi(i) E[ys(i)]

i:[£2m]—[N] i:[£2m]—[N]
ker(i)=m ker(i)=m1Uma



6.3. PROOF OF THEOREM 1.2.1 133

= ¢, [7] (6.16)

where m; and 7y denote the restrictions of 7 to [£2m;] and [£2m] \ [£2m4], respectively,

and o is the cycle permutation given by
o= (-1,1,-2,2,...,=2my,2my)(=2my — 1,2m; + 1,..., —2my — 2ma, 2my + 2my).

Proposition 6.3.3. Suppose Uy; Uy, = W*Y HW/v/N where Y is an N-by-N diagonal
matrix independent from W so that each entry Y (i,7) takes values in the set {—1,1}. If
¢o[m] and @, [r] are given by (6.9) and (6.16), respectively, then for every even partition

7 € P(+2m) we have
N™¢y [1] = € [7] + O(N ) (6.17)

Proof. Fix a function j : [£2m] — [N] satisfying ker (j) = m. Note that the (j_ok+1, Jor—1)-

entry of Uy ; Uy, and the (j_o, jor)-entry of Uy, Uy, are given by

N
Z \/_NW (]72k+l> LQkH)Y(szH, 272k+1)H(7~2k+1a Z2k71)W(22k71, ]21:71)

t_2k+1,02k+1=1
and
N

Z —NW*(]fzk, sz)H (L%, sz)Y(hk, l2k), W(ZQk, ]2k>>

i_ok,l2k=1
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respectively. Thus, from (6.9) and the linearity of the covariance, we have that

N"c[r] = > h(i)-cov[wi(i,jo o) yi(i), wa(i,jo o) ya(i)]

i:[£2m] = [N]

where h(i), wi(i,j), wa(i,j), y1(i), y2(i), and o are defined as above. But, for every function
i:[+2m] — [N], we have that
wi(i,j) =wi(ioo,joo) and yi(i)=yi(ico) for k=12

so we obtain

N™eym] = Z h(ioo)-cov|wi(i,j) - y1(i), wa(i,j) - y2(i)] . (6.18)
i:[£2m]—[N]

Moreover, from (4.3) we get that
Ewi(i,j)wa(i,j)] =0 and  E[wi(i,j)] E[w(i,j)] =0
provided ker (i) # 7 and ker (i) 2 7 U, respectively. And hence, equality in (6.18) becomes

N"¢y[n] = Z h(ioo)E [wi(i, j)wa(i, j)] E [y1(i)y2(i)]
i:[£2m]—[N]
ker(i)=m

- Y > hioo)E[wi(i,j)E [wa(i, i) E[yi(i)] E [y2(i)]

0cP(£2m) i:[£2m]— [ ]
0> Umo ker(i)=0

To obtain (6.17), it only remains to show that for 6 > m U, i.e., § > m Uy but 6 # m U,
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implies

S h(io o) [wi(i, )] B [wali )] E [y ()] E [ya(0)] = O (V).
i:[£2m]—[N]
ker(i)=0

Suppose 0 € P(+2m) satisfies § > m U m. Then, we must have #(0) < #(m Umg) =

#(m1) + #(m2), or, equivalently,

#(0) — #(my) — #(m) < —1L.

Now, h(ioo) has absolute value 1 for any function i : [£2m] — [N] and [E [y, (1)] E [y2(1)]| <

1, so (4.3) implies

Y hioo)E[wi(i )] E[wa(ii)]E [yi (i) E [yz(i)]
i:[+2m]—[N]
ker(i)=0

< W= #m)t (V= #ml | S~ o) = 0 (v#m-#ieso) _ o (v,

i:[£2m]—[N]
ker(i)=0

]

Proof of (1) from Proposition 6.3.1. Let Y be the identity matrix Iy. By Proposition

