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Abstract

This thesis is focused on direct numerical simulation (DNS) of compressible and

incompressible fully developed and developing turbulent flows between isothermal

walls using a discontinuous Galerkin method (DGM).

Three cases (Ma = 0.2, 0.7 and 1.5) of DNS of turbulent channel flows between

isothermal walls with Re ∼ 2800, based on bulk velocity and half channel width,

have been carried out. It is found that a power law seems to scale mean streamwise

velocity with Ma slightly better than the more usual log-law. Inner and outer scaling

of second-order and higher-order statistics have been analyzed. The linkage between

the pressure gradient and vorticity flux on the wall has been theoretically derived

and confirmed and they are highly correlated very close to the wall. The correlation

coefficients are influenced by Ma, and viscosity when Ma is high. The near-wall

spanwise streak spacing increases with Ma. Isosurfaces of the second invariant of the

velocity gradient tensor are more sparsely distributed and elongated as Ma increases.

DNS of turbulent isothermal-wall bounded flow subjected to favourable and ad-

verse pressure gradient (FPG, APG) at Ma ∼ 0.2 and Reref ∼ 428000, based on the

inlet bulk velocity and the streamwise length of the bottom wall, is also investigated.

The FPG/APG is obtained by imposing a concave/convex curvature on the top wall

of a plane channel. The flows on the bottom and top walls are tripped turbulent and
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laminar boundary layers, respectively. It is observed that the first and second or-

der statistics are strongly influenced by the pressure gradients. The cross-correlation

coefficients of the pressure gradients and vorticity flux remain constant across the

FPG/APG regions of the flat wall. High correlations between the streamwise/wall-

normal pressure gradient and the spanwise vorticity are found near the separation

region close to the curved top wall. The angle of inclined hairpin structure to stream-

wise direction of the bottom wall is smaller (flatter) in the FPG region than the APG

region.
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Chapter 1

Introduction

1.1 Background and motivation

Wall bounded turbulent flows, referred to as turbulent flows bounded by one or more

solid surfaces, are important. The main practical reason why they are important is

that wall bounded turbulent flows are broadly used in practical engineering appli-

cations, such as the external flow around airplanes, ships and buildings, the inter-

nal flow through turbine blades, pipes and channels. Many of these flows involve

compressibility effects and/or favourable/adverse pressure gradients (the pressure de-

creases/increases in the direction of fluid flow) where a strong adverse pressure gradi-

ent would lead to flow separation. The pressure gradient and compressibility increase

the complexity of the flow and as well as the difficulty to understand and predict the

flows using models. A further understanding of compressible and incompressible wall

bounded turbulent flows with pressure gradients is needed, which is the main theo-

retical reason. The focus of this thesis is to study compressible and incompressible

wall bounded turbulent flows with zero, favourable, and adverse pressure gradients.

1
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The effect of pressure gradients on wall bounded turbulent flows is of great the-

oretical and practical significance. Theoretically, pressure gradients have significant

effects on the wall vorticity generation (Lighthill, 1963; Wu, Wu & Wu, 1993) and

wall shear stress does not dominate in adverse pressure gradient (APG) flows (Spalart

& Watmuff, 1993). Practically, besides flow separation, the relation between pressure

gradient and wall vorticity generation can be employed for wall vorticity-generation

control, drag reduction aerodynamic diagnostic and optimization (Wu et al., 1993;

Wu & Wu, 1998; Koumoutsakos, 1999; Lee & Kim, 2002). To the best of the author’s

knowledge, however, there is little work that has been done on compressible turbulent

flows between isothermal walls, especially when subjected to an adverse pressure gra-

dient. One of the motivations of this thesis is to study the effects of pressure gradient

on wall vorticity flux for compressible turbulent flows between isothermal walls.

An adverse pressure gradient, if strong enough, would cause a flow to separate.

The ability to accurately predict the location and extent of flow separation is of

crucial importance in aerodynamic applications including airfoils, turbine blades and

many other aerodynamic devices, particularly in the design of aircraft wings. Some

researchers have attempted to describe turbulent structures in the separation region

(Tobak & Peake, 1982; Rogallo & Moin, 1984; Simpson, 1989; Délery, 2001); even

so, the structure of the flow in the separated region still remains shrouded with

uncertainty. Part of the reason was the lack of proper instrumentation in early studies

(Simpson, Chew & Shivaprasad, 1981a,b; Na & Moin, 1998). More importantly, due

to the effect of adverse pressure gradient, there could probably be a high angle between

the instantaneous velocity and the mean velocity, which would degrade the accuracy of

the hot-wire measurements, and moreover, there are significant pressure fluctuations
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produced in the separation region that cannot be readily measured experimentally .

Therefore numerical methods have become an ideal tool for analyzing flows subjected

to adverse pressure gradient.

Direct numerical simulation (DNS), whereby the Navier-Stokes equations are

solved numerically without using any models, is the only way to get a complete

description of turbulent flows (Moin & Mahesh, 1998), and thus it has become the

tool of choice for computational turbulence research. Traditional RANS based ap-

proaches, which solve the Reynolds averaged Navier-Stokes equations, lose a lot of

flow information; this is particularly troublesome for the near wall region. Thus, these

methods have significant shortcomings for the prediction of most complex turbulent

flows, and separated flows being an extreme example (Na & Moin, 1996). Another

approach, called large eddy simulation (LES), resolves large scales in the flow and

models are applied to the unresolved small scales; thus LES suffers from a central

closure problem, where, the filtered Navier-Stokes equations requires additional mod-

eling of the Reynolds stress tensor to close the system of equations (Geurts, 2004).

The computing resources have evolved to allow DNS of wall-bounded turbulent

flows. Kim, Moin & Moser (1987) performed the first DNS of plane channel flow.

Spalart (1988) calculated the turbulent flat-plate boundary layer under zero and fa-

vorable pressure gradients. Spalart & Watmuff (1993) studied turbulent flat-plate

boundary layer under favorable-to-adverse pressure gradients both experimentally

and numerically. Na & Moin (1998) investigated a separated turbulent flow over

a flat plate with a forced adverse-to-favorable pressure gradient using DNS. How-

ever, wall bounded turbulent flows subjected to adverse pressure gradient, is still

not fully understood, especially for low Mach number turbulent flows with adverse
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pressure gradient. Another motivation is to study the physics of low Mach number

wall bounded turbulent flow subjected to adverse pressure gradient using DNS and

to provide a database for turbulence studies.

The application of DNS has continued to evolve to include the increased flow com-

plexity, broader flow regime (compressible flows) and more efficient numerical meth-

ods to achieve these solutions. DNS demands accurate numerical methods to fully

capture a wide range of length and time scales. The classical finite difference, finite

volume and finite element methods have been often used in DNS. With the evolv-

ing complexity of geometry, application in aerodynamics and needs to capture the

structures around discontinuities and/or high gradients, the discontinuous Galerkin

method (DGM), has been proposed and developed into a class of methods. Originat-

ing from the classical Galerkin finite element method, the DGM uses discontinuous

approximate solutions, which is borrowed from the finite volume method. The DGM

can achieve a high order of accuracy if a high degree of the approximating polynomi-

als is used. More importantly, DGM is highly parallelizable and can handle complex

geometries very well (Cockburn, Karniadakis & Shu, 2000). It seems to be well suited

to meet the stringent requirements of DNS of turbulence.

The main motivations of the present work are to study the effects of pressure gra-

dients and its fluctuations on vorticity generation in compressible and incompressible

fully developed turbulent flows between isothermal walls and developing turbulent

wall-bounded flows subjected to favourable and adverse pressure gradients through

direct numerical simulation using discontinuous Galerkin method, and to study the

physics of these flows and provide a database for turbulence studies. The verifica-

tion of the compressible discontinuous Galerkin code is to make comparisons with
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published experimental and numerical data.

1.2 Literature review

Much work has been done to understand turbulent wall bounded flows with zero or

adverse pressure gradient and separation, through theoretical & experimental analy-

sis, and numerical approximations.

1.2.1 Theoretical analysis

In most theoretical analysis of turbulent wall flows, it was of great importance to

determine the relevant velocity scales (Skote & Henningson, 2002). Friction velocity

uτ =
√
τw/ρ, where τw and ρ are wall shear stress and density, is usually chosen

as the velocity scale for near-wall turbulence, especially for a zero pressure gradient

(ZPG) boundary layer.

But there are some limitations. On one hand, Reynolds stresses did not scale

with uτ because large eddies contribute a significant fraction to the Reynolds stresses

(Morrison, 2007). This phenomenon was explained differently by many different re-

searchers.

Townsend (1961) proposed a concept ’inactive motion’ to explain the wall scaling

failures. Inactive motion was essentially a first-order approximation of the effect of

large eddies close to the wall that acted as a quasi-inviscid, linear, low frequency

modulation of shear-stress-bearing motion (Morrison, 2007). In other words, large

eddies close to the wall were “inactive“ and the inner-outer interaction between the

large eddies and small shear-stress-bearing motion of turbulent wall flows was linear.
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Morrison (2007) investigated the inner and outer layer interactions of turbulent

wall-bounded flows and claimed that it was probable that the interaction was inher-

ently nonlinear, so that the assumption of the hypothesis of energy equilibrium close

to the wall (Townsend, 1956, 1976), which was identified as a no-interaction condition

and inactive motion, was invalidated.

Zhao & Smits (2007) studied the scaling of the wall-normal turbulence component

in high-Reynolds-number pipe flow and found that ’inactive motion’ concept cannot

explain their observation and confirmed that Morrison’s arguments of near-wall mo-

tion was influenced by the outer flow.

On the other hand, uτ cannot be used as the relevant velocity scale when it

approaches zero in a boundary layer under APG, especially a strong APG. Many

studies (Stratford, 1959; Kader & Yaglom, 1978) on separated flows chose another

velocity scale up = (ν/ρ dP/dx)1/3 based on pressure gradient.

Lately, Durbin & Belcher (1992) and Melnik (1989) obtained a three-layer struc-

ture of the turbulent boundary layer with an APG.

Some other velocity scales were also brought up. For example, Perry & Schofield

(1973) proposed a universal velocity defect law for a developing turbulent boundary

layer under adverse pressure gradient. The velocity scale they used was related to

the local maximum in the Reynolds stress profile, which is neither uτ nor up. It is

also found that the theory had a half-power distribution. Schofield (1981) analyzed

equilibrium boundary layers under moderate and strong adverse pressure gradient,

based on this defect law. It was found that the predicted shear-stress profiles using

the expression derived from the law, was in good agreement with experimental data.

Even so, there seems to be no evidence that the earlier work considered the fact
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that flow with APG and separation is highly three dimensional. The following theory

of pressure gradient and wall vorticity flux would probably shed some lights.

Lighthill (1963) proposed a simple relation between the streamwise vorticity flux

and the spanwise pressure gradient, at least for a incompressible laminar flow over a

stationary plane wall. x, y, z was taken as the streamwise, wall-normal, and spanwise

directions respectively, and if y = 0 denotes the wall surface, then the simple relation

followed,

ν
∂ωx

∂y
= ν

∂

∂y
(
∂w

∂y
− ∂v

∂z
) = ν

∂2w

∂y2
= ν∇2w =

1

ρ

∂p

∂z
(1.1)

where ωx is the streamwise vorticity, ∂p/∂z is the spanwise pressure gradient.

Wu et al. (1993) proposed a more general relationship between the vorticity and

pressure gradient:

−n̂× (
∇p
ρ

)W − νn̂× (∇×−→ω )W = n̂× aW (1.2)

where n̂ denotes the unit normal vector and the suffix W denotes the wall surface. a

is the wall acceleration. So for a stationary plane wall surface, eq.(1.2) becomes

n̂× (
∇p
ρ

)W + νn̂× (∇×−→ω )W = 0 (1.3)

Vorticity flux was also considered for the active control of turbulent flows on a solid

surface. Koumoutsakos (1999) proposed a control algorithm based on the measure-

ment and manipulation of the wall vorticity flux (or equivalently pressure gradient)

and applied this algorithm to a low Reynolds number turbulent incompressible chan-

nel flow. The simulation showed that the resulting skin friction drag reduction could

reach an order of 40% through out-of-phase control (implying cancellation of the

induced vorticity flux).
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Lee & Kim (2002) also investigated vortices in a viscous sublayer of a turbulent

boundary layer and found that a significant generation of vorticity there. A signif-

icant amount of drag reduction could be achieved through a supression of spanwise

disturbances in the sublayer which caused supression of near-wall turbulence struc-

tures.

1.2.2 Experimental investigations

Many experimental studies on boundary layer separation have been carried out, even

though there are some variables that cannot be obtained through experiment, such

as the pressure fluctuations within the separation region (Na & Moin, 1996).

Simpson, Strickland & Barr (1977), Simpson et al. (1981a) and Simpson et al.

(1981b) studied separating turbulent boundary layer for an airfoil-type flow in which

the flow was accelerated and then decelerated until separation and determined the

distribution of mean profiles, the Reynolds stress, and higher-order statistics. It was

found that the velocity profile correlations of Perry & Schofield (1973) were supported

upstream of separation within the uncertainty of the data and the similarity of the

streamwise velocity and streamwise component of turbulence intensity throughout the

shear flow was found downstream of separation. They also found that the separated

turbulent boundary layer consisted of three layers: viscous layer nearest the wall; a

rather flat intermediate layer, an overlap region between the viscous wall and outer

regions; and outer backflow region, the farthest from the wall. The logarithmic law

were found not valid when the turbulent boundary layer approached separation, and

mixing length and eddy viscosity models were physically meaningless in the backflow

and had reduced values in the outer region of the separated flow. It was found that
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the skewness factor for streamwise velocity was positive upstream of separation near

the wall, but negative downstream of separation. They claimed that the large-scale

eddies in the outer region flow, which provided the mechanism for turbulence-energy

diffusion, controlled the back flow.

Nagano, Tagawa & Tsuji (1993) investigated the characteristics of mean flow and

turbulent statistics of a turbulent boundary layer with moderate to strong adverse

pressure gradients. It was found that the influence of adverse pressure gradient caused

the velocity profile to fall below the standard log-law. Adverse pressure gradient also

had a strong effect on higher-order statistics of velocity fluctuations.

Na & Moin (1996) claimed in their DNS of turbulent boundary layers with APG

and separation, that the accuracy of the hot-wire measurements is degraded by two

characteristics of the flow: the tendency of not remaining two-dimensional in the mean

and the high sensitivity to the upstream conditions, which also cause discrepancies

among experiments.

1.2.3 Numerical simulations

DNS has become an important tool for the turbulence research community. DNS

can provide accurate, complete and detailed data, especially in the near wall regions

and/or separation regions, where it is still difficult for experimental methods to get

reliable data for certain variables, especially for compressible flows, despite improve-

ments in experimental techniques.

Reynolds-averaged Navier-Stokes (RANS) based methods are not reliable in sep-

arated flows because they are not good at the treatment of the near-wall turbulent

flow, which is argued here to the main focus for separation. With the development
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of powerful computers and DNS, the effects of APG and separated flows can be in-

vestigated.

The foundations of DNS were laid at the National Center for Atmospheric Re-

search in the United States (Fox & Lilly, 1972). The first computation using DNS was

performed by Orszag & Patterson (1972). Although it was just a 323 grid computa-

tion of isotropic turbulence, it showed how spectral methods can be used to perform

detailed computations of 3D turbulence. The first DNS of incompressible turbulent

plane channel flow was performed by Kim et al. (1987). The Reynolds number based

on friction velocity was around 180 (Reτ ≈ 180). A large number of turbulence

statistics including turbulence intensities, Reynolds shear stress, vorticity, high order

statistics, etc were compared with experimental data with good agreement.

DNS of turbulent compressible plane channel flow between isothermal walls was

performed by Coleman, Kim & Moser (1995). The Mach numbers based on the bulk

velocity and sound speed at the walls were 1.5 and 3. The Reynolds numbers were of

order 3000, based on the centre line velocity and channel half width. They found that

the mean density and temperature gradients caused enhanced streamwise coherence

of near-wall streaks. The density-weighted Van Driest transformation (Van Driest,

1951) of mean streamwise velocity generated curves of similar slopes. It was also

claimed that the compressibility effects caused by the mean property variations were

dominant, compared with those caused by thermodynamic fluctuations.

Na & Moin (1998) investigated a separated turbulent flow over a flat plate with a

forced adverse-to-favorable pressure gradient using DNS to consider the effect of APG

on separated flows. The Reynolds number based on momentum thickness upstream

of separation and free stream velocity Reθ = 300. They found that the locations
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of instantaneous spanwise-averaged detachment and reattachment points both fluc-

tuate significantly in the streamwise direction, and turbulent structures emanating

upstream of separation move upwards into the shear layer in the detachment region

and turn around the separation bubble, and that the largest pressure fluctuations are

located in the middle of the shear layer.

Huttl et al. (2001) performed a low Reynolds number modeling work. They

claimed that none of the models can accurately capture the distribution of turbu-

lent kinetic energy. The models they used are standard k − ω model and Menter’s

SST model (Menter, 1993). Both models perform well in the region with strong APG

& FPG and the mean velocities are in good agreement with the DNS data. How-

ever, deviations become visible for the predication of Reynolds shear stress, turbulent

kinetic energy and the development of the skin friction coefficient in the region of

smaller APG. The reason remains unknown and needs further detailed investigation.

Morinishi et al. (2004) performed a DNS of compressible turbulent channel flow

between adiabatic and isothermal walls. The main difference between adiabatic and

isothermal walls were explained. The energy transfer was analysed. It was found that

Morkovin’s hypothesis (Morkovin, 1964), which generally claimed that the compress-

ible shear flow dynamics would follow the incompressible pattern, was not applicable

to the near wall asymptotic behaviour of the wall normal turbulence intensity.

Shan, Jiang & Liu (2005) performed a two-dimensional and a three-dimensional

DNS of flow separation around a NACA 0012 airfoil with an attack angel of 4◦ and a

Reynolds number of 105 based on the free stream velocity and the chord length. They

solved the full compressible Navier-Stokes equations in the curvilinear coordinate

systems using an implicit scheme with a high order compact central difference scheme
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and non-reflecting boundary conditions. The 2D simulation was started from the

uniform flow field and 3D simulation from the 2D simulation results. They claimed

that the disturbance in the near wake region may propagate upstream and cause three

dimensional instability, which seems to be self-sustained and leads to transition to

turbulence.

1.3 Research objectives

There are three main objectives of this research.

1). To apply and assess to see suitability of the discontinuous Galerkin method to

calculate, via DNS, compressible turbulent channel flows and complex turbulent

flows under favourable and adverse pressure gradients.

2). To compute and study the effects of pressure gradients on vorticity generation

from a solid wall for compressible and incompressible turbulent flows under zero,

favourable, and adverse pressure gradients.

3). To provide a database for low Mach number turbulent flows subjected to favourable

and adverse pressure gradients. This database may then be used to develop and

test modifications to models of turbulence that can accurately predict aircraft-

wing-type APG and separated flows.

1.4 Major contributions

This study involves the application of discontinuous Galerkin method to direct nu-

merical simulation of complex compressible and incompressible wall bounded flows
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under zero, favourable, and adverse pressure gradients at different Mach numbers.

The major contributions are:

• The first to apply DGM to DNS of compressible and incompressible wall bounded

turbulent flows under favourable, zero, and adverse pressure gradients at differ-

ent Mach numbers

• Addition of a fringe region technique to DGM in the application of turbulent

boundary layer under FPG and APG

• Derivation of the relation between pressure gradients and wall vorticity flux

for compressible turbulent flows between isothermal walls (variable viscosity for

fluid flow)

• Analysis of the effects of pressure gradient on vorticity generation and the influ-

ence of Mach number, viscosity gradient, dilatation on the correlation between

pressure gradient and vorticity flux. It has demonstrated that the Mach number

has a great effect on the pressure-gradient and vorticity-flux correlation in the

near wall region. The effect of viscosity on this correlation becomes significant

for supersonic turbulent flows.

• Analysis of the influence of pressure gradients through FPG and APG regions

in a transitional turbulent flow on the correlations between pressure gradients

and vorticity flux and other statistics.

• Analysis of the influence of flow separation on correlations and statistics of a

transitional turbulent flow with FPG and APG.
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• Construction of database for compressible and incompressible wall-bounded

flows (Ma = 0.2, 0.7 and 1.5) that include mean profiles, second order and

higher-order statistics, shear stresses, turbulent kinetic energy budget, corre-

lations between velocities and temperature, correlations between pressure gra-

dients and vorticity flux, one dimensional spectra and correlations etc. See

Appendix B.

• Construction of database for low Mach number wall-bounded flows with pressure

gradients and separation that include global quantities, such as wall pressure

coefficient, skin friction, nondimensional acceleration parameter, and local pro-

files, such as mean profiles, second-order statistics, shear stresses, correlations

between pressure gradient and vorticity flux, correlations between pressure gra-

dient and vorticity, spanwise autocorrelations of streamwise velocities, etc. See

Appendix B.

1.5 Outline

This thesis is laid out as follows. Chapter 2 is an introduction of the numerical

methods being used in this thesis. First it is a general introduction of direct numer-

ical simulation. Then it is followed by an introduction, formulation of discontinuous

Galerkin method for 1D hyperbolic and 3D Navier-Stokes equations. Implementation

related issues are discussed last. Chapter 3 provides a complete documentation of di-

rect numerical simulation of fully developed turbulent channel flow at three different

Mach numbers (0.2, 0.7, and 1.5) using discontinuous Galerkin method. Results that
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include 1D spectra and correlations, mean profiles, low and high order statistics, en-

ergy balance, turbulent structures, cross-correlations, and relations between pressure

gradient and vorticity gradient are presented and discussed. Chapter 4 documents the

details of direct numerical simulation of transitional turbulent flows with favourable

and adverse pressure gradients and separation. A fringe region technique is introduced

in the section of computational details which follows the introduction and literature

review sections. The result section presents global quantities, transition, local mean

profiles, second order statistics, correlations between pressure gradients and vortic-

ity (gradient), near-wall turbulent structures. It is then followed by the conclusions

drawn from all results presented in this thesis, together with recommendations for

future work, which are presented in Chapter 5.



Chapter 2

Numerical Methodology

2.1 Direct numerical simulation (DNS)

DNS solves the full system of established flow equations, i.e. Navier-Stokes equations,

without using any further approximation or modeling except those associated with

their numerical implementations. All the flow aspects at all time and spatial locations

can be obtained through DNS. Those data that DNS provides are numerically accurate

and complete.

