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Abstract

It is known that under fixed-rate information constraints, adaptive quantizers can
be used to stabilize an open-loop-unstable linear system on R™ driven by unbounded
noise. These adaptive schemes can be designed so that they have near-optimal rate,
and the resulting system will be stable in the sense of having an invariant probabil-
ity measure, or ergodicity, as well as boundedness of the state second moment. In
addition, structural results and information theoretic bounds on the performance of
encoders have also been studied. However, the performance of such adaptive quan-
tizers beyond stabilization has not been addressed. In this thesis, we construct a
two-part adaptive coding scheme that achieves state second moment convergence to
the classical optimum (i.e., for the fully observed setting) under a mild moment con-
dition on the noise process. The first part, as in prior work in this context, leads
to ergodicity (via positive Harris recurrence) and the second part ensures that the
state second moment converges to the classical optimum at high rates. These results
are established using an intricate analysis which uses random-time Lyapunov drift

conditions as a core tool.
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Chapter 1

Introduction

Networked control or information-constrained control refers to control systems in
which the controllers, sensors, and systems (actuators/plants) are connected through
communication channels or a data-rate constrained network. Thus, there may be a
data link between the sensors (which collect information), the controllers (which make
decisions), and the actuators (which execute the controller commands). Moreover,
the sensors, controllers and the plant themselves could be geographically separated.
For such information-constrained control (or networked control) systems, one needs
to jointly design encoders and controllers for satisfactory performance, which may
have stability or optimality as a design objective.

In cases where stability is the primary design objective, one is typically concerned
with the minimum capacity above which stabilization is possible, and there are many
results of this flavour in the existing literature (which we will discuss in detail shortly
in Section 1.4).

This thesis is primarily concerned with optimality as the primary design objective.
In this context, the notion of optimality is minimization of some cost function over

a specified time horizon (which here is infinite), and for the kinds of systems we
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consider here, one seeks asymptotic bounds on the cost function as the data rate

becomes large.

1.1 Contribution of Thesis

We study a large class of stochastic linear systems driven by unbounded noise that
are to be controlled across a discrete noiseless channel of finite capacity. For such
systems, we present a novel two-stage coding scheme, in which the first stage is time-
adaptive and stabilizing (in the sense of positive Harris recurrence and finite limiting
system moments), while the second stage is fixed in time. The first coding stage is a
variation on the schemes in [1, 2, 3].

Crucially utilizing the ergodicity results of the first coding stage, we show that this
two-part coding scheme attains convergence of the limiting system second moment to
the classical optimum as the data rate C' grows large, with explicit rate of convergence.
While multi-stage quantization schemes have been studied before in the source coding
literature [4], our implementation is novel in that one stage of the code is time-
adaptive and stabilizing. An inspiration for this approach also comes from Berger [5]
and Sahai [6].

To our knowledge, this is the first scheme proven to have this convergence property
for systems of this type (in particular, with unbounded noise) in networked control.
The primary line of reasoning is relatively simple, but it requires some quite involved
technical results which necessitate very careful analysis using, among other tools,

random-time Lyapunov drift conditions.
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1.2 Organization of Thesis

The thesis is organized as follows. Section 1.3 introduces the networked control prob-
lem we study and Section 1.4 provides a brief literature review. The remainder of
Chapter 1 contains relevant preliminaries, some background on stochastic stability
for general state-space Markov chains, and statements of some useful random-time
Lyapunov drift theorems that are central to our analysis.

Chapter 2 presents the construction of our two-part scheme in the scalar case
for simplicity, and provides a somewhat detailed proof program to guide the reader.
Chapter 3 provides the construction of our two-part scheme in the vector case, in full
generality. A detailed proof program in the vector case is provided in Section 3.4.
The case of stable modes is briefly addressed in Section 3.5.

Chapter 4 presents a simulation that illustrates our two-part scheme and main
results. Finally, as many of the proofs are rather mechanical and quite involved,
the appendix contains complete proofs of many key results stated in the body of the

thesis.

1.3 Problem Statement

First, we introduce the system to be controlled under no information constraints.
The optimal cost in this “classical” case will yield a lower bound over all information-
constrained policies.

Consider the discrete-time multi-dimensional control system,

Tir1 = AZEt + But + Wy, (11)
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where the state process x;, the control u;, and the noise process w; live in R™, A and
B are n x n real matrices, and we assume B to be invertible (this can be relaxed to
controllability by a sampling argument for stability, though in this case the optimality
results we present are not maintained).

The initial state o may be distributed according to some probability measure v
on R™, so long as xg ~ v admits at least the same finite moments as the noise process
wy. That is, whenever F [||wt||’fo] < oo we have E [||x0||fo} < oo (this is trivially
satisfied if v = §, for some x € R™). In addition, we suppose that the initial state zo
is independent of the noise process wy.

At each time stage ¢t > 0, the controller has access to the history I, = zjo, =
(zo, . ..,2;) and may apply any control u; € R™. The noise process {w; },-, is assumed
to be i.i.d., zero-mean with covariance matrix ¥ = FE [wow(ﬂ. Furthermore, we
suppose that the noise process admits a pdf n with respect to the Lebesgue measure on
R™ which is positive everywhere (in particular, this implies that w; has an unbounded
support).

Consider the following idealized problem with full state measurements:

For an n x n positive definite matrix (), the optimal control problem is to choose

a policy v which minimizes the infinite-horizon average quadratic form,

1 T-1
lim sup TE7 xtTth] . (1.2)
T—o0 0

t=

where the expectation above is with respect to the policy 7.
Formally, an admissible policy v is a sequence of Borel measurable mappings
{v,t > 0} where v, : I; — R" is such that it produces the control u; = v,(I;) at each

time stage.
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Proposition 1.3.1. For the fully observed setup described above, the optimal control
policy is uy = — B~ Axy, achieving an optimal cost of tr (QX) where tr (+) is the trace

operator.

A short proof of this result is provided in the appendix.

In contrast to the idealized fully observed setup, in this thesis we assume that
the controller only has access to x; through a discrete noiseless channel of capacity C'
bits. We assume that the encoder is causal. In particular, with M a finite-cardinality
alphabet (such that |[M]| < 2¢), the encoder is specified by a quantization policy
IT, which, with X = R" as the state space, is a sequence of functions {n;},~, with

ne : MEx XL — M. At time ¢, the encoder transmits the M-valued message

qr = Ut([t)

where Iy = xg, I; = (q[g,t_l],x[M) for t > 1. The collection of all such zero-delay
policies is called the set of admissible quantization policies and is denoted by Il 4.
Upon receiving ¢;, the receiver generates the control u,, also without delay. A zero-
delay controller policy is a sequence of functions v = {y},2, with v : M'*t — U,

where U is the control action space.

/

q Noiseless | ¢ =4 ‘
- [Codtr]— | Nobeless | T2

A

Plant

Figure 1.1: Block diagram of the communication and control loop.

Thus, the data rate is fixed, and we assume zero coding delay. In this setup, it
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becomes necessary to describe not just a control policy, but also a coding scheme with

which to communicate information about the current state vector.

1.4 Literature Review

For systems of this nature, various authors have obtained the smallest channel ca-
pacity above which stabilization is possible, under various assumptions on the system
and the admissible coders and controllers. Here, “stabilization” can be in several
senses, for example positive Harris recurrence, asymptotic mean stationarity or more
generally, limiting moment stability of the state.

This result is usually referred to as a data-rate theorem and takes the following

form, with {);} being the eigenvalues of the system matrix A:

C'> Ruin = Y logy |\l (1.3)
[As|>1
That is, the capacity must exceed the sum of the unstable eigenvalue logarithms.

Some of the earliest works in this context are [7] and [8]. More general versions
of the data-rate theorem have been proven in [9] and [10]. For noisy systems and
mean-square stabilization, or more generally, moment-stabilization, analogous data-
rate theorems have been proven in [11] and [12], see also [13, 14].

In [1, 2], a joint fixed-rate coding and control scheme is given which, in the scalar
case n = 1 with unstable eigenvalue |A\|] > 1 and where w; is Gaussian, stabilizes
the system (1.1) while being nearly rate-optimal, in that the rate used satisfies only
C' > log(|A\] + 1). This is achieved using an adaptive uniform quantization scheme,

where the quantizer bin sizes "zoom” in and out exponentially to track the state
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x;. Here, the notion of stability is ergodicity and finiteness of all limiting system
moments. By increasing a sampling period T', the achievable rate 7 log(|\|" 4+ 1) gets
arbitrarily close to C' > Ry = |A| [3, Theorem 2.3]. This scheme can be generalized
to one which stabilizes the multi-dimensional system (1.1) (where the noise is more
general than Gaussian) using a similar approach [3]. Furthermore, this leads to a
closed loop system which is positive Harris recurrent (and hence, ergodic) and admits
finite limiting system second moment [3, Theorem 2.2]. For related recent fixed-rate
constructions, we refer the reader to [15] and [16].

Despite being near rate-optimal for achieving stability (i.e., finite system mo-
ments), the schemes in [1, 2, 3] have not been shown to yield second moment conver-
gence to the classical optimum tr (QX) as the data rate C' grows large.

With regard to high-rates, among papers that are most relevant here is [17] where
causal coding under a high rate assumption for stationary sources and individual se-
quences was studied. Linder and Zamir [17], among many other results, established
asymptotic quantitative relations between the differential entropy rate and the en-
tropy rate of a memoryless and uniformly quantized stationary process, and through
this analysis established the near optimality of uniform quantizers in the low dis-
tortion regime. This study, however, assumed stationarity where adaptation is not
needed. Furthermore, control is not present.

In the literature, information theoretic relaxations of the problem noted have been
studied. These typically replace number of bins with entropy of the quantization sym-
bols, or the latter with mutual information bounds. Yet another common method is
via dithering which “uniformizes” the noise even for low rates under common ran-

domness (see e.g., [18], [19], [20, 21, 22], [23], [24], [25]).
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A particularly important approach is to minimize the directed information. This
leads to an information theoretic lower bound to the optimal estimation error subject
to an information rate constraint. There has been a surge of research activity on
this problem since [26] where explicit solutions, bounds, as well as convex analytic
numerical solutions (including via semi-definite programming) have been presented
in [27, 28, 20, 29, 30, 31, 25, 32, 33, 34] and [35] (see also [22]).

See [36] and [37] for a detailed review on structural results for optimal coding of
controlled linear systems. Infinite horizon zero-delay coding for linear systems are

reported in [38, 39].

1.5 Definitions and Conventions

We will denote the nonnegative and strictly positive reals by Ry and R, ., respec-
tively. We let N denote the nonnegative integers.

For x € R™ and p € [1, 00) we denote
1
bty = (31
i=1

. 7
] = max [a].

and for p = oo,

It is well-known that [|-[|, is a norm on R" for all p € [1,00]. The following pair of

inequalities is also well-known (e.g., see [40, Exercise 3.5(a)]):

Proposition 1.5.2. Suppose 1 < p < g < o0o. Then for any x € R",

1_1
lelly < lll, < ne=aflll, (1.4)
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where é 18 taken to be O by convention.

The first inequality follows by a simple renormalization argument, while the second
follows from Holder’s inequality.
For a matrix V' € R™*", we will refer to the (7, j)-th component either as V;; or

as [V],..

.7~ The latter notation will be used when V' takes on an expression involving

square brackets (e.g., an expectation) so as to avoid ambiguity.
For a matrix A € R™*™ we define its co-norm as

n
1Al = max > [Ay].
j=1

1<i<m

This norm is consistent with the vector oo-norm in the following sense. Let v € R"
and A € R™*". Then,
[Av][o < [[All 0]l - (1.5)

We will find it useful to use Landau notation for comparing function asymptotics.

For two functions f, g : [a,00) — R, where a € R, we say that f = O, (g) if

f(u)

lim sup —/= < o0,
u—oo  g(u)

i.e., for all u sufficiently large one has f(u) < cg(u) for some constant ¢ > 0.

Finally, for a vector-valued random variable X we denote its “tail function” as

Tx(u) =P(| X, >uw), u>0.
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1.6 Stochastic Stability

In this section we provide some brief background on stochastic stability, particularly
that which will be relevant to the stabilizing properties of the two-stage scheme we
present (namely, positive Harris recurrence).

Suppose {¢:},-, is a time-homogeneous Markov chain with state space X, where X
is a complete separable metric space that is locally compact; its Borel sigma algebra
is denoted B(X). The transition probability is denoted by P, so that for any ¢ € X
and A € B(X), the probability of moving in one step from state ¢ to the set A is
given by P(¢i1 € A| ¢y = ¢) = P(¢,A). For any n > 2, the n-step transitions

P(¢iin € A | ¢y = ¢) = P™(¢p, A) are obtained recursively in the usual way:

Pr(g, A) = / Py, A)P" (6, dy).

The transition law acts on measurable functions f : X — R and measures p on B(X)
via

P(g) = / P(6,dy)f(y) = E[f(d1) | d =], forall € X

and

uP(A) = /Xu(dqﬁ)P(¢, A), for all A € B(X).

A probability measure 7 on B(X) is called invariant if 7P = 7, that is:

/ T(d6)P(6, A) = 7(A), for all A € B(X).

For any initial probability measure v on B(X) we can construct a stochastic process

with transition law P and ¢g ~ v. We let P, denote the resulting probability measure
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on the sample space, with the usual convention that v = 0,4 (i.e., ¥({¢}) = 1) when
the initial state is ¢ € X. When v = 7 is invariant, the resulting process is stationary.
There is at most one stationary solution under the following irreducibility assump-

tion. For a set A € B(X) we denote,

Ta=min{t >1:¢, € A}. (1.6)

Definition 1.6.1. Let ¢ denote a o-finite measure on B(X).