6.3.3, we only need to show that

1+ O (N1 if there symmetric pairing partition 6 < 7 satisfying either (1) or
&[] = (2) from Proposition 5.2.6,
O (N7Y%)  otherwise.
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where €, [r] is given by (6.16). Note that from (4.3) and (6.16) we obtain the inequality

eofr) < S E S o gy ¢ N EEIRITZEEIE S5m0 g
’ i:[:ll(:27(rf])z[N} ’ ' i:[:%%z]%LN]

But then, if p,-1,, is a non-zero polynomial, so iS py-1or,um, by Proposition 5.2.4, and
therefore, the last inequality and Corollary 5.2.2 would imply €, [r] = O(N~'/2). And so,
we can assume p,-1o, is the zero polynomial without loss of generality.

Now, for every function i: [£2m] — [IV] satisfying ker (i) = 7 we have h(io o) = 1 since

Po-1or 18 the zero polynomial; additionally, (4.3) gives E [w(i,j)] = w since 7 is an
even partition. Thus, from (6.16) we obtain
Gl =1- Y h(ioo)E[wi(ij)]E[wa(i,j)]. (6.19)

i:[£2m]—[N]
ker(i)=m1 U2

Moreover, by Proposition 5.2.4, there is a symmetric pairing partition 6 < 7 such that Py—1od
is also the zero polynomial, and hence, the partition 6 must satisfy one of the conditions
(1)-(6) from Proposition 5.2.6. Notice 6 = 6; LI 65, where 6; and 6, denote the restrictions

of 0 to [£2m4] and [£2m] \ [£2m,], respectively, implies

N — #(m))! (N — #(mq))! N! )
el = 1= M(»'( M(D'W—#mumW:Om'y

(6.20)

Indeed, if 0 = él L éz, then él and ég must be even partitions, and so are m; and 7y since

0<n implies 0, < and 0y < g, 50 (4.3) gives

(N— #(Wl))!
N!

(V' — #(m2))!

Elwi(i,j)] - s

and E[wy(i,j)] =
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for every function i : [£2m] — [N] satisfying ker (i) = m; U my; moreover, Proposition 5.2.4

implies the polynomial p,—16s, 1, 1S also zero since O = él L ég < m; Um,, and thus, we obtain
h(ico) =1.

Hence, (6.20) follows from (6.19) provided 0 satisfies either (3), (4), (5), or (6) from Propo-
sition 5.2.6.

Assume now 0 satisfies either (1) or (2) from Proposition 5.2.6. Then, either m LI 7
contains some singletons, if {k,(} € 7 or {k, —I} € 7 for some integers 1 < k < 2m; <1 <
2my + 2my, or m Umy = {{—k,k} | k € [+2m]}, otherwise. In any case, the graph Gy, s,
does not satisfy none of the conditions (1)-(6) from Remark 5.2.7 since m; + mq > 2, and

hence, the polynomial p,-1oy,r, is non-zero. Thus, by (4.3) and Corollary 5.2.2; we have

Y. h(ico)Ewi(ij)]E[ws(ij)]| < CN#mm s (V= #(m)! (N = #(7m))!

N! N!
i:[£2m] —[N]

ker(i)=m1 U2

(6.21)
for some constant C' > 0 independent from N. Therefore, from (6.19) we get that
Cy[n] = 1+ O(N2).

]

Proof of (2) from Proposition 6.3.1. Let Y be a random N-by-N signature matrix

independent from W. Similar to the previous case, Uy, Uy, = W*HW/VN, we can
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assume p,-1,, 18 the zero polynomial and it suffices to show that

4

1+ O (N~ if there symmetric pairing partition 6 < 7 satisfying (1) from Pro-
position 5.2.6,
&[r] =9 14+ O(N) if there symmetric pairing partition § < 7 satisfying (2) from Pro-

position 5.2.6 and the components of G, are all double-loops,

O (N*1/2) otherwise.