DNS requires a much higher computation power and memory as it solves all the

details of a turbulent flow. Parallel computation methods are often used in DNS to

decrease the computation time. Efficient numerical methods suitable for parallel com-

puting will be a further improvement in the arsenal of the computational turbulence

community.

Most turbulent flows in real world involves complex geometries. This adds addi-

tional difficulties to DNS. Moreover, flows have to be considered compressible in many

aerodynamic situations, in which compressible Navier-Stokes equations are required

16
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to solve.

The Discontinuous Galerkin Method is one method that can accommodate all the

above requirements.

2.2 Discontinuous Galerkin method (DGM)

The first DGM was introduced by Reed & Hill (1973). Various schemes based on the

DGM have been proposed since then, (check Cockburn et al. (2000), Karniadakis &

Sherwin (2005) for reviews)

The DGM has several attractive features. First, using completely discontinuous

piecewise polynomial space with no global continuity requirement between the element

interfaces, the DGM combines the features in the standard Galerkin finite element

method and finite volume method (FVM). It can capture physical discontinuities,

such as shock wave, without producing spurious oscillations around them (Cockburn

et al., 2000). The lack of global continuity constraints enables discrete approxima-

tions characterized by the great geometrical flexibility, which makes it suitable for

simulating flow with complex geometries, one of the main attractive features.

Its high order accuracy can be accomplished by using high order approximation

polynomials and/or refinement of the mesh without considering the inter-element

continuity restraint, and it also allows using different degrees of approximation poly-

nomials in different elements, which makes it more efficient and flexible, especially for

the case of wall bounded flows, such as turbulent flows with adverse pressure gradients

or separated flows. For this case, extremely fine scales in the near wall region require

fine grid and high order accurate computation, which can be achieved in DGM by

using locally high order polynomials and fine grid elements.
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The DGM is compact and highly parallelizable. In DGM each element uses its

own approximation polynomial without considering the inter-element continuity con-

straints, that is, the resulting system of equations is local to the element. Solving

the equation system in an element does not need the data of its neighboring elements

except for some boundary data, as will be shown in the following sections. This com-

pactness makes DGM ideally suited for parallel computations (Baggag et al., 1999).

The DGM has a good stability. Proper numerical fluxes and slope limiters are

often employed in high-resolution finite difference and finite volume methods to guar-

antee that the appearance of a discontinuity in the approximate solution does not

induce spurious oscillations, but DGM assumes discontinues solutions and naturally

incorporates the ideas of numerical fluxes and slope limiters (Cockburn et al., 2000).

For example, DGM uses Riemann solvers (Toro, 1997; Rider & Lowrie, 2002) as the

numerical fluxes on element interfaces and total variation bounded (TVB) nonlinear

limiters (Shu, 1987) to eliminate oscillations for strong discontinuities.

As illustrated above, the DGM has many attractive features that are needed by

DNS of complex turbulent flows.

The formulation and implementation of DGM discussed in the following sections

are mainly based on the method developed by Karniadakis & Sherwin (2005) &

Warburton & Karniadakis (1999).

2.3 1D hyperbolic formulation

The formulation and discretization of DGM will start from its origin: standard contin-

uous Galerkin method (CGM) (Galerkin, 1915). The CGM (also called the Bubnov-

Galerkin method) is a class of finite element methods (FEM) that uses the same
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continuous piecewise polynomial space for the approximation solution and the weight-

ing functions. There exists another class of Galerkin method called Petrov-Galerkin

method, which uses similar, but not identical, polynomial space for the approximation

and the weighting functions. Since DGM originates from standard Bubnov-Galerkin

method (CGM) instead of Petrov-Galerkin method, only CGM will be considered

here.

The analysis will start from one dimensional non-linear hyperbolic laws for sim-

plicity, since Euler equations of gas dynamics are the bottleneck to deal with the

compressible Navier-Stokes equations (Cockburn, 2003).

One-dimensional case of hyperbolic conservation law is given in equation 2.1:

ut + f(u)x = 0 (2.1)

where ut is denoted as ∂u
∂t

; similarly, f(u)x is denoted as ∂f(u)
∂x

. It is same for the

variable vx hereafter.

The CGM uses the same approximation and weighting function space:

Φ = {v | v =

p∑

k=0

akx
k for x ∈ Ei , i = 1, . . . , N}

where p is the order of the approximation polynomials, and ak(k = 0, . . . , p) is the

coefficient. Ei = [xi− 1
2
, xi+ 1

2
] (for i = 1, . . . , N), is a cell of the computational

domain (total N cells). The cell size is 4xi = 1
2
(xi+ 1

2
− xi− 1

2
) with its centre located

at: xi = 1
2
(xi+ 1

2
+ xi− 1

2
), as illustrated in figure (2.1).

The approximation function u ∈ Φ (the same function space as the weighting

function v). Eq.(2.1) becomes
∫

Ei

vutdx+

∫

Ei

vf(u)xdx = 0 for i = 1, . . . , N (2.2)
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Figure 2.1: 1-D grid of continuous Galerkin method

for u, v ∈ Φ.

According to Green’s theorem:

∫

Ω

v∇ · −−→F (u)dΩ = −
∫

Ω

∇v · −−→F (u)dΩ +

∮

Γ

v−→n · −−→F (u)ds. (2.3)

It follows that for the one-dimensional case, eq.(2.2) becomes:

∫

Ei

vutdx−
∫

Ei

vxf(u)dx+

∫ x
i+1

2

x
i− 1

2

vf(u)ds = 0 for i = 1, . . . , N (2.4)

for all weighting functions v ∈ Φ.

This is the CGM formulation.

DGM develops from CGM and also has the same functional space for the ap-

proximate and the weighting functions, so the previous formulations also apply to

DGM. But the difference is that in DGM the approximation polynomials (u) are

only continuous within elements, that is, the values of variables are discontinuous on

the interfaces of neighboring elements, i.e. a variable has two separate values at the

interface of two neighboring elements. Terms involving the values on the interface,
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Figure 2.2: 1-D grid of discontinuous Galerkin method

such as the third term (
∫ x

i+1
2

x
i− 1

2

vf(u)ds) in eq.(2.4), must be treated with some special

means.

Then in DGM, eq.(2.4) becomes

∫

Ei

vutdx−
∫

Ei

vxf(u)dx+v−
i+ 1

2

f̂(u)i+ 1
2
−v+

i− 1
2

f̂(u)i− 1
2

= 0 for i = 1, . . . , N (2.5)

where v− denotes the left limit of the discontinuous function v at the interface

and v+ denotes the right limit of v at the interface, as shown in figure (2.2) and

f̂(u) = f(u−, u+) is an interface numerical flux, which can be obtained by using an

approximate Riemann solver (Toro, 1997).

Time discretization of eq. (2.5) will involve using explicit Adams-Bashforth or

Runge-Kutta methods which have a low cost for each time step and a relatively large

stability region. A wide range of length scales exists in turbulent flows, bounded from

below by the diffusive action of molecular viscosity, to above by the dimensions of the

flow field and the small eddies in turbulence have very short time scales (Tennekes &

Lumley, 1972). DNS demands fine resolution of grids and a large number of tiny time
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steps to be able to successfully capture all the time and spatial scales. It is argued to

be no need to employ an implicit time discretization method that can accommodate

larger time steps.

This is just a basic introduction of DGM on one dimensional hyperbolic system.

DGM on three dimensional compressible Navier-Stokes equations will be explained

in the next section.

2.4 3D compressible Navier-Stokes formulation

Three dimensional compressible Navier-Stokes equations with Stokes hypothesis will

be considered in this section. The conservation form of continuity, momentum, and

energy equations with an addition of a driving force can be written as equations (2.6)

(2.7) (2.8) respectively.

∂ρ

∂t
+
∂ρuj

∂xj

= 0 (2.6)

∂ρui

∂t
+
∂(ρuiuj + pδij)

∂xj

=
∂τij
∂xj

+ ρfi (2.7)

∂E

∂t
+
∂(E + p)uj

∂xj

=
∂(τijui − qj)

∂xj

+ ρfiui (2.8)

where,

δij is Kronecker’s delta;

τij is the viscous stress tensor: τij = µ( ∂ui

∂xj
+

∂uj

∂xi
)− 2

3
µδij

∂uk

∂xk
;

fi is the driving force (e.g. fi = τwavδi1/(hρm) for fully developed turbulent plane

channel flow);
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E is the total energy, defined as E = ρcvT + 1
2
ρuiui = p

γ−1
+ 1

2
ρuiui;

qj is the heat flux: qj = −κ ∂T
∂xj

.

The equation of state for a perfect gas is

p = ρRT (2.9)

where R is the gas constant: R = cp − cv and γ = cp

cv
.

The Mach number is

Ma =
u

c
=

u√
γRT

=
u√
γp/ρ

. (2.10)

The temperature can be written as:

T =
u2

γRMa2
. (2.11)

The total energy E can also be written as:

E =
ρu2

γ(γ − 1)Ma2
+

1

2
ρuiui. (2.12)

The equations (2.6) (2.7) (2.8) can be expanded in 3D as equation (2.13) for

nondimensionalization
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∂

∂t




ρ

ρu

ρv

ρw

E




+
∂

∂x




ρu

ρuu + p

ρuv

ρuw

(E + p)u




+
∂

∂y




ρv

ρvu

ρvv + p

ρvw

(E + p)v




+
∂

∂z




ρw

ρwu

ρwv

ρww + p

(E + p)w




=

∂

∂x




0

2
3
µ(2∂u

∂x
− ∂v

∂y
− ∂w

∂z
)

µ(∂u
∂y

+ ∂v
∂x

)

µ(∂u
∂z

+ ∂w
∂x

)

u2
3
µ(2∂u

∂x
− ∂v

∂y
− ∂w

∂z
) + vµ(∂u

∂y
+ ∂v

∂x
) + wµ(∂u

∂z
+ ∂w

∂x
) + κ∂T

∂x




+

∂

∂y




0

µ(∂u
∂y

+ ∂v
∂x

)

2
3
µ(2∂v

∂y
− ∂u

∂x
− ∂w

∂z
)

µ(∂v
∂z

+ ∂w
∂y

)

uµ(∂u
∂y

+ ∂v
∂x

) + v 2
3
µ(2∂v

∂y
− ∂u

∂x
− ∂w

∂z
) + wµ(∂v

∂z
+ ∂w

∂y
) + κ∂T

∂y




+

∂

∂z




0

µ(∂u
∂z

+ ∂w
∂x

)

µ(∂v
∂z

+ ∂w
∂y

)

2
3
µ(2∂w

∂z
− ∂u

∂x
− ∂v

∂y
)

uµ(∂u
∂z

+ ∂w
∂x

) + vµ(∂v
∂z

+ ∂w
∂y

) + w 2
3
µ(2∂w

∂z
− ∂u

∂x
− ∂v

∂y
) + κ∂T

∂z




+




0

ρfx

ρfy

ρfz

ρ(fxu+ fyv + fzw)




(2.13)
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All the variables in the equation 2.13 can be nondimensionalized in the following

way.

x = x
Lref

, y = y
Lref

, z = z
Lref

, ρ = ρ
ρref
, u = u

Uref
, v = v

Uref
, w = w

Uref
, E = E

ρrefU
2
ref

p = p
ρrefU

2
ref
, µ = µ

µref
, κ = κ

κref
, T = T

U2
ref/cv

, t = t
Lref/Uref

, f = f
U2

ref/Lref

where

Lref—reference Length;

ρref—reference density;

Uref—reference velocity;

µref—reference dynamic viscosity;

κref—reference thermal conductivity.

Thus the reference Reynolds number is Reref = ρrefUrefLref

µref
. And the reference

Prandtl number Prref = µrefcp

κref
.

Eq. 2.13 is multiplied by terms in 2.14 respectively. Then eq. 2.15 can be obtained.




Lref/(ρrefUref)

Lref/(ρrefU
2
ref)

Lref/(ρrefU
2
ref)

Lref/(ρrefU
2
ref)

Lref/(ρrefU
3
ref)




(2.14)
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∂

∂t




ρ

ρu

ρv

ρw

E




+
∂

∂x




ρu

ρuu + p

ρuv

ρuw

(E + p)u




+
∂

∂y




ρv

ρvu

ρvv + p

ρvw

(E + p)v




+
∂

∂z




ρw

ρwu

ρwv

ρww + p

(E + p)w




=

1

Reref




∂

∂x




0

2
3
µ(2∂u

∂x
− ∂v

∂y
− ∂w

∂z
)

µ(∂u
∂y

+ ∂v
∂x

)

µ(∂u
∂z

+ ∂w
∂x

)

u2
3
µ(2∂u

∂x
− ∂v

∂y
− ∂w

∂z
) + vµ(∂u

∂y
+ ∂v

∂x
) + wµ(∂u

∂z
+ ∂w

∂x
) + κγ

Prref

∂T
∂x




+

∂

∂y




0

µ(∂u
∂y

+ ∂v
∂x

)

2
3
µ(2∂v

∂y
− ∂u

∂x
− ∂w

∂z
)

µ(∂v
∂z

+ ∂w
∂y

)

uµ(∂u
∂y

+ ∂v
∂x

) + v 2
3
µ(2∂v

∂y
− ∂u

∂x
− ∂w

∂z
) + wµ(∂v

∂z
+ ∂w

∂y
) + κγ

Prref

∂T
∂y




+

∂

∂z




0

µ(∂u
∂z

+ ∂w
∂x

)

µ(∂v
∂z

+ ∂w
∂y

)

2
3
µ(2∂w

∂z
− ∂u

∂x
− ∂v

∂y
)

uµ(∂u
∂z

+ ∂w
∂x

) + vµ(∂v
∂z

+ ∂w
∂y

) + w 2
3
µ(2∂w

∂z
− ∂u

∂x
− ∂v

∂y
) + κγ

Prref

∂T
∂z







+




0

ρfx

ρfy

ρfz

ρ(fxu+ fyv + fzw)




(2.15)
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All variables in eq. 2.15 are nondimensionalized and the state equation for perfect gas

(2.9) becomes p = ρ(γ−1)T . Nondimensional temperature can be therefore obtained

from:

T =
E − 0.5ρ(u2 + v2 + w2)

ρ
(2.16)

Nondimensionalization of eq. 2.10 becomes

Ma = u/
√
γ(γ − 1)T (2.17)

Then Mach number can be obtained from

1 = Ma2
refγ(γ − 1)Tref (2.18)

Eq. 2.15 looks a bit complicated. We can rewrite it in a compact form as:

Ut +∇ · FI =
1

Reref

∇ · FV + FB (2.19)

where the vector U = [ρ, ρu, ρv, ρw, E]t denotes the conserved variables;

FI = FI(U) and FV = FV (U,∇U) are inviscid and viscous fluxes respectively;

FB = [0, ρfx, ρfy, ρfz, ρ(fxu+ fyv + fzw)]t represents the body force terms.

Discontinuous Galerkin method treats these terms differently. The treatment of

the inviscid flux term (∇ · FI) will be considered first. The contribution of viscous

fluxes and body force terms will be treated as an correction.

2.4.1 Discontinuous Galerkin method for convection

The convection part of the equation 2.19 or the Euler equation is:

Ut +∇ · FI = 0. (2.20)
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Let Ω denote the whole computational domain and ∂Ω the boundary. The whole

domain Ω is divided into N subdomains (or elements). Ωe(e = 1, 2, ..., N) represents

the e-th element with boundary ∂Ωe . Elements are only overlapping on element

interfaces. Let W be the weighting function, which is continuous in Ωe and zero

outside.

DGM treats each element separately. After multiplying the weighting function W

and integrating over the element Ωe, eq. 2.20 becomes,

∫

Ωe

WUtdx +

∫

Ωe

W∇ · FIdx = 0 for e = 1, . . . , N. (2.21)

Integrating by parts gives:

∫

Ωe

WUtdx −
∫

Ωe

∇W · FIdx +

∫

∂Ωe

Wn̂ · FIds = 0 for e = 1, . . . , N. (2.22)

All the operations in eq. 2.22 are within the element Ωe so far. As DGM allows

discontinuous solutions at element boundaries, however, some elemental coupling is

required to connect adjacent elements, enforce boundary conditions and keep the

solution within a certain bounded variation. The coupling at boundaries between

adjacent elements is employed in DGM by the computation of the flux FI in the

third term of the equation 2.22. Two possible values of U at the boundary of element

Ωe can be denoted as U− (internal) and U+(external), and the numerical boundary

flux can be written as F̂
I
(U−,U+). Eq. 2.22 then becomes:

∫

Ωe

WUtdx −
∫

Ωe

∇W · FIdx +

∫

∂Ωe

Wn̂ · F̂I
ds = 0 for e = 1, . . . , N. (2.23)
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Integrating the second term of the equation 2.23 by parts once more, gives another

implementation of DGM which is employed in the current code:

∫

Ωe

WUtdx+

∫

Ωe

W∇·FIdx+

∫

∂Ωe

Wn̂·(F̂I−FI)ds = 0 for e = 1, . . . , N. (2.24)

The calculation of numerical boundary flux F̂
I

can use a simple upwind approach

or an approximate Riemann solver. Three approaches based on Riemann solver are

available in the current implementation of the code. The first is the upwind flux

calculated in the following way:

F̂
I
(U−,U+) = FI(RD+LU− + RD−LU+) (2.25)

where A = RDL is the Jacobian matrix of FI ;

A = RDL =
∂FI

∂U
(2.26)

where R and L are its right and left eigenvectors; D is the diagonal matrix of its

eigenvalues and D± = 1
2
(D± |D|).

The second is Roe splitting flux:

F̂
I
(U−,U+) =

1

2
[FI(U−) + FI(U+)]− 1

2
R|D|L(U+ −U−). (2.27)

The Lax-Friedriches flux is implemented as follows:

F̂
I
(U−,U+) =

1

2
[FI(U−) + FI(U+)− αmax(U+ −U−)] (2.28)

where αmax is the maximum absolute value of the eigenvalues.



CHAPTER 2. NUMERICAL METHODOLOGY 30

2.4.2 Discontinuous Galerkin method for diffusion

The diffusion part of the equation 2.19 is:

Ut =
1

Reref

∇ · FV + FB. (2.29)

where FV = FV (U,∇U) is the viscous flux.

The problem can be simplified as:

ut = ∇ · (ν∇u) + s (2.30)

where ν is a variable coefficient ν = ν(x , t); The field variable u is a scalar u = u(x , t);

and s is the source term.

A flux variable is introduced:

fV = ν∇u. (2.31)

Then the equation 2.30 can be rewritten as:

ut = ∇ · fV + s (2.32)

1

ν
fV = ∇u. (2.33)

Weighting functions w and v is introduced, so that, for the element Ωe, it has

∫

Ωe

vutdx =

∫

Ωe

v∇ · fV dx +

∫

Ωe

vsdx (2.34)
∫

Ωe

1

ν
w · fV dx =

∫

Ωe

w · ∇udx . (2.35)

As in the previous convection section, Integrating the above equation by parts
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gives:

∫

Ωe

vutdx = −
∫

Ωe

∇v · fV dx +

∫

∂Ωe

vn̂ · f̂V ds +

∫

Ωe

vsdx (2.36)
∫

Ωe

1

ν
w · fV dx = −

∫

Ωe

u∇ ·wdx +

∫

∂Ωe

ûn̂ ·wds . (2.37)

Integrating the above equation by parts once more, it follows,

∫

Ωe

vutdx =

∫

Ωe

v∇ · fV dx +

∫

∂Ωe

vn̂ · (̂fV − fV )ds +

∫

Ωe

vsdx (2.38)
∫

Ωe

1

ν
w · fV dx =

∫

Ωe

w · ∇udx +

∫

∂Ωe

w · n̂(û− u)ds (2.39)

where f̂
V
, û denotes the viscous boundary fluxes.

Bassi & Rebay (1997) calculated the fluxes by averaging the values from two sides

of the boundary.

f̂
V

=
1

2
(fV+ + fV−) (2.40)

û =
1

2
(u+ + u−) (2.41)

There are also many other methods avaliable, such as, local discontinuous Galerkin

method (Cockburn & Shu, 1998), Baumann-Oden method (Baumann & Oden, 1999),

etc.

2.5 Compressible DGM code

The original compressible DG code is the 3D compressible Nektar code from Dr.

Karniadakis’ CRUNCH Group at Brown University. The code is written in C++

(with MPI). It can correctly solve the conservative form of Navier-stokes equations

without driving force by using discontinuous Galerkin method and Adams-Bashforth
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time scheme. But it has problems of getting incorrect density and temperature field

for simulations with a driving force.

My key contributions/modifications to the code are:

• Fixed an important bug of not considering the introduced additional term in

the total energy equation due to the addition of driving force. The original

DG code has a section for adding drive force to Navier-Stokes equations, but

the addition is only done on momentum equations. This causes a total energy

loss in the total energy equation due to the missing term, that is, energy is

losing as time/simulation goes. Consequently, this would lead to a maximum

temperature and a minmum density at the channel walls for the simulation

fully developed turbulent isothermal-wall channel flow, which is opposite to the

correct result: maximum temperature and the minmum density happens at the

channel center for turbulent isothermal-wall channel flow.

• Upgraded the driving force to driving force function. The original code can

only use fixed values, which is the same for the whole computation domain.

The new implementation can allow the use of a driving force function, which

can be different at different locations of the computational domain.

• Implemented fringe region technique. Henningson’s fringe regin technique was

implemented in the code.

• Fixed several output and limit bugs and made some improvements, such as

several newly added functions, etc.

• Implemented over-integration and added new utilities for the post-processing

code, such as combining all elements into one, creating (Tecplot) binary files.
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No. of CPUs Seconds per time-step Speedup
8 11.08 8
16 5.71 15.53
32 3.12 28.41
64 1.67 53.08

Table 2.1: The scaling test for DGM on Sun SPARC Enterprise M9000

No. of CPUs Seconds per time-step Speedup
64 5.66 64
100 3.81 95.0
120 3.01 120.4
180 2.06 175.7

Table 2.2: The scaling test for DGM on SGI Origin 3900

2.5.1 Scaling test

The scaling tests of the discontinuous Galerkin method have been conducted on dif-

ferent architectures: (1) A channel flow simulation of 4320 elements (24 × 15 × 12)

and 10th order polynomial with over-integration was carried out on Sun SPARC En-

terprise M9000 at HPCVL (total 64 quad-core 2.52 Ghz Sparc64 VII processors, total

Memory size: 2 TBytes) with 8, 16, 32 and 64 processors repsectively; (2) A chan-

nel flow simulation of 41400 elements (100× 18× 23) and 7th order polynomial was

performed on SGI Origin model 3900 at West-Grid (total 256 processors of 700 MHz

IP35, total memory size: 256 GBytes) with 64, 100, 120, 180 processors respectively.