(i) The Markov chain is called @-irreducible if for any ¢ € X and B € B(X) satisfying
©(B) > 0 we have

P¢(TB<OO)>O.

(ii) A p-irreducible Markov chain is aperiodic if for any ¢ € X and any B € B(X)

satisfying ¢(B) > 0, there exists ng = ng(¢, B) such that for all n > ny,

P"(¢, B) > 0.

(iii) A ¢-irreducible Markov chain is Harris recurrent if Py (75 < co) = 1 for any
¢ € X and any B € B(X) satisfying ¢(B) > 0. It is positive Harris recurrent if

in addition there is an invariant probability measure 7.

The notion of full and absorbing sets will be useful to us.

Definition 1.6.2. For a p-irreducible Markov chain {¢;},2, a set A € B(X) is called
full if p(A°) = 0.

Definition 1.6.3. A set A € B(X) is called absorbing if P(z, A) =1 for all z € A.
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Finally, we define the notion of small sets for a Markov chain.

Definition 1.6.4. A set C' € B(X) is (m, ¢, v)-small on (X, B(X)) (for integer m > 1,
d € (0,1] and a probability measure v on (X, B(X))) if for all z € C and B € B(X),

P™(xz,B) > dv(B).

A set is called small (or sometimes m-small) if it is (m, 6, v)-small for some (m, 9, v).

Briefly we provide an intuition for small sets. Suppose C' € B(X) is (m,d,v)-
small. Whenever the state ¢, happens to visit the set C, it forgets its entire past
with probability at least 6 > 0 and transitions according to the probability measure v
over the next m time stages. In this way, the small set C' acts as a “regenerative set”
from which the process can forget its history. This line of investigation leads one to
Nummelin’s splitting technique [41, 42], which is a key tool in many stability results

for irreducible Markov chains.

1.7 Lyapunov Drift Conditions for Stability

In this section, we define a drift condition and use it to show two stability results which
will be crucial to our analysis. As the following drift condition will be used in super-
martingale arguments, we will need some relevant definitions. Let (€2, F, P) be a prob-
ability space. A filtration is an increasing sequence of sub-o-algebras F,, (i.e., F,, C F
and F,, C Fpi1). A sequence of random variables {M,} ~  is said to be adapted to
{F.}.2, if each M, is F,-measurable, that is M, (D) = {w € Q: M,(w) € D} € F,
for all Borel D.

A stopping time with respect to the filtration {F,} -, is an N-valued random
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variable 7 such that the event {7 < n} € F, for every n € N. That is, the occurrence
of 7 is measurable with respect to the filtration. For such a stopping time, the sub-
o-algebra of events up to time 7, F,, is defined as the collection of all events A € F
that satisfy

An{r<n}eF,, foralneN.

Finally, as in Section 1.6, we consider a general Markov chain {¢;},-,. We let {F;},2,
be the natural filtration for {¢,},°, (that is, F; is the smallest sub-o-algebra on which
(¢, ..., ¢¢) is measurable). We consider a sequence of stopping times {7,},, with
respect to the natural filtration {F;},-, which are strictly increasing with 7, = 0.

By the previous definition for a sub-o-algebra up to a stopping time, this sequence
of stopping times generates a new filtration {F7,}.~,. To see that this is a genuine
filtration, it suffices to verify that it is an increasing sequence, i.e., if A € F7, then
A€ Fr,, forall z > 0. We do this here for completeness.

Note that since {7.})<, is strictly increasing we have for all z > 0 and n > 0
that {T,.1 < n} C {7, <n}. Therefore, {T.+1 <n} ={T, <n}N{T.11 <n}. Now,

suppose that A € Fr, so that AN{7T, <n} € F, for all n € N. Then for any n € N,

AT <np=(An{T. <n}) N {T.su <n} e Fy

by closure of o-algebras under intersections and that {7,.; < n} € F, since T, is
a stopping time with respect to the filtration {F;};-,. Then we have shown for any
z > 0 that if A € Fr, we also have A € Fr.,,. Therefore, the sequence {Fr. } 2, is
increasing and so is a proper filtration.

This concludes the preliminary definitions. The following is a condition on the
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general Markov chain {¢;},-, which appears in [2].

Condition 1.7.1 (Random-Time Lyapunov Drift). For a measurable function V :
X — (0,00), measurable functions f,d : X — [0,00), a constant b € R and a set
C € B(X), we say that {¢,},-, satisfies the random-time Lyapunov drift condition at
¢ € Xif for all z=0,1,2...

E[V(¢1.,.) | Fr.] <V(or) — d(or.) + by, ecy,

and _—
E| Y fle) ] fn] < d(¢r.). (1.7)
t=T,
when ¢y = ¢.

Remark. Suppose that the stopping times 7, are the sequential return times to some

set A € B(X), that is 7o = 0 and
7;4_1 :Hlll'l{t>7; : ¢t GA}
In this case, if one is able to verify for all ¢ € A that

Ey [V(é:,)] S V(¢) — d(®) + bligecy,

and
TA—1

> f<¢t>] < d(¢) (1.8)

t=0

Ey

then it follows automatically that Condition 1.7.1 holds at every ¢ € A. Notably, if

C C A then Condition 1.7.1 holds at every ¢ € C.
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This drift condition, in combination with different assumptions on the functions
and sets involved, can lead to many useful results on stability (e.g., [2, Theorem 2.1]).

We present two such results here, the proofs of which can be found in the appendix.

Remark. The results presented here are variations of [2, Theorem 2.1], presented in
the form most useful for our application. The proofs of these results draw heavily

from the proof program in [2].

Lemma 1.7.3. Suppose {¢,},~, is p-irreducible and satisfies Condition 1.7.1 at all
¢ € C, with the restrictions that C' is a small set, supyec V(¢) < oo, f =1 and
d(¢) > 1. Then the set

X ={peX:P,(1¢c <) =1}

is full and absorbing, and the restriction of {¢i},o, to X is positive Harris recurrent.
If in addition one can show that Py (¢ < 00) = 1 for all ¢ € X (i.e., X = X),

then {¢:},—, is positive Harris recurrent.

Lemma 1.7.4. Suppose that {¢.},°, is positive Harris recurrent with invariant mea-

sure m and satisfies Condition 1.7.1 at some ¢ € X. Then,

Er[f(o)] <0

and for any function g : X — [0,00) which is bounded by f in that g(-) < cf(-) for

some constant ¢ > 0, we have the following ergodic theorem for g,

n—1

9(¢r)

t=0

= Ex[9(¢1)] (1.9)

lim —F
n—oo 1 %o




1.7. LYAPUNOV DRIFT CONDITIONS FOR STABILITY

16

for every ¢g € X.
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Chapter 2

Scalar Linear Systems

We begin with a discussion of the scalar case for simplicity. Here we consider control

of the scalar system,

.',Ut+1 = ATt ‘I— but + Wt (21)

where b # 0 and the noise process w; is assumed to be i.i.d., zero-mean with finite
second moment o? = E [w3]. Furthermore, we suppose the noise process admits a pdf
n with respect to Lebesgue measure on R which is positive everywhere. Here we will
also suppose that |a| > 1 so that the system is open-loop-unstable. That is, under
u; = 0 the system is transient and tends to infinity in magnitude (almost surely and
in mean-square).

As in Section 1.3, xo may be distributed with some probability measure v on R,
so long as xy ~ v admits the same order moments as the noise process w;. That is,
whenever E [Jw|?] < oo we have E [|zo|’] < oco. In addition, we suppose that the
initial state x( is independent of the noise process w;.

Then the optimal control problem we study is to choose a policy v which minimizes



18

the infinite-horizon quadratic cost,

lim sup E

T—o0

TZ ] . (2.2)

t=0

By Proposition 1.3.1, in the fully observed setup the optimal control policy is u; =
— 42y which achieves an optimal cost of o%. We suppose now that the controller only
has access to z; through a discrete noiseless channel of capacity C bits.

Our goal here is to minimize limp_, %E [Zt 0 xt] which we know is bounded
below by 2. As the state will only be partially observed by the controller, we seek
to arrive at asymptotic bounds on the “optimality gap” limy . F [Zt 0 xt} — o2
in terms of the channel capacity C.

We now make this precise. As the state is observed through a channel with finite
capacity C', it is necessary to specify a coding scheme alongside a control policy
(which now must depend on C' via the coding scheme). We will do this jointly and
in particular, we are interested in the limiting “high-rate” case C' — oo.

We say that ¢ is a joint coding and control scheme for C' > 0 if ¢ specifies
both a coding scheme for communicating over the channel of capacity C' as well as a
corresponding control scheme at the channel receiver.

The following result demonstrates an ultimate limit on achievable rates of conver-

gence.

Lemma 2.0.1. Under any joint coding and control scheme ¢o we have

lim sup
T—00

T— 2 2
a o
E ]—U Z S0 g2 (23)

t=0

Therefore, for any “convergence rate” function r : R, — R such that the optimality
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gap is Oc (r(C)) it must be the case that limsup._,., 2*¢r(C) > 0.

Sketch of Proof. By following the core arguments in the proof of [43, Theorem 11.3.2]
we are able to provide a lower bound on the channel capacity in terms of the ergodic
system second moment (2.2) and some differential entropy terms. Through a careful
analysis this simplifies and yields (2.3). The entropy-power inequality is a crucial tool

in the proof. A complete proof is provided in the appendix. O

Intuitively, the above lemma implies that the fastest rate of convergence (of the
optimality gap to zero) one can hope for is 272¢. Motivated by this, we normalize

220

potential rate functions by and make the following definition.

Definition 2.0.1. A joint coding and control scheme ¢ achieves second moment

convergence with rate function r : Ry — R if,

T-1
C
x?] —0?=0¢ (Tz(zc)) '
0

t=

1
limsup =F
T—>oop T

For brevity we may say simply that ¢¢ achieves the rate function r(C).

Intuitively, one seeks to achieve a rate function r(C') which grows slowly in order
to maximize the rate of convergence. Lemma 2.0.1 implies that the best achiev-
able rate function is the constant function, so any achievable rate function satisfies
lim sup¢e_, o, 7(C) > 0.

We will impose the following extremely mild condition on the noise process.

Condition 2.0.1. For some g > 2, £ Uwolﬁ] < 00. That is, the noise process has

finite Sth moment.

In the scalar case, our ultimate result is the following.
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Theorem 2.0.2. Supposing Condition 2.0.1 holds with 5 > 2, for any € € (0,5 — 2)

there exists a joint coding and control scheme, denoted Scheme P(f3,¢), which achieves

the exponential rate function r(C) = 95-:C.

Intuitively, with only the condition that the noise admits finite fth moment, we
are able to construct schemes that nearly (as ¢ — 0) achieve convergence of the
optimality gap like 9(-2+3)C [ is quite large, then the convergence becomes much
closer to 272¢ and, in the extreme case where w; admits finite moments of all orders,
one can construct schemes achieving convergence of the optimality gap like 2(-2+9)¢
for any § > 0.

The rest of Chapter 2 is dedicated to the construction of Scheme P(3,¢) and a

high-level proof program of Theorem 2.0.2.

2.1 Two-Part Code with Uniform Quantization

In this section we describe the joint coding and control scheme of Theorem 2.0.2.
The coding scheme is in two parts where the first part is adaptive in time and the
second is fixed. The adaptive part will yield stability, and the fixed part will yield an
optimal rate of convergence via simple iterated expectation arguments.
To communicate over a finite capacity channel, it is necessary to employ some
kind of quantization scheme. We will work solely with uniform quantizers.

Let M > 2 be an even integer and A > 0 be a scalar “bin size”. With [-] the
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usual floor function, we define the scalar modified uniform quantizer Q%; by,

Az +4, ifve [-2AYA)
(@)= QUA B g = MA (2.4)
0, if [z > LA

This quantizer uniformly quantizes x € [—%A, %A} into M bins of size A and maps

all larger = to zero. This requires M + 1 output levels.

We will use this quantizer for two different purposes.

(i)

(i)

The first is to use adaptive bin sizes which vary with time to achieve stability (in
the sense of positive Harris recurrence and finite system moments). Let K > 2
be an even integer, and suppose that {A,},2, is a sequence of strictly positive

“bin sizes” varying with time. We will make use of the quantizer Q%.

Secondly, we will use this quantizer to achieve optimal convergence. For a given

even number of bins N > 2, let A(y) be a bin size which is a function of N. We
. . A . A

will make use of the quantizer Uy For brevity, we denote Uy = Uy and

where necessary, specify the dependence of A(y) on N. Note that this quantizer

is fixed in time, in contrast to Qﬁt.

Suppose that the sequence of bin sizes {A;},, is such that A, 4 is a function of

only A; and the indicator random variable 1 {lz <5} Also assume that both the
[ARSRAY

encoder and decoder (controller) know Ag. Then so long as Q% (x;) is sent over the

channel, it is possible to synchronize knowledge of A; between the quantizer and the

controller since |z;| < %At if and only if Q%(xt) #0.
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The coding scheme is as follows. For {A,;},°, as above, we calculate the adaptive
quantizer output Q% () and the adaptive system error ¢, == x, — Q% (x;). Then for
integer N > 2 we use a fixed quantizer Uy with bin size A(y) as mentioned above to
calculate the fixed quantizer output Uy (e;). We then send Q%' (z,) and Uy (e;) across

the noiseless channel where the channel capacity is at least,
C =log, (K +1)+logy (N +1). (2.5)

We estimate the state x; as 2; == Qﬁt (1) +Up(e;). To mirror the fully observed case,
the controller applies the control

a

b

u = = (QR () + Un(er) = =3 &

The scheme is illustrated in Figure 2.1.