\

Let moqa1 and meqq2 denote the restrictions of mogq to [£2my] and [£2m] \ [£2my], re-
spectively. Note that if moqq is not an even partition, then either myqq1 Or Toqq,2 is not even,
and hence, we obtain €[r] = 0 since (4.2) would imply E [y;(1)] E [y2(i)] = E[y(i)] = 0 for
every function i : [+2m]| — [N] satisfying ker (i) = 7. Thus, we can further assume myqq is
even. It then follows from (4.2) and (4.3) that

(N — #(m))!

h(ico) =1, Efy(i)]=1 and E[w(ij)] = N!

for i: [+£2m] — [N] satisfying ker (i) = 7, and hence, we obtain

Gl =1- Y h(ioo)E[yi()]E[y2()] E [wi(i,j)] E [wa(i,j)]. (6.22)
i:[+2m] = [N]
ker(i)=m1Umr2

By Proposition 5.2.4, there is a symmetric pairing partition 6 < 7 such that P,—104 1S also

the zero polynomial, and thus, the partition 6 must satisfy one of the conditions (1)-(6) from
Proposition 5.2.6. However, if 0 satisfies either (3), (4), (5), or (6), then

! — ot ! — o ! 1
== T O 6
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Indeed, suppose 0 satisfies either (3), (4), (5), or (6) from Proposition 5.2.6, let 6, and 6,
denote the restrictions of 6 to [+2my] and [£2m] \ [£2m,], respectively, and let i : [£2m] —
[N] be a function satisfying ker (i) = m; L mo. Note that 0 =0,60,<m U since § < 7
implies 6, < 1 and 6, < m9, and thus, by Proposition 5.2.4, the polynomial p,-1o,1im, 1S

zero, and hence, we get
h(ico) = 1.

Moreover, 7; and my are even partitions since 6 is even and 6 = 6, U 6, < 7, so, from (4.3),
we get

(V — #(m))!

(N — #(m2))!
N! '

E wi(i,)) = z

and E[ws(i,j)] =

The partitions moqq,1 and meqq,2 are also even since 8yqq is even and 0 = 6; U 0y < 7 implies
Oodd = Oodad,1 U Oodd,2; Oodd,1 < Todd,1, and oaq2 < Todd,2 Where €oqq1 and 0oqq,2 denote the

restrictions of foqq to [+£2m4] and [£2m] \ [+2my], respectively. Thus, from (4.2), we have

E [Y1(i)] E [Yz(i)] =1

Consequently, we obtain (6.23) from (6.22). Now, similar to Uy ; Uy, = W*HW/\/N, if
the partition @ satisfies either (1) or (2) from Proposition 5.2.6, then p,-1or, i, iS & NON-2€T0

polynomial and (6.21) holds, so, from (6.22), we obtain
Cyfn] =1+ O(NV?)

since we have |E[y;(i)] E [y2(i)] = 1| < 1 for any function i: [£2m]| — [V].
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It only remains to show that the undirected graph G, must have only double-loops as
connected components if § satisfies (2) from Proposition 5.2.6. So, suppose f satisfies (2)
from Proposition 5.2.6. Note that if 7 has a block of the form {k,}, then k + [ is odd, and
hence, we must have either {k} or {l} is a block of m.qq, contradicting the assumption that
Todd 18 an even partition. Thus, 7 has only blocks of the form {k, [, —k, —[}, or, equivalently,

the undirected graph G, has only double loops as connected components. O

6.3.2 Case U}, Uy, = W*H*XHW N

For each function i: [£4m] — [N], we let erl(i), g(i), X;1(i), and X»(i) be given by

2m 2m
h(i) = H H* (i gk y1, dox—1) H (i—2k, dok), g(i) = H H* (i gpy1, k) H (i2k, T21-1),
k=1 k=1
2m 2m1+2ma
X (i) = H X (i-ak, i2k), and Xy(i) = H X (i ok, igk);
k=1 k=2m1+1

additionally, if we are given a function j : [£2m] — [N], we take

t — (t_17 t17 t_3, t37 “e . ,t4m1+4m2_1> - (]_l,jl,j_Q,j2, P 7]—27717.].2771) (6.24)

and let wy(i,t) and wy(i, t), also denoted wy(i) and wy(i), respectively, be defined by