The scaling results are shown in tables (2.1) and (2.2) respectively. The speedup

is presented in figure (2.3). It can be easily seen that DGM achieves very good

speed-up for this problem on these architectures, although both are shared-memory

multi-processor (SMP) machines.
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Figure 2.3: Top: Speedup of DGM on Sun SPARC Enterprise M9000; Bottom:
Speedup of DGM on SGI Origin 3900



Chapter 3

DNS of turbulent compressible

channel flows

3.1 Introduction

It has been demonstrated that incompressible turbulent channel flow is extremely

useful for the study of wall-bounded turbulence (Moin & Mahesh, 1998). Direct

numerical simulation (DNS) of wall-bounded compressible turbulent flow is equally

useful because it provides 3D and time-dependent data that are very difficult or

even impossible to obtain experimentally (Morinishi, Tamano & Nakabayashi, 2004).

Here, DNS of fully developed compressible and incompressible turbulent channel flows

are investigated to study the effects of Mach number, compressibility and pressure

gradient on turbulence scaling, near-wall vorticity dynamics, turbulence structures,

and the related turbulence physics. In addition, the present work seeks to verify the

application of discontinuous Galerkin method (DGM) to DNS of turbulent flows.

There are two type of compressibility effects. One is caused by variations of the

35
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mean properties such as density and viscosity, and the other the fluctuation of thermo-

dynamic quantities (Morinishi et al., 2004). Lele (1994) has reviewed compressibility

effects on turbulence. He summarized many facets of compressibility effects on tur-

bulence and discussed several homogeneous and inhomogeneous compressible flows.

He argued that the density gradient in a compressible turbulent boundary layer is

mainly responsible for a decreased skin-friction coefficient, smaller turbulence inten-

sity, viscous effects, and for modifications to the incompressible law of the wall. Smits

(1991) also argued that a single Reynolds number is not sufficient to characterize the

flow with large gradients of fluid properties.

The first DNS of incompressible turbulent plane channel flow was performed by

Kim, Moin & Moser (1987), referred to hereafter as KMM. The Reynolds number

based on friction velocity was around 180 (Reτ ≈ 180). A large number of turbulence

statistics including turbulence intensities, Reynolds shear stress, vorticity, high order

statistics, etc were compared with experimental data with good agreement.

New simulations of the KMM Reτ ≈ 180 case were performed by Moser, Kim

& Mansour (1999), referred to hereafter as MKM. A comprehensive database was

provided including mean profiles, Reynolds stress, skewness, and flatness profiles,

etc. Besides this, two higher Reynolds number (Reτ ≈ 395 and Reτ ≈ 590) fully

developed turbulent channel flow simulations were conducted (Moser et al., 1999), in

which fewer low Reynolds number effects were observed than the Reτ ≈ 180 case. For

example, near-wall scaling of mean streamwise velocity profile for the case Reτ ≈ 180

has a larger intercept in the log-law region than higher Reynolds number flows.

The first application of the discontinuous Galerkin method (DGM) to DNS of
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turbulent flows was performed by Collis (2002). Collis applied the DGM to a low-

Reynolds-number DNS of compressible turbulent channel flow with isothermal walls.

The Reynolds number based on the friction velocity (Reτ ) was 100. The centre-line

Mach number (Mac) was 0.3. Mean and RMS velocity profiles were obtained and

compared with the incompressible cases. To the best of the author’s knowledge, this

is the only application of DG method to DNS of turbulent flows.

DNS of turbulent compressible plane channel flow between isothermal walls was

performed by Coleman, Kim & Moser (1995), referred to henceforth as CKM. The

Mach numbers based on the bulk velocity and sound speed at the walls were 1.5 and

3. The Reynolds numbers were of order 3000 and 4880, based on the centre line

velocity and channel half width. They found that the mean density and temperature

gradients caused enhanced streamwise coherence of near-wall streaks. The density-

weighted Van Driest transformation (Van Driest, 1951) of mean streamwise velocity

generated curves of similar slopes. It was also claimed that the compressibility effects

caused by the mean property variations were dominant, compared with those caused

by thermodynamic fluctuations.

Huang, Coleman & Bradshaw (1995) analysed DNS results of fully developed su-

personic isothermal wall channel flow and found that the difference between Reynolds

and Favre averages was small and any difference mainly existed in the region close to

the wall. Their DNS results did not support the “strong Reynolds analogy”, which

built a relation between temperature and streamwise velocity fluctuations, as pro-

posed by Morkovin (1964). Instead, they proposed a new Reynolds analogy that had

good agreement with their DNS data.

Morinishi et al. (2004) performed a DNS of compressible turbulent channel flow
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between adiabatic and isothermal walls. The main difference between adiabatic and

isothermal walls were explained. The energy transfer was analysed. It was found that

Morkovin’s hypothesis (Morkovin, 1964), which generally claimed that the compress-

ible shear flow dynamics would follow the incompressible pattern, was not applicable

to the near wall asymptotic behaviour of the wall normal turbulence intensity.

Foysi, Sarkar & Friedrich (2004) used DNS to study Reynolds shear stress scaling

in turbulent supersonic channel flow with isothermal walls. It was found that the

outer scaling (scaling with global variables) of Reynolds stresses worked well for the

region far away from the wall, but inner scaling (scaling with wall variables) failed.

An effective density was proposed based on an integral of local mean density over

the vertical extent of turbulent eddy. They claimed that the difference between

effective density and local mean density was the reason why local-mean-density-based

turbulence inner scaling law failed.

Recently Brun et al. (2008) performed a large eddy simulation of compressible tur-

bulent channel flow with isothermal walls. The Reynolds numbers were 3000 and 4800

and Mach number 0.3 < Ma < 3. Low Reynolds number effects and compressibility

effects were analyzed. An improved Van Driest transformation with an addition of

the influence of viscosity was proposed. The density and viscosity weighted RMS

velocity fluctuation profiles collapsed well.

3.1.1 Turbulence scaling

Turbulence inner and outer scaling as well as inner-outer layer interactions have been

studied in an effort to separate near wall from outer region effects.
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Townsend (1976) proposed the concept of inactive motion, referred to as low-

frequency large-scale swirling motion in a turbulent boundary layer. In other words,

large eddies close to the wall were “inactive“. He explained the influence of inactive

motion on the inner scaling of wall parallel components of turbulence intensities

(square of RMS velocity fluctuations in the streamwise and spanwise directions). He

also claimed that the scaling of wall-normal turbulence intensity and the shear stress

was little affected by inactive motion.

Morrison et al. (2004) investigated Reynolds number effects on the streamwise tur-

bulence intensities and higher order moments of streamwise velocity in fully developed

pipe flow over a range of high Reynolds numbers (5.5×104 6 ReD 6 5.7×106). It was

shown that streamwise turbulence intensities had two maxima. The first maximum

was at y+ ≈ 15 where the production of turbulence kinetic energy is maximized;

however, this maximum was Reynolds number dependent. The second maximum

was found at y+ ≈ 500 with ReD > 2 × 105. They argued that the inactive mo-

tion concept was inappropriate, although it could provide qualitative explanation of

low-wavenumber motion near the wall.

Morrison (2007) investigated the inner and outer layer interactions of turbulent

wall-bounded flows and suggested that it was probable that the interaction was in-

herently nonlinear. He also argued that large eddies contributed a significant fraction

to the Reynolds stresses, which was the reason that Reynolds stress do not scale with

wall friction velocity. It was then concluded that the assumption of the hypothesis of

energy equilibrium close to the wall (Townsend, 1956, 1976), which was identified as

a no-interaction condition and inactive motion, was invalid.
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Zhao & Smits (2007) studied the scaling of the wall-normal turbulence component

in high-Reynolds-number pipe flow and found that ’inactive motion’ concept cannot

explain their observations and confirmed that Morrison’s arguments of near-wall mo-

tion was influenced by the outer flow.

3.1.2 Near-wall vorticity dynamics

It is well known that vorticity generation occurs at the wall; however, large near-wall

viscosity variations can also influence the generation of vorticity. How these variations

influence the near wall pressure gradients for compressible channel flow has not been

explored.

Lighthill (1963) proposed that the vorticity flux (kinematic viscosity times vortic-

ity gradient for incompressible flows) was dominated by tangential pressure gradients

in an incompressible laminar boundary layer. A flow over a stationary plane wall was

considered, with x, y, z denoted as the streamwise, wall-normal, and spanwise direc-

tions respectively, and the wall surface taken as y = 0. A relation between vorticity

and pressure was derived:

ν
∂ωx

∂y
= ν

∂

∂y
(
∂w

∂y
− ∂v

∂z
) = ν

∂2w

∂y2
= ν∇2w =

1

ρ

∂p

∂z
(3.1)

where ωx is the streamwise vorticity, ∂p/∂z is the spanwise pressure gradient.

Wu et al. (1988) extended the vorticity-pressure relation to a viscous compressible

flow under the assumption of a constant viscosity. A general theory on the interac-

tion between vorticity-dilatation field and the solid surface was outlined. Actually,

vorticity flux can be affected by the wall normal gradient of the kinematic viscosity

as result of surface heating, chemical reaction, etc, shown by Gad-El-Hak (1990).
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Wu et al. (1993) studied vorticity generation on an oscillating wall. It was found

that the the wall oscillation could generate additional vorticity flux, which could affect

the existing vorticity field either positively or negatively. They claimed that this

effect was partially responsible for the mechanism of vortex flow control by waves.

Developments of boundary vorticity dynamics theory were reviewed by Wu & Wu

(1998).

Vorticity flux was also considered for the active control of turbulent flows on a solid

surface. Koumoutsakos (1999) proposed a control algorithm based on the measure-

ment and manipulation of the wall vorticity flux (or equivalently pressure gradient)

and applied this algorithm to a low Reynolds number turbulent incompressible chan-

nel flow. The simulation showed that the resulting skin friction drag reduction could

reach an order of 40% through out-of-phase control (implying cancellation of the

induced vorticity flux).

Lee & Kim (2002) also investigated vortices in a viscous sublayer of a turbulent

boundary layer and found that a significant generation of vorticity there. A signif-

icant amount of drag reduction could be achieved through a supression of spanwise

disturbances in the sublayer which caused supression of near-wall turbulence struc-

tures.

The near wall vorticity, viscosity and pressure correlations will be explored in

further detail in section (3.9)
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3.2 Computational details

3.2.1 Numerical methods

DNS of fully developed turbulent flow between two isothermal parallel plates at dif-

ferent Mach numbers is considered. The fluid is assumed to be an ideal gas with

constant specific heats (cp = γR/(γ − 1), cv = R/(γ − 1); γ = 1.4, R is the gas

constant) and Prandtl number (Pr).

The discontinuous Galerkin method (DGM) was used for the DNS. DGM is a finite

element based method that uses numerical fluxes on element boundaries, which draws

from finite volume method, so that it can accommodate discontinuous solutions on

element boundaries. It has many attractive features including: high order accuracy,

highly parallelizable, well suitable for complex geometries, local conservation, etc

(Cockburn, Karniadakis & Shu, 2000). The first DGM was introduced by Reed &

Hill (1973). It is only recently that DGM has been made suitable for computational

fluid dynamics related applications (Cockburn et al., 2000; Karniadakis & Sherwin,

2005), see chapter 2 for details.

The nondimensionalized conservation form of continuity, momentum, and energy

equations with an addition of a driving force can be written as equations (3.2) (3.3)

(3.4) respectively.

∂ρ∗

∂t∗
+
∂ρ∗u∗j
∂x∗j

= 0 (3.2)

∂ρ∗u∗i
∂t∗

+
∂(ρ∗u∗iu

∗
j + p∗δij)

∂x∗j
=

1

Re

∂τ ∗ij
∂x∗j

+ ρ∗f ∗i (3.3)
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∂E∗

∂t∗
+
∂(E∗ + p∗)u∗j

∂x∗j
=

1

Re

∂(τ ∗iju
∗
i + γ∗κ∗

Pr
∂T ∗
∂x∗j

)

∂x∗j
+ ρ∗f ∗i u

∗
i (3.4)

where all the variables with superscript ′′∗′′ were nondimensionalized by the refer-

ence variables (half channel width h, mean bulk density ρm, mean bulk velocity Um,

dynamic viscosity at wall µw, thermal conductivity at wall κw, specific heat at con-

stant volume cv ) in the following way: x∗i = xi/h, ρ
∗ = ρ/ρm, u

∗
i = ui/Um, E

∗ =

E/(ρmU
2
m), p∗ = p/(ρmU

2
m), µ∗ = µ/µw, κ∗ = κ/κw, T ∗ = T/(U2

m/cv), t∗ =

t/(h/Um), f ∗i = fi/(U
2
m/h); where fi = τwavδi1/(hρm).

The ideal gas law then becomes,

p∗ = ρ∗(γ − 1)T ∗ (3.5)

Re is the reference Reynolds number: Re = ρmUmh/µw;

δij is Kronecker’s delta: δij = 1 if i = j; δij = 0 if i 6= j

τ ∗ij is the viscous stress tensor:

τ ∗ij = µ∗(
∂u∗i
∂x∗j

+
∂u∗j
∂x∗i

)− 2

3
µ∗δij

∂u∗k
∂x∗k

; (3.6)

f ∗i is the driving force: f ∗i = 0.5(〈τ ∗12〉|x∗2=0 − 〈τ ∗12〉|x∗2=2)δi1/Re; the angle brackets 〈〉
denote the average over time (t) and streamwise (x1) & spanwise (x3) directions.

E is the total energy: E∗ = ρ∗T ∗ + 1/2ρ∗u∗iu
∗
i = p∗/(γ − 1) + 1/2ρ∗u∗iu

∗
i .

The relation between the bulk Mach number and the nondimensionalized wall

temperature is

Ma =
1√

γ(γ − 1)T ∗w
(3.7)

Prandtl number is defined as:

Pr =
cpµw

κw

=
cpµ

κ
(3.8)
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Pr and Cp are constants by assumption. It follows

κ∗ = µ∗ (3.9)

The calculation of dynamic viscosity was based on Sutherland’s theory of viscosity,

for which interpolation formula can be written as (Schlichting, 1979) :

µ∗ =
µ

µw

=

(
T

Tw

) 3
2 Tw + S1

T + S1

=

(
T ∗

T ∗w

) 3
2 T ∗w + S∗1
T ∗ + S∗1

(3.10)

where µw denotes the reference dynamics viscosity at the reference wall tempera-

ture Tw, S1 is a constant with a value of S1 = 110K for air, and S∗1 = S1/(U
2
m/cv).

DGM was employed for both convection and diffusion terms in the Navier-Stokes

equations (3.2, 3.3, 3.4) and Adams-Bashforth scheme for time integration. Numer-

ical boundary flux for convection was computed using upwind flux (Karniadakis &

Sherwin, 2005) and numerical viscous boundary flux was evaluated using Bassi-Rebay

method (Bassi & Rebay, 1997).

3.2.2 Physical and numerical parameters

Three DNS cases with Mach numbers Ma = 0.2, Ma = 0.7, and Ma = 1.5 (referred

to as Ma02, Ma07, and Ma15 hereafter) based on the bulk velocity Um are considered.

They share the same computational domain and coordinate system: streamwise (x) :

12h, wall-normal (y) : 2h, spanwise (z) : 6h, as illustrated in figure (3.1). The domain

size was large enough to include the largest eddies in the flow, as will be discussed in

the next section. The flow was assumed to be periodic in the streamwise and spanwise

directions as the flow was fully developed.

The Reynolds number was ≈ 2800 based on the mean bulk density ρm, mean

bulk velocity Um, dynamic viscosity at wall µw and the channel half-width h (180
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Figure 3.1: Computational domain for turbulent channel flow

Case Ma Re Reτ Pr γ Lx Ly Lz ∆x+ ∆y+
min/∆y+

max ∆z+

MKM 0 2800 178 / / 4πh 2h 4
3
πh 17.7 0.1/4.4 5.9

CKM 1.5 3000 222 0.7 1.4 4πh 2h 4
3
πh 19 0.1/5.9 12

Ma02 0.2 2772 180 0.72 1.4 12h 2h 6h 4.74 0.19/2.81 4.74
Ma07 0.7 2795 186 0.72 1.4 12h 2h 6h 4.89 0.19/2.89 4.89
Ma15 1.5 2811 208 0.72 1.4 12h 2h 6h 5.42 0.22/3.24 5.42

Table 3.1: Physical and numerical parameters

based upon the friction velocity uτ and h for Ma = 0.2). A summary of the physical

parameters of current simulations and two reference databases (MKM, CKM) is given

in the table (3.1). Although there is slight difference in some parameters (such as

Reynolds number and Prandtl number) between the case CKM and the current cases,

the comparison is still useful.

Uniform grid elements were employed in the streamwise and spanwise directions.
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A hyperbolic tangent function was used to distribute grids in the wall-normal direc-

tion. The number of grid elements are 24× 15× 12, in x, y, z directions respectively.

The initial field of the current simulations consisted of a uniform density profile

(〈ρ∗〉 = 1) , a laminar parabolic velocity profile with a superimposition of random

fluctuations (〈u∗〉 = 1.5(1− (1− y∗)2), 〈v∗〉 = 0, 〈w∗〉 = 0), and a total energy profile

that makes the mean fluid temperature field uniform (〈T ∗〉 = T ∗w). The simulation

started with a polynomial expansion order of P = 5th per element and over-integration

was applied to avoid aliasing errors; that is, 10× 10× 10 quadrature in each element.

Then the simulation was restarted with p = 10th order with over-integration, that is

20×20×20 quadrature in each element, to collect the flow statistics. A second-order

Adams-Bashforth scheme was used for time discretization.

The statistics for all three cases Ma02, Ma07, and Ma15 were obtained by an

average over 120 non-dimensional time units (t∗ = t/(h/Um)), or ≈ 8 large eddy

turn-over time (LETOT, based on t/(h/uτ )).

3.3 Grid resolution and domain size

This section addresses grid resolution and the size of the computational domain. Grid

resolution should be fine enough to capture the smallest length scales in turbulent flow

and the computational domain should be large enough to accommodate the largest

length scales.

Kolmogorov microscales of length, which characterizes the smallest scales, is de-

fined as:

η = (ν3/ε)1/4 (3.11)
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where the dissipation rate per unit mass is:

ε =
1

2
ν〈(∂u

′
i

∂xj

+
∂u

′
j

∂xi

)(
∂u

′
i

∂xj

+
∂u

′
j

∂xi

)〉 (3.12)

= ν(〈∂u
′
i

∂xj

∂u
′
i

∂xj

〉+ 〈∂u
′
i

∂xj

∂u
′
j

∂xi

〉) (3.13)

where angle brackets 〈〉 denote Reynolds average. Although these definitions are

taken from incompressible flows, they are used here for comparison purpose.

Grid resolution in wall units in the wall-normal direction for all three cases Ma02,

Ma07, and Ma15 versus Kolmogorov microscales of length scaled in wall units is shown

in figure (3.2). The mean grid spacings in the wall normal directions are: 4y+
min ≈ 0.2

(y+ = y/(ν/uτ ), where uτ is the friction velocity.) at the wall, and 4y+
max ≈ 3 at the

centre of channel, which is smaller than the Kolmogorov length scale for all y (here

y denotes the nondimensionalized variable y/h for convenience, which is the same for

the rest figures).

Grid spacings based on wall units in the streamwise and spanwise directions for

three cases are ≈ 5, as shown in the table (3.1), which is a little higher than the value

of Kolmogorov microscales of length, but it does not mean that the resolution is not

enough because measuring grid spacing in terms of friction velocity and viscosity at

the wall does not yield a straightforward indication of resolution quality due to the

rapid variations of mean properties near the wall (Coleman et al., 1995; Huang et al.,

1995). Another way to check grid resolution in a homogeneous direction is to consider

the one-dimensional energy spectra.

The streamwise and spanwise one-dimensional energy spectra of density, velocities,

and temperature at the channel centre and near the walls for all three cases Ma02,

Ma07, and Ma15 are shown in figures (3.3), (3.4), and (3.5) respectively, where kx, kz

are the wavenumbers in the streamwise and spanwise directions respectively. It can
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Figure 3.2: Kolmogorov microscale of length (η) versus grid resolution (∆y+) in wall
units

be seen from these figures that all cases share similar trends: rapid fall-off at high

wave numbers. Turbulence energy is dissipated and no energy is piled up at high

wavenumbers, as the inertial subrange where the Kolmogorov five-thirds law applies

is passed, shown in the above three figures. This verifies that the grid resolution in x

and z direction is also adequate.

Two point streamwise and spanwise correlations of a certain quantity a(x, y, z, t)

are defined as:

R(∆x) =
〈a′(x, y, z, t)a′(x+ ∆x, y, z, t)〉
〈a′(x, y, z, t)a′(x, y, z, t)〉 (3.14)

R(∆z) =
〈a′(x, y, z, t)a′(x, y, z + ∆z, t)〉
〈a′(x, y, z, t)a′(x, y, z, t)〉 (3.15)

Two point steamwise and spanwise correlations of density, velocities, and tem-

perature at the channel centre and near the wall for three cases Ma02, Ma07, and

Ma15 are shown in figures (3.6),(3.7), and (3.8) respectively. Figures (3.6) and (3.7)
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Figure 3.3: One dimensional energy spectra for Ma=0.2 for density (ρ), three velocity
components (u, v, w) and temperature (T ); top left: at the channel centre in the
streamwise direction; top right: close to the wall in the streamwise direction; bottom
left: at the channel centre in the spanwise direction; bottom right: close to the wall
in the spanwise direction. Note the thin solid line is -5/3 slope.
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Figure 3.4: One dimensional energy spectra for Ma=0.7 for density (ρ), three velocity
components (u, v, w) and temperature (T ); top left: at the channel centre in the
streamwise direction; top right: close to the wall in the streamwise direction; bottom
left: at the channel centre in the spanwise direction; bottom right: close to the wall
in the spanwise direction. Note the thin solid line is -5/3 slope.
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Figure 3.5: One dimensional energy spectra for Ma=1.5 for density (ρ), three velocity
components (u, v, w) and temperature (T ); top left: at the channel centre in the
streamwise direction; top right: close to the wall in the streamwise direction; bottom
left: at the channel centre in the spanwise direction; bottom right: close to the wall
in the spanwise direction. Note the thin solid line is -5/3 slope.
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show that the correlations of velocities for the cases Ma=0.2 and 0.7 are similar to

the incompressible results (see the figure 2 of KMM). The results given in figure (3.8)

are in good agreement with the case CKM (see the figure 3 of CKM).

