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Abstract 

One of the great fascinations chemical engineers have with polymeric liquids is their 

curious behaviour when confined. In this thesis, we use macromolecular theory that 

relies entirely on flow orientation to explain the rheology of polymeric liquids in 

confinement. Specifically, we use rigid dumbbell theory to explain the curious effects of 

polymer confinement: (a) diminishing complex viscosity, and (b) emigration from high-

shear.  

Whereas much is known about the complex viscosity of polymeric liquids, far less is 

understood about the behaviour of this material function when macromolecules are 

confined. By confined, we mean that the gap along the velocity gradient is small enough 

to reorient the polymers. In the first part of this thesis, we examine classical analytical 

solutions for a confined rigid dumbbell suspension in small-amplitude oscillatory shear 

flow. We test these analytical solutions against the measured effects of confinement on 

both parts of the complex viscosity of a Carbopol suspension and three polystyrene 

solutions.  

Microfluidic design, fabrication and experiments have developed rapidly, leading to 

lab-on-chip separation or fractionation. In the second part of this thesis, we design a 

continuous concentrator for macromolecular solutions. Our design relies on the 

analytical solutions for orientational diffusion under laminar pressure-driven slot flow 

through a microchannel. Using rigid dumbbell theory, we provide analytical solutions 

for the design of our microfluidic macromolecular hydrodynamic chromatography. We 

arrive at our design through the use of well-known confinement-driven composition 

profiles. Using a pair of razor-sharp blades, our design separates the slot flow into a 

symmetric core inner slot (concentrated) between two outer slots (diluted). We discover 

a minimum dimensionless blade leading edge separation for complete fractionation, 
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and that this decreases with confinement, and also decreases with dimensionless shear 

rate.  

In the last part of this thesis, using our earlier analytical rigid dumbbell theory for 

orientational diffusion under laminar pressure-driven slot flow through a 

microchannel, we design and fabricate a passive, continuous microfluidic separator. By 

passive, we mean channel geometry or particle inertia control the migration inside the 

microchannels. We designed and fabricated (soft lithography) slot-flow and square duct 

straight microfluidic channels with one inlet and three outlets. 
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Chapter 1: Introduction 
 

The greatest fascinations of chemical engineers with polymeric liquids are their 

curious behaviours when confined [1,2]. In this thesis, we use macromolecular theory, 

relying entirely on flow orientation, to explain the intriguing rheology of confined 

polymeric liquids (Chapter 2). Specifically, we use rigid dumbbell theory to explain the 

curious effects of polymer confinement: (a) diminishing complex viscosity (Chapter 2; 

[3]), and (b) emigration from high-shear (Chapter 3; [4,5]). From the latter, we arrive at 

the first completed fabrications of two confinement microfluidic separators (Chapter 4). 

Table 3 classifies chronologically (with citations) the developing literature on 

polymer migration in microfluidics. Table 3 illustrates the novelty of each chapter (𝑒𝑥 – 

Chapter 2; 𝑑 – Chapter 3, 𝑓 – for Chapter 4). The “Confinement Flow Type” column 

distinguishes concentration profiles arising in homogeneous or heterogeneous flow 

fields. By homogeneous, we mean constant shear rate through the gap. By heterogeneous, 

we mean otherwise.  

Whereas much is known about the complex viscosity of polymeric liquids, far less is 

understood about the behaviour of this material function when macromolecules are 

confined. By confined, we mean that the gap along the velocity gradient is small enough 

to reorient the polymers. In the first part of this thesis, we examine classical analytical 

solutions [1] for a confined rigid dumbbell suspension in small-amplitude oscillatory 

shear flow. These analytical solutions are solutions to the diffusion equation [Eq. (15) of 

[6]; Eq. (10)] for a rigid dumbbell suspension subject to planar polymer orientation at 

the wall [Eq. (2) of [6]; Eq. (2) of [2]; Eqs. (11) and (12)] in oscillatory shear flow. The 

rigid dumbbell suspension is the simplest relevant model of a macromolecule whose 

reorientation is resisted by hydrodynamics. The rigid dumbbell has both length (center-
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to-center distance, 𝐿) and width (bead diameter, 𝑑), where 𝐿 ≥ 𝑑. The beads are rigidly 

separated. We illustrate this with a dimensionless, massless rod, but the hydrodynamic 

resistance is captured by Stokes flow around the two dumbbell beads alone. The second 

dumbbell bead confers its orientation, since a single bead has none. We test these 

analytical solutions against the measured effects of confinement on both parts of the 

complex viscosity of a carbopol suspension (Figure 5 through Figure 8) and three 

polystyrene solutions (Figure 9, Figure 10, and Figure 11).  

Microfluidic design, fabrication and experiments have developed rapidly, leading to 

lab-on-chip separation or fractionation [7,8]. In Chapter 3 of this thesis, we design a 

continuous concentrator for macromolecular solutions. Our design relies on the 

analytical solutions for orientational diffusion under laminar pressure-driven slot flow 

through a microchannel [5]. Using rigid dumbbell theory, we exploit prior theory [1] to 

arrive at new analytical solutions for the design of our microfluidic macromolecular 

hydrodynamic chromatography (Section 3.1 of Chapter 3). We arrive at our design 

through the use of well-known confinement-driven composition profiles [Eq. (42)]. 

Using a pair of razor-sharp blades, our design separates the slot flow into a symmetric 

core inner slot (concentrated) between two outer slots (diluted). We discover a 

minimum dimensionless blade leading edge separation for complete fractionation [Eq. 

(63) with Eqs. (44) and (62)], and that this decreases with confinement (Figure 14, Figure 

15, and Figure 16), and also decreases with dimensionless shear rate. 

Though much is known about particle sorting within microfluidic separators [7,9], 

far less is understood for polymer solutions. In Chapter 4, we design and fabricate two 

passive, continuous microfluidic separators. We do so using our earlier analytical rigid 

dumbbell theory for orientational diffusion under laminar pressure-driven slot flow 



 3 

through a microchannel [5]. By passive, we mean channel geometry or particle inertia 

control the migration inside the microchannels [10]. We designed and fabricated (soft 

lithography) slot-flow (1,500 μm deep x 300 μm; Figure 19) and square duct (300 μm 

deep x 300 μm; Figure 20) straight microfluidic channels with one inlet and three 

outlets. We leave the measurements of the complex viscosity of this particular dilute 

polystyrene inlet solution and its concentrations at the three outlets for another day.  

Our work on rigid dumbbell suspensions distinguishes itself from the more general 

rigid bead-rod theory (also called rotarance theory) [11,12,13,14,15] which would afford 

the exploration of the effects of macromolecular architecture on confinement. To our 

knowledge, nothing is known about the effects of macromolecular architecture on 

confinement. For this, we would begin by generalizing the foundational work on rigid 

dumbbells in confinement [1,5] to general rigid bead-rod theory. 

Our work on rigid dumbbell suspensions confines itself to dilute systems. By dilute, 

we mean that the interactions between macromolecules are negligible relative to the 

hydrodynamic resistance to reorientation. Our use of the term dilute does not ensnare 

any other additional meaning (Chapter 9 of [16]). 

Our work on rigid dumbbell suspensions further confines itself to systems where the 

interferences between the two Stokes flows are negligible relative to each Stokes flow 

itself. These interferences are called intramolecular hydrodynamic interactions, and these 

matter wherever 𝐿 approaches 𝑑 [17,18,19,20,21].  

Although our work is mainly driven by curiosity, its applications have not escaped 

our attention (Chapter 4). The migration of polymer away from the walls is known to 

produce die lip buildup (also called die drool) in plastics extrusion [22,23,24,25,26,27]. 
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The usefulness of the results of Chapter 3 for predicting die lip buildup in polymer 

extrusion is left for another day. 
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1.1. Timeline 

For historical completeness, we diagram the timeline for this thesis research, updated 

from its plan (see Figure 13 of [28]). In pink, we highlight the research published 

extracurricular to this thesis [29,30,31,32]. 
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Figure 1: Timeline and progress for completion of PhD thesis and degree requirements.   
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1.2. Organization 

We began by publishing substantially the contents of Chapter 2, and then of Chapter 

3. Chapter 4 exploits the teachings of Chapter 3 to arrive at the completed fabrications 

of our two microfluidic concentrators. The subhead to this Introduction transports the 

reader into the confined flows by tying these chapters together (see Contents).  

1.3. Objectives 

In this work, we explore the (i) complex viscosity of polymer solutions in 

confinement in small-amplitude oscillatory shear flow (Chapter 2), and (ii) the lateral 

migration of these polymers in solution within microchannels (Chapters 3 and 4). For 

romanette (ii), we exploit the analytical solutions predicted by confined rigid dumbbell 

theory ([5]; Chapter 3). By confined rigid dumbbell theory, we at least mean to include 

complex viscosity of polymer solutions in microchannels (Chapter 2), concentration 

gradients of these polymer solutions across the microchannel (Chapter 3), and design 

and fabrication of these microfluidic devices (Chapter 4).  