2mq

wi(i,t) = H W (igg—1,tok—1)W (i—og41,t—2k+1) and
=1

2m1 +2m2

wo(i,t) = H W (o1, tonr1) W (1 —2k41, t—2k+1)-

k=2mq+1
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Now, given partitions 7 € P(£2m) and a € P»(2m) and a function j : [£2m] — [N]

satisfying ker (j) = 7, we define &, [, a] by

> h(icd)E[W()E[R>) - > h(io &)E [W1(i)] E [W2(i)] E [ (i) E [Ra(i)]

i:[£4m]|—[N] i:[£4m]—[N]
ker(i)=aLrodd ker(i)=aun¢ddizgdd
= N"€&,y [m, a] (6.25)

where 7994 and 7999 denote the restrictions of 704 to the sets [£4m,] and [4(4m; +4ma)] \
[£4m,], respectively, @& is the partition given by a = {{—2k, 2k, —21,2l} | {k,l} € a}, and

0 : [£4m| — [£4m] is the permutation with cycle decomposition
(/7\ = (—17 17 —2, 2, ey —4m1,4m1)(—4m1 - 1,47’)7,1 + 1, —4m2 - 2, ce ,4m1 + 4m2)

Proposition 6.3.4. Suppose 7 is an even partition in P(+2m) and assume Uy, Uy, =
W*H*XHW/N. If ¢o[r] is given by (6.9) and &, [7, a] is given by (6.25) for every pairing

partition a € P,(2m), then

N =| Y €lra]|+0(N™) (6.26)
a€Py(2m)
Proof. Fix a function j : [£2m] — [INV] satisfying ker (j) = 7 and let t be as in (6.24). The

(j—k, Jr)-entry of UX; Uy ,, is then given by the sum

N
Z W (t_okt1, t—okr1) H ™ (1—okt1, i—ok) X (1—ok, tog) H (o, Gok—1) W (G2k—1, tok—1),

t_2k+1,2k+1,0—2k,i2k=1



6.3. PROOF OF THEOREM 1.2.1 142

and hence, by Equation (6.9) and the linearity of the covariance, we get

N r] = > 8(i)-cov[Wi(i,t 0 &) - Ri(i), wai, t 0 5) - Ra(i)]
i:[£4m]—[N]

where g(i), wi(i,t), wa(i, t), X;(i), and X,(i) are defined as above and o : [£4m] — [£4m)]

is the permutation with cycle decomposition

oc=(-1,1,-3,3,...,—4my + 1,4my — 1)(—4my — 1,4my + 1,...,4my + 4my — 1).
Note that for every function i : [+4m| — [N] we have

h(iod)=gios), wWi(i,t)=wiiod,tos), and (i) ==s(iod)
for k =1,2, so we get

N = Y R(iod) - cov [W(i,t) - % (i), wali, ) - Rali)]
i:[£4m]—[N]
Now, suppose 6 = ker (i) for a function i : [£4m] — [N]. Since 7 = ker (t), from (4.3) we
have that

E[#1 (i, t)Wa(i,t)] =0 and E[®1(i,t)] E[®2(i,t)] = 0

provided Ooqq # 79 and Ooqq # (71 U )4 = 7044 1y 7994 respectively; moreover, (4.2)
implies that
E [;(1(1)&2(1)} =K [§1<1)] E [§2(1>] =0

if Ooyen 1S Ot an even partition, fee, has a block of the form {2k, —2k}, or 2k 4y —2k for
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some k € [2m]. Thus, we obtain

