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Abstract

This thesis investigates the optimal use of intervention strategies to mitigate the

spread of infectious diseases. Three main problems are addressed:

(i)

The optimal use vaccination and isolation resources under the assumption that
these resources are limited. Specifically we address the problem of minimizing
the outbreak size and we determine the optimal vaccination-only, isolation-only

and mixed vaccination-isolation strategies.

The optimal use of a single antiviral drug to minimize the total outbreak size,

under the assumption that treatment causes de novo resistance.

The optimal use of two antiviral drugs to minimize the total infectious burden.
Specifically we address the situation where there are two different strains and

each strain is effectively treated by only one drug.
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Chapter 1

Introduction

In this chapter we discuss the motivation for the work that follows, review our main

analysis tool and detail the organization of the thesis.

1.1 Motivation

Mathematical modeling has become an important tool for assessing the effect of dif-
ferent intervention strategies on the spread of infectious diseases within a population.
The majority of existing work falls into one of two categories. In the first category,
intervention strategies are modeled by a constant parameter and the goal is to under-
stand how changing the value of the parameter changes the dynamics of the system.
Often the aim is to determine the best parameter value for a given performance mea-
sure. In the second category, intervention strategies are allowed to vary as a function
of time and the goal is to determine the best function for a given performance measure.
Due to the complexity of the models used, these studies are often numerical and are

of varying generality. In some studies only a handful of specifically chosen functions
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are compared and in other studies a wide range of functions are considered. In the
most general case, Pontryagin’s Maximum Principle (PMP) can be used to compare
a wide range of time varying functions. This is, for example, the approach taken in
this thesis. The distinguishing feature between the majority of existing work that
uses the PMP and the work found within these pages is that we focus on models that
lend themselves to analytic solutions. Although the models are necessarily simpler,
this approach has much to offer. For example our analysis provides results which do
not depend on specific parameter values and therefore facilitates an understanding of
the general mechanisms involved. Furthermore, our analysis often leads to analytic
expressions that can be generalized to more detailed models.

We begin by reviewing our main analytic tool, Pontryagin’s Maximum Principle.

1.2 Pontryagin’s Maximum Principle

Pontryagin’s Maximum Principle (PMP) is a classical result from optimal control the-
ory that provides a necessary condition that must be satisfied by an optimal solution
[35]. There are various versions of PMP for problem statements of varying generality.
We present a version that is suitable for the types of problems discussed in this thesis;
for more general versions see [13, 19].

Let [to,tf] C R, U be a bounded subset of R™ and w : [ty, ;] — U be a measurable
function. For i € {1,...,n} let f = (f',...,f") : R® x U — R™ be continuous on
U and continuously differentiable on R™. For a fixed v and constant zy € R" let

x : [to, tf] — R™ be a function described by z(ty) = zo and

i'(t) = f'(x(t),u(t)) a.eon [ty ts], i €{1,...,n}. (1.1)
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We will call u(t) the control applied at time ¢ and x : [tg,tf] — R” the system
trajectory corresponding to control u and initial condition xy. Notice that in order
to define a system trajectory a corresponding control and initial condition must be
specified. We will call z(t) the system state at time t.

Given a continuous function v : R® — R and a function f°: R" x U — R that is

continuous on U and continuously differentiable on R™ define the cost function

J(z,u) = / " PO, ult)dt + A (x(ty)).

Roughly speaking, the goal is to find a control u : [tg,t;] — U and corresponding
trajectory x : [to,ts] — R that minimizes J. There are different variations of this
problem depending on the specific constraints placed on g, tf, z(to) and x(ty). Before

giving a formal problem statement, we first review some terminology.

Definition. Let Iy, I; C R denote the sets of possible values for the initial time
to and the final time ¢y, respectively. Let Sy, Sy C R™ denote the sets of possible
values for the initial and final state values, respectively. Then the set of allowable
boundary values for a trajectory is defined by B = {(to, zo,tr,2¢) | to € Lo, zo €

So, ly € ]f and Ty € Sf}

Assumption 1.1. We will assume that there exist functions ¥y, ¥; € C'(R™",R)
such that Sy = ¥;'(0) and S; = \I/JII(O) and DW(z) and DV ¢(y) are surjective for

all z € Sy and y € Sy. Here, D¥; denotes the Jacobian of ¥;.

Definition. Denote by U C R™ the bounded set of all allowable values for the control.

Then an admissible control is a measurable function u : [tg, ;] — U that satisfies:

(i) there exists an absolutely continuous function x : [to, t¢] — R",



CHAPTER 1. INTRODUCTION 4

(i) @(t) = f(x(t),u(t)) a.e on [to, 1],

(iii) ¢t — fO(z(t),u(t)) is integrable on [to,ts] and

(iv) (to,x(to),ts,z(ts)) € B.

The trajectory x corresponding to an admissible control is an admissible trajectory.

The corresponding pair (x,u) is an admissible pair.

Definition. For any b = (bo, by, ..., bp,) € R™ there is a corresponding value b =
(bi,...by) € R™. Define f : R™ x U — R™™ by fi(b,u) = fi(bu) for all i €

{0,1,...,n}. Now define the extended system of differential equations by

2% = f2,u),

= fi(&u), je{l,..n}.

Definition. The extended Hamiltonian is the function H : R* x R*"™ x U — R

defined by
H(d7 l;a C) = Z dkfk(lsa C)'
k=0
Remark 1.1. In the sequel Dy H will denote the derivative of H with respect to its

second argument.

Problem Statement 1.1. Assume U is a bounded set in R™. Assume f is continuous
on U and continuously differentiable on R"*!1. Let A denote the set of all admissible
pairs (z,u) and let A be non-empty. Find an admissible pair (z*,u*) € A such that

J(xz*,u*) < J(x,u) for every (z,u) € A.

Theorem 1.1. (Pontryagin’s Mazximum Principle)
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If (x*,u*) is a solution to Problem Statement 1.1 then there exists an absolutely

continuous function X : [to, tf] — R" such that
(i) A= —DyH(\ 1), a.e on [to, 1],
(ii) M(t) # 0 for all t € [to,ty],
(iii) Ao € {0,—1},
(iv) HA(), 3" (), u" () = sup,ey HA®), & (), ), a.c on [to, 7],
(v) there exists ¢ € R such that H(\(t), 2*(t), u*(t)) = ¢, a.e on [to, ty],
(vi) if the end time t; is free then ¢ can be taken to be zero, and

(vii) A(to) is orthogonal to ker(DWo(x*(to))) and A(ty) is orthogonal to ker(DWy (x*(ty))).

Remark 1.2. Part (vii) of PMP is often referred to as the transversality condition
and it states that \(t9) and A(¢;) must be perpendicular to the constraint sets Sy and

St respectively.

An important subtlety of PMP is that it presupposes that an optimal control
exists. Therefore, before applying the PMP the first step is to prove that the problem
under consideration actually possesses a solution. The following theorem from [19]
can be used to prove the existence of a solution for a number of optimal control

problems.

Assumption 1.2. Let U be a bounded subset of R™ and assume f : R" x U — R"”
is continuous on both R™ and U. Furthermore, assume that there exist constants C;

and Cy such that
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(1) If(z,u)|| < Ci(1+ ||z||) and

(i) [|f(Z,u) — f(z,u)|| < Cqf|T — z|| for all Z, x € R® and w € U.

Theorem 1.2. Suppose Assumption 1.2 holds. Futhermore, assume
(i) fO:R"x U — R is continuous,
(i) the set of admissible pairs A is not empty,
(iii) U is compact,
(1v) ~y is continuous on B,
(v) the set of allowable boundary values B is compact and
(vi) F(z) = {(20,2) || 20> f%(z,u),z = f(z,u),u € U} is conver.

Then there exists a solution to Problem 1.1.

1.3 Organization of Thesis

This thesis is comprised of four self-contained chapters. Chapter 2 uses a number
of simplifying asumptions in order to present a simple geometric picture of the com-
plicated problem of treatment administration. Included in this discussion is how (i)
limited resources and (ii) de novo resistance change the treatment strategy that min-
imizes the total infectious burden. This chapter has been submitted for publication
in the Canadian Applied Math Quarterly Focus Issue on Pandemic Modeling whose
targeted audience includes public health surveillance experts and decision makers.

Chapter 2 also serves as an introdution to Chapter 3 and Chapter 4. Chapter 3
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makes a detailed study of optimal vaccination and isolation strategies under the as-
sumption that there are limited resources. This chapter has been published previously
in the Journal of Mathematical Biology [23]. Chapter 4 addresses the optimal use of a
single antiviral drug given that treatment can cause de novo resistance. This chapter
has been previously published in Proceedings of the Royal Society B [24]. Finally,
Chapter 5 generalizes the problem of optimal treatment administration with de novo

resistance to the case when there are two different drugs.



Chapter 2

Optimal Treatment: A Geometric

Picture

2.1 Abstract

Despite much debate and numerous studies, the question of how to most effectively
administer antiviral treatment during an influenza pandemic is still unanswered. We
present some basic models, coupled with simple geometric arguments, to provide
insight into this topic. Specifically, we address the question of how best to administer
treatment to minimize the outbreak size. Furthermore, we consider how a limited

supply of drugs and the occurrence of de novo resistance can affect this solution.

2.2 Introduction

An important and unresolved issue in health policy is how to most effectively admin-

ister antiviral treatment during an influenza pandemic. This is a very complicated

8
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topic that involves many confounding factors and has been the focus of many modeling
efforts [for a sample of existing work see 5, 6, 9, 10, 14, 18, 22-24, 28, 30-33, 36, 38—
40, 43]. There is in fact so much information on the topic that it is easy to become
overwhelmed. Here, we take a step back and discuss how some basic models, coupled
with simple geometric arguments, can provide insight into the effects of treatment.
Specifically, we address the question of how best to administer treatment and consider
how limited resources and the occurrence of de novo resistance can affect this solution.
We do not intend to offer a complete solution to the problem of treatment admin-
istration but rather our aim is to isolate some important relationships and provide

simple intuition with which more complicated scenarios can be approached.

2.3 Basic Model

The first step in solving for the best treatment strategy is to define what is meant
by the “best” or “optimal” treatment strategy. For the purposes of this analysis, the

“optimal” treatment strategy is the one that minimizes the attack ratio

~So— 5y

A
So

where Sy and Sy are the number of susceptibles at the start and end of the outbreak,
respectively. Although minimizing the attack ratio is a reasonable goal, it should be
emphasized that the attack ratio is not the only outcome of an epidemic that policy

makers strive to control.
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The starting point of our analysis will be the following simple model of an out-

break:

S = —pIS,
I = pIS—ul.

(2.1)

In Model (2.1) the rate at which susceptibles (S) become infected is determined by the
mass action law (with transmission constant 3) and infecteds (/) either die or recover
with immunity at a constant per capita rate (u). The motivation for using such a
simple model is that it allows us to isolate the mechanisms involved in treatment
and to measure how systematically changing the treatment assumptions changes the
outcomes. It is also worthwhile to note that if the initial number of infecteds (Ip)
and susceptibles (Sp) are fixed then, for Model (2.1), minimizing the attack ratio
is equivalent to (i) minimizing the total infectious burden, (ii) minimizing the total
outbreak size and (iii) maximizing the final number of susceptibles. In the sequel
these outcomes will be used interchangeably.

Model (2.1) separates the population into three groups: susceptible individuals,
infected individuals and removed individuals. Removed individuals are those who
have either died or recovered with immunity and hence are no longer involved in the
spread of the disease. The course of the outbreak therefore, is determined by how the
number of susceptibles and infecteds change.

Figure 2.1 shows that the number of susceptibles is a decreasing function of time

(Panel A) and that the number of infected individuals initially increases, reaches
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Figure 2.1: Outbreak dynamics for Model (2.1). Panel A: Shows the number of
susceptible individuals as a function of time. Panel B: Shows the number of infected
individuals as a function of time. Panel C: Shows the number of infected individuals
as a function of the number of susceptible individuals. The outbreak flows in the
direction of the arrows. Panel D: Each curve is similar to the curve in Panel C except
for a different set of initial conditions (Sp, Ip). The red curve shows the path of a
possible outbreak whose start (end) is marked by the red diamond (circle). The blue
curve shows the path of another outbreak with different initial conditions. Because
the blue curve lies below the red curve it has a lower attack rate. If at the start of the
red outbreak all of the infected individuals are successfully treated then the number
of infecteds will jump to zero (black circle) and the outbreak will immediately end.
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a maximum [, and then decreases until the outbreak ends (Panel B). Together,
Panel A and Panel B completely specify the course of the outbreak through time.
If however, we are not interested in the specific time that events occur then Panel
A and Panel B can be combined into a single figure (Panel C). Panel C shows how
the number of infecteds changes as a function of the number of susceptibles. Because
the number of susceptibles is a decreasing function of time (Panel A) the course of
the outbreak moves from right to left in Panel C (i.e., the outbreak flows in the
direction of the arrows). The plot in Panel C is called a phase portrait and can be
particularly useful because it highlights dynamical relationships between the states
of the system. For example, Panel C shows that the number of infecteds reaches its

maximum I, precisely when S = £. All of the graphical interpretations that we

B
will discuss will involve phase portraits. In fact we can use the phase portrait in
Panel D to gain some key insights into what an optimal treatment strategy should
do. Each curve in Panel D plots the number of infected individuals as a function
of the number of susceptibles for a given set of initial conditions (i.e., each curve in
Panel D represents the same information as the curve in Panel C, but for different
values of Sy and ). For example, if the red diamond corresponds to the start of
an outbreak then from this starting point, the outbreak will follow the red curve
until the end of the outbreak, which is marked by the red circle. If on the other
hand, the start of the outbreak corresponds to the blue diamond then the outbreak
will follow the blue curve until the end of the outbreak (blue circle). An important
observation is that each curve in Panel D can be obtained by vertically translating

the curve below it. Consequently, for any two outbreak paths, the lower path will

have a lower outbreak size. For example, in Panel D the blue path lies below the
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red path and correspondingly the blue circle lies to the right of the red circle (i.e.,
when the outbreak corresponding to the blue path ends there are more susceptibles
remaining than when the outbreak corresponding to the red path ends). Therefore, at
least intuitively speaking, the optimal treatment strategy is the strategy that forces

the outbreak to follow the lowest possible curve.

2.4 Modeling Treatment

Perhaps the simplest way to model treatment is to assume that (i) treatment can be
administered instantly and (ii) treatment completely prevents transmission. In the
context of Model (2.1) this means that at any time during the outbreak any number of
infected individuals can be treated and these treated individuals instantly stop trans-
mitting the disease (hence they essentially enter the “removed” class). Under these
assumptions, clearly the best strategy is to immediately treat all infected individuals.
By doing this, all of the infected individuals will immediately stop transmitting the
disease and the outbreak will end. For instance, if the start of an outbreak is marked
by the red diamond in Figure 2.1 (Panel D), then immediately treating all of the
infected individuals means that instead of following the red path, the outbreak would
immediately jump to the black circle (where I = 0) and the outbreak would end with
So = Sy.

The treatment model just described is highly idealized but nonetheless highlights
some fundamental mechanisms that will feature prominently in the rest of our anal-
ysis. In the following two sections we employ this idealized model to present some
simple geometric arguments that describe the optimal treatment strategy when (i)

there is a limited supply of antiviral drugs and (ii) when there is a possibility that
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treatment can lead to de novo resistance. We also discuss how removing the as-
sumptions that (i) treatment can be administered instantly and that (ii) treatment
completely prevents transmission changes the conclusions of these geometric argu-

ments.

2.4.1 Optimal Treatment when Resources are Limited

Two important aspects of pandemic planning are (i) deciding the amount of antivi-
ral drugs to stockpile in preparation for a future outbreak and (ii) deciding how to
administer a stockpile of antivirals once an outbreak begins. In an actual outbreak,
optimal distribution of antivirals is especially relevant when there are not enough
doses to treat everyone that becomes infected during the outbreak. For our idealized
treatment model a stockpile of drugs is insufficient if there are not enough drugs to
treat all infected individuals at the start of the outbreak. For example if there is a
delay in detecting the start of the outbreak, the number of infections can become
quite large before treatment begins and hence there may not be enough resources to
treat all infected individuals. In this case, the optimal treatment strategy (Result

2.1) can be determined using a simple geometrical argument (Box A).

Result 2.1. Suppose (i) treatment can be administered instantly and (ii) treated in-
dividuals cannot transmit infection. Furthermore, suppose that during the course of
the entire epidemic at most Tyax individuals can be treated. If Iy < Ta.x then the
optimal treatment strategy for Model (2.1) is to immediately treat all infected individ-
uals. If, on the other hand, there are insufficient resources to treat all of the infected
individuals at the start of the outbreak (Iy > Twax) then any treatment strategy that

uses all of the available resources is optimal.
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max max

Infecteds
Infecteds

O ' |
e S Hp So

Susceptibles Susceptibles

Figure 2.2: Effect of different treatment strategies on dynamics of Model (2.1): Panel
A: The red diamond marks the start of an outbreak. If there is a single treatment
effort that successfully treats = individuals (right most blue star) then the end of the
outbreak is marked by the green circle. If there is a second treatment effort that
successfully treats = individuals (left most blue star) then the end of the outbreak is
marked by the cyan circle. The “double” treatment effort results in a lower attack
rate than the “single” treatment strategy (the cyan circle lies to the right of the green
circle). Panel B: The red diamond marks the start of an outbreak. If there is a
single treatment effort that successfully treats 2x individuals (blue star) then the end
of the outbreak is marked by the cyan circle. Thus the “double” treatment effort
that treats 2z individuals (Panel A) results in the same attack rate at the “single”
treatment effort that treats 2x individuals (Panel B).



CHAPTER 2. OPTIMAL TREATMENT: A GEOMETRIC PICTURE 16

Box A: Geometric Interpretation of Result 2.1

The possible outbreak paths of Model (2.1) are vertical translations of each other
and treatment allows an outbreak to “jump” to lower paths. Therefore, since the
final number of susceptibles is determined by which curve the outbreak ultimately
follows, once an outbreak begins all that matters is how many individuals are treated
and not how treatment is distributed throughout time.

Figure 2.2 provides a graphical explanation of this result. Each panel in Fig-
ure 2.2 demonstrates the effects of a different treatment strategy on an outbreak.
Although the treatment strategies differ, they both treat the same number of indi-
viduals and hence result in the same attack ratio. The treatment strategy in Panel
A involves two isolated treatment efforts, with each effort treating x individuals (the
location of these treatment efforts are marked by blue stars). Once the outbreak
starts (red diamond), the outbreak follows the red curve until the first treatment
effort occurs (right most blue star). Since treated individuals do not transmit the in-
fection these = individuals are removed and the number of infections instantly jumps
from I; to I; —x. Now the outbreak will continue along the green curve. If no more
treatment occurs then the outbreak will continue along the green curve until the
end of the epidemic (green circle). If, on the other hand, an additional z individuals
are treated (left most blue star) then the number of infecteds will instantly jump
from I, to Iy — x. Now the outbreak will continue along the cyan curve until the
end of the outbreak (cyan circle). Notice that a single treatment effort (treating x
individuals) results in an outbreak with a higher attack ratio then two treatment
efforts (treating a total of 2z individuals). The outbreak ending at the cyan circle

has a lower attack rate than the one ending at the green circle not because two
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treatment efforts occurred but rather because in total more individuals were treated.
To emphasize this fact, Panel B shows that if 2z individuals are treated during a
single treatment effort then the outbreak will also ultimately follow the cyan curve
and hence the final number of susceptibles is the same as for the “double effort”

treatment strategy in Panel A.

Result 2.1 is particularly interesting because it holds even in less idealized situa-

tions. Consider, for example, the following modification of Model (2.1):

S = —BI+0;T)8S,
I = B +6rT)S — (u+u)l,
T = ul — pT,

(2.2)

where treated individuals are denoted by T', dr € [0,1) represents the decrease in
transmissibility due to treatment, u € [0, unax] is the per capita treatment rate and u
is allowed to vary in time. In Model (2.2), an infected individual will either eventually
die, eventually recover with immunity or eventually receive treatment and continue
to transmit the infection at a reduced rate.

Model (2.2) does not use the two assumptions that made the geometrical interpre-
tation of Result 2.1 possible. In Model (2.2) treatment is not administered instantly
but rather at the bounded rate ul. Among other things, this ensures that an individ-
ual will spend some time circulating in the population spreading the disease before
they are treated. Furthermore, provided dr > 0, a treated individual will still trans-

mit the disease. In Chapter 3 it is shown that if 7 = 0 and there are insufficient
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Attack Rate for Model 2
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Figure 2.3: Attack rate as a function of the treatment start time and the total number
of treated individuals for Model (2.2). Each panel corresponds to a different dr (if
dr = 0 then treated individuals do not transmit the disease). Each point on a panel
indicates the attack rate that occurs when treatment starts at the time indicated
on the horizontal axis and continues at the maximal rate until the total number of
treated individuals reaches the value indicated on the vertical axis. Once the number
of treated individuals is equal to the number indicated on the vertical axis treatment
stops (u is set to 0) and the outbreak continues without any intervention until it
ends. The red areas indicate start times for which it is not possible to treat the
number of individuals indicated on the vertical axis. Hence the red areas should
be ignored. Furthermore, if we let T},.x denote the number of individuals treated
when treatment starts immediately and continues at the maximum rate for the entire
outbreak. Then we only consider treatment strategies that result in fewer than T},
treated individuals (the reason for this will be detailed in the Discussion). Increasing
the total number of treated individuals decreases the attack rate (the grey scale
darkens as we move from the bottom to the top of a panel). The start time does
not affect the attack rate (the grey scale is relatively constant as we move from left
to right). Hence it appears that the attack rate is determined by the total number
of treated individuals and not how these individuals are treated throughout time.

Parameters are p = %,5 = 1.8, Sy = 100000, Iy = 10, T'(tg) = 0, Umax = 0.05.
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resources to treat with maximal effort for the entire outbreak then any strategy that
uses all of the available resources is optimal. Figure 2.3 suggests that this result is

also true when o7 > 0.

2.4.2 Optimal Treatment when there is Treatment Resis-

tance

An important issue that has recently garnered a lot of attention is the de novo ap-
pearance of treatment-resistant strains [5, 14, 18, 22, 24, 28, 30, 32, 33, 36, 38-40, 43].
If treatment can cause resistance then treatment may have a negative effect on the
outcome of an outbreak. In fact, for our idealized treatment model, it may no longer
be optimal to immediately treat all infected individuals. This is because, individu-
als acquiring de novo resistance can initiate a second treatment-resistant outbreak.
Thus, even though treating immediately will control the original treatment-sensitive
outbreak, an outbreak may still occur.

Suppose the probability that a treated individual develops resistance is k. Fur-
thermore, suppose that if an individual develops resistance de novo then it does so
immediately after being treated. Then if at ¢ = 7 all infected individuals are treated,
kI (7) individuals will become resistant and (1 — k)I(7) individuals will be success-
fully treated. Using our idealized treatment model, treatment will stop the original
treatment-sensitive outbreak and will “seed” a new treatment-resistant outbreak with
x1(7) resistant infections. Therefore an outbreak with de novo resistance can be mod-

eled by the following sets of differential equations:
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Table 2.1: A model for idealized treatment that can cause de novo resistance

Before Treatment After Treatment
Model S =—pBSI S =—0rBSR
I =p3ST—ul R =0gr0SR — uR

Initial Conditions || (S(to), I(to)) = (S0, Lo) | (S(7), R(7)) = (S(7),kI(T))

In the second set of equations R denotes resistant infections and we assume that
resistance confers a fitness cost that reduces the transmission constant from 3 to dr0,
where 0 < dr < 1. If kly < 1 then treating immediately will create fewer than one
resistant individual with which to “seed” the resistant outbreak. In this situation
treating immediately essentially ends the outbreak. If on the other hand xl; > 1
then treating immediately can cause a treatment-resistant outbreak. In this case
immediate treatment is no longer the obvious best choice, and a reasonable question
to ask is whether or not it is beneficial to delay treatment. For our idealized treatment

model, the optimal amount of delay is described in Result 2.2.

Result 2.2. Suppose (i) treatment can be administered instantly and (ii) treated in-
dividuals cannot transmit infection. Furthermore, suppose that (i) treated individuals
develop resistance with probability k (0 < k < 1), (ii) if a treated individual does
develop resistance it does so immediately after treatment and (iii) the transmission
coefficient of the resistant strain is or(3 (0 < dr < 1). If kly < 1 then it is optimal to

treat immediately and thus immediately end the outbreak. If kly > 1 then it is optimal

to delay treatment until S = S* = 5L5(1 + /{1115:). If Sy < S* then treatment should
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start immediately.

Unlike Result 2.1 which describes a number of optimal treatment strategies, Result
2.2 specifies a single optimal treatment strategy. There are two reasons for this
difference. First, in Result 2.1 the total number of treated individuals is determined
by the stockpile size whereas in Result 2.2 it is determined by the number of infected
individuals at the time of treatment. More specifically, in Result 2.1 the maximum
total number of treated individuals is T},,x whereas in Result 2.2 the total number
of treated individuals is a fixed fraction of I(7) (i.e., Total Treated = rI(7), where
T is the treatment start time). Secondly, in Result 2.1 the path that the outbreak
follows after treatment is a vertical translation of the path that it followed before
treatment. On the other hand, for Result 2.2 the path that the outbreak follows after
treatment is determined by the characteristics of the resistant strain and this path
may be completely different from the path it followed before treatment (since the
original path is determined by the treatment-sensitive strain). Nevertheless, Result

2.2 can also be understood using a simple geometrical argument (Box B).

Box B: Geometric Interpretation of Result 2.2

Suppose that immediately treating all infected individuals does not immediately
end the outbreak. In this case the optimal treatment strategy is the strategy that
forces the outbreak to eventually follow the lowest possible resistant outbreak path.
Result 2.2 says that the outbreak will eventually follow the lowest possible resistant

outbreak path if the treatment effort occurs when the sensitive outbreak path (scaled

by the probability of de novo resistance) is tangent to the resistant outbreak path.
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Figure 2.4 provides a graphical explanation of this result. Panel A illustrates
the case when dr = 1. In this case the outbreak paths of the resistant strain (blue
curves) are vertical translations of the outbreak path of the sensitive strain (black
curve). Therefore the optimal treatment strategy is the one that treats the most
individuals (by treating the maximum number of individuals the outbreak is able
to jump to the lowest possible curve). Since the number of treated individuals is
rI(T) it is optimal to treat when the number of sensitive infections has reached a
maximum (since KI(7) < Klnax). Therefore, it is optimal to treat when S = £
(indicated by the left most arrow, Panel A). If treatment occurs at any other time
fewer individuals will be treated and so the outbreak will ultimately follow a higher
path (such a scenario is indicated by the right most arrow, Panel A).