+ €t A P
—~ + UN(N) — | +
~ t Channel ! 4
1 1
o .
QA iy
7 b
a
Ty
Ut

Figure 2.1: Block diagram of the two-stage coding and control scheme in the scalar
case.
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The controlled system dynamics resulting from this scheme are

i1 = almy — ) + wy

=ale; — Un(er)) + wy. (2.6)

Finally, we describe the adaptive bin size update dynamics where, as in prior
work in this context [1, 2], a simple zooming scheme is employed. We assume that
K > 2 is even and large enough that K > |a| and choose scalars a, p and L such
that % <a <1, p>la and L > 0. We also assume that p > Ka. Choose Ay > L

arbitrarily, then for ¢ > 1 the bin update is

(

pAt, if |It| > KAt

vl

Appy = alg, if z,] < %AtyAt > L (2.7)

Ata if |l't| S %At,At < L.

\

Proposition 2.1.3. With dynamics (2.6) and (2.7), the process {(z¢, A¢)}io, s a

time-homogeneous Markov chain.

The motivation for this scheme is that the adaptive part leads to stability in
the sense of positive Harris recurrence, while the fixed quantizer Uy leads to order-
optimal convergence of the ergodic second moment (2.2) as the fixed quantization
rate N grows large.

The state space for the process {(z:, A¢)},o, highly depends on the following

“countability condition”.

Condition 2.1.2. There exist relatively prime integers j, k > 1 such that afp* = 1.
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Equivalently, log, p is rational.

If this condition holds, then starting from an arbitrary Ay > 0 there exists k,b € R
such that log A; always belongs to a subset of Zx +b = {nk+b:n € Z} (see e.g.
[2, Theorem 3.1]). If the condition fails, then starting from any fixed Ay the set of
reachable bin sizes is a dense but countable subset of R .

We restrict our analysis to the case where Condition 2.1.2 holds. This is not
restrictive; it can be shown that for any arbitrary (o, p) there exists (¢, p') arbitrarily

close that satisfy Condition 2.1.2. We let the state space for A; be
QA = {ajpkAo Zj, k e ZZO} .

The state space for the Markov chain {(x;, A;)};o, is then R x Q. What remains is
to specify additional constraints which complete our proposed scheme.
We assume that Condition 2.0.1 holds for some 8 > 2. For any ¢ € (0,8 — 2) we

finish our construction of Scheme P(/3,¢) by requiring that p > |a|§ and specifying

2
—e .

the dependence of Ay on N as Ay = ON s

Remark. In this scheme, the constant multiplying Ay is arbitrary for convergence

purposes.

We also impose the following condition.

Condition 2.1.3. The minimum adaptive bin size is at least,

lal

L> _———
“ Ka — |a|

Any.

This may place an implicit dependence of L on the number of fixed quantization

bins N > 2, though if all other parameters remain fixed as N increases then one
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can ensure Condition 2.1.3 holds by ensuring that it holds for N = 2 (since Ay as
specified above is monotone decreasing in N).

Finally, as C' — oo we fix K and let N — oo to take advantage of fixed quantiza-
tion results at high rates, to be presented shortly.

Since the proof is rather tedious, we present a somewhat detailed proof program
to guide the reader for the scalar setup.

We note that while the proof method for stabilization of our scheme builds on the
random-time Lyapunov drift approach introduced in [1, 2], the coupling between the
two parts of the coding scheme significantly complicates the analysis. Furthermore,
we consider performance bounds as the data rate grows without bound. Altogether,
this requires a cautious analysis between moments and high-rate quantization coupled

with random-time drift criteria.

2.2 High-level Proof Program

In this section we outline the high-level proof program for Theorem 2.0.2, i.e., the
proof that Scheme P(f, ) achieves the exponential rate function r(C) = 27:%. Re-
sults without complete proofs admit more general sister results in the vector case,

which is discussed in detail in Section 3.4.

Theorem 2.2.4. Under Scheme P(3,¢) with K > |a|, {(x, A¢)},o, s positive Harris
recurrent for every even N > 2 (i.e., as C' grows without bound). Therefore, for every

even N > 2, Scheme P(f3,¢) yields a unique invariant measure wy for the process

{(z, A 12,

Sketch of Proof. We establish p-irreducibility and aperiodicity for {(z;, A;)};-, where

@ is the product of the Lebesgue and discrete measures on R x Q5. The logarithmic
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function V(z, A) = clog, A is shown to satisfy Condition 1.7.1 with d(z, A) constant
and f = 1 (i.e., in the form required by Lemma 1.7.3), leading to positive Harris

recurrence. For a complete proof, please see the proof of Theorem 3.4.5. O

Remark. The analysis here is highly similar to that of the proof of [2, Theorem
3.1]. The only major change is that the upper bound of [2, Lemma 5.2] for the tail
probabilities P, A, (Ta > k) must be re-derived in some form, as the out-of-view state
dynamics change significantly due to the fixed quantization stage. We address this
by providing a similar bound in Lemma A.5 (compare to equation (26) in [2]), which

decays suitably fast for summability in the proof program under Condition 2.0.1.

We denote (. n, A, y) ~ Ty as the state under invariant measure. This will also

induce an invariant measure for the system adaptive error e;, which we denote by

€« N "~ ’/T?\l;r.

We have the following ergodicity result.

Proposition 2.2.5. The infinite-horizon second moment and the invariant second

moment agree, that is

T—

1
lim =F

i 17| oot = )

1
zf
=0
Sketch of Proof. We are able to show using the drift conditions of Section 1.7 that
functions g(z, A) that are bounded asymptotically by ]x\ﬂ ~¢ satisfy the above ergod-
7=

icity condition. Since ¢ < 8 — 2, g(z,A) = x? is bounded by |z and the result

follows. For a complete proof, please see the proof of Proposition 3.4.6. n

Finally, we use a simple iterated expectation argument. Suppose that (zg, Ag) ~

7. Let eg = 29 — Q% (20) and 21 = a(eg — Un(eg)) + Z where Z ~ 1 (recall i is the
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distribution of w;). Since we have applied the one-step transition kernel and 7y is
the invariant measure, the marginal distributions of xy and z; are identical.

For brevity, we denote sy := ey — Un(eg) so that x; = asy + Z. Supposing that
E[(x4n)? < oo (this will be shown as part of the full proof program), we then have

by invariance and iterated expectations that

E [z} =E[z}] = E[E [z} ] s0]] = E[E [(aso + Z)* | s0]]
= E [a’sy + 2asoE [Z] + E [2°]] = ®E s3] + 0°

= a’E [(eo — Un(e0))?] + o> (2.8)

Let e, n denote the system adaptive error under invariant measure, i.e., e, y = Ts N —

[A{’N (4 ). Rearranging (2.8), we find that the optimality gap is given as

E [(LU*’N)2] - O'2 = CL2E [(6*71\7 - UN(e*,N))Q} (29)

which is (up to a constant) the distortion of the fixed quantizer Uy applied to the
random variable e, n.

With this in mind, we state the following result for high-rate distortion of Uy on
sequences of suitably well-behaved random variables. The proof builds on balancing
the trade-off between distortion due to the high-rate granular region and the overflow

region.

Lemma 2.2.6. Let {xn}y_, be a sequence of random variables that satisfy,

sup E [|zn|"] = B, < 00 (2.10)
N>2
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for some m > 2 (not necessarily integer). Set the bin size for the quantizer Uy as

Ay = ON~% . Then we have,
E[(zy — Un(zy))?] = Ox (N—%) .

The proof is mostly mechanical. For a proof, see the proof of Lemma 3.4.4 in the
appendix.

Briefly, we note that if the sequence {xn}y_, is for instance uniformly sub-
Gaussian (in the sense that supy., F [es(’fN)Q] < oo for some s > 0, then (2.10) holds
for every m > 2 and so it is possible to achieve distortion asymptotic to Oy (N _2+5)
for any § > 0 by taking m sufficiently large.

However, this sub-Gaussian condition is much stronger than (2.10), and if one
follows the proof of Lemma 2.2.6 using this stronger tail condition carefully, setting
the bin size Ay slightly differently, it is possible to achieve convergence that is faster

than Oy (N~%%?) (for instance, Ox (N"2In N)).

Remark. Lemma 2.2.6 is essentially a “universal quantization” result for uniform
quantization. In particular, we justify here that the above lemma cannot be im-
proved without strengthening the imposed condition or using more complex quantiz-
ers. Consider the special case where xy = X for all N > 2 and where X admits the

“Bucklew-Gallagher” pdf,

1+6/2
p(l‘) = W for all x € R,

for arbitrary 0 > 0. This distribution has finite moments only of order m < 2+ ¢ and

since X is independent of IV, the problem here is essentially optimal source coding of
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the distribution X ~ p(z). Here we will denote by Dy the infimum (MSE) distortion
achievable by a uniform quantizer with N > 0 output levels. In [44], it is established
that for the source above, Dy satisfies asymptotically (see the first equation on page
963 of [44]),

. 25
lim N2+ Dy = ¢;
N—o0

for some constant c¢; > 0, so that asymptotically the best distortion achievable by
uniform quantizers for the above source X is Dy = On <N _%)

Now we compare this to Lemma 2.2.6. Here, since X admits finite moments m for
any m < 2+ d, by employing our uniform quantizer with step size Ay = 2N —l+3
we achieve asymptotic distortion Oy (N ’2+%>. As we let m — 2 4+ 6 from below,
-2+ % becomes arbitrarily close to —% and so the result we have stated here
achieves asymptotic distortion which can be arbitrarily close to the best achievable
asymptotic distortion one can get using uniform quantization. It is in this sense that

Lemma 2.2.6 cannot be improved without strengthening the conditions imposed on

the sequence {zy}, or without employing more complex quantization schemes.

Remark. We also briefly remark on more complex quantization schemes than uniform
quantization. In the case that one knows e.g., the specific distributions of each xy
and one is able to change the quantization scheme without affecting the sequence
{xn}r—s, it is possible to achieve asymptotic distortion of Oy (%)

Suppose for concreteness that again xny = X for all N so that this is a standard
problem of optimal source coding. We also suppose that X admits some finite mth
moment for arbitrary (real) m > 2, and that X admits a density f with respect to

Lebesgue measure. Let D} denote the infimum (MSE) distortion achievable over all
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N-level quantizers. It follows from [45, Theorem 2] that,

1 3
lim N2Dj} = o U f(a:)l/?’das] :
R

N—o0

In particular, this implies that D}, = On (#)

However, in the context of the networked control problem studied here, this ap-
proach is not clearly feasible. The primary issue is that our choice of quantization
scheme will ultimately change the resulting sequence of random variables {zn}3_,
(these will be a sequence of random variables under the invariant measure, which
depends implicitly on our coding scheme). Then, to optimize the choice of quantizer
for each x is a highly non-trivial issue due to the “looped” dependency between the
random variable x and its quantizer for each N.

It is for this reason that uniform quantization is appealing: Without regard for
the specific distributions of the sequence {zy}5_,, we are able to achieve distortion
that is known to be asymptotically near-optimal (for uniform quantizers) using only

a mild condition that uniformly bounds the behaviour of the sequence.

In light of (2.9), we would like to apply Lemma 2.2.6 to the sequence of random
variables {e, n}%_,. To do this, we need to establish (2.10). This is ensured by the

following result.

Lemma 2.2.7. Under Scheme P(B,¢), the invariant system error has finite (5 —¢)th

moment uniformly in N > 2. That is,

sup £ [’6*71\]‘5_6] < 0. (2.11)
N>2

Sketch of Proof. With Lyapunov functions V (x, A) and d(x, A) proportional to AP~¢
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and appropriate set C' and constant b, we show that these functions satisfy the drift
condition (1.8). In particular, we do this for f proportional to |x|’8 ~“ and f pro-
portional to A?~¢ which, with the Lyapunov parameters independent of N leads to
results of the form (2.11) by Lemma 1.7.4 for the invariant state and adaptive bin
size. A simple invariance argument finishes the result. Condition 2.0.1 is crucial to
the proof of this result. For a complete proof, please see the proof of Lemma 3.4.8 in

the appendix. O

Therefore, in light of (2.9) and the above lemma, we find that the optimality gap
decays asymptotically at the rate Oy (N _2+ﬁ>. Since K is fixed and 2¢ is linearly

proportional to N, we find that the optimality gap is asymptotically in C,

97:C
E [(zn)*] = 0% = Oc (22—0)

which establishes Theorem 2.0.2.
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Chapter 3

The Multi-Dimensional Case

We now present the more general vector case. Recall that we consider control of the
multi-dimensional system (1.1) over a discrete noiseless channel of capacity C' bits
and the aim is to minimize the infinite-horizon average quadratic form (1.2).

As stated earlier, in the fully observed setup the optimal control policy is u; =
— B~ ! Az, which achieves an optimal cost of tr (QX). In light of this, we seek to arrive
at asymptotic bounds on the optimality gap,
T-1

1
limsup =F
T—>oop T

xtTth] —tr (QY)

t=

in terms of the channel capacity C.
It is again necessary to specify joint coding and control schemes. First, we gener-

alize Definition 2.0.1 to the vector case.

Definition 3.0.1. A joint coding and control scheme ¢¢c achieves second moment

convergence with rate function r : R, — R if|

T-1

thTth] —tr (QY) = O¢ (2((’2) .

t— n

1
limsup =F
T—>oop T
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For brevity we may say simply that ¢¢ achieves the rate function r(C').

Remark. In the vector case, the extra factor of % in the above definition comes intu-
itively from the fact that to tile a hypercube in R™ of width L it takes (L/A)™ bins

of width A which grows exponentially in n.

