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Abstract

Real-time optimization (RTO) is a category of closed-loop process control tech-

niques that is focused on the improvement of process performance. To develop

effective strategies, models of the systems are usually required. To circumvent

this issue, model-free techniques such as Extremum-seeking control (ESC) have

been developed that can accomplish the RTO task in the absence of any knowledge

of the process dynamics and of the objective function.

Using this optimization methodology, this thesis develops an approach to solve

resource allocation problems in a fully distributed fashion where the separable

cost function is unknown with dynamics in discrete time. To accomplish this, we

utilize a distributed extremum-seeking scheme that estimates the cost function’s

gradient and Hessian to implement Newton step dynamics. It is shown that the

extremum-seeking approach yields asymptotic convergence of the primal and dual

problem to a neighbourhood of the optimal values.

We propose two strategies to solve finite resource allocation problems. The

first strategy tackles the globally convex cost function case. It requires a simulta-

neous solution of the primal problem and its associated dual problem. The second

strategy utilizes a more general approach with an pseudo-Hessian for the solution

of local saddle point problems. It allows a full separation of the primal and dual

dynamics.

Two simulation case studies are performed for each strategy. The first case is

a small-scale 3-agent problem highlighting the differences between the strategies.
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The second is a 25-agent problem that mimics more realistic scenarios. Finally,

a stability analysis is conducted to characterize the transient performance of the

two strategies.
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Chapter 1

Introduction

The emergence of technologies and data-driven decision making strategies brought

an abundance of new large-scale control strategies. One prevalent area of research

has focused on the design of distributed optimization systems operated on multi-

agent communication networks. In these systems, networks distribute tasks to

individual agents that communicate to cooperatively minimize their local costs.

An added benefit of this autonomy is an increase in the robustness of the system.

These two types of systems are highlighted by Figures 1.1 and 1.2.

Significant research has been invested in Multi-Agent Systems (MAS) to un-

derstand their dynamics and assess their stability and performance for a wide

range of problems. Such systems govern a collection of problems where a global

convex cost function can be split into convex sub-problems and assigned to agents

to optimize cooperatively and locally. The underlying dynamics of these problems
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Figure 1.1: Centralized network

Figure 1.2: Distributed Network

are expressed using graph theoretical techniques, as described in Section 2.2.

1.1 Motivation

The focus of this thesis is a strategy to solve resource allocation problems using

a distributed network that avoids the need for an initialization strategy. In this

class of problems, interconnected agents cooperatively minimize the sum of their

cost functions subject to a resource constraint on the network. This class of prob-

lems has been an active area of research in the study of multi-agent systems. Our

secondary objective is to incorporate this model-free extremum-seeking control

methodology to Newton’s method on each node. This allows each agent to opti-
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mize its locally unknown cost function, requiring only the exchange of neighbour-

ing dual variable information. Consequently, each agent can preserve the privacy

of its data allowing for a more secure network.

The approach proposed utilizes the Lagrangian of a local constrained opti-

mization problem whose Lagrange multipliers are made to achieve consensus. In

the first strategy, the primal and dual variables are coupled. In the second strategy,

a pseudo-Hessian is used to decouple the dual variables from the primal problem

using an alternative solution method for saddle-point problems. To find the opti-

mal solution, a Newton consensus method is proposed in which the gradient and

Hessian of the cost functions are estimated using an extremum seeking architec-

ture. Finally, Lyapunov methods are applied to assess the stability of the optimum

of the resource allocation problem using the distributed network.

1.2 Organization of the Thesis

This thesis is organized as follows.

In Chapter 2, background is presented to provide context for the foundation of

this thesis. It covers developments in MAS, graph theory, decomposition meth-

ods, resource allocation problems, extremum seeking control and consensus algo-

rithms.

The resource allocation problem is presented in Chapter 3, and the underly-

ing assumptions of the solution strategy are stated. The decomposition strategy is

presented to provide an understanding of the solution strategies along with a sum-
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mary of how the extremum-seeking architecture are implemented in a distributed

fashion. The two solution strategies are proposed.

Chapter 4 discusses the first solution strategy, the Newton-seeking Distributed

Resource Allocation approach. The stability analysis of the algorithm is discussed

in which a Lyapunov stability analysis is considered. Finally, both the model-free

and model based formulations of the proposed algorithm are tested using two

simulation examples.