It can be seen from figures (3.6),(3.7), and (3.8) that the steamwise correlation

of density, temperature and streamwise velocity close to the wall is similar in each

case but it increases with increase of Mach number, especially when the flow is in the

supersonic region. This indicates that the near-wall streaks become more coherent

as Mach number increases. Spanwise coherence of density and temperature at the

channel centre line is also observed to increase with increase of Mach number. The

large coherence is due to the effect of acoustic disturbances in the channel because the

perfectly rigid channel walls in the DNS are not replicated in an experiment; however,

this does not significantly affect the turbulent statistics, according to Coleman et al.

(1995).

3.4 Mean profiles of velocity, density and temper-

ature

The mean streamwise velocity, density and temperature profiles for the cases Ma02

and Ma15, compared with the incompressible case MKM (Moser et al., 1999) and the

compressible case CKM (Coleman et al., 1995) respectively, are shown in figure (3.9).

The velocity, density and temperature are nondimensionalized by the bulk velocity,

bulk density, and the wall temperature respectively. The wall-normal coordinate y is

nondimensionalized by the channel half width. The agreement between the current

simulations and those of MKM and CKM is observed to be very good. The slight
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Figure 3.6: Two-point correlations for Ma=0.2 for density (ρ), three velocity compo-
nents (u, v, w) and temperature (T ); top right: close to the wall in the streamwise
direction; bottom left: at the channel centre in the spanwise direction; bottom right:
close to the wall in the spanwise direction.
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Figure 3.7: Two-point correlations for Ma=0.7 for density (ρ), three velocity compo-
nents (u, v, w) and temperature (T ); top left: at the channel centre in the streamwise
direction; top right: close to the wall in the streamwise direction; bottom left: at
the channel centre in the spanwise direction; bottom right: close to the wall in the
spanwise direction.
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Figure 3.8: Two-point correlations for Ma=1.5 for density (ρ), three velocity compo-
nents (u, v, w) and temperature (T ); top left: at the channel centre in the streamwise
direction; top right: close to the wall in the streamwise direction; bottom left: at
the channel centre in the spanwise direction; bottom right: close to the wall in the
spanwise direction.
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difference in the mean temperature between the case Ma15 and the case CKM is

probably due to the slight difference in the parameters (see table 3.1).

The comparison of the mean velocity profiles for three cases Ma02, Ma07, and

Ma15 is presented in figure (3.10). It can be seen that the difference between the

cases Ma02 and Ma07 is negligible. But the velocity profile for the case Ma15 is

slightly lower in the region y <≈ 0.17 and slightly higher in the region y >≈ 0.17

than the other two cases.

The comparison of the mean density and temperature profiles for three cases Ma02,

Ma07, and Ma15 is shown in figure (3.11). The temperatures at the isothermal walls

are lower than the fluid temperature. The maximum temperature is at the centre

of the channel. The bigger the Mach number, the higher the temperature gradient

close to the wall, and the higher the temperature difference between the wall and the

centre. Although the temperature difference is marginal for the Ma02 case, it has a

high temperature gradient close the wall, shown in the bottom of the figure 3.12.

The mean streamwise velocity normalized by the friction velocity and its Van

Driest transformation for all three cases are displayed in figure (3.13). The top figure

is a comparison for case Ma02, the incompressible case MKM and the incompressible

law of the wall, which states that in the viscous sublayer region (y+ < 5)

usub = y+ (3.16)

and in the log-law region (y+ > 30)

ulog =
1

κ
lny+ +B (3.17)

where κ = 0.41 is the Von Kármán constant and B = 5.2 is a constant.

The Van Driest transformation of the mean velocity (Van Driest, 1951) accounts
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Ma=0.2 versus incompressible case MKM (Moser et al., 1999) in global coordinates
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versus the case CKM (Coleman et al., 1995) in global coordinates.
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Figure 3.12: Mean density 〈ρ〉, normalized by bulk density (ρm), and temperature
〈T 〉, normalized by wall temperature (Tw) for the case Ma02 in global coordinates.

for the influence of density variation:

〈u〉+V D =

∫ 〈u〉+

0

(〈ρ〉
ρw

)1/2

d〈u〉+ (3.18)

where ρw denotes the mean density at the wall. The 〈u〉+V D supposedly satisfies the

incompressible log law (Bradshaw, 1977):

〈u〉+V D =
1

κ
lny+ +B (3.19)

It can be seen from figure (3.13) that the Van Driest transformation of the mean

velocity profile for the case Ma02 collapses on the mean velocity profile as changes

in the mean density are negligible. The agreement between the case Ma02 and the

incompressible case MKM is also satisfactory. However, both cases do not collapse

onto the log law, which is due to the low Reynolds number effect, as discussed in

Moser et al. (1999).
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all three cases versus the law of the wall.
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The bottom plot in figure 3.13 indicates that the velocity profile departs from the

log law as the Mach number increases. However, there is a good fit in the viscous

sublayer and buffer layer. The Van Driest transformation of the velocity profiles of

compressible cases Ma07 and Ma15 causes the profiles to get closer to the incom-

pressible log-law, but at the same time the velocity profile departs the incompressible

profile in the buffer layer region.

Besides the traditional log-law for the intermediate region of turbulent wall-

bounded flows and boundary layers, a power law:

u+ = a(y+)b (3.20)

was proposed by some researchers such as George & Castillo (1997) and Barenblatt,

Chorin & Prostokishin (1997). Barenblatt and coworkers claimed a power law for the

intermediate region of both boundary layer and wall-bounded flows; however, George

and coworkers suggested that a power law was only applicable for boundary layers

and the log law should be used for wall-bounded flows like channel and pipe flows

(Wosnik et al., 2000; Moser et al., 1999). The scientific discussion arising from new

observations from pipe, channel and boundary layer flows, reinforce the uncertainty

as to what best describes these flows (Monty et al., 2009).

Two quantities are often used to compare the performance of power law and log

law to decide which one is more suitable for the scaling. They are defined as follows

(Moser et al., 1999):

β =
y+

u+

du+

dy+
(3.21)

γ = y+du
+

dy+
(3.22)
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β is supposed to be a constant (that is, b in eq. 3.20) in the region where a power

law applies. γ should be 1/κ in the region where log law applies. β and γ for the

current three cases Ma02, Ma07, and Ma15 are shown in figure (3.14). It can be

seen that the power law displays a more consistent variation with y+ than the log-

law, as well as greater constancy between, say, 50 < y+ < 150. Moser et al. (1999)

performed a similar study for the scaling of mean velocities with Reynolds number

and found that neither the power law nor the log-law was obeyed exactly although β

increased more slowly with y+ than γ for the high Reynolds number cases. Similarly,

it shows that the power law seems to be better than the log-law for the scaling of

mean streamwise velocity with Mach number for the current cases.

Figure 3.15 presents the local Mach number (May):

May =
〈u(y)〉
〈a(y)〉 (3.23)

where 〈a(y)〉 is the local mean sound speed and 〈a(y)〉 =
√
γR〈T (y)〉. The sonic line

(May = 1) is located at a distance of y = 0.115 from the wall, which exactly matches

the CKM case (Coleman et al., 1995).

The mean pressure nondimensionalized by the wall pressure for all three cases is

shown in figure (3.16). It shows that the position of the minimum pressure shifts from

y ≈ 0.3 for the case Ma02 to y ≈ 0.4 for the case Ma15, which is the same as the shift

of positions of the maximum root-mean-square wall-normal velocity fluctuations, as

will be shown in the next section. The value of the minimum pressure decreases with

increasing Mach number.

The mean viscosity nondimensionalized by the viscosity at the wall is shown in

figure (3.17). The difference between mean viscosity at the centre line and at the

wall increases with increase of Mach number. It shares a similar trend with the mean
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Figure 3.14: Top: A power law quantity (β) for the current three cases Ma02, Ma07,
and Ma15 in wall coordinates; Bottom: A log law quantity (γ) for the current three
cases Ma02, Ma07, and Ma15 in wall coordinates.
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for the cases Ma02, Ma07, and Ma15

temperature profile, but the magnitude of the relative viscosity at the centre line is

smaller.

3.5 Second-order statistics

The comparison of root-mean-square (RMS) velocity fluctuations normalized by the

friction velocity between the case Ma02 and the incompressible case MKM (Moser

et al., 1999), and between the case Ma15 and the compressible case CKM (Coleman

et al., 1995), is shown in figure (3.18). The RMS profiles for the case Ma02 match

almost perfectly with the incompressible case MKM in the top figure. The RMS

profiles for the Ma15 case match well with the CKM case in the bottom figure except

for a slight difference in the region around the peak values, which could be caused by

the difference in parameters between the two cases, shown in the table (3.1).



CHAPTER 3. DNS OF TURBULENT COMPRESSIBLE CHANNEL FLOWS 65

y

<
p>

/p
w

0 0.5 1 1.5 2
0.9998

0.99985

0.9999

0.99995

1

<p>/pwMa=0.2

y

<
p>

/p
w

0 0.5 1 1.5 2
0.99

0.995

1

1.005

1.01

<p>/pw (Ma=0.2)
<p>/pw (Ma=0.7)
<p>/pw (Ma=1.5)
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Figure 3.17: Mean viscosity profile normalized by the viscosity at wall (〈µ〉/µw) for
the cases Ma02, Ma07, and Ma15

The RMS velocity fluctuations normalized by the wall variables (velocity scale uτ

and length scale ν/uτ ) and the global variables (velocity scale um and length scale

h), for all three cases Ma02, Ma07, and Ma15 are presented on figure (3.19), so as

to study the influence of Mach numbers on turbulence scaling. The top figure, which

uses wall variables for scaling, shows that the maximum value of RMS streamwise

velocity fluctuation is increased and its location is shifted away from the wall, from

y+ ≈ 14 at Ma=0.2 to y+ ≈ 21 at Ma=1.5. Similar trends are observed for the RMS

wall-normal and spanwise velocity fluctuations. The congruence of the streamwise

velocity fluctuations for the three cases is good at region y+ < 10. However, no

such region is found for spanwise and wall-normal velocity fluctuations. The outer

scaling in the bottom figure shows a good collapse in the region around y > 0.5 for all

components of RMS velocity fluctuations. The shift of the position of the maximum

RMS wall-normal velocity fluctuation is similar to the shift of the position of the
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minimum pressure, as indicated in the last section. This is due to the balance of

the mean forces in the wall-normal direction that relates mean wall-normal pressure

gradient and wall-normal gradient of RMS wall-normal velocity fluctuation, see Pope

(2000).

The current cases consider similar Reynolds numbers but different Mach numbers

and, as will be shown later, the Mach number does have an effect on large-scale

motions near the wall. It is possible that this effect causes an inner scaling dependence

on Mach numbers in the near-wall region, which in some sense agrees with Morrison’s

arguments about the influence of large scale motions (Morrison et al., 2004; Morrison,

2007).

RMS density and temperature fluctuations normalized by local mean density 〈ρ〉
and local mean temperature 〈T 〉 respectively for all three cases Ma02 Ma07 and

Ma15 are illustrated in figure 3.20 (top) in wall units. RMS density and temperature

fluctuations share a similar trend, including the location of the maximum y+ ≈ 10.

Since the maximum turbulence kinetic energy production usually occurs at y+ ≈ 15,

which can also be seen in the turbulence kinetic energy budget section, see section

(3.7). It is interesting to see that the Prandtl number (Pr = 0.72) corresponds

approximately to the ratio of this two values. There is a slight shift of the maximum

position with increase of Mach number. The shift is not as significant as RMS velocity

fluctuations. However, the maximum value of RMS density and temperature increases

much more significantly with increasing Mach number.

Figure 3.20 (bottom) displays the RMS density and temperature fluctuations nor-

malized by the mean bulk density ρm and the mean bulk velocity square over specific

heat at constant volume U2
m/cv respectively scaled in global coordinates. The results
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Figure 3.19: Top: RMS velocity fluctuations normalized by the friction velocity (uτ )
in wall coordinates; bottom figure: RMS velocity fluctuations normalized by the mean
bulk velocity (Um) in global coordinates
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show a better collapse in the region y > 0.5 than the top figure.

The RMS vorticity fluctuations normalized by the mean shear at the wall τw/µw

are given in figure (3.21) in wall coordinates. The collapse of the RMS vorticity fluctu-

ations on the incompressible case MKM is good. However, there is a slight difference

in collapse among the three components. The collapse of wall-parallel components

of RMS vorticity fluctuations (ωx)rms (streamwise) and (ωz)rms (spanwise) is a little

better than the collapse of RMS wall-normal vorticity fluctuation (ωy)rms, in the re-

gion around y+ ≈ 25, although all three components of RMS vorticity fluctuations

for the case Ma02 are slightly smaller than the case MKM.

Among three components of RMS vorticity fluctuations, the wall-normal compo-

nent behaves differently from the other two wall-parallel components in many situa-

tions. For example, it is the only one that is independent of Reynolds number when

scaled using wall variables for incompressible channel flows (Antonia & Kim, 1994;

Moser et al., 1999). However, the inner scaling of the RMS wall-normal and total

vorticity fluctuations become smaller in the near wall region with increase of Mach

number, as shown in figure 19 of Coleman et al. (1995). The difference in the Mach

numbers of the current case (Ma = 0.2) and the case MKM (Ma = 0) is a possible

reason for the slight deviation between the two profiles.

Three componenets of RMS vorticity fluctuations for three cases Ma02, Ma07,

and Ma15 normalized by τw/µw and Um

h
are compared in figure (3.22) in wall (top)

and global (bottom) coordinates respectively. The top figure shows that (ωx)rms and

(ωz)rms in the near wall region y+ < 30 decreases with increase of Mach number.

The local minimum of (ωx)rms close to the wall changes from y+ ≈ 5 for Ma=0.2 to

y+ ≈ 7 for Ma=1.5. The local maximum of (ωx)rms shifts from y+ ≈ 20 for Ma=0.2
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Figure 3.20: Top: RMS density and temperature fluctuations normalized by local
mean density 〈ρ〉 and local mean temperature 〈T 〉 respectively in wall coordinates;
Bottom: RMS density and temperature fluctuations normalized by the mean bulk
density ρm and the mean bulk velocity square over specific heat at constant volume
U2

m/cv respectively in global coordinates
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Figure 3.21: RMS vorticity fluctuations normalized by the mean shear at the wall
τw/µw for Ma=0.2 versus the incompressible case MKM in wall coordinates.

to y+ ≈ 36 for Ma=1.5. As the local maximum of (ωx)rms denotes the averaged

centre of the streamwise vortices and local minimum correspond to the averaged edge

of the vortex (Moser & Moin, 1984; Kim et al., 1987), the figure (3.22) indicates that

the averaged streamwise eddy size increases with increase of Mach number, but its

strength decreases with increasing Mach number. In other words, near-wall large-scale

motions are affected by Mach number. It is interesting to note that all components

roughly collapse into one line in the region y+ > 80, which suggests that the influence

of Mach numbers is almost negligible in this region. A similar trend can be observed

in the bottom figure.

The RMS pressure fluctuation normalized by the wall shear stress τw = ρwu
2
τ are

shown in figure (3.23) in wall coordinates. It is a comparison between Ma=0.2 case

and the case MKM’s incompressible result. The general collapse is good except for a

small deviation in the region close to the wall. This quantity is affected significantly
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Figure 3.22: Top: RMS vorticity fluctuations normalized by the mean shear at the
wall τw/µw for Ma02, Ma07, and Ma15 in wall coordinates; Bottom: RMS vorticity
fluctuations normalized by the Um/h for Ma02, Ma07, and Ma15 in global coordinates.
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Figure 3.23: Top: RMS pressure fluctuations normalized by the wall shear stress ρwu
2
τ

versus the incompressible case MKM.

by the quality of the statistics, which will be discussed in the next section.

For all three cases Ma02, Ma07, and Ma15, RMS pressure fluctuations normalized

by ρwu
2
τ and ρmU

2
m in wall and global coordinates respectively are presented in figure

(3.24). The top figure shows that, with increase of Mach number, the RMS pressure

fluctuations decrease in the region close to the wall, but increase in the region close to

the centre of the channel, and the position of the maximum shifts away from the wall.

The difference between pressure fluctuations in different regions becomes smaller with

increasing Mach number. The scaling in the bottom figure indicates Mach number

dependence in all regions.

The RMS pressure gradients fluctuations normalized by ρmU
2
m/h for all three cases

are shown in figures (3.25). The figure indicates that pressure gradient fluctuations

decrease with increase of Mach number. The maximum value of the fluctuations

is observed to happen within the region y ∈ [0.1, 0.2]. Among the values of the
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three gradients of pressure fluctuation on the wall, the spanwise pressure gradient

fluctuation (dp/dz)rms is largest and the wall-normal pressure gradient fluctuation

(dp/dy)rms is smallest. (dp/dz)rms is larger than (dp/dx)rms in the near-wall region,

although both streamwise and spanwise directions are assumed homogenous.

Decomposition of the shear stresses and several different forms of turbulence

stresses (〈ρ〉〈u′v′〉, 〈ρu′v′〉, 〈ρ〉〈u′′v′′〉, where ′′ denotes fluctuations based on Favre

average, see Appendix A for details) normalized by the wall shear stress τw for the

cases Ma02, Ma07, and Ma15 are shown in figure (3.26). Turbulence stresses are given

in figure (3.26) and indicate excellent agreement with MKM. Different forms of tur-

bulence stresses display little difference for the cases Ma02 and Ma07. The profile of

〈ρu′v′〉 is slightly higher than 〈ρ〉〈u′v′〉 in the region where the maximum turbulence

stress is located. Almost no difference between 〈ρ〉〈u′v′〉 and 〈ρ〉〈u′′v′′〉 is observed

for the current cases, as one would probably expect, particularly for Ma < 1.

The comparison of the turbulence and viscous shear stresses for all three cases is

illustrated in figure (3.27) in global coordinates (top) and wall coordinates (bottom)

respectively. It can be seen from the top figure that the turbulence stress decrease as

Mach number increases, and to the contrary, the viscous stresses increase with Mach

number close to the wall. The increase of viscous stress should be due to the increase

of dynamic viscosity, which is caused by the increase of temperature in this region

as Mach number increases. The bottom figure is a plot of the profiles of the shear

stresses in wall coordinates. The increase of turbulence stress with Mach number is

limited to the region close to the wall, within approximately y+ < 70. No collapse of

turbulence stresses is found.
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Figure 3.25: RMS streamwise (top), wall-normal (middle) and spanwise (bottom)
pressure gradient fluctuations normalized by ρmU

2
m/h. Note that d denotes ∂ here,

for example, dp/dx means ∂p/∂x.
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Figure 3.27: Turbulence and viscous shear stresses normalized by the wall shear stress
τw Shear stresses for all three cases Ma02, Ma07, and Ma15 in global coordinates (top)
and wall coordinates (bottom)
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3.6 Higher-order statistics

Higher-order statistics considered here are the skewness and kurtosis (flatness) factors.

The skewness (S) and flatness (F ) factors of, for example, the velocity fluctuation u′,

are defined as:

S(u′) =
〈(u′)3〉
〈u′u′〉3/2

=
〈(u− 〈u〉)3〉
〈(u− 〈u〉)2〉3/2

(3.24)

F (u′) =
〈(u′)4〉
〈u′u′〉2 =

〈(u− 〈u〉)4〉
〈(u− 〈u〉)2〉2 (3.25)

where 〈〉 denotes an average over time t and x, z directions.

Calculation of higher-order statistics usually requires more data than the second-

order statistics. As indicated in Kim et al. (1987), oscillations and asymmetry in the

skewness and flatness profiles suggest that the sample size used for the computation

may not be adequate, and the skewness of spanwise velocity S(w′) should be zero

due to the reflection symmetry of the solutions of Navier-Stokes equations. In other

words, the oscillation, symmetry, and S(w′) may be used as the indicators of the

quality of the statistics.

The skewness factor for velocity and pressure fluctuations for the case Ma02 in

wall coordinates, compared with the case MKM, in figure (3.28). It can be seen from

figure (3.28) that few oscillations are observed and the skewness of w
′
is essentially

zero for the case Ma02. Although there seems to be a big difference in the sample

size used here for the case Ma02 and those of MKM, the collapse of the profiles of

S(u′) is good for almost the whole region, and S(v′) collapses well except for a small

region close to the wall (y+ < 15). In other words, compared with S(v′), S(w′), and
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Figure 3.28: Skewness factors of velocity and pressure fluctuations for the case Ma02
in wall coordinates versus the case MKM

S(p′), S(u′) is less affected by the sample size. The figure also shows that the sample

size has a great effect on S(p′).

The skewness factors of velocities and pressure fluctuations for the cases Ma02,

Ma07 and Ma15 are compared in figure (3.29) including both wall coordinates (top)

and global coordinates (bottom). Generally speaking, the influence of Mach number

on the profiles is not significant in the current Mach number range (0.2 < Ma < 1.5).

The bottom figure shows a slightly better collapse. It is interesting to note that

the collpase of S(v′) agrees very well with those from the case MKM for the region

(y >≈ 0.4), shown in the bottom figure.

The skewness factors of density and temperature fluctuations for the cases Ma02,

Ma07 and Ma15 are given in figure (3.30). The profile of the skewness of temperature

S(T ′) is similar as S(u′) but with lower magnitude. This can be explained by the high

correlations between velocity and temperature, as will be shown in the next section.
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Figure 3.29: Top: Skewness factors of velocity and pressure fluctuations for all three
cases in wall coordinates; Bottom: Skewness factors of velocity and pressure fluctua-
tions for all three cases in global coordinates.
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The scaling of S(ρ′) and S(T ′) are satisfactory close to the wall, shown in the top

figure. It is interesting to note that the location of the local minimum of S(ρ′) close

to the wall and the local maximum of S(ρ′) is similar to the RMS streamwise vorticity

fluctuation (ωx)rms shown in figure (3.22).