Panels B, C and D illustrate the case when 0 < g < 1. In this case the resistant
outbreak paths (blue curves, Panel B) are not vertical translations of the sensitive
outbreak path (solid black curve, Panel B). Now, since the resistant outbreak is
initiated by xI(7) resistant individuals, multiplying the original sensitive outbreak
curve by x shows the possible initial conditions of the resistant outbreak. The
dashed black curve in Panel C is the original sensitive outbreak curve (solid black
curve, Panel B) multiplied by x. The blue curves in Panel C show possible resistant
outbreaks that originate from the x/ curve (dashed black curve). Panel D is a close
up of Panel C. The point where the dashed red line intersects the black dashed
curve indicates where the kI curve is tangent to the resistant outbreak curve that

originates from the kI curve. We will call the resistant outbreak curve that originates




CHAPTER 2. OPTIMAL TREATMENT: A GEOMETRIC PICTURE 23

from the intersection of the I curve and the dashed red line the “optimal resistant
outbreak curve”. Any resistant outbreak curve that originates from the right of the
dashed red line has an initial slope that is larger in magnitude than the slope of
the kI curve. Conversely, any resistant outbreak curve that originates from the left
of the red dashed line has an initial slope that is smaller in magnitude than the
slope of the kI curve. Clearly, any resistant outbreak that initiates from the right
of the vertical line will have an endpoint that lies to the left of the endpoint of the
optimal resistant outbreak curve (and hence a larger attack rate). Similarly, (since
the outbreak curves never cross) any resistant outbreak that initiates from the left
of the red dashed line will have an endpoint that lies to the left of the endpoint of
the optimal resistant outbreak curve (and hence a larger attack rate). Therefore,
the optimal time to start treatment is when the kI curve and the resistant outbreak
originating from the xI curve are tangent.

From the equations for the sensitive and resistant models we have:

L (R
ds —BIS

and

dR _ R(0r8S - p)

dS —  —gBRS (24)

Setting Equation (2.3) and Equation (2.4) equal to each other and solving for S

gives:
W 1 —0g
S=—A1 = 9" 2.5
R (25)
Notice that when dr = 1 Equation (2.5) simplifies to S = & = S* and this coincides

with the analysis of Panel A.
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Result 2.2 is particularly interesting because similar results are true in less ideal-

ized situations. Consider, for example, the following modification of Model (2.1):

S = —B(I+ 6T +0gR)S,
I = BI+6:T)S — (u+u)l,
T = ul —(u+v)T,

R = [6rRS+vT — iR,

(2.6)

where v is the per capita rate at which treated individuals develop resistance and
all other parameters are as previously defined. In this Model, an infected individual
will either eventually die, eventually recover with immunity or eventually receive
treatment. A treated individual will continue to transmit the infection (at a reduced
rate) and will eventually die, eventually recover with immunity or eventually develop
resistance. Finally, a resistant individual will transmit a treatment-resistant strain
and will eventually die or recover with immunity:.

Similar to Model (2.2), Model (2.6) does not use the two assumptions that made
the geometrical interpretation possible. Although a complete analysis of this model
is beyond the scope of this dissertation, if 67 = 0 and de novo resistance occurs
immediately after treatment then it is proved in Chapter 4 that (i) it may be optimal
to delay the start of treatment and (ii) once treatment begins it is best to treat at
the maximal rate (i.e., ¥ = Upay). Furthermore, it is shown in Chapter 4 that the
quantity S* (defined in Result 2.2) provides an upper bound for the optimal amount

of delay. Namely, treatment should never be delayed longer than the time it takes for
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Figure 2.4: Effect of different treatment start times on the dynamics of the model
described in Table 2.1: Panel A: If there is no fitness cost for resistance then the
possible resistant outbreak paths (blue curves) are vertical translations of the sensi-
tive outbreak path (black curve). The optimal treatment strategy treats the most
individuals (left most black arrow) and thus forces the outbreak to follow the lowest
possible resistant outbreak path. Treating fewer individuals (right most arrow) will
result in a higher attack rate. Panel B: If there is a fitness cost for resistance then
the possible resistant outbreak paths (blue curves) are not vertical translations of the
sensitive outbreak path (black curve). Treating the maximum number of individuals
(left most arrow) is no longer the obvious best choice. In fact, treating fewer indi-
viduals (right most arrow) can result in a lower attack rate. Panel C: The dashed
black curve is x times the black curve in Panel B and indicates the possible initial
conditions for the resistant outbreak. Different initial conditions result in different
resistant outbreak paths (blue curves). There is a single optimal resistant outbreak
curve. The initial conditions of this “optimal resistant outbreak curve” are indicated
by the intersection of the red dashed line with the black dashed curve. Panel D: This
is a close up of Panel C. It is clear that the “optimal resistant outbreak curve” is the
outbreak curve that is tangent to the kI curve at the point from where it originates
from the xI curve.
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Figure 2.5: Attack rate as a function of maximum treatment level and number of
susceptibles at treatment start time for Model (2.6). Each panel corresponds to a
different o7 (if o7 = 0 then treated individuals do not transmit the disease). Each
point on a panel indicates the attack rate that occurs when treatment starts as soon
as the number of susceptibles decreases to the value indicated on the vertical axis and
continues at the maximum rate (as indicated on the horizontal axis) until the outbreak
ends. Notice that in all four panels, as treatment level increases the optimal amount
of delay increases. Furthermore, as dr increases the optimal amount of delay decreases
(when o7 = 0.75 it is optimal to delay only a very small amount). This trend will be
addressed in Section 2.5. Simulations assumed that immediately treating all infected
individuals does not immediately end the outbreak. Parameters are y = = 1.8,

S() = 1000007 I() = 10, T(to) = 0, R(to) = 0, V= 0002, (SR =0.9.
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the number of susceptibles to decrease to S = S*. Determining the optimal treatment
strategy when dr > 0 remains an open problem but numerical simulations suggest
that (i) it may be optimal to delay the start of treatment and (ii) once treatment
begins it is best to treat at the maximal rate (i.e., u = upax) and (iii) for any fixed
value of uny., the optimal amount of delay is less than the optimal amount of delay
when treatment can be administered instantaneously. Figure 2.5 illustrates these

observations.

2.5 Discussion

We have demonstrated that by using basic models we can develop simple geometric
arguments that help explain some of the dominant effects of treatment. Two key
observations are that (i) treatment allows an outbreak to “jump” from one outbreak
curve to another and (ii) the shape of any particular outbreak curve is largely de-
termined by the characteristics of the most prevalent strain. Strictly speaking these
observations rely on the assumption that (i) treatment can be administered instan-
taneously and (ii) that individuals who are effectively treated do not transmit the
disease. Although these assumptions are not realistic we showed (using numerical
simulations) that the general principles derived using these assumptions seem to also
hold more generally.

We described how, for our “idealized treatment model”, the optimal treatment
strategy is the strategy that forces the outbreak to eventually follow the lowest pos-
sible outbreak curve. We then discussed what this means in the context of limited
resources and the appearance of de novo resistance. More specifically for a single

strain model and a limited number of treatment doses we showed that
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(i) if there are insufficient resources to treat all of the infected individuals at the
start of the outbreak then any treatment strategy that uses all of the available

resources is optimal.

Geometrically, this result is a consequence of the fact that all possible outbreak paths
are vertical translations of the original outbreak path and therefore, since treatment
causes the number of infections to “jump” to a lower value, the total number of
treated individuals determines which outbreak path the epidemic eventually follows.
We also demonstrated, with numerical simulations, that similar results seem to hold
when treatment is not instantaneous and treated individuals still transmit the disease
(Figure 2.3). Figure 2.3 suggests that if there are insufficient resources to treat with
maximal effort for the entire outbreak then any treatment strategy that uses all the
resources is optimal. It is important to emphasize that this is different than saying
that the optimal treatment strategy is any strategy that uses all of the available re-
sources. For example, in our idealized model it is best to treat all infected individuals
at the start of the outbreak if this is possible. If we have more resources than needed
then it is still optimal to treat all infecteds at the start of the outbreak (i.e., we should
not wait for the number of infected individuals to increase so that we can use all of
our resources). In Chapter 3 it is shown that a similar result holds for Model (2.2)
when treated individuals do not transmit the disease (i.e., 7 = 0). Namely, it is
optimal to use all resources only if there are insufficient resources to treat with max-
imal effort for the entire outbreak. If on the other hand there are sufficient resources
to treat with maximal effort for the entire outbreak then this is the best treatment
strategy. It is important to emphasize that although Figure 2.3 only considers simple

“treatment off”-“treatment on”-“treatment oft” strategies, Chapter 3 provides a full
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proof that considers arbitrary time varying treatment strategies for the case when
o7 = 0. Although it seems reasonable that a similar result holds for the case when
treated individuals transmit the disease (and Figure 2.3 supports this hypothesis),
further work is required to prove the complete result for the case when ér > 0.

For a two strain model (one treatment-sensitive strain and one treatment-resistant

strain) we showed that

(i) if treating all infected individuals at the start of the outbreak does not immedi-

ately end the outbreak then it is optimal to start treatment when the number

1-6
)

of susceptibles is S* = 525 (1 + &

Geometrically this result is a consequence of the fact that the outbreak paths of
the resistant strain are not merely vertical translations of the outbreak paths of the
sensitive strain. Because the possible resistant outbreak paths originate from the [
curve and the resistant outbreak paths do not cross each other, the lowest possible
resistant outbreak path is the one that is initially tangent to the xI curve. Thus
the optimal treatment start time is the time when S = S*. Additionally, Figure
2.5 demonstrates that the general rule: “delay and then treat with maximal effort
for the remainder of the outbreak” also seems to hold when the rate of treatment
is bounded and treated individuals continue to transmit the disease. Figure 2.5 also
suggests that the optimal amount of delay for any particular value of . is bounded
by the optimal amount of delay when treatment can be administered instantaneously
(i.e., Umax — 00). In fact, in Chapter 4 it is shown that for Model (2.6) if 7 = 0
then the number of susceptibles at the optimal treatment start time is greater than
or equal to S*. Finally, Figure 2.5 suggests that as d; increases the upper bound

for the optimal amount of delay decreases. For example in panel D (§ = 0.75) the
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optimal amount of delay (even for large values of uy.y) is very small. Intuitively
this makes sense since for Model (2.6) the sensitive and resistant outbreaks are not
temporally separated (recall that in the “idealized treatment model” the sensitive
outbreak occurs before treatment and the resistant outbreak occurs after treatment,
see Table 2.1). Since there is some temporal overlap of the resistant and sensitive
outbreaks, these two outbreaks will compete for susceptibles. If treated individuals are
just as infectious as untreated individuals (i.e., as 7 approaches 1) then it is desirable
for the majority of the infections to be resistant (because the resistant strain is less
transmissible than the untreated sensitive strain). Therefore, it is desirable to start
treatment immediately and thus start the resistant outbreak as soon as possible. The
competition between the sensitive and resistant strain for susceptibles should help

limit the size of the sensitive outbreak.



Chapter 3

Optimal Control of Epidemics with

Limited Resources

3.1 Abstract

We extend the existing work on the time-optimal control of the basic SIR epidemic
model with mass action contact rate. Previous results have focused on minimizing
an objective function that is a linear combination of the cost associated with using
control and either the outbreak size or the infectious burden. We instead, provide an-
alytic solutions for the control that minimizes the outbreak size (or infectious burden)
under the assumption that there are limited control resources. We provide optimal
control policies for an isolation only model, a vaccination only model and a combined
isolation-vaccination model (or mixed model). The optimal policies described here
contain many interesting features especially when compared to previous analyses. For
example, under certain circumstances the optimal isolation only policy is not unique.

Furthermore the optimal mixed policy is not simply a combination of the optimal

31
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isolation only policy and the optimal vaccination only policy. The results presented
here also highlight a number of areas that warrant further study and emphasize that

time-optimal control of the basic SIR model is still not fully understood.

3.2 Introduction

Mathematical analyses can provide valuable information about how best to control
infectious disease outbreaks. One issue of real practical concern, and for which math-
ematical modeling has much to offer, is in determining the optimal distribution of
limited resources during an outbreak. Commonly, in preparation for an outbreak,
a fixed amount of vaccine and other drugs are stockpiled, in addition to the alloca-
tion of a certain amount of funds for other control measures such as isolation and
quarantine. Once the epidemic starts, the goal is then to optimally administer these
resources given that their supply is limited.

One common aim when administering limited resources is to identify a sub-
population within the general population that is best targeted to receive the control
resources. Consider for example the Polio outbreak in the Netherlands in 1993-94 [34].
This outbreak was concentrated in an unvaccinated sub-population, and since there
was not enough vaccine to treat the entire population, the vaccine was predominantly
used in the identified sub-population.

In many cases, however, there is no clearly identifiable sub-population on which to
focus control efforts. Furthermore, often the available resources will be insufficient to
target all individuals of a sub-population, even if such a group can be identified. As a
result, it is critical that the resources are administered in a time-optimal fashion. In

other words, if we do not have enough resources to target all appropriate individuals
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during the entire course of an outbreak, how then should these resources be used
over time so as to achieve some specific goal (e.g., minimizing outbreak size)? Such
time-optimal control strategies are the focus of this chapter.

Although an analysis of the time-optimal application of outbreak controls is of
clear practical value, surprisingly little analysis has been done for the basic SIR model
[1-3, 11, 21, 37, 41, 42]. In addition, many of the previous results that have been pub-
lished have not been fully assimilated by practicing epidemiologists and public health
officials. Some of the earliest work in this area is by Abakuks. In [2], Abakuks inves-
tigated the optimal control of a simple deterministic SIR model, and determined the
isolation strategy that minimizes the total number of infected individuals, balanced
against a cost associated with using isolation. He assumed that, at any instant, any
number of infectives could be isolated. His results then demonstrated that the opti-
mal control was to either isolate all of the infectives at the beginning of the epidemic,
or to never isolate any of them, depending on how heavily the cost of isolation was
weighted in the objective function. In [1], Abakuks determined the optimal vaccina-
tion strategy for the same model and found that the optimal strategy was to vaccinate
N susceptibles at the start of the epidemic, where N depends on the precise form
of the objective function. In [3], Abakuks then determined the optimal vaccination
strategy for the same model but under the assumption that, at any instant, either
all or none of the susceptibles are vaccinated. He found that the optimal control had
the same basic form as the optimal control for the isolation model. Shortly after
the publication of [2] and [3], Wickwire published [37] and [41] where he studied the

same questions but with two notable differences. Firstly, he removed the unrealistic
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assumption that an arbitrary number of individuals can be isolated or vaccinated in-
stantaneously, and instead modeled these processes under the assumption that some
finite rate of isolation or vaccination is possible. Secondly, Wickwire determined the
optimal control that minimizes the total infectious burden over an outbreak (plus a
cost for using the control) rather than the control that minimizes the total outbreak
size. He found that the optimal isolation strategy was to use either maximal control
for the entire epidemic or to use no control at all and that the optimal vaccination
strategy has at most one switch (switching from maximal vaccination to no vaccina-
tion). Wickwire’s results therefore, agree qualitatively with Abakuks’ results when
the control dynamics are changed from acting instantaneously to acting through a
rate parameter. Interestingly, however, neither Abakuks nor Wickwire provided re-
sults for a combined isolation-vaccination model. In fact, even in [11], which expands
Wickwire’s results to models with more general contact rates, there is no solution
provided for such mixed models.

Our work extends that of [1-3, 37, 41] by examining the kind of resource con-
straints mentioned earlier. Specifically, the simple SIR model with mass action con-
tact is revisited, and the following question is asked: “Given that there is a limited
amount of control resources available during an outbreak, what control policy mini-
mizes the total outbreak size?”. Although such SIR models are probably too simplistic
for many real outbreaks of interest for which there are limited control resources, we
focus on this simple case for two reasons. First, we are able to provide a complete
analytical solution for these cases, both for independent isolation and vaccination, as
well as for a mixed model that allows both controls simultaneously. Thus, although

these models are not intended as definitive solutions to real-world optimal isolation



CHAPTER 3. OPTIMAL CONTROL WITH LIMITED RESOURCES 35

and vaccination problems, they provide a foundation of rigorous mathematical results
upon which more complex models can be built, and for which such complete solutions
are not possible. Second, even in this very simple epidemiological model, the analysis
is not trivial, and the results have some surprising and initially counterintuitive fea-
tures. For example, the optimal isolation strategy exhibits threshold behaviour, the
solution switching from being non-unique to being unique under different parameter
values, whereas the optimal vaccination strategy has a consistent basic form. Addi-
tionally, in the case of limited resources, the solution for the optimal control strategy
of the mixed model is not, in fact, a direct combination of the optimal isolation and
vaccination strategies on their own.

The remainder of this chapter is structured as follows. Section 3.3 reviews the
basic model used in all further analysis and gives a precise mathematical statement
of the problem. Section 3.4 describes the optimal isolation, optimal vaccination and
optimal mixed polices under limited resources. The next three sections then present
the proofs for the optimal isolation, optimal vaccination and optimal mixed polices,

respectively. Lastly, Section 3.8 discusses some of the salient features of the results.

3.3 Model and Setup

The following standard deterministic SIR model is used throughout this chapter [7]:

S = —3SI—u,S,

I = BST—(u+u)l, (3.1)
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where S and [ are the numbers of susceptible and infected hosts (a dot indicating
time derivatives), (§ is the transmission rate, u is the per capita loss rate of infected
individuals through both mortality and recovery, and u, and w; are the per capita
rates of vaccination and isolation respectively. Note that, by definition, vaccination
has a direct effect only on susceptible individuals whereas isolation has a direct effect
only on infected individuals. If w, = 0 then (3.1) describes the standard isolation
model, if u; = 0 then (3.1) describes the standard vaccination model, and if neither
u, nor u; are the zero function then (3.1) describes the isolation-vaccination model
(or mixed model). Note that we do not explicitly track the dynamics of the recovered
sub-population.

The main reason we have chosen to analyze model (3.1) is that it allows us to
extend the work of [1-3, 37, 41] to the case when there are limited resources. This
being said, it is worth mentioning some of the major assumptions implicit in model
(3.1). The first major assumption is that disease transmission is well modelled using
mass action incidence. Although it is perhaps more common to use standard incidence
when modeling human disease, there are important studies that use mass action
incidence (for example a recent study for influenza [28]). We have therefore decided
to use mass action incidence because it is consistent with the models used in [1-
3, 37, 41] and because there is a precedent for it in current literature. The second
major assumption is that isolation and vaccination are completely effective. In other
words, isolated individuals cannot spread the infection and vaccinated individuals
cannot contract the infection. Although we have not undertaken the detailed analysis
required to fully understand the implications of these assumptions, we have performed

some preliminary numerical analysis that suggests that these assumptions do not
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significantly alter the main conclusions of our work (see section 3.10).

Before proceeding further, it is worth discussing the bounds on the control vari-
ables; u; and w, in (3.1). The variables u; and u, are the per-capita rates of isolation
and vaccination respectively, and therefore in practice each of these will be related
to the isolation and vaccination effort that is employed. For example, the level of u;
that can be attained at any given time will, to some extent, depend upon the public
health infrastructure (e.g., number of public health officers available). At the same
time, however, the characteristics of the disease will impose an upper limit on the
possible values of u;. For example, if some infections are asymptomatic (or if there
is an asymptomatic phase), then even if we employed an infinite isolation effort, w;
would remain bounded. This simply reflects the fact that, regardless of how much
we strive to increase the rate of isolation or vaccination, it is usually unavoidable
that the targeted individuals will spend some nonzero amount of time circulating in
the population before they are recruited (i.e., before they are isolated of vaccinated).
Therefore, we model this by specifying an upper bound for both control variables,
and suppose that this upper bound is disease-specific. The presence of these upper
bounds on the control variables is distinct from our assumption (to be formalized
shortly) that control resources are limited. The upper bounds reflect unavoidable
constraints on the rate at which we can isolate or vaccinate, whereas the assumption
of limited resources reflects constraints on the total number of people we can isolate

or vaccinate.

Remark 3.1. (i) Let z(¢) denote the total number of vaccinated susceptibles at
time ¢ and let w(t) denote the total number of isolated individuals at time t.

The actual values of S, I, z and w will depend on the specific choice of controls
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u; and u,. When necessary, in order to make this dependence explicit, Sy, u,],
Tt ]s Zfusue] @0d Wiy, ) Will be used to denote the states satisfying (3.1) with
the particular choice of controls, u; and w,. Furthermore, if u; = 0 (u, = 0)

then Sp,,) (Sp,)) will be used instead of Siou,] (Sju;,0))-

(ii) Let ¢ € R. Using a slight abuse of notation, if w;(t) = ¢ (u,(t) = ¢) for all time

then w; (u,) will be denoted by u; = ¢ (u, = ¢).

The general question addressed in this chapter can be phrased mathematically as

follows:

General Problem

Fix wpax > 0 and zyay > 0. Determine the control for model (3.1) that minimizes

T
/ 6S[Ui,uv11[ui7uv}dtv (32)
to

subject to S(tg) = So, I(to) = Lo, T = inf{t | I, w,1(t) = 0.5}, (ui(t),us(t)) €

[0, wpm,] X [0, Uy, ] for all £ € [0,T], and subject to the resource constraints

T
/ uz][uz,uv]dt < Wmax, (33)

to
and

T
/ qu[ui,uv}dt S Zmax- (34)

to

All of the results presented here hold for any u,,, € (0,00) and u,,, € (0,00) but to
simplify notation it is assumed that w,,, = t,,, = Umax. Expression (3.2) represents

the total outbreak size over the course of the epidemic, and expressions (3.3) and
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(3.4) reflect the assumption that there is a maximum total amount of isolation and
vaccination, respectively, that can be used during the course of the epidemic.

The method of how T" was chosen in Problem 3.3 requires some further explana-
tion. The end of the epidemic in models such as system (3.1) is not well defined,
because the number of infected individuals approaches zero asymptotically as time
approaches infinity. As a result, it is not immediately clear how best to choose T

The three most natural choices are
(i) T = oo,
(i1) T = Tinax, where Ty is a sufficiently large constant, and

(i) T = inf{t | I(t) = Lyin}, where I, is some constant chosen to indicate the end

of the epidemic.

A potential problem with choosing methods (i) and (ii) is that the structure of the
optimal control can be affected by the dynamics of the system at very large values of
t in undesirable ways. For example, suppose u; is nonzero and then at some time ¢y,
I(t1) < 1 and w(t;) = Wmax. Then because constraint (3.3) is now active, u;(t) = 0
for all ¢+ > t,. If I(t]) > 0, however, then there will be another peak in infectives
before the epidemic settles down permanently. This sort of behaviour is undesirable
because the final peak in infectives is caused by a fractional number of infectives.
Furthermore, an additional complication of method (ii) is that it is not clear how
large T" must be in order to coincide with a reasonable interpretation of the end of
the epidemic. Method (iii) avoids both of these difficulties because it terminates the
epidemic as soon as I(t) = I,. In the general problem statement above, I, was

chosen to be 0.5 but any value smaller than 1 would work just as well.
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In order to make the solution to the above General Problem more transparent, we

break it down into three separate problems:

Problem 3.1. (Isolation Only) Solve General Problem with 2., = 0.

Problem 3.2. (Vaccination Only) Solve General Problem with wp,, = 0.
Problem 3.3. (Mixed Model) Solve General Problem with z,c > 0 and wyay > 0.

The primary method applied to solve these problems is Pontryagin’s Maximum
principle (PMP). (See [13, 26, 35] for details of PMP.) A simple application of
Filippov’s theorem, [4], shows that optimal controls exist for Problems 3.1, 3.2 and
3.3. The proof of the existence of an optimal control is detailed in Appendix A.

Finally, it is worthwhile to point out that, although the General Problem min-
imizes the total number of infectives, ft:OF GI1Sdt, this is equivalent to minimizing
the total infectious burden ftf Idt. For Problem 3.1, ftf B1Sdt = Sy — S(T') and
ftf Idt = —%ln(%), and therefore both quantities are minimized by maximizing
S(T). For Problem 3.2, notice that ftf p1Sdt = I(T) — I + uftf Idt. Since I(T)
and I are fixed, minimizing the total number of infectives and minimizing the total
infectious burden are equivalent. For Problem 3.3 it is also the case that both cost
functions lead to the same optimal control. Although this is perhaps less obvious,
it can be proven by using PMP to solve Problem 3.3 with (3.2) replaced by ftiop Idt.

The procedure to do this is very similar to the solution of Problem 3.3 and so is not

detailed further.

3.4 Optimal Policies

The following three theorems provide solutions to Problems 1-3.
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Theorem 3.1. (Optimal Isolation Policy) If wy,,..j(T) < Wmax, then the optimal
isolation policy for Problem 3.1 is ©] = tmax. If Wy, )(T) > Wmax, then the optimal

isolation policy u; is any control u; such that w,,(T) = Wmax-

A key feature affecting the optimal isolation policy in Theorem 3.1 is whether or
not the resources are sufficient to maintain a maximal isolation rate for the entire
duration of the outbreak (i.e., Wiy, ](T) < Wmax versus wy,,,,](1) > Wmax). Whether
or not this is the case will depend on several factors. First, it is clear that the
disease-specific transmissibility, 3, as well as the per-capita removal rate, p, will
affect whether or not the resources are sufficient. Less obvious, however, is that
the maximum possible isolation rate, umay, Will also play a role. For example, if
Umax 1S Telatively large, then it might be possible to reduce the size of the outbreak
substantially, thereby requiring a smaller overall total amount of resources. On the
other hand, if uy.y is relatively small, then a large outbreak might be unavoidable,
meaning that a much larger total pool of resources would be required to maintain a
maximal isolation effort for the entire epidemic. Thus, the way the disease in question
affects the value of up,x (as well as how the existing public health infrastructure affects
Umax) Will play an important role in deciding which of the two outcomes in Theorem
3.1 occur.