In Chapter 5, the second solution strategy is analyzed. This approach gen-

eralizes the first strategy to handle both saddle-point problems and local min-

ima/maxima problems. A stability analysis is presented for the new dynamics.

In Chapter 6, the conclusions of the performance and stability are presented,

summarizing the work followed by the recommendations for future work.
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Chapter 2

Background

This chapter provides background on fundamental material that is necessary to

address the development, analysis and testing of the techniques proposed in this

thesis. In Section 2.1, MAS are introduced. The objective is to provide a basic

exposition of the class of problems that can be addressed in this framework. In

Section 2.2, an introduction to graph theory is presented. In Section 2.3, the two

most common decomposition methods for optimization problems are described

with examples. Section 2.4 focuses on the analysis of resource allocation prob-

lems, providing applications of their use and a background on how these problems

are formulated. In Section 2.5, extremum seeking control is introduced and the

theory behind the technique is described. Distributed extremum seeking control is

also presented. Finally, Section 2.6 reviews consensus algorithms and their impor-

tance in industry and academia, along with a review of some recent developments.
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2.1 Multi-Agent Systems

A common approach to minimize the solution time of large-scale optimization

problems is to split the problem into smaller sub-problems that can be solved

locally using networked processors (agents). Such networks are known as MAS

and are commonly used in the development of distributed solution techniques [1].

Key characteristics specific to the problems considered in this thesis include the

ability of these agents to exchange local information with neighbouring agents.

The connectivity of the communication network will impact the efficiency of the

distributed agents. Furthermore, each agent is only aware of its own sub-problem

without complete knowledge of the global problem. Three distinct architectures

are prevalent in industry and academia.

Centralized networks encompass those where a single node (agent) is con-

nected to every other agent in the network without any other links between nodes.

With this architecture, the central node acts as a supervisor, creating a database

of all state information and coordinating every other node to guarantee the op-

timal solution is found. This is often at the expense of solution time, as every

node must relay its information to a single node. Furthermore, any failure of the

master agents would lead to the failure of the entire network, leading to a loss of

robustness [2].

Decentralized networks describe systems in which each agent only has access

to its own local information and has the ability to set its local decision variables.

In these networks, no information is exchanged and the dynamics of the system
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are dictated by the aggregate decisions of the nodes. The lack of communication

in these networks limit their ability to reach the optimum of a centralized problem.

Figure 2.1: Decentralized Network

Distributed networks are peer-to-peer architectures where nodes are connected to

a subset of the total nodes in the system [2]. Each node solves a local problem and

checks their solution with adjacent nodes using a communication protocol. Each

agent uses this exchange of information to update their own decision variables

until the global problem is optimized. It is this class of networked systems that is

considered throughout this thesis.

The class of problems commonly addressed by distributed networks are dis-

tributed optimization problems. A prevalent class of problems in distributed opti-

mization are consensus problems where the objective is to achieve consensus on

local decision variables that minimize the sum of all local costs. This class of

problems has been well characterized in the literature [3–6]. Another important
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class of problems that have been solved over distributed networks are resource

allocation problems [7] [8]. These problems will be discussed in Section 2.6 and

Section 2.4, respectively. The two main methodologies of how nodes optimize

their sub-problem stems from ideas in game theory, namely cooperative and com-

petitive games. Cooperative strategies encompass those where the nodes work

together to solve the global problem. Agents work cooperatively by choosing de-

cision variables that will both positively impact their own problem along with their

neighbouring nodes’ [9–11]. In contrast, competitive strategies implement agents

with non-aligned goals that act selfishly. In these systems, nodes will choose the

best input for their own problem at the expense of their neighbours; generally re-

sulting in a Nash equilibrium between agents [12, 13]. Each strategy has its own

strengths and weaknesses. Cooperative algorithms are more common in finding

solutions to global problems while competitive games are used to simulate eco-

nomical and societal settings [14].

To mirror more realistic conditions, additional environmental specifications

can be made. Communication protocols can be operated using synchronous or

asynchronous information updates. In synchronous problems, each agent will

communicate and update their own decision variables at the same time. This

specification is less realistic on a broader scale as the agents can operate on differ-

ent time-scales. In contrast, asynchronous problems allow agents to iterate their

own sub-problem as frequently as possible [15] [16]. Such problems can run into

issues with cooperative strategies in which some agents can iterate at a faster rate.