The flatness factors of velocity, pressure fluctuations for the cases Ma02, compared

with the case MKM, are presented in figure (3.31). The general agreement is similar

to that found for the skewness, figure (3.28). It is shown that flatness factors of

velocities collapse onto one flat line at the central region of the channel (y+ > 50).

Flatness of pressure F (p′) is much larger than velocities in this region, which indicates

that pressure fluctuations are more intermittent, so are the flatness of wall-normal

velocity fluctuations F (v′) close to the wall.

The effect of scaling of the flatness factors of velocity, pressure fluctuations with

Mach number is displayed in figure (3.32). It seems that F (u′) and F (p′) are not

affected much by Mach number, whereas the profile of F (v′) near the wall for the

case Ma15 behaves differently. The F (v′) profile for the case Ma15 first increases

until y+ ≈ 2.6 and then drops suddenly as it moves from the centre of the channel

to the wall, an effect also observed by Tamano & Morinishi (2006). They argued

that it was due to the low Reynolds number and the compressibility effect. As this

phenomenon is not observed for the cases Ma02 and Ma07, it is argued here that it is

possibly due to effects of high gradients in the near-wall viscosity, as will be discussed

in section (3.9).

The flatness factors of density and temperature fluctuations for the cases Ma02,

Ma07, and Ma15 are illustrated in figures (3.33). The flatness of density F (ρ′) and

temperature F (T ′) show similar trend. The scaling with Mach number is very good
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Figure 3.30: Top: Skewness factors of density and temperature fluctuations for all
three cases in wall coordinates; Bottom: Skewness factors of density and temperature
fluctuations for all three cases in global coordinates.
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Figure 3.31: Flatness factors of velocity and pressure fluctuations for the case Ma02
in wall coordinates versus the case MKM

close to the wall. The higher value at the central region of channel indicates highly

intermittent fluctuations.

3.7 Turbulent kinetic energy budget

The turbulent kinetic energy (TKE, k = 0.5〈ρ〉{u′′i u′′i }) equation for compressible

flows can be written as (Huang et al., 1995):

∂ 1
2
〈ρ〉{u′′i u′′i }{uj}

∂xj

= −∂(1
2
〈ρ〉{u′′i u′′i u′′j } − 〈u′iτ ′ij〉+ 〈u′jp′〉)

∂xj

−〈ρ〉{u′′i u
′′
j }
∂{ui}
∂xj

− 〈u′′i 〉
∂〈p〉δij
∂xj

+ 〈u′′i 〉
∂〈τij〉
∂xj

+ 〈p′ ∂u
′
j

∂xj

〉 − 〈τ ′ij
∂u

′
i

∂xj

〉 (3.26)

This form is a little different from the traditional Favre-averaged TKE equation

(Lele, 1994; Guarini et al., 2000) as the Favre-averaging process was only used on

the convective terms of compressible Navier-Stokes equations. However, this form of
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Figure 3.32: Top: Flatness factors of velocity and pressure fluctuations for all three
cases in wall coordinates; Bottom: Flatness factors of velocity and pressure fluctua-
tions for all three cases in global coordinates. Note the dimnution in F (v

′
) for y+ < 3

for the case Ma = 1.5.
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Figure 3.33: Top: Flatness factors of density and temperature fluctuations for all
three cases in wall coordinates; Bottom: Flatness factors of density and temperature
fluctuations for all three cases in global coordinates.
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the TKE equation is equivalent to the traditional TKE form, as the different terms

∂〈u′iτ ′ij〉/∂xj, ∂〈u′jp′〉)/∂xj, 〈p′∂u′j/∂xj〉, 〈τ ′ij∂u′i/∂xj〉 in equation (3.26) are equal to

the respective terms of the traditional form: ∂〈u′′i τ ′ij〉/∂xj, ∂〈u′′j p′〉)/∂xj, 〈p′∂u′′j /∂xj〉,
〈τ ′ij∂u′′i /∂xj〉, as 〈a′b′〉 = 〈a′b′′〉.

The steamwise (x1) and spanwise (x3) directions may be averaged so that equation

(3.26) can be simplified to,

∂ 1
2
〈ρ〉{u′′i u′′i }{u2}

∂x2

= −∂(1
2
〈ρ〉{u′′i u′′i u′′2} − 〈u′iτ ′i2〉+ 〈u′2p′〉)

∂x2

−〈ρ〉{u′′i u
′′
2}
∂{ui}
∂x2

− 〈u′′2〉
∂〈p〉
∂x2

+ 〈u′′i 〉
∂〈τi2〉
∂x2

+ 〈p′ ∂u
′
j

∂xj

〉 − 〈τ ′ij
∂u

′
i

∂xj

〉 (3.27)

The terms in the TKE equation (3.27) are denoted as,

Advection:

Ak =
∂ 1

2
〈ρ〉{u′′i u′′i }{u2}

∂x2

; (3.28)

Production:

Pk = −〈ρ〉{u′′i u
′′
2}
∂{ui}
∂x2

; (3.29)

Diffusion:

Dk = −∂(1
2
〈ρ〉{u′′i u′′i u′′2} − 〈u′iτ ′i2〉+ 〈u′2p′〉)

∂x2

; (3.30)

Dissipation:

εk = 〈τ ′ij
∂u

′
i

∂xj

〉; (3.31)

Compressibility:

Ck = −Ck1 + Ck2 + Ck3 (3.32)

where Ck1 = 〈u′′2〉∂〈p〉/∂x2, Ck2 = 〈u′′i 〉∂〈τi2〉/∂x2, Ck3 = 〈p′∂u′j/∂xj〉 is the pressure-

dilatation correlation term.
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TKE budget normalized by wall variables τwuτ/δv (viscous length scale δv = ν/uτ )

for all three cases Ma02, Ma07, and Ma15 is given in the top of the figure (3.34)

in wall coordinates. Advection terms should be zero for all cases, which is also

shown in figure. The maximum turbulence production decreases with distance from

the wall with increase in Mach number. A similar trend is observed for turbulence

dissipation and diffusion terms. On the contrary, the absolute value of compressibility

terms increase as Mach number increases. However, the influence of compressibility

terms is small and mainly contained in the near-wall region. Further discussion of

compressibility terms will be dealt with later. It can also be seen that the inner

scaling for three cases do not collapse well in the near-wall region.

TKE budget normalized by bulk variables ρmU
3
m/h for all three cases Ma02, Ma07,

and Ma15 is shown in the bottom of the figure (3.34) in global coordinates, to compare

the performance of outer and inner scaling. The results indicate a better outer scaling:

the collapse of the profiles is good in the region (y/h > 0.2).

Figure (3.35) provide plots for the three compressibility terms: Ck1, Ck2, Ck3 for

three cases using both inner and outer scaling as was presented for the term Ck in

figure (3.34). It shows that the compressibility term Ck in the TKE equation is

mainly affected by the term Ck2. The influence of the other two terms Ck1 and Ck3

is much smaller. This was also addressed in the work of Morinishi et al. (2004). The

maximum of the absolute value of the term Ck2 increases and moves further away

from the wall with increasing Mach number. Again, the outer scaling shows a good

collapse in the region close to the centre, especially for the term Ck2, shown in the

bottom figure.
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3.8 Reynolds stress and velocity-temperature cross-

correlations

The cross-correlation coefficient (between variable a and variable b) is defined as:

ρa:b =
〈a′b′〉

〈a′a′〉0.5〈b′b′〉0.5
(3.33)

Cross-correlations between velocities and temperature for all three cases Ma02,

Ma07, and Ma15 are presented in figure (3.36). The top figure shows that the cross-

correlations between streamwise velocity and temperature ρu:T ≈ 1 at the wall for all

cases. At the central region of the channel, ρu:T for the case Ma15 is slightly higher

than the case Ma02, in other words, the influence of Mach number is small. However,

the strong Reynolds analogy (SRA), proposed by Morkovin (1964) and supported by

Morkovin’s hypothesis, stated that the cross-correlation coefficient between velocity

and temperature fluctuations should be −1, in other words, velocity and temperature

were highly correlated in a negative sense. The SRA can be applied to adiabatic

compressible boundary layers, but the current results show that it is not applicable to

fully developed turbulent channel flow with isothermal walls, as suggested by Huang

et al. (1995) and Morrison et al. (2004). The middle figure indicates that ρv:T and

ρw:T are little affected by the Mach number. The maximum of ρv:T is around 0.5

at close to the wall. ρw:T ≈ 0 are due to the symmetry of the spanwise velocity w.

The cross-correlation coefficient between streamwise and wall normal velocity ρu:v, in

other words, turbulent shear stress correlation coefficient, is shown in bottom figure.

The profile of ρu:v shares a similar trend as the one for ρv:T . It can be seen that Mach

number has little effect on turbulent shear stress correlations.
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Figure 3.36: Cross-correlation coefficients of velocities and temperature: ρu:T (top);
ρv:T , ρw:T (middle); ρu:v (bottom)
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3.9 Relations between pressure gradient and vor-

ticity flux

Pressure gradient is believed to have a great effect on the generation of vorticity, which

usually happens at the interface of fluid and solid surface. As noted in section (3.1.2),

Lighthill (1963) considered incompressible laminar flow over a solid surface. Some

researchers have further developed this vorticity dynamics theory, see for example,

Wu & Wu (1998). However, there appears to be no existing relation and analysis

of the connection between pressure gradient and vorticity flux for compressible non-

isothermal turbulent flows over a solid surface. It is of both theoretical and practical

importance to study the relationship between pressure gradient and vorticity flux.

Theoretically the mechanism of this phenomenon needs further understanding and

practically some light can be shed for the control of the compressible turbulent flows.

The deduction of relation between pressure gradient and vorticity flux for com-

pressible non-isothermal turbulent flows over a solid surface starts from the momen-

tum equation with the addition of a driving force.

ρ
∂ui

∂t
+ ρuj

∂ui

∂xj

+
∂p

∂xi

=
∂τij
∂xj

+ ρfi, (3.34)

where fi is the driving force, density ρ is a function of space and time ρ =

ρ(x, y, z, t) and

τij = µ(
∂ui

∂xj

+
∂uj

∂xi

)− 2

3
µδij

∂uk

∂xk

, (3.35)

and viscosity µ is a function of temperature and also a function of space and time:

µ = µ(T ) = µ(x, y, z, t).
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The diffusion term ∂τij/∂xj in equation (3.34) can be expanded as

∂

∂xj

(
µ(
∂ui

∂xj

+
∂uj

∂xi

)− 2

3
µδij

∂uk

∂xk

)
= −µεijk

∂ωk

∂xj

+
4

3
µ
∂

∂xi

(
∂uk

∂xk

) +
τij
µ

∂µ

∂xj

, (3.36)

where εijk is the permutation symbol (also called Levi-Civita symbol).

εijk =





1 if (i, j, k) = (1, 2, 3), (2, 3, 1), or (3, 1, 2)

−1 if (i, j, k) = (3, 2, 1), (2, 1, 3), or (1, 3, 2)

0 if i = j, j = k, or k = i

and ωk is the vorticity

ωk = εklm
∂um

∂xl

. (3.37)

The momentum equation (3.34) can be rewritten as:

ρ
∂ui

∂t
+ ρuj

∂ui

∂xj

+
∂p

∂xi

= −µεijk
∂ωk

∂xj

+
4

3
µ
∂

∂xi

(
∂uk

∂xk

) +
τij
µ

∂µ

∂xj

+ ρfi. (3.38)

The unsteady term and convection terms of the momentum equation (3.38) vanish

at the wall. It then follows, for on the wall, that

∂p

∂xi

= −µεijk
∂ωk

∂xj

+
4

3
µ
∂

∂xi

(
∂uk

∂xk

) +
τij
µ

∂µ

∂xj

+ ρfi. (3.39)

The right-hand side of equation (3.39) consists of four terms:

1. vorticity gradient term: −µεijk∂ωk/∂xj which mainly involves vorticity fluxes in

different directions

2. dilatation term: 4/3µ∂(∂uk/∂xk)/∂xi which denotes compressibility effects. It is

zero for incompressible flows.

3. viscosity gradient term: τij/µ∂µ/∂xj which denotes the effect of variations in vis-

cosity mainly caused by the variations in temperatures (or heat flux).

4. driving force term: ρfi.
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Expand equation 3.39 to x, y, z directions (y denotes the wall normal direction)

respectively

∂p

∂x
= −µ∂ωz

∂y
+µ

∂ωy

∂z
+

4

3
µ
∂

∂x
(
∂u

∂x
+
∂v

∂y
+
∂w

∂z
)+

τxx

µ

∂µ

∂x
+
τxy

µ

∂µ

∂y
+
τxz

µ

∂µ

∂z
+ρfx. (3.40)

∂p

∂y
= −µ∂ωx

∂z
+µ

∂ωz

∂x
+

4

3
µ
∂

∂y
(
∂u

∂x
+
∂v

∂y
+
∂w

∂z
)+

τyx

µ

∂µ

∂x
+
τyy

µ

∂µ

∂y
+
τyz

µ

∂µ

∂z
+ρfy. (3.41)

∂p

∂z
= −µ∂ωy

∂x
+µ

∂ωx

∂y
+

4

3
µ
∂

∂z
(
∂u

∂x
+
∂v

∂y
+
∂w

∂z
)+

τzx

µ

∂µ

∂x
+
τzy

µ

∂µ

∂y
+
τzz

µ

∂µ

∂z
+ρfz. (3.42)

Velocities u, v, w are zero on the wall (y = 0), and so are their first and higher

order derivatives with respect to x and z.

The continuity equation for compressible flows is

∂ρ

∂t
+
∂ρuj

∂xj

=
∂ρ

∂t
+ ρ

∂uj

∂xj

+ uj
∂ρ

∂xj

= 0. (3.43)

As uj = 0 on the wall, it follows, for on the wall, that

∂uj

∂xj

= −1

ρ

∂ρ

∂t
6= 0. (3.44)

Let Θ denote the dilatation Θ = ∂uj/∂xj = ∂u/∂x + ∂v/∂y + ∂w/∂z. Then, Θ 6= 0

(or ∂v/∂y 6= 0) on the wall.

Compressible non-isothermal turbulent flows over an isothermal plane wall are

considered here for simplicity. Derivatives of viscosity with respect to x and z are zero

for an isothermal plane wall as temperature is constant at the wall. Then equations

(3.40), (3.41), (3.42) can be rewritten as,

∂p

∂x
= −µ∂ωz

∂y
+
∂u

∂y

∂µ

∂y
+

4

3
µ
∂Θ

∂x
+ ρfx. (3.45)

∂p

∂y
= −µ∂ωx

∂z
+ µ

∂ωz

∂x
+

4

3
µ
∂Θ

∂y
+

4

3
Θ
∂µ

∂y
+ ρfy. (3.46)
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∂p

∂z
= µ

∂ωx

∂y
+
∂w

∂y

∂µ

∂y
+

4

3
µ
∂Θ

∂z
+ ρfz. (3.47)

Further refinement of equations (3.45), (3.46), (3.47) gives,

∂p

∂x
= −∂µωz

∂y
+

4

3

∂µΘ

∂x
+ ρfx. (3.48)

∂p

∂y
= −∂µωx

∂z
+
∂µωz

∂x
+

4

3

∂µΘ

∂y
+ ρfy. (3.49)

∂p

∂z
=
∂µωx

∂y
+

4

3

∂µΘ

∂z
+ ρfz. (3.50)

It can be seen from the above equations that the vorticity generation from the wall

is affected by pressure gradients, driving force, dilatation gradients (compressibility

effects), and viscosity gradients. Specifically, the vorticity flux in the wall normal

direction may be determined by tangential pressure gradients/driving force, tangen-

tial dilatation gradients and wall normal viscosity gradients. On the other hand, the

vorticity flux in the wall tangential directions may be determined by the wall nor-

mal pressure gradient, driving force, wall normal dilatation gradients and viscosity

gradients.

The driving forces in the current simulations are constants: fi = −τwavδi1/(hρm)

where h is the channel half width. τwav is mean wall shear stress, that is,

fx = −τwav/(hρm), fy = 0, fz = 0.

The cross-correlations between pressure gradients and vorticity fluxes ∂µωi/∂xj

and ∂ωi/∂xj for three cases (Ma02, Ma07, and Ma15) were generated to investigate

the influence of Mach numbers, viscosity, compressibilities, etc. It has been found

that each pressure gradient is only highly correlated with a certain type of vorticity

flux within the viscous sublayer region.
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Figure 3.37: Cross-correlation coefficients between streamwise pressure gradient and
spanwise vorticity fluxes in the wall normal direction including the influence of vis-
cosity very near the wall. d denotes partial derivative, and denotes subscript.

The cross-correlation coefficients between streamwise pressure gradient (∂p/∂x)

and two different spanwise vorticity fluxes (∂ωz/∂y and ∂µωz/∂y) in the wall nor-

mal direction are shown in figure (3.37). High negative correlation coefficients are

observed close to the wall, which match equations (3.45) and (3.48). The absolute

value of the correlation coefficients decreases as Mach number increases because of

the influence of the ρfx term in which the RMS of density ρ increases with increasing

Mach number. Although the difference between the correlations of pressure gradient

with two different vorticity fluxes the two correlations on the wall is negligible, The

difference between the two correlation very close to the wall increases with increasing

Mach number, which denotes the influence of the viscosity and Mach number. It

is interesting to see that the diminution for the case Ma15 very close to the wall is

similar to flatness factor F (v
′
) profile for the case Ma15 in figure (3.32).
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Figure 3.38: Cross-correlation coefficients between spanwise pressure gradient and
streamwise vorticity fluxes in the wall normal direction including the influence of
viscosity very near the wall. d denotes partial derivative, and denotes subscript.

The cross-correlation coefficients between spanwise pressure gradient and two dif-

ferent streamwise vorticity fluxes in the wall normal direction are presented in figure

(3.38). High positive correlation coefficients are observed close to the wall, which

matches equations (3.47) and (3.50). Unlike figure 3.37, the absolute value of cor-

relation coefficients in figure (3.38) approaches 1.0 as Mach number increases. The

difference between the correlation of pressure gradient with two different vorticity

fluxes is almost negligible for the current cases; but the trend shows that the differ-

ence slightly increases with increasing Mach number. Compared with the difference

for the case Ma=1.5 observed in figure (3.37), the difference for the Ma=1.5 in fig-

ure (3.38) is negligible; and is because the term ∂w/∂y(∂µ/∂y) is much smaller than

∂u/∂y(∂µ/∂y) very near the wall, as are their fluctuations.

The cross-correlation coefficients between wall normal pressure gradient and two
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different streamwise vorticity fluxes in the spanwise direction (∂µωx/∂z) are given in

figure (3.39). It shows that there is little difference between these correlations. This is

obvious as the influence of additional term ωx∂µ/∂z = 0. The correlation coefficients

for all three cases are also high on the wall. However, it is interesting to note that

the highest correlation occurs at Ma=0.7. It could be due to the combined effect of

wall normal gradients of viscosity and dilatation.

Equations (3.46) and (3.49) suggest that wall normal gradient would possibly be

correlated with spanwise vorticity fluxes in the streamwise direction (∂µωz/∂x). The

results show that their cross-correlation coefficients for all three cases are positive but

below 0.2 on the wall, in other words, they are rather poorly correlated. It is mainly

because ∂µωz/∂x is much smaller than ∂µωx/∂z. The driving force in the streamwise

direction leads to large streamwise shear stress close to the wall, which causes streaks

and vortex lines close to the wall to be stretched in the streamwise direction, as will

be shown later. This streamwise stretching makes streamwise gradients smaller than

spanwise gradients.

Pressure gradients and other type of vorticity fluxes close to the wall are poorly

correlated, and so are pressure gradients and vorticities, as well as pressure and

vorticities. These results are not shown here.

3.10 Near-wall turbulence structures

Near-wall streaks, characteristics of wall-bounded turbulent flows (Robinson, 1991),

are referred to as narrow regions of near-wall low speed fluid stretched in the stream-

wise direction (Smith & Metzler, 1983). Smith & Metzler (1983) studied characteris-

tics of near-wall streaks in a turbulent boundary layer for a Reynolds number range
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Figure 3.39: Cross-correlation coefficients between wall normal pressure gradient and
streamwise vorticity fluxes in the spanwise direction including the influence of viscos-
ity very near the wall. d denotes partial derivative, and denotes subscript.

of 740 < Reθ < 5830 and found that the near-wall low speed streaks had a mean

spanwise spacing of ∆z+ ≈ 100 in wall units, which was independent of Reynolds

numbers, however, the spanwise streak spacing was found to increase with increas-

ing distance from the wall. Numerical results of Kim et al. (1987) confirmed these

findings through the indication of spanwise autocorrelations of streamwise velocity

fluctuations. Morinishi et al. (2004) reported the spanwise streak spacing of around

100 in semi-local wall units (δv∗ = 〈µ〉/(〈ρ〉uτ∗), uτ∗ = (τw/〈ρ〉)0.5) for compressible

channel flow.

The spanwise correlations of streamwise velocities at different y locations for all

three cases Ma02, Ma07, and Ma15 are given in figure (3.40) in wall units. It can be

seen that the location of the minimum of the correlations increases as the distance

from wall increases for all cases. The minimum is more significant in the near wall



CHAPTER 3. DNS OF TURBULENT COMPRESSIBLE CHANNEL FLOWS 102

region (y+ < 30). Comparison for three cases shows that the location of the minimum

of the correlation in the near-wall region increases as Mach number increases, which

indicates the trend of increased streak spacing.

The near-wall low speed streak spacings (twice of the location ∆z+ of minimum

correlation of streamwise velocity fluctuations) for all cases are illustrated in figure

(3.41). It is found that the spacing for the case Ma=0.2 increases from around 100 wall

units at y+ ≈ 5 to around 140 at y+ ≈ 27, which agrees well with the incompressible

experimental and numerical results reported by Kim et al. (1987); Smith & Metzler

(1983). It is also found that the spacing at y+ ≈ 5 increases from around 100 wall

units for the case Ma = 0.2 to around 150 for the case Ma = 1.5.

A snapshot of streamwise velocity fluctuations at y/h = 0.03 (y+ ≈ 5) for the case

Ma02 (top), Ma07 (middle), and Ma15 (bottom) respectively is shown in figure (3.42).

The streaks get longer in the streamwise direction and wider (or smaller in quantity)

in the spanwise direction as the Mach number increases. In other words, the mean

spanwise streak spacing increases with increasing Mach number, which confirms the

previous predictions based on spanwise correlations of streamwise velocities.