Theorem 3.1 says that if there are sufficient isolation resources, then the optimal
strategy is to isolate infectives with maximal effort for the entire epidemic. If there
are not sufficient resources to do this, then the optimal strategy is any strategy that
uses all of the available isolation resources. So, for example, it is optimal to start
isolating with maximal effort at the start of the epidemic and to continue isolating

with maximal effort until all of the resources have run out, but this is only one of
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many possible optimal strategies.

This non-uniqueness of the optimal solution deserves further consideration as it
gives policy makers much freedom in choosing how to isolate individuals. One com-
plication is that exercising this freedom requires knowing a priori that the available
resources are insufficient. Data from previous epidemics as well as case reports of
the current epidemic can be used to estimate the required resources. Alternatively,
in very serious situations, it might be quite obvious that the available resources are
insufficient. At the same time, however, this flexibility means that policy makers also
have the freedom to optimize other cost functions in addition to (3.2). For example,
if one wanted to minimize the average number of infected individuals per unit time
over the entire outbreak, it is shown in Section 3.9 that the optimal policy is to isolate
with maximal effort as long as possible. Given that this is also an optimal strategy

for the cost function (3.2), it will simultaneously optimize both criteria.

Theorem 3.2. (Optimal Vaccination Policy) There exists a 7 € [0, T such that the

optimal vaccination policy for Problem 3.2 is

Umax t € [0,7)
uy(t) = (3.5)
0 telrT],

where ftz UmaxO[umax] At = Zmax if 7 < T'. That is, the optimal vaccination policy is
to vaccinate with maximal effort until either all of the resources are used up or the

epidemic is over.

Theorem 3.2 reveals that the optimal vaccination policy is unique, with the strat-
egy being to employ maximal vaccination from the beginning of the outbreak, for

as long as possible. An interesting consequence of the above two theorems is that,
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under certain circumstances, the optimal isolation policy is less sensitive to initial
conditions than the optimal vaccination policy. For example, if there are insufficient
resources to isolate maximally for the entire epidemic then there is no penalty for
delaying an isolation program provided the maximal possible number of individuals

are still isolated. This is not, however, true for vaccination.

Theorem 3.3. (Optimal Mixed Policy) There exists a7 € [0, 7] such that the optimal
mixed isolation and vaccination strategy for Problem 3.3 has one of the following
forms:
(i)
(umax7 umax) te [07 T]

(i (8), uy (1)) = (3.6)
0,u;(t))  te(r,T],

1dt = wpax if 7 < T, or

Umax

where ftz Umaxd fumax,
(ii)
(umaX7 umax) t e [07 T]

(wi(t),0) te(rT],
where ftz UmnaxSumastumax] A& = Zmax if 7 < T

In Equation (3.6), if ¢ > 7 then w(¢) represents the optimal control for the
corresponding vaccination only model. That is, for ¢ > 7, w}(t) is the solution to
Problem 3.2 with Zux = Zmax — ftz Unnax S [umax,umax] AT and initial conditions to = T,
S0 = Shumecmed (T) @a0d Ty = Tjyo (7). In Equation (3.7), ui(t) for t > 7 is

defined similarly.

Theorem 3.3 says that the optimal isolation-vaccination strategy is to isolate and

vaccinate with maximal effort until either the vaccination or isolation resources run
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out. If the isolation resources run out first, then it is optimal to continue with the
optimal vaccination strategy. If the vaccination resources run out first, then it is
optimal to continue with the optimal isolation strategy. The optimal mixed policy is
particularly interesting because it is not simply a combination of the optimal isolation
and the optimal vaccination policies. Consider the case where there are insufficient
isolation resources to isolate with maximal effort for the entire epidemic. Then,
unlike the optimal isolation policy, u; is no longer given by any control that uses all
of the isolation resources. In fact the isolation effort must be maximal at the start of
the epidemic and must remain maximal until either the isolation or the vaccination
resources run out. If the vaccination resources run out first, then the isolation policy
for the remainder of the outbreak can then be anything that uses the remaining

isolation resources.

3.5 Proof for Optimal Isolation Policy

The isolation model with limited resources is described by the following set of equa-

tions:

S = —BSI, (3.8)
I = BSI—(p+u)l, (3.9)

Phrasing Problem 3.1 as a maximization problem and recalling that a free terminal

time implies that H = 0, PMP provides the following relations:
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The Hamiltonian is

H(t) = —XBST—AsBST+ A\BST— A(p+ wi)] + Apuil

= —}\[I = _j\SS - /\[,u + (/\w - )\])UZI = 0,

where the adjoint variables satisty,

s —(\r =X — Ag)BI,
}\1 —(Ar =X = Ag)BS — (A — An)u; + Arp,
A 0.

45

(3.10)

(3.11)

(3.12)

The transversality conditions are (Ao, As(T), A/(T"), Aw) = (Ao, 0, A\1(T), q), where ¢ <

0. The optimal control therefore satisfies

Umax )\w > )\I
u; = ? Aw = A1

0 )‘w < /\[.

From Equation (3.10) we have A; = 0, and therefore the optimal control is either

o Eo * 3 3
u; =0, U] = Upmax Or u; is singular.

The, solution to Problem 3.1 uses the following three observations:

(i) Without the constraint (3.3) the solution to Problem 3.1 is u} = upax. In the

sequel this solution will be called the unconstrained optimal control. The proof

of this result is given in Section 3.9.
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(ii) The total number of isolated individuals can be written as:

T St (T
/ wilp,,)dt = So — Spu,) (T)+ I — I[ui](T) + %ln(%(())) (3.13)
to

Equation (3.13) shows that the constraint value, wp,, (1) = Jfg u; I, dt, depends

only on Sp,,)(T) (see Section 3.9 for details).

(iii) The cost function can be rewritten as ftf B, St dt = So — S, (T7) and there-

fore minimizing the cost function is equivalent to maximizing Sp,,) (7).

Clearly, if wpy,,,.](T) < Wmax then the optimal control is the unconstrained optimal
control u; = Umax. To determine the optimal control when wy,,, (7)) > Wmax first

notice that Equation (3.13) can be rewritten as,

%m(s[ui] (1) = Spu(T) = Iy(T) — Io — So + %m(so) + 1wy (T).

There are two possible scenarios:

(i) Suppose Wiy, (1) > Wmax and Spu,,,J(T) < §. Then Sp,(T) is an increasing

function of wy,, (T) for any wy,,)(T) < Wmax < W (T). Therefore, u} is any

Umaac]

control that uses all of the available resources.

(ii) Suppose Wiy, )(T) > Wmax and S, J(T') > §. Since f(S) = §In(S) — Sis a
convex down function with maximum S = &, for any v; satisfying wy,)(T) <
Wmax it must be that Sy, (T) < % Then Sp,,)(T) is an increasing function of

wy,](T) for any wp,,)(T) < Wmax. Therefore, uf is any control that uses all of

the available resources.

This concludes the proof of Theorem 3.1.



CHAPTER 3. OPTIMAL CONTROL WITH LIMITED RESOURCES 47

3.6 Proof for Optimal Vaccination Policy

The vaccination model with limited resources is described by the following set of

equations:

S = —3SI—u,S,
I = BSI—ul,
Z = u,S.

Phrasing Problem 3.2 as a maximization problem, PMP provides the following
relations:

The Hamiltonian is

H(t) = —XofBSI —AgBST — Aguy,S + \BST — Al + Au,S,

= M+ (A — A)upS = —AgS — Al =0, (3.14)

where the adjoint variables satisty,

As = —(Ar—Xo—Ag)BI — (A — Ag)uy, (3.15)
Moo= =\ =X — Ag)BS + A, (3.16)
A, = 0.

The transversality conditions are (Ao, As(T"), A1(T"), A,) = (Ao, 0, A\(T"), p), where p <
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0. The optimal control therefore satisfies

Umax )\z > >\S
Uy, = 7 A=)y (3.17)
0 )‘z < )\5.

The first step is to show that the optimal control is purely bang-bang (that is, has
no singular components). If \, = Ag on some interval J then As =0 on J. Equation

(3.15) then gives,

0 = —(=Ao—As+A)BI — (s — As)u,

0 = —(=X—As+A1)BL,

0 = (=Xo—As+ ), (3.18)
A = Ao+ s,

and therefore \; = 0 on J. If \; = 0, then by Equations (3.16) and (3.18) it must be
that A; = 0. Therefore A\¢ = —\¢ and the only nonzero choice for the adjoint variables
on Jis (Ao, As, A, A.) = (1,—1,0,—1). Further, by Equations 3.15 and 3.16, once u
becomes singular then it must remain singular (that is, 7" € J). Now since T' € J,
(Ao, Ass A, Ay) = (1,—1,0, —1) must satisfy the transversality condition Ag(7) = 0.
Since the transversality condition is not satisfied, the optimal control must be purely
bang-bang.

Next, we consider the times at which the optimal control switches between 0 and
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Umax- SUppose the optimal control switches at times ¢5,. Then

H(tsi> = _j\l(tsi>‘[<t5i) = _).\S(tsi)s(tsi) - )\I(tsi)u‘[(tsi) = 0. (319)

Therefore, substituting A;(t,,) = 0 into Equation (3.16) gives,

(As(ts) +A0)BS(ts,) = Ar(ts,)(BS(ts,) — p)- (3.20)

The rest of the proof relies on the following relations which are obtained from Equation

(3.17) and Equation (3.19):

M) >0 = Ag(ts) <0 = (0= Unax)
M(ts) <0 = Ag(ts) >0 = (Umax — 0) (3.21)

Ar(ts,) =0 = Ag(t;,) =0 = o switch occurs.

Remark 3.2. In (3.21), the notation (¢ — b) means that u} switches from the value

a to the value b at ¢t = t,,. In the sequel, the notation:

a — b — b

¢c — d — e

describes two possible forms for «. In the first form, «} has the value a for some time
and then switches to the value b for the remainder of the time. In the second form,
u,; has the value c for some time and then switches to the value d for some time and

then switches to the value e for the remainder of the time.

Now since Ag(ts,) = A, = constant, Ag(ts,) + Ag is either always positive, always

i
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negative or always zero.

Suppose As(ts,) + Ao = 0. Then by (3.20), either A;(t;,) = 0 or S(ts,) = §. By

(3.21), if As(ts;) = O then no switch occurs. Alternatively if S(¢;,) = 4 then the
optimal control has only one switch and this switch occurs when [/ is maximal. The

possible optimal controls are:

umax umax

umax

(3.22)

umax

Next consider the case when Ag(ts,) + Ao > 0. By Equation 3.20, if Ag(ts,)+ Mg > 0

@ @

then either

(i) Ar(t,) > 0 and S(t,,) >

or

=

(ii) Ar(ts,) <0 and S(t,) <

=

Suppose that at tg, possibility (i) holds. Then by (3.21), u} switches from 0 t0 Umax
at ts,. If there is to be another switch (say at t = t,,) then it must be from uyay to 0.
This implies, by (3.21), that (ii) must hold at t,,. If there is to be a third switch (say
at t = tg,) then it must be from 0 to Umax and therefore, by (3.21), (i) must hold at
ts,. But this is not possible because S is a monotonically decreasing function of time.
Similar reasoning applies to the case when possibility (ii) holds at ¢,,. Therefore, if

As(ts;) + Ao > 0 the optimal control can have at most two switches. The possible
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forms for the optimal control are:

umax umax Umax

umax

— 0 (323)

umax

U/max umax

Notice however, that the control form 0 — wuy., — 0 is not optimal. To see this,
recall that the Hamiltonian can be written as H = —\;I + (A, —As)u,S and therefore
Ar(t) > 0 for all t € [0,T]. Also, by (3.21), Ar(ts,) > 0 and A(t,,) < 0, but this is
not possible since \; is monotonically increasing.

Next consider the case when Ag(ts.) + Ao < 0. Applying similar arguments to

those that were used for the case when Ag(ts,) + Ao > 0, the possible forms for the

optimal control are:

umax U/max urnax

umax

(3.24)

umax umax

— 0 —

umax umax

0 — 0 — 0

Notice however, that the control form, ., — 0 — umax is not optimal because at
the first switch A\;(ts,) < 0 and at the second switch A;(ts,) > 0. This implies that

A7 is non-constant while u} = 0 which contradicts Equation (3.14).
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Combining the control forms in (3.22), (3.23) and (3.24) gives the following can-

didates for the optimal control:

umax umax umax

umax

(3.25)

—

U/max umax

The next step is to show that the control forms, 0 — Upax — Umax and 0 — 0 — 0,
are not optimal. Recall that A; > 0. Therefore, since Ar(ts;) > 0, it must be
that A;(t) > 0 for all t € [t,,,T]. Therefore, by Equation (3.14), Ag(t) < 0 for all
t € [ts,,T]. Since Ag(T) = 0 this implies that Ag(t) > 0 for all ¢ € [t;,,T) and
therefore Ag(ts,) = A, > 0 but this is a contradiction since A, < 0. The proof that
u, = 0 is not optimal is given in Section 3.9.

The discussion above shows that the optimal control is given by,

()= o 100 (3.26)
0 telt,,T]

To prove the assertion about ¢, suppose that © = .y is not optimal. Then,
since the optimal control has the form um.x — 0, by (3.21), A;(ts,) < 0. This implies,
since A; is monotonically increasing, that A\;(t) < 0 for all ¢ € [0,t,,]. This implies,
since A;(t) = 0 for all t € [t,,, T, that \;(t) < 0 for all t € [0, T]. By Equation (3.14),
this shows that Ag > 0 for all ¢ € [0,7) and therefore \g(t) < 0 for all t € [0,7)
(since Ag(7T") = 0). Therefore, if t;, < T then Ag(ts,) = A\, < 0. But A, < 0 only if

Zmax = 2(T") and therefore all of the resources must be used up.
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3.7 Proof for Optimal Mixed Policy

The mixed model with limited resources is described by the following set of equations:

S = —pBSI—u,sS,
I = BSI—(u+u)l,
w = Ui]7

Z = u,S.

Phrasing Problem 3.3 as a maximization problem, PMP provides the following
relations:

The Hamiltonian is

H(t) = —XoBSI— AsBST — AsupS + ArBST — Ar(pt + )T + Aot + \su, S,

= M+ (A = A)upS = —AgS + (A — A\ wil — Al =0, (3.27)

where the adjoint variables satisfy,

As = —(Ar = o= Ae)BI — (A — As)uy,

A= —(A1 =X = Xs)BS — (M — A)wi + A, (3.28)
A. = 0,

Ao = 0.

The transversality conditions are (Ao, As(T), A1(T), Az, Aw) = (Ao, 0, Ar(T'), p, q), where
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p, ¢ < 0. The optimal control therefore satisfies

Umax )\z > >\S
uy = ? A, = Ag

0 )‘z < )\57

and
Umax )\w > )\I

up =9 7 Ay=X

0 Ay <AL
Remark 3.3. (i) In the sequel u; and u, will denote the optimal controls (instead
of uf and u?). The notation u} and u} will denote the optimal controls for the
vaccination only model and isolation only model (that is, solutions to Problems
3.2 and 3.1 respectively with appropriate choices of ty, Zmax, Wmax, fis Iy and

So).-

(ii) In the sequel, the notation:

w: a — b — b —
Uy: ¢ — d — e —

t: 0 — t;, — ts, —

means that there are two possible switch times, ¢, and ¢,,, and u; switches from
a to b at tg, and does not switch at time t,,. Similarly, u, switches from c to d

at time t,, and from d to e at time %, .

The solution to Problem 3.3 uses the following claims (the proofs of which can be

found in Section 3.9).
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Claim 3.3.1. If u, is singular on some interval J then u; is not singular on J and

u; =0 on J.
Claim 3.3.2. If u; is singular on an interval J, then u, =0 on J.

Claim 3.3.3. When u; is singular, denote it by us. If u; has a singular component,

then u; has one of the following forms:

Umax Ug

Ug —  Ug.

Claim 3.3.4. If there exists a ts > 0 such that u; is constant for all t € (ts,T] then

Uy () = ul(t) for all t € (ts, 1.

Claim 3.3.5. If there exists a ts; > 0 such that u,(t) = 0 for all t € (ts,T] then

u;i(t) = ul(t) for allt € (ts,T).

Claim 3.3.6. Let J be a mazimal interval such that
(1) U; = Umax on J and
(i1) w; is not singular on J.

If T ¢ J then u, = Upax on J.

Claims 3.3.1-3.3.6 and the fact that A\; > 0, imply that the optimal control must

have one of the following forms:

Uy: 0 — (3.29)
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Uy -

t:

Uy © Uy,

t: 0
Umax

*

Uy,

t: 0
Umax
Umax
0 —
Umax
Umax
0 —

—

— .

o6

(3.30)

(3.31)

(3.32)

(3.33)

Remark 3.4. In the expressions (3.29)-(3.33) the instances when u; can be singular

are explicitly indicated. For example if u; has the form specified in (3.32) then u;

is singular for all ¢ > 7. Conversely, if u; has the form specified in (3.33) then w; is

never singular. In other words, form (3.33) not only specifies that w;(t) = 0 for all

t > 7 but also that u; is not singular.

Claim 3.3.7. The optimal control is not of the form (3.29).

Proof. If the optimal control is of the form (3.29) then it is also the optimal control
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for the isolation only model. Therefore, there exists a t, € [0, 7] such that

Umax T € [0, 1]
u;(t) =
0 tel(t,T],
is optimal. Now fix this choice of u;. The next step is to show that there exists a u,

that gives a lower value for the cost function then u, = 0 does.

Suppose t, # T then, by the principle of optimality, it follows that

(Umax, 0) t € [0, )
(ui(t), uo(t)) =
(0,ul) tets, T,
has a smaller cost then a control of the form (3.29).
Alternatively, suppose t, = T', then the mixed model essentially becomes a vac-

cination only model with new parameter ji = pt + Upax. Therefore, u, = u) gives a

lower value for the cost function than u, = 0 does. ]
Claim 3.3.8. If the optimal control is of the form (3.30) then u} = Umax-

Proof. Suppose to the contrary that

Umax T € [0, 4]

0 te(ts,T],

where t, < T'. Then it follows that

O?“max t 07t5
() unt)) = 4 ) O]
(uf,0) te(ts,T],
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will give a lower value for the cost function then a control of the form (3.30) will. [
Claim 3.3.9. The optimal control is not of the form (3.30).

Proof. 1f the optimal control is of the form (3.30) then f;op wildt = 0 < wpax and
therefore A, = 0. Since u; is not singular (see Remark 3.4), this implies that A;(¢) > 0
for all t > t;. Therefore, by Equation (3.27), Ag(t) < 0 for all ¢ > to. This implies
that Ag(t) > 0 (since Ag(7") = 0) for all £ < T, but this gives a contradiction since if

As(t) > 0 then wu,(t) = 0. O

dt =

umaxyumax}

Claim 3.3.10. If the optimal control is of the form (3.32) then f;;sl Umnax S|
Zma,X'

Proof. By Claim 3.3.5, if the optimal control has the form (3.32) then us = u}.

Therefore there exists a t5, € [ts,, 7] such that

Umax te [t()a t81]
UZ(t) = Umax te (tslﬂ t82]

0 te(ts,T]

is optimal. Assume that the number of people vaccinated at ¢ = ¢, is not the maximal

amount, that is assume ftisl Umax S| 1dt < Zmax. Suppose t,, # T then it follows

Umax,Umax
that
(umaxa umax) te [t07 tsl]

(ul<t>7 Uy (t)) = (umaxa 0) te (tsptsg]
(0, ur) t € (ts,, T,
has a smaller cost then a control of the form (3.32).

Alternatively, suppose ts, = 7', then the mixed model essentially becomes a vac-

cination only model with new parameter fi = g + wpax. Therefore, u, = wu) is the
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optimal choice for u, and so if u, = u} has the form specified in (3.32) then it must

be that ftzs Urnax S| 1At = Zimax. O

Umax,Umax

dt =

umaxfumax}

Claim 3.3.11. If the optimal control is of the form (3.33) then ft'; Umax ]|

Wmax -

Proof. The first step is to show that A;(t) < 0 for all t € [0,7)). Suppose to the
contrary that there exists a t* € [0,7") such that A\;(¢*) is positive. Then, since
A; > 0, it must be that A;(t) > 0 for all ¢t € J = [t*,T]. Therefore, since A, < 0,
u; = 0 on J. This implies, by Equation (3.27), that As < 0 on .J and hence \g > 0 on
J (since Ag(7T") = 0). Similarly, since Ag > 0 on J, u, = 0 on J and this implies, by
Equation (3.27), that A =0 on J. Letting A\; = 0 and rearranging Equation (3.28),
gives

A(BS — 1) = (ho + As)BS. (3.34)

Now both the right-hand side of Equation (3.34) and A; are positive on J. This
implies that S(¢) > § for all ¢ € J. But this contradicts the fact that S(T") < §. This
proves that A;(t) <0 for all t € [0, 7).

Now, )\1 > 0, A\; < 0 and u; switches from . to 0 when A\; = A,. Therefore
if A\, = 0 then the switch occurs while u; is singular, since wu; is not singular (see

Remark 3.4) it must be that A\, < 0. O

Lastly, notice that control form (3.31) covers the case when there are enough
resources to isolate with maximal effort for the entire epidemic. This proves Theorem

3.3.
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3.8 Discussion

The results presented in Section 3.4 contain many interesting features. Firstly, recall
that Wickwire showed that the optimal isolation policy is either to isolate with max-
imal effort for the entire epidemic or to never isolate any infectives. In contrast, the
optimal isolation policy presented in Theorem 3.1 is to isolate with maximal effort
for the entire epidemic only if there are enough resources. If there are not enough re-
sources, the optimal policy is any policy that uses all of the resources. In other words,
the optimal isolation policy presented by Wickwire is characteristically different than
the one presented here. Conversely, the optimal vaccination policies given in [41] and
Theorem 3.2 have the same basic form. These differences are partially explained by
the relations of PMP. A simple calculation shows that the basic form of the relations
of PMP are the same for the case when the objective function includes a term linear
in the control and the case when the total amount of resources are limited. Also,
the optimal isolation policy is singular, so the relations of PMP are not sufficient to
determine the optimal isolation policy. This means that the optimal isolation policies
in [37] and Theorem 3.1 can be different. For the vaccination model however, the
relations of PMP are necessary and sufficient.

Another interesting aspect of the isolation only model is that for certain parameter
values, small changes in wpy., can cause large changes in the value of the minimal

cost. To see this, notice that setting u, = 0 and u; = Unay in (3.1) gives,

Wi (T) = /t LAt = = 5 ln( [m;fo] ( ))- (3.35)
0

_5w[umax] (T)

Umax

Rearranging Equation (3.35) gives, Sp,...j(T") = Spexp ( ) which expresses



CHAPTER 3. OPTIMAL CONTROL WITH LIMITED RESOURCES 61

the final number of susceptibles for the case when u; = Upax, in terms of wy,,, (7).

Figure 3.1 shows that if S| (T) > %, then as wpyax switches from less than

Umax]
Wiy (1) to greater than wy,,, (T), there will be a jump in S (7). That is, if
Stumar (T) > &, then there is a range of values of the final number of susceptible
individuals, S[u;] (T'), that cannot be attained, regardless of the value of wy,.. Finally,
it is worth pointing out that, whether or not Sy,,,,,j(I) > 4 can be determined directly
from the model parameters (without resorting to simulations). To see this, notice that

combining Equation (3.13) and Equation (3.35) shows that Sy,,,,.)(T) > § if and only
if

Umax H woH H
— ﬁ In (m) > S — B + Bln (ﬁ) — Ir + 1. (336)

The left panel of Figure 3.1 shows a scenario when Equation (3.36) is not satisfied
and the right panel of Figure 3.1 shows a scenario when Equation (3.36) is satisfied.

The non-uniqueness of v when wpax < Wy,,,,j(T) means that epidemics with
different dynamics can still optimize the cost function of Problem 3.1. The left panel
in Figure 3.2 shows three different optimal isolation strategies for a case were wpyax =
1450 and wyy,,,(T) = 2072. In all three cases the total infectious burden is 9884.9
and the total number of infecteds is 4742.4.

The left panel in Figure 3.2 shows that very different dynamics result from these
three different controls even though all three are optimal. For example the length of
the epidemic described by the dotted curve is significantly shorter than the other two
epidemics but it reaches a higher peak intensity (as measured by the maximum num-
ber of infecteds). Although the epidemics described by the dashed and solid curves
are very similar, the dashed curve describing the number of infectives is distinctive

because it has two peaks. Finally, notice that all three isolation strategies result in
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Isolation Model: Final Number of Susceptibles versus Isolation Model: Final Number of Susceptibles versus
Isolation Effort, u=0.334, 3=0.0003, umax=0.3 Isolation Effort, u=0.334, f=0.0003, umax=l
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Figure 3.1: Left Panel: The final number of susceptibles depends only on the total
number of isolated individuals (see Equation (3.13)). For parameter values, I = 10,
So = 5000, upmax = 0.3, = 0.334 and § = 0.0003, the dashed curve describes this
relationship. The diamond marks the point (w,,..(T"), Sjum.](T))- Since u; = Umax
is the optimal solution for the unconstrained model and since minimizing the total
number of infecteds is equivalent to maximizing S(7'), the diamond marks the largest
attainable S(7). The solid thick curve (which lies directly on top of the dashed
curve) therefore denotes all possible optimal pairs (w(T"), S(T")) for our specific choice
of parameters. The point marked by the diamond is also the intersection of the
dashed curve and the solid thin curve. The solid thin curve plots the final number of
susceptibles under the assumption that w; = upax. S(T) = % at the right-most point
of the dashed curve. Since the point (w(T), 5) on the solid thin curve lies to the left
of the right-most point on the dashed curve, all optimal values of S(7") must be less
than % Right Panel: This plot shows the same information as the plot on the left-
hand side but for the case when wu,,,x = 1. For this case the intersection of the solid
thin curve and the dashed curve occurs at an S(T') larger than £. The solid thick
curve shows all possible optimal pairs (w(7"), S(7")) for cases when wmax < Wiy, (T)-
For cases when wmax > Wiy, (7'), the optimal pair is (W, (1), Sjuma] (1)) (that is,
the point marked by the diamond). Therefore, as wp,x is increased past the value
Wiyyna,] (T') the final number of susceptibles jumps from a small value (less than 500)
to a large value (greater than 3500).
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Dynamics of Isolation Model for different Isolation Strategies, Dynamics of Mixed Model for different Isolation Strategies,
p=0.334, f=0.0003 u=0.334, p=0.0003
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Figure 3.2: Left Panel: Dynamics of the isolation only model for three different,
optimal isolation strategies. All three isolation strategies are purely bang-bang and
switch between the values i, = 0 and ., = 0.3. The right plot shows the form
of the different control strategies. The control strategies have been plotted offset
from each other. The parameters used in these simulations are Iy = 10, Sy = 5000,
Umax = 0.3, pt = 0.334, wpax = 1450 and G = 0.0003. Right Panel: Dynamics of
the mixed model for three different isolation strategies. All three isolation strategies
are purely bang-bang and switch between the values up;, = 0 and uy., = 0.3. All
three isolation strategies isolate 350 infecteds. The vaccination strategy is the same
for all three cases. The right plot shows the form of the different control strategies.
The control strategies have been plotted offset from each other. The solid curve and
the dashed curve denote optimal strategies, the dotted curve shows a non-optimal
strategy. The dash-dot curve in the right plot is the vaccination strategy, u,. The
parameters used in these simulations are Iy = 10, Sy = 5000, Uy = 0.3, = 0.334,
Wiax = 350, Zmax = 2500 and F = 0.0003.
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the same value S(T') = 258, as must be the case for all of them to be optimal.

