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Abstract

There are different ways of quantifying the nondeterminism used by a
nondeterministic finite automaton (NFA). The amount of nondeterminism
is measured as a function of the input length. For most nondeterminism
measures the possible growth rates of the measure have been character-
ized, but this question remains open for the branching of an NFA. Here,
we consider a close variant of the branching measure which we call the
minimum branching. We show that the minimum branching of an NFA
is always either bounded or grows exponentially.
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1 Introduction

Finite automata have been extensively studied for over half a century [20] and
many variants of finite automata have been considered. Nondeterministic finite
automata (NFA) are an important extension and are used in virtually every
area of computer science, from process modeling in software engineering [2] to
protocol specification [22] in distributed systems. As finite automata are not
equipped with external memory, for quantitatively analyzing the complexity
of regular languages, the commonly used measures of descriptional complexity
count the number of states or the number of transitions of a (nondeterministic)
finite automaton [7, 8, 26]. In order to develop a quantitative understanding of
the power of nondeterminism, one can also measure the degree of ambiguity or,
more generally, the number of nondeterministic steps used by an NFA. Nonde-
terminism measures for Turing machine computations were originally considered
by Kintala and Fischer [11].
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The degree of ambiguity of an NFA counts the number of different accepting
computations of an NFA on a given string [12, 21]. The tree width [17] (a.k.a.
‘leaf size’ [10], a.k.a ‘computations’ [1]) counts the total number of accepting
and non-accepting computations of an NFA. The advice of an NFA [10] is the
number of nondeterministic steps in a ‘worst’ computation. The guessing of an
NFA is the total amount of nondeterminism, in bits of information, that an NFA
makes in a ‘best’ accepting computation, and the branching is the product of
the branchings in individual transitions in a ‘best’ accepting computation [4].
The branching of an individual transition is the number of nondeterministic
choices in the transition. The trace measure [18] is a worst-case variant of the
branching measure and counts the product of the nondeterministic choices in
a ‘worst’ computation. For more comprehensive information and references on
NFAs with limited nondeterminism, the reader is referred to the thesis [16] or
the recent survey paper [6].

There are many state complexity results on NFAs with limited ambiguity or
nondeterminism. Schmidt [23] first developed methods for proving lower bounds
for the size of unambiguous NFAs and gave a family of n state NFA A,, with finite
ambiguity such that any unambiguous NFAs for L(A,) needs 22(v?) states.
Leung [14] showed that 2" — 1 states are sometimes required for an incomplete
deterministic finite automaton (DFA) to simulate an unambiguous n-state NFA.
Goldstine et al. [5] established a relationship between ambiguity and guessing.
Goldstine et al. [4] showed that there is an n-state NFA A such that every
NFA with finite branching requires 2"~! states to simulate A. Palioudakis et
al. [17] showed that Zf:o (") states are sufficient and necessary for a DFA to
simulate an n-state NFA with tree width k. Bjorklund and Martens [1] showed
that minimization of finite automata remains NP-hard even when the automata
are allowed a very small amounts of nondeterminism. Their hardness result is
for the class of {NFAs which are a very restricted subclass of tree width two
NFAs.

Another natural question that arises for different measures of nondetermin-
ism is, what is the amount of nondeterminism an NFA uses as a function of the
length of the input string. In other words, for a measure of nondeterminism o
and an NFA B, what is the function which returns for a given positive integer
n the degree of nondeterminism of « that the NFA B uses among all inputs of
length (up to) n. We call such a function the growth rate of the o measure for
the NFA B.

The possible growth rates of the tree width measure have been character-
ized by Hromkovi¢ et al. [10]. They showed that the growth rate of tree width
(which they call leaf size) is either bounded by a constant, or between linear and
polynomial in n, or in 22 In the same paper they established relationships
between the growth rates of ambiguity, advice, and tree width. They showed
that the growth rate of tree width is bounded, up to a constant, by the prod-
uct of the growth rates of advice and of ambiguity. Weber and Seidl studied
the degree of ambiguity of NFAs [25] and showed that the degree of growth
of ambiguity is computable in polynomial time. Their work implies also that
for an NFA with unbounded ambiguity, the degree of ambiguity must grow at



least linearly [25]. Leung [13] established an exponential worst-case succinctness
separation between general NFAs and polynomially ambiguous NFAs and a sim-
plified proof was given by Hromkovi¢ et al. [10] using communication complexity
techniques. Hromkovi¢ and Schnitger [9] have given a (super-polynomial) suc-
cinctness separation between polynomially ambiguous and finitely ambiguous
NFAs, respectively.
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Goldstine et al. [5] showed that there are NFAs with branching in ©(2""),
for n the length of the input and k any positive integer. Leung [12] presented an
algorithm deciding whether a given NFA has finite guessing (or finite branching).
In the same paper Leung also showed that it is PSPACE-complete to decide
whether an NFA has finite branching.