We establish a new subdiscipline of polymer migration from rigid dumbbell theory, 

which we call rigid dumbbell migration, and we apply this to polymer solutions. This 

work has resulted in 2 journal publications [3,4]. 

1.4. Contribution to Knowledge 

We discover that (i) rigid dumbbell theory predicts confinement behaviours of 

polymer solutions (see Section 2.2.2; Figure 9, Figure 10, and Figure 11). We thus 

connect microfluidic confinement to the transport properties of polymer solutions.  

We further discover (ii) that the persistence length of polymer orientation does not 

depend on concentration (Table 4).  
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We discover (iii) analytical solutions for microfluidic macromolecular separation 

(Chapter 3), where fractionation depends on channel gap and on the Weissenberg 

number for dilute polymer solutions.  

Moreover, we discover that (iv) separation in polymer solution relying solely on 

orientational diffusion, lends itself to simple microfluidic designs (channel geometries) 

without the use of external forces (Chapter 4). 
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Table 3: Literature on polymer separation due to migration in microfluidics. Legend: 𝑎 – 
analytical, 𝑑 – design, 𝑛 – numerical, 𝑠 – simulation, 𝑒𝑥 – experimental, 𝑓 – fabrication, 
𝑃𝑆 – polymer solution, 𝑝 – particles 
 

Chapter  Method 
Confinement 

Flow Type 
Fluid Type Reference 

 
Stasiak and 

Cohen (1983) 
𝑎 Heterogeneous 𝑃𝑆 [5] 

 
Park and Fuller 

(1985) 
𝑎 Homogeneous 𝑃𝑆 [1] 

 
Jendrejack et al. 

(2004) 
𝑠 Heterogeneous 𝑃𝑆 [33] 

 Graham (2011) 𝑒𝑥, 𝑠 Heterogeneous 𝑃𝑆 [34] 

 
Sajeesh et al. 

(2013) 
𝑒𝑥 Heterogeneous 𝑝 [7] 

 Rems et al. (2016) 𝑒𝑥, 𝑠 Heterogeneous 𝑃𝑆, 𝑝 [35] 

 Alicia et al. (2017) 𝑛, 𝑒𝑥, 𝑠 Heterogeneous 𝑝 [36] 

2 
Coombs et al. 

(2021) 
𝑎, 𝑒𝑥 Homogeneous 𝑃𝑆 [3] 

3 
Coombs et al. 

(2022) 
𝑎, 𝑑 Heterogeneous 𝑃𝑆 [4] 

4 Coombs (2023) 𝑒𝑥, 𝑓 Heterogeneous 𝑃𝑆  
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Chapter 2: Confinement and Complex Viscosity 
 
Reproduced from Coombs, S.J., R. Pasquino and A.J. Giacomin, “Confinement and 
Complex Viscosity,” Physics of Fluids, 33(4), 053104 (2021), pp. 1-7.  Special 
Collection: Celebration of Robert Byron Bird (1924-2020).  Editor’s pick [3], with the 
permission of AIP Publishing. 
 

One good way of explaining the elastic properties of liquids in the bulk is by 

considering their orientation distributions under flow [37,38,39,40]. Integrating these 

distributions in phase space yields the rheological properties (Section IX. of [6,41]). 

When the macromolecule is replaced by identical spheres of fixed center-to-center 

separation, 𝐿, we call its replacement a rigid dumbbell. We choose the rigid dumbbell 

suspension because it is the simplest relevant model macromolecule. By relevant, we 

mean that, at least qualitatively, it captures the observed behaviours for the most 

measured viscoelastic material functions [42,43].  

In small-amplitude oscillatory shear flow, we subject the elastic liquid to the 

homogeneous cosinusoidal velocity gradient: 

𝑣1(𝑧, 𝑡) = 𝑣/
𝑧
𝐵 cos𝜔𝑡 

(1) 

and thus a homogeneous cosinusoidal shear rate in simple shear flow (Eq. (26) of [44]): 

𝛾̇ =
𝑣/
𝐵 ≡ 𝛾̇/ cos𝜔𝑡 (2) 

which nondimensionalizes as (Eq. (27) of [44]): 

𝜆𝛾̇ ≡ 𝜆𝛾̇/ cos 𝜆𝜔(𝑡 𝜆⁄ ) (3) 

where 𝜆 is the fluid relaxation time, and where all symbols, dimensional and 

dimensionless are defined in Table 1 and Table 2. By small-amplitude, we normally mean 

(Eq. (29) of [44]): 

𝜆𝛾̇/ < 1 (4) 

or its companion, from rigid dumbbell theory: 
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𝜆𝛾̇/ ≪
1

12√2
 (5) 

We then measure the single-harmonic shear stress response (Eq. 4.4-3 of [45]): 

𝜏#"(𝑡)
𝛾̇/ ≡ [𝜂*(𝜔) + 𝜂(]cos𝜔𝑡 + 𝜂**(𝜔)sin𝜔𝑡 (6) 

where we define the complex viscosity as [46,47,48]: 

𝜂∗ ≡ 𝜂* − 𝑖𝜂** (7) 

where 𝜂* is the real part, and 𝜂**, minus the imaginary. When the polymeric liquid 

touches the wall the macromolecules near the wall reorient (see Figure 2). So long as the 

gap is large, 𝐵 ≫ 𝐿', the measured 𝜂∗ will be its bulk value and will just depend upon 

𝜔, and its orientation distribution will satisfy the diffusion equation (Eq. (15) of [6]): 

6𝜆
𝜕𝜓
𝜕𝑡 = Λ𝜓 − 6𝜆𝛾̇/ cos 𝜆𝜔(𝑡 𝜆⁄ )Ω𝜓 (8) 

However, if the gap is not large, then 𝜂∗ will depend upon both 𝜔 and the 

macromolecular confinement [5]: 

𝜀6 ≡
𝐿'
𝐵  (9) 

and the orientation distribution will depend on 𝑧 and depart from Eq. (8) as follows 

(combining Eq. (8) with Eq. (1) of [2]): 

6𝜆
𝜕𝜓
𝜕𝑡 = Λ𝜓 − 6𝜆𝛾̇/ cos 𝜆𝜔(𝑡 𝜆⁄ )Ω𝜓 − "

8
𝜀6#
𝜕#𝜓
𝜕𝑧#  (10) 

where (Eq. (2) of [6]): 

−
1

sin 𝜃
𝜕𝜓
𝜕𝜃 ± 𝜀6

𝜕𝜓
𝜕𝑧 = 0 (11) 

at (Eq. (2) of [2]): 



 11 

𝑧 = "
#
�1 ± 𝜀6 cos 𝜃� (12) 

Eqs. (10) through (12) thus define how confinement affects macromolecular orientation 

in small-amplitude oscillatory shear flow of rigid dumbbell suspensions. Whereas in Eq. 

(9), Park and Fuller interpret the persistence length of macromolecular confinement, 𝐿', 

as 𝐿 (after Eq. (3) of [2]), Stasiak and Cohen interpret 𝐿' as 2𝜆𝛾̇/𝐿 [5] (Chapter 3). In this 

paper, we shall measure 𝐿'. 

The well-known expressions for the parts of the bulk complex viscosity are (Eq. (8) of 

[6]): 

𝜂*(𝜔) − 𝜂(
𝑛𝑘𝑇𝜆 = 1 −

3
5

(𝜆𝜔)#

1 + (𝜆𝜔)# =
1

1 + (𝜆𝜔)# �1 +
2
5
(𝜆𝜔)#� (13) 

and: 

𝜂**(𝜔)
𝑛𝑘𝑇𝜆 =

3𝜆𝜔
5(1 + (𝜆𝜔)#) 

(14) 

where, in the limits as 𝜆𝜔 → 0, we get: 

𝜂/ − 𝜂(
𝑛𝑘𝑇𝜆 = 1 (15) 

and: 

𝜂/**

𝑛𝑘𝑇𝜆 = 0 (16) 

where, in the limits as 𝜆𝜔 → ∞, we get: 

𝜂3 − 𝜂(
𝑛𝑘𝑇𝜆 =

2
5 (17) 

and: 

𝜂3**

𝑛𝑘𝑇𝜆 = 0 (18) 

and, for the rigid dumbbell (Eq. (6) of [6]): 
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𝜆 ≡
𝜉𝐿#

12𝑘𝑇 ≡
𝜋𝑑𝜂(𝐿#

4𝑘𝑇  (19) 

which is well-known. For an osculated dumbbell: 

𝜆 ≡
𝜉𝐿#

12𝑘𝑇 ≡
𝜋𝜂(𝐿&

4𝑘𝑇  (20) 

so that: 

𝐿 = �
4𝑘𝑇𝜆
𝜋𝜂(

!
 (21) 

which we will use below. 

One of the great challenges in microfluidics is understanding the fluid microstructure 

near its confining walls [49,50,51]. To deepen this understanding experimentally we 

turn to thin-film rheology, where rheological material functions are measured as 

functions of confinement (by varying the gap). In this research, we turn our attention 

specifically to the complex viscosity measured as a function of confinement [52,1]. 