Interestingly, this non-uniqueness means that policy makers have the freedom to
optimize other cost functions in addition to (3.2). For example, as mentioned earlier,
in this case it is possible to simultaneously minimize the total outbreak size, as well
as the average number of infected individuals per unit time over the entire outbreak
(which is a measure of its peakedness). The optimal strategy for doing so is to isolate
individuals with maximal effort for as long as possible (Section 3.9).

The left panel of Figure 3.2 also emphasizes the difference between the optimal
isolation only policy and the optimal vaccination only policy. Notice that even though
the dotted isolation strategy does not begin until the epidemic is well under way, it
still minimizes the total number of infectives (and therefore also the total infectious
burden). This result is very different from the vaccination results.

The right panel in Figure 3.2 shows the results for three different isolation strate-
gies for the mixed model. All three scenarios use an optimal vaccination strategy
with 2. = 2500. All of the isolation strategies isolate 350 infectives, but not all of
these strategies are optimal. The dashed and the solid curves illustrate dynamics for
optimal control strategies and the total number of infecteds for both of these control
strategies is 1861. On the other hand, the control strategy denoted by the dotted line
is not optimal (notice that the isolation control is off when the vaccination control is
on) and consequently the total number of infecteds is larger, 1870.

It is also worth highlighting the significance of how disease characteristics place
upper bounds on the control variables. As an example, suppose that a disease of
interest is such that the maximum possible rate of isolation is Uy, = 0.3 as in Figure

3.2. In this case (assuming wy., = 1450 as in Figure 3.2), the optimal isolation policy
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will result in a total outbreak size of 4742 individuals. This yields the counterintuitive
finding that, although we have enough resources to isolate 1450 individuals, and
although there are only 10 infected individuals that initiate the outbreak, we are
nevertheless unable to use isolation to prevent the epidemic. More surprising still,
our resources turn out to be insufficient for the outbreak that develops. In other words,
even though only 10 individuals start the epidemic, and even though we have enough
resources to isolate 1450 individuals, our lack of ability to quickly isolate these initial
10 infections results in an outbreak so large that our resources are then insufficient.
This clearly highlights the importance of constraints on the rate of isolation (and
vaccination) in addition to constraints on the total amount of resources that are
available. Indeed, given the likelihood of a large amount of uncertainty in myax,
these considerations provide a justification for using up all of the isolation resources
as quickly as possible, despite the fact that ultimately this might not reduce total
outbreak size any more that using all the resources in some other temporal fashion,
just in case Upay is larger than we think.

The above observations suggest a number of interesting areas that would bene-
fit from further analysis. For example, the non-uniqueness of the optimal isolation
policy, coupled with the fact that various optimal strategies yield dramatically dif-
ferent dynamics, suggests that aspects of the outbreak “shape” should be included
in the optimization problem, and not simply outbreak size or infectious burden. It
is also interesting to note that in the General Problem discussed in this chapter, the
values of Umay, Zmax and wpay are predetermined and fixed. It would be worthwhile
to investigate the effects of varying these parameters and describing the interplay

between ., and the maximum possible number of isolated (wyay) and vaccinated
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(zmax) individuals. For example, if the optimal isolation policy is non-unique, then
increasing the value of U,y (while keeping wyay fixed) will not change the value of the
cost function provided that the new optimal control is still not unique. Conversely,
increasing Umay (while keeping 2z, fixed) will always improve the vaccination only
policy. The effect of changing ., for the mixed policy is not as easily understood
nor is the effect of changing both .y and wyay (01 Zpax ). Furthermore, it might also
be interesting to examine what happens if the cost associated with using a control
depends on the value of Wyayx (O zZimax) and not just on the total number of individuals
that are isolated (or vaccinated). For instance, even if there is a fixed stockpile of
vaccine, it is presumably more costly (in terms of needing nurses etc) to have a high
vaccination rate than a low one at any given time. Lastly, the solution to the mixed
model presented here assumes that the maximum allowed number of isolated and vac-
cinated individuals are constrained separately. It would be interesting to determine
how to optimally divide a total resource pool into separate isolation and vaccination
resource pools. This would be useful for example, when only the total amount of
resources have been allocated and the policy-maker is free to choose how to divide

these resources between vaccination and isolation.

3.9 Details of Proofs

The remaining details of the proofs of Theorems 3.1, 3.2 and 3.3 are presented here.
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3.9.1 Details for Proof of Theorem 3.1

To derive Equation (3.13) from Equation (3.9) first note that Equation (3.8) can be
rearranged to give (i) —S = 35T and (i) I = —ﬁ%. Substituting these two expressions
into Equation (3.9) gives

. . uS
I =— == —ul. .
S+ﬁS U; (3.37)

Rearranging Equation (3.37) and integrating from ¢ = ¢y to t = T results in

S(T)
So

/ ' wldt = Sy — S(T) + I — I(T) + Em(222). (3.38)

to s

The only detail that remains to be proved for Theorem 3.1 is that the optimal

isolation strategy for the unconstrained problem is 4} = Umax-
Claim 3.1.1. The optimal control for Problem 3.1 with wyax = 00 1S U] = Upax-

Proof. The relations of PMP for Claim 3.1.1 are given by the relations of PMP in

Section 3.5 with A, = 0. Substituting Equation (3.12) into Equation (3.11) gives,

As = —(=Xo—As+ )BT
. I
= >\1§ — Ar(p + Uz)§ (3.39)

The first step is to show that the optimal control is purely bang-bang (that is, it has
no singular components). Since, by Equation (3.10), A; is a constant, if u; is singular
then it must be singular on the entire interval [0, 7). This implies, by Equation (3.39),
that Ag is constant and since A\g(7") = 0 it must be that \g = 0. Equation (3.11)
then gives that Ay = 0. This is not possible since (Ao, A7(t), As(t)) must be nonzero

for all ¢ € [0,T]. Therefore, u} cannot be singular.
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The optimal control will be determined once the sign of A\; is determined. To

determine the sign of A7, use the transversality condition Ag(7") = 0. Since A; is a

Ao+As)BS AoBS(T)

BS—u—p  — BS(T)—wi(T)—p"
that sign(\;) = sign (S(T) - %) By Equation 3.1, A is negative if and only if
I(T) < 0. Since T is the smallest time that I = 0.5 (and I(0) > 0.5) it must be that

constant, Equation (3.12) gives that \; = !

This implies

I(T) is negative. Therefore, u* = tmax. O

3.9.2 Details for Proof of Theorem 3.2

The only detail that remains to be proved for Theorem 3.2 is that the vaccination

strategy u, = 0 is not optimal.
Claim 3.2.1. The control u, = 0 is not a solution for Problem 3.2.

Proof. From the relations of PMP given in Section 3.6, if u} = 0 then A\, < Ag. Also,
since u, = 0 means that none of the vaccination resources are used, it must be that
A, = 0. This implies that \g > 0.

Furthermore, by Equation (3.14), u) = 0 implies that A\ = 0. Rearranging
Equation (3.16) and setting ¢t = T gives A\;(3S(T) — p) = XBS(T). There are two

possible scenarios:

(i) If Ag = 0 then A\; = 0 but since Ag(7") = 0 this implies that the adjoint vector

is zero at t = T'. Therefore this scenario is not possible.

(ii) If Ao = 1 then A; < 0 (since S(T") < %) and this implies, by Equation (3.14),
that Ag > 0. Therefore, since Ag(T) = 0, it must be Ag(t) < 0 for all t < T.

But this contradicts the fact that v = 0 implies that A\g > 0.
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3.9.3 Details for Proof of Theorem 3.3

We now prove the claims on pages 55-55 that were used to prove Theorem 3.3.
Throughout this section the notation specified in Remark 3.3 will hold and the rela-

tions of PMP will be the ones given Section 3.7.

Claim 3.3.1. If u, is singular on some interval J then u; is not singular on J and

u; =0 on J.

Proof. Suppose u, is singular on some interval .J, then As = 0 and therefore Equation

(3.27) implies that A\; = A, Miul Now if A\, = 0 then \; = 0. Since Ag = 0 it must be

that A; = Ao+, and therefore \y = —\,. Furthermore, since T' € J (see Remark 3.5)

it must be that A, = 0 (because Ag(7") = 0) so the adjoint vector is identically zero on

J. Since this is not possible it must be that A, < 0 and therefore A\, < A, ufw = A7

so u; = 0. ]
Remark 3.5. If u, is singular then As = 0. The only way for wu, to change from
being singular to being nonsingular is if A; becomes nonconstant. But, by Equation
(3.28), if both Ag = 0 and A; = 0 then \; must remain zero. This implies that if u,

is singular on some maximal interval J then T € J.
Claim 3.3.2. If u; is singular on an interval J, then u, =0 on J.

Proof. If u; is singular on some interval J, then A; = 0 on J. This implies by Equation
(3.27), that either w, is singular or u, = 0 on J. Since by Claim 3.3.1, u; and wu,

cannot be singular at the same time, it must be that u, = 0 on J. O

Claim 3.3.3. When u; is singular, denote it by us. If u; has a singular component
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then u; has one of the following forms:

Umax Ug

Proof. Pick any 7 € J. Claim 3.3.3 follows directly from the following two observa-
tions. Firstly, notice that if u; is singular on some interval J then, by Equation (3.27),
As > 0 on J. This implies that u,(t) = 0 for all t > 7 and therefore, by Equation
(3.27), A;(t) = 0 for all t > 7. That is if u;, is singular on J then T' € .J. Secondly, by

Equation (3.27), A; > 0 (even when u; is not singular). O

Claim 3.3.4. If there exists a ty > 0 such that u; is constant for all t € (ts,T] then

Uy (t) = ui(t) for allt € (ts,T).

Proof. Once t > ts the mixed isolation-vaccination model becomes a vaccination only
model and therefore the optimal wu, is the optimal control for the vaccination only

model with parameters to = ts, Zmax = Zmax — ftos Uy STy u,)dt and i = p + w(T). O

Claim 3.3.5. If there exists a ts > 0 such that u,(t) = 0 for all t € (ts,T) then

w;(t) = ui(t) for all t € (ts, T).

Proof. Once t > t, the mixed isolation-vaccination model becomes an isolation only
model with parameters ty = t,, Wmax = Wmax — ftzs Uil {y, u,)dt and i = p. Therefore

the optimal u; is the optimal control for the isolation only model. O]
Claim 3.3.6. Let J be any maximal interval such that

(i) u; = Umax on J and
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(11) w; is nonsingular on J.
If T ¢ J then u, = Upax on J.

Proof. Conditions (i) and (ii) imply that A\;(t) < A, for all ¢ € J. Therefore, by
Equation (3.27), Ag(t) > 0 for all t € J. Therefore, while ¢ € .J, u, must have one of

the following forms:

umax

0 — 0.

Let t; € J. Suppose u,(t) = 0 for allt € J = {t |t > t; and t € J} then, by
Equation (3.27), A; = 0 on J. This implies that max{\;(t) | t € J} < A, since if
max{\;(t) | t € J} > A, either (i) or (ii) would be violated. But if max{\;(t) | t €
J} < Ay then either J is not maximal or 7' € .J. Since both of these possibilities lead

to a contradiction, the only possible form for w, is %, = tmayx on J. ]

Isolation Policy that Minimizes Average Number of Infectives

By introducing the variable m = t, the problem of minimizing the average number

S(T)—So

of infectives becomes the problem of finding the control u; that maximizes ==

subject to the constraints that 1(7") < 0.5 and w(T") < wyax. The following relations
are provided by PMP:

The Hamiltonian is

H(t) = BST(Ar — As) + O — Al — Appd + Ay = —Aj + Ay = 0, (3.40)

where the adjoint variables are defined by, Ag = —BI(Ar — As), A =0, A = 0 and



CHAPTER 3. OPTIMAL CONTROL WITH LIMITED RESOURCES 72

A1 = —BI(A\; — As) — (\w — A1) + Arpu. The transversality conditions are

A So— S(T
(A0 As(T), AL(T), Ay Am) = (/\O,EO,/\I(T),)\W/\O‘ : m2( )> ;

where A;(T'), A, < 0. The optimal control therefore satisfies

Umax, )‘w - )\I > 07
u;k = ?7 )\w - >\I = Oa

0, Aw — A7 < 0.

The first step is to show that the optimal control is strictly bang-bang. Suppose
u; is singular on an interval J, then A\, — A\; = 0 on J. This implies that )\1 =0on J.
By Equation (3.40), this implies that A,, = 0 which (by the transversality conditions)
implies that A\g = 0. Furthermore, since H = 0 and Am = 0 this implies that T" € J.
Substituting (Ao, Ag, A1, Aw, Am)|,—p = (0,0, Ay, Ay, 0) into H = 0 gives that A\, = 0
and therefore the optimal control must be strictly bang-bang (since the adjoint vector
must always be nonzero).

Since \,, > 0, Equation (3.40), implies that A; > 0 and therefore the switch
function is non-increasing. This implies that the optimal control is either u} = Uy ax,

*

U;

= 0 or u; switches once from uy.y to 0. To further constrain the form of the
optimal control, consider the case when A, = 0. Since A\;(T") < 0 and )\I > 0 it must
be that A;(t) < 0 for all ¢ < T and therefore SF(t) > 0. Therefore, if A, = 0 the
optimal control is to isolate with maximal effort for the entire epidemic.

Now consider the case when A\, < 0. If A\, < 0 then all of the control resources

are used and therefore the optimal control is to isolate with maximal effort until all

of the resources are used.
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Combining both cases, gives that the optimal control is to isolate with maximal

effort until either all of the resources are used or the epidemic is over.

3.10 Simulations for More Detailed Models

Here we consider two more detailed versions of model (3.1). The first version includes
more detailed isolation dynamics and allows for the possibility that isolated individ-
uals may still transmit infection. The more detailed isolation model is described by

the following set of equations:

S = —(BI+6,J)S —u,S,
I = (BI+8;0)S — (u+u)l,

J = wul —pl, (3.41)

where S, I and J are the numbers of susceptible, infected and isolated hosts, 3 is the
transmission constant for infected hosts, (3 is the transmission constant for isolated
hosts, i is the per capita loss rate of infected individuals through both mortality and
recovery, and wu; is the per capita rate of isolation.

Perhaps the most important result for the isolation model is that if there are not
enough resources to isolate for the entire outbreak then any isolation strategy that
uses the maximum amount of resources is optimal. Figure 3.3 suggests that this
result also holds for the more detailed isolation model. More specifically, if £ is
the number of individuals isolated when u; = upya.y, then Figure 3.3 suggests that
all isolation strategies that isolate E; < E} result in the same outbreak size. It is

important to emphasize that these results are only suggestive and that much more
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detailed analysis is required in order to make a stronger statement.
The second version includes more detailed vaccination dynamics and allows for the
possibility that vaccinated individuals may still contract infection. The more detailed

vaccination model is described by the following set of equations:

S = —(BI+B,1,)S — u,S,
Sv - qu - (1 - T)(ﬁ] + ﬂv[v)sm
I = (BI+B,0L,)S — (u+w)l,

Iy = (U= 1)@+ BL)Ss — (u+ui), (3.42)

where S and [ are the numbers of susceptible and infected hosts, S, and I, are the
numbers of vaccinated susceptible and vaccinated infected hosts, r represents the re-
duction in susceptibility of vaccinated individuals, 3 is the transmission constant for
infected hosts, (3, is the transmission constant for vaccinated infected hosts, p is the
per capita loss rate of infected individuals through both mortality and recovery, and
u, is the per capita rate of vaccination. Perhaps the most important result for the
vaccination model is that it is optimal to begin vaccination immediately and to vac-
cinate for the entire epidemic. Figure 3.4 suggests that this result also holds for the
more detailed vaccination model. More specifically, if E is the number of individuals
vaccinated when u, = unayx, then Figure 3.4 shows that vaccination strategies that
vaccinate the same number of individuals result in different outbreak sizes. Further-
more, of the strategies considered, it is always best to start vaccinating immediately
and to continue vaccinating for longer. It is important to emphasize that these results

are only suggestive and that much more detailed analysis is required in order to make
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Total Attack Rate for Detailed Isclation Model, umax=0'05
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Figure 3.3: Results suggesting that if there are not enough resources to isolate for
the entire outbreak then any isolation strategy that uses the maximum amount of
resources is optimal. Each panel corresponds to a different value of §;. The upper
left panel corresponds to §; = 0 and therefore corresponds to the situation when
isolation is completely effective. The bottom right panel corresponds to 3; = 0.750
and therefore corresponds to the situation when isolation is not very effective. E}
denotes the total number of isolated individuals when isolation starts immediately
and continues for the entire outbreak with maximal effort. Each panel shows the
attack rate as a function of total isolated (normalized by E}) and isolation start time.
Each point on the panels was generated by beginning isolation at the time indicated
on the horizontal axis and continuing to isolate with maximal effort until the number
isolated is the value indicated on the vertical axis. Once the total isolated has reached
the number indicated on the vertical axis, no more hosts are isolated. If the outbreak
ends before enough individuals have been isolated, the corresponding point on the
plot is colored red. Thus red areas on the panels should be ignored. All four panels
suggest that all isolation strategies that isolate £; < EY result in the same outbreak
size (ie., the shade of gray is constant for all isolation start times that correspond to
the same value of FE;). Parameters used are Sy = 100000, I, = 10, u = 3—2, 6= é’c%,
By = 0.80, Umax = 0.05.
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a stronger statement.



CHAPTER 3. OPTIMAL CONTROL WITH LIMITED RESOURCES 7

Total Attack Rate for Detailed Vaccination Model, umax=0'05
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Figure 3.4: Results suggesting that it is optimal to start vaccinating immediately and
to vaccinate for the entire outbreak.Each panel corresponds to a different value of r.
The upper left panel corresponds to r = 1 and therefore corresponds to the situation
when vaccination is completely effective. The bottom right panel corresponds to
r = 0.25 and therefore corresponds to the situation when vaccination is not very
effective. E denotes the total number of vaccinated individuals when vaccination
starts immediately and continues for the entire outbreak with maximal effort. Each
panel shows the attack rate as a function of total vaccinated (normalized by E)
and vaccination start time. Each point on the panel was generated by beginning
vaccination at the time indicated on the horizontal axis and continuing to vaccinate
with maximal effort until the number vaccinated is the value indicated on the vertical
axis. Once the total vaccinated has reached the number indicated on the vertical
axis, vaccination is stopped. If the outbreak ends before enough individuals have
been vaccinated, the point is colored red. Thus red areas on the panels should be
ignored. All four panels suggest that starting vaccination immediately is best (the
smaller the vaccination start time the smaller the attack rate, or in other words the
shade of gray lightens as we move from left to right). All four panels show that, of the
vaccination strategies represented on the panels, vaccinating for the entire outbreak
results in the lowest attack rate. For the bottom right panel, of the vaccination
strategies considered the only one that vaccinates £ individuals is the one that the
vaccinates for the entire outbreak. Therefore, the entire upper row (except the point
corresponding to a vaccination start time of ¢ = 0) is red. Parameters used are

So = 100000, Io = 10, = 55, B = 22, B, = 0.80, tmax = 0.05.



Chapter 4

Optimal Antiviral Treatment
Strategies and the Effects of

Resistance

4.1 Abstract

Recent pandemic planning has highlighted the importance of understanding the effect
that widespread antiviral use will have on the emergence and spread of resistance. A
number of recent studies have determined that, if resistance to antiviral medication
can evolve, then deploying treatment at a less than maximum rate often minimizes
the outbreak size. This finding, however, involves the assumption that treatment
levels remain constant during the entire outbreak.

Using optimal control theory, we address the question of optimal antiviral use by
considering a large class of time-varying treatment strategies. We prove that, contrary

to previous results, it is always optimal to treat at the maximum rate provided that
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this treatment occurs at the right time. In general the optimal strategy is to wait
some fixed amount of time and then to deploy treatment at the maximum rate for
the remainder of the outbreak. We derive analytical conditions that characterize
this optimal amount of delay. Our results show that it is optimal to start treatment
immediately when one of the following conditions holds: (i) immediate treatment
can prevent an outbreak; (ii) the initial pool of susceptibles is small; or (iii) when the
maximum possible rate of treatment is low, such that there is little de novo emergence
of resistant strains. Finally, we use numerical simulations to verify that the results

also hold under more general conditions.

4.2 Introduction

The current interest in influenza pandemics has emphasized the importance of un-
derstanding the implications of drug-resistance for different types of public health
interventions. Recent studies have considered the consequences of drug resistance
on the effectiveness of several intervention strategies, including drug prophylaxis and
treatment, vaccination, nondrug interventions, as well as combinations of interven-
tions and multi-drug therapy [5, 12, 14, 16-18, 20, 22, 28-30, 32, 33, 36, 38, 39, 43].
Many of these studies have revealed interesting and unexpected behaviour. In partic-
ular, numerous studies have now demonstrated that, with respect to drug treatments,
there is sometimes an intermediate optimal level of treatment that minimizes the total
outbreak size [22, 28, 32, 33, 36].

This result is somewhat counterintuitive, and arises from a trade-off between the
costs and benefits of treating infected individuals. In fact, treatment has three effects

on the total outbreak size: (i) treatment is beneficial because it suppresses the spread
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of the sensitive strain; (ii) treatment is costly because it leads to the de novo appear-
ance of resistant infections; and, (iii) treatment is costly because suppression of the
sensitive strain frees up susceptible hosts that can then be infected by the resistant
strain [28]. The treatment level that minimizes the total outbreak size should thus
strike the optimal balance among these three effects.

These findings clearly reveal that the prospect of pathogen evolution during a
disease outbreak can have a significant impact on the design of optimal intervention
strategies. Nevertheless, it is important to note that most of these results make a key
implicit assumption; namely that, whatever treatment level is chosen, it must remain
constant during the entire course of the outbreak. Interesting exceptions are the
studies by Moghadas et al. [32, 33|, where numerical examples are used to illustrate
that an even smaller total outbreak size can sometimes be obtained by switching from
one level of treatment to another once the outbreak is underway.

Given the above collection of results, it is clear that the optimal treatment strategy
during an outbreak is not yet completely understood. In this chapter we address this
issue through the use of optimal control theory [13, 26, 27, 35]. In particular, we
consider a model in which we allow for arbitrary, time-varying, treatment strategies
during an outbreak, and we derive analytical expressions that characterize the form of
the optimal strategy. We prove that, contrary to the implications of previous studies,
it is always optimal to use maximum treatment levels provided that this treatment
occurs at the right time. In general the optimal strategy is to wait some fixed period
of time once the outbreak has begun, and then to deploy treatment at a maximum
level. We show that the optimal delay is one that balances the above-mentioned costs

and benefits. Finally, we explore extensions of the model to more complex scenarios
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in order to illustrate the robustness of our conclusions.

The model, depicted in Figure 4.1 (Panel A), describes the basic transmission
dynamics of an infectious disease and includes the effects of treatment, as well as
the presence of a strain resistant to treatment. An individual can be susceptible (.5),
infected with a sensitive strain (7), infected with a sensitive strain and treated (7'),
or infected with a resistant strain (R). Susceptible individuals become infected with
the sensitive strain through contact with individuals in the I and T compartments
(with contact parameters (3, and [, respectively), and become infected with the
resistant strain through contact with individuals in the R compartment (with contact
parameter (3,,). Individuals infected with the sensitive strain can move into the treated
class at some (time-varying) per capita rate, u(t), where u is the treatment strategy of
interest. Treated individuals can develop resistance at some constant per capita rate,
v, and finally, individuals in each of the three infected classes can leave the system,
through either death or recovery with immunity, at constant per capita rates p,, f,,

and g, (also see Supplemental Information, Section 4.6.1).

4.3 Mathematical Model

The objective of the analysis is to determine the optimal time-varying treatment
strategy, u, that minimizes the total attack ratio (i.e., minimizes the attack ratio of

the sensitive strain plus the attack ratio of the resistant strain), given by

S(to) — S(ty)

A= S(to) 7
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Figure 4.1: Model structure. Panel A: Schematic for the treatment model that is
used to motivate model (4.1). An individual can be susceptible (.S), infected with a
sensitive strain (/), infected with a sensitive strain and treated (7), or infected with a
resistant strain (R). The dynamics of the treated class have been enclosed in dashed
boxes to emphasize the difference between this figure and the equations for model
(4.1). All analytic results are derived using model (4.1) which does not include the
dynamics of the treated class. Panel B: Schematic for the detailed model. Using
numerical simulations the analytic results for model (4.1) have been extended to this
more detailed model that includes the dynamics of the treated class.

which is equivalent to minimizing the total outbreak size (and to maximizing the
final number of susceptibles). The quantities ¢, and ¢, are the start and end times of
the outbreak respectively. We say that the outbreak has ended as soon as the total
number of all disease transmitting individuals is equal to 1. In other words, for the
model depicted in Figure 4.1 (Panel A), ¢, = min{t | I(t) + T'(t) + R(t) < 1}. By
defining ¢, in this way, we avoid the situation where an unrealistically small number
of infecteds (namely less than one infected) initiates an outbreak. The rationale for
this definition of ¢, is further detailed in the Supplemental Information, Section 4.6.2
and in [23].