The original branching measure [4] is a max-min measure: for a given string
it considers the best computation, i.e., the computation using the least amount
of nondeterminism and for a length n it considers the worst string of length
n, i.e., the string requiring the largest amount of nondeterminism. The trace
measure [18] is the corresponding max-max measure: for each string we take
the computation using largest amount of nondeterminism and the worst input of
length n. Determining whether the growth rate of branching can be unbounded
but polynomial is a longstanding open problem [5, 18]. It has only been solved
for unary NFAs [19]. On the other hand, the possible growth rates of the trace
measure are known. The growth rate of trace is either bounded by a constant
or it grows exponentially [18].

This paper considers a variant of the branching measure which we call min-
imum branching. For each string we consider the computation with the least
amount of nondeterminism and, for a given length n € N, we consider the string
of length n with least branching (a min-min measure). We show that for any
NFA with unbounded minimum branching the growth rate of the measure must
be exponential.

2 Preliminaries

We assume that the reader is familiar with the basic definitions concerning
finite automata [24, 26] and descriptional complexity [3, 8]. Here we just fix
some notation needed in what follows.

The set of strings, or words, over a finite alphabet 3 is 3*, the length of
w € ¥* is |w| and ¢ is the empty string. The cardinality of a finite set S is |S|.

A nondeterministic finite automaton (NFA) is a 5-tuple A = (Q, %, 6, qo, F),
where @ is a finite set of states, ¥ is a finite alphabet, § : Q x ¥ — 29 is the
transition function, g¢ is the initial state and F C @ is the set of accepting
states. The function 0 is extended in the usual way to a function Q x ¥* — 29
and the language recognized by A, denoted by L(A), consists of all the strings
w € ¥* such that §(go, w) N F # . We let A(q), where ¢ € @, denote the NFA
obtained from A that has ¢ as its initial state. Unless otherwise mentioned,
we assume that any state ¢ of an NFA A is reachable from the start state and



Figure 1: An NFA with infinitely many cycles.

some computation originating from ¢ reaches a final state. The size of A is the
number of states of A, i.e. size(A4) = |Q).

If § is as above, we write rel(d) = {(¢,a,p) | p € 6(¢,a),¢,p € Q,a € ¥}. We
refer to rel(9) as the transition relation of A. A transition of A is an element
= (q,a,p) € rel(d). The transition u is nondeterministic if there exists a state
p’ # p such that p’ € §(q,a) and otherwise p is deterministic. The NFA A is
deterministic (a DFA) if all transitions of A are deterministic. This is equivalent
of saying that |§(q,a)| <1 for all ¢ € Q and a € ¥. Note that we allow DFAs to
have undefined transitions, i.e., it is possible that d(q,a) = () for a state ¢ € Q
and a letter a € X.

A computation of an NFA A from a state s; to a state ss is a sequence of
transitions (g;,ai,pi), 1 <i <k, where giy1 =p;, i=1,...,k—1, and s1 = ¢,
82 = pg. The underlying string of a computation C = (g1, a1,q2) (¢2,a2,q3) -
(¢ms @my Gm+t1) 18 @1a2 - - - apy. The length of the computation C, |C], is m. The
same state ¢ can occur multiple times in a computation, and in establishing
some technical properties we often distinguish different occurrences of a state.

We say that a computation of A accepting if it starts from the initial state
and it finishes at a final state. For € £*, comp?°(z) denotes the set of all
accepting computations of A with underlying string x.

We will use the following notion of equivalence for NFA computations. Two
computations C' and C’ of an NFA A with underlying strings of the same length
are equivalent if C and C’ begin in the same state and they both end in the
same state. Note that if C and C’ are equivalent, then they are either both
accepting or both non-accepting.