Second invariant of the velocity gradient tensor (denoted as Q) is usually used for

the visualization of turbulent coherent structures. It is defined as (Chong, Perry &

Cantwell, 1990)

Q =
1

2
(P 2 − SijSji −RijRji) (3.51)

where P = −∂ui/∂xi is zero for incompressible flows, Sij = 0.5(∂ui/∂xj + ∂uj/∂xi),

and Rij = 0.5(∂ui/∂xj − ∂uj/∂xi).

Iso-surfaces of Q = 0.5 (non-dimensionalized by bulk velocity and half channel

width) in the bottom half channel (structures in the top half channel are removed for
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Figure 3.40: Correlations of streamwise velocity fluctuations at different y locations
for the cases Ma02 (top), Ma07 (middle) and Ma15 (bottom).
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Figure 3.41: Near-wall streak spacing for the cases Ma02 , Ma07 and Ma15.

clarity) for the cases Ma02, Ma07, and Ma15 are presented in figures (3.43), (3.44),

(3.45). The coloring of the iso-surfaces is based on the local streamwise velocity (blue

to red, 0 to 1.2), which is similar to Wu & Moin (2009). It can be seen here that the

structures are more sparsely distributed and elongated as Mach number increases,

which is similar to the distribution of near-wall low speed streaks. The inclined

hairpin-like structures with both one leg and two legs are observed, but only a few

have two legs with heads, in other words, full hairpin structure.

3.11 Concluding remarks

Direct numerical simulation of fully developed, isothermal-wall, turbulent channel

flow at Mach numbers Ma = 0.2, Ma = 0.7, and Ma = 1.5 and Reynolds num-

ber Re ≈ 2800 has been performed. The agreement between the current simulation
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Figure 3.42: A snapshot of streamwise velocity fluctuations at y/h = 0.03 (y+ ≈ 5)
for the case Ma02 (top), Ma07 (middle), and Ma15 (bottom) respectively.
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Figure 3.43: Iso-surfaces of second invariant of the velocity gradient tensor (Q=0.5)
in the bottom half channel (structures in the top half channel are removed for clarity)
for the case Ma02. The coloring is based on the local streamwise velocity.
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Figure 3.44: Iso-surfaces of second invariant of the velocity gradient tensor (Q=0.5)
in the bottom half channel (structures in the top half channel are removed for clarity)
for the case Ma07. The coloring is based on the local streamwise velocity.
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Figure 3.45: Iso-surfaces of second invariant of the velocity gradient tensor (Q=0.5)
in the bottom half channel (structures in the top half channel are removed for clarity)
for the case Ma15. The coloring is based on the local streamwise velocity.
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results obtained using a discontinuous Galerkin method and the corresponding incom-

pressible DNS data of Moser et al. (1999) and compressible DNS data of Coleman

et al. (1995) is satisfactory, thereby demonstrating the utility of the DGM for DNS.

The mean velocity profile departs from the log law as the Mach number increases.

However, there is a good fit in the viscous sublayer and buffer layer. The Van Driest

transformation of the velocity profiles of compressible cases causes the profiles to get

closer to the incompressible log law in the log-law region, but at the same time the

velocity profile departs from the incompressible profile in the buffer layer region.

Compared with the log-law, a power law seems to represent the scaling of mean

streamwise velocity with Mach number for the current cases, although the mean

velocity profiles of the current cases do not exactly obey power law either.

Inner and outer scaling of second-order and higher-order statistics with Mach num-

ber have been compared. It is found that the inner scaling of second-order statistics,

such as turbulence velocity, density, temperature, shear stress and vorticity fluctua-

tions, is dependent of Mach numbers; but outer scaling with Mach number shows a

better collapse. However, the scaling of some higher-order statistics, such as skewness

and flatness of density and temperature fluctuations, seems to collapse better when

inner scaling is used.

Turbulent kinetic energy (TKE) budget has been reported. The related scaling

and analysis of compressibility terms have been analysed. The result shows that the

inner scaling of TKE budget does not collapse well in the near-wall region, but the

collpase of the outer scaling is satisfactory. The influence of compressibility terms on

TKE budget is negligible.

The linkage between the pressure gradient and vorticity flux on the wall has been
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theoretically derived and confirmed by their correlations of the current simulation

results. The correlations between streamwise pressure gradient and spanwise vorticity

flux in the wall normal direction, between spanwise pressure gradient and streamwise

vorticity flux in the wall normal direction, and as well as the correlation between wall-

normal pressure gradient and streamwise vorticity gradient in the spanwise direction,

are very high on the wall. It is also found that both Mach number and viscosity affect

the correlation between streamwise pressure gradient and spanwise vorticity flux in

the wall normal direction very close to the wall.

Near-wall streaks, indicated by the spanwise correlation of streamwise velocity

fluctuations and by the snapshot of streamwise velocity fluctuations close to the wall,

have been analysed. The agreement of spanwise streak spacing between the case Ma02

and the incompressible data (Kim et al., 1987) is good. The spanwise streak spacing

which is independent of Reynolds numbers, however, increases with increasing Mach

number, which is confirmed by the snapshot of near-wall streak contours. Isosurfaces

of second invariant of the velocity gradient tensor are more sparsely distributed and

elongated as Mach number increases, which is similar to the distribution of near-wall

low speed streaks.



Chapter 4

DNS of turbulent flow with FPG &

APG

4.1 Introduction

Flows with favorable pressure gradient (FPG) and adverse pressure gradient (APG)

are of great importance theoretically and practically. In practice, many industrial

applications, especially those in aerodynamics, such as aircraft and turbine designs,

involve flows with pressure gradients and separation. In theory, wall shear stress does

not dominate this type of flow (Spalart & Watmuff, 1993).

Much effort has been made to understand boundary layer flows with pressure

gradients and separation, through theoretical analysis, experiments, and numerical

approximations.

111
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4.1.1 Theoretical analysis

It is important to determine the relevant velocity scales in most theoretical analysis of

boundary layer flows (Skote & Henningson, 2002). The friction velocity uτ =
√
τw/ρ

, where τw and ρ are wall shear stress and density, is usually chosen as the velocity

scale for a zero pressure gradient (ZPG) boundary layer.

However, uτ cannot be used as the relevant velocity scale when it approaches zero

in a boundary layer under APG, especially a strong APG. Many researchers (Strat-

ford, 1959; Kader & Yaglom, 1978) chose another pressure-gradient based velocity

scale up = (ν/ρ dp/dx)1/3 instead for separated flows.

Some other velocity scales were also brought up. For example, Perry & Schofield

(1973) proposed a universal velocity defect law for a developing turbulent boundary

layer under adverse pressure gradient. The velocity scale they used was related to

the local maximum in the Reynolds stress profile, which is neither uτ nor up. It is

also found that the theory had a half-power distribution. Schofield (1981) analyzed

equilibrium boundary layers under moderate and strong adverse pressure gradient,

based on this defect law. It was found that the predicted shear-stress profiles using

the expression derived from the law, was in good agreement with experimental data.

Melnik (1989) developed an two-parameter asymptotic theory for incompressible

2D turbulent boundary layer with prescribed pressure distributions and proposed a

three-layer structure of the wall layer, the equilibrium layer and the outer layer based

on the theory. Turbulent separated flows were treated by the two-parameter theory

as it eliminated the small defect approximation of one-parameter theory. It was found

that the variation of skin friction was linear near separation.
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Durbin & Belcher (1992) obtained a three-layer structure of the turbulent bound-

ary layer with strong APG: the wall layer, the wake layer and a transition layer. They

found that the wall layer was not exponentially thinner than the wake layer and the

wake layer had a large velocity deficit, and cannot be linearized. The mean velocity

profile followed a power-law y1/2 in the overlap region between the wall and transition

layers.

George & Castillo (1993) studied equilibrium turbulent boundary layers with pres-

sure gradients, referred to as a turbulent boundary layer subjected to a constant

non-dimensional pressure gradient. They claimed that a power law should be used to

describe the velocity profile in the matched layer and the friction law, and they also

argued that the outer velocity scale should be the local freestream velocity, instead

of the friction velocity.

Surana, Grunberg & Haller (2006) and Surana et al. (2008) developed a theory of

three dimensional steady flow separation and attachment on fixed no-slip boundaries

using nonlinear dynamical systems methods. Criteria for separation points and sepa-

ration lines on no-slip boundaries at rest were proposed for compressible flows. Their

theory led to four separation patterns, complementing the Lighthill’s close separation

(Lighthill, 1963) and Wang’s open separation (Wang, 1972, 1974). They also claimed

that separation and attachment surfaces originated from fixed lines on the boundary

and the separation geometry could be determined by a weighted average of the wall

shear stress and wall density fields.
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4.1.2 Experimental investigation

Many experimental studies on flows subjected to APG have been carried out. Simp-

son, Strickland & Barr (1977) considered a two-dimensional separating boundary

layer with an airfoil-type pressure distribution in which the flow was first accelerated

and then decelerated until separation occurred. They showed that the velocity pro-

file correlations of Perry & Schofield (1973) were supported upstream of separation

within the uncertainty of the data and the similarity of the streamwise velocity and

streamwise component of turbulence intensity throughout the shear flow was found

downstream of separation.

Simpson, Chew & Shivaprasad (1981a) studied the structure of a separated turbu-

lent boundary layer for an airfoil-type flow and determined the distribution of mean

profiles and Reynolds stress. It was found that the separated turbulent boundary

layer consisted of three layers. The first layer was a viscous layer nearest the wall

that was dominated by the turbulent flow unsteadiness but with little Reynolds shear-

ing stress effects; The second layer was a rather flat intermediate layer that seemed

to act as an overlap region between the viscous wall and outer regions; and the third

layer was outer backflow region, the farthest from the wall and part of the large-scaled

outer region flow. They also found that the logarithmic law were not valid when the

turbulent boundary layer approached separation, and mixing length and eddy viscos-

ity models were physically meaningless in the backflow and had reduced values in the

outer region of the separated flow.

Simpson, Chew & Shivaprasad (1981b) reported higher-order turbulence statistics

for the separating turbulent boundary layer. It was found that the skewness factor for

streamwise velocity was positive upstream of separation near the wall, but negative
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downstream of separation. The flatness factor for streamwise velocity had a local

maximum of about 4 at the minimum mean velocity location in the backflow. They

claimed that the large-scale eddies in the outer region flow not only controlled the

back flow but also provided the mechanism for turbulence-energy diffusion.

Nagano, Tagawa & Tsuji (1993) investigated the characteristics of mean flow and

turbulent statistics of a turbulent boundary layer with moderate to strong adverse

pressure gradients. It was found that the influence of adverse pressure gradient caused

the velocity profile to fall below the standard log-law. Adverse pressure gradient also

had a strong effect on higher-order statistics of velocity fluctuations.

Alving & Fernholz (1996) carried out an experiment on an axisymmetric body

with a separated turbulent boundary layer. They found that the Reynolds stress is

decreased in the inner region and reaches large peaks away from the wall. They also

found that the large scale structures over the separation bubble do not interact with

the near wall flow until after the flow reattaches.

Nagano, Tsuji & Houra (1998) performed experiments on the structure of a tur-

bulent boundary layer subjected to APG. It was found that the characteristic time

scales of velocity fluctuations of APG flow were extremely elongated in the near-

wall region, compared with ZPG flow. They also claimed that the Taylor time scale

(τE =
√

2〈u2〉/〈(∂u/∂t)2〉) was the most appropriate to describe the temporal be-

haviour of turbulence quantities of APG flows.

Nagib, Christophorou & Monkewitz (2006) carried out experiments of high Reynolds

number turbulent boundary layers with adverse, zero and favourable pressure gradi-

ents. The log-law parameter k was found to vary considerably for the non-equilibrium

boundary layers under the various pressure gradients.
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Na & Moin (1996) claimed in their DNS of turbulent boundary layers with APG

and separation, that the accuracy of the hot-wire measurements was degraded by

two characteristics of the flow: the tendency of not remaining two-dimensional in the

mean and the high sensitivity to the upstream conditions, which thereby probably

explained the discrepancies among experiments.

4.1.3 Numerical simulation and modeling

DNS has become an important tool for the turbulent research community since the

1980s. DNS can provide accurate, complete and detailed data, especially in the

near wall regions and/or separation regions, where it is still difficult for experimental

methods to get reliable data for certain variables, especially for compressible flows,

despite improvements in experimental techniques.

Reynolds-averaged Navier-Stokes (RANS) based methods are not reliable in sep-

arated flows because they are not good at the treatment of the near-wall turbulent

flow. With the development of powerful computers and DNS, the effects of APG and

separated flows can be investigated.

Spalart & Watmuff (1993) performed both experiments and DNS of a turbulent

boundary layer with pressure gradients, referred to as SW hereafter. The DNS used

a part of the experimental domain and a prescribed velocity to generate the pressure

gradients of their experiment instead of using a top curved wall like experiment. Good

agreement between the experimental results and simulations was found for mean

wall-pressure coefficients, displacement and momentum thicknesses. But moderate-

to-large deviations were observed for quantities such as mean velocity profiles from

the law of the wall, turbulence energy and dissipation rate. They also claimed that
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the accuracy of the hot-wire measurements was degraded by higher probability of

large angles between instantaneous velocity vector and the mean flow direction in the

region of adverse pressure gradients.

Na & Moin (1998) conducted an incompressible DNS of turbulent APG & FPG

flow with separation over a flat plate. The adverse-to-favorable pressure gradient was

obtained using a suction-blowing velocity profile at the top boundary. The Reynolds

number based on momentum thickness upstream of separation and free stream ve-

locity Reθ = 300. They found that the locations of instantaneous spanwise-averaged

detachment and reattachment points both fluctuated significantly in the streamwise

direction, and turbulent structures emanating upstream of separation moved upwards

into the shear layer in the detachment region and turned around the separation bub-

ble, and that the largest pressure fluctuations were located in the middle of the shear

layer. The maximum turbulent intensity occurred above the detachment region.

Skote, Henningson & Henkes (1998) performed an incompressible DNS of self-

similar APG turbulent boundary layers. Comparison of turbulence statistics from

the zero pressure gradient and the two APG cases showed that the development of a

second peak in turbulence energy was in agreement with experiment.

Huttl et al. (2001) calculated a low Reynolds number flow by using the standard

k − ω model and Menter’s SST model (Menter, 1993). They claimed that none

of the models can accurately capture the distribution of turbulent kinetic energy.

Both models performed well in the region with strong APG & FPG and the mean

velocities were in good agreement with the DNS data. However, deviations became

visible for the predication of Reynolds shear stress, turbulent kinetic energy and the

development of the skin friction coefficient in the region of smaller APG. The reason
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remains unknown and further detailed investigation is warranted.

Shan, Jiang & Liu (2005) performed a two-dimensional and a three-dimensional

DNS of flow separation around a NACA 0012 airfoil with an attack angel of 4◦ and

a Reynolds number of 105 based on the free stream velocity and the chord length.

They solved the full compressible form of the Navier-Stokes equations in curvilinear

coordinates using an implicit scheme with a high order compact central difference

scheme and non-reflecting boundary conditions. The 2D simulation was started from

the uniform flow field and 3D simulation from the 2D simulation results. They claimed

that the disturbance in the near wake region may propagate upstream and cause

three dimensional instability, which seemed to be self-sustained and led to transition

to turbulence. They did not analyze the spanwise effect in the flow separation, even

though they showed the instantaneous spanwise vorticity contours in the midspan

location.

Radhakrishnan, Piomelli & Keating (2008) conducted wall-modeled LES of flows

with curvature and mild separation where RANS was used for the inner region and

LES for the outer region. A stochastic forcing was employed to artificially perturb

the RANS/LES interface to remove the buffer region where the velocity gradient was

too high to get an accurate calculation of skin friction. They found that this method

led to improved predictions of skin friction, mean velocity and Reynolds stresses for

flows with APG despite the issues on CPU requirement and its application to strong

FPG flows.

Marquillie, Laval & Dolganov (2008) performed an incompressible DNS of a sepa-

rated channel flow. The pressure gradients were obtained by employing a wall curva-

ture through a mathematical mapping from physical coordinates to Cartesian ones.
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The inlet condition was taken from a highly resolved LES of plane channel flow. A

thin separation bubble was found on the curved wall, and they presented data for

stresses and turbulence kinetic energy budget.

Previous studies have made progress on turbulent flows with adverse pressure

gradients. However, the physics of this type of flow is not completely understood

and some issues have not been addressed, such as pressure gradient vorticity flux

correlations. Most previous numerical work solved the incompressible form of the

Navier-Stokes equations with/without modeling. Upstream turbulence or transition

was mainly generated in numerical or non-physical ways. A DNS that solves com-

pressible Navier-Stokes equations with laminar inflow and a physical transition to

turbulence is therefore expected to provide a more accurate turbulent flow in aero-

dynamics.

A compressible DNS of turbulent flow with a physical trip element that transitions

from laminar flow to turbulence and physical boundaries that prescribe favourable

and adverse pressure gradients is more challenging. In the current work, a compress-

ible form of the Navier-Stokes equations were solved using a discontinuous Galerkin

method ( see Karniadakis & Sherwin (2005), Cockburn, Karniadakis & Shu (2000).).

In order to compare with incompressible results, the Mach number of approximately

0.2 based on the inlet bulk velocity was selected. The pressure gradients were ob-

tained by using a curved top wall, similar to the experimental arrangement of Spalart

& Watmuff (1993).
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4.2 Computational details

The reference variables for the computation are the inlet bulk velocity (Uref), inlet

bulk density (ρref), inlet viscosity at the wall (µw) and the streamwise length of the

bottom plane wall (Lx), which leads to the reference Reynolds number of ∼ 428000.

The flow configuration of the current computation, similar to the SW case, is

shown in figure 4.1. All the length units in the current simulation are non-dimensionalized

by the streamwise length of the plate (Lx), as shown in the previous paragraph. The

top figure provides the physical and computational domains in x-y plane in compar-

ison with the SW case. The bottom figure shows the computational domain details

in 3D where the periodic domain in x direction is [0.1,1.2].

At the computational inlet (x = 0.1), the inlet Reynolds number is ∼ 42800 based

on the inlet bulk velocity, inlet bulk density, inlet wall viscosity and inlet x. A trip

wire with a shape of triangular prism (triangle base length: ∆x = 0.0344; triangle

height: ∆y = 0.0022; depth: ∆z = 0.06) at the bottom wall is used to trigger laminar-

to-turbulence transition at x = 0.15. It is then followed by a FPG region [0.2, 0.6]

which is long enough for turbulence to develop and lose memory of inflow conditions

(Spalart & Watmuff, 1993). The flow enters the APG region from x = 0.6. Note that

the difference between the current computational domain and the experimental setup

of the SW case is mainly located in the rear part of the APG region (approximately

[0.7, 1.0]).

The region [1.0, 1.2] is taken as a fringe region, where a fringe region technique

(Skote et al., 1998; Herbst & Henningson, 2006) is employed to drive the out-flow

back to the inflow. It is implemented by the addition of a body force function, f , to

the Navier-Stokes equations, in the following manner:
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f = λ(x) ∗ (Ũi − Ui), (4.1)

where Ũi is the inflow laminar velocity profile that velocities in the fringe region

Ui are forced to and λ(x) = λmaxF (x) is the forcing strength, nonzero only in the

fringe region. Function F (x) is shown in figure 4.2.

Periodic boundary conditions are applied to the streamwise direction. The flow is

assumed homogeneous in the spanwise (z) direction. In the wall normal (y) direction

no-slip wall boundary conditions are applied to the bottom plane wall and the top

curved wall which prescribes the streamwise pressure gradients.

There are 64 × 16 × 8 body fitted non-orthogonal grid elements in the stream-

wise, wall-normal, spanwise directions respectively. 9th-order refinement with over-

integration in each element (the number of quadrature points in each direction are

twice the polynomial order to eliminate de-aliasing errors) makes a total of ∼ 47

million quadrature points. Based on the highest value of friction velocity in turbulent

region (around x = 0.55), the grid spacings in wall units are ∆x+
max ≈ 27, ∆z+

max ≈ 12.

The first point away from the wall at x = 0.55, where the skin friction coefficient is

maximum, is ∆y+ ≈ 0.5. There are 20 quadrature points in the first 9 wall units

away from the wall at x = 0.55.

The simulation was started from an isothermal laminar field superimposed by

random fluctuations. After the simulation settled down, the statistics were obtained

by an average over 0.5 non-dimensional time units (normalized by (Lx/Uref)), or about

15 δmax/Uref (the maximum boundary layer thickness δmax occurs near x = 1.0), which

are enough as the data obtained are just a little smoother than the data averaged

over 0.3 non-dimensional time units.
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Figure 4.1: Flow configuration comparing with the SW case in 2D (top) and Com-
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4.3 Global quantities

The wall pressure coefficient (Cp) of the current simulation is given in figure 4.3. The

reference pressure was taken from wall pressure at (x = 0.3), in order to compare

with the SW case. It indicates that the profile agrees well with experimental and

DNS data of the SW case except for the rear part of the APG region where the

curved top wall of the current case is different from the SW case, as shown in figure

(4.1). A local minimum Cp occurs at x = 0.15, where the trip wire is located. The

lowest pressure coefficient occurs near x = 0.6. The shape of the profile in the fringe

region is caused by the additional driving force function that drives the turbulent flow

back to a laminar state.