As in the scalar case, one seeks to achieve a rate function r(C') which grows slowly
to maximize the rate of convergence.
We will impose the following condition on the noise process, analogous to Condi-

tion 2.0.1.

Condition 3.0.1. For some § > 2, E [||w0||§o] < 00. That is, the noise process has

finite Sth moment.
The following generalization of Theorem 2.0.2 is our ultimate result.

Theorem 3.0.1. Supposing Condition 3.0.1 holds with B > 2, for any ¢ € (0, — 2)

there exists a joint coding and control scheme Scheme P([3,€) which achieves the

exponential rate function r(C) = o(72)%C,

The rest of Chapter 3 is dedicated to proving Theorem 3.0.1.

3.1 Vector Quantization

In the multi-dimensional case, we will make use of vector quantization. We will use
scalar uniform quantizers to define two types of cubic lattice vector quantizers.
Let M > 2 be an even integer and A > 0 be a scalar “bin size”. With [-] the

usual floor function, we define the partial uniform quantizer u%; : [—%A, %A] — R
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as

g

R (%] + 5. ifze[-FAFA)
upy(z) =

SIS

A—%, ifx:%A.

Note that 0 & range(u4;). Then, we define the type I vector quantizer Q4 : R® — R®
as

(ufy @)y, i el < YA

=1

Qa(x) = (3.1)

0, if [2f] > 2 A" for some 1 <i<n

and the type II vector quantizer U§; : R® — R" component-wise as

A i ; i M
i uM(xZ)a if |x ‘ < 7A
(U ()" =

0, otherwise.

Remark. If n =1 then the above definitions both correspond to the scalar quantizer
(2.4). For this reason and because the co-norm is a generalization of the scalar
absolute value, the scheme we present for the vector case is a direct generalization of

the scalar scheme.

As in the scalar case, we will use these vector quantizers for two different purposes.
The type I quantizer will be used with adaptive bin sizes to achieve stability. Let
K > 2 be an even integer, and suppose that {A;};°, is some sequence of strictly
positive bin sizes varying with time. We will make use of the quantizer ét.

The type II quantizer will be used to achieve optimal convergence. For a given
even number of bins N > 2, let Ay be a bin size which is a function of N. We
will make use of the quantizer Uﬁ(m. For brevity we denote Uy = Uﬁw) and where

necessary, specify the dependence of Ay on N.
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3.2 System in a Jordan Form

Briefly, we discuss a reduction of the system matrix A into its separate modes. This
will have the useful side effect of making || Al very close to the absolute eigenvalue
of each mode.

Let {\;}_, be the (possibly repeated) eigenvalues of the system matrix A. With-
out loss of generality, we assume that A is in real Jordan normal form. To see why
this is without loss, note that for any matrix A there exists an invertible matrix P
such that A .= P~'AP is the real Jordan normal form of A [46, Theorem 3.4.1.5].
Let P#; = x; and left-multiply the system (1.1) by P~!. Defining B = P~'B and

wy = P~ w;, the system dynamics become

jo_l = Ai’t + But + lZ]t

which is in the same form as (1.1) but with the system matrix in real Jordan normal
form.

For the purposes of controlling this system, it suffices to consider each of the
Jordan blocks of A individually. Since the matrix B is invertible, the control of
each of these blocks will be identical to the control problem for the full system (1.1).
Therefore, by a slight abuse of notation, we will consider the control of a single mode
or Jordan block A € R™ ™ (which may now be part of a larger system) with the single

repeated eigenvalue A € C. By the real Jordan normal form [46, Theorem 3.4.1.5],
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we know then that A takes the form
Al D T

or (3.2)

where A € R and A € C\ R respectively. For A = a+bi € C\ R above, [ is the 2 x 2

identity matrix and D is the 2 x 2 matrix

D:[_ab 2].

We note that for A in either of the forms above, we can describe ||A]|__ quite easily:
Proposition 3.2.2. There are four cases to consider, which are:

o IfAeR andn=1 then ||A]|_ = |\l

o IfAeR andn > 1 then ||Al| = [N+ 1.

o IfA=a+0bi € C\R andn =2 then || A = |a| +|b] < V2]

e fA=a+bicC\R andn > 2 then |All_ = |a| + [b] +1 < V2| + 1.

The equalities follow just by observing the rows of A under each assumption. In
the complex case, the upper bound follows by Cauchy-Schwarz inequality in R2. The

largest upper bound is v/2 || + 1, so in view of (1.5) we may always write that
1Az], < (V2 + 1) 2] - (3:3)

Briefly, we remark that the above bound can be improved in the case n > 1 by

applying an invertible transform S. That is, as before we let A = S™1AS and apply
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the same “change-of-view” transformations #; = Sy, B = S™'B and w; = S~ 'w,.
By left-multiplying the system (1.1) by S~ we arrive at an identical control problem
now with the system matrix A = S~1AS.

From here it suffices to determine how small [|[ST'AS]||_ can be made over all
invertible transformations S. At least in the case A € R we demonstrate that the
infimum is at most |A| using the following construction.

First, suppose A is a real Jordan block, i.e. that of (3.2) for A € R. For any ¢ > 0
we let S. = diag(1,¢,¢2%,...,e" ). which has inverse S=! = diag(1,e7!,e72,...,e~("7V),

Then,

STTAS. =

Therefore, ||S-TAS.||, = |A\| + . By taking ¢ — 0 this value is arbitrarily close to
|A|. If one allows for complex vector and matrix entries, an identical argument can
be made in the case A € C\ R.

The minimization of || A||  will be relevant to our scheme in terms of the minimum
capacity required for stabilization.

We will need to distinguish between the cases |A\| < 1 and |A| > 1. In the former
case, stability of the process is simple to ensure since the process is open-loop-stable.
In the latter case, the process is open-loop-unstable and achieving stability under the
information constraints is a subtle issue which we will address carefully. Therefore,

we postpone discussion of the stable modes and assume moving forward that |[A| > 1.
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3.3 Scheme P(f,¢) in the Vector Case

In this section we describe the joint coding and control scheme of Theorem 3.0.1.
The scheme presented is very similar to that of the scalar case and is in fact a direct
generalization of the joint scheme of Theorem 2.0.2.

Let K > 2 be an even integer and suppose {A;},~, is a sequence of positive “bin
sizes” such that A,.; is a function of only A; and the indicator random variable
]1{\\th|00 IR Also assume that both the encoder and decoder (controller) know
Ag. Then so long as the type I quantization Q%(z;) is sent over the channel, it
is possible to synchronize knowledge of A; between the quantizer and the controller
since ||z, < 5 A if and only if Q%' () # 0.

The coding scheme is as follows. For {A,;},°, as above, we calculate the adaptive
quantizer output Qfg (x;) and the adaptive system error e, == z; — Q[A{ (x¢). Then for
integer N > 2 we use a fixed type II quantizer Uy with bin size A(y) as in Section

3.1 to calculate the fixed quantizer output Uy(e;). We then send Q%' (z) and U (e;)

across the noiseless channel where the channel capacity is at least,
C = logy (K™ + 1) + log, (N +1)") (3.4)

We estimate the state x; as Z; == Qﬁt (x¢) +Un(e;). To mirror the fully observed case,

the controller applies the control
Uy = —B_IA ( ;A{t (l't) + UN(@t)) = —B_lAi't.

The scheme is illustrated in Figure 3.1.



3.3. SCHEME P(j,¢) IN THE VECTOR CASE 39

_—i— Un E Channel i + Ay
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! —B71A —
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Figure 3.1: Block diagram of the two-stage coding and control scheme.

The controlled system dynamics resulting from this scheme are

Ti+1 = A(.I't — .fi't) + wy

= A(e; — Un(er)) + wy. (3.5)

The update dynamics for {A},2, are nearly identical to the scalar case. We

assume that K > [|A|| and choose scalars % <a<l, p>|Al,and L >0. We

assume again that p > Ka. Choose Ay > L arbitrarily, then for ¢ > 1 the bin update
is
(

PAy i [l > A

A= ady, if ||z, < EALA > L (3.6)

Ata lf thHoo < %AhAt < L
\

Proposition 3.3.3. With dynamics (3.5) and (3.6), the process {(x, A¢)}iog s @

time-homogeneous Markov chain.

The motivation for this scheme is as in the scalar case. The adaptive type I

quantizer QIA(* will lead to stability in the sense of positive Harris recurrence, and
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the fixed type Il quantizer Uy will lead to order-optimal convergence of the system
quadratic form 7 Qz under invariant measure as the fixed quantization rate N grows
large.

As in the scalar case, we impose Condition 2.1.2 so that the state space for A, is

countable. The state space for A; is
QA = {OéjpkAO 2j7 k e Zzo} .

and the state space for the Markov chain {(z;, Ay)};o, is R™ x Qa. What remains is
to specify additional constraints which complete our proposed scheme.

We assume that Condition 3.0.1 holds for some § > 2. For any ¢ € (0,8 — 2)
we finish our construction of Scheme P(f3,¢) by requiring that p > (||A||Oo)§ and
specifying the dependence of Ay on N as Ay = 2N BRA= (again, the constant 2
here is arbitrary).

We impose the following condition which generalizes Condition 2.1.3 to the vector

case.
Condition 3.3.2. The minimum adaptive bin size is at least,

1Al

ol > ——2—
Ka — Al

Finally, as in the scalar case, as C' — oo we keep K fixed and let N — oo to take

advantage of fixed quantization results at high rates, to be presented shortly.
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3.4 Proof Program for Stability and Convergence

In this section, we outline the proof program for Theorem 3.0.1, i.e. that Scheme
P(5,¢e) achieves the exponential rate function r(C) = 2(5%2)5C. Many of the proofs
of intermediate results are tedious and largely mechanical, so we have relegated these
to the appendix.

We first give an intermediate result on high-rate quantizer distortion and then
present a high-level proof program of Theorem 3.0.1 with similar key arguments as
those in Section 2.2.

Let {Xn}x_, be a sequence of random vectors on R™ and consider the quantizer
Uy described in Section 3.1. We define for N > 2 the error vectors Yy = Xy —

Un(Xn).

Lemma 3.4.4. Suppose that
sup B[ X |2 = B < o
N>2

for some m > 2 (not necessarily integer). Set the bin size for the type Il quantizer

Un as Ay = ON~m. Then for any positive semidefinite matriz V€ R™™ we have
tr (VE [YwYi]) = Ox (V245

The proof is mostly mechanical and can be found in the appendix.

We denote the “in-view” set A as,

A={(z,A) e R" x Qa1 ||z], < A},
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i.e., the set of states (z,A) such that the adaptive quantizer Q% () is non-zero.
We will show in Lemma A.5 that states beginning in this set return to it extremely

quickly, in that for constants h > 0 and & > 1 we have

F-1 A
Px,A(TAszrl)ngwO(é(hé 1 (N)))

2 k al

which decays incredibly fast in integer k£ > 1. Essentially all of the following stability
results will follow from repeated application of this inequality and Condition 3.0.1 on

the noise process.

Theorem 3.4.5. Under Scheme P(B,¢) with K > [|A|l . {(@, Av)}iey is positive
Harris recurrent for every even N > 2 (i.e., as C' grows without bound). Therefore,
for every even N > 2, Scheme P(B,¢) yields a unique invariant measure 7y for the

process { (x4, )}

Sketch of Proof. We establish p-irreducibility and aperiodicity for {(z;, A;)};-, where
 is the product of the Lebesgue and discrete measures on R” x 5. The logarithmic
function V(z, A) = clog, A is shown to satisfy Condition 1.7.1 with d(z, A) constant
and f = 1 (i.e., in the form required by Lemma 1.7.3), leading to positive Harris

recurrence. A complete proof is provided in the appendix.

We denote (2. n, Ay n) ~ Ty as the state under invariant measure. This will also

induce an invariant measure for the system adaptive error e;, which we denote by

err

6*’]\[ ~ 7TN .

We have the following ergodicity result, similar to the scalar case.

Proposition 3.4.6. The infinite-horizon second moment and the invariant second
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moment agree, that is

1 T—1
fm 78| 2w Qe

= E[(z.n)"Q(z.n)] -

t=

Sketch of Proof. We are able to show using the drift conditions of Section 1.7 that
functions g(x, A) which are bounded by ||x||§:5 satisfy the above ergodicity condition.
The quadratic form z7Qz is of the order ||z||°. and hence bounded by ||z||> ¢, since
€ < [ — 2. This will establish the result. A complete proof is provided in the

appendix. O]
The following proposition is crucial to our proof program.

Proposition 3.4.7. We have the following characterization of the invariant second

moment.

E [(JI*,N)TQ(I‘*,NH —tr (QE) =tr (ATQA . E [(6*7]\/ — UN(G*JV))(Q*,N — UN(G*JV))T]) .

Proof. The proof is by iterated expectations. Suppose that (zg,Ay) ~ mn. Let
eo = o — Q%°(x0) and z; = A(ey — Un(e)) + Z where Z ~ 1 (recall 7 is the
distribution of wy). Since we have applied the one-step transition kernel and 7y is
the invariant measure, the marginal distributions of xq and x; will be identical.