A cycle S of an NFA A is a computation that goes from a state ¢ to
the same state gq. This is illustrated by Figure 1 where the computations
((hv a, Q2)(QQ, b7 Q1) and (q37 a, Q4)(Q47 ba Q5)(q5a b7 Q2)(QQ, ba Q1)(q17 a, Q3) are CyCIeS'

The length of a cycle is the number of steps that are required to go from
one state to the same state by following this cycle. In the previous example the
cycles are of lengths 2 and 5, respectively. The starting state of a cycle is not
important, so a cycle would be any computation that takes a state to itself for
all the states of this cycle, for example (q1, a, ¢2)(g2, b, 1) and (g2,b,q1)(q1,a, q2)
are the same cycle.

We call a cycle S deterministic if every transition of the cycle is deterministic



in the given NFA. A cycle S is non-deterministic if there is a nondeterministic
transition in S. For example, in Figure 1, the cycle (g3, a, q1) (¢4,b, ¢5) (g5, a,q3)
is deterministic. On the other hand, the cycle (g3, a,q4) (q4,b,q5) (gs5,b,q3) is
nondeterministic as the transition (gs, b, ¢3) is nondeterministic.

We say that a computation C' passes through a cycle S if at some point
of the computation C' we reach a state ¢ of S and after that C' follows all the
transitions of the cycle S in sequence and comes back to the same state ¢. If a
computation C' enters a cycle S at some state ¢ € S and it passes through all the
transitions of S until it reaches the state g again, we say that the computation
C passes the cycle S once. If the computation C' repeats this, continuously, for
t times we say that the computation C passes through the cycle S ¢ times.

When a computation C repeats a cycle S ¢ times this defines a subcompu-
tation Cy of C from some state ¢ to the same state ¢. If the cycle S has length
k, the subcomputation has length ¢ - k. Note that a state p of a cycle S can
appear in computation C both as part of the cycle and outside the cycle.

If a computation C passes through a cycle S, then all states of S must
appear in C. Note that a state ¢ of a cycle S can appear in a computation C
without C' passing through the cycle S. For example, the state ¢; appears in
the computation C' = (q1,a,q3) (¢3,a,q4) (q4,b,95) (g5,b,q2) without C' going
through the cycle (q1,a, g2)(g2,b, q1)-

To conclude this section, we recall the definition of the branching measure.
The branching of a transition (q,a,p) of an NFA A, denoted by S4((g,a,p)), is
the cardinality of §(q, a) and the branching of a computation

C= (Q17a17q2)(QQ7a27 Q3) e (Qma A,y Qm+1)7

denoted by 54(C), is the product of the branchings of the individual transitions
in C,

Ba(C) =1L, Ba((gi, ais Git1))-
The branching of a string x € L(A) is the minimum branching among all accept-
ing computations with underlying string z. The branching of a string € L(A)
is given by the formula

Ba(z) = min{ B4(C) | C € comp%*(x) },

and for x ¢ L(A) we can set 84(z) = 1. The branching of an NFA A, denoted
by B(A), is the maximum branching of A on any string, assuming this quantity
is bounded. More details on the branching measure can be found in the original
work by Goldstine et al. [4].

Following the definition of other nondeterminism measures in the litera-
ture [3, 6, 18], the growth rate of branching of an NFA A is defined by the
formula B4(n) = max{Ba(x) | z € £"}, n € N. Here, instead of considering
the maximum branching of any string of a given length, we will consider the
minimum branching of strings which are of a specific length. The branching
defined in [4] is a max-min measure and we consider the min-min variant of the
measure. We define the growth rate of the minimum branching of an NFA A to
be

Wi () = min{f4(x) |z € "}, n€N.



3 Results

We study the growth rate of the minimum branching function. We show that the
minimum branching function of an NFA always is either bounded by a constant
or grows exponentially.

We begin by establishing some technical properties. The first observation is
that for every computation of an NFA containing a cycle S there is an equivalent
computation where the number of other cycles is limited by a constant. We
present this result more formally in the following lemma. By overlapping cycle
occurrences in a computation, we mean occurrences of two cycles that share at
least one transition.

Lemma 1 Let A be an NFA and consider a computation C of A that contains
a cycle S of length k. The computation C has an equivalent computation C’
containing the cycle S such that every other cycle, not overlapping with S,
contained in the computation C appears at most k — 1 times.