The treatment level, u, can vary through time, and can take on any value from 0 to

some maximum value, u___ . The upper bound, u reflects the fact that, regardless

max ?

of how much we strive to increase the rate of treatment, it will typically be unavoidable

that infected individuals spend some amount of time circulating in the population
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before they are treated. This will occur due to constraints on treatment delivery (e.g.,
having a finite number of health professionals available to deliver treatment), as well
as constraints imposed by the biology of the disease (e.g., if there is an asymptomatic
stage).

The above model is qualitatively similar to those examined by [22, 28, 33, 36] but
we make a further pair of simplifying assumptions to facilitate mathematical analysis:
(i) that treatment is perfectly effective, meaning that essentially no transmission
occurs from treated individuals; and, (ii) that the time dynamics of the treated class
are fast relative to those of the other classes. In this case we can use the quasi-
equilibrium value of 7" to simplify the model (see Supplemental Information, Section
4.6.1). This simplification removes the highlighted elements of the flow diagram in

Figure 4.1 (Panel A), and yields the following equations:

S = —B,IS—j,.RS,
I = ﬂIIS_(IU“I—i_u)I?
R = B,RS — R+ kul,

(4.1)

where k denotes the probability that a treated individual develops resistance.
Although the above simplifying assumptions might not be particularly realistic
for many situations, our primary aim is to develop a broad conceptual understanding

of the optimal treatment strategy during an outbreak. Moreover, these assumptions
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do not appear to qualitatively alter the results, as evidenced by the numerical simu-
lations presented later. In fact, these simplifications primarily accentuate the three
key effects of treatment that were discussed in the introduction. First, model (4.1)
assumes that treatment completely suppresses the spread of the sensitive strain and
therefore it maximizes the first effect of treatment (i.e., the suppression of sensitive
infections). Second, model (4.1) assumes that, if de novo resistance appears at all,
it arises immediately upon treatment because the dynamics of the treated class are
assumed to be fast relative to the other classes. Third, model (4.1) also removes the
impact of treated individuals on the depletion of susceptible hosts, therefore maximiz-
ing the third effect of treatment (i.e., the freeing up of susceptible hosts for infection

by resistant strains).

4.4 Results

To facilitate the understanding of our results we first define some important quantities
and briefly describe some of the basic features of the optimal treatment strategy. We
then give a complete characterization of the optimal treatment strategy in two steps.
First, we consider a special case (Situation 1 below) in which we can use standard
techniques from calculus to gain an intuition for the results. Second, we characterize
the optimal treatment strategy in general (Situation 2 below). Analysis of the latter
case requires techniques from optimal control theory, and these details are presented
in the Supplemental Information (Section 4.6).

The optimal treatment strategy for model (4.1) is characterized by the following
three quantities:

. B S
(1) RI = t‘g(to) = SIO),
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.. Jé] S(t
(i) R, = 325(t,) = %, and

(if) Ry = (i + SR ) S(1,).

Hr FUmax Hp Ky FTUmax

Here, R, and R, are the basic reproduction numbers of the sensitive and resistant
strain, respectively [7, 15, 25]. The quantities S, = ;—j and S, = Z—i represent thresh-
old parameters, and denote the number of susceptibles above which a sensitive and
resistant outbreak can occur, respectively. To understand the constant Iz, consider
the possible paths that a new sensitive infection can take. If the population is receiv-
ing treatment (i.e., u # 0), then an initially sensitive infection may develop resistance
and so some initially sensitive infections will generate both sensitive and resistant
infections during their lifetime. The constant R,, can be interpreted as the total
expected number of secondary infections (both sensitive and resistant) caused by an
individual initially infected with the sensitive strain, in a wholly susceptible popula-
tion that is receiving maximum treatment (i.e., u = upax). Specifically, the first term
represents the number of infections generated while infected with the sensitive strain,
and the second term represents the probability of developing resistance, multiplied by
the number of infections generated while infected with this newly evolved resistant
strain.

A few more general observations will be helpful before stating the results. First,

R,, can be expressed as R,, = R,(1 — x) + xsR,, where y = —m=— s the

IR (/»L[ +umax )

probability of an infected individual receiving treatment when the treatment effort
is w = u,, . This expresses R,, as a mixture of the two reproduction numbers, R,
and R,. Second, because the number of susceptibles always decreases through time,
it is sometimes easier to express the optimal treatment strategy as a function of the

size of the susceptible pool rather than as a function of time per se. This is also
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more useful from a health policy point of view because “number of susceptibles” is a
much more meaningful (and more easily measured) quantity than “time since start of
outbreak”. Thus, although in the sequel we will discuss “treatment start time” and
“delay”, these will sometimes be measured in terms of the corresponding number of

susceptible individuals. For reference all symbols have been defined in Table 4.1.

4.4.1 The Optimal Treatment Strategy

The optimal treatment strategy is to delay treatment until some fized time 7 (possibly
" =t,) and then to treat mazimally for the remainder of the epidemic. Thus, higher
treatment levels are always better provided that the onset of treatment is delayed by

the optimal amount.

4.4.2 The Optimal Amount of Delay

To simplify the conditions for the optimal delay, suppose that R, > R, (the resistant
strain suffers a fitness cost in the absence of treatment) and x < 1 (not all treated
infections develop resistance; the complete analysis is presented in the Supplemental
Information, Section 4.6.4). In this case, the optimal delay can be characterized in
terms of a critical number of susceptible hosts, defined by

S =5+

min

K
E(SR -5,

The optimal delay is achieved by balancing the effect that delay has on the sensi-
tive and resistant outbreaks, and this is best understood by considering two separate
— 00), and (ii) the

situations: (i) the maximum treatment level is very large (u

max
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maximum treatment level is not very large (u, . is finite).

Situation 1: If the maximum treatment level is very large, then some insight into
the optimal treatment strategy can be gained using basic calculus. In particular,
if the maximum level of treatment is used then the onset of treatment effectively
ends the sensitive epidemic and initiates the start of the resistant epidemic. This is
because at the onset of treatment all sensitive-infected individuals either enter the
removed compartment (i.e., they are treated and no longer transmitting the infection)
or the resistant compartment (i.e., treatment causes them to immediately develop

resistance). Therefore, before treatment begins model (4.1) simplifies to,

S = —B3/18,

with initial conditions (S(to), I(fp)). Once treatment begins at time ¢ = 7 all of the
sensitive-infected individuals either (i) immediately become resistant or (ii) immedi-

ately stop transmitting the infection. Thus for ¢ > 7 model (4.1) simplifies to,

S = —OrRS,

R = PrRS — ugR, (4.3)

with (S(7), R(7)) = (S(7),kI(7)). Hence, in this special case, determining the op-
timal treatment strategy amounts to determining the optimal time to switch from

model (4.2) to model (4.3).
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Integrating and rearranging the equations for model (4.2) and model (4.3) gives

(see Supplemental Information, Section 4.6.3 for details):

SrInS(ty) — S(ty) = (1 — k) (SminlnS(r) — S(r)) + C (4.4)

where C' = k(5,InS; — S, — I,) + R(t,). Now since, by definition, the outbreak ends
as soon as the total number of infecteds is less than or equal to 1 there are two
possibilities with respect to the optimal delay:

(A) Treating immediately can prevent the outbreak: If kI(t,) < 1 then starting
treatment at ¢, prevents the outbreak (i.e., R(7) = skI(7) < 1). Clearly, this is the
best possible scenario, and therefore 7 = ¢,. Notice that this situation is closely
related to the idea of “containment” discussed in [28].

(B) Treating immediately cannot prevent the outbreak: If the outbreak cannot be
prevented through treatment, then any treatment strategy will result in S(¢ f) <S,
(i.e., the outbreak will not end until the pool of susceptibles is diminished below that
necessary to sustain an resistant outbreak). Therefore the treatment start time that
maximizes the left-hand side of Equation (4.4) will also maximize S(¢¢) (and hence
minimize the total attack ratio). In other words it is optimal to delay treatment
until the number of susceptible hosts has declined to S(7*) = S, . If the initial
number of susceptible hosts is smaller than this threshold, then treatment should
begin immediately.

Situation 2: If the maximum treatment level is bounded, then there will be some
temporal overlap in the sensitive and resistant epidemics once treatment has been
initiated. In this situation, Pontryagin’s Maximum Principle can be used to determine

the optimal (time-varying) treatment strategy (see Supplemental Information, Section



CHAPTER 4. OPTIMAL TREATMENT & RESISTANCE 89

4.6.4 for details). There are, again, two possibilities with respect to the optimal delay:

(A") Treating immediately can prevent the outbreak: If starting treatment at ¢,
prevents the outbreak from occurring then this is clearly the best possible scenario
and so 7* = t,. As with Situation 1, this situation is closely related to the idea of
“containment” discussed in [28] and is contingent on how ¢, is defined (i.e., for model
(4.1) we have that ¢, = min{t | I() + R(t) < 1}).

(B") Treating immediately cannot prevent the outbreak: If scenario (A’) does not
hold then it may be optimal to delay the onset of treatment. In particular the

threshold number of susceptibles S

min

now provides an upper bound on the optimal
delay. Thus, if the initial number of susceptible hosts is smaller than this threshold,
then treatment should begin immediately. On the other hand, if S(¢,) is initially
larger than S, , then the optimal delay is no larger than the time it takes for the
number of susceptible hosts to decline to S_. . There is one other possibility, however,
that overrides these conditions: if R,, > R, then it is optimal to start treatment
immediately.

Note that there are two major differences between the results for Situation 1 and
Situation 2. First, when maximum treatment levels are bounded (Situation 2) the
critical threshold, S_. , provides only an upper bound for the optimal delay. Second,
in Situation 2 there is an additional condition under which immediate treatment is
optimal; namely, when R;r > Rg. Intuitively, if de novo resistance has a negligible
effect on the outbreak then it seems reasonable that treatment should proceed as

though there is no de novo resistance. The condition that treatment should begin

immediately if R;gr > Rg actually highlights this intuition and emphasizes that the
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quantity that measures the effect of de novo resistance is the rate of de novo resis-
tance (kul) and not the probability of de novo resistance (k). This can be seen by
rearranging R;r > Rpr and multiplying both sides by xI to produce a relationship

involving the rate of de novo resistance:

Klmaxd < " (@ — &) Orl. (4.5)

1—x

Hence, if the rate of de novo resistance is small then treatment should proceed as
though there is only a treatment-sensitive strain (i.e., if equation (4.5) holds then

treatment should start immediately).

4.4.3 Interpretation

We have shown that, for a simple model that includes the evolution of resistance,
the optimal treatment strategy is to delay treatment for a specific amount of time
(possibly no time) and then to treat with maximum effort for the remainder of the
epidemic. If an outbreak is unavoidable, the optimal amount of delay is determined
by balancing the benefits and costs of delay, and this trade-off can be best understood
by again considering the case when the maximum treatment level is very large.
When the maximum treatment level is very large (i.e., Situation 1), the marginal
change in the attack ratio that comes from increasing the amount of delay before

treatment is (see Supplemental Information, Section 4.6.3 for details)
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dA  dA; | dAg

D (46)
d [(S(te)—S(m)\ d [S(r)—S(t)

T oadr ( S(to) ) T ( S(to) : ) 7 (47)

= oS, = S5(7)] — axlS, = 5(7)], (4.8)

where A, A;, Ar denote the total, sensitive and resistant attack ratios respectively,

S(ty)B;1(7)
S(to)(sR_S(tf))

Equation (4.6) emphasizes that the total attack ratio can be decomposed into a

T is the treatment start time, and a = > 0.

sensitive attack ratio and a resistant attack ratio. Furthermore, since for Situation
1 the sensitive and resistant outbreaks are temporally separated (because the resis-
tant strain emerges only after treatment begins) the sensitive attack ratio includes
all new infections that occur before the treatment start time 7 and the resistant at-
tack ratio includes all new infections that occur after the treatment start time 7 (see
Equation (4.7)). The two terms in Equation (4.8) represent the benefit and cost of
delay, respectively. The first term represents the benefit of a delay that comes from
a reduction in the size of the susceptible pool at the start of the resistant-strain epi-
demic. From the perspective of this benefit term only, it is best to delay treatment
until S(7) = S,,, at which point there are no longer enough susceptible individuals to
sustain a resistant outbreak. The second term represents the cost of delay that comes
from an increase in the number of de novo resistant infections once treatment begins.
From the perspective of this cost term only, it is best to treat immediately because
waiting longer results in a larger pool of infected individuals which then have the po-

tential to develop de novo resistance once treatment begins. The optimal amount of
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Figure 4.2: Effect of treatment start time on total attack rate (Situation
1.B). The vertical lines indicate the optimal treatment start time 7* for a large
(solid line), an intermediate x (dashed line) and a small k (dot-dashed line). Panel
A: The final number of susceptibles as a function of treatment start time for a large
k (solid curve), an intermediate x (dashed curve) and a small x (dot-dashed curve).
Panel B: The number of sensitive-infections as a function of treatment start time,
7. The total attack rate is decreased by decreasing the number of sensitive infections
at the treatment start time (/(7)) and by decreasing the number of susceptibles
at the treatment start time (S(7)) (Equation (4.8)). As s increases the effect of
decreasing I(7) becomes more important than decreasing S(7), therefore 7* decreases
as k increases (from left to right the order of the vertical lines is solid, dashed, dot-
dashed). Panel C: The number of susceptibles as a function of treatment start
time. As k increases S(7*) increases. Also, the points S = S, are indicated by

‘circle” markers and coincide with S(7*). Parameters are R, = 1.6, R, = 0.8R, and

MIZ/LR::;_{%'
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delay precisely balances these two effects, and this can be readily interpreted graph-
ically. Figure 4.2 (Panel A) shows the final number of susceptibles as a function of
treatment start time for different values of k. As k increases the importance of the
second term in Equation (4.8) increases and correspondingly the number of infecteds
at the optimal treatment start time decreases (Figure 4.2, Panel B) while the number

of susceptibles at the optimal treatment start time increases (Figure 4.2, Panel C).

4.4.4 Numerical Results for More Detailed Models

Although the analytic expressions presented above are derived using a simple model,
numerical simulations suggest that these results hold more generally. To illustrate
this, we use numerical simulations to compare the relationship between treatment
start time and attack ratio for our simple model and for the more detailed model
in [28]. Figure 4.1 (Panel B) depicts the treatment model used in [28] and the cor-
responding system equations are provided in the Supplemental Information, Section
4.6.5.

To begin, numerical results show that both models exhibit two key features : (i) if
the treatment level is constrained to be constant throughout the entire epidemic (as
has been the case in most previously published analyses) then there is an intermediate
optimal level of treatment; and (ii) if treatment is delayed the appropriate amount,
then maximum treatment is always optimal (see Figures 4.4 and 4.5 in Supplemental
Information, Section 4.6.5). The fact that delaying treatment can be better than con-
stant treatment in both models explains why [22, 28, 33, 36] observed an intermediate
optimal constant treatment level.

A comparison of the panels of Figure 4.3 shows that the general relationship
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Figure 4.3: Total attack ratio versus treatment level and number of sus-
ceptibles at treatment start time (normalized by S(¢,)). The white dashed
curves show the number of susceptibles at the optimal treatment start time provided
a resistant epidemic occurs. The white dashed horizontal lines indicates the num-
ber of susceptibles at the optimal treatment start time when the maximum possible
treatment level is very large (i.e., when uy,.y is unbounded for the simple model and
when fr =1 for the detailed model). The white dashed horizontal lines in Panels A
and B were computed analytically all other curves were computed numerically. It is
important to emphasize that this figure was generated by assuming that an outbreak
occurs. Indeed, for this specific choice of parameters, Figure 4.6 of the Supplemental
Information, Section 4.6.5 illustrates that for w_ > 0.25 and f, > 0.8 treating im-
mediately will prevent an outbreak and so treating immediately is optimal. Panel
A: Figure produced using simple model. Panel B: Magnified version of panel A.
Panel C: Figure produced using detailed model. Parameters are Rr = 0.9R;, uy =
pr = pr = 1/3.3, k = 0.0066, f, = 0.002.
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between the treatment level, the attack ratio, and the number of susceptible hosts at
the start of treatment, is qualitatively similar for both models. Furthermore, Figure
4.3 (Panel A) shows that for the simple model, if an outbreak occurs, then S(7%)

approaches S_,

n

as the treatment level increases (i.e., the solid red curve approaches
the horizontal dashed line). In other words, the optimal solution for the case when
u,,,. is very large provides a bound for the case when u_,_is finite. A similar statement

is true for the more detailed model. In the more detailed model f; denotes the fraction

of infections that are treated and so f,. = 1 is analogous to u,,, being unbounded (i.e.,

a:

all infected individuals are treated). Using S_. _ to denote the number of susceptibles

at the optimal treatment start time when fr = 1, Figure 4.3 (Panel C) shows that,
for the detailed model, S(7*) decreases as the treatment level increases, with S
providing a bound for all other values of f,.

Both models also demonstrate that it is possible to avoid an outbreak by starting
treatment immediately at sufficiently high treatment levels (see Figure 3 in Supple-
mental Information, Section 4.6.5). Furthermore, if the initial pool of susceptibles is
small enough then it is always best to start treatment immediately (see Figure 4.7
in Supplemental Information, Section 4.6.5). For the simple model, ‘small enough’ is

measured relative to the number of susceptibles at the optimal treatment start time

when u___is unbounded. Namely, if S(t,) < S

min

then 7" = t,. Similarly for the more
detailed model, Figure 4.7 (Panel B) in the Supplemental Information, Section 4.6.5
suggests that if S(¢,) < S, .. then again it is optimal to start treatment immediately.

Finally, recall that for the simple model, if R,, > R, then it is optimal to start
treatment immediately. Using the biological interpretation of R;r, namely that R;p is

the expected total number of infections caused by an individual initially infected with
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the treatment-sensitive strain, we can define an analogous quantity for the detailed
model (see Supplemental Information, Section 4.6.5 for details). Figure 4.8 and Figure
4.9 in Section 4.6.5 shows that the relationship between Rg, R;r and the optimal
treatment start time is similar for both the simple and detailed models. This result
is particularly interesting because it emphasizes that (i) using a simple model can
highlight relationships in more detailed models that may otherwise be undetected
and (ii) the quantity R,, is of general importance and not just an artifact of our

simple model.
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4.5 Discussion

Perhaps the most salient feature of previous analyses is that the best treatment some-
how balances the effects of the sensitive and resistant epidemics. This trade-off, which
is very clearly explained in the discussion found in [28], is also highlighted in our
model. The difference is in the way this trade-off is resolved. In [28] this trade-off is
used to explain why an intermediate level of constant treatment is better than a high
level of constant treatment. Conversely, we have shown that the optimal treatment
balances this trade-off by delaying the onset of treatment instead of capping the max-
imum level of treatment. By allowing the treatment strategy to vary in time, we have
shown that higher levels of treatment are always better, provided they are started
at the appropriate time. Furthermore, when the maximum possible treatment level
is very large, our analysis shows that the optimal treatment strategy is the one that
switches from a sensitive outbreak to a resistant outbreak precisely when the number
of susceptible hosts has decreased to the value given by Spin.

We have examined two types of models, a simple model that does not explicitly in-
clude the dynamics of the treatment class and a more detailed model that does include
treatment dynamics. For the simple model we showed, using analytic calculations,
that the optimal treatment strategy is “off-on” (i.e., delay treatment for a certain
amount of time -possibly no time- and then treat maximally for the remainder of the
outbreak). It is important to emphasize that for model (4.1) this “off-on” strategy is
indeed optimal in the sense that any other, more complicated, strategy that involves
intermediate levels of treatment will not result in a lower attack ratio. Conversely,
for the more detailed model we have only shown (via numerical simulations) that

an “off-on” strategy can outperform a “constant” strategy. Thus, although it seems
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likely that the “off-on” strategy is optimal for the more detailed model as well it re-
mains an open problem to explicitly prove that this is indeed the case. Furthermore,
although an “off-on” strategy can be better than a “constant” strategy, policy makers
still face the ethical dilemma of choosing between the rights of individuals to receive
treatment and the benefit to the population of delaying treatment.

Given the ethical problems associated with implementing the optimal treatment
strategy when it involves a delay, it is useful to clearly delineate the conditions under
which implementing treatment immediately is actually optimal. It is always opti-
mal to start treatment immediately if one of three conditions holds: (i) immediate
treatment can prevent an outbreak; (ii) the initial pool of susceptibles is small (i.e.,
S(t,) < S, for the simple model and S(t,) < S, . for the detailed model); or (iii)
the rate of de novo resistance is small (i.e., R,, > R,). Each of these three situations
have relevance to public health policy.

Condition (i) underscores that our focus has been to minimize the total outbreak
size and so in this context preventing an outbreak is the best possible outcome. This
outcome however, may not be desirable if there is a high probability of a second
epidemic occurring at a later time. For example, although treating immediately at a
very high level may minimize the total attack ratio, this will result in S(¢,) > S, >
S,. As a result, the population will be susceptible to future sensitive and resistant
outbreaks. Alternatively, if a treatment strategy is chosen to ensure that a resistant
epidemic occurs, then the final number of susceptibles will be small enough to prevent
future resistant outbreaks (and the severity of a possible future sensitive outbreak
will be significantly decreased). These issues are discussed in [8] in the context of a

single-strain epidemic. Interestingly, if delay is optimal then, up to a point, increasing
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Umax Will increase the optimal amount of delay. However, if u,.. can be increased
sufficiently then treating immediately will effectively prevent the outbreak, and this
then becomes the optimal strategy. If this can occur then policy makers will have
to balance the benefits of treating immediately (and therefore preventing the current
outbreak) with the benefits of delaying treatment (and perhaps minimizing the effects
of a second outbreak).

Condition (ii) highlights that the optimal treatment strategy depends on the size
of the target community. Essentially, if a community is small enough then treatment
should start immediately. This observation leads to an interesting hypothesis for
combined vaccination-treatment policies. Namely, since vaccination decreases the
susceptible population, low vaccination levels make it more likely that treatment
should be delayed. This proposed relationship is surprising since, naively, it seems
reasonable to expect that if fewer individuals are vaccinated then it would be better
to start treatment early in order to reduce spread. Nevertheless our results suggest
that this intuition is, in fact, incorrect.

Condition (iii) emphasizes that if the probability of receiving treatment is low,
then it is more likely that treatment should start immediately. More concretely, by
expressing R, as a linear combination of the two reproduction numbers R, and R,

we can rewrite 2, > R, as

R, 1-kx

R, 1—x
Therefore, if 11;_1 > ﬂ:ﬂ it is optimal to start treatment immediately and if g—’ < Loax
R X R 1-x

then it may be best to delay treatment. For any specific values of R,, R, and xk we
see that as the probability of treating an infected individual, y, decreases, it becomes

more likely that starting treatment immediately is best. Intuitively this guideline
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makes sense since if treatment is unlikely to reach many infected individuals then it
makes sense to start administering treatment as soon as possible in order to reach
more individuals.

Since multiple intervention measures are often used to control a disease, an im-
portant next step is to consider a model that includes other intervention measures, in
addition to treatment [16, 17, 20, 29]. Some models similar to our model that have
included multi-intervention strategies are the treatment-vaccination models in [18, 36]
and the treatment-prophylaxis model in [28]. Interestingly, a number of studies that
consider multi-intervention strategies also exhibit optimal constant intervention lev-
els. This suggests that considering multi-intervention strategies that vary in time

may be very informative as well.

4.6 Supplemental Information

4.6.1 Construction of the Simplified Model

The model depicted in Figure 4.1 is described by the following system of equations:

S = —(BiI+ BT + BrR)S,
[ = (B +BrT)S — (s +u)l,
T = ul — (ur+v)T,

R = [grRS+vT — ugR. (4.9)

To facilitate mathematical analysis we make two assumptions. The first assumption is

that treatment is perfectly effective, meaning that essentially no transmission occurs
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from treated individuals. Under this assumption model (4.9) becomes,

S = —(BiI + BrR)S,
I = BiIS— (ur+u)l,
T = ul — (ur+v)T,

R = BrRS+vT — ugR. (4.10)

The second assumption is that the dynamics of the treated class are very fast relative

to the other classes. With this assumption, 7 ~ 0 for all ¢. In this case, T(t) ~ u)It)

pr+v
and so model (4.10) can be simplified to
§ = —(Bil+BrR)S,
I = BiIS — (g +u)l,
R = BrRS + rkul — ugR, (4.11)

|14
v+pr

where kK = In other words, with these assumptions, we are effectively assuming
that treatment causes one of two things to happen instantaneously: (i) the treated
individual is removed from the infectious population with probability (1 — ) or (ii)

the treated individual develops resistance with probability .

For model (4.11)

/ " B11S + BrRSdt = S(te) — S(t,)

and therefore minimizing the total attack ratio is equivalent to minimizing the total

outbreak size which is equivalent to maximizing the final number of susceptibles
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(assuming that S(ty) is fixed).

An interesting observation from model (4.11) is that the number of susceptibles is
a strictly decreasing function of time. This suggests that either “the current number
of susceptibles” or “the current time” can be used to track the current state of an
outbreak. So for example if we introduce a new variable y = —S then % = (81 +

BrR)S and model (4.11) can be written equivalently as:

S = -1,
I- BrlS — (u;—i—u)[
(61l + BrR)S
- PrBS+ rkul —prR
= (6] + BrR)S (4.12)

where a “dot” means differentiation with respect to y. In Section 4.6.4 we will use
the equations in (4.12) instead of the equations in (4.11) to solve for the optimal
treatment strategy. Although both sets of equations are equivalent, when we apply
Pontryagin’s Maximum Principle the equations in (4.12) lead to simpler expressions
and thus we are able to proceed further analytically. Although y is not in fact a
“time” variable we can treat it as a “time” variable because it is a strictly increasing
function of time. For simplicity, in Section 4.6.4 we will refer to y as time and use

the symbol ¢ instead of y.

4.6.2 Definition of the End of the Outbreak

The end of the epidemic in models such as system (4.11) is not well defined, because
the number of infected individuals approaches zero asymptotically as time increases

to infinity. As a result, it is not immediately clear how best to choose t;. The three
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most natural choices are
(i) ty = oo,
(i) tf = tmax, Where tn,y is a sufficiently large constant, and

(iii) ¢ty = inf{t | I(t) + R(t) = r}, where r is some constant chosen to indicate the

end of the epidemic.