2.1. Confinement Method 

As the gap decreases, and thus the macromolecular confinement increases, the wall 

reorientations begin to decrease the measured value of 𝜂* by an amount that depends 

on the confinement. For the rigid dumbbell suspension, the well-known results for the 

parts of the confined complex viscosity for small confinement, when 0 ≤ 𝜀6 ≤ 1 (Eqs. (2-

57a) and (2-57b) of [52]):  

𝜂*�𝜔, 𝜀6� − 𝜂(
𝑛𝑘𝑇𝜆 =

1
1 + (𝜆𝜔)# �

1 − 𝜀6
1 −

𝜀6
2
�1 +

2
5
(𝜆𝜔)#� +

𝜀6
2

1 −
𝜀6
2
�
1
2 +

1
20
(𝜆𝜔)#�� (22) 

and: 
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𝜂**�𝜔, 𝜀6�
𝑛𝑘𝑇𝜆 =

3𝜆𝜔
5(1 + (𝜆𝜔)#) �

1 −
5𝜀6
8

1 −
𝜀6
2
� (23) 

which expand as: 

𝜂*�𝜔, 𝜀6� − 𝜂(
𝑛𝑘𝑇𝜆 =

1
1 + (𝜆𝜔)# �1 −

𝜀6
4 +

11𝜀6#

40 −
19𝜀6&

80 −⋯� (24) 

and: 

𝜂**�𝜔, 𝜀6�
𝑛𝑘𝑇𝜆 =

3𝜆𝜔
5(1 + (𝜆𝜔)#) �1 −

𝜀6
8 −

𝜀6#

16 −
𝜀6&

32 −⋯� (25) 

where, in the limits as 𝜆𝜔 → 0, we get: 

𝜂/ − 𝜂(
𝑛𝑘𝑇𝜆 =

1 −
3𝜀6
4

1 −
𝜀6
2
= 1 −

𝜀6
4 �1 −

𝜀6
2�

= 1 −
1
4 𝜀6 −

1
8 𝜀6

# −⋯ (26) 

and: 

𝜂/**

𝑛𝑘𝑇𝜆 = 0 (27) 

from which we learn that the zero-shear value of 𝜂** is unaffected by confinement. From 

Eqs. (22) and (23), we learn that rigid dumbbell confinement theory predicts the fitted 

value of 𝐿' to be independent of both 𝜆𝜔 and 𝜆𝛾̇/. From Eq. (26), we learn that the 

polymer contribution to the zero-shear viscosity descends with confinement, and that as 

confinement decreases, its unconfined value is not approached asymptotically. Eq. (26) 

agrees with Eq. (25) of [1] for its special case of zero-shear, where 𝑓(𝑡) = (1; 𝑡) = 1, as it 

must. Eq. (26) also agrees with Eq. (25b) of [2], and with Eq. (38a) of [2] for its special 

case of zero-shear, as it must. In the limit of vanishing confinement, as	𝜀6 → 0, Eqs. (22) 

and (23) reduce to the well-known expressions for the bulk complex viscosity, Eqs. (13) 

and (14), as they must. Further, in the limit of vanishing confinement, Eqs. (26) and (27) 
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reduce to the well-known expressions for the bulk zero-shear viscosity and 𝜂/**, Eqs. (15) 

and (16), as they must. 

For large confinement, when 𝜀6 ≥ 1 (Eqs. (2-58a) and (2-58b) of [52]): 

𝜂*�𝜔, 𝜀6� − 𝜂(
𝑛𝑘𝑇𝜆 =

1
1 + (𝜆𝜔)# �

1
2𝜀6#

+ �−
1
4𝜀6#

+
3

10𝜀68
� (𝜆𝜔)#� (28) 

and: 

𝜂**�𝜔, 𝜀6�
𝑛𝑘𝑇𝜆 =

3𝜆𝜔
5(1 + (𝜆𝜔)#) �

5
4𝜀6#

�1 −
2
5𝜀6#

�� (29) 

which are the counterparts to Eqs. (22) and (23). 

Nondimensionalizing and normalizing Eqs. (22) and (23) with Eq. (26) yields, for 0 ≤

𝜀6 ≤ 1: 

𝜂* − 𝜂(
𝜂/ − 𝜂(

=
�15𝜀6 − 16�(𝜆𝜔)# + 30𝜀6 − 40
�30𝜀6 − 40�(𝜆𝜔)# + 30𝜀6 − 40

=
�15𝜀6 − 16�(𝜆𝜔)# + 30𝜀6 − 40

30(1 + (𝜆𝜔)#) �𝜀6 −
4𝜀6
3 �

 (30) 

and: 

𝜂**

𝜂/ − 𝜂(
=

3𝜆𝜔
5(1 + (𝜆𝜔)#) �

1 −
5𝜀6
8

1 −
3𝜀6
4

� =
3𝜆𝜔�5𝜀6 − 8�

10(1 + (𝜆𝜔)#)�3𝜀6 − 4�
 (31) 

which, in the limit of vanishing confinement, give the bulk values: 

𝜂* − 𝜂(
𝜂/ − 𝜂(

=
1 + #

9(𝜆𝜔)
#

1 + (𝜆𝜔)#  (32) 

and: 

𝜂**

𝜂/ − 𝜂(
=
3
5

𝜆𝜔
(1 + (𝜆𝜔)#) 

(33) 
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whose counterparts are Eqs. (22) and (23). In this paper, we will use Eqs. (22) and (23) to 

deepen our understanding of confinement, and Eqs. (32) and (33) to compare with the 

available confined complex viscosity measurements. 

Examining Eq. (9), we see that experimental measurements of confinement can be 

arrived at by varying either the orientation persistence length, 𝐿' [53,54,55], or by 

varying the gap, 𝐵. However, increasing 𝐿' confounds increases in both bulk properties, 

𝜆 and 𝜂/, with confinement. For evaluating theory, such as Eqs. (22) and (23) [or their 

companions, Eqs. (30) and (31)] we thus much prefer varying the gap, 𝐵 (Fig. 9 of [56], 

Fig. 11 of [57]). 

2.2. Confinement Results 

Plotted from Eqs. (22) and (28), Figure 3 shows that, for a suspension of rigid 

dumbbells, confinement decreases the real part of the complex viscosity at all 

frequencies. From Eq. (23) and (29), Figure 4 shows likewise for minus the imaginary 

part. Examining the left side of Figure 3, we see that the zero-shear viscosity decreases 

with confinement, as Eq. (26) predicts. Examining Eq. (22), we see that we can measure 

the confinement persistence length 𝐿' by fitting Eq. (22) to 𝜂*�𝜔, 𝜀6� measurements. We 

shall do so presently.  

2.2.1. Worked Example: Carbopol 

We next test Eq. (22) against experimental measurements of 𝜂*�𝜔, 𝜀6� for a 

neutralized aqueous 0.15 weight percent Carbopol suspension at room temperature. 

Whereas Carbopol particles are less than 10 microns across (Fig. 12 of [57]), their much 

larger flocculated structure is the relevant orienting body causing the complex viscosity. 

Figure 5 (or on log scales, Figure 6) shows that for the flocculated Carbopol suspension, 
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rigid dumbbell theory describes adequately the real part of the complex viscosity 𝜆𝜔 <

5. Less adequately, as Figure 7 (or on log scales, Figure 8) shows, does rigid dumbbell 

theory describe minus the imaginary part of the complex viscosity. For the latter, we 

find qualitative agreement, but not quantitative. 

From the lower curve in Figure 5 we learn that Eq. (28) fits the confinement 

measurements for the value 𝜀6 = 0.60. From Eq. (9) we then discover that for the 

flocculated Carbopol structures, viewed through the lens of rigid dumbbell theory, 𝐿' =

0.60(145	𝜇m) = 87	𝜇m. 

2.2.2. Worked Example: Atactic Polystyrene 

Rheological experiments were performed at 𝑇 = 24℃ with the strain-controlled 

rheometer ARES (TA Instrument), using a 25mm parallel disk geometry, at variable 

gap. We characterized our nearly monodisperse atactic polystyrene, for which 𝑀. =

200,000	g/gmol [degree of polymerization 1921, 𝑐∗ ≅ 0.01	g/ml] and 𝑀. 𝑀-⁄ = 1.01, 

dissolved in diethylphthalate at three concentrations in small-amplitude oscillatory 

shear flow generated between parallel disks. This polystyrene has been studied 

previously [58], though not in solution. Since the entanglement molecular weight of 

polystyrene is 𝑀, = 18,100	g/gmol, each polystyrene chain is 11 entanglement lengths, 

that is, 𝑀. 𝑀,⁄ = 11. Table 4 lists the concentrations of the semi-dilute, threshold, and 

concentrated polystyrene solutions that we have studied. To define semi-dilute, threshold, 

and concentrated, we rely on Figure 1 of [59]. All complex viscosity measurements were 

made at a shear strain amplitude of 0.30, where 𝛾̇/ is evaluated at the disk rim, 

producing Weissenberg numbers in excess of those given by Eqs. (4) and (5) (see Table 

4). For all three polystyrene solutions of this subsection, no nonlinearity is observed up 
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to shear strain amplitudes of 0.50. The viscosity of diethylphthalate at 𝑇 = 24℃ is 𝜂( =

0.086	Pa	s [60].  

In Section 2.2.1., we began with a set of 𝜂*�𝜔, 𝜀6� curves, then fitted 𝜆 and 𝜂/ of Eq. 