Skin friction coefficient is usually defined as Cf = τw/(0.5ρ∞u2
∞). This value is

affected by the calculation of freestream velocity u∞, which is dependent on how to

compute boundary layer thickness δ and u∞ for compressible turbulent boundary layer

with pressure gradients. However, there are no clear definition for calculating δ and

u∞ for this type of flow and different approximate calculation method would probably

lead to different values. Spalart & Watmuff (1993) argued that the standard definition
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for boundary layer thickness δ where U is 99.5% of freestream velocity might fail

completely for incompressible turbulent flow with pressure gradients. They proposed

that δ could be decided manually to be 20% ∼ 30% above the edge of the turbulent

region, that is, the region with significant vorticity and turbulent shear stress, and

the freestream velocity U∞ =
∫∞
0
ωz(y)dy etc. These definitions are used for the

current case (U∞ integration ends at the centre region instead of “∞”), although

they are limited to incompressible flow (Spalart & Watmuff, 1993). Therefore, both

Cf = τw/(0.5ρrefU
2
ref) and Cf = τw/(0.5ρ∞U2

∞) are calculated and shown in figure 4.4.

x

C
f
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0

0.005

0.01
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Cf (based on Uref)
Cf (based on U∞)

Figure 4.4: Skin friction coefficient scaled by 0.5ρrefU
2
ref

Acceleration would cause flow relaminarization if the nondimensional acceleration

(pressure gradient) parameter K = ν
U2∞

dU∞
dx

≥ 3 × 10−6. The maximum K in the
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FPG region after the transition is ∼ 1.5× 10−6 for the current case, shown in figure

4.5.
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Figure 4.5: Nondimensional pressure gradient parameter

4.4 Transition

A close view of the transition at the bottom plane wall is given in figure (4.6) that

shows a snapshot of iso-surfaces of streamwise velocity u/Uref = 0.8. It can be

seen that clear bulges are generated at x =∼ 0.17, after the flow is tripped at x =

0.15. A bulge in the isosurfaces of streamwise velocity corresponds to transportation

of low streamwise momentum away from the wall, or negative streamwise velocity

fluctuations, as indicated in Wu & Moin (2009). The bulges are aligned well in the

spanwise direction at x =∼ 0.17 and then grow and become irregular and break down
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to different shapes after that, in other words, turbulence is developing. The distance

between the transition point and the cylinder tripping wire is U(xtrans − xtrip)/ν =

2 × 104 (Schlichting, 1979), that is, (xtrans − xtrip) would be ∼ 0.05 if a cylinder

tripping wire were placed at x = 0.15. Here the trip device of the triangular prism

seems to give an earlier transition than the cylinder.

Figure 4.6: Iso-surfaces of streamwise velocity u/Uref = 0.8 close to the transition at
the bottom wall.
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Figure (4.7) gives iso-surfaces of streamwise velocity u/Uref = 0.8 for the whole

computational domain. The top figure of (4.7) indicates that the flow close to the

top wall remains laminar until after it enters the APG region. The transition to

turbulence can be clearly seen. The bottom figure of (4.7) shows that the bulges are

observed to grow after the trip (x = 0.15), then their sizes are getting smaller in

the FPG region due to the acceleration. The structures are getting larger and more

complex (more momentum transport) in the APG region due to the deceleration and

finally returns to laminar in the fringe region.

4.5 Local profiles

4.5.1 Mean profiles

The mean inlet streamwise velocity close to the bottom plane wall versus the Blasius

boundary layer velocity profile is presented in figure 4.8. It can be seen that the

current profile is very close to the Blasius boundary layer profile, which is similar to

the SW case. The slight difference is due to the presence of the top wall.

Mean streamwise velocities, scaled by local friction velocity uτ , at different stream-

wise locations are compared with the DNS data of the SW case in figures (4.9) and

(4.10). The agreement is satisfactory. A clear drop of the velocity profile at the

region of log-layer can be seen as the flow develops from the FPG region to the APG

region. It is mainly because of the influence of the pressure gradient that affects the

low speed fluid in the lower log layer and also has an influence on downstream of the

APG region (ie. x = 1.0), as indicated in figure (4.10).

Mean streamwise velocities, scaled by Uref , at different streamwise locations are
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Figure 4.7: Iso-surfaces of streamwise velocity u/Uref = 0.8 for the top wall (top) and
bottom wall (bottom).
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Figure 4.8: Mean inlet streamwise velocity close to the bottom wall and the Blasius
boundary layer velocity profile.
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given in figure (4.11). It can be seen that the velocities U(y) at the centre region

of each streamwise location are not constant, which makes the classical definition

of boundary layer thickness at which U is 99.5% of free stream may fail completely

(Spalart & Watmuff, 1993). The velocity profile at x = 0.7 shows a small separation

region close to the top wall.

Mean pressure coefficients, scaled by ρrefU
2
ref , at different streamwise locations are

provided in figure (4.12), compared with the SW case. The agreement is good. It

indicates that the trend of pressure profiles in the wall-normal direction is nearly

opposite to the trend of velocity profiles shown in figure (4.11), which can be roughly

explained by the Bernoulli equation. It also indicates that the top wall has a much

broader pressure range, for example, the pressure difference between x = 0.6 and

x = 0.8 on the top wall is much higher than that on the bottom plane wall, which

roughly explains the flow is separated close to the top wall instead of the bottom wall

at around x ≈ 0.7, shown in figure (4.11). In addition there is small local minimum

of Cp at x = 0.7 close to the top wall, which corresponds to the location of separation

bubble. It is interesting to note that the pressure coefficient on the top wall at x = 0.9

is smaller than x = 0.8.

Mean streamwise pressure gradients, scaled by ρrefU
2
ref/Lx, at different streamwise

locations are presented in figure (4.13), in order to clearly indicate the FPG and APG

regions. It can be seen that dp/dx < 0 is observed between the bottom and top walls

for x = 0.55 and x = 0.60. It has a much lower value close to the top wall which

provides stronger acceleration. dp/dx > 0 close to the bottom wall for x = 0.70,

x = 0.80 and x = 0.90. The profiles for x = 0.70 and x = 0.80 are very close except

for the region close to the top wall where dp/dx < 0 occurs around the flow separation
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Figure 4.9: Mean streamwise velocities close to the bottom plane wall versus the
log law and the SW case. (a) x = 0.55; (b) x = 0.60; (c) x = 0.70. Usub = y+;
Ulog = 1/κ ln(y+) +B, where κ = 0.41, B = 5.2.
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Figure 4.10: Mean streamwise velocity profiles close to the bottom plane wall versus
the log law at different streamwise locations. Usub = y+; Ulog = 1/κ ln(y+) + B,
where κ = 0.41, B = 5.2.
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region close to the top wall for x = 0.70. The profile at x = 1.0 behaves differently:

dp/dx < 0 close to the both bottom and top walls, but dp/dx > 0 for the centre

region. This also explains the complicated behaviour for the plots at x = 1.0 in the

following sections.

Figure (4.14) displays the mean wall-normal and spanwise velocities scaled by

Uref at different streamwise locations. The mean wall-normal velocity profiles show

a similar trend as figure (4.13) close to the bottom wall, such as, negative profile for

x = 0.55, positive profiles for x = 0.7, x = 0.8 and x = 0.9. Again, small positive

values are observed around the separation region close to the top wall at x = 0.7.

The mean spanwise velocity profiles are essentially zero for all streamwise locations.
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Figure 4.13: Mean streamwise pressure gradients at different streamwise locations. d
denotes partial derivative, the same hereafter.
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Figure 4.14: Mean wall-normal and spanwise velocity profiles at different streamwise
locations

4.5.2 Second-order statistics

RMS streamwise, wall-normal, and spanwise velocity fluctuations close to the bottom

plane wall at different streamwise locations, scaled in wall units, are compared with

the DNS data of the SW case in figures (4.15) and (4.16). The general collapse

of profiles in comparison is fair. The y location of peak values of RMS streamwise

velocity fluctuations remains similar, although peak values slightly increase as the

flow develops from FPG to APG regions, except for the wake of APG region, such as

x = 1.0. Pressure gradient seems to have a stronger effect on the RMS wall-normal

and spanwise velocity fluctuations: not only their peak values but also their locations

of peak values increase significantly from FPG to APG. It also indicates a clear trend

that the fluctuations in the region around y+ = 100 ∼ 300 increase and gradually to

form a local peak as flow evolves from FPG to APG.
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Figure (4.17) displays the RMS velocity fluctuations (scaled by Uref) between the

bottom and top walls at different streamwise locations. It indicates that all three

components of RMS values close to the bottom wall increase as the flow evolves

downstream except for the region x = 1.0, which can be explained by figure (4.13).

RMS profiles close to the separation bubble at x ≈ 0.7 close to the top wall behave

differently: There are two local maxima on the RMS streamwise velocity profile and

RMS spanwise velocity fluctuations are much smaller than the wall-normal velocity

fluctuations. The first maximum close to the top wall occurs at y ≈ 0.2, which

corresponds to the largest negative mean velocity at x = 0.7, in other words, the edge

of the separation bubble. The local minimum between the two maxima corresponds

the center of the separation bubble.

Figure (4.18) shows the RMS pressure fluctuations at different streamwise lo-

cations. The top figure shows that the peak RMS pressure fluctuations scaled by

ρrefU
2
ref close to the bottom plane wall do not change much except for the wake region

at x = 1.0 as the flow evolves downstream; however, significant changes occur close

to the location of flow separation at x = 0.7 close to the top wall where there is an ex-

tremely high value. This is due to the unstable separation bubble. The inner scaling

of the RMS pressure fluctuation close to the bottom plane wall shown in the bottom

figure, significantly increases as the flow develops downstream, which is mainly due

to the decrease of skin friction.

The figure (4.19) gives RMS vorticity fluctuations, normalized by the mean shear

at the bottom plane wall τw/µw, close to the bottom plane wall in wall units. It

indicates for all three components of RMS vorticity fluctuations that the location of

local maximum and minimum does not vary much with pressure gradient, although
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Figure 4.15: RMS velocity fluctuations, scaled by uτ , close to the bottom plane wall
versus the DNS data of the SW case in wall units. (a) x = 0.55; (b) x = 0.60; (c)
x = 0.70.
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Figure 4.16: RMS streamwise (top), wall-normal (middle), and spanwise (bottom)
velocity fluctuations, scaled by uτ , close to the bottom wall at different streamwise
locations in wall units.
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Figure 4.17: RMS streamwise (top), wall-normal (middle), and spanwise (bottom)
velocity fluctuations, scaled by Uref , between the bottom and top walls at different
streamwise locations.
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Figure 4.18: RMS pressure fluctuations between the bottom and top walls, normalized
by ρrefU

2
ref in global units (top); RMS pressure fluctuations close to the bottom plane

wall, normalized by the local wall shear stress in wall units (bottom).



CHAPTER 4. DNS OF TURBULENT FLOW WITH FPG & APG 142

both the peak values and the general profiles increase as flow develops from FPG to

APG regions except for the wake region around x = 1.0. The profiles at x = 1.0 close

to wall (y+ <∼ 260) is smaller than x = 0.9 because dp/dx < 0 close to the bottom

wall at x = 1.0 (see figure 4.13), in other words, it is not in the APG region any more.

However, upstream APG flow still has an influence on the region away from the wall

at x=1.0 (say, y+ >∼ 260) which causes dp/dx > 0 at this region. That is why an

increase is observed for this region. RMS spanwise vorticity fluctuations presented in

bottom figure of (4.19) seem to collapse well in the region around y+ ≈ 30 although

the values at the wall are a little different.

RMS vorticity fluctuations, normalized by Uref/Lx, between the bottom and top

walls are presented in figure (4.20). The profiles close to the bottom wall display

similar behaviour as figure (4.19). Streamwise and wall-normal vorticity fluctuations

at x = 0.7 close to the top wall are very small compared with other locations at APG

region, however, the spanwise vorticity fluctuation increase dramatically close to the

top wall, due to the unsteady separation.

Turbulence, viscous and total shear stresses at four different streamwise locations

are illustrated in figures (4.21) and (4.22) respectively. The figures indicate that both

the peak turbulence shear stress and the region with significant turbulent shear stress

increase as the flow moves from the FPG region to the APG region (from figure a to

figure e). The total shear stress is not linear with the distance from the wall. The

slope of total shear stress (normalized by the local wall shear stress) profile close to

the wall increases from negative to positive values as the flow goes from the FPG

region to the APG region. The slope of the total shear stress profile at x = 1.0

is negative close to the wall and then become positive away from the wall which is
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Figure 4.19: RMS streamwise (top), wall-normal (middle), and spanwise (bottom)
vorticity fluctuations close to the bottom plane wall, normalized by the mean shear
at the wall τw/µw in wall units.
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Figure 4.20: RMS streamwise (top), wall-normal (middle), and spanwise (bottom)
vorticity fluctuations between the bottom and top walls, normalized by the Uref/Lx

in global units.
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mainly because the region close to the wall at x = 1.0 is not in an APG region any

more, see figure (4.13), but the region away from the wall is still influenced by the

upstream flow in the APG region.

4.6 Vorticity and pressure gradients correlations

The cross-correlation coefficient (between variable a and variable b) is defined as:

ρa:b =
〈a′b′〉

〈a′a′〉0.5〈b′b′〉0.5
(4.2)

The momentum equation on an isothermal wall can be simplified as (see the

previous chapter):

∂p

∂x
= −µ∂ωz

∂y
+
∂u

∂y

∂µ

∂y
+

4

3
µ
∂Θ

∂x
+ ρfx. (4.3)

∂p

∂y
= −µ∂ωx

∂z
+ µ

∂ωz

∂x
+

4

3
µ
∂Θ

∂y
+

4

3
Θ
∂µ

∂y
+ ρfy. (4.4)

∂p

∂z
= µ

∂ωx

∂y
+
∂w

∂y

∂µ

∂y
+

4

3
µ
∂Θ

∂z
+ ρfz. (4.5)

or in a more concise form:

∂p

∂x
= −∂µωz

∂y
+

4

3

∂µΘ

∂x
+ ρfx. (4.6)

∂p

∂y
= −∂µωx

∂z
+
∂µωz

∂x
+

4

3

∂µΘ

∂y
+ ρfy. (4.7)

∂p

∂z
=
∂µωx

∂y
+

4

3

∂µΘ

∂z
+ ρfz. (4.8)

There is no driving force in the FPG and APG regions of the current computational

domain, that is, fx = fy = fz = 0. The dilatation Θ on the wall is actually equal to

∂v/∂y as ∂u/∂x = ∂w/∂z = 0. Then Θ
′
= ∂v

′
/∂y. Compared with fully developed
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Figure 4.21: Turbulence, viscous, and total shear stresses normalized by the wall
shear stress τw. (a) x = 0.55; (b) x = 0.60; (c) x = 0.70. L1 represents viscous shear
stress; T1 represents turbulent shear stress 〈ρ〉〈u′v′〉/τw; L1+T1 represents the total
shear stress.
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Figure 4.22: Turbulence, viscous, and total shear stresses normalized by the wall
shear stress τw. (d) x = 0.80; (e) x = 0.90; (f) x = 1.00. L1 represents viscous shear
stress; T1 represents turbulent shear stress 〈ρ〉〈u′v′〉/τw; L1+T1 represents the total
shear stress.
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turbulent channel flow, the mean dilatation gradient 〈∂Θ/∂x〉 for turbulent flow with

FPG and APG is not zero, see figure 4.14.

The cross-correlations between pressure gradients and two type of vorticity fluxes

∂µωi/∂xj and ∂ωi/∂xj have been generated to investigate the influence of pressure

gradients, dilatation, viscosity etc. It has been found that there is no difference for

the correlation between pressure gradient and two fluxes for the current case. Only

correlations between pressure gradients and vorticity fluxes ∂ωi/∂xj are presented for

simplicity.

The correlations between the pressure gradients and vorticity fluxes in above equa-

tions on both walls are presented in figure (4.23). Figure (a) shows the correlations

on the bottom wall. It indicates that the influence of pressure gradient through FPG

and APG regions on the correlations is very small, although it seems that the corre-

lation in the APG region is slightly higher. It is high in either negative or positive

sense for the correlation between the streamwise pressure gradient and spanwise vor-

ticity flux in the wall normal direction (ρ∂p/∂x:∂ωz/∂y), and the correlation between the

spanwise pressure gradient and streamwise vorticity flux in the wall normal direction

(ρ∂p/∂z:∂ωx/∂y). This is similar as fully developed channel flow but with slightly lower

values in the magnitude. However, the correlation between the wall-normal pressure

gradient and streamwise vorticity flux in the spanwise direction (ρ∂p/∂y:∂ωx/∂z), and as

well as the correlation between wall-normal pressure gradient and spanwise vorticity

flux in the streamwise direction (ρ∂p/∂y:∂ωz/∂x) are rather poor. The magnitudes are

smaller than the fully developed channel flow.

The above correlations between pressure gradients and vorticity fluxes show simi-

lar performace as those of fully develop turbulent channel flow case of Ma = 0.2 (see
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the previous chapter), but with slightly lower values at the wall. The possible reason

is the influence of dilatation term (Θ). As the flow evolves downstream, the density

at the wall changes with changing pressure as the wall is isothermal. This causes the

dilatation to vary, which weakens the correlation between pressure gradient and wall

vorticity flux.

Figure (b) of (4.23) shows the correlations on the top wall. It indicates that the

correlations on the top wall show similar performance as the bottom wall after the

flow transitions to turbulence, or, in the region ∼ 0.8 < x <∼ 1.0. The magnitudes of

correlation (ρ∂p/∂x:∂ωz/∂y) and (ρ∂p/∂z:∂ωx/∂y) are higher in the region x <∼ 0.7 where

the flow is unsteady laminar than the turbulence region.

The correlations close to the bottom and top walls are presented in the following

paragraphs in order to study the influence of pressure gradients and separation on

the flow.

The cross-correlation coefficient ρ∂p/∂x:∂ωz/∂y between both walls is shown in figure

(4.24) both in wall units and global units. The two variables are highly correlated

in a negative sense close to both bottom and top walls; however, the influence of the

pressure gradient through the FPG and APG regions on the correlations is light. It is

interesting to note that there is a small region with high positive correlation occurring

near the flow separation bubble close to to the top wall at x = 0.7.

The cross-correlation coefficient ρ∂p/∂z:∂ωx/∂y between both walls is presented in

figure (4.25) both in wall units and global units. Again, high positive correlations are

observed close to both walls. However, correlations at other locations are essentially

small including the region close to the separation.

The cross-correlation coefficients ρ∂p/∂y:∂ωx/∂z and ρ∂p/∂y:∂ωz/∂x between both walls
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Figure 4.23: Cross-correlation coefficients between pressure gradients and vorticity
fluxes on the wall. (a) bottom wall; (b) top wall. d denotes partial derivative, and
denotes subscript.
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are given in figures (4.26) and (4.27) respectively. The correlations in most inner

regions between both walls are poor except for the correlation coefficient ρ∂p/∂y:∂ωz/∂x

near separation close to the top wall at x = 0.7 where the correlation coefficient is

high, shown in figure (4.27). It seems that there might be a correlation between the

pressure gradient and spanwise vorticity near separation.

The correlations between pressure gradients and spanwise vorticity (ρ∂p/∂xi:∂ωz)

are sketched in figure (4.28). It can be seen that both streamwise and wall-normal

pressure gradients are highly correlated with spanwise vorticity near separation at x =

0.7, although the correlation between the spanwise pressure gradient and spanwise

vorticity is ≈ 0. This provides an evidence of the influence of tangential pressure

gradients on flow separation.

4.7 Near-wall turbulence structures

Near-wall streaks denote narrow regions of near-wall low speed fluid stretched in

the streamwise direction (Smith & Metzler, 1983). Smith & Metzler (1983) studied

near-wall streaks in a turbulent boundary layer for 740 < Reθ < 5830 and found

that the mean spanwise spacing of near-wall low speed streaks was 100 in wall units,

independent of Reynolds number; however, the spanwise streak spacing was found

to increase with increased distance from the wall. Numerical results of Kim, Moin

& Moser (1987) confirmed these findings through the indication of spanwise auto-

correlations of streamwise velocity fluctuations for fully developed turbulent channel

flows.

The spanwise correlations of streamwise velocities close to the wall at different x

locations are given in figures (4.29) and (4.29) in wall units. It can be seen that the
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Figure 4.24: Cross-correlation coefficients between streamwise pressure gradient and
spanwise vorticity fluxes in the wall normal direction at different streamwise locations,
very near the wall in wall units (top), and global units (bottom). d denotes partial
derivative, and denotes subscript.
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Figure 4.25: Cross-correlation coefficients between spanwise pressure gradient and
streamwise vorticity fluxes in the wall normal direction at different streamwise loca-
tions, very near the wall in wall units (top), and global units (bottom). d denotes
partial derivative, and denotes subscript.
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Figure 4.26: Cross-correlation coefficients between wall normal pressure gradient and
streamwise vorticity fluxes in the spanwise direction at different streamwise locations,
very near the wall in wall units (top), and global units (bottom). d denotes partial
derivative, and denotes subscript.
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Figure 4.27: Cross-correlation coefficients between wall normal pressure gradient and
spanwise vorticity fluxes in the streamwise direction at different streamwise locations,
very near the wall in wall units (top), and global units (bottom). d denotes partial
derivative, and denotes subscript.
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Figure 4.28: Cross-correlation coefficients between pressure gradients and spanwise
vorticity at different streamwise locations. (top) streamwise pressure gradient; (mid-
dle) wall-normal pressure gradient; (bottom) spanwise pressure gradient. d denotes
partial derivative, and denotes subscript.
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location of the minimum of the correlation very close to the wall (y+ ≈ 8) remains es-

sentially the same: ∆z+ ≈ 50 for the 4 streamwise locations, independent of pressure

gradients, although the location of minimum increases with increase of y+, especially

for the correlations at x = 0.9. The near-wall low speed streak spacings (twice of

the location ∆z+ of minimum correlation of streamwise velocity fluctuations). It is

found that the spacing is around 100 wall units, which agrees well with the incom-

pressible experimental and numerical results reported by Kim et al. (1987) and Smith

& Metzler (1983).

A snapshot of streamwise velocity fluctuations close to the bottom plane wall

(y+ ≈ 8) is shown in figure (4.31). It is shown that the streaks are elongated in the

streamwise direction in the FPG region due to the acceleration and shortened in the

APG region because of the deceleration. However, the mean spanwise streak spacing

is similar for both FPG and APG regions, which confirms the previous predictions

based on spanwise correlations of streamwise velocities.

Second invariant of the velocity gradient tensor (denoted as Q) is usually used for

the visualization of turbulent coherent structures. It is defined as (Chong, Perry &

Cantwell, 1990)

Q =
1

2
(P 2 − SijSji −RijRji) (4.9)

where P = −∂ui

∂xi
is zero for incompressible flows, Sij = 1

2
( ∂ui

∂xj
+

∂uj

∂xi
), and Rij =

1
2
( ∂ui

∂xj
− ∂uj

∂xi
).