For brevity we denote sy = ey — Un(eg) so that x; = Asy + Z. Supposing that

E [(z.n)"Q(z4n)] < oo (this follows from system moment results that will be stated
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shortly), we then have by invariance and iterated expectations that

E [xOTQxO] =

—

:U{Qxl] =F [E [xf@a:l ‘ SOH
E [(Aso + Z)"Q(Aso + Z) | so] ]

sTATQAsy + 2 [Z])" QAso + ZTQZ]

tr (ATQA-E [SOSOT]) + tr (QE [ZZT])

=tr

[
|
[s0 ATQAs| + E [Z27QZ]
(
(

ATQA - B [(60 — UN(GQ))(GO — UN(GU))T}) + tr (QE) .
Rearranging the above equality completes the proof. Note that above we used the
property that Z ~ 7 is zero-mean. ]

Remark. For the type of scheme we present here (that is, using two-stage adaptive

and fixed uniform quantization), if one is able to establish that

tr (A"QA - E [(ey — Un(ewn))(erw = Unlewn))']) = On (Rfvjj)>

for some function R(N) then it follows from the above two propositions (and the fact
that N is a linear function of 21, recalling (3.4) and that K is fixed) that the scheme

in question achieves the rate function

1

r(C) = R <(K" 4 1) woRC - 1) .
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That is, we have

1 R((Kn+1)—%2%0—1)
Z th] —tr (QX) = 7 : (3.7)

=0

lim E

T—oo 1’

Depending on the specific function R(N) in question, this expression can be simplified

(this will be the case in our analysis).

We have the following uniform stability result under invariant measure.

Lemma 3.4.8. Under Scheme P(B,¢), the invariant system error e,y has finite

(B — &)-th moment uniformly in N > 2. That is,
sup F [He*,NHfo_g] < 0o0. (3.8)
N>2

Sketch of Proof. With Lyapunov functions V (x, A) and d(z, A) proportional to A%~
an appropriate “in-view” set C' and constant b we show that these functions satisfy
the drift condition (1.8). In particular, we do this for f proportional to ||x||fO “and f
proportional to A?~¢ which, with the Lyapunov parameters independent of N leads
to results of the form (3.8) by Lemma 1.7.4 for the invariant state and adaptive bin
size. A simple invariance argument finishes the result. A detailed proof is provided

in the appendix. O

Briefly, we note that ATQA is positive semidefinite (by positive definiteness of Q).
This allows us to use Lemma 3.4.4.

Finally, we prove our ultimate result.

Proof of Theorem 3.0.1. Lemma 3.4.8 allows us to use Lemma 3.4.4 with the sequence
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of random vectors {e, n}y_, from which we obtain,

tr (ATQA - E [(exn — Un(ean))(ean — Unlewn))’]) = On (NL)

and so by the earlier remark with R(N) = N 5357 Scheme P(,¢) achieves the rate

function

1 4

r(C) = <(K" 4 1) woRC - 1)* = O (2(6%)%0) .

This proves Theorem 3.0.1 and completes our proof program. O]

3.5 The Case of Open-Loop-Stable Systems

Here, we consider again A to be a single Jordan block on R"*" with single repeated
eigenvalue A € C where now |A| < 1. In this case, the system with dynamics (1.1)
is open-loop-stable. In contrast to the case of unstable modes, we do not need to
employ adaptive quantization for stability.

We suppose the capacity allocated for this mode is at least C' = log,((N + 1))
for some N > 2. Supposing that Condition 3.0.1 holds for the noise process w, for
some [ > 2 we will employ the fixed quantizer Uy with bin size Ay = IN"F to
quantize the state x; and send Uy(x;) across the channel at each time stage. The

controller will apply the control

Uy = —B_lAUN(CCt>
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which will lead to the state dynamics,
Tir1 = A(l’t — UN(.Tt)) -+ wWy. (39)

This process is a Markov chain. We state the following major result with only a proof
sketch for brevity. The proof program is extremely mechanical and largely similar to
that of the unstable case, though the theorems used can be slightly weaker which we

address in the proof sketch.

Theorem 3.5.9. The state process {x;},-, is positive Harris recurrent. Denoting the

invariant distribution as x. y, we have that
sup B [Hx*,NHi} < 0. (3.10)
N>2

Furthermore, the infinite-horizon second moment and invariant second moment agree,

that s

1 T-1
lim —F vl Qu,
0

A = E [(2.n)" Q(z.n)] - (3.11)

t=

Sketch of Proof. The use of random-time Lyapunov drift conditions is not needed
here, and one can apply the typical one-stage Foster-Lyapunov drift theorems, with
appropriate Lyapunov functions, to show each of these results. Loosely, it is easy
to demonstrate stability in this case because |A\| < 1 implies that the process is

“forgetful” of the past with geometric rate, in view of the dynamics (3.9). O

As in the unstable case, we have a characterization of the system second moment

via iterated expectations.

Proposition 3.5.10. We have the following characterization of the system second
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moment.

FE [(:L'*JV)TQ(.%*’N)] —tr (QE) =tr (ATQA - F [(1‘*71\[ — UN(.I*’N))T(.%*’N — UN(l'*JV))}) .
Sketch of Proof. The proof is by iterated expectations and is almost identical to that
of Proposition 3.4.7. O

It follows from (3.10) that we may apply Lemma 3.4.4, which from the above
proposition, (3.11) and similar reasoning to the remark preceding Lemma 3.4.8 tells

us that the scheme presented here achieves the rate function

3=

@l

r(C) = O¢ (2 C) . (3.12)
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Chapter 4

Simulation Results

In this section, we provide an example simulation to illustrate our results.

4.1 A Heavy-Tailed Distribution

We will say that a random variable Z on R has a “symmetric Pareto” distribution

with shape parameter @ > 0 and scale parameter o > 0 if Z has the probability

—(a+1)
fz(u) c (1+M> , u € R.

" 20 o

density function,

For brevity we denote Z ~ SP(«, ). These distributions are related to the typical
Pareto distribution in that if Z ~ SP(a, o) then |Z| + ¢ ~ Pareto(o, a).

Such a distribution admits finite Sth moment for all 5 < « in the sense of Con-
dition 3.0.1 whereas all moments § > « are infinite. The moments less than « are

given explicitly by,
[(a—p)T(B+1)
I'(a)

E[|Z"] = 0"

The fact that such random variables admit finite Sth moment only for § < o means

they are badly behaved in the sense of having heavy tails. Despite this, it is clear
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that if Z ~ SP(a, o) with o > 2 then Z satisfies Condition 3.0.1 for all 5 € (2, a).
For this reason, such distributions are well-suited to illustrate the generality of

our results. We will use these distributions as the base for our system noise process.

4.2 An Example System

Consider a linear system in R3,

Tiy1 = Al‘t + U + Wy

where the system matrix is,

1 10
A=|-11 0
0 01

Thus the system matrix is already in real Jordan normal form with eigenvalues A\, o =
1+iand A3 = % The first Jordan block is open-loop-unstable while the second block
is open-loop-stable.

The process {w;};o, is given component-wise by wy = (w},w?,w]) where the
components are independent of one another and identically distributed in time with

distributions,

w; ~ SP(3,2), w? ~ SP(3,3), w} ~ SP(3,4).

Thus, the covariance matrix ¥ is given by ¥ = diag(4, 9, 16). For simplicity, we let

@ = I3 be the identity matrix so that we are interested in the minimization of

T-1
E I?It
t=0

li —F
im sup T

T—o0
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across a noiseless discrete channel of capacity C' which has a lower bound of tr (QX) =
tr (diag(4, 9, 16)) = 29.
Let K = 4 (the least even integer such that K > |4,/ = 2), then for even

N > 2 we let the capacity of our channel be
C = 0172 + 03 = log2 17 + 310g2(N + 1)

where C12 = logy(K? + 1) 4+ 2logy(N + 1) and C3 = logy(N + 1) are the channel
capacities allocated for the respective Jordan blocks.

Let a = %, p= (%)14 and L = 2 be the adaptive quantization parameters for the
unstable Jordan block A; . Note that a*p = 1 so that Condition 2.1.2 is satisfied.
Let 51’2 =29, =05 and 3* = 2.4 so that §° = "% — . Finally, we let Ay =
NI = 9N - = 2N~% be the bin size for the fixed quantizer Uy in both
Jordan blocks of the system, for any even N > 2. Note that p = (—)14 > 258 =
| Ay, QH o and that p > Ka = 3. Also note that Condition 3.3.2 is satisfied for
N > 500 since oL = 3 > 58l Ason) = 525 A500) = 4(500) 76 ~ 1.4198.

Therefore, with 82 — ¢ = 8% = 2.4, by employing Scheme P(3%2 ¢) on the

unstable Jordan block A; o and the scheme of Section 3.5 on the stable Jordan block

[y

Az = 5, we are guaranteed by Theorem 3.0.1 and (3.12) that,

T—

IR

t=0

lim Sup E

T—o00

|| =29 = 0c,, (2734%2) + O, (275)

and since asymptotically we have %CLQ ~ %C’ and C3 ~ %C it follows that,

T—1 L
;x a:t]—29:(90(2 g )

1
lim sup — 7 —F

T—o0
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Then with n = 3 this establishes that the scheme we have provided here achieves the
rate function r(C)) = 25, in the sense of Definition 3.0.1.

With the parameters above, the system was run for all N € {500, 550, ... 5000}
and the average second moment was recorded. The second moment achieved in each
trial is plotted against the capacity C' = log, 17 + 3log, (/N + 1) below in Figure 4.1.

Since we expect that the optimality gap will converge to zero at a rate like 279
for some 0 > 0, it is reasonable to expect that the logarithm of the optimality gap
is approximately linear in C' with slope —¢§. Therefore, an estimate of the order
of convergence was obtained by performing a linear regression between C' and the
logarithm of the optimality gap. This estimate on the order of convergence can be
seen in Figure 4.1. Notably, a much better convergence rate was observed in this
simulation than is promised by our main results. Finally, a sample path for the
Markov chain {(z;, A;)},~, is displayed in Figure 4.2 for the case N = 3000.

Finally, we remark on the convergence rate to the invariant measure 7. In [47,
Theorem IV.2] it is shown that in the scalar case with Gaussian noise, using only the
adaptive part of the coding scheme, the Markov chain {(z;, Ay)},, is “geometrically
ergodic” in that for every (z, A) € Rx a, the n-stage transition kernels P"((z, A), )
converge to my(-) under the total variation metric at a rate r™ for some r < 1.

Much of the analysis needs to be re-derived in the more general case we con-
sider here, but one can still follow the primary line of argument in the proof of [47,
Theorem IV.2]. In particular, invoking [47, Theorem II1.7] with the Lyapunov func-
tion V(z,A) = A? and using our super-geometric bound on the tail probabilities
P, A (A > k+ 1), Lemma A.5, it follows that the scheme presented here also ensures

the Markov chain {(z;, A;)},o, is geometrically ergodic for each N > 2 (though, one
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has to be careful that the geometric rate is uniformly bounded over all N > 2. This
is the same flavour of issue that is resolved by careful choice of Lyapunov parameters

in Lemma 3.4.8).

Simulated second moment

\ — — —Estimate: 29 + .20 €

System Second Moment
5
o

200
150
100
50 1
0 .
30 32 34 36 38 40 42
C (bits)

Figure 4.1: Convergence to the optimum tr (QX) = 29. The order of convergence is
approximately O¢ (2*0'34260), which is much better than the expected convergence

Oc (2_%(]). The constant b is on the order of 2199,
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System Sample Path

@
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.
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)
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State Second Moment

[=]

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time
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8 B
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%]
=

=
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Figure 4.2: A sample path for the system with N = 3000 fixed quantizer bins. The
system second moment and adaptive bin size are displayed over time.
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Chapter 5

Conclusion and Future Work

In conclusion, this thesis has established the existence of a joint coding and con-
trol scheme for networked control systems of the form (1.1) which is asymptotically
optimal in that, as the data rate grows without bound, the system second moment
converges to the classical optimum with an explicit rate of convergence. The tech-
niques in this thesis build on prior work in this context, in particular by the use of
random-time Lyapunov drift conditions to establish key stability results.

There are several potential directions for future work. The first and most impor-
tant for practical applications is the relaxation of the invertibility assumption on the
control matrix B. In general, it is possible to achieve stability in the sense of positive
Harris recurrence and finite system moments with just the assumption that the pair
(A, B) is controllable [3, Theorem 2.2]. Controllability is a natural relaxation of the
invertibility assumption to pursue for the kinds of linear systems considered here.

A second possibility is to consider stricter conditions on the noise process than
Condition 3.0.1. For instance, one might ask that the noise tails are dominated
by exponential decay (so-called “sub-exponential” random variables), and seek to

construct schemes which, in the sense of Definition 3.0.1, achieve rate functions that
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are much better than exponential (e.g., polynomial in C'). The two-part coding scheme
presented here is well suited to generalizations of this type, because the bound of
Lemma A.5 holds quite generally (e.g., with few assumptions on the noise process)
and repeated use of this bound and Condition 3.0.1 leads to most of our key results.
Thus, using this bound with a stricter condition on the noise process may lead to
stronger stability and optimality results.