(13) to the measured bulk 𝜂*(𝜔, 0) curve. By contrast, for the atactic polystyrene solution 

examples to follow, we proceed from the complex viscosity measured at a single 

frequency, as a function of confinement, 𝜂*�𝜔) , 𝜀6�. Evaluating Eq. (24) at zero 

confinement yields, from the intercept, the quadratic: 

(𝜆𝜔))# −
𝑛𝑘𝑇

�𝜂*�𝜔) , 𝜀6� − 𝜂(�𝜔)
𝜆𝜔) + 1 = 0 (34) 

so that: 

𝜆𝜔) =
𝛽 ± �𝛽# − 4

2  (35) 

where: 

𝛽 ≡
𝑛𝑘𝑇

�𝜂*�𝜔) , 𝜀6� − 𝜂(�𝜔)
 (36) 

yielding: 

𝜆𝜔) =
1
2

𝑛𝑘𝑇
�𝜂*�𝜔) , 𝜀6� − 𝜂(�𝜔)

−
1
2
��

𝑛𝑘𝑇
�𝜂*�𝜔) , 𝜀6� − 𝜂(�𝜔)

�
#

− 4 (37) 

which we will use to get 𝜆 for each solution, and then fit 𝐿' to the measured 𝜂*�𝜔) , 𝜀6� 

curve for each solution. 

We next proceed with our new complex viscosity confinement measurements on 

three concentrations of the atactic polystyrene solution, chosen for their three different 

states of entanglement: semi-dilute (𝑐𝑀. 𝑐∗⁄ = 10 × 10: 	g L⁄ ), threshold (𝑐𝑀. 𝑐∗⁄ =

20 × 10: 	g L⁄ ), and concentrated (𝑐𝑀. 𝑐∗⁄ = 30 × 10: 	g L⁄ ). For the semi-dilute solution, 



 18 

Figure 9 compares rigid dumbbell confinement theory, Eq. (22), with the measured real 

part of the complex viscosity versus dimensionless confinement. We find good 

agreement in that (1) 𝜂* descends with 𝜀6, and (2) that the initial slope is nonzero, 

negative, and specifically: 

𝑑𝜂*

𝑑𝜀6
�
;"→/

≅ −
1
4 (38) 

that is, the coefficient of the first order term in the expansion, Eq. (24). For the threshold 

solution, Figure 10 compares the confinement theory, Eq. (22), with the measurements. 

We again find good agreement: (1) 𝜂* descends with 𝜀, and (2) Eq. (38) is confirmed. For 

the concentrated solution, Figure 11 tests confinement theory, Eq. (22), against the 

measurements. Again, for the concentrated solution, (1) 𝜂* descends with 𝜀6, and (2) Eq. 

(38) is confirmed. 

Table 4 lists the fitted values of 𝜆, 𝜂/, and 𝐿' for the three polystyrene solutions of 

this subsection. Both 𝜆 and 𝜂/ increase with concentration. From Table 4, we find that 

the fitted orientation persistence length, 𝐿', does not depend on concentration. This 

suggests that the interactions between neighbouring macromolecules hardly matter 

compared to the hydrodynamic resistance to the reorientation (see Subhead to 

Introduction). We find the 𝐿' fitted to the confinement experiments to be much larger 

than the rigid polystyrene chain contour length (𝐿) = 860	nm): 

𝐿'
𝐿)
≅ 150 (39) 

The value of 𝐿' fitted to the confinement experiments for the polystyrene solutions of 

0.13	mm is not too far from the value fitted for the carbopol suspension of 0.087	mm (of 



 19 

Section 2.2.1 above). From Table 4, we also find that the center-to-center dumbbell 

length, 𝐿, calculated from Eq. (21) increases with concentration. 

For the semi-dilute and threshold polystyrene solutions, we find that: 

𝜂**�𝜔) , 𝜀6�
𝜂*�𝜔) , 𝜀6�

≪ 1 (40) 

Our measurements thus produced no useful tests of Eq. (23). However, Eq. (40) was not 

obtained for our concentrated polystyrene solution measurements. Figure 12 tests Eq. 

(23) for the effect of confinement on the fluid elasticity against our concentrated 

polystyrene solution measurements. We find good agreement in that (1) 𝜂** descends 

with 𝜀, and (2) that the initial slope is nonzero, negative, and specifically: 

𝑑𝜂**

𝑑𝜀6
�
;"→/

≅ −
1
8 (41) 

that is, the coefficient of the first order term in the expansion, Eq. (25). However, as was 

the case for the Carbopol agglomerate suspension (Section 2.2.1 above), Eq. (23) 

overpredicts 𝜂**, in this case, by a factor of 2. 

Rigid dumbbell confinement theory, Eqs. (22) and (23), predicts the fitted value of 𝐿' 

to be independent of 𝜆𝜔 and 𝜆𝛾̇/. Table 4 lists the ranges of 𝜆𝜔 and 𝜆𝛾̇/ over which our 

oscillatory shear flow experiments were taken. Table 4 shows that 𝐿' does indeed 

appear to be independent of the 𝜆𝜔 and 𝜆𝛾̇/.  
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Table 4: Polystyrene Solution Results 

 
𝒄,𝐦𝐠/𝐦𝐋 𝝎𝒄, 𝐫𝐚𝐝/𝐬 𝜸̇𝟎, 𝐬!𝟏 𝒏𝒌𝑻, 𝐏𝐚 𝝀, 𝐬 𝜼𝟎, 𝐏𝐚	𝐬 𝑳,𝐦𝐦 

Eq. (21) 
𝝀𝝎𝒄 𝝀𝜸̇𝟎 𝑳𝒑, 𝐦𝐦 

0.050 50.1 15.0 0.617	 0.34 0.21 2.74 × 10!A 17.03 5.10 0.13 
0.10 50.1 15.0 1.235 0.65 0.80 3.41 × 10!A 32.57 9.75 0.13 
0.15 31.6 9.5 1.852 1.00 1.85 3.93 × 10!A 31.60 9.50 0.13 
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Figure 2: Macromolecular reorientation near wall for fluid at rest. 
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Figure 3: Universal dimensionless plots for 𝜂* vs 𝜆𝜔 at varying confinement [Eqs. (22) 
(red) and (28) (black)]. 
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Figure 4: Universal dimensionless plots for 𝜂** vs 𝜆𝜔 at varying confinement [Eq. (23) 
(red) and (29) (black)]. 
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Figure 5: Upper curve (red) is Eq. (30) fitted to 𝜂*(𝜔) measurements of aqueous 
Carbopol suspension at 𝐵 = 199	𝜇m (hollow circles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s 
and 𝜂/ = 1.0	Pa ∙ s. Lower curve (blue) is Eq. (28) fitted to 𝜂*�𝜔, 𝜀6� measurements at 
𝐵 = 145	𝜇m (hollow inverted triangles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s, 𝜂/ = 1.0	Pa ∙ s, 
and 𝜀6 = 0.60.  
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Figure 6: Upper curve (red) is Eq. (30) fitted to 𝜂*(𝜔) measurements of aqueous 
Carbopol suspension at 𝐵 = 199	𝜇m (hollow circles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s 
and 𝜂/ = 1.0	Pa ∙ s. Lower curve (blue) is Eq. (28) fitted to 𝜂*�𝜔, 𝜀6� measurements at 
𝐵 = 145	𝜇m (hollow inverted triangles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s, 𝜂/ = 1.0	Pa ∙ s, 
and 𝜀6 = 0.60. 
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Figure 7: Upper curve is Eq. (31) fitted to 𝜂**(𝜔) measurements of aqueous Carbopol 
suspension at 𝐵 = 199	𝜇m (solid circles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s and 𝜂/ =
1.0	Pa ∙ s. Lower curve is Eq. (29) fitted to 𝜂**�𝜔, 𝜀6� measurements at 𝐵 = 145	𝜇m (solid 
inverted triangles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s, 𝜂/ = 1.0	Pa ∙ s, and 𝜀6 = 0.60. 
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Figure 8: Upper curve (red) is Eq. (31) fitted to 𝜂**(𝜔) measurements of aqueous 
Carbopol suspension at 𝐵 = 199	𝜇m (solid circles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s and 
𝜂/ = 1.0	Pa ∙ s. Lower curve (blue) is Eq. (29) fitted to 𝜂**�𝜔, 𝜀6� measurements at 𝐵 =
145	𝜇m (solid inverted triangles in Fig. 11(a) of [57]) with 𝜆 = 1.3	s, 𝜂/ = 1.0	Pa ∙ s, and 
𝜀6 = 0.60. 
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Figure 9: Eq. (22) fitted to 𝜂*�𝜔) , 𝜀6� measurements of polystyrene in diethylphthalate at 
𝑐 = 0.05	mg/mL with 𝑛𝑘𝑇 = 0.617	Pa, 𝑇 = 24℃ and 𝜔) = 50.1	rad/s, with 𝜆 = 0.34	s and 
𝐿 = 0.13	mm. Semi-dilute; 𝑐𝑀. 𝑐∗⁄ = 10 × 10: 	g L⁄ . 
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Figure 10: Eq. (22) fitted to 𝜂*�𝜔) , 𝜀6� measurements of polystyrene in diethylphthalate 
at 𝑐 = 0.1	mg/mL with 𝑛𝑘𝑇 = 1.235	Pa, 𝑇 = 24℃ and 𝜔) = 50.1	rad/s, with 𝜆 = 0.65	s 
and 𝐿 = 0.13	mm. Between semi-dilute and entangled; 𝑐𝑀. 𝑐∗⁄ = 20 × 10: 	g L⁄ . 
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Figure 11: Eq. (22) fitted to 𝜂*�𝜔) , 𝜀6� measurements of polystyrene in diethylphthalate 
at 𝑐 = 0.15	mg/mL with 𝑛𝑘𝑇 = 1.852	Pa, 𝑇 = 24℃ and 𝜔) = 31.6	rad/s, with 𝜆 = 1.00	s 
and 𝐿 = 0.13	mm. Entangled; 𝑐𝑀. 𝑐∗⁄ = 30 × 10: 	g L⁄ . 
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Figure 12: 𝜂**�𝜔) , 𝜀6� from Eq. (23) evaluated using parameters from Eq. (22) fitted to 
𝜂*�𝜔) , 𝜀6� measurements of polystyrene in diethylphthalate at 𝑐 = 0.15	mg/mL with 
𝑛𝑘𝑇 = 1.852	Pa, 𝑇 = 24℃ and 𝜔) = 31.6	rad/s, with 𝜆 = 1.00	s and 𝐿 = 0.13	mm. 
Entangled; 𝑐𝑀. 𝑐∗⁄ = 30 × 10: 	g L⁄ . 
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Chapter 3: Macromolecular Microfluidic Concentrators 
 