Proof. Let A=(Q,%,0,q, F) be an NFA and C a computation containing a
cycle S of length k. Consider a cycle S’, disjoint from the cycle S, appearing k
times in the computation C. We can then omit the k repetitions of the cycle S’
and replace it with |S’| repetitions of the cycle S. After this substitution, the
resulting computation is equivalent with the computation C.

Continuing similarly for all the cycles appearing in the computation C, we
end up with a computation C’, equivalent with the computation C, such that
every cycle different from the cycle S appears at most kK — 1 times. H

The idea of Lemma 1 can be generalized to limit the number of occurrences
of all states that are outside the part of the computation that repeats a given
cycle.

Lemma 2 Let A be an NFA and let C be a computation of A that passes through
a cycle S of length k. Then the computation C' has an equivalent computation
C" with a subcomputation C.,, consisting of consequtive repetitions of the cycle
S and every state of A appearing in C' and not in the subcomputation C.
appears at most 2k times.

Proof. Let A= (Q,%,d,q0,F) be an NFA and C a computation containing a
cycle S of length k. Choose one occurrence S of the cycle S in the computation
C. If S occurs more than one time in C, S can be chosen arbitrarily.

Consider an occurence of a state ¢ appearing in C' but not in the cycle
occurence S, Let us assume that the state ¢ appears at least 2k + 1 times
in the computation outside of S(). Let p; be the corresponding position of the
i-th occurrence of the state ¢, for i =1,...,2k + 1.

Since ¢ is outside of SM), at least k + 1 of the positions p; must either (i)
occur before S or (ii) occur after S™). In the following we assume that (i)
holds, the other case is completely symmetric.



Let d; be the length of the computation until the i-th occurrence of the state
q in the computation C, for 1 < i < k + 1. Two of the values d;, 1 <i < k + 1,
must be in the same congruence class modulo k. Let p;, and p;, be these
two positions. We argue now that the steps of the computation C' between
the positions p;, and pj;, can be shifted into the cycle occurrence S in the
computation C'. We can do this since the number of steps between the positions
pj, and pj, is a multiple of k. Let the number of these steps be k- m for
a positive integer m. Now, we replace the states appearing between the jith
occurrence of ¢ and the jath occurrence of ¢ of the computation C with just
the state g, including the two appearances of the state g at the positions p;,
and pj,. Let C; be the resulting computation. The computation C; has an
underlying string w; which we get by deleting the substring which takes the
computation C' from state ¢ at the position p;, to state g at the position pj,.
Now we modify the computation C; by adding after the cycle occurrence S
a further m copies of the underlying string of the cycle S. Note that C; is
obtained from C' be deleting a subcomputation from ¢ to ¢ preceding S and
the occurrence S determines an occurence of the cycle S also in C;. Now
in the resulting computation Cy, directly after S(!) the automaton is made to
go through the cycle S an additional m times. This means that the underlying
string of Cy is z;u™%'zy, where w; = zjuz;. The computation Cy has the
same length as C, they both start and finish at the same states, and thus Cy
is equivalent to C7. The computation Cs has fewer appearances of the state g
outside the repeated occurrences of the cycle S than the computation C'.

Continuing in the same way for all the states of A appearing in the compu-
tation C' but not in the cycle S, we end up with a computation C’, equivalent
to the original computation C' such that every state not in the repetition of the
cycle S appears at most 2k times. W

Applying Lemma 2 to the NFA of Figure 1, we have that for every com-
putation C' that passes through the cycle (g3, a,q4)(qa,b,q5)(g5,a,q3) there is
an equivalent computation C’ where the states ¢; and go appear at most 6
times each. Similarly, for every computation that passes through the cycle
(q1,6,42)(ga2,b,q1) there is an equivalent computation where the states g3, qu,
and g5 appear at most 4 times each. Naturally for the very simple NFA of
Figure 1 the bounds are not optimal and better bounds could be obtained by
an ad hoc argument.

We will use the previous lemmas to establish properties of the growth rate
of the minimum branching measure. The result of the next lemma shows that
the branching of a computation that passes through a deterministic cycle has
an equivalent computation with constant branching where the constant depends
only on the NFA.

Lemma 3 Let S be a deterministic cycle of length k of an NFA A with n states,
k <n. Then every computation C of the NFA A that passes through the cycle
S has an equivalent computation C' with branching at most n?*™.