Finally, it would be interesting to explore optimality of schemes for non-linear
systems. The two-stage scheme approach seems as though it would be fruitful here,
supposing that one can establish stability and ergodicity results by the adaptive part
of the code. For instance, in [48, Theorem 5.1], a nonlinear system with “sub-linear”
dynamics and additive Gaussian noise is shown to admit stability when subjected to
an adaptive zooming quantization scheme similar to what is presented in [1, 2] and
the adaptive stage of the scheme presented here. It seems feasible that employing a
two-stage (adaptive and fixed) uniform quantization scheme for systems of this type
would, by some extra analysis, lead to convergence results similar to what we have

presented here.
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Appendix A

Proofs

Proof of Proposition 1.3.1. We show that in the fully observed setup, the optimal
control policy which minimizes (1.2) is u; = —B~'Ax,, achieving an optimal cost of
tr (@) where tr (+) is the trace operator. Let v, := Ax; + Buy so that z;1 = vy + wy,

then under any policy v we have

T—1 rT—1
1 1
limsup —F 2T Qx| = limsup —F L Qx
T—>oop T ; ¢ Q t] T—>oop T _; t+1Q H—l]
1 [
= limsup = F v+ w) Qv +w
T_mop T tzz(;( t t) Q( t t)
=
= limsup —F v Quy + Wi Qu
T—o0 | =0
=
> limsup —F w} Qu (A1)
T—o0 | =0
=F [ngwO] = tr (QE [wow(ﬂ) = tr (QX)
by positive definiteness of () and that wy is i.i.d. zero-mean. In the case u; = — B~ Az,

we have vy = 0 and so (A.1) is an equality, establishing optimality. O
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For the proof of both Lemmas 1.7.3 and 1.7.4 we will utilize supermartingale
arguments. Suppose that {¢;},-, satisfies Condition 1.7.1 at some ¢ € X. Define the

sequence of random variables {M.}. ., by My =V (¢), and for any z > 0,

Te41-1

M. = V(¢7—z+1) + Z f<¢t) - bzl{mec}‘
t=0 k=0

Note that {M.} )2, is adapted to {Fr.} - ,. Then the supermartingale property for
M, (ie., E[M.4, | Fr.] < M,) follows from (1.7):

EM. | Fr]—M.=E[V(¢7.,,) | Fr.] = V(ér)

Teg1—1
+ Z f(é) — bj{(ﬁTzGC}
i=T.
< —d(¢7.) + by, ecy + d(or1.) — iy, coy

= 0.

Thus, for any z > 0 we have E, [M,] < V(¢).

Remark. The proof of Lemma 1.7.3 largely follows that of [2, Theorem 2.1(i)] and is

included here for completeness.

Proof of Lemma 1.7.3. Let ¢ € C be arbitrary. We define the following two stopping

times,

(o =min{z >1: ¢ € C}, (& = min(n, {¢)

where (/% is uniformly bounded. Therefore we may apply Doob’s optional sampling

theorem [49, Theorem 10.10] for the supermartingale sequence {M.},, to find that



59

E4 [Mcn] < V(). This expands as

Es |V(é7,) + Zfd)t —me ecy| SV(9).

We note that for 1 < k < (f4—1 one has by construction that ¢7, ¢ C. In combination

with this and the facts that V() > 0 and f =1 the above bound relaxes to
By [Tee] < V(@) +0. (A2

Note that 7« < 7¢. by construction. Since ¢/ converges monotonically to (¢ from

below, it follows from the monotone convergence theorem that
Eylre) < By [Too] = By | 1im Top| = lim By [To] <V(e)+b (A3)

Recall that ¢ € C' is arbitrary and that V' is uniformly bounded over C'. It follows
then that

sup By, [1¢] < o0. (A4)
¢eC

This allows us to show that X is full and absorbing.

First, suppose & is not full, i.e. that ¢(X€) > 0. Since {é:},2, is p-irreducible it
then follows that for arbitrary ¢ € C' we have P, (Tyc < 00) > 0, so there are sample
paths starting in C' which visit X¢ in finite time with positive probability. From here,
the defining property of ¥ € X is that Py (7¢ = o0) > 0, so in total there exists
sample paths of positive probability starting in C' which do not return to C' in finite
time. This contradicts (A.4), so X must be full.

Now suppose X is not absorbing, i.e. that for some ¢ € X we have P(¢, X¢) > 0.
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It follows by similar arguments as above that there exists sample paths of positive

probability which start at ¢ € X, visit X in finite time, and then do not return to

C in finite time. This violates the defining property of X which is a contradiction.

Finally, consider the restriction of {¢;},~, to X. By the defining property of X,

this restricted chain satisfies P, (¢ < 00) = 1 for all ¢ € X, where C is a small set

satisfying (A.4). It then follows from [50, Theorem 4.1(ii)] (where smallness implies

petiteness) that {¢;},-, restricted to X is positive Harris recurrent.

If ¥ =X (ie, Py (1 <o0) =1 for all ¢ € X) then the restriction of {¢:},-, to

X s {¢pr}ro, itself, so {¢},~, is positive Harris recurrent.

Proof of Lemma 1.7.4. The supermartingale property for M, expands as

E, < V(9).

Tn—1 n—1
V(er,) + Z f(@e) — bzl{¢Tkec}
=0 k=0

Since V is strictly positive and ZZ;(I) ]1{ o7, eC} < n, we can relax the above to
k

Tn—1
Ey | > f(d)| <V(¢)+bn,
t=0
ie.,
1 [ 1
~E, tZ_; f(ast)] < -V(9) +b.

[]

(A.5)

Finally, recall that the sequence of stopping times 7y, is strictly increasing with 7, = 0.
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It follows that 7T, > k for all £ > 0, so that n < 7,. In light of (A.5) this gives us:

1 n—1 1 Trn—1
5E¢ f(¢t)] < EEqb Z f(¢t)]
t=0 t=0
< V() +b (A.6)

Now let g be a function bounded by f, that is g(+) < ¢f(-) for some ¢ > 0. For integer
k > 1, let g == min(g, k). Since gy, is bounded, it follows from the individual ergodic

theorem (and Fatou’s lemma) that for every ¢y € X we have

i gk(qbt)]

t=0

o1
Er[gi(@)] = lim —~Ey,
so with ¢g = ¢ we have by (A.6) that,

) 1
Er [gr(o4)] = nh_{{}o ﬁEqs

n—1
ng(gzﬁt)] < c lim 1E¢

n—oo 1M
t=0

i f(¢t)] < cb.

t=0

Therefore, since g converges monotonically to g from below, it follows from the

monotone convergence theorem that

Ex [g(60)] = B [ Jim gi(é0)| = lim B ge(00)] < cb,

Here we remark that if ¢ = f then ¢ = 1 and this proves the first claim. Next we

show that for arbitrary g the claimed ergodicitiy result holds. We have that for any
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0o € X that
1 n—1 1 n—1 7
nh_{Eo EE% ; g(¢t)] = nh_{go EE% ; kh_g)lo gk(d)t)
1 fn—1 1
= Ji Jiw "o | 3 0u(6)
R B '
= lim Tim —F,, ;gk((bt) (A7)
= lim Er [gi(1)] (A.8)
k—o00
= Br | lim gu(6)| = Ex [g(60)]. (A.9)
—00

Above, (A.7) holds since {¢; },—, is positive Harris recurrent and g € L*(). As before,
(A.8) holds by the individual ergodic theorem and (A.9) holds by the monotone

convergence theorem. O]

Proof of Lemma 2.0.1. Suppose that b = 1 without loss of generality so that we are

considering control of the following system,
T+l = AT + Ug + Wy

across a discrete noiseless channel of capacity C' bits using an arbitrary joint coding

and control scheme ¢¢. First, note we may assume that for all C' sufficiently large,

1<
limsup =F
T%oop T

1
xf] < 00. (A.10)

t=0

If this fails to be true for the joint scheme ¢¢ then (2.3) will trivially hold. Note that
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(A.10) implies that

liminf E [27] < oo, (A.11)

T—oo

since otherwise limy_,, 7 [Zt 0 xf} = 00.

We will follow the core arguments in the proof of [43, Theorem 11.3.2] with the
key difference of not assuming that lim; .., F [z?] exists.

Denote the received channel output at time ¢ > 0 as ¢j. Let D, = E [(z; + 1u;)?],
dy = E[z}] and note that the system update gives us D; = %5 (diq — 0?).

We note that the discrete noiseless channel we consider is a special (noise-free
discrete memoryless) case of “Class A” channels [43, Definition 8.5.1]. Such channels
have their capacity characterized by limits of the directed mutual information between
the channel input and output. In particular, following the beginning of the proof of

[43, Theorem 8.5.2], we find that our channel capacity C' satisfies

-1
C > limsup — Z[ 45 41 djo.-1)) (A.12)
T—o0 =0

where I(z;y|z) is the conditional mutual information. Following the analysis in the
proof of [43, Theorem 11.3.2] (essentially exactly that on page 392) and invoking a
conditional version of the entropy-power inequality [43, Lemma 5.3.2] we are able to

arrive at the following bound,

= = L o 1 ,
ZI (6 41l o 4—1) = T logy (a”+ =) + T (h(zo) — hazr—1 + wr1 | gor_17))
TS =0

1
2
2 02 1 /
> Slogy | @ + 7= | + 7 (h(zo) — h(azry +wr 1 | glyr_1)))

by the convexity of z — log(1 + X). Above, h(-) and h(- | -) are the regular and
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conditional differential entropies, respectively. Therefore, we arrive at the following

bound on the channel capacity in view of (A.12),

. 1 o? 1
C > limsup (5 log, <a2 + —) + T (h(zo) — h(azp_1 + wp_q | C]fo,T—l}»)
T

T—o0 t=0 Dt
o1 9 o? . 1 ,
> liminf - log, | @ + ——7—— | + limsup — (h(zo) — h(azr_1 + wr_1 | o T—1})> :

We will consider the two limits above separately. Let

T-1

1
d = limsup — Zdt = hmsup E

T—o00 i—0 T—o0

T—-1
IE
t=0

and note that since D; = a%(dtﬂ — 0?) we have that

Then since log (1 + %) is continuous and monotone decreasing in z > 0 we have

1 02 1 o?
lim inf = log, | a? + =7 | = 5108 a® + — —
To00 2 ( T t o ~I'D, 2 lim supT_mo%ZtT:O1 Dy
1 2 2
= §log2 (a + 7 02)

—110 a’d
2 &2 d—o?)’

Therefore, we have that

a’d 1
C>= log2 (d — ) + lim SUp (h(zo) — h(azr_1 + wr_1 | Qfo,TA])) (A.13)

T—o0
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and what remains is to bound this limit supremum. We then have,

, 1
lim sup T (h(o) — h(azr_1 +wr_1 | Qfo,T—u))

T—o0

ool ]
= — thi)lorgf fh(aa:;p_l +wr_y | Qfo,T—l])

o1
= — lim inf Th(xT — bup_q | Qfo,T71}>

T—o00
o]
= hTHLIOI;f fh(xT | Qfo,T—l}) (A.14)
1
> —limint — .
> thll(gf Th(xT). (A.15)

Above, (A.14) follows since u; is constant given qfo’t] and differential entropy is trans-
lation invariant. (A.15) follows since conditioning reduces differential entropy.

We now show that lim infy_,o 7h(z7) < 0.

Note that since the noise process is added to the state at every time stage and
has a pdf n which is positive everywhere on R, the state z; will also have a positive-
everywhere density. Furthermore, the state z; will also have finite variance E [x?] —
E[x,)? at each time stage.

It is known that for a distribution over R with specified variance S, the Gaussian
distribution maximizes differential entropy at 1 log, (2meS). Therefore we have,

lim inf %h(a:T) < lim inf % log, (27e (E [27] — E [27]%))

T—o0 T—o0

|
< thi)lOI.}f 5T log, (27T€E [sz])

o1
< hTrrigfflogQ (E [x%}) =0,

where the final limit is zero by (A.11).
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Therefore, we have the following ultimate bound on the channel capacity,

1 a’d
C > 10g2 (m) .

Recall that d = limsup;_, %E [ tT 01 :L'f] Rearranging the above inequality for the

optimality gap d — o2 we find that

lim sup — E x? > 29
T—o0 —0 - 22C —a?
which completes the proof. O]

Proof of Lemma 3.4.4. Define the event F' by

F={[Xyllo < 3NAw ]

oo—2

To start, the (i, j)-th component of YyYiF is Y;Y3. Therefore,

B [Yai]],| = 1B FaY3)| = | B [Viv3ee] + B [Vivite]|
< |B[YAYilr|| + | E [YaYilpe]]

< E[|YAYi|1p] + E [|YYE | 1pe] (A.16)

by triangle inequality and Jensen’s inequality. Since F' is such that !X ]’§,| < %N Ay

for all 1 < k < n, it follows by construction of Uy that ‘Y1<€7| < %A( ~y- Therefore,

B(iv3|te] < B|(3Aw) 1] € (BAw)* = 12k (A17)



67

Note that [Y¥| < | X%],

(A.16) we have by Holder’s
inequality that

B [[ViYi|1pe] < B [| X3 X[ 1e] < B[| X3 X5 ] Efipe] ™
2

2

= B [|X3X4|7 |7 P(1XNl > $NAw) . (A.18)

Recall that we suppose sup s, E [[| Xn||52] = By < 0o. It follows by Cauchy-Schwarz

inequality that the expectation in (A.18) is bounded as

B [Ixixi#]" < B[ B[]

< B[ Xnl%]

S\N
3w

< (Bm) (A.19)

Note that by Markov’s inequality, we have for u > 0 that

P(IXnll > w) = P(I XNl > u™) < B[ Xn|G]u™ < Bpu™

and so since NA(y) = N, the tail probability in (A.18) can be bounded as,

m—2

m—2 —-m\ m
P(1xx e > 3880) ™ < (B (57) )

= (By)"" N2t

Combining this with (A.18) and (A.19) we find that
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which, combined with (A.17) yields that

[ vl

Now that we have demonstrated that each component of E [YNYE ] satisfies the de-
sired bound, the proof completes as follows. For any matrix V' € R™"™ we have by

triangle inequality and Jensen’s inequality that

ltr (VE [YnYy]) ZZVU YaYRT]l = (D0 D Vi [YAYR]
i=1 j=1 i=1 j=1
<22 WVl lE[VayR]]
i=1 j=1
< (n}f}xml ) ZZ |E [YiY]] = On (Aly)) - (A.20)

i=1 j=1

The proof can be completed by noting that for any two positive semidefinite matrices
P, @Q we have tr (PQ) > 0. Note that for any random vector X, E [XXT} is positive

semidefinite. Therefore, for any positive semidefinite matrix V' it follows that
tr (VE [YnYy]) = |tr (VE [YaYy])|

and so the proof concludes in view of (A.20). O

We now proceed with proving stability of {(z;, A;)},~, in the sense of both positive
Harris recurrence as well as moment stability. To show positive Harris recurrence, we
will need to demonstrate that our chain is irreducible and that an appropriate class

of sets are small.