Reproduced from Coombs, S.J., K. Tontiwattanakul and A.J. 
Giacomin, “Macromolecular Microfluidic Concentrators,” Physics of Fluids, 34(10), 
103115 (October, 2022), pp. 1-7. Feature article [4], with the permission of AIP 
Publishing. 
 

Microfluidic design, fabrication and experiments have developed rapidly, leading to 

lab-on-chip separation or fractionation as in particle sorting [7] or cell sorting [8] or 

separation of soluble substances [61]. By microfluidic, we mean that the transverse 

dimension of the flow channel is microscopic. In this paper, we concern ourselves with 

flow phenomena arising when macromolecular dimensions and the transverse 

dimension of the flow channel are of the same order of magnitude, or nearly so.  

In this work, we shall design a continuous concentrator for macromolecular solutions 

flowing through a microfluidic slot (Figure 13). By concentrator, we mean that one 

stream emerging from the microfluidic device will be more concentrated with polymer 

than the feed stream. Our concentrator design corresponds to the special case of Figure 

1 of [61], with zero merging solvent flow on the left. We employ a velocity gradient to 

drive this fractionation by orientational diffusion. Our design relies on the analytical 

solutions for orientational diffusion under laminar pressure-driven slot flow through a 

microchannel [5]. The evolution of polymer concentration profiles in pressure-driven 

flows has been observed in the cross-slot (Fig. 1B of [36]), and by numerical simulation 

in the square duct [62]. Our work focusses on polymer migration in heterogeneous flow 

fields, and is not to be confused with particle migration about which much has been 

written (Figure 1 of [63]; [64]). 

Using rigid dumbbell theory ([43]; Chapter 14 of [65]), we provide analytical 

solutions for the design of our microfluidic macromolecular hydrodynamic 

chromatograph. By rigid, we mean that the macromolecular orientation contributes 
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much more to the rheology of the polymeric liquid than any macromolecular 

deformation [66]. We arrive at our design through the use of well-known confinement-

driven composition profiles (Eq. (3.22) of [5]). Using a pair of razor-sharp blades, our 

design separates the slot flow into a symmetric core inner slot (concentrated) between 

two outer slots (diluted). For the design of Figure 13, we seek analytically, the 

appropriate blade leading edge separation for sufficient fractionation, and for a given 

confinement and given shear rate.  

Polymeric fluids, in contrast to Newtonian, exhibit complex flow behaviors such as 

polymer migration. As such, predicting this macromolecular behavior is essential for 

design, control, and optimization of polymer processes. One good way of explaining the 

elastic properties of liquids in the bulk is by considering their orientation distributions 

under flow [37,38,39,40]. Integrating these distributions in phase space yields the 

rheological properties (Section IX. of [6,41]). We can link the flow migration responses 

to macromolecular orientation [35]. When the macromolecule is replaced by identical 

spheres of fixed center-to-center separation, 𝐿, we call its replacement a rigid dumbbell, 

shown in Figure 13. We choose the rigid dumbbell suspension because it is the simplest 

relevant model macromolecule [43]. By relevant, we mean that, at least qualitatively, it 

captures the observed behaviours for the most measured viscoelastic material functions 

[43,42]. 

Experimentally, confined polymer solutions have deviated from homogeneity, such 

that the polymer solutions in a microchannel exhibit concentration heterogeneity 

[67,68]. A vertical concentration gradient of rigid dumbbells thus develops across the 

microchannel. For confined pressure-driven slot flow of a rigid dumbbell suspension, 

Stasiak and Cohen [5] arrive at: 
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𝑣1,( = 𝑣/ ­1 − �
𝑦
𝐵�

#
® (42) 

and the migration velocity difference of rigid dumbbells by: 

𝑣1,' − 𝑣1,( = −
𝑣/
12 �

𝐿
𝐵�

#

��1 −
3
70 𝜀

# +
20939
462000 𝜀

8 + 𝑂(𝜀B)�

− �𝜀
𝑦
𝐵�

#
�
18
35 −

20939
38500 𝜀

# + 𝑂(𝜀8)� + �𝜀
𝑦
𝐵�

8
�
1326
1925 + 𝑂

(𝜀#)�� 

(43) 

wherein: 

𝜀 ≡ 𝜆𝛾̇/
𝐿
𝐵 (44) 

in which the Weissenberg number, 𝜆𝛾̇/, reflects the amount of nonlinearity in the flow. 

For our pressure-driven slot flow, 𝛾̇/ is the wall shear rate (see Subsection 5.7 of [69]; 

[70,71,72]). Companion Eqs. (42) and (43) give the velocity of the solvent and the 

relative velocity of the polymer respectively. In Eq. (44), the rigid dumbbell confinement 

is 𝐿/𝐵 [2], so that 𝜀 is the product of the Weissenberg number and the confinement.  

Though our work here is mainly motivated by curiosity, the many applications for 

this work have not escaped our attention. We explore these applications in the Worked 

Example. For our symbols, dimensional and nondimensional, respectively listed in 

Table 1 and Table 2, we follow those of the corresponding textbook treatments, 

EXAMPLE 16.7-1 of [65] (or EXAMPLE 13.6-1 of [73]). 

3.1. Method 

To understand the motion of the rigid dumbbells, the dimensionless polymer 

concentration is modelled as: 

𝑥' ≡
𝑐'

𝑐( + 𝑐'
=

1
1 + 𝑐( 𝑐'⁄ =

1
1 + 𝑥( 𝑥'⁄  (45) 
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where 𝑐' and 𝑐( are the concentrations of the polymer and solvent respectively. We 

must then get an expression for 𝑥( 𝑥'⁄ . We investigate the polymer concentration in a 

slice of the microchannel: 

𝑥' ≡
𝑞'

𝑞( + 𝑞'
=

𝑞' 𝐴⁄
𝑞( 𝐴⁄ + 𝑞' 𝐴⁄  (46) 

where 𝐴 is the area of the slice, and 𝑞' and 𝑞( are the volumetric flowrates of the 

polymer and solvent respectively. Further, we know that 𝑞$ 𝐴⁄ = 𝑣1,$, such that: 

𝑥' ≡
𝑣1,'

𝑣1,( + 𝑣1,'
=

1
1 + 𝑣1,( 𝑣1,'⁄  (47) 

and for dilute solution, where: 

𝑣1,' ≪ 𝑣1,( (48) 

and, therefore: 

𝑥' ≅
𝑣1,'
𝑣1,(

 (49) 

From Eq. (47), we learn that when 𝑣1,( = 𝑣1,', 𝑥' = #
$, we would have a homogeneous 

solution. We investigate the velocities of the polymer and solvent presently. 