A desirable property of the definition of “end of an outbreak” is that it is consistent
across analysis of different models and varying parameter values. A problem with
method (i) is that we can not use it for numerical analysis because numerical simula-
tions are, by necessity, finite in duration. A problem with method (ii) is that it is not
clear how large t,,., needs to be in order to coincide with a reasonable interpretation
of “the end of the epidemic”. Furthermore, how large t,,., needs to be will be different
for different treatment strategies and different parameter values. On the other hand,
method (iii) is consistent across analysis of different models and parameter values
and additionally agrees with intuition since it says that an outbreak is over once the

number of infectious individuals (of all types) is less than a predefined small number.

4.6.3 Analysis for Situation 1
Optimal Treatment Strategy when upyax — 00

In the limit that uya, — 00, model (4.11) is essentially the combination of the systems,

S = _51-[57

I = BiIS— pyl, (4.13)



CHAPTER 4. OPTIMAL TREATMENT & RESISTANCE 104

with (S(to), ](to)) = (So, I()) and

S = —OrRS,

R = frRS — ugrR, (4.14)

with (S(7), R(7)) = (S(7),kI(7)). In short, when ., — 00, determining the opti-
mal treatment strategy becomes the problem of deciding when to switch from model
(4.13) to model (4.14).

Integrating and rearranging the Equations in (4.13) gives

SIIHS(T) — S(T) = SIIHSO — SO — [0 + I(T) (415)

Integrating and rearranging the Equations in (4.14) gives

SrInS(t;) — S(t;) = SglnS(7) — S(r) — R(7) + R(t;). (4.16)

Noting that R(7) = xI(7) and substituting Equation (4.15) into Equation (4.16) gives

SrInS(ty) — S(ty) = (Sg — kSr)InS(7) — (1 — K)S(1) + C, (4.17)

where C' = k(S;InSy — Sy — Ip) + R(t).

Situation 1.A: If a resistant outbreak occurs then the number of resistant in-
dividuals will increase until S = Sgi. Therefore, if a treatment start time results in
S(ts) > Sg then starting treatment at this time prevents the resistant outbreak from

occurring. If a resistant outbreak is avoided then this implies that starting treatment
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immediately ends the outbreak (7 = ¢;). This implies that, kI(7) = &l(ty) < r
and S(7) = S(ts). Therefore, since we want to maximize S(ts) if treatment can pre-
vent the resistant outbreak then it is best to treat immediately. This corresponds to
Situation 1.A of the main text.

Situation 1.B: If on the other hand treating immediately cannot prevent the
resistant outbreak then starting treatment at any time will results in S(tf) < Sk.
In this case the treatment start time that maximizes the S(¢;) also maximizes the
right-hand side of Equation (4.17). (This is because SglnS(t;) — S(ty) is a convex
down function of S(t;) with a maximum at S(ty) = Sg.)

There are two cases:

(i) k < 1: In this case Equation (4.17) simplifies to

SrInS(tf) — S(ty) = (1 — K)(SmnlnS(r) — S(7)) + C,

where C' is a constant (since R(ty) = r). Therefore the optimal treatment start
time 7* is defined by
S(7*) = min{Sy, Smin } -

This corresponds to Situation 1.B of the main text.

(ii) & = 1: In this case Equation (4.17) becomes,

SRIHS(tf) — S(tf) = (SR — S])lnS(T) + C.

Therefore,

(a) if Sgp — Sr > 0 then treatment should start immediately,
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(b) if Sg —S; = 0 then treatment can start at any time, and

(c) if Sg — S < 0 then it is optimal to never treat.

Derivation of Equation (4.8) in Main Text

If A denotes the total attack ratio, A; denotes the sensitive attack ratio and Ag

denotes the resistant attack ratio then,

dA dA; dAg
ar  dr o dr
iSO_S(T) +iS(T)—S(tf)
dr So dr So ’
B 1 |:dS(T> B dS(r) n dS(tf)}

_So dr dr dr
10S(r) [9S(r) 8S(r) 0S(t;). 0S(t;) I,
= 5 or [35(7)_(05(T>_ 350t ar asey|0 41
. 85(7) 8A[ 8143 8143 8[7-
- Tor {85(7’) WECRET 35(7)1' (4.19)

The three effects of treatment are very clearly delineated by Equations (4.18) and
(4.19). First, treatment is beneficial because it suppresses the spread of the sensitive
strain. Correspondingly the first term is positive and indicates that increasing delay
increases the sensitive attack ratio. If the aim is to suppress the sensitive strain
then it is best to start treatment immediately. Second, treatment is detrimental
because suppressing the sensitive strain leaves a larger pool of susceptible hosts for
the resistant strain. Correspondingly the second term is negative and indicates that
increasing delay decreases the resistant attack ratio. If the aim is to decrease the
susceptible pool for the resistant outbreak then it is best to delay treatment. Third,

treatment is detrimental because it leads to the de novo appearance of resistant
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infections. Correspondingly the third term is positive and indicates that increasing
delay increases the resistant attack ratio. If the aim is to decrease the amount of de
novo resistance then it is best to treat immediately.

To derive Equation (4.8) in the main text it only remains to compute %i((tf)) and

0S(ty) dI(T)
oI(t) dS(r)

S(ts), then by Equation (4.16) we have,

and substitute these expressions into Equation (4.18). Let G = SglnS(ty)—

G = SRIDS(tf) — S(tf) = SRIDS(T) — S(T) — H](T) + R(tf). (420)
Therefore,
oG 0G 09S(ty)
oS(t) — 9S(ty) 9S(r)’
S Sr_ 0S(ty)
s T Sy Vast) 2
Sr _
Rearranging Equation (4.21), we have %z((tf)) = ?;) = Similarly,
S
oG 0G 0S(ty)
oI(t) — 0S(ty) oI(t)’
_ Sk - 65(%‘)
kK = (S(tf) 1) () (4.22)

Rearranging Equation (4.22), we have 8;;((?)) = sf;j - Finally, by Equation (4.15)
‘s

we have,

(4.23)
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Substituting these expressions into Equation (4.18) gives

% = a[Sg — S(7)] — ar[S; — S(7)], (4.24)

S(tf)Bri(r)

S)(S=50,)) > 0. Equation (4.24) summarizes the three effects of treat-

where a =
ment in terms of (i) the effect of changing the size of the susceptible pool for the
resistant strain (i.e., the first two terms in Equation (4.19) combine to form the first

term Equation (4.24)) and (ii) the effect of changing the amount of de novo resistance

(i.e., the third term in Equation (4.19) becomes the second term in Equation (4.24)).

4.6.4 Analysis for Situation 2
Basic Form of the Optimal Treatment Strategy

In this section we use Pontryagin’s Maximum Principle (PMP) to solve the following

problem:

Problem 4.1. Determine the treatment strategy u for model (4.12) that minimizes

the total attack ratio
S(to) — S(ty)
S(to)

subject to S(ty) = So, I(to) = Iy > 1, R(ty) = 0, t; = min{t|I(t) + R(t) < 1} and
u(t) € [0, uUmax) for allt € [to,tf]. Notice that since S(to) is fived, minimizing the total

attack ratio is equivalent to maximizing the final number of susceptibles S(ty).

Our discussion of PMP is non-technical and limited to the context of Problem 4.1. For
example, among other things, we omit details regarding the smoothness properties of

certain functions. Additionally we do not show how to prove that an optimal control
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actually exists (although this can be done with a straightforward application of an
existance theorem found in [19]). For a more comprehensive discussion of PMP see
[13, 26, 27, 35].

We begin by defining a number of functions. First, we define a function H (called
the Hamiltonian):

H = \gS + M\ + \gR.

The definition of the Hamiltonian involves the (still undefined) functions Ag, A;, and
Ar (called the adjoint functions). The adjoint functions are defined by the following

set of differential equations

: OH
Ne = =

S 857
. OH
oS T
. OH
A o= —22
R aR?

(4.25)

and endpoint conditions: (As(tf), Ar(ts), Ar(ty)) = (Mo, ¢, q) where g and ¢ are con-

stants, ¢ < 0 and )\ is equal to either 0 or 1. Furthermore, the vector

—

A= (Ao, As (), Ar(t), Ar(t))

is nonzero for all t € [to, t¢].
An essential element of any control problem is that by changing the input (or
control) we are able to change the output. So in the context of model (4.12) by

changing the treatment strategy u we are able to change the states ¥ = (5,1, R)
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and thus change the course of the outbreak. Similarly, the Hamiltonian and the
adjoint functions are also affected by the treatment strategy (i.e., they depend on
u). Suppose an optimal treatment strategy u* exists. Then let 7* = (5* I*, R*) |
X = (Ao, NG, A5, Ay and H* = H(X*, 7*,u*) be the states, the adjoint functions and
the Hamiltonian that result from using the optimal treatment strategy.

Up to this point we have just defined a number of functions that satisfy certain
properties. The key result of the PMP is that if an optimal treatment strategy exists
then that treatment strategy maximizes the Hamiltonain. Furthermore, PMP states

that because the specific value of t; is not fixed, the Hamiltonian is equal to zero.

More concretely,
0= H(X (1), 3 (£), u"(8)) = SUpcppuy HOC (1), 7 (2), 2) (4.26)

for almost all ¢ € [to,t/].

We will now use the equations for model (4.12) to examine the consequences of
relation (4.26) and see how it can be used to characterize the form of the optimal
treatment strategy.

Using the equations for model (4.12) the Hamiltian can be expressed as

X ﬂ[SI)\] + ﬁRSR)\R — )\[[L[[ — )\RH'RR + ()\RI{ — /\[)UI .

H=—)\g Gl + S =0, (4.27)

where the adjoint vector X = (Ao, As, A1, Ag) satisfies the following set of differential
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equations

)"0 - Oa

/-\ _ —A[M][—AR,URR—F ()\RKJ—)\])U[
° (Bl + BrR7)S? 7

' u B10rI

Ar = | (S = Sr)(Ar — Ar) + A1(Sr — S1) + (Ark — A1) — (4.28
R (( r)(Ar = Ar) + Ar(Sr — S1) + (Ar 1)51) (Bl + BuR)S )
A = —AR? (4.29)

Furthermore, notice that since H = 0 and X(tf) # 0 it must be that ¢ is strictly

negative and so the endpoint conditions for the adjoint functions are

(Ao, As(ty), Ar(ts), Ar(ts)) = (Mo, Aoy ¢, q)

where )\ is either 0 or 1 and ¢ < 0.

Now because the Hamiltonian is a linear function of u (see Equation (4.27)) and
the optimal treatment strategy maximizes the Hamiltonian (see relation (4.26)) we
see that the optimal treatment strategy is determined by the sign of %—Ij. Namely
if %—Z > 0 then larger values of u result in larger values of H and hence u = Upax

maximizes H. On the other hand if %_13 < 0 then smaller values of u result in larger

values of H and hence v = 0 maximizes H. Now since, %—5 = % the sign of
%—f is the same as the sign of (Agx — A;). Therefore, the optimal treatment strategy
satisfies

Umax 1f Apk — Af >0
ut = ? if}\Rlﬁ—A[:O

0 if A\gk — A\; < 0.
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We will call Agx — A; the “switch function” and denote it by SF = (Agk — Af). If
SF = 0 for an interval of time [t;,?5] then relation (4.26) does not charactersize the
optimal treatment strategy. In this case the optimal treatment strategy is called
“singular” on the interval [t1,ts] and more work is required to determine what u*
should be on [ty,ts]. For Problem (4.1) the optimal control is singular only in very
special circumstances and these are discussed in Section 4.6.6 of this Supplementary
Information. For the rest of this discussion we will always assume that the optimal
treatment strategy is non-singular.

In Section 4.6.6 we also show that SF' is a monotonic function of time. This means
that the value of u* can switch at most once. Additionally, SF(t;) = Ag(ts)r —
Ar(ty) = g(k — 1) > 0 and therefore if the value of u* does switch then it must
switch from u = 0 to 4 = Upyax. Using this information, we conclude that the optimal

treatment strategy is either
(i) to treat maximally for the entire epidemic (u* = tmaz),

(ii) to delay the start of treatment and then to treat maximally for the remainder

of the epidemic, or
(iii) to never treat (u* = 0).

The problem of finding the optimal treatment policy now reduces to the problem of
finding the optimal treatment start time 7*. Note that if 7" = ¢, (that is, the optimal
treatment start time is the start of the epidemic) then this corresponds to situation
(). If 7" € (to,ts) then this corresponds to situation (ii). Finally, if 7% = ¢, (that is,
the optimal treatment start time is the end of the epidemic) then this corresponds to

situation (iii). Notice that situation (iii) is possible only if SF(¢;) = ¢(k — 1) = 0 and
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therefore, the only time that it is optimal to never treat is when x = 1.

The Optimal Amount of Delay when « < 1

The optimal amount of delay when x < 1 is characterized by the relation
S(7*) > min(S(to), Smin)-

This relation means that treatment should be delayed no longer than the time it takes
for the number of susceptibles to decrease to Spi,. Furthermore, if the initial number
of susceptibles is less than Sy,;, then treatment should begin immediately.

From the previous section we know that if x < 1 then the optimal treatment
policy is to either (i) start treatment immediately and treat with maximum effort for
the entire outbreak or (ii) delay the start of treatment and then treat with maximal
effort for the entire outbreak. If policy (i) is optimal then S(to) = S(7*) and so clearly
S(1*) > min(S(to), Smin)-

Suppose policy (ii) is optimal. In this case the sign of SF must switch from
negative to positive at ¢ = 7 and hence SF is an increasing function of time. By
Equation (4.29), we have that SF = (Agk — A7) = \g(k + &) and therefore SF is an

increasing function of time only if Ap > 0. This implies, by Equation (4.28), that

(S — Sr)A; — Ar) + Ai(Sk — Sr) + (Agk — )\I)% > 0. (4.30)

Evaluating Equation (4.30) at ¢ = 7* and using the fact that SF(7*) = Ag(7%)k —
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Ar(7*) = 0 gives,
Ar(TH)[(S(77) = Sk)(k = 1) + K(Sr — S1)] 2 0

and therefore

(S(T*>—SR)(KJ—1>+FL(SR—SI) <0 (431)

since Ap < 0 (see Remark 4.1). Rearranging Equation (4.31) gives,
. K
S(T ) Z SR -+ m(SR - S]) = Smin-

So clearly, if policy (ii) is optimal then S(7*) < min(S(¢g), Smin)-

Remark 4.1. We know that A\ < 0 because A\gz > 0 and Ag(tf) = ¢ < 0.

Optimal Treatment Strategy when x =1

If kK =1 then SF(t;) = Ar(ty) — Ar(tf) = 0. Furthermore we know that SF and Ap

are monotonic functions of time (see Section 4.6.6). By Equation (4.28) we have,

SP(t}) = An(ty) [ i _f} — (Sn— S1)q BiBrl(ty) [ ) R(n)} |

(Bil(ty) + BrE(ty))?S(ts)
where ¢ < 0. Therefore the sign of SF is equal to the sign of ¢(Sg — S;). Since
SF(t;) = 0 this implies that u* = 0 if (Sg — S;) > 0 and u* = upax if (Sg — Sr) < 0.
Finally, in Section 4.6.6 we show that in the case that (Sgp — S;) = 0 the optimal

treatment strategy is singular.
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Optimal treatment strategy when x =0

If x = 0 then R(t) = 0 which implies that SF = Ap(x + &) = 0. This means that SF
is constant. Furthermore, SF(t;) = Ag(ty)k —Ar(ty) = —Ar(ty) = —q¢ > 0. Therefore,

SF(t) > 0 for all ¢ which implies that u* = uyax.

If R;r > Rr then Start Treatment Immediately

By Equation (4.29), SF = (Agk — A\;) = Ag(k + &), Furthermore, since the switch

function SF is monotonic either
(i) SF = Ap(k + %) < 0 and hence Ar(t) <0 for all .
(ii) SF = Ar(k + &) > 0 and hence Ar(t) >0 for all ¢, or

Suppose that (i) holds. Then, since SF(tf) > 0, it is optimal to start treatment right
away (that is, u* = Upax)-

Now, rearranging the relation R;r > Rp gives,

0< (Sp—Sr+ (k— 1)“2‘1“). (4.32)

Multiplying both sides of (4.32) by Agr(ts) gives,

0 > Mnlts)(Sn=Si+ (= 1)7F=),

0 > Ag(ty), (4.33)

where (4.33) uses the fact that Ag(tf) = Ai(ty) = ¢ < 0. Therefore, R;p > Rp
implies that }\R(t) < 0 for all ¢ which implies that it is optimal to start treatment

immediately.
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4.6.5 Detailed Model
Definition of Detailed Model

In the detailed model used in the main text an individual can be susceptible (5),
infected with a sensitive strain (7), infected with a sensitive strain and treated (7'),
or infected with a resistant strain (R). Susceptible individuals become infected with
the sensitive strain through contact with individuals in the I and T" compartments
(with rate constants 3, and 3, respectively), and become infected with the resistant
strain through contact with individuals in the R compartment (with rate constant
B,). A fraction fr of individuals infected with the sensitive strain are immediately
treated and a fraction f,. of these treated individuals immediately develop resistance.
Finally, individuals in each of the three infected classes can leave the system, through
either death or recovery with immunity, at constant per capita rates y,, pt,, and p,.

The detailed model is described by the following set of equations:

S = —B1ST— BrST — BrSR,
I = (1= f2)(BrSI+ BrST) — prl,
T = fr(1 — fr)(BiSI + BrST) — urT,

R = frfr(BiSI+ BrST) + BrSR — urR.

Results involving R;r

Recall that for the simple model, if R;g > Rpg then it is always optimal to start

treatment immediately. Numerical analysis suggests that this is also true for the
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more detailed model. The quantity R, is defined for the detailed model by

Ry = (2= 50+ 50102 4 10,2 s

Hy Horp Hrg
The first term represents the expected number of secondary infections generated by
an untreated individual, multiplied by the probability of not being treated; the sec-
ond term is the expected number of secondary infections generated by a successfully
treated individual multiplied by the probability of being successfully treated; and the
third term is the expected number of secondary infections generated by a treated
individual who develops resistance multiplied by the probability of developing resis-
tance.

Figure 4.4 and Figure 4.5 show that the simple model and the detailed model
exhibit a similar relationship between delay and R,,. The dotted curves show the
treatment level at which R;p = Rg (as a function of probability of developing re-
sistance). The dashed and solid curves show the treatment level above which some
amount of delay is optimal. Since the dashed and solid curves always lie on or above
the dotted curves, this suggests that if R;g > Rpr then it is not optimal delay.

It is also interesting to note that the dashed and solid curves deviate substantially
from the corresponding dotted curve only for very small or large values of x (and fg).
This is because when £ = 0 (fg = 0) both models become the standard treatment
model (without resistance) and so treating immediately is optimal. Also, when x (and
fr) become very large most treated individuals develop resistance and since R,, < R,
it is preferable to transfer individuals to the resistant class instead of keeping them in
the sensitive class. In other words, for large x, treatment is predominantly a way to

transfer from sensitive to resistant infections instead of a way of removing infections.
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Simulation Results Comparing Simple and Detailed Model

In this section we present the figures that substantiate the claims made in Section

4.4.4.
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Figure 4.4: Comparison of minimum total attack ratio and total attack ratio
for constant treatment for Simple Model. Black curves show the minimum total
attack ratio for the value of R, indicated by the colored curve on top of the black
curve. The minimum total attack ratio was computed using the optimal treatment
start time. The colored curves show the total attack ratio for constant treatment.
This figure shows how attack ratio varies with respect to R,, fitness cost (1 — ﬁ—’;‘),

and probability of de novo resistance (x, f,). The black curves are monitonically
decreasing revealing that the highest possible treatment level of always best provided
it is used at the appropriate time. The coloured curves are initially decreasing and
then increase again, revealing an optimal intermediate treatment level if treatment
is constrained to remain constant throughout the entire outbreak. Additionally we
see that (i) for a fixed treatment level, a larger fitness cost leads to a smaller attack
ratio and (ii) a greater probability of de novo resistance leads to a larger attack ratio.
Also, decreasing R, decreases the attack ratio. Figure produced using simple model

(Equations 1 of main text). Parameters are R, = 0.9R,, u, = i, = 35.



CHAPTER 4. OPTIMAL TREATMENT & RESISTANCE 120

== \inimum Total Attack Rate 0.8
Total Attack Rate (Constant Treatment)

Total Attack Rate (Constant Treatment),

0.6 f=0

0.4

Total Attack Rate (Constant Treatment)|
Total Attack Rate (Constant Treatment)

Total Attack Rate

0.2

o

0.2 0.4 0.6 0.8 1
Max Possible Treatment Level

1 1 1
Q Q
£ o8N g os £os
o o @ f = 2x10-5
—‘E 0.6 é 0.6 é 0.6 r
= =] =
< 04 < 04 < 04
) g )
[ o.z\\‘ 2 02 \\ Qo2 |
| |
0 : 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Max Possible Treatment Level Max Possible Treatment Level Max Possible Treatment Level
1 1 1
Q | Q
£os = g o.s\ £ os
24 14 - 24
306 % 06 3 06 f.=2x10-3
ol
= g —— =
< 04 < 04 < 04
] s g
° 0.2\“ 2 o2 202 |
0 \ 0 0 l
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Max Possible Treatment Level Max Possible Treatment Level Max Possible Treatment Level
cost=0 cost=0.2 cost=0.4

Figure 4.5: Comparison of minimum total attack ratio and total attack ratio
for constant treatment for Detailed Model. Figure was produced using the
detailed model and is analogous to Figure 4.4. Black curves show the minimum total
attack ratio for the value of R, indicated by the colored curve on top of the black curve.
The minimum total attack ratio was computed using the optimal treatment start time.
The colored curves show the total attack ratio for constant treatment. The black
curves are monitonically decreasing revealing that the highest possible treatment
level of always best provided it is used at the appropriate time. The coloured curves
are initially decreasing and then increase again, revealing an optimal intermediate
treatment level if treatment is constrained to remain constant throughout the entire
outbreak. Parameters are R, = 0.9R,, R, = 0.34R,, j1, = i, = i, = 35.
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Figure 4.6: High treatment levels can prevent an outbreak. Starting treat-
ment immediately can sometimes prevent an outbreak. Panel A: Figure produced
using the simple model. The red curve indicates the number of susceptibles at the
optimal treatment start time as a function of treatment level. The number of sus-
ceptibles at the optimal treatment start time decreases (i.e., the optimal treatment
start time increases) until wyax = 0.25. For wpa, > 0.25 it is optimal to start treat-
ment immediately (for umax > 0.25 the red line is obscured by the blue line).The blue
curve indicates the final number of susceptibles when treatment starts at the optimal
time. For very high treatment levels the number of susceptibles at the optimal switch
time is S(t,) and the corresponding final number of susceptibles is just slightly less
than S(t,). In other words, for very high treatment levels it is possible to prevent
an outbreak by starting treatment immediately (scenario 1.A’). Panel B: Figure
produced using the detailed model. Figure is similar to that in Panel A. Parameters
are R, =09R,, R, =034R,, p, = b, = pt, = 3—2, fr =10.002, k = 0.0066.
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Figure 4.7: Number of susceptibles at the optimal treatment start time
(S(7*)) versus treatment level. Each curve corresponds to a different initial num-
ber of susceptibles (S(¢,)) Panel A: Figure was generated using simple model. S_.
is the number of susceptibles at the optimal treatment start time when the treatment
level is unbounded. If S(t,) < S_. then it is always optimal to start treatment imme-

min

diately. For example, the black curve corresponds to the case when S(¢,) =S, . and

min

shows that for all values of u_,_ it is optimal to start treatment when S(7*) = S,

max min

(i.e., immediately). Panel B: Figure was generated using the more detailed model.
S is the number of susceptibles at the optimal treatment start time assuming that

once treatment begins all new infections are treated (fr=1). If S(t,) < S, . then

min,c

it is always optimal to start treatment immediately. Parameters are R, = 0.9R,,
R, =034R,, p, = pu, = pip, = 55, fr = 0.002, £ = 0.0066.
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Figure 4.8: Comparison of the theoretical result that teatment should be-
gin immediately if R,, > R, to actual simulation results. Figure produced
using simple model. R,, is the expected number of secondary sensitive and resistant
infections generated by an individual initially infected with the sensitive strain under
constant maximal treatment. R,, R, are the basic reproduction number of the sen-
sitive and resistant strain, respectively. Each color corresponds to a different fitness
cost (1 — I;—R). There are three curves for each color. Each dotted curve indicates
the values olf k and umax such that R,, = R,. By the theoretical result, for any
point below the dotted curve it is optimal to start treatment immediately. Since our
simulations adjust R, by adjusting [3,, changing R, will not change the position of
the dotted curves. Each dashed curve corresponds to R, = 2.2. Each dashed curve
separates the (K, Unayx) plane into two regions. Above the dashed curve some amount
of delay is optimal. Below the dashed curve it is optimal to start treatment immedi-
ately. The solid curves are similar to the dashed curves except that they correspond
to R, = 1.8. Since for each color, the dashed and solid curves always lie above the

dotted curve the theoretical results agree with the actual results. Parameters are

MIZMRZ;TIP,-
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Figure 4.9: Comparison of the theoretical result that teatment should begin
immediately if R,, > R, to actual simulation results. Figure was produced
using the detailed model and is analogous to Figure 4.8. R;g is the expected number
of secondary sensitive and resistant infections generated by an individual initially
infected with the sensitive strain under constant maximal treatment. R,, R, are the
basic reproduction number of the sensitive and resistant strain, respectively. Each
color corresponds to a different fitness cost (1 — };—R). There are three curves for each
color. Each dotted curve indicates the values OfI fr and f, such that R,, = R,,.
By the theoretical result, for any point below the dotted curve it is optimal to start
treatment immediately. Since our simulations adjust R, by adjusting (3,, changing
R, will not change the position of the dotted curves. Each dashed curve corresponds
to R, = 2.2. Each dashed curve separates the (f,, f,.) plane into two regions. Above
the dashed curve some amount of delay is optimal. Below the dashed curve it is
optimal to start treatment immediately. The solid curves are similar to the dashed
curves except that they correspond to R, = 1.8. Since for each color, the dashed and
solid curves always lie above the dotted curve the theoretical results agree with the
actual results. Note that although the theoretical results were derived for the simple
model they appear to also hold for the detailed model. Parameters are % = 0.34R;y,

MIZMTZMR=%~
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4.6.6 Details of Proofs

When the Optimal Treatment Strategy is Singular

If the optimal control is singular on an interval [t;,t,] then SF(t) = 0 and SF(t) = 0

for ¢t € [t1,t2]. But this can only occur if

B1Br1 _0
(BrI + BrR)?S

A= ((S = Sg)(k— 1)+ K(Sr — 51)) Ar

for all ¢ € J. But since S is a decreasing function of time this can only occur if either
Ar=0o0rx=1.