Nl = Y > h(i0&)E[Wi (i, t)Wai, t) B[R (i)%a(i)]

0€ Py (+4m) i:[£4m]—[N]
ker(i)=0

- ¥ > h(io&)E[Wi(i,t)] E[Wali, )] E % (1)) E [Re(i)]

0€ P Uny (£4m) Hktglrr(ri}):(gN J

where ﬁ/@(i4m) denotes the set of all partitions # € P(d4m) such that 0,49 > 3°¢¢ and for
every integer k € [2m] there exists [ € [2m] \ {k} such that 2k ~y —2k ~y —21 ~y 2.
Now, letting Igg(iélm) denote the set of partitions 6 € ﬁﬁ(iélm) so that 0 = Oeven U Ooaq,
Ooqa = B°%¢, and every block of Oeyey is of the form {2k, —2k, 21, —21} with k,1 € [2m] and
k # 1, note the mapping

o a L pedd

with & = {{2k, =2k, 2], =21} | {k,(} € a} gives a bijection between the set of pairing parti-
tions P,(2m) and the set ﬁﬁ(j:élm) for any partition 5 € P(+2m). Thus, to get (6.26), it

only remains to show that

N [rl= > Y h(icd)EW(t)ERG)

0€ Py (£4m) i:[£4m]—[N]
ker(i)=0

- > > h(io&)E[Wi(i,t)]E [Wali, )] E [ ()] E [Re(i)]
0€ Pre iny (£4m) L:[F4m]—[N]
ker(i)=0

+0O (N™1).

Suppose 0 € Py, (£4m). Then, since foqq > (my LI m5)°%4 = 7044 || 7944 and each block of
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Oeven has at least 4 elements, we get the inequality

#(6) < #(60dd) + #(Qeven) < #(7"1) + #(77'2) +m

with equality only if 0 = Ocyen U Ooad, Ooad = Wfdd L wgdd, and each block of 0., has exactly

4 elements, i.c., 6 € Py, (+4m); moreover, (4.2) and (4.3) imply that

> h(i0&)E[Wi(i,t)|E [Wali, t)] E [%) ()] E [%a(i)

i:[+£4m]—[N]
ker(i)=0

o (W =#m)! (N —#(m)) S B(i0d)| = 0 (NHmI-#mIO)

- N! N!

i:[+4m]—[N]
ker(i)=0

Hence, if 6 € Pyr, (£4m) \ Py, (£4m), we have

Y h(ioG)E[Wi(i,t)]E [Wa(i, )] E[%i (1) E [Ra(i)] = O (N™ 7).

i:[£4m]|—[N]
ker(i)=6

Similar arguments show that #(6) < m-+# () for every partition 6 € P, (+4m) with equality

only if 6 € ﬁﬁ(j:élm), and hence, we get

Y h(ioa)E[W(it) E[R()] =0 (N

i:[£4m]—[N]
ker(i)=0

for any 0 € P,(x4m) \ Py(+4m). O

Proposition 6.3.5. Suppose m € P(£2m) and a € P»(2m) and let oy and ay denote the
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restrictions of a to the sets [2m4] and [2my + 2ma] \ [2m4], respectively. If & [m, ] is given

by (6.25), then

;

14+ O (N1 if there is a symmetric pairing € P(£4m) satisfying (1) from
Proposition 5.2.6 and such that n < & U 744,

¢ 14+ O(N™Y if @ # a; Uy and there is a symmetric pairing n € P(+4m)

el = satisfying (3) from Proposition 5.2.6 with k and 1 even and

such that n < a U 7°dd,

O(N~z)  otherwise.