The dimensionless velocity profile given by the Poiseuille profile (from Fig. 1. of 

[14]): 

𝑣1,(
𝑣/

= 1 − �
𝑦
𝐵�

#
 (50) 

where 𝑣/ is the maximum velocity at the mid-plane of the microchannel, 𝐵 is half the 

microchannel height, and 𝑦 𝐵⁄  is the dimensionless position along the vertical axis. The 

migration velocity difference, that is, the vertical difference of the rigid dumbbell along 

the microchannel is (Eq. (3.22) of [14]): 
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(51) 

where, for zero confinement (𝜀 = 0): 

𝑣1,' − 𝑣1,(
𝑣/

= −
1
12 �

𝐿
𝐵�

#

 (52) 

Dividing Eq. (51) by Eq. (50) gives: 

𝑣1,' − 𝑣1,(
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− 1
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(53) 

which simplifies as: 
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1
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(54) 

For zero confinement of Eq. (54): 

𝑣1,'
𝑣1,(

= 1 −
1
12 �

𝐿
𝐵�

#

1 − �𝑦𝐵�
# (55) 

which, on the mid-plane, gives: 
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𝑣1,'
𝑣1,(

=
𝑣1,'
𝑣/

= 1 −
1
12 �

𝐿
𝐵�

#

 (56) 

and, at the wall: 

𝑣1,'
𝑣1,(

= −∞ (57) 

Since, 𝑣1,' 𝑣1,( > 0⁄ , from Eq. (55), we glean: 

�
𝑦
𝐵�

#
< 1 −

1
12 �

𝐿
𝐵�

#

 (58) 

to which Eq. (54) is subject. Further, this inequality tells us that Eq. (54) is not valid close 

to the wall when 𝑦 approaches 𝐵. 

We next seek to nondimensionalize our main result, Eq. (47) [with Eq. (54)]. For this 

we choose the mid-plane concentration (𝑦/𝐵 = 0): 

𝑥) =
1

1 + 12

12 − �𝐿𝐵�
#
�1 − 3

70 𝜀
# + 20939

462000 𝜀
8�

 
(59) 

so that: 

𝑥'
𝑥)
= ¶1 +

12

12 − �𝐿𝐵�
#
�1 − 3

70 𝜀
# + 20939

462000 𝜀
8�
·

1
1 + 𝑣1,( 𝑣1,'⁄  (60) 

which we will use presently. 

3.2. Results 

Substituting Eq. (54) into Eq. (60) yields our normalized confinement concentration 

profile: 
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𝜒' ≡
𝑥'
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which defines 𝜒', and is subject to Eq. (58), and where: 
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Eq. (61) [with Eq. (62)] is the main result of this work. For dilute solution, we insert Eq. 

(49) into Eq. (60) to get: 

𝜒' ≅ ¶1 +
12

12 − �𝐿𝐵�
#
�1 − 3

70 𝜀
# + 20939

462000 𝜀
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# � (63) 

which is our main result, and which we illustrate in Figure 14, Figure 15, and Figure 16 

(parametrized with arbitrary values of confinement). These figures give concentration 

profiles for each of three different Weissenberg numbers. From these figures we glean 

Table 5, namely the confinements 𝐿 𝐵⁄  values for the three Weissenberg numbers. 

Setting Eq. (63) to zero gives (𝜒' = 0): 

𝐿
𝐵 =

º
12 ­1 − �𝑦$𝐵�

#
®

1 + 𝑓 �𝜀, 𝑦$𝐵�
 (64) 

where 𝑦$ 𝐵⁄  are the 𝑥-intercepts from Figure 14, Figure 15, and Figure 16. We thus 

illustrate Eq. (64) [with Eqs. (44) and (62)] in Figure 17 by plotting these 𝑥-intercepts. Eq. 
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(64) [with Eqs. (44) and (62)] is quartic in both 𝐿 𝐵⁄  and 𝑦$ 𝐵⁄ . We leave its exact solution 

for another day. 

3.2.1. Worked Example: Atactic Polystyrene 

Given a suspension of dumbbells of length, 𝐿 = 	3.38	 × 10!9	m, pumped through a 

slot of a gap of 2𝐵 = 0.4	mm, at temperature, 𝑇 = 25℃, with wall shear rate, 𝛾̇/ =

71	 1 s⁄ , find the minimum blade leading edge separation for complete fractionation. 

The dumbbells are of bead diameter, 𝑑 = 1.50	 × 10!9	m, and suspended in a solvent of 

𝜂( = 	2.28	 × 10!A	Pa	s. 

We begin by calculating the relaxation time for rigid dumbbells (using Eq. (6) of [6]): 

𝜆/ =
𝜋𝑑𝜂(𝐿#

4𝑘𝑇 = 0.746	𝑠 (65) 

Next, we determine the Weissenberg number [Eq. (44)]: 

Wi = 𝜆/𝛾̇/ = 53 (66) 

From the given dumbbell length, 𝐿, and slot gap, 𝐵, we get: 

𝐿
𝐵 = 0.169 (67) 

and with known Weissenberg number from Eq. (66), the concentration curve [Eq. (63)] 

is determined, illustrated in Figure 18. From Figure 18, we see that 𝑦$ 𝐵⁄ = 0.180. Thus, 

for complete fractionation, the blade leading edge separation must exceed 𝑦$ 𝐵⁄ = 0.180.  
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Table 5: Confinement 𝐿 𝐵⁄  results for varying Weissenberg number from Figure 14, 
Figure 15, and Figure 16. 

 

 𝐖𝐢	 = 	𝟎. 𝟓 𝐖𝐢	 = 	𝟏 𝐖𝐢	 = 	𝟏𝟎 
𝒚𝒊 𝑩⁄  𝑳 𝑩⁄  

0 3.1851 2.3568 0.5465 
0.2 3.0600 2.2100 0.5100 
0.4 2.7700 1.9500 0.4350 
0.6 2.4000 1.6400 0.3700 
0.8 1.9000 1.3200 0.2950 
1 0.5000 0.6000 0.1800 
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Figure 13: Continuous concentrator for macromolecular solutions flowing through a microfluidic slot. 
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Figure 14: 𝜒'(𝐿 𝐵⁄ , 𝑦 𝐵⁄ ) from Eq. (63) for varying 𝐿 𝐵	⁄ at Wi	 = 	0.5 [black: 𝐿 𝐵⁄ =
3.1851; red: 𝐿 𝐵⁄ = 3.0600; green: 𝐿 𝐵⁄ = 2.7700; blue: 𝐿 𝐵⁄ = 2.4000; cyan: 𝐿 𝐵⁄ =
1.9000; magenta: 𝐿 𝐵⁄ = 0.5000]. 
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Figure 15:  𝜒'(𝐿 𝐵⁄ , 𝑦 𝐵⁄ ) from Eq. (63) for varying 𝐿 𝐵	⁄ at 𝑊𝑖	 = 	1 [black: 𝐿 𝐵	⁄ =
2.3568; red: 𝐿 𝐵	⁄ = 2.2100; green: 𝐿 𝐵	⁄ = 1.9500; blue: 𝐿 𝐵	⁄ = 1.6400; cyan: 𝐿 𝐵	⁄ =
1.3200; magenta:𝐿 𝐵	⁄ = 0.6000]. 
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Figure 16: 𝜒'(𝐿 𝐵⁄ , 𝑦 𝐵⁄ ) from Eq. (63) for varying 𝐿 𝐵	⁄ at 𝑊𝑖	 = 	10 [black: 𝐿 𝐵⁄ =
0.5465; red: 𝐿 𝐵⁄ = 0.5100; green: 𝐿 𝐵⁄ = 0.4350; blue: 𝐿 𝐵⁄ = 0.3700; cyan: 𝐿 𝐵⁄ =
0.2950; magenta: 𝐿 𝐵⁄ = 0.1800]. 
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Figure 17: 𝐿 𝐵⁄  versus 𝑦$ 𝐵⁄  for varying Weissenberg number [red: Wi	 = 	0.5; green: 
Wi	 = 	1 ; blue: Wi	 = 	10] with 𝑦$ 𝐵⁄  points from 𝑥-intercepts of Figure 14, Figure 15, and 
Figure 16. 
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Figure 18: 𝜒'(𝐿 𝐵⁄ , 𝑦 𝐵⁄ ) from Eq. (63) for 𝑦$ 𝐵⁄ = 0.180 and 𝑊𝑖 = 53. 
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Chapter 4: Fabrication of Microfluidic Concentrators 

Microfluidic devices perform reactions, separations, and detection in many 

applications, and behave as microreactors [74,75,76], micromixers [77,78,79,80], lab-on-

chip [81,82,83], organ-on-a-chip [84,85,86] and sorters and separators [7,9]. Though 

much is understood on passive and active particle [7,87,88,89,90,91,92] and cell 

separation [8,93,94,95,96,97], polymer solutions in microfluidics have yet to be 

thoroughly studied except in the form of numerical and simulation studies [63,34,33,98]. 

By passive, we mean channel geometry and inertia control the flow and migration of the 

fluid inside the microchannels [10]. By active, we mean that the fluid within the 

microfluidic channels are manipulated using an external force, such as acoustic 

pressure fields, electric fields, magnetic fields, optical or electromagnetic fields and 

thermal gradients [10]. Inertial and orientation focusing passive separation occurs 

under laminar flow conditions, in which non-Newtonian viscoelastic fluids migrate 

laterally within the microchannel. This migration has been investigated extensively for 

particle sorting but are limited in the case of polymer solutions. Nguyen et al. 

investigates continuous separation of heterogeneous polystyrene and solvent injected 

into the microfluidic device and relies on diffusion characteristics [61]. These works 

however, are silent on homogeneous polymer solutions [67,68]. 