If Ag = 0 then SF = 0 implies that A\; = 0 and therefore t; € J. But then, since
H = 0 this implies that X(tf) = 0 which is not possible.

If k = 1 then in order for A\g = 0 we must have that Sp = S;. Therefore, if the
optimal control is singular it must be that k = 1 and Sg = 5.

We now solve for the singular control. Integrating the equations for model (4.11)

from t = ¢y to t = t; and rearranging gives,

Sin(S(tr)) — S(ts) =

ty tr
SiIn(So) = So + I(t;) + R(t) — Io — Ro + (S — S1) B / Rt + (1— k) / wldt.

to to

(4.34)

Letting ( = Io + Ry — I(ty) — R(t;) > 0, Equation (4.34) becomes

Sin(S(t;)) = S(t;) = Siln(So) — So — € + (Sk — S1) Br / "Rt + (1 - x) / "I,

to

(4.35)
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Therefore, if kK = 1 and (Sg — S7) = 0 then Equation (4.35) becomes
Sin(S(t1)) — S(ts) = Sn(Sy) — S — €, (4:36)

This implies that any choice of w will result in an S(t¢) that is a root of f(S5) =
Srn(S) — S. Furthermore, since f is concave down, S(ty) < Sy and ¢ > 0, Equation
(4.36) implies that S(tf) will always be the smaller root of f. That is, if S; = Sk and

x =1 then any control is optimal and S(t;) < S;.

Monotonic Adjoint Functions

Claim 4.1. The switch function SF is monotonic.

Proof. First consider the case when u* is singular. This occurs if x = 1 and S;=S%.
In this case, SF(¢) = 0 for all ¢ and so the switch function is monotonic.

Suppose alternatively, that «* is not singular. Suppose there exists a time ¢ such
that SF(f) = 0 and sign(SF)({~) = sign(SF)(*). Then u* can be chosen to be
constant on some interval J containing ¢ and therefore SF is analytic on J. Now,
since SF' is analytic on any interval where u* is constant this means we can take
higher order derivatives of SF at any singular point of SF.

Since SF = )‘\R(/i—i— %) we only need to show that \g is monotonic. Suppose Ar=0
on an interval [t,, ). Then, by Equation (4.28), we have that (1) A;(t) = Ag(t) and
(2) Ar(Sr—= 51— (1=kK)5)|¢ = 0 for all t € [tq,t]. But this implies that Ar(t) = 0 for
all t > t,. Therefore if A r = 0 on an interval, that interval includes t;. This means
that if Ag is not monotonic then there exist times t; < t; such that Ag(t;) = 0 and

sign(Ag(t7)) = —sign(Ag(t})). Let t1 be the largest such time.
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Differentiating Equation (4.28) gives,

i =
(S(AI = Ar) + (5 = SR)(Ar = Ar) + Ar(Sp = 1) + (Ars = m%) BT+ BeRPS

u') d BiBrl
+ ((5 — SR)(Ar = Ar) + Ar(Sk = Si) + (rw — AI)E) Gl +oprs

Therefore,

Kn(t) = (S (Ar(ts) = Ar(tr)) ) BrBal (1)

(BrI(t1) + BrR(t1))2S(t1)

Therefore the concavity of Ag at ¢; is determined by the sign of (A\; — Ag) That

|t=t1'
is, if (A7(t1) — Ag(t1)) < 0 then A (and hence SF) has a local minimum at ¢; and if

(Ar(t1) — Agr(t1)) > 0 then Ar (and SF) has a local maximum at t;. That is,

5\R<t1) >0 if )\[(tl) < )\R(tl),
5\R<t1) =0 if )\I(tl) = /\R<t1)7
5\R<t1) <0 if )\](tl) > /\R(tl).

(4.38)

Therefore, if A\;(t1) < Ag(t1), then for all ¢; <t < ts, Ag(t) > Ag(t1) and (since
sign(\;) = —sign(Ag)) Ar(t) < Ar(t1). That is, Ag(tf) > Ag(t) > Ar(t1) > Ai(ty).
This contradicts the endpoint condition A;(tf) = Ag(ts) and so is not possible.

Similarly, if A\;(t1) > Ag(t1), then for all ¢, < t < ty, Ag(t) < Ag(t1) and A\;(t) >
Ar(t1). That is, Af(tf) > Ar(t1) > Ar(t1) > Ag(ty). This contradicts the endpoint

condition A;(tf) = Ag(ts) and so is not possible.
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Lastly, consider the case when A;(t;) = Ag(t;) (i.e., when Az(t;) = 0). From
Equation (4.28) if A;(t1) = Ag(t1) then
u BrBrl

}\R = )\[(SR—S[ — (1 _H)E>(ﬂlf—|—ﬂRR)25

Therefore, if Ag(t;) = 0 then either A\;(t;) = 0 or S — Sy — (1 — k)5 = 0. But
Ar = 0 is not possible since it implies that X(tl) = 0. Therefore, it must be that
Sp—Sr—(1-— m)[;i[ = 0. But this implies that }\I(t) = 0 for all ¢ > t; which, by the

definition of ¢;, is not possible. Therefore SF is monotonic.
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Table 4.1: Table of Symbols

Table of Symbols

Symbol | Brief Definition

S(t) number of susceptibles at time t;

I(t) number of individuals infected with the treatment sensitive strain at time ¢;

T(t) number of treated individuals at time ¢;

R(t) number of individuals infected with the treatment resistant strain at time ¢;

Or contact parameter for the sensitive strain;

Br contact parameter for the treated strain (87 = 0 for the simple model);

Or contact parameter for the resistant strain;

17, per capita rate of death or recovery with immunity for the sensitive infected class;

1% per capita rate of death or recovery with immunity for the treated class;

IR per capita rate of death or recovery with immunity for the resistant infected class;

u(t) per capita rate of treatment for the sensitive infected class at time ¢;

v per capita rate of developing resistance for the treated class
(applies to model in Figure 4.1, Panel A);

K probability that treated individual develops resistance (applies to simple model);

to the outbreak start time;

ty the outbreak end time;

Umax upper bound for per capita treatment rate u;

R; the basic reproduction number for the sensitive strain;

Ry the basic reproduction number for the resistant strain;

Rir the expected number of secondary infections (both sensitive and resistant) caused
by an individual initially infected with the sensitive strain, in a wholly
susceptible population that is receiving maximum treatment (i.e., ¥ = Upax);

St the number of susceptibles above which a sensitive outbreak can occur;

Sk the number of susceptibles above which a resistant outbreak can occur;

X the probability that an infected individual receives treatment
(assuming u = Upay);

T an arbitrary treatment start time;

T* the optimal treatment start time;

fr the fraction of infected individuals that receive treatment
(applies to model in Figure 4.1, Panel A);

Stnin the number of susceptibles at the optimal treatment start time
assuming that an outbreak occurs and ., is unbounded
(applies to simple model,see Equation (4.1));

Shin,c the number of susceptibles at the optimal treatment start time

assuming that an outbreak occurs and fr = 1 (applies to detailed model);
the total attack ratio.




Chapter 5

Resistance and the use of Multiple

Drugs

5.1 Introduction

An important line of defense against drug resistance is the use of multiple drugs to
treat a single disease. The general hypothesis is that by using multiple drugs the
emergence and spread of resistance will be slowed. Even among those who agree with
this hypothesis, there is disagreement as to how these drugs should be administered
to the population. Two strategies that have garnered a lot of attention and study are
the “cycling strategy” and the “mixed strategy”. If a “cycling strategy” is used then
at any time only one type of drug will be administered to the population and which
drug is being administered will cycle in a periodic fashion. If a “mixed” strategy is
used then at any particular time a certain fixed proportion of the infected population
will be treated with each type of drug. Numerous variations on these two basic drug

schedules have been considered. For example different types of alternating strategies
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(essentially aperiodic cycling strategies) and non-constant mixed strategies (where the
proportion of the infected population receiving each type of drug is not fixed in time)
but the basic “cycling” and “mixed” strategies have received the most attention. This
is most likely due to the fact that these strategies are easily implemented and also
lend themselves to analysis via numerical simulation. In this chapter we consider the
optimal use of two drugs to minimize the infectious burden of an endemic disease. As
a motivating example we will review the influential paper by Bonhoeffer et al. [14]

and then consider two simplified models.

5.2 A Motivating Example

In [14], the following model of the spread of a hospital infection was considered:

S = M—pusS—pBI+ 1 +L)S+rI +rydy+ (1 — K) (umls + uly + (U — u)ls),
I, = (BS—pr —um)Is,
jl = (ﬁS—ILL[_Tl —U)[1+/€<Um—u)[3,

IQ = (ﬁS—ILLI—T’Q—'U/m—i—’U/)IQ—i_KZU/IS. (51)

In model (5.1) susceptible individuals enter the hospital at a constant rate M and are
discharged at the per capita rate ug. The rate at which susceptibles become infected
is governed by a mass action law with contact parameter 3 and these infections can
be treated with two different drugs (Drug 1 or Drug 2). There are three different
strains that can infect a susceptible: a strain I, that is susceptible to both drugs, a
strain [; that is susceptible to Drug 1 and resistant to Drug 2 and finally a strain

I, that is susceptible to Drug 2 but resistant to Drug 1. If an individual infected
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with the [, strain is treated with Drug ¢ they will either recover and re-enter the
susceptible compartment (with probability 1 — k) or will develop resistance to Drug
i (with probability ). Individuals infected with the I; strain can clear the infection
at a per capita rate of r; and re-enter the susceptible compartment. If an individual
infected with the I; strain is treated with Drug ¢ then they will either recover and
re-enter the susceptible compartment (with probability 1 — k) or they will develop
resistance to Drug ¢ (with probability x). It is assumed that a strain that is resis-
tant to a single drug suffers a fitness cost which makes it possible for the infected
individual to clear the infection without treatment (hence the per capita recovery
rates r; and 75). Furthermore it is assumed that any strain that is resistant to both
drugs suffers a sufficiently high fitness cost that individuals infected with this strain
are not infectious (in [14] a second model that includes infectious individuals that
are resistant to both drugs is also considered however we will not discuss this model
here). Infected individuals die at a per capita rate p;. A few important things to
note about this model is that both drugs are equally effective on strain I, and that
the behaviour of the two strains /; and I, differ only with respect to their recovery
rates 1 and ro. Finally, for ease of comparison with other models we have assumed
that at any instant in time the maximum number of I, infections are always treated
(i.e., the number of I, infections being treated at any time is u,,Is). Although this
assumption is not explicitly made in [14], this assumption does not change any of the
analysis in [14].

Using model (5.1) and under the assumption that r; = ry and x = 0, Bonhoeffer
et al. used numerical simulations to compare (i) a “50-50 mixed strategy” where 50

percent of the infected population received Drug 1 and 50 percent of the infected
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population received Drug 2 to (ii) a cycling strategy with a cycling period of 5 time
units and found that the net gain of susceptibles over a fixed time period was larger for
the mixed strategy than for the cycling strategy. Although the simulations presented
in [14] are restricted to the case when r; = ry, they also discuss how the “50-50
mixed” strategy could be modified to account for asymmetries in the resistant strains.
Specifically, if ro > r; then they propose that the “50-50 mixed” strategy should be
replaced with a mixed strategy where the fraction of infecteds treated with Drug

2 is y = H=retum

. We will refer to this treatment strategy as the ‘adjusted mixed
strategy’. Using the adjusted mixed strategy ensures that the time required for either
resistant strain to increase from an initial frequency pg to a frequency p. is the same.

Two interesting questions that arise from the analysis in [14] are:

(i) If more general types of treatment strategies are considered is a mixing strategy

still best?
(i) How does de novo resistance affect the form of the best treatment strategy?

A preliminary investigation indicates that the answers to these questions may indeed
result in some unexpected conclusions. In Figure 1 we compare the adjusted mixed
strategy to all possible mixed strategies for different probabilities of de novo resistance
for model (5.1). The top row of Figure 1 assumes that the the two resistant strains
are identical (r; = r9) and the bottom row assumes ry # ro. It is interesting to note
that the adjusted mixed strategy is the best mixed strategy for all values of x when
r1 = 79 but if the two resistant strains differ then the adjusted mixed strategy is the

best mixed strategy only when x = 0.
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Figure 5.1: Comparison of the adjusted mixed strategy to all other mixed strategies.
Top row: Both resistant strains are identical (r; = ry). The dashed line lies below
the solid curve therefore the adjusted mixed strategy (u = “*) is the best constant
mixing strategy for all values of k. Bottom row: The resistant strains are not
identical (11 > 7). The dashed line lies below the solid curve only when x = 0.
Therefore the adjusted mixed strategy (v = %) is the best constant mixed
strategy only when x = 0. Furthermore, increasing « decreases the performance of
u = D=l 4 M Parameter values are those used in [14] (i.e., M = 100, pu, = 1,
wr = 1.5, r1 = ry = 0.1 and u,, = 1) except in the second row where r; = 0.9 and

9 = 0.1.
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5.3 Optimal Treatment When Treatment Does Not
Cause Resistance: A Simple Model

As a first step towards answering the question of whether or not mixing is actually
the best strategy we begin by considering a simple two strain model that does not
include de novo resistance. Although the model we consider is simpler than the model
discussed in [14] it still captures a number of the important aspects of a two strain
endemic disease. Furthermore, the model is simple enough that it can be analytically

solved using Pontryagin’s Maximum Principle.

5.3.1 Model Description

We consider the following model,

js = (7“5 _Um)[s+¢a
L = (1 —u)ly + ¢,
j? = (7"2 _um+u>[2 +¢7

(5.2)

where 74, 71, 72 < 0, ¢, Uy, > 0 are constants and u : [to, ts] — [0, uy,]. In model (5.2)
there are three different strains: a strain I that is susceptible to both drugs, a strain
I; that is susceptible to Drug 1 and resistant to Drug 2 and finally a strain Iy that is
susceptible to Drug 2 but resistant to Drug 1. The quantity u(¢) denotes the fraction
of I, infections that are being treated with Drug 1 at time ¢. Furthermore, we assume

that both drugs are equally effective on [, infections and that at any instant in time
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the maximum possible number of I, infections are treated (i.e,. the number of I
infections being treated with Drug 2 at time ¢ is u,, — u). Under these assumptions
the dynamics of the I, strain are unaffected by changing the control strategy u and
hence in the sequel we will only consider the final two equations of model (5.2). New
I infections enter the system at a constant rate ¢ and [; individuals either die or
recover with immunity at a per capita rate r;. [; individuals are successfully treated
(and acquire immunity) at a time-varying per capita rate u. Similar dynamics hold
for the I, strain. Notice that the rate at which individuals leave their infected class is
modulated by the treatment strategy. For example, if the treatment effort is entirely
targeted at strain 1 then u = u,, and the per capita outflux of strain 1 and strain 2 is
r1 — U, and ro, respectively. Alternatively, if the treatment effort is entirely targeted
at strain 2 then u = 0 and the per capita outflux of strain 1 and strain 2 is r; and
r9 — U, respectively. Any intermediate value of u indicates a treatment strategy that
targets both strains. Our ultimate goal is to describe the function u that minimizes

the total infectious burden.

5.3.2 Optimal Treatment Strategy

Problem 5.1. Fiz t; > ty and u,, > 0. Find the function u : [to,tf] — [0,u,,] that

minimizes the total infectious burden

[ i)+ o

to
for model (5.2).

Theorem 5.1. Let u = % Assume that r9 — Uy, < 11 — Uy, < 179 < 11. Then
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there are three possibilities:
(7,) [f IQ(tO) = [1(t0) then u* = u.

(ZZ) ]fIQ(tO) > ]1(t0) then

0 fortel0,t
u*(t) =
u forte (tty],

where t = min{t;, min{t | I(t) = I,(t)}}.

(ZZZ) ]f]g(to) < ]1(t0> then

where t = min{ty, min{t | I(t) = I,(t)}}.

The assumption that r; — u,, < ro ensures that if strain 1 is targeted exclusively
then the per capita rate of outflux of strain 1 is greater than that of strain 2. The
assumption that ro — u,, < r; has an analogous interpretation. Theorem 5.1 states
that the optimal treatment strategy targets the most prevalent strain until both
strains are equally prevalent. Once the two strains are present in equal amounts the
control switches to an intermediate treatment value to ensure they remain equally

prevalent.

Proof. The proof of Theorem 5.1 uses Pontryagin’s Maximum Principle (PMP). The
existence of an optimal control can be shown using a straightforward application of

Fillipov’s theorem. The relations provided by PMP are as follows:
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The Hamiltonian is
H = )\0([1 + .[2) + /\1(7"1 — U)Il + /\1§b + /\2(7“2 — Uy, + U)IQ + /\qu
The adjoint variables are described by the following equations

/.\1 = —/\0—/\1(7“1—U)7
/.\2 = _)\O_AQ(TQ_um+U)7

(5.3)

with transversality conditions (Ao, A1(tf), A2(tf)) = (—1,0,0). By Equations (5.3)
and the transversality condition (Ao, A1(tf), A2(tf)) = (—1,0,0) we see that A;(?),

Ao(t) < 0 for all t € [tg,tf). The switch function is SF = \oly — A\ I5.

Claim 5.1. Let u* denote the optimal treatment strategy and I and I; the corre-
sponding optimal trajectories. If the optimal treatment strategy is singular on an
interval J = [t1,t5] then u*(t) = u for all t € J. Furthermore, I{(t) = I;(t) for all

teJ.

Proof. In order for u* to be singular on an interval J we must have that SF = 0 and

SF = Xo(I1 — I3) — (A1 — A2) = 0. Substituting SF = 0 into SF = 0 gives
A2
0= (Ao + ¢[—)([l — I).
1

Therefore, if the control is singular on an interval J then either If(¢) = I;(t) or

Ao+ ¢33 = 0 forall ¢ € J.

Suppose I} (t) = I;(t) for all t € J. Then I¥ = I on J which implies that
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*

u* = B=r2tn — g oon J. Alternatively, suppose Ag + gzﬁ’l\—lf = 0 on J. This implies that
Mol = —p)s. (5.4)

Substituting the expression for I; and A, into Equation (5.4) gives,

Xo(r1 — w) 1 + Mo = dAg + PAa(re — Uy, + u). (5.5)

Substituting A\g + qf)’l\—f = 0 into Equation (5.5) gives 0 = X\oI1(rg + r1 — u,,) which is
not possible since \g = —1. Therefore, if there is a singular control on an interval .J

then on this interval I7 = I3, A = Ay and u* = D=2t — g, O

By Claim 5.1 we know that the interval [tg,?f] can be partitioned into maximal
disjoint subintervals J; such that on the i'* subinterval u* = ¢; where ¢; € {0, Upax, U}
In the sequel we will denote the final interval by J; = (¢1,t;]. We will use the following

claim:

Claim 5.2. Suppose there exist times t; and ty such that (i) to > t; > to, (ii)
u(t) = 0 for all t € (t1,ts] and (iir) Iy(ts) > Ii(ts). Then Iy(t) > Ii(t) for all
t € [ty,ta). Alternatively, if (i) to > t1 > tg, (i) u(t) = uy, for allt € (t1,ts] and (iii)

IQ(fg) < Il<t2) then [Q(t) < [1(t) fOT’ all t € [t17t2>.

Proof. Proof by contradiction. Assume (i) to > t; > g, (ii) u(t) = 0 for all t € (¢, ]
and (iil) Iy(t2) > I1(t2) and suppose there exist times ¢; € [t1,ty) such that Ir(¢;) =
I(t;). Let t, be the largest such time. Then fl(fn) > fQ(fn) which implies that
I(t) > Iy(t) for all t € (t,,t2]. This contradicts the assumption that Iy(t2) > I (t2).

An analogous argument holds for the case when (i) o > t1 > to, (ii) u(t) = u,, for all
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t e [tl,tg] and (111) IQ(tQ) < ]1(t2) ]

The remainder of the proof of Theorem 5.1 can be separated into three different
cases:
Case 1: Suppose that I, (ty) > I (t;). From the transversality conditions we

know

SF(ty) = Xo(L, (ty) — L, (ty)) = (L, (ty) — I, () > 0

and so u*(t) = 0 for all t € J; = (t1,tf]. Suppose t; > to then SF(¢;) = 0 and

SF(t1) = (Io(tr) — Li(t1)) — (M (1) — Aa(th)) <0 (5.6)

By Claim 5.2 we know that I, (t;) > I (t1) and therefore Equation (5.6) implies that

A1(t1) > Ao(t1). But this is not possible since SF(t1) = Ao(t1)I2(t1) — A1 (1)1 (t1) = 0.

Therefore, if I (t;) > I (t7) then I, (to) > I (to) and the optimal control is u* = 0.
Case 2: Suppose that I (ty) > I (t;). From the transversality conditions we

know

SF(ts) = X[, (ty) — I, (tp)) = (L, (ty) — I, () <0

and so u*(t) = w,, for all t € Jy = (t1,t]. Suppose t; > ¢, then SF(¢;) = 0 and
SF(t1) = (I(t) — Ii(t1)) — ¢(Mi(t1) — Aa(t1)) > 0. By Claim 5.2 we know that
I'(t1) > I (t1) and therefore SF(t;) > 0 implies that A;(¢1) < As(t1). But this is not
possible since SF(t1) = Ao(t1)Io(t1) — M (t1)[1(t1) = 0. Therefore, if I (t;) > I (t;)
then I (tg) > I (ty) and the optimal control is u* = .

Case 3: Suppose that I (t;) = I (t;). Notice that in this case we have SF(t;) = 0

and SF(t;) = 0. There are three possibilities:
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(i) The first possibility is that

SE(ty) = [(ro —um+uw)ly — (11 —uw)ly + ¢((r1 —uw)Ay — (12 — wm + u))\g)](t:tf) ,

= Li(ty)(rg — 11 — Up + 2u) > 0.

In this case we can make the following observations:

(a) Since SF(t;) # 0, u* is not singular on J; and therefore u* € {0, u,,} on
Jy.

(b) SF(t;) > 0 implies that u > @ and therefore u* = u,, on J;.

Suppose t; > ty then

SF(t1) = (I2(t1) — I1(t1)) — (A1(t1) — Aa(t1)) > 0.

Furthermore, by Claim 5.2, I (t1) > I, (¢;) and therefore SF(tl) > 0 is only
possible if A;(t1) < A2(t1) < 0. But this is not possible since (i) SF = Aol —
Ml =0 and (ii) I; > I imply |Aa(1)] > |Ai(t1)]. Therefore if I (t;) = I, (t5)

and SF(t;) > 0 then u* = u,, and I, (t) > I,(to).
(ii) The second possibility is that

SE(ty) = [(r2 —um+uw)ls — (11 —w)ly + ¢((r1 — u)Ay — (r2 — Uy, + u))\z)](t:tf) ,

= Li(ty)(ra —m — um +2u) <0.
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In this case ry — 11 — up, +2u < 0 and so u* = 0 on J;. Suppose t; > ty then

SF(t1) = (Io(t1) — Ii(t1)) — (M (t1) — Aa(t1)) < 0.

Furthermore, by Claim 5.2, I (t1) < I (t;) and therefore SF(t;) < 0 is only
possible if Ay(t1) < A1(t1) < 0. But this is not possible since (i) SF = Aol —
M =0 and (ii) I; < I imply |Ai(t1)] > |Ao(t1)]. Therefore if I (ty) = I (ts)
and SF(t;) < 0 then u* = 0 and I, (ty) < Ly(to).

(iii) The third possibility is that

SF(ty) = [(r2 = um +u)ly — (r1 — u)ly + ¢((r1 — u)Ay — (r2 — U, + U)AQH(t:tlf) )

= Li(ty)(rg — 11 — Up + 2u) = 0.

This is only possible if v = @ on Jy = (t1,t]. If t; = t; then v* = @ and
Li(to) = Is(ty). Alternatively, if ¢; > to then SF(t;) = 0, I, (t1) = I, (t;) and
A, (t1) = A\ (t1). Therefore SF(#;) = 0 and

SF(t1) = (I1(t1) — M(t1) @) (ry — 71 — Uy + 20).

If SF(t1) > 0 then the proof of “the first possibility” applies (replace t; with t,
and ty with ¢1) and therefore u*(t) = u,, for all t € [to,t1] and I;(ty) > L2 (to).
Alternatively, if SF(tl) < 0 then the proof of “the second possibility” applies

(replace t; with t and ¢ with ¢;) and therefore u*(t) = 0 for all ¢ € [to, ;] and

Ig(to) > Il (to)
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5.4 Optimal Treatment When Treatment Can Cause

Resistance: A Simple Model

5.4.1 Model Description

Previously, we showed that the treatment strategy that minimizes the total infectious

burden for

j1 = (rn—uh+¢,
Iy = (ry—tupm+u)ly+ ¢,

(5.7)

is to target the most prevalent strain until both strains are equally prevalent and then
use a singular control that ensures that the two strains remain equally prevalent. Let
I, denote a strain that is sensitive to both drugs. Then clearly, this result also holds for
the following system (since the I, dynamics are unaffected by changing the treatment

strategy):

js - (Ts _Um>]s+¢s>
I = (n—uwh+¢,
jQ = (7“2 —Um+u)12+¢

(5.8)

The next step for our analysis is to consider the effect of de novo resistance. To
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begin, consider the following model:

js = (Ts _um)]s+¢87
I, = (r1 —u)l + ¢ + £(uy, — u)ls,
I, = (ro — U, + u)ls + ¢ + Kuls.

(5.9)

In model (5.9) I, individuals that are treated with Drug 1 develop resistance
to Drug 1 (and hence enter the I compartment) with probability . Similarly, I,
individuals that are treated with Drug 2 enter the I; compartment with probability

k. Notice that I, will eventually reach the equilibrium I, = —2— = a¢. Therefore,

Ts—Um

once I, reaches equilibrium model (5.9) becomes

js = 0,
L = (n—wl+¢+r(un —u)ag,
I, = (ro — Uy, + u) Iy + ¢ + Kuag.