Proof. From Lemma 2, every computation C' that passes through the cycle S



has an equivalent computation C” such that every state of the computation C
not inside the repetition of the cycle S appears at most 2k times. Since S is
a deterministic cycle, C' can have nondeterministic steps only outside S. Let d
be the maximum branching of any transition of A. Then the branching of the
computation C’ is at most d?*™ which is a value that depends only on the NFA
A. The claim follows sinced < k<n. H

From Lemma 3 it follows that if an NFA has the property that any suffi-
ciently long input can be accepted with a computation that passes through a
deterministic cycle, then the NFA has finite minimum branching.

Theorem 1 Let ¢c; € N be a constant and let A be an NFA such that for every
input x € L(A) with |x| > c1, there is an accepting computation of the input
passing through a deterministic cycle. Then the branching of A must be bounded.

Proof. Let d be the maximum branching of a transition of A. For every input
x where |z| < ¢, we have that the the value 84 (x) is at most d®l < d =1,

Let x € L(A) be a string where |z| > ¢;. From the assumption of the
theorem, we have that A has an accepting computation C on the string x which
passes through a deterministic cycle S. Without loss of generality the length
of the cycle S can be chosen to be at most the number of states of A. From
Lemma 3 we know then that the number 871" (z) is upper bounded by the value
size(A)2512¢(4)” that depends only on the NFA A. M

The condition of Theorem 1 is sufficient for an NFA to have finite minimum
branching; however, it is not necessary. At least in principle, there could be
NFAs which have finite branching but accepting computations on arbitrarily
long inputs need not pass through a deterministic cycle. We will try to give a
necessary and sufficient condition for the minimum branching of an NFA to be
bounded by a constant. First we observe a corollary of the proof of Lemma 2.

Corollary 1 For an NFA A, there is a constant cy that depends only on A such
that the following holds. For every computation C of the NFA A there is a cycle
S and there is a computation C' equivalent to C such that the total number of
state occurrences of C' outside repeated occurrences of the cycle S is at most cy.

Proof. For every computation C' of the NFA A, which is greater in length
than size(A), the computation C' must pass through a cycle and we can choose
the length of the cycle to be at most size(A). From the proof of Lemma 2, for
every cycle S there is a constant ¢’ such that every computation C' which passes
through the cycle S has an equivalent computation C’ with the number of state
occurences of C’ outside repeated occurrences of the cycle S at most ¢/. B

Now we are ready to characterize conditions for when the growth rate of
minimum branching of an NFA is bounded or not. Note that in the below
theorem we do not require that computations C' and C’ are equivalent, but
instead require only that they have the same length and both end in an accepting
state.



Theorem 2 The growth rate of minimum branching of an NFA A is bounded
by a constant if and only if there exists by € N such that for every accepting
computation C' with length greater than by there exists an accepting computation
C" with same length as C such that C' passes through a deterministic cycle.

Proof. Let n be the number of states of A. From Corollary 1 we know that there
is a constant ¢y such that for every computation C of A there is an equivalent
computation C’ that has a cycle S and the number of state occurrences in C’
outside the cycle S is at most ¢y. The branching of computations of length at
most ¢ is clearly bounded by a constant.

For an accepting computation C' with length greater than ¢y, we have two
different possibilities. The first and simple case is when the computation C
passes through a deterministic cycle, or there exists another accepting compu-
tation of same length as C that passes through a deterministic cycle. Then,
by Lemma 3, C has an equivalent computation with branching upper bounded
by a constant. (As the constant we can choose n2m™ because the length of the
deterministic cycle can be chosen to be at most n.)

The other case is when no computation with the same length as C passes
through a deterministic cycle. Note that in every n steps the computation C
(or a computation having the same length as C') must pass through a cycle and,
hence, there must be a nondeterministic choice because the computation does
not go through a deterministic cycle. Thus, in this case, the minimum branch-
ing of A on strings of length |C| has to be greater than 2%, ie., Ba(C) > 2'%.
If the accepting computation C' is the longest computation with the properties
that it does not pass through a deterministic cycle and every accepting com-
putation C’ with |C| = |C’| does not pass through a deterministic cycle either,
then, for every computation C” with |C”| > |C| a computation with the same
length as C” passes through a deterministic cycle and the growth rate of the
minimum branching of A is bounded. If there is no upper bound for the length
of computations with the above properties, then we have that the growth rate
of minimum branching of A is not bounded by a constant.

|

Theorem 2 gives sufficient and necessary conditions for when the growth
rate of minimum branching is bounded. In the following theorem, we give an
explicit lower bound for the minimum branching of an NFA that has unbounded
minimum branching.