Proposition A.1. The process {(x, Ay)} oo is p-irreducible and aperiodic where ¢
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1s the product of the Lebesque and discrete measures on R™ x Q.

Proof. First, we note that the condition for aperiodicity is strictly stronger than that
for @-irreducibility. That is, if we can show that for any (zg,4y) € R" x QA and
B € B(R" x Qa) with ¢(B) > 0 that there exists ng = ng((xo, Ao) , B) so that for all
n = ny,

then it follows that Py, a, (75 < 00) > 0 (since Py, a, (T8 =n) > 0 for all n > ny).
Thus, we focus strictly on showing that (A.21) holds. This will establish both -
irreducibility and aperiodicity at once.

We let 11 be Lebesgue measure on R™ so that ¢ is the product measure of p and
the discrete measure on Qa. We consider an arbitrary initial state (zo, o) and a
set B € B(R™ x Qa) with ¢(B) > 0. Such a set must contain a subset of the form

C x {D} where pu(C) > 0. Naturally we have for any integer k that

Pk((x()?AO)JB) > Pk((xmAO) RS {D}>

so it suffices to show that for some ny we have P"((xq,Ag),C x {D}) > 0 for all
n > ng. Plainly, the way we will do this is to construct a sequence of events which
occur with positive probability which drive the system to C' x {D}. The fact that we
can do this in any specified number of time stages sufficiently large will follow from
the fact that we may “hold” the bin size constant when A; < L.

From the known initial state (zq, Ag) it follows that A; will be known determinis-
tically (either Ay, aAg or pAy) and since the state transition kernel adds noise with a

pdf n positive everywhere, the state x; will admit a pdf which is positive everywhere.
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We remark that because A; is known we may write the in-view event {(z1,A;) € A}
as an event of the form {x; € L;} where L; € B(R") is some set of Lebesgue positive
measure (i.e. that p(L;) > 0). This event occurs with nonzero probability since x;
admits a positive-everywhere pdf, and an identical argument can be made for the
event {(z1,A;) € A9}

Thus we are able to consider a sample path in which either (z1,4;) € A or
(w1, A1) € AY where either occurs with positive probability. If we condition on one of
these paths, we find that A, is known deterministically and x5 again will admit some
pdf which is positive everywhere. In this way, we may repeat the arguments above
and are able to consider any arbitrary finite sequence of in-view/out-of-view events
which must occur with positive probability.

Now, we proceed with constructing the sequence of events that drives the system

from (zg, Ag) to C x {D}. We define integer m > 0 by,

0, if Ay <L

Lloga(ﬁ)J +1, ifAy>L

so that exactly m successive in-view events take A; to be less than L. Since the bin
sizes each communicate with one another, there must exist integer p, ¢ > 0 such that
a™PpiA; = D. That is, after m successive in-view stages from A;, we may reach the
bin size D by taking ¢ successive out-of-view stages followed by p successive in-view
stages. We let ng = 14+ m + p+ ¢, and for arbitrary n > ny we propose the following

sequence of events.

(1) For 1 <t <m, (¢, A¢) € A. (If m = 0, this is vacuously true)
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(2) For 1+m <t <m+ (n—ngp), (z, ;) € A.

(3) For 1+m+ (n—mng) <t <m+q+(n—ng), (x;,4;) € A.

(4) For 1+m+q+ (n—mno) <t <m+qg+p+ (n—ng), (x4, Ay) € A.
(5) =, € C.

The above sequence of events drives the bin size from Ay to D in exactly n time
stages by construction, and by (5) we also have z,, € C. By our previous discussion,
the sequence of in-view /out-of-view events happens with nonzero probability, so what
remains is to justify that conditioned on those events, {x, € C'} occurs with nonzero
probability. Again, the reasoning here is that events (1) through (4) will determine
A, _1 exactly and impart some prior on z,_1, but the one-step transition kernel will
convolve the state marginal with the positive-everywhere pdf n. Since C' is of positive
Lebesgue measure p(C') > 0, the event z,, € C' must occur with positive probability.

Hence, for any n > ny we have established the existence of a sequence of events
that drives the system from (xg, Ag) to C' x {D} C B in exactly n time stages with
positive probability. This establishes (A.21) and so establishes ¢-irreducibility and

aperiodicity. O

We denote the in-view set as

A= {(z,A) €R" x Qp ¢ ||z]|, < KA} (A.22)

and in light of Section 1.7 we will develop results concerning the return time 7,.

Proposition A.2. For the Markov chain {(z¢, A¢)},2,, bounded subsets of A are

small.



72

Proof. We begin by showing that subsets of A containing only one bin size are 1-small.
That is, let By € B(R) and D € Qa be such that By x {D} is a subset of A.

For arbitrary (zo, Ag) € By x {D} we then have that Ag = D and A; = ¢D where
¢ is constant but depends on our specific D (¢ =1if D > L, else ¢ = «). In any case,
we know that A; = ¢D with probability one.

Since By x {D} is bounded, we also know that ||e|| is bounded. It follows then

that the set
y = {y Y = A(€0 — UN(G())) El(l'o, Ao) € BO X {D}}

is bounded, and hence its closure cl()) is compact.
Recall that wy admits a pdf n which is positive everywhere in R™ and continuous

with respect to Lebesgue measure, then define the pdf  on R™ by

1 )
C(u) = 5 in, n(u —y)

where ¢ > 0 is chosen to normalize ¢ to a pdf. Since cl(})) is compact and n(u —y) is
continuous on cl(})) for every fixed u, it follows by the measurable selection theorem
[51] that ¢ is measurable.

Furthermore, since cl()) is compact and 7 is positive everywhere, this minimum
is well defined and the pdf ( is strictly positive everywhere.

Now let v be the product measure of ¢ and the Dirac measure d.p on R™ x Qa.
We have for arbitrary B € B(R™ x Q) that v(B) = 0 if ¢D is not a bin size in B.

Now suppose that ¢D is a bin size in B with corresponding Borel set B; € B(R").
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It follows then that for (x¢, Ag) € By x {D} that,

P((x07AO) , B) = PIO,AO (.271 c Bl) = P:L‘o,Ao (wo + A(@O — UN(eo)) c Bl)
- / N — Ales — U (eo)))du

>0 [ ((u)du = dv(By x {cD}) = ov(B). (A.23)

Therefore, By x {D} is (1,4, v)-small.

Now that we have shown sets of the form By x {D} C A are small, it is easy to
show that arbitrary bounded subsets of A are small. Indeed, we have that any such
set is the finite union of sets of the above type.

Without reference to an exact definition of “petiteness” for brevity, we note that
by [50, Theorem 5.5.7], small sets and petite sets are identical since our Markov chain
is irreducible and aperiodic. Furthermore, [50, Proposition 5.5.5(ii)] yields that the
finite union of petite sets is petite (and therefore small). It follows that arbitrary
bounded subsets of A are the finite union of small sets and thus are themselves small

(though generally not 1-small). O

The following proposition will prove to be remarkably useful for the remainder of

our proof program.

Proposition A.3. Let {z},-, be an i.i.d. sequence of nonnegative random variables.

For any b > 0 and integer k > 1 we have

k—1
P(Zzt >b> < kP(zo > %)

t=0
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Proof. Since {z};2, is identically distributed, we have for k¥ > 1 that

P<§2t>b>§P<lg{zt>%}> iPzt> )=kP(x>1). O

t=0

Corollary A.4. Let {z},°, be an i.i.d. sequence of nonnegative random variables.

Then for any (real) m > 0 and integer k > 1 we have

(§ ) ] < kB ).

Proof. Using the tail formula for expectation of a nonnegative random variable and

the previous proposition, we have

(S ] o((8) e [ ()

1

gk/ooop<zo>“7m> :k/OOOP((kzo)m>u)du

= kE [(kz)™] = k™ B[] O

Lemma A.5. Define the constants

p Ka
= op=
[A] p

For (x,A) € A we have for any k > 1 that

hed =1 Ay
> < . .
Px,A (TA = k + ) kTwo < 9 ( Lk ol (A 24)

Proof. Starting from (x,A) € A, let g := x—Q% (). We define the map S : R® — R"
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S(u) =u— Uy(u).

Note that ||S(u)|l, < |lull, + # for all u € R™. The correction term # accounts

for the possibility that ||ul|, < #.

We construct the following ”zoom-out” process y;. Let yo = eg, and for t > 0 let
Y1 = AS(yt) + We. <A25)
Then the following holds for all 1 <t < 74:
Yt = Ty, At = ptilOéA.
Therefore, it follows that for & > 1,
k k
{2 k+1} = ({@,A) €A} = ({lzl. > 540
t=1 t=1

k
= ﬂ {HytHoo > %Kapt_l}
t=1

N

{lgelle > 5Eap" '} = {lluelle > Sho"}
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We may further relax this event as

{lelle > 2ho*} = {IAS (1) +wierlle > Sho*}

{AS @)l + lwrillo > Zho"} (A.26)
Al IS -0l + il > Sho"} (A.27)
= {IS(m-1)lloe + 1Al Nwrrll > ShEP

C ISl + lwr-illo > $hEP T} (A.28)

C {peoll + Mool + 262 > ShE . (A20)

N

N

Above, (A.26) follows by triangle inequality, (A.27) holds in light of (3.3), (A.28)
holds since ||Al|_, > |A| > 1 and (A.29) holds since ||S(u)|, < |Ju|l + #.
The steps (A.26) through (A.28) can be repeated k& — 1 more times to ultimately

obtain that the event (A.28) implies
k—1
{uyonoo + 3 (ol +242) > %h&’f} . (A.30)
t=0
Using the fact that yo = e and that starting in-view, ||eo|| < %, we find that
k—1
n>kt1) c { (el +282) > 4 (ne - 1)} -

t=0

Therefore,

kol
—_

Py A (TA >k+ 1) <P;a ( (HthOO + #) > % (hé*k _ 1)) .

t

Il
o

Note that since a > HA% we have héF > 1 for k > 1. Therefore, % (hfk — 1) >
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0 so we may apply Proposition A.3 to the sequence of ii.d. random variables

{||wt||oo + %} to find that
t=0

A h k_1
Poa(ta>k+1) <kP,a (HwonOo+ A(2N) S 2 ( i )

A hF—-1 A
:kPa:,A <||w0||oo>§ fk - ;N))

2 k 2

Finally, note that with A > oL we have,

A hEF -1 Ay A (RE-1 Aw) A (RE—1  Aw
2 k 2 2 k A -2 k al
which, since T}, (-) is nonincreasing, proves the claimed bound (A.24).
Briefly, we justify that the argument to T, (-) in (A.24) is strictly positive for all

k > 1. First, note that Condition 3.3.2 is equivalent to,

Aw)
— < h&—1. A31
") < g (A31)
Since o > % and p > Ka we have h € (%, 1]. Tt is relatively straightforward
(if tedious) to verify that for £ > 1 and h € (%, 1] that the function
h& —1

S —
S

is monotone increasing for real s > 0 (e.g. by careful analysis of its derivative). In

particular, it follows that % > h& — 1 for integer k > 1. Therefore, it follows from
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(A.31) (i.e., from Condition 3.3.2) that

A(hF—-1 A A (heF -1
(4 2) -3 (5w oo

Corollary A.6. For (x,A) € A, the in-view return time satisfies

sup Epa[Ta] < o0
(z,A)EA

Alglgo Eyalma—1]=0.

Proof. Note that by Condition 3.0.1 , we have E [||w0||io} < oo (this follows since

[ > 2). Therefore by Markov’s inequality we have for u > 0 that

Too(u) < B [[lu]%] u.

We use the tail formula for the expectation of a nonnegative discrete random variable

and Lemma A.5 to then find that for (z,A) € A,

Ea:,A [TA] :ZPI’A (TA 2 k) = 1+ZPI’A (TA Zk—i-l)
k=1 k=1

> A [hek -1 A(N))>
<1+ KT, (_ ( _

—~ 2 k al

> A(heF—1 A\
< 271 (= _
<1+ ’;1 kE [|lwolls.] < 5 ( 7 —

o0 A —2
=1+ A2 S 4B [l 2] K (hgk 11— %k)
k=1

where the series converges because each term is O (k:3€ _2’“) for & > 1. We remark
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that A > aL implies that the above is uniformly bounded (when one replaces A by

al) and that as A — oo the above is 1 + Oa (A™2), which proves both claims. [
Finally, we prove positive Harris recurrence.

Proof of Theorem 3.4.5. Following the remark after Condition 1.7.1, we will satisfy

the drift condition (1.8) for Lemma 1.7.3. In this case, we set the following.

V(z,A) = clog, A,

dz,A)=d= sup E,a [,

(z,A)EA

flz,A) =1,

C=ANn{(z,A) eR"xQp: A<D},

b=c(d—1)+clog,a+d,
where d is finite by Corollary A.6, ¢ > # and D is such that A > D implies that
Eya[ta —1] < log, (L) (such a D exists by Corollary A.6). We note that C' is a
small set by Proposition A.2.