Proof. Note that if the polynomial ps-1io(sroday is non-zero, then @[r,a] = O(N~/2). In-
deed, if ps-15(auroa) 1S @ non-zero polynomial, so is Ps-1o(aLimoddLingdd) by Proposition 5.2.4,

and thus, Corollary 5.2.2 implies there is a constant C' independent from N such that

> h(i))=| Y h(iod)| <CON™#)z

i:[£4m]—[N] i:[£4m]—[N]
ker(i)=6"'o(aupedd) ker(i)=aLgodd

for 3 = 7 and 8 = m Um,. But then, we get that €;[m, a] = O(N~'/?) since from (4.2),

(4.3), and (6.25) we have

(N =#DE e -1 (N = # @)t (N = # T\ s ma)— 4
SC’.T.N#() 54+ C - N vz, N 2)) | N#m) ()5

&y, al ’

Assume pg-14(aLiredqy is the zero polynomial. Then, by Proposition 5.2.4, there is a sym-

°dd gych that Ps- 1oy is also the zero polynomial, and hence,

metric pairing partition n < allw
the partition 7 must satisfy one of the conditions (1)-(6) from Proposition 5.2.6. However,

we have 17 = 1oqq U Neven, since n < & L 794, and neither 2m; or 2ms is odd, so conditions
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(2) and (4)-(6) can not hold. Now, note that if ps-1,(zgeda) is zero polynomial for some

partition 8 € P(£2m), then

h N! N!
h(ioo) = _
i:[ﬂ%;m o) (N —#@upedd) + I (N —m —#(8) + 1)

ker(i)=aupgedd

since we would have ﬂ(iob‘) = 1 for any function i : [4=4m] — [N] satisfying ker (i) = alJg°dd.
Hence, if oi, oz, m, and 7 are all even partitions and the polynomial p,—1,4rodargaa 18

zero, from (4.2), (4.3), and (6.25), we obtain

D S R s N DI YL

N! N! N!
i:[£4m]—[N] i:[£4m]—[N]
ker (i) =aLirodd ker(i)=aur9ddmgdd
= N"€[r,a] =0 (N™) (6.27)

On the other hand, if either oy or ay is not an even partition, from (4.2) and (6.25), we get

[, a :Nlm el —Aﬁ(”)” . iz[ﬂ%;m h(ios)=1+0(NY). (6.28)

ker(i)=aUrodd

Suppose 7 satisfies (8) from Proposition 5.2.6 and let 1 < k < 4my and 4m; +1 < [ <
4my + 4my such that n = {{o"(—k), 07" (k)}, {o2(=1),072(1)} | t2,t2 > 0} . We need to
consider three cases: k and [ are both odd, k+ [ is odd, and k and [ are both even. First, if
k and [ are both odd, then p,-104redd rgaa is also the zero polynomial, 7, and m, are both
even partitions, and o = a; U g, so (6.27) holds. Second, if k£ + [ is odd, then o = a1 U ap
and m = m; Uy, but then (6.27) holds too. Third, if & and [ are both even, then 7 = m; Uy

and either @« = a1 U ag or a # ay L ay. However, if @ = a; U g, we already know that
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&lm,al = O(N™!) from (6.27), and if o # vy L e, then o and iy are not even partitions,
so (6.28) holds. Finally, if n satisfies (1) from Proposition 5.2.6, we must have o # oy U g,
so we obtain €;[m,a] =1+ O (N71). O

Proof of (3) from Proposition 6.3.1. Fix an even partition # € P(4+2m) such that
m < 6 for some partition 6 € P, (£2m) and let &;[m, a] be given by (6.25) for each pairing

partition a € P»(2m). By Proposition 6.3.5, we have that

Y Glma] = |Edl + |Fl = | B0 Fy| + O(N /)

a€P>(2m)

where E, and F, are the subsets of P,(2m) given by

~

n < a U7 for some symmetric pairing n € P(£4m)
Eﬂ = o€ P2(2m)

satisfying (1) from Proposition 5.2.6
and

a # o Uay and n < & U for some symmetric pairing
F7r = o€ P2(2m)
n € P(+4m) satisfying (3) from Proposition 5.2.6 with k& and [ even
Thus, by Proposition 6.3.4, we only need to show that E, # ) implies |E,| = 1, F; # ()
implies |F;| = 2, and E, N F} is empty.
Let o and 8 be pairing partitions in P»(2m) and suppose there are symmetric pairings
Na,Np € P(+4m) satisfying (1) from Proposition 5.2.6, n, < @ U 7°% and 7z < B L rodd,