Theorem 3 Let A be an NFA with n states. Then either the minimum branch-
ing of the NFA A is bounded by a constant, or there is a constant cy such that
for every integer h > cq there is an integer h < m < h + eV2™1o8" gych that

B (m) > 2L

Proof. From Theorem 2, we have that if the branching of the NFA A is
bounded, then there is a constant by such that for every string x accepted by



A, with |z| > bg, there is an accepting computation of length |z| which passes
through a deterministic cycle.

In the opposite case, when the branching of the NFA A is not bounded,
there is no such constant. This means that there are infinitely many strings
x € L(A) of different lengths and any accepting computation with length |z|
does not pass through a deterministic cycle. Let ¢y be the the constant that we
have from Corollary 1.

Let C7 be an accepting computation that is of length greater than ¢y and
no accepting computation of same length as C; goes through a deterministic
cycle. The computation C has length of the form ¢y + r + z - k, such that k&
is the length of a cycle that this computation passes through, r is an integer
with 0 < r < k, and z is a positive integer. Note here that we could replace the
positive integer z with any other integer y > z and there is another accepting
computation with length of the form ¢y +r +y - k. Also note that the length of
the computation C; could also have the form cq+ 7'+ 2’ - k/, for any other cycle
of length &’ that the computation C; passes through, with 0 <7/ < k' and 2’ a
positive integer.

Since no computation equivalent to C passes through a deterministic cycle,
the minimum branching of A on inputs of length |C4]| has to be at least 2l ‘CnllJ,
since for every n steps of a computation there must be a cycle and, hence, a
nondeterministic choice.

In cases when the minimum branching of A is unbounded, A must have
accepting computations of length ¢y +r+m -k, for some integers 0 < r < k and
m, where k is the length of some cycle of the NFA A. Consider now all cycles of
the NFA A and let N be the least common multiple of the lengths of all these
cycles. Since the size of the NFA A is n, from Landau’s function [15] we know

that N < eV+e)nlogn  Hence, the length of every accepting computation
is of the form co + o + m - N, for positive integers m and 0 < rg < N.

If we now assume that the minimum branching of the NFA A is not bounded
by a constant, there are infinitely many inputs = € L(A), with |z| > ¢, such
that no accepting computation of A of length |z| passes through a deterministic
cycle. The length of these computations is of the form co 4+ ro + m - N, for
positive integers m and 0 < ry < N. We have that for every positive integer ¢
there is an accepting computation C; with length ¢y + 79 + ¢t - N. Since, there
is no accepting computation C’ such that |C'| = |C| and the computation C’
passes through a deterministic cycle, no accepting computation of the NFA A
which has length |C;|, passes through a deterministic cycle. Then, for every
such computation C; we have that the minimum branching of A on inputs of

length |Cy| is at least ol m

We can now summarize the characterization of possible growth rates of mini-
mum brancing in the following corollary. The growth rate of minimum branching
of an NFA can only be bounded by a constant or it grows exponentially.

Corollary 2 The growth rate of minimum branching of an NFA A is either
bounded by a constant or S (m) = 2™,
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Proof. Let n be the number of states of A. From Theorem 3, we know
that either the minimum branching of an NFA is bounded by a constant or
there is a constant ¢y such that for every integer h > ¢y there is m € N,
h <m < h+eY2™1o8" guch that f3(m) > 2l%). =

1
Recall that there exist NFAs with branching growth rate 2°9("*) for any
constant k € N [5]. Corollary 2 implies that this is not possible for the growth
rate of minimum branching.

4 Conclusion

Motivated by much recent work on limited nondeterminism of finite automata,
we came to the problem of determining the possible growth rates of the branch-
ing of an NFA. The growth rates of the other common measures of nondetermin-
ism (advice, ambiguity, tree width, and trace) have already been characterized
in the literature. However, determining the possible growth rates of the branch-
ing measure still remains an open problem. In this paper, we tried to make
a step towards solving this problem by considering a closely related measure,
the minimum-branching, and by studying its possible growth rates. We showed
that the growth rate of the minimum branching of any NFA is either bounded
by a constant or is of order 29("™) for strings of length m.
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