Iso-surfaces of Q are shown in figures (4.32) and (4.33) with coloring based on the

local streamwise velocity. It can be seen that the hairpin like structures start to grow

after the trip and its inclined angle to streamwise direction of the bottom plane plate

is generally smaller (flatter) in the FPG region than the APG region. The structures
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Figure 4.29: Correlations of streamwise velocity fluctuations close to the wall at
different x locations: (a) x = 0.50; (b) x = 0.60; (c) x = 0.70.
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Figure 4.30: Correlations of streamwise velocity fluctuations close to the wall at
different x locations: (d) x = 0.80; (e) x = 0.90; (f) x = 1.00.
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Figure 4.31: A snapshot of streamwise velocity fluctuations close to the bottom plane
wall (y+ ≈ 8), in the FPG region (top), and APG region (bottom).
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are more densely distributed in the downstream APG region than the upstream FPG

region close to the bottom wall. There is a small separation region that occurs at

the APG region of the top curved wall. But this separation bubble is not stable and

changes with time and space, which can be seen from snapshots at different time

instants. No structures are observed in the FPG region of the top curved wall, the

region before the trip and the rear part of the fringe region, which in other words are

laminar regions.

4.8 Concluding remarks

Direct numerical simulation of turbulent isothermal-wall bounded flow with FPG

and APG at Mach numbers Ma ≈ 0.2 and reference Reynolds number Re ≈ 428000,

based on the streamwise length of the bottom wall and inlet bulk velocity, has been

performed using discontinuous Galerkin method with an addition of fringe region

technique. The trip at the beginning of bottom plane wall makes the flow close to

bottom wall transition to turbulence and turbulence develops well in the FPG region.

The generated data have been compared with the SW case and the agreement is

satisfactory. Many issues have been addressed and related physics has been analyzed.

Flow visualization and related analysis of turbulence transition has been made.

The distance between the transition and the current trip device of triangular prism

is compared with that of a cylinder. It is found that the triangular prism gives an

earlier transition than the cylinder.

The mean profiles of velocities, pressure, and pressure gradients have been anal-

ysed. It is found that the pressure gradient has a great effect on profiles in the log-law

region for the streamwise velocity: APG would push the low log-law layer down but
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lift the high log-law region up.

Second-order statistics such as velocity, pressure, vorticity fluctuations and shear

stresses have been generated. Pressure gradient has a strong effect on both inner and

outer scaling of RMS velocity, vorticities and inner scaling of RMS pressure, RMS

shear stresses close to the wall. The influence of pressure gradient on outer scaling of

RMS pressure is not much except for the region with flow separation close to the top

wall and the APG wake region. Most profiles at x = 1.0, in the wake region of APG,

display different behaviour close to the wall and away from the wall mainly due to

different distribution of streamwise pressure gradients.

The cross-correlations between the pressure gradients and vorticity fluxes close

to the wall have been obtained. It is found that the correlation between streamwise

pressure gradient and spanwise vorticity flux in the wall normal direction, as well as

the correlation between spanwise pressure gradient and streamwise vorticity flux in

the wall normal direction are high close to the wall at both FPG and APG regions.

The influence of pressure gradients through FPG and APG regions is very small. The

correlations between streamwise/wall-normal pressure gradient and spanwise vorticity

are boosted near separation close to the top wall.

Near-wall turbulence structures and spanwise correlations of streamwise velocity

have been obtained. The pressure gradient has little effect on the near-wall spanwise

spacings between low speed streaks. Iso-surfaces of second invariant of the velocity

gradient tensor indicate that the angle of inclined hairpin structure to streamwise

direction of the bottom plane plate is smaller (flatter) in the FPG region than the

APG region and the structures are more densely distributed in the downstream APG

region.
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Future work will be presented in the next chapter.



Chapter 5

Conclusion and future work

5.1 Conclusion

The main objectives of this study were to:

1). Apply and assess to see suitability of the discontinuous Galerkin method (DGM)

to calculate, via DNS, compressible turbulent channel flows and complex tur-

bulent flows under favourable and adverse pressure gradients (FPG and APG).

2). Compute and study the effects of pressure gradients on vorticity generation

from a solid wall for compressible and incompressible turbulent flows under

zero, favourable, and adverse pressure gradients.

3). Provide a database for low Mach number turbulent flows subjected to favourable

and adverse pressure gradients. This database may then be used to develop and

test modifications to models of turbulence that can accurately predict aircraft-

wing-type APG and separated flows, for example.

166
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This thesis was mainly focused on direct numerical simulation (DNS) of compress-

ible and incompressible fully developed turbulent flows between isothermal walls and

DNS of low Mach number transitional turbulent flows with favourable and adverse

pressure gradients and separation using DGM. The conclusions drawn from this work

are as follows.

The formulation and implementation of DGM was introduced. Its attractive fea-

tures, such as high order accuracy, high parallelizability, good stability, and good

for complex geometries, were verified by the DNS cases in this study. The close-to-

linear scaling was obtained from tests done on different architectures. The accuracy

of results was validated by comparing the current simulation results with the data of

published literatures.

DNS of fully developed turbulent flow between two isothermal plane walls, at

Mach numbers Ma = 0.2, Ma = 0.7, Ma = 1.5 and Reynolds number Re ≈ 2800

using DGM, referred to as the case A, and DNS of turbulent isothermal-wall bounded

flow with FPG and APG at Mach number Ma ≈ 0.2 and reference Reynolds number

Re ≈ 428000, based on the streamwise length of the bottom wall and inlet bulk

velocity using DGM with fringe region technique, referred to as the case B, were

performed. The data from the current simulations using DGM was found to be in good

agreement with the corresponding incompressible DNS data of Moser et al. (1999) and

compressible DNS data of Coleman et al. (1995) for the case A, and incompressible

DNS data of Spalart & Watmuff (1993) for the case B, thereby verifying the utility

of the DGM and fringe region technique for DNS.

The mean velocity profile is affected significantly by Mach number and pressure

gradient. It departs from the log law as the Mach number increases. However, there
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is a good fit in the viscous sublayer and buffer layer. The Van Driest transformation

of the velocity profiles of compressible cases causes the profiles to get closer to the

incompressible log law in the log-law region, but at the same time the velocity profile

departs from the incompressible profile in the buffer layer region. APG would push

the velocity profiles in the log-law layer down.

For the case A, compared with the log-law, a power law seems to better repre-

sent the scaling of mean streamwise velocity with Mach number, although the mean

velocity profiles of the current cases do not exactly obey power law either.

Flow visualization and related analysis of turbulence transition was made. The

distance between the transition and the current trip device of triangular prism was

compared with that of a cylinder. It is found that the triangular prism gives an earlier

transition than the cylinder.

The influence of Mach number and pressure gradients on the inner and outer

scaling of turbulent statistics was analyzed. It is found for case A that the inner

scaling of second-order statistics, such as turbulence velocity, density, temperature,

shear stress and vorticity fluctuations, is dependent of Mach numbers; but outer

scaling with Mach number shows a better collapse. However, the scaling of some

higher-order statistics, such as skewness and flatness of density and temperature

fluctuations, seems to collapse better when inner scaling is used. For the case B, both

inner and outer scaling of RMS velocity, vorticities and inner scaling of RMS pressure,

RMS shear stresses close to the wall are dependent of pressure gradient through FPG

and APG regions. It seems that outer scaling of RMS pressure does not depend much

on pressure gradient except for the region near flow separation close to the top wall

and the APG wake region. Most profiles at x = 1.0, the wake of APG region, display
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different behaviours close to the wall and away from the wall mainly due to different

distribution of streamwise pressure gradients.

Turbulent kinetic energy (TKE) budget for the case A was reported. The related

scaling and analysis of compressibility terms was analysed. The result shows that the

inner scaling of TKE budget does not collapse well in the near-wall region, but the

collpase of the outer scaling is satisfactory. The influence of compressibility terms on

TKE budget is negligible.

The linkage between the pressure gradient and vorticity flux on the wall was

derived and confirmed by their correlations of the current simulation results. The

influence of Mach number, viscosity, dilatation, pressure gradient and separation was

analyzed. It is found that the correlation between streamwise pressure gradient and

spanwise vorticity flux in the wall normal direction, as well as the correlation be-

tween spanwise pressure gradient and streamwise vorticity flux in the wall normal

direction are high very close to the wall for both case A and case B. Viscosity af-

fects the the correlation between streamwise pressure gradient and spanwise vorticity

flux in the wall normal direction close to the wall as Mach number increases. The

influence of pressure gradients on the correlations through FPG and APG regions is

very small. The correlations between streamwise/wall-normal pressure gradient and

spanwise vorticity are increased near separation close to the top wall.

The mean spanwise near-wall streak spacing is affected greatly by Mach number

for case A but it is little affected by the pressure gradient through FPG and APG

regions for the case B. The mean spanwise streak spacing, which is independent of

Reynolds numbers, however, increases as Mach number increases, which is confirmed

by the snapshot of near-wall streak contours. Isosurfaces of second invariant of the
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velocity gradient tensor are more sparsely distributed and elongated as Mach number

increases, which is similar to the distribution of near-wall low speed streaks. The

angle of inclined hairpin structure to streamwise direction of the bottom plane plate

is smaller (flatter) in the FPG region than the APG region and the structures are

more densely distributed in the downstream APG region than the upstream FPG

region.

5.2 Future work

Future work should include further extraction of data, such as the time dependent

spanwise variations in pressure vorticity correlations, energy balance, higher order

statistics, and related analysis for the regions with pressure gradients and especially

separation, analysis based on other velocity scalings such as up, flow instability anal-

ysis regarding Taylor-Goertler vortices and Tollmien-Schlichting waves close to the

top wall, etc, to complement the study of turbulent flows with FPG and APG.

Future work should also include an extensive study on similar cases of the case B

as the current case is mainly concentrated on the influence of mild pressure gradients

on transitional turbulent flows at a low Mach number. Cases at stronger pressure

gradients could further investigate the influence of pressure gradient on turbulence

statistics and physics. Physical trip device was only placed at x = 0.15 on the

bottom plane wall for the current case. It would be interesting to study influence of

location and size of the trip device on this type of flow. For example, the trip device

could be placed at different x, z locations with different size or geometry, or a new

trip element could be added to the curved top wall, which would transition the flow

close to the top wall to turbulence earlier, such that the flow and separation would
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change accordingly. Finally cases with higher Mach numbers would help to further

understand the influence of Mach number and compressibility effects on turbulence

statistics and separation.
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Appendix A

Favre average and TKE budget

The Reynolds average is the classical time average. The Favre average is density

based time average. For example,

The Reynolds average of the quantity φ is denoted as 〈φ〉 = 1
T

∫
T
φdt;

′ denotes the fluctuation with respect to Reynolds average. φ
′
= φ− 〈φ〉

The Favre average of the quantity φ is denoted as {φ} = 〈ρφ〉
〈ρ〉 ;

′′ denotes the fluctuation with respect to Favre average: φ
′′

= φ− {φ}

Some relations between these two averages are,

〈φ′′〉 = 〈φ〉 − {φ} (A.1)

{φ′′ψ′′} = 〈φ′ψ′〉 − 〈φ′′〉〈ψ′′〉+
〈ρ′φ′ψ′〉
〈ρ〉 = {φψ} − {φ}{ψ} (A.2)

〈φ′ψ′′〉 = 〈(φ− 〈φ〉)(ψ − 〈ρψ〉
〈ρ〉 )〉 = 〈φψ〉 − 〈φ〉〈ψ〉 = 〈φ′ψ′〉 (A.3)
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The conservation form of continuity, momentum, and total energy equations can

be written as the following equations (A.4) (A.5) (A.6) respectively.

∂ρ

∂t
+
∂ρuj

∂xj

= 0 (A.4)

∂ρui

∂t
+
∂(ρuiuj + pδij)

∂xj

=
∂τij
∂xj

+ ρfi (A.5)

∂E

∂t
+
∂(E + p)uj

∂xj

=
∂(τijui − qj)

∂xj

+ ρfiui (A.6)

where,

δij is Kronecker’s delta;

τij is the viscous stress tensor: τij = µ( ∂ui

∂xj
+

∂uj

∂xi
)− 2

3
µδij

∂uk

∂xk
;

fi is the driving force (e.g. fi = −τwavδi1/(hρm) where h is the channel half width,

for fully developed turbulence plane channel flow);

E is the total energy per unit volume, defined as E = ρe0 = ρcvT + 1
2
ρuiui =

p
γ−1

+ 1
2
ρuiui, where e0 is the total energy per unit mass;

qj is the heat flux: qj = −κ ∂T
∂xj

.

Euqation (A.5) can also be written as,

ρ
∂ui

∂t
+ ui

∂ρ

∂t
+
∂(ρuiuj + pδij)

∂xj

=
∂τij
∂xj

+ ρfi (A.7)

Considering equation (A.4), eq. (A.7) becomes,

ρ
∂ui

∂t
− ui

∂ρuj

∂xj

+
∂(ρuiuj + pδij)

∂xj

=
∂τij
∂xj

+ ρfi (A.8)
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After a little rearrangement, eq. (A.8) becomes,

ρ
∂ui

∂t
+ ρuj

∂ui

∂xj

= −∂(pδij)

∂xj

+
∂τij
∂xj

+ ρfi (A.9)

Eq. (A.9) * 1
2
ui + eq. (A.5) * 1

2
ui gives the kinetic energy equation,

∂(1
2
ρuiui)

∂t
+
∂(1

2
ρuiuiuj)

∂xj

= −ui
∂(pδij)

∂xj

+ ui
∂τij
∂xj

+ ρuifi (A.10)

Favre-averaged mean kinetic energy per unit mass is defined as: {K} = 1
2
{ui}{ui} =

1
2
〈ρui〉
〈ρ〉

〈ρui〉
〈ρ〉

Favre-fluctuation mean kinetic energy per unit mass is defined as: K
′′

= K −
{K} = {ui}u′′i

Favre-averaged turbulent kinetic energy per unit mass is defined as: {k} =

1
2
{u′′i u′′i } = 1

2
({uiui} − {ui}{ui}) = 1

2
( 〈ρuiui〉

〈ρ〉 − 〈ρui〉
〈ρ〉

〈ρui〉
〈ρ〉 )

Favre-fluctuation turbulent kinetic energy per unit mass is defined as: k
′′

=

1
2
u
′′
i u

′′
i − 1

2
{u′′i u′′i }

Favre-averaged internal energy per unit mass is defined as: {e} = cv{T}
Favre-fluctuation internal energy per unit mass is defined as: e

′′
= cv{T ′′}

Favre-averaged total energy per unit mass is defined as {e0} = cv{T}+ 1
2
{uiui} =

{e}+ {K}+ {k}
Favre-fluctuation total energy per unit mass is defined as e

′′
0 = e

′′
+ K

′′
+ k

′′
=

cvT
′′

+ {ui}u′′i + 1
2
(u

′′
i u

′′
i − {u′′i u′′i })

The time-averaged continuity, momentum, total energy, and kinetic energy equa-

tions (A.4, A.5, A.6, A.10) become (Huang et al., 1995; Morinishi et al., 2004)

∂〈ρ〉{uj}
∂xj

= 0 (A.11)

∂〈ρ〉{ui}{uj}
∂xj

= −∂〈ρ〉{u
′′
i u

′′
j }

∂xj

− ∂〈p〉δij
∂xj

+
∂〈τij〉
∂xj

+ 〈ρ〉fi (A.12)
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∂〈ρ〉{e0}{uj}
∂xj

= −∂〈ρ〉{e
′′
0u

′′
j }

∂xj

− ∂〈p〉{uj}
∂xj

− ∂〈p〉〈u′′j 〉
∂xj

− ∂〈p′u′′j 〉
∂xj

+
∂(〈τij〉{ui}+ 〈τij〉〈u′′i 〉+ 〈τ ′iju′′i 〉 − 〈qj〉)

∂xj

+ 〈ρ〉{ui}fi (A.13)

∂ 1
2
〈ρ〉{uiui}{uj}

∂xj

= −∂〈ρ〉({ui}{u′′i u′′j }+ 1
2
{u′′i u′′i u′′j })

∂xj

− {ui}∂〈p〉δij
∂xj

−

〈u′′i 〉
∂〈p〉δij
∂xj

− 〈u′′i
∂p

′
δij

∂xj

〉+ {ui}∂〈τij〉
∂xj

+ 〈u′′i 〉
∂〈τij〉
∂xj

+ 〈u′′i
∂τ

′
ij

∂xj

〉+ 〈ρ〉{ui}fi (A.14)

Considering equation (A.11), equation (A.12) can be written as,

〈ρ〉{uj}∂{ui}
∂xj

= −∂〈ρ〉{u
′′
i u

′′
j }

∂xj

− ∂〈p〉δij
∂xj

+
∂〈τij〉
∂xj

+ 〈ρ〉fi (A.15)

Eq. (A.12) * 1
2
{ui} + eq. (A.15) * 1

2
{ui} gives,

∂ 1
2
〈ρ〉{ui}{ui}{uj}

∂xj

= −{ui}
∂〈ρ〉{u′′i u′′j }

∂xj

− {ui}∂〈p〉δij
∂xj

+ {ui}∂〈τij〉
∂xj

+ 〈ρ〉{ui}fi

(A.16)

After some arrangements, the mean kinetic energy (MKE) equation (A.16) be-

comes,

∂ 1
2
〈ρ〉{ui}{ui}{uj}

∂xj

= 〈ρ〉{u′′i u
′′
j }
∂{ui}
∂xj

+ 〈p〉δij ∂{ui}
∂xj

− 〈τij〉∂{ui}
∂xj

+

∂(−〈ρ〉{ui}{u′′i u′′j } − 〈p〉δij{ui}+ 〈τij〉{ui})
∂xj

+ 〈ρ〉{ui}fi (A.17)

(Eq.A.14− eq.A.16) gives the turbulent kinetic energy (TKE) equation:

∂ 1
2
〈ρ〉{u′′i u′′i }{uj}

∂xj

= −∂(1
2
〈ρ〉{u′′i u′′i u′′j } − 〈u′′i τ ′ij〉+ 〈u′′i p′δij〉)

∂xj

−

〈ρ〉{u′′i u
′′
j }
∂{ui}
∂xj

− 〈u′′i 〉
∂〈p〉δij
∂xj

+ 〈p′δij ∂u
′′
i

∂xj

〉+ 〈u′′i 〉
∂〈τij〉
∂xj

− 〈τ ′ij
∂u

′′
i

∂xj

〉 (A.18)
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The TKE equation (A.18) can be rewritten as:

∂ 1
2
〈ρ〉{u′′i u′′i }{uj}

∂xj

= −∂(1
2
〈ρ〉{u′′i u′′i u′′j } − 〈u′′i τ ′ij〉+ 〈u′′j p′〉)

∂xj

− 〈ρ〉{u′′i u
′′
j }
∂{ui}
∂xj

− 〈u′′i 〉
∂〈p〉δij
∂xj

+ 〈p′ ∂u
′′
j

∂xj

〉+ 〈u′′i 〉
∂〈τij〉
∂xj

− 〈τ ′ij
∂u

′′
i

∂xj

〉 (A.19)

The terms in the TKE equation (A.19) can be denoted as,

Advection: Ak =
∂ 1

2
〈ρ〉{u′′i u

′′
i }{uj}

∂xj

Production: Pk = −〈ρ〉{u′′i u′′j }∂{ui}
∂xj

Diffusion: Dk = −∂( 1
2
〈ρ〉{u′′i u

′′
i u
′′
j }−〈u

′′
i τ
′
ij〉+〈u

′′
j p
′ 〉)

∂xj

Dissipation: εk = 〈τ ′ij ∂u
′′
i

∂xj
〉

Compressibility: Ck = −〈u′′i 〉∂〈p〉δij

∂xj
+ 〈p′ ∂u

′′
j

∂xj
〉+ 〈u′′i 〉∂〈τij〉

∂xj

The equation (A.19)is the traditional Favre-averaged TKE equation. A different

form of TKE equation, proposed by Huang et al. (1995), can be obtained by using

Favre average only on the convective terms and the traditional Reynolds average on

the other terms. The final equations can be otained from a similar but simpler way

of the above deductions.

Finally the second form of TKE equation follows,

∂ 1
2
〈ρ〉{u′′i u′′i }{uj}

∂xj

= −∂(1
2
〈ρ〉{u′′i u′′i u′′j } − 〈u′iτ ′ij〉+ 〈u′jp′〉)

∂xj

− 〈ρ〉{u′′i u
′′
j }
∂{ui}
∂xj

− 〈u′′i 〉
∂〈p〉δij
∂xj

+ 〈p′ ∂u
′
j

∂xj

〉+ 〈u′′i 〉
∂〈τij〉
∂xj

− 〈τ ′ij
∂u

′
i

∂xj

〉 (A.20)

Similarly, the terms in the TKE equation (A.19) can be denoted as,

Advection: Ak =
∂ 1

2
〈ρ〉{u′′i u

′′
i }{uj}

∂xj

Production: Pk = −〈ρ〉{u′′i u′′j }∂{ui}
∂xj

Diffusion: Dk = −∂( 1
2
〈ρ〉{u′′i u

′′
i u
′′
j }−〈u

′
iτ
′
ij〉+〈u

′
jp
′ 〉)

∂xj
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Dissipation: εk = 〈τ ′ij ∂u
′
i

∂xj
〉

Compressibility: Ck = −〈u′′i 〉∂〈p〉δij

∂xj
+ 〈p′ ∂u

′
j

∂xj
〉+ 〈u′′i 〉∂〈τij〉

∂xj

However, the two forms are the same for TKE equation as 〈φ′ψ′′〉 = 〈φ′ψ′〉, shown

in the equation (A.3).



Appendix B

The Database

The data generated and used in this thesis will be available upon request. The

following are the details of the database.

The database for compressible and incompressible wall-bounded flows (Ma ≈ 0.2,

0.7 and 1.5) include mean streamwise velocity, density, and temperature, Van Driest

transformation of the mean velocity profiles, RMS velocities, density, temperature,

pressure, pressure gradients, vorticities profiles, skewness and flatness of velocities,

density and temperature profiles, shear stresses profiles, turbulent kinetic energy bud-

get, cross-correlations between velocities and temperature, cross-correlations between

pressure gradients and vorticity flux, one dimensional spectra and autocorrelations of

velocities, density and temperature etc.

The database for low Mach number (Ma ≈ 0.2) wall-bounded flows with pres-

sure gradients and separation include global quantities, such as wall pressure coeffi-

cient, skin friction, nondimensional pressure gradient parameter, and local profiles,

such as mean velocities, pressure coefficient and streamwise pressure gradient profiles,

RMS velocities, pressure, vorticities profiles, shear stresses, cross-correlations between

189
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pressure gradient and vorticity flux, cross-correlations between pressure gradient and

spanwise vorticity, spanwise autocorrelations of streamwise velocities, etc. at different

streamwise locations.