Particle separation is not to be confused with polymer solution separation in rigid 

dumbbell theory. According to general rigid bead-rod theory, orientation is the cause 

for non-Newtonian behaviour [42,43,35]. Within rigid dumbbell theory, a special case 

within general rigid bead-rod theory, polymers are replaced by rigid dumbbells 

(Chapter 14 of [45], [66]). Rigid dumbbells, in contrast to spherical particles, have 

orientation and the migration can therefore be predicted by the works of Stasiak and 

Cohen [5]. 
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Common substrates used in the fabrication of microfluidic devices includes glass, 

silicon, metals, polymers, and ceramics [99], which are selected based on the desired 

design, material properties, manufacturability, and cost [100]. Microfluidic devices can 

be fabricated through direct manufacturing or a replication approach [100]. Direct 

manufacturing occurs through mechanical, energy assisted and MEMS-based methods 

whereas replication manufacturing methods include casting, hot embossing, and micro-

injection moulding [100]. In the case of prototyping or low-volume production, soft 

lithography is used for silicone-based elastomers to mould or create a stamp in which 

Polydimethylsiloxane (PDMS), an elastomer, is frequently used ([100,101]; Table 1 of 

[102]). Specifically, the method of replica molding is used by 3D-printing to form 

positive master mold in which PDMS is poured to create a channel mould (see Figure 

1.A of [101]). 

The polymer solution concentration at the outlets of these microfluidic devices can be 

measured or observed to determine the effectiveness of separation. Spectroscopy is a 

popular technique in the determination of chemical structure and analysis using the 

methods of UV, visible, IR, Raman, H NMR, C NMR, ESR and mass spectroscopy. 

Ultraviolet and Visible (UV-Vis) spectroscopy records the absorption regions of the 

electromagnetic spectrum of 200 – 800 nm [103]. A UV-Vis spectrophotometer records a 

UV-Vis spectrum by outputting a plot of wavelength versus absorbance (optical 

density). From the Lambert-Beer Law (Eq. (2.1) of [103]): 

𝐴45 = 𝑚+𝑐𝑙( (68) 

in which the maximum absorption is used [104].  

In this work, we present a microfluidic device that provides continuous, passive 

separation that relies on diffusion. The chip was designed as slot-flow and square duct 
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devices, such that the outlet concentrations can be compared with the predicted rigid 

dumbbell theory values (Eq. (63) of Section 3.2).  

4.1. Materials and Methods 

4.1.1. Microfluidic Device Design and Fabrication 

Using microscope slides of 50 mm x 75 mm for the microfluidic separator platform, 

two microfluidic devices (slot flow, square duct) were fabricated. For the slot flow 

device, a 1,500 μm deep, 300 μm wide straight channel with one inlet and three outlets 

was used to verify to migratory response of the separation system (Figure 19). For the 

square duct device, a 300 μm deep, 300 μm wide straight channel with three outlets was 

used to verify to migratory response of the separation system (Figure 20). Following the 

fabrication outlined in [105], the channel was designed using SolidWorks and fabricated 

using soft lithography. Using an SLA 3D printer (ANYCUBIC Photon S, China) with 

405 nm UV-sensitive resin with 50 μm layer thickness, moulds for the two microfluidic 

devices were fabricated. To prevent Polydimethylsiloxane (PDMS) from adhering to the 

mould [106], silanization was conducted by forming a monolayer of 1H,1H,2H,2H-

perfluorooctyltriethoxysilane (MilliporeSigma, Burlington, MA, USA) on the surface of 

the mould using vapour deposition. PDMS (SYLGARD 184, Dow Silicones Corporation, 

Midland, MI, USA) was mixed in a 10:1 w/w ratio of base and curing agent [107]. After 

degassing for 30 minutes, the PDMS was poured into the moulds and cured at 70oC for 

30 minutes then left to sit at room temperature overnight. The cured PDMS was 

demoulded using a scalpel, then a biopsy puncher was used to create inlet and outlet 

holes. Using a plasma cleaner (Harrick Plasma, Ithaca, NY, USA) for plasma oxidation, 

the channel side of the PDMS surface and glass microscope slides were oxidized then 

immediately placed in contact to form a silicon-oxygen bond [108].  
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Using the concentrations and relaxation times outlined in Section 2.2.2., a relaxation 

time of 𝜆 = 1.0	𝑠 is selected for chip design. From TABLE V of [44] for a rigid dumbbell: 

𝜆
𝜆/
= 1 (69) 

and approximating that residence time is equal to or greater than relaxation 

(orientation) time [114], flowrate of 1	𝜇𝐿/𝑚𝑖𝑛, cross-sectional area of 90,000 𝜇𝑚#: 

𝑡0 =
𝑧
𝑣/

 (70) 

a channel distance is calculated to be 𝑧 = 0.20	𝑐𝑚. To account for error, a channel 

distance of 𝑧 = 0.80	𝑐𝑚 was input into the SolidWorks design. 

4.1.2. Materials 

In this study, a 0.050 mg/mL polystyrene (Sigma-Aldrich, Lot#MKCB9723) solution 

was prepared in Ethylene Glycol. Polystyrene pellets of molecular weight 350,000 

g/mol and polydispersity of 2.05 were dissolved and assumed to be homogeneous 

within the solution. The solvent, Ethylene Glycol, was selected due to polystyrene 

solubility and compatibility with PDMS [109]. 

4.1.3. Viscosity Measurements 

The complex viscosity of the polymer solution will be measured using an Anton Parr 

rheometer for a frequency sweep of 0 to 50 rad/s at a shear strain amplitude of 0.30. 

Both the real and imaginary parts of the complex viscosity will be measured using 

parallel plate geometry at varying gaps. The viscosity will first be measured at the bulk 

(𝜀 = 0) to determine the relaxation time of the solution. Using Eq. (21), the center-to-

center length between macromolecules (𝐿) can be determined. The parallel plates can 

then be set to gaps corresponding to the design of the microfluidic chips to investigate 
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the viscosity at specific confinements. This data will be fit to Eqs. (22) and (23) for 

𝜂*(𝜔, 𝜀). 

4.1.4. Concentration Measurements 

The concentration of the polymer solution at the outlet of the microfluidic chips will 

be measured using UV-Vis spectrophotometry for an absorbance versus wavelength of 

range 190-1,100 nm. Polystyrene exhibits UV spectra at around 290 nm [110] but will be 

confirmed using the 0.050 mg/mL solution. The concentration of the three channel 

outlets will be determined using The Lambert-Beer Law [104], which will be compared 

to Eq. (63). 
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Figure 19: Design of slot flow microfluidic chip (SolidWorks rendering). 
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Figure 20: Design of square duct microfluidic chip (SolidWorks rendering). 
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Chapter 5: Conclusion and Recommendations 
 

In Chapter 2, we find few complex viscosity confinement measurements in the 

literature. All but one of those we do find are for high confinement, where the 𝜂*�𝜔, 𝜀6� 

is increasing with 𝜀6 (Fig. 9 of [56]). We know of no complex viscosity confinement data 

at all for polymer solutions. The literature will thus benefit from our new such 

confinement data for polystyrene in solution at low confinement (Figure 9, Figure 10, 

and Figure 11). 

We have focused on the complex viscosity for which we began with the well-known 

confinement relations of [2], that is, Eqs. (22) and (23). Our literature review revealed 

just one set of complex viscosity confinement measurements performed at low enough 

confinement to see 𝜂*�𝜔, 𝜀6� decrease with 𝜀6 (Fig. 11 of [57]). We find that the rigid 

dumbbell theory evaluated for complex viscosity at low confinement [Eqs. (22) or (30)] 

is accurate for the real part of the complex viscosity for the aqueous Carbopol 

suspension, and for all three of our organic polystyrene solutions. The decrease in 

viscosity upon decrease of the gap has also been interpreted in terms of slip at the 

wall.  Our approach proceeds more simply, without slip. Specifically, in every instance, 

we find 𝜂* departing from zero confinement with a slope of −1 4⁄ , as the rigid dumbbell 

confinement theory predicts. We also find that the rigid dumbbell theory at low 

confinement [Eqs. (23) or (31)] to be qualitatively correct for minus the imaginary part. 

From the polystyrene solutions we learn that the fitted persistence length of the 

orientation, 𝐿', does not depend on concentration. We find for both agglomerated 

aqueous Carbopol suspensions or organic polystyrene solutions, 𝐿' fitted to the 

confinement experiments to be about 0.1	mm, namely, two orders of magnitude larger 

than the macromolecular structures under study. 
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Whereas confinement relations are well-known for the complex viscosity in 

confinement [2], to our knowledge, no such confinement relations exist for the normal 

stress differences in small-amplitude oscillatory shear flow. Such relations have been 

derived for suspensions of rigid dumbbells in the bulk (Eqs. (13) and (21) of [111]). We 

leave the exploration of confinement and normal stress differences in small-amplitude 

oscillatory shear flow for another day. 