Then, there are integers 2m; +1 < l,,lz < 2m; + 2my so that

57 (2 — 1) ~oy, 5(—1) ~op, 54205 — 1) VE>0
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where o is the permutation given by
6'\ = (-1, 1, —2, 2, Ce —4m1, 4m1)(—4m1—1, 4m1—i—1, —4m1—2, ceey —4m1—4m2, 4m1+4m2)
But then, we must have

5720y — 1) ~gimods 31 (—1) ~3oaa 54205 — 1) Wt >0 (6.29)

BUmro

since 1, < @ U7 and ng < B L 729 and thus, we get that
0 (ly) ~g 0 (=1) ~p o7 lg) V>0
where o is the permutation given by
o= (—1,1,-2,2,...,—2mq,2mq)(=2m;—1,2my+1, —2my—2, ..., —2m1—2my, 2mi+2msy).

In particular, for ¢ = 0, we obtain l, ~, —1 ~ lg, and thus, we have [, = [3 since 7 is
an even partition with only blocks of the form {—k, +k, —[,l} and {+k,—[}. Therefore, it
follows from (6.29) that a = B\, or, equivalently, & = (. This shows that E; # () implies
|E.| =1.

Suppose now there are symmetric pairings 7,, 7z € P(£4m) satisfying (3) from Proposi-
tion 5.2.6 with k and [ even, n, < aU7° and ns < BI_I 7°4d Then, there exists integers

1 <k, < kg <2my so that

5 (~2k0) ~op, 5 1(2ka) and  G'(—2kg) ~y, 5 H(2ks) VE >0,
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and hence, we get
0'(—2ky) ~gumoaa 0 '(2ky) and  G'(—2kg) ~ BLimodd o " (2ks) V>0 (6.30)
since 1, < @ Um°d and ng < B L 7°4d: in particular, we must have
01 (2ka) ~a 0 (=2ky) and  G(2ks) ~50 " (—2kg) V> 0.

Now, since o and [ are pairing partitions of [2my + 2ms], @ = {{+2k, —2k,+21, —21} |
{k,1} € a}, and B = {{+2k, —2k, +21, =21} | {k,1} € B}, we get

0% (ko) ~o 0 (ko) and  o*(kg) ~5 0 % (kg) Vt >0,
where o is the permutation defined above; hence, we obtain
o] = {{ka}, {ka + 1,ka — 1}, e {ka +mq — 1, ka —my + 1}, {ka + ml}}

and

Br={{ks},{ks+ 1, kg —1},....{kg+m1 — L kg —mq + 1}, {kg +m}}

where ; and ; denote the restrictions of a and f3, respectively, to the set [+-2m4]. Let us

show that a; = ;. From (6.30), we also have that

o' (—2ky — 1) ~poaa 0 Y(2k, — 1), G (2ke + 1) ~poaa 0 =2k, + 1),

3‘“(—2!{:5 — 1) ~ rodd 3_4t(2k’5 — 1), and 34t(2k5 + 1) ~ rodd 8“”(—2!{:5 + 1)
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for every integer ¢t > 0, and thus, since 7°4 = {{2k —sign (k) | k € B} | B € 7}}, we obtain

0 (ko) = 0" (ko — 1) ~p 07 (ky) and o' (k) = 0'(—ks — 1) ~y 0 '(kg) Vt > 0.