First, notice that by construction we have for any (x,A) € A that E, A [1A] < d,

so the second inequality of (1.8) is satisfied. We now show that the first inequality

also holds, which in this case is that for any (z,A) € A,

EI,A [V(x‘f'/w ATA)] - V(l’, A) < —d+ b]]{(fE:A)EC}' <A32)
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First, note that for 1 <t < 74 we have that A, = p~taA, so,

Ve, Ar) =clog, Ay, = clog, (p'aA)
=c(ma — 1) +clog,a + clog, A

=c(ma — 1) +clog,a+V(x,A).
Thus we have that
E.a[V(zr, Ar)] = V(x,A) =cE,a[Ta — 1] + clog, a. (A.33)

First, suppose A > D (so that (z, A) & C), then by construction of D and ¢, (A.33)

becomes

cEya[a — 1]+ clog,a < %clogp(é) +clog, o = —%clogp(é)

< —% (mgi—c(li)) log,(3)

= —d = —d+ bl recy

which satisfies (A.32). Next, suppose that A < D, then by construction of b and d,

(A.33) becomes

cBynlta — 1]+ clog,a < ¢(d—1) + clog,

=—d+b=—-d+ b]l{(JC,A)eC}

and so (A.32) is satisfied over A. It follows then by Lemma 1.7.3 that {(z;, Ay)},~, is

positive Harris recurrent, provided that we can show that P, o (¢ < 00) = 1 for all
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(x,A) € R" x Qa. We do this to complete the proof.
Since we have proven the drift condition (1.8) holds at all (z,A) € A, it follows

from the proof of Lemma 1.7.3 until (A.3) that for all (z,A) € A we have
Exnlre] <V(z,A)+b< 0

so we must have that P, o (¢ < 00) =1 for all (z,A) € A. From here, it suffices to
verify that all states return to A in finite time. This is automatic for initial (z, A) € A
by Corollary A.6. Now suppose that (z,A) € A®. By nearly identical arguments to

those of Lemma A.5, we can show that

k—1
PQCA(TA>]€—|—1 <P$A<

(Il + 252) > S K€"~ ||a:||oo) -

For k sufficiently large we have £K¢&F > ||z

t=0

so we may apply Proposition A.3

[ele})

which yields that for k sufficiently large,

SRR — A
which converges to zero as k grows large (T,,(u) = O, (u™?), as in the proof of
Corollary A.6). Therefore, we must have P, A (To = 00) = 0, which completes the

proof. O]

Proof of Proposition 3.4.6. First, we note that if \* is the maximum eigenvalue of )

then the following holds for arbitrary = € R",

2Qu < X |zl < A (Vi lzll.)” = nAt [zl (A.34)
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where the first bound follows by properties of positive semidefinite matrices and the
second follows by (1.4). Since € < 3 — 2 it follows that 27 Qz is bounded by ||x||’fo_a
in the sense of Lemma 1.7.4.

We will show in the proof of Proposition A.8 that Condition 1.7.1 holds in the form
required by Lemma 1.7.4 with the function f(z, A) = C'||z]|>.*, for a constant C' > 0.
Since 27 Q is bounded by HfoO*E, the proof completes in view of the ergodicity result

(1.9). O

To complete the proof program, we must show the moment condition of Lemma
3.4.8 holds. The rest of the appendix is dedicated to this proof. We first have some

intermediate results.

Proposition A.7. Under Scheme P(B,¢), for (x,A) € A the return time Tp satisfies

the following independently of N.

sup F [(p’g_e)m_l} < o0
(z,A)eA

. B—e TA71:| _
Jm B{(7) ] =1
Proof. Note that by Condition 3.0.1 with g > 2 and Markov’s inequality we have for

u > 0 that

Tun(w) < B [Juoll2.| .
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Let r := p”~¢ for brevity. Then we have by Lemma A.5 that

P =N Poalma=k+ 1)t <1+ZP (A > k+1)rF
k=0 k=1
heh =1 Ay N
T —
Zk w0< ( k aL "
heE—1 A\’
<1+Zkrk1; [Hw HB] (2 ( - Of;))

k=1

al

—14+AF. ZQBE [Hwoﬂfo] LBk (hgk _1_ (N) k) ‘

k=1

Above, the series converges since the summand is Oy, (kﬂﬂ (7’5 —B )k) where ré % < 1

(this is ensured by the assumption that p > (||A||Oo)§) Then, we have shown that

Eoa [™1] =14 0a (A7)

which (in light of the fact that A > «L) completes the proof.

O

Proposition A.8. Under Scheme P(,¢), the invariant state x. y has finite (3—¢)-th

moment uniformly in N > 2. That is,

sup £ [Hm*NHfo_a} < 00.
N>2

Proposition A.9. Under Scheme P(f3,¢), the invariant adaptive bin size A, y has

finite (8 — €)-th moment uniformly in N > 2. That is,

sup E [(An)"7¢] < .

N>2
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We will prove these two results shortly via Lyapunov drift arguments, but using

them we will first provide a short proof of Lemma 3.4.8.

Proof of Lemma 3.4.8. Let (z.n,Asn) ~ 7y and let e, v = 2y — Q[A(*‘N(m,]v). It

follows that e, y is distributed as the invariant system adaptive error. Note that for

A where the extra 2

any (x,A) we have the inequality Hx - Q%(gc)”C>O < |zl + 5, >

term accounts for the possibility that ||z < £. Therefore, we have that

A, A,
levaillg = ||z = QR @) < Nl + =55
and so,
. A, o
B [leoslls] < B| (owall + 552
<2 e v 27] + B [(An)]. (A.35)

Above, the second bound follows from the general fact that for any 6 > 0 and non-

negative random variables X, Y we have
E[(X+Y)] <2 (E[X°]+E[Y]) (A.36)

which follows by convexity/concavity of u + u’ for § > 1 when # > 1 and 0 < 1,
respectively.

Therefore we have by (A.35) that

sup F [He*,NHfO_E} <2 supE [szz*NHfo_a} +sup [(A*yN)’B’E] < 00
N>2 N>2 N>2
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which is finite by Propositions A.8 and A.9. O

All that remains is to prove Propositions A.8 and A.9, which we do here via

Lyapunov drift arguments.

Proof of Proposition A.8. Recall that we must show that
B—e
sup £ [”@,N”oo } < 00.
N>2

We will do this via random-time Lyapunov drift arguments, in particular Lemma
1.7.4 using the drift condition (1.8). Let 7 := p~¢ as in Proposition A.7. We set the

following;:

V(z,A) = A",

d(x,A) = sAP~*,

fla,A) =cs (£ |z)l.)" "
C=ANn{(z,A) eR"x Qp: A<D},

b= D= (0/3_8 sup E;a [r“_l} -1+ s) ,
x,AEA

where s € (0,1 — &”~¢) is arbitrary, D > 0 is such that
(x,A)e Aand A >D = o’ “FE, A [ —1+s<0

(such a D exists by Proposition A.7), b is finite by Proposition A.7, and ¢ > 0 is a
sufficiently small constant (which will be specified shortly). We will show that the

drift condition (1.8) holds for the choices above.
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First, note that for (z, A) € A we have that A, = p™~1aA, so

ELA [V('ITA» ATA)] - V(-Qja A) + d(xa A)
=FE; A [(pTA*lozA)B_E} — APF f sAPE

= Aﬁ_s (O[/B_aE:c,A [TTA_1:| - 1 + S) . (A37)

For A < D, by construction of b we have that (A.37) is bounded by b. For A > D,
by construction of D we have that (A.37) is nonpositive. In either case, the first drift
inequality is satisfied.

Next we show that the second inequality of (1.8) holds, when c is sufficiently small.

To start, we have that for (z, A) € A that

TA—1 T7A—1
E:):,A Z f(xtaA = f(x>A) + Ex,A Z f(bet)
t=0 t=1
TA—1
— CS( ||:L‘|| ) + cs % E.a Z ||$t||ﬁ 6]
TA—1
< esAP 4 es (2) T Bya Z [EA s ]

= cd(z,A) +cs (£) B “Eya

Z [E ] (A.38)

The remainder of the proof will be dedicated to showing that there exists a constant

M > 0 so that uniformly over (z, A) € A we have,

TA—1
S ||xt||fgf] < MAs: (A.39)

t=1

EJ:,A
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so that we may bound (A.38) as
2 \f—¢ B—e _ 2 \B—¢
(A.38) < cd(z,A)+cs(2)" MA™ =c¢ (1 + (2) M) d(xz,A).

It then suffices to take ¢ = (14 (£)°~°M)~!, and the second drift inequality holds.
Therefore, we dedicate the remainder of this proof to establishing (A.39).
As in the proof of Lemma A.5, the “zoom-out” process y; defined by 3y = e,

yir1 = AS(yy) + wy agrees with x; for 1 <t < 75. Therefore, we have that

TA—1

> e
t=1

EJ:,A

[Ta—1
D ||yt||§f]
L t=1
[ oo
= LaA Zl{mztﬂ} ||yt||fo€]
=1

i xA[l{wm}HytH ] (A.40)

where the exchange of summation and expectation is justified by the monotone con-
vergence theorem [40, Theorem 1.26].

Let a == || Al for brevity. Now, choose ¢ € ( 10ga 5) arbitrarily (this is a
valid interval by the condition that p > aE). We let p be the Holder conjugate of ¢

(i.e., % + é = 1) and apply Hélder’s inequality to (A.40).

00 1
(A.40) < Z (ra > t+ 1)1 B, A [||yt||giﬁ_£)] v (A.41)

We will consider each factor of the summand separately. First, by Lemma A.5 and
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familiar arguments we have

A t_1 A
Poa(ta >t+1) <tl,, (5 (hf B (N)))

t ol

A(RE—1 A _B
<1E | lwo ] (5( e og)))

B | 9B —B . 4B+1 t A(N) 7
< B [lwoll 2] 2°(an) 7 ¥ (ngt =1 = =

ol

so that for series convergence,

Px,A (TA Zt—l—l)

Q|-
Il
S
o~
/N
~
I
Q‘+
i
/~
M
Q[
N——
~
N———

(A.42)

and this term is Oa (1). Next, we consider the second summand factor of (A.41). For

brevity, let m = p( — ¢). Since ||Av|| < aljv|, and [|S(v)| < ||v]l, + %, we

have for ¢t > 1 that

A
yelloe = 1AS (1) + wiaall < @l + el +a- =52

Repeating these arguments ¢ — 1 times yields that

t—1
o T .
llle < <||yo||w+;a ( PR

and since a > 1 and ||yo||., = [leo]|. < £ we find that

t—1

A
||yt||oos6f< + 3 (il + >>
=0

vo| >
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Therefore, we have by Corollary A.4 and repeated application of (A.36) that

By (lyell%e] < @™ Epa

(A
+
<a™ ( +2"E

amt (Am + thm—‘rlE [( |w0||

< amt (Am +tm+l4m< |w0||

S Amamt (1 _|_tm+1
— Amamtot (tm+1)

_ Amamtot (tﬁ-i-l) .

where ¢ > g implies that § > m = p(8 —
Then finally we have,

5)} %

By [lml2

< AP0, (t

t—1

<||w1|| A(N) )
Z il + 252)

|
)]
%))

(A(“) )
)" (B lwollz) + (222)"))

=0

4
al

(

e). Note that the term O, (t°11) is Oa (1).

o a(ﬁ—a)t>

(A.43)

which in combination with (A.42) yields that (A.41) is bounded by

(Adl) < A=Y 0,

t=1

(tﬁ+1 (aﬁ—*fg?)t)

_B ..
where the series above converges to a constant M > 0 when a®°¢"¢ < 1. This is

ensured by the condition ¢ <3=

_8
a’fE" 0 < af”

(5 ) mee = qf~eg (-

loga§ since then we have

€) logea _ aﬁfsaf(ﬁfs) - 1.
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This establishes (A.39) and completes the proof. O]

Proof of Proposition A.9. Recall that we must show that

sup E [(A, n)"7¢] < 0.
N>2

We will do this again via random-time Lyapunov drift arguments. In particular, we
will use most of the same Lyapunov parameters as in the previous proof. To be

precise, with 7 := p?~¢ we once again set:

Viz,A) = AP
d(z,A) = sA°~*,
C=An{(z,A) e R" x Qp: A<D},

b= DP* (CMBE sup E,a [r“’l} -1+ s) ,
xz,AEA

where s € (0,1 — %) is arbitrary, D > 0 is such that
(z,A)eNand A>D = " “E, A [ —=1+s<0

(such a D exists by Proposition A.7), and b is finite by Proposition A.7.

Instead of f proportional to H:U||f;€, we set f proportional to A?~¢. That is, we

set:

f(x,A) = csAP~F

where
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is well-defined by Proposition A.7. We will show that these Lyapunov parameters
satisfy the drift condition (1.8) and invoke Lemma 1.7.4 to complete the proof.

To begin, note that the first drift inequality of (1.8) does not involve f, and with
otherwise identical Lyapunov parameters we showed in the proof of Proposition A.8
that this drift inequality holds. Therefore, what remains is to show only that the

second inequality in (1.8) holds. Explicitly, we must show that

TA—1

S ar

t=0

csby A < sAPE

which is equivalent to,

TA—1 B—e _
At -1 aﬁ ) TA—1
E (K) ]Sc :1+r_1(sup Elrmt—1]. (A.44)

-0 (z,A)eA

Ex,A

We establish this now. Note that Ay = A and for 1 <t < 74 we have A, = aAp'~!

S0,

TA—1 At B—e [TaA—1 - Bec
) v S

L t=1

TA—1
=1+ aﬁ_aEva Z Tt_1]

| t=1
E:c,A [TTA_I] -1
r—1

abf—e

(Exar™]—1) < ¢!
r —

by construction of ¢. Therefore the drift condition (1.8) is satisfied for choice of b and

f independent of N, which by Lemma 1.7.4 completes the proof. O]
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