(5.10)

Redefining s to be ka we see that finding the optimal treatment strategy for model

(5.10) is equivalent to finding the optimal treatment strategy for

I = (r—w)l+ (14 6(un — u))e,

Iy = (ry—up+u)l+ (1+ Ku). (5.11)
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5.4.2 Optimal Treatment Strategy

Problem 5.2. Fizt; >ty and uy, > 0 and assume 0 > 1y > 19 > 11 — Uy, > T2 — Uy

Find the function w : [to,ts] — [0, uy,] that minimizes the total infectious burden

[ i)+ oy

to
for model (5.11).

Although a complete analytic solution to Problem 5.2 remains elusive a number of
important observations can be made by examining the solution to Problem 5.2 under

the assumption that ry = ro.

Theorem 5.2. [f r; = ry then the solution to Problem 5.2 has the same form as the

solution to Problem 5.1. Specifically,
(Z) [f IQ(tO) = [1(t0) then u* = u.

(ZZ) [f]g(to) > Il(t()) then

where t = min{t;, min{t | I(t) = I,(t)}}.

(ZZZ) ]fIQ(tO) < ]1(t0) then

Uy, fort € [0,1]
u*(t) =
u  forte (tty],
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where t = min{t;, min{t | I(t) = I,(t)}}.

Proof. The proof of Theorem 5.2 uses PMP. The existence of an optimal control can
be shown using a straightforward application of Fillipov’s theorem. The relations
provided by PMP are as follows.

The Hamiltonian is
H = )\O(Il +[2) + )\1 (7“1 — U)Il +)\1¢+ )\mqﬁ(um — U) + )\2(7“2 — Um +U)[2 + )\2¢+)\2/€u¢.
The adjoint variables are defined by

}\1 = —)\0 — )\1(7"1 — U), (512)

Ao = —Ag— Ao (T — U + 1),
with transversality conditions (Ao, A1(ts), A2(tf)) = (—1,0,0). The switch function is
SF = \o(I + k) — M (11 + Kb).
Furthermore,
d
ESF =1y — I + Mo[k(r1 — upm) — 1] — Aaop[k(ra — upm) — 1].

From the transversality conditions we have that SF(t;) = 0 and SF(t;) = L(ts) —
L(ty).

Claim 5.3. Assume ry = ro. If u* is singular on an interval J then I,(t) = I5(t) and

u'(t) =u =" forallt € J.
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Proof. If u* is singular on the interval .J then SF(t) = 0 and SF(t) = 0 for all ¢t € J.
Substituting SF(t) = 0 into SF(t) = 0 gives
d [5(7’1 - um) - H

—SF = (I, — I)(1
dtS (I D1+ Mo T+ 10

).

Now since A\; < 0 (see Remark 5.1), we have that 1—1—)«?% > () and therefore
SF = 0 on J if and only if I, = I; on .J. Finally, I,(t) = I,(t) for all t € J implies

that jg = jl on J which implies that u* = “2=.

Remark 5.1. By Equation (5.12) for anyt such that A (t) = 0 we have that A\, (£) > 0.

Therefore, since A(tf) =0, it must be that A\; <0 for all t € [to,ty).

]

By Claim 5.3 we know that the interval [to,tf] can be partitioned into disjoint
subintervals J; such that for each i, u* = ¢; on J; and ¢; € {0, uy,, “Tm} We will use

the following claim:

Claim 5.4. Fiz t; < ty. If Is(ts) > I1(t2) and u(t) = 0 for all t € (t1,ts] then
Ly(t) > I1(t) for all t € [t1,ta). Similarly, if I,(ta) > Is(t2) and u(t) = uy, for all

te (tl,tg] then Il(t) > [2(t) fOT’ allt € [tl,tg].

Proof. Assume Iy(ty) > I1(t2) and u(t) = 0 for all t € (1,t]. Suppose there exist
times 7; € [t1,19) such that I1(7;) = Ix(7;). Let 71 be the largest such time. Then
I(11) > Iy(r;). But this implies that I;(t;) > I5(t;). An analogous argument holds

for the case when I;(ty) > I5(t2) and u(t) = w,, for all t € (t1,t2]. O

The remainder of the proof of Theorem 5.2 can be separated into three cases:
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Case 1: Suppose I5(tf) > I1(tf). Then

K — Uy) — 1
Iy(ty) + K¢

SF(t) = (Ia(ty) = Ii(ty)) (1 + Mi(ty) ) = (La2(ty) — Li(ty) > 0.

Therefore, w = 0 on J; = (t1,t¢] and by Claim 5.4 we have I5(t1) > I1(t1). Suppose
t; > to, then we have that SF(t;) < 0. But this is not possible since SF(t;) =
(Ba(th) = T (8) (1 + M (1)@ "H 5202t ) > 0. Therefore, if L(ty) > 1i(t) then t; = to,

uw* =0 and ]2(750) > Il(to)

Case 2: Suppose I;(ty) > I5(ty). Then

K(ry — um) — 1
[2<tf) + :‘igb

SF(ty) = (Ia(t) — Lit) (1 + M(ts)o ) = (L2(ty) — L(ty) < 0.

Therefore, u = u,, on Jy = (t1,t;] and by Claim 5.4 we have [;(t;) > I5(t1). Suppose
t; > to, then we have that SF(t;) > 0. But this is not possible since SF(t;) =
(Iy(t1) — I (t1))(1 + Muyp%) < 0. Therefore, if I (t7) > Iy(t;) then t; = to,

u* = uy, and I1(tg) > I(to).

Case 3: Suppose I;(t;) = Iy(t;). In this case SF(t;) = 0 and
SF(t;) = (2u — ) (11 (tf) + k).

First note that at any switch time 7, SF(7) = (12_11)(1+/\1¢W}1+;nq3—1) and therefore

sign(SF(7)) = sign(ly — I;). Therefore if u(t;) = u,, then SF(¢;) > 0 and so by Claim

5.4 we have that u* = u,, and I;(t) > I»(t) for all ¢ < t;. Similarly, if u(¢;) = 0 then

SF(tf) < 0 and so by Claim 5.4 we have that v* = 0 and Iy(t) > I;(¢) for all ¢ < ;.

Finally, if u(t;) = “= then SF(t;) = 0. Hence if u*(t;) = “= then either
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(1) Jf = [to,tf], ut = UTm and Il(t()) = Ig(to),
(11) Jf = (tl,tf], u* = u,, on [to,tl] and ]1(t0) > Ig(to) or

(111) Jf = (tl,tf]7 u* =0 on [to,tl] and ]1(t0> < ]2(t0>

5.4.3 Towards an Optimal Treatment Strategy

Although a complete solution to Problem 5.2 remains elusive, a particularly interest-
ing observation is that the optimal treatment strategy for model (5.2) has the same
form as the optimal treatment strategy for model (5.11) when the two resistant strains
have identical characteristics (i.e., compare Theorem 5.1 and Theorem 5.2). Essen-
tially, a single drug should be used until both strains are present in equal amounts
and then a mixed strategy should be used to ensure that the strains remain in equal
proportions. To gain some insight into why the optimal control has this form for
these special cases and also why this form may not be optimal in general, it is useful

to examine the equilibria of the system. We begin with some definitions.

Definition. For any constant value u = u, model (5.11) has the globally stable

equilibrium

(Teq(te), Toeq(ue)) = (—¢[1 + k(um —ue)] —¢[1 + Ku.] ) |

;
L — Ue T2_um+uc

The optimal equilibrium is obtained by choosing « = @ such that

Ileq(a) + [2eq(a) = minuCE[O,um]{[leq(UC) + ]26q(u0)}-
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The constant u is called the optimal equilibrium control.

The motivation for defining the optimal equilibrium is as follows. Under the
assumption that the treatment strategy eventually becomes constant then the system
will asymptotically approach an equilibrium. Therefore, since the cost function in
Problem 5.2 is f;f I + I,dt we see that for sufficiently large ¢; the cost is dominated
by I1eq+ I2¢4 (under the assumption that w is eventually constant). Hence minimizing

Leq + I3¢4 becomes increasingly important as t; becomes increasingly large.

Definition. Let ([1.4(1), I3.4(%)) be the optimal equilibrium.

Then 7 = % is the optimal ratio. Suppose there exists a t; € [to, tf] such that
Io(t1) _
Il(tl) -

implies that 2%3 =rforallt>t

7. Then @ is an optimal ratio control if setting u(t) = u(t) for all t > ¢,

In what follows the notation @ will denote the optimal equilibrium control (note
that @ is necessarily constant) and the notation @ will denote an optimal ratio control
(note that 4 is not necessarily constant). Furthermore, notice that if x = 0 then
model (5.11) is equivalent to model (5.2). Therefore, these definitions also apply to
model (5.2).

Observation 5.1. For model (5.2) the optimal equilibrium (I1eq(Q), Ioeq(T)) satisfies

126q(7})

= 1. Furthermore t = 1.
Tieq(@)

Proof. For model (5.2) we have that (I104(w), Joeq(u)) = (=2, —2—). Therefore

r1—u’ ro—um-+u

—¢ ¢

(ry —u)2 = (ro — Uy +u)?’

d
@(Ileq + Ioeq) =
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and so, & = "= minimizes [1¢q + l2¢q. Furthermore,

. N —2¢ —2¢
I I =
(Tieq(@), Foeg (@) (7”1+7“2—Um77“1+7"2—um)
and therefore ?eq(l}) =1.
1eq(u)

To see that @ = @ consider the following: % = 7 = 1 implies that I, = I,. This

= qu. U

ri—retum
2

holds only if 4 =

Observation 5.2. Assume r1 = ry. Then for model (5.11) the optimal equilibrium

(L1eq(), Ioeq(@)) satisfies % = 1. Furthermore 4 = 4.

Proof. For model (5.11) we have that (I1o(w), Ipeg(u)) = (—rlum—ule —[tsudy

r1—u ’ ro—um+u
Therefore
d [’i<r1 B um) B 1]¢ [I{(T2 - Um) _ 1]¢

_Ie ]e = - )
du( teg + L2eq) (r1 — u)? (12 — U, + u)?

and so, if 1 = ry then @ = “ minimizes [1eq + I2eq- Furthermore,

(o), T () = (—[2 + K| —[2+ HUm]¢)

2r1 — Uy, | 211 — U,

Bealt)

and therefore Troe®

To see that @ = @ consider the following: % = 7 = 1 implies that I, = I,. This

holdsonlyif@:%:%”:ﬂ. O

Using Observations 5.1 and 5.2, Theorems 5.1 and 5.2 can be rephrased in terms

of obtaining optimal equilibria:

Corollary 5.1. The optimal treatment strategy for Problem 5.1 is to target the most
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prevalent strain with maximal effort until the ratio of the two strains reaches the

optimal ratio and then to switch to the optimal ratio control.

Corollary 5.2. If ry = ry then the optimal treatment strategy for Problem 5.2 is to
target the most prevalent strain with mazimal effort until the ratio of the two strains

reaches the optimal ratio and then to switch to the optimal ratio control.

In general, the situation is more complicated. If r; # 75 in model (5.11) then
as demonstrated in Figure 5.2 the optimal ratio is is not necessarily 1. In fact, we
can show that if [1.4(@%) < Ise,(@) then it is not optimal for the system to be in

equilibrium.

Claim 5.5. Let

—o[1 + /i(uT —a)] —¢[l + kul )

R e
be the optimal equilibrium. If

(i) 7o — Uy, < T1 — Uy <T9g <71 <0,

(11) Iieg() < Ineq(u) and

(1) (Ii(to), I2(t0)) = (T1eq (i), Toeq (1))

then it is not optimal for the system to remain at the optimal equilibrium.

Proof. We will prove this claim by designing a control strategy that results in a lower

cost than j;zf(lleq(ﬂ) + Ineq(w))dt.

Proposed Control Strategy:
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Figure 5.2: Dependence of optimal equilibria on r, — ro and x. Each panel plots
the difference between the optimal equilibria (Is¢,(@) — I14(%)) as a function of the
difference between the two strains (r; — ry) for a different value of k. Notice that
if Kk > 0 and 1 — 1y > 0 then loey (@) — I1e(2) > 0. Furthermore notice that
Ipeq() — I1eq(0) increases as k increases and 71 — 7y increases. This figure suggests
that if &k > 0 and 71 — ry > 0 then Iy (@) > [1.4(@). Parameter values are r, = —1.5,

¢ =10 and u,, = 0.5.
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Assume conditions (i)-(iii) of Claim 5.5 hold. Then define the bang-bang control w,
such that (1) u, switches to u = 0 whenever Iy + Iy = I1.,(@) + Ioeq() and (2) u,

switches to © = u,, whenever either Iy = I, or fl + jg =0.

Remark 5.2. Under the assumption that [1(tg) = lieq(@) < Iaeq(@) = Ia(to), the
control u, has been designed to drive I; and I towards each other (u, = 0) until
either (1) the integrand of the cost function is no longer decreasing or (2) the two
states are equal to each other (either L+,=00r I = I5). Then the control drives
the states away from each other (u, switches to w,,), and continues to do so until
the instantaneous cost is equal to the instantaneous cost at equilibrium (I; + I, =
Leq(@) + I5eq(@)). At this point the control switches back to u, = 0 and drives the
states towards each other again (we will show that this will cause the instantaneous

cost to decrease). This cycle continues until ¢ = ;.
We will use the following claim to prove Claim 5.5.

Claim 5.6. Define D = I + ==, + (b% and let t be any time such that (i)
D(t) = 0 and (i) Ineq(tm) > Io(t) > L(#) > Liey(uy). Fizt > t. Then if (i)
w(t) = Uy, for all t € [£,1) and (ii) u(f) = 0 then I,(f) + I,(f) < 0.

Proof. First notice that if u(t) = 0 then I, (¢) + I5(t) = 0 if and only if

T9 — Um 24+ Kup,
L(t)=-= - 12(75)—¢T'
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That is, I,(t) + I5(t) = 0 if and only if D(t) = 0. If £ is defined as in Claim 5.6 then

dD . 7"2 —um .
= = i
dt - 1+ " 2
Ty — Um T2 — Um
= (rn—un)hi +o+ 2 roly + = (1 + K)o,
™1 1
_ Iy ¢
= (rg—r1+um)(rz—um)r—+r—[(rz—T1+um)+num(rz—h)]-
1 1

Where the third equality was obtained using the fact that D(t) = 0. Now,

% . = (rg =11+ upy)(r: — um)i—j + %[(7‘2 — 71+ Up) + Ky (re — 71)],
= [ro(re —r1) + Up(r1 — um)]i—? + %[(TQ — 71+ Up) + Ky (re — 11)],
= 20y + 91+ mu)) + (11— wn) Iz + ),
(&1 ™
= D@ + (1~ w) () + 9). (5.13)
(A1 (]

Now since Ioeq(t,) > Io(f) we have that I,(f) > 0 and therefore the first term of
Equation (5.13) is positive. Also note that (7 —tm)lo+¢ < (r1—um)[1+¢ = I,(f) <0

(since Ir(t) > I (t) > I1eq(um)) and therefore the second term of relation (5.13) is

. . . . dD
non-negative. This implies that 7|, _; > 0.

This also implies that D(¢t) > 0 for all ¢ € (£,¢]. This is because (i) Toeq(tm) >

L(t) > 1(t) > @Lieg(ur) and (ii) u(t) = uy, for all ¢ € [t,t) guarantee that

Loeg(un) > Bt) > L(t) > Tieg(u)

for all t+ € [t,f]. In other words, suppose there exist times t; € (f,#] such that

D(t;) = 0 and let t; be the smallest such time. Then by Claim 5.6, <2 > 0, but

) E’tZH
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by continuity % > 0 on a neighbourhood of ¢; which is a contradiction.

To conclude the proof notice that if u = 0 then I+ I, < 0 if and only if D > 0. [

Claim 5.6 guarantees that if ¢; and ¢, are two consecutive switch times of u, such

that
(i) u, switches from 0 to w,, at ¢; and
(i) D(t) > 0

then switching from wu, = wu,, to u, = 0 at t = t5 will cause I; + I, to decrease.
Therefore, it only remains to show that if w,(ts) = 0 then I)(to) + I,(to) < 0.

Consider the following,

Li(to) + In(to) = 7111e(@) + (1 + Ktp) @ + (1o — ) oeq (1) + &,

1 _ (1o — Um) _
Tl_ﬂ[l—kf{(u @) TQ_um+u[1+/<au])+( + Kt | @
(5.14)
Therefore, I (to) + I(ty) < 0 if and only if
Ry (Tg — Up,) — (11 — T2 + Uppy) (5.15)

K(ry — tm) — 1+ K(rg — ) — 1

But, from the expressions for [1., and 5., we see that Io., (@) > I1,(2) if and only if
relation (5.15) holds. Therefore, since we began by assuming that o, (@) > I1.,(a)

we can conclude that I (to) + I»(to) < 0. O



CHAPTER 5. RESISTANCE AND MULTIPLE DRUGS 157

5.5 Discussion

We began by reviewing a study of a hospital infection with three strains (one strain
susceptible to two drugs and the other two strains susceptible to only one drug)[14].
This study compared the effects of two different treatment strategies (a mixing strat-
egy and a cycling strategy) under the assumption that there is no de novo resistance.
Motivated by this study, we analyzed two different models to consider (i) the effect
of a wider range of treatment strategies and (ii) the effect of de novo resistance. For
the models we studied we proved that if either (i) there is no de novo resistance or
(ii) the two resistant strains have identical characteristics then the optimal treatment
strategy is not a constant mixing strategy. Specifically, the treatment strategy that
minimizes the total infectious burden is the one that targets the most prevalent strain
until both strains are equally prevalent and then switches to a mixed strategy that
maintains the two strains in equal proportion. Furthermore, this indicates that de
novo resistance changes the form of the optimal treatment strategy only when the
two resistant strains have different characteristics.

If treatment can cause resistance and the two resistant strains have different char-
acteristics then it is more difficult to characterize the optimal treatment strategy. We
were, however, able to use the solutions for the two simpler cases to gain insight into
the more general case. We showed that the fact that the two simpler cases have the
same optimal treatment strategy can be explained (at least intuitively) by the fact
that the optimal equilibria for the two strains are identical (recall that the optimal
equilibria are the equilibrium values of I; and 5 that minimizes I; + I5). We showed
that, for the simpler cases, if the system is at the optimal equilibrium then it is op-

timal to remain at that equilibrium. Conversely, we showed that in the general case
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(provided I1e4(@) < Iseq(@)) it is not optimal to remain at the optimal equilibrium.
We proved this by designing a control that keeps the system out of equilibrium and
results in a total cost that is less than j;zf Ieq(@) + Ioeq(@)dt. This suggests that
when there is de novo resistance and non-identical strains, it is in fact preferable to
use a treatment strategy that keeps the system out of equilibrium. In other words, a
constant mixing strategy is not optimal.

Although this is only a preliminary study it does raise some important points.
Among these is the possibility that de novo resistance and differing strain char-
acteristics can drastically alter the optimal treatment strategy. Furthermore, the
extent to which the optimal treatment strategy outperforms the optimal constant

mixing strategy may depend on the difference between the two optimal equilibria

(i.e., Toeq(@) — I1eq(w)).



Chapter 6

Summary

In this thesis, Pontryagin’s Maximum principle was used to determine optimal inter-
vention strategies to mitigate the spread of infectious diseases. A number of different
infectious disease models were analyzed and optimal vaccination, isolation and treat-
ment strategies were discussed.

We began by discussing a very simple treatment model and showed that under
a number of simplifying assumptions the effect of treatment can be described using
simple geometric arguments. Elaborating on this model we also considered the effects
of limited resources and de novo resistance.

In Chapter 3 we addressed the question of minimizing outbreak size under the
assumption that there are limited resources. We considered an isolation-only model,
a vaccination-only model and a mixed isolation-vaccination model. For the isolation
model we showed that, provided there are sufficient resources, it is optimal to isolate
with maximal effort for the entire outbreak. Furthermore, if there are not sufficient
resources then any isolation strategy that uses all of the available resources is optimal.
For the vaccination model, we showed that it is optimal to start vaccinating as soon

159
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as possible and to continue vaccinating with maximal effort until either the resources
run out or the outbreak ends. Finally for the mixed isolation-vaccination model we
proved that it is optimal to begin vaccinating and isolating as soon as possible and
to continue vaccinating and isolating with maximal effort until either (i) the isolation
resources run out, (ii) the vaccination resources run out or (iii) the outbreak ends.
If the isolation resources run out first then it is best to continue vaccinating with
maximal effort. On the other hand, if the vaccination resources run out first and
there are insufficient isolation resources to continue isolating with maximal effort
then any isolation strategy that uses the remainder of the resources is optimal. Thus
the optimal mixed isolation-vaccination strategy is not simply a combination of the
optimal isolation-only and vaccination-only strategies.

In Chapter 4 we addressed the optimal use of a single antiviral drug to minimize
the total outbreak size, under the assumption that treatment causes de novo resis-
tance. We proved that, provided treating immediately cannot avert an outbreak then
it is in fact optimal to delay the onset of treatment. We provided an upper bound for
the optimal amount of delay in terms of the number of susceptibles and also derived
a relation under which delay is never optimal. Furthermore we considered a more
detailed model and showed that these general principles seem to still hold.

In Chapter 5 we considered how to use two antiviral drugs to minimize the total
infectious burden. We assumed that there are two different strains and each strain
is effectively treated by only one drug. If either (1) the two resistant strains have
identical properties or (2) treatment does not cause de novo resistance then it is
optimal to target the most prevalent strain until both strains are equally prevalent

and then to use a constant mixed control to ensure that the two strains remain present
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in equal amounts. Thus a constant mixed strategy is optimal only when both strains
are present in equal amounts. We also considered the general case when the two
strains have different characteristics and treatment does cause de novo resistance. In
this case, we showed that a constant mixed strategy is not even optimal when the
two strains are at the optimal equilibrium. We proved this by designing a control

strategy that resulted in a lower cost than the optimal constant mixed strategy.
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Appendix A

Existence Proofs

Here we explicitly prove the existence of an optimal solution for the various optimal
control problems we have discussed. Theorem 1.2 from Chapter 1 can be used to
prove that a solution exists for the optimal control problems considered in Chapters
3, 4 and 5.

The optimal control problems in Chapter 3 have the following form:

General Form A.1l. Fix constants Sy, Iy, Umax, 8, # > 0, Wyax, Zmax > 0 and

Iy > r > 0. Define the following system of differential equations

S = —3SI—u,S,
w = Ui],

Z = S, (A1)

with initial conditions S(tg) = Sy > 0, I(tg) = Iy > 0, w(ty) = 2(typ) = 0. Find the
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measurable functions u, : [to, tf] — [0, Umax] and w; : [to, tf] — [0, Umax] that minimize
the cost function

Ly
J (U, w;) :/ BSIT dt,
to
subject to ty = min{t | I(t) = r}, w(ts) < Wmax and 2(tf) < Zmax-
Claim A.1. There exists an optimal solution for General Problem A.1.

Proof. All conditions of Theorem 1.2 hold trivially except for condition (v). We will
now show that there exists a ¢ > ¢y such that for any choice of u; and u, we have
ty < t. This shows that the set of allowable boundary conditions B can be defined as
a compact set and therefore Condition (v) holds.

Fix small € > 0. Then for model (A.1) we have the following two observations:
(i) S=—(BI +u,)S < —prs,
(ii) if S < & — e then [ = (8S — p—u;) < (8% — e — p)I = —[el.
Case 1: Assume S; > 4 —¢. Define S : R — R by S'(to) = Sy and g = —0rS.

B

Then there exists a time ¢; such that S(t;) = £ — e. Now for any particular choice of

5
1) <

w; and ug either (1) S(ty) > & —eor (2) S(¢

& S(t)) = % — e If (1) is true then

B
t; < ty. If on the other hand, (2) is true then ¢; is an upper bound for the amount

of time it takes S to decrease to 5 —e. Now define I:R — R by I(t)) = S and
— —fel. Then there exists a time t, such that I(ty) = r. By Observation (ii) we
see that I(ty) < I(ty). Therefore, if we set £ =t — 1 4 t, then t; < £.

Case 2: Assume Sy < 5 — €. In this case if we define t5 as above and set t = t5, then

t, <1
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Therefore, the set of allowable boundary conditions can be defined as

B =ty x Sy xIpx0x0x][0,t x[0,S] X r X [0, Wnax] X [0, Zmax]-

The optimal control problem in Chapter 4 has the following form:

General Form A.2. Fix constants Sy, 1o, Umax, 01, Br, 11, ir, & > 0and Iy > r > 0.

Define the following system of differential equations

S = —(Bi+ BrR)S,
I = BiIS— (ur+u)l,
R = (/RS + kul — ugR,

(A.2)

with initial conditions S(tg) = So > 0, I(to) = Iy > 0 and R(typ) = 0. Find the

measurable function w : [to, tf] — [0, Umax] that minimizes the cost function

J(u) = / (B + BrR)S dt = 5, (1),

to
subject to t; = min{t | I(t) + R(t) = r}.
Claim A.2. There exists an optimal solution for General Problem A.2.

Proof. All conditions of Theorem 1.2 hold trivially except for condition (v). We will
show that there exists a constant B > infJ and a ¢t > ¢, such that if J(u) < B

then t; < ¢t. This implies that any u that results in ¢; > ¢ cannot be optimal and
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therefore the set of allowable boundary conditions B can be defined as a compact set
(i.e., Condition (v) holds).

Let Sy denote the final number of susceptibles when u = 0. Since J(u) = fttof (BrI+
BrR)S dt = Sy — S(ts), the cost is completely specified by the final number of
susceptibles. Now define S : R — R by S = S, and 5’ = —min{fF;, Br}rS. Then

there exists a time £ such that S(f) = S;. Furthermore, since
8 = ~(Bil + frR)S < —min{fy, fr}rS,
whenever J(u) < Sy — S we have that ¢; < . That is, we can choose
B =ty x Sy xIyx0x]0,] x[0,S0] x G,

where G ={(I,r—1) | I €[0,7]}. O
The optimal control problem in Chapter 5 has the following form:
General Form A.3. Fix constants 10, I20, Umax, @ > 0, K > 0, 7, 72 < 0 and

t§ > to. Define the following system of differential equations

I, = (r1 —u)l1 + (1 + K(Upax — ),
I, = (ro — Umax + )l + (1 + Ku)o.

(A.3)

with initial conditions [1(¢y) = 1o and I5(ty) = I2p. Find the measurable function
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w: [to, tf] = [0, Umax) that minimizes the cost function

J(u) = /tf(ll —f-[g) dt.

to

Claim A.3. There exists an optimal solution for General Problem A.3.

Proof. All conditions of Theorem 1.2 hold trivially. O