Let t = kg — k, and note that

U2t(ka) ~ 0_72t+1<ka) ~ O,2t+1<k,a)

since

kg = 0% (ko) ~r 0 2 (k) and ot (k,) = o(kg) ~y kg;

moreover, since 0% (ky) > 0, o721 (k,), 0% (k,) < 0, and 7 is a partition with only blocks

of the form {—k, +k, —1,1} and {+k,—(} with k,{ > 0, we must have

JQt(k,a) — —0_2t+1(/{7a), 02t(ka) — —02t+1(k'a), or U—2t+1(k,a) — 02t+1(k'a),

or, equivalently,

U4t72(ka) = Ka, UﬁZ(ka) = ko, oOr O’f4t(ka) =k,.

But the equality o%(k,) = k, holds if only if s = 0 mod 4m;, so only 0% (k,) = k, can
hold, and thus, we get k, = kg or kg = ko +m; since 0 < t = kg — k, < 2my — 1. Therefore,

a1 = (1 and there is an integer 1 < k = k, < 2m; so that

ag ={{k},{k+1,k—1}, ... {k+m —Lk—my+ 1}, {k+mi}} =/

= {{o" (k)07 (k)} [ 0 < t < ma}.
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Similarly, letting as and [y denote the restrictions of o and [, respectively, to the set
[£(2mq + 2my)] \ [£:2m4], we have oy = (5 and there is an integer 2my + 1 < 1 < 2my + 2ms

so that

ar ={{i},{l+1,1—1},... . {l+me— 1,0l —mo+ 1}, {l +mo}} =

={o" 1), )} |0 <t < mo}.

This shows that |Fy| = 2 provided F, # () since v € F, implies

v={{k, 1}, {k+my,l+me}tUa or v={{kl+me},{k+my,l}}Ua

where @ = {{o?(k),c7%(k)} | 1 <t <my — 1} U{{c®(]),c ()} |1 <t <my— 1}.
Finally, E, N F; is empty since E; # () implies m # m; U 7y, and, on the other hand,

F, # 0 implies 7 = m; U 7. O
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Chapter 7

Conclusions

The random matrix ensemble {Wx 1, HyWy2}%_, satisfies the hypothesis in Lemma
1.2.3, and hence, Theorem 1.2.2 is proved once we show (1.12) holds. To that end,
we first define appropriate versions of the functions w(i,j), wi(i,j), wa(i,j), and show
that (6.17) still holds in this case. Then, following similar steps to those in the proof

of Proposition 6.3.1 and Lemma 6.3.2 and letting Uy ; Uy, = LT/I/j{uHI\,VVNQ, we

VN
conclude
14+0 (N_l/Q) if 0 is a pairing partition satisfying (1)
Z N™¢y 7] p(m, 0) = from Proposition 5.2.6,
TI'GPeven(:th) .
<0 O (N7Y2)  otherwise.

One can replace the Discrete Fourier transform Hy in the unitary random matrix en-
semble {Wy, HyWx/V N, XyHyWy/VN}F_; by any Hadamard matrix H} and still
get an asymptotically liberating ensemble, see [1]. Moreover, key equations in this paper

involving Hy still holds when we replace Hy by a general Hadamard matrix Hl,, for



153

instance, (5.10), (5.12), and (5.14). Thus, to determine the corresponding induced fluc-
tuations moments, one needs to compute graph sums of H) and obtain similar results to
those from Section 5.2. However, the results for graph sums of Hy were possible thanks
to the reciprocity theorem for generalized Gauss sums and it is not obvious what could

be used for a general Hl,.

Although Proposition 4.3.18 and Corollary 4.3.20 give equivalent conditions only for
point-wise uniform boundedness, similar statements and proofs provide us with corre-
sponding conditions for the point-wise convergence of a sequence of multi-linear func-
tionals. These conditions together with bounds for graph sums can be exploited to study
higher order moments. In particular, the relations (6.4) and (6.10) can be used to deter-
mine the higher order moments induced by Haar-unitary and Haar-orthogonal via the

Weingarten Calculus from [4] and [5].
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