We also expect future work on the steady-shear viscosity in low confinement. For 

this, for the rigid dumbbell suspension, we begin with the well-known result (Eq. (25a) 

of [2]): 

𝜂(𝜆𝛾̇) − 𝜂(
(𝜂/ − 𝜂()|;"E/

=
1 + 1

1 − 3𝜀6 4⁄ ∑ Ä"#𝜀6𝑎u7(1) + 𝜀6𝑏u7(1) + �1 − 𝜀6�
#
9𝐸(𝑘, 1,2)(6)

#7(𝜆𝛾̇)#7Æ3
7E"

1 +
𝜀6 2⁄

1 − 𝜀6 2⁄ ∑ 𝑎u7(1)(6𝜆𝛾̇)#73
7E"

 

(71) 

where $%𝐸(𝑘, 1,2)(6)
#7 corresponds to the exact coefficients 𝑏7 in Table III of [112] so that: 

𝜂(𝜆𝛾̇) − 𝜂(
(𝜂/ − 𝜂()|;"E/

=
1 + 1

1 − 3𝜀6 4⁄ ∑ Ä"#𝜀6𝑎u7(1) + 𝜀6𝑏u7(1) + �1 − 𝜀6�𝑏7(𝜆𝛾̇)
#7Æ3

7E"

1 +
𝜀6 2⁄

1 − 𝜀6 2⁄ ∑ 𝑎u7(1)(6)#7(𝜆𝛾̇)#73
7E"

 (72) 

which in the limit as 𝜆𝛾̇ → 0, recovers Eq. (26), as it must. For 𝑎u7(1) and 𝑏u7(1) of Eq. 

(72), recursive relations are given respectively by Eqs. (19e) and (27a) of [2]. We leave 

the evaluations of these coefficients for another day.  

Future work shall also refocus on the normal stress difference coefficients in steady-

shear flow at low confinement. For the first normal stress coefficient, we begin with the 

well-known result, Eq. (26) of [2] with recursive relations Eqs. (27a) and (27b) of [2]. For 
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the second normal stress coefficient in steady-shear flow at low confinement, nothing is 

known. We leave these explorations for a later date. 

Whereas Section 1. of [1] derives the orientation distribution function for a 

suspension of rigid dumbbells between the walls of a confining simple shear flow 

fixture in small-amplitude oscillatory shear flow, we know of no experimental 

measurement of the orientation distribution gradient caused by the confinement. We 

leave this daunting task for another day. 

In Chapter 3, we design a continuous concentrator for macromolecular solutions 

flowing through a microfluidic slot (Figure 13). Our design relies on the analytical 

solutions for orientational diffusion under laminar pressure-driven slot flow through a 

microchannel [5]. Using rigid dumbbell theory, we arrive at analytical solutions for the 

design of our microfluidic macromolecular hydrodynamic chromatography (Eq. (63) 

[with Eqs. (44) and (62)]). We arrive at our design through the use of well-known 

confinement-driven composition profiles [companion Eqs. (42) and (43)]. Using a pair of 

razor-sharp blades, our design separates the slot flow into a symmetric core inner slot 

(concentrated) between two outer slots (diluted) (see Figure 13). We discover a 

minimum dimensionless blade leading edge separation for complete fractionation [Eq. 

(64)], and that this decreases with confinement, 𝐿/𝐵, and also decreases with 

dimensionless shear rate, 𝜆/𝛾̇/. In our analytical work, we discover that every 

occurrence of 𝜆/𝛾̇/ is multiplied by the confinement, but not every occurrence of 

confinement is multiplied by 𝜆/𝛾̇/. 

To our knowledge, Stasiak and Cohen [5] are the only ones ever to derive an 

analytical solution for the concentration heterogeneity of a suspension of rigid 

dumbbells provoked by a heterogeneous flow field. They did so for pressure-driven 
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microfluidic slot flow (Eq. (3.22) of [5]). No one has arrived at such an analytical 

solution for any other pressure-driven microfluidic geometry. The most commonly used 

pressure-driven microfluidic geometry is the square duct (FIGS. 1 and 2 of [62]). We 

leave the daunting task of polymer migration in the square duct for another day. 

Further, our main results (Eq. (63) [with Eqs. (44) and (62)]) are for a rectangular slot, 

but for those interested in microfluidic annuli [113], if we neglect curvature, our main 

results can be rewritten approximately for microfluidic annuli. 

Though this work confined itself to polymer solutions without dispersity, Eq. (43) 

could be rederived for a mixture of species from which the design of a fractionator for a 

disperse polymer solution could be launched. By fractionator, we mean that different 

fractions of the disperse polymer solution would result from different blade 

separations. To account for such dispersity, we would follow the well-known method of 

PROBLEM 14C.2 of [65] (see also §26. of [43]). Of course, when the blade separation 

subceeds the 𝑦$ 𝐵⁄  of Eq. (63), our microfluidic device will deliver partial fractionation. 

Whereas this work has focussed on exploiting fractionation in the microfluidic slot, our 

main results will be equally useful to those seeking to avoid, minimize or mitigate 

polymeric orientational fractionation. 

We know our main results to be accurate only to within the three truncated orders of 

Eq. (62). We know our three truncated orders of Eq. (62) to be 𝑂(𝜀B), 𝑂(𝜀8), and 𝑂(𝜀#) 

respectively. The accuracy of our main results (Eq. (63) [with Eqs. (44) and (62)]) will 

therefore be affected thusly. We leave these higher order extensions of Eq. (62) for 

future work. For orientational migration of a polymer in a pressure-driven microfluidic 

channel, we know of no experimental data. The manufacture of a microfluidic device 
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with the required razor-sharp blades may be challenging. We leave this measurement 

for future work. 

We have delimited this work to the simplest relevant model of a macromolecule, the 

rigid dumbbell. For the complex viscosity, Hassager has generalized this theory to 

general rigid bead-rod theory ([114]; EXAMPLE 16.7-1 of [65]; [44]). However, the 

Stasiak-Cohen [5] approach requires the steady shear viscosity. To extend Stasiak-

Cohen [5] for rigid dumbbells for other structures, we would get the steady shear 

viscosity for general rigid bead-rod theory by continuing Eqs. (17) and (18) of Hassager 

[114], and then evaluating the result in the limit as 𝜆𝜔 goes to zero.  

Eq. (3.22) of [5] is for steady state, in the limit of infinite time, and is thus silent on: (1) 

how long after startup it will take for the concentration profile of our main results (Eq. 

(63) [with Eqs. (44) and (62)]) to set up, (2) how long the slot must be before reaching the 

sharp edges of the fractionating blades, and (3) the corresponding effects of viscous 

dissipation and fluid inertia on minimum slot length. 

Whereas the Stokes flow velocity field around each bead of the rigid dumbbell may 

interfere, Stasiak-Cohen [5] is silent on these hydrodynamic interactions. These 

interferences are normally accounted for using the Oseen tensor [115]. We leave the task 

of incorporating these hydrodynamic interactions into the heterogeneous pressure-

driven slot flow for another day.  

Whereas there are many types of microfluidics separators requiring an applied 

external field [3], ours does not. Controlling ours, for a fixed blade position, thus 

requires either controlling the wall shear rate, or the relaxation time (through the 

polymer solution temperature). For the latter, we get the wall shear rate by 

differentiating Eqs. (42) and (43), and evaluating the result at the wall. 
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From our main results (Eq. (63) [with Eqs. (44) and (62)]), we find a lower critical 

Weissenberg number for fractionation just below one-half (Figure 14) so that, without 

sufficient flow, we get no fractionation. We leave the intriguing determination of this 

pure number for another day. By contrast, the confinement itself of Eq. (63) is 

unbounded.  

In Chapter 4, we design and fabricate a passive, continuous concentrator (exploiting 

the theory presented in Chapter 3) that relies on macromolecular migration for slot-flow 

(Figure 19) and square duct microchannels (Figure 20). Our solvent within the dilute 

polymer solution of 0.050 mg/mL polystyrene and ethylene glycol was selected based 

on polymer solubility and compatibility with the fabrication material of soft lithography 

(PDMS).  

We know of no concentration measurements for microfluidic separators relying on 

polymer orientation. For these, we would choose a polymer solution of 0.050 mg/mL of 

polystyrene and ethylene glycol, and measure the real and imaginary parts of its 

complex viscosity in parallel disk geometry at varying gap. These measurements will be 

compared to our rigid dumbbell theory of Chapter 2 to get the solution transport 

properties. We would then measure the three outlet solution concentrations from our 

microfluidic device. These would be measured using UV-Vis spectrophotometry 

exploiting the Lambert-Beer law. We leave this important work for another day.  

Our rigid dumbbell theory presented in Chapter 3 applies to slot-flow polymer 

migration within a microchannel. This thesis is silent on other microchannel geometries. 

As such, we fabricated our microfluidic devices to align with this theory for 

comparison. As we expand our knowledge through the evaluation of rigid dumbbell 

theory into other geometries, we will also fabricate and test these channel geometries to 

obtain experimental measurements. For instance, should microfabrication someday 
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allow it, we would fabricate a tubular microfluidic separator with a concentric 

cylindrical blade, or even a bank of these. We leave these daunting tasks for another 

day.  
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