This generally leads to suboptimal global solutions [15].
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2.2 Graph Theory

The distributed communication networks for MAS are usually expressed as graph

topologies. This Section reviews some key elements from graph theory that are

used to build the system dynamics throughout this thesis.

The communication network is represented by a graph G. This graph is an

ordered pair (V (G), E(G)) consisting of a set V (G) of vertices and a set E(G) of

edges. The elements V (G) represent agents in the communication network while

the elements ofE(G) identify the communication links between agents. The order

of the graph is determined by the number of connected vertices |V | = m.

To describe the structure of the communication network, the three following

matrices can be constructed. The adjacency matrix A ∈ Rm×m describes how

the agents are linked to one another. Elements are defined such that ai,j = 1

whenever (i, j) ∈ E for each vi, vj ∈ V and aij = 0 otherwise. Depending

on the topology of the network, the communication links can either be directed,

indicating a one-way flow of information or undirected where both elements can

exchange information freely [17]. In the case of an undirected graph, (i, j) ∈ E

whenever (j, i) ∈ E. Furthermore, if the graph is undirected, A is a symmetric

matrix with A> = A.

The degree matrix D ∈ Rm×m is a diagonal matrix with elements dii indi-

cating how many nodes are incident to it, with dii =
∑m

j=1 aij . Weights can be

assigned to communication links to prioritize specific channels, creating weighted

9



graphs. In this case, the degree matrix is then determined by dii =
∑m

j=1wij .

The final matrix of interest is the Laplacian matrix L ∈ Rm×m. This matrix is

given by L = D−A. A key characteristic of the Laplacian matrix of a communi-

cation network is that the sum of the elements in each row and column is equal to

0 for undirected graphs. This is important in the context of MAS as the Laplacian

matrix has important properties that can be exploited in the stability analysis.

Figure 2.2: Connected unweighted undirected graph

As an example, we consider the simple, undirected, graph in Figure 2.2. The

matrix representations of this graph is given by:

A =


0 1 0

1 0 1

0 1 0

 , D =


1 0 0

0 2 0

0 0 1

 ,L =


1 −1 0

−1 2 −1

0 −1 1


Creating distributed dynamics that work with robust networks has proven to be

a prevalent research area. Such challenges include working with switching [18],

time-varying [15, 16, 19] , and plug and play topologies [20]. Furthermore, prob-
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lems with restrictive communication protocols including asynchronous dynamics

or time-delays are especially difficult as agents will be optimizing their local prob-

lem based on antiquated information. To circumvent this issue, many algorithms

have implemented rules to ensure that, either topological information is instanta-

neously updated or not used at all.

2.3 Decomposition Methods

In this section, we present an overview on two common approaches to decom-

pose convex optimization problems, using primal and dual decomposition. These

decomposition techniques are used when sub-problems have coupled variables or

constraints that cannot be solved directly.

2.3.1 Primal Decomposition

Consider the unconstrained optimization problem (2.1). It can be seen that u and

v are local variables for f1 and f2, respectively. Furthermore, y appears in both

f1 and f2, thereby coupling them. To optimize this problem, an iterative strategy

is required. The problem is first split into a master problem, where the coupling

variable y is held constant, and multiple sub-problems with functions of only local

variables [21].

This strategy is shown in the following example from Boyd et al. [22]

min
x
f(x) = f1(u, y) + f2(v, y) (2.1)
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where x = (u, v, y). The sub-problems are posed as

φ1(y) = min
u
f1(u, y), φ2(y) = min

v
f2(v, y)

with the master problem

min
y
φ1(y) + φ2(y).

Once the local variables are optimized by the sub-problems, the master problem

optimizes the complicating variable and the process is repeated. The iterative

nature of these solutions stem from the relationship between the master and sub-

problems and relies on a time-scale difference. While the sub-problems are con-

stantly optimizing the local variables, the master problem has access to the optimal

local variables only. This relationship is depicted in Figure 2.3.

Primal decomposition has many applications, notably in communication net-

works that utilize multi-input multi-output systems. Specifically in the design of

MIMO transceivers [23] [24] and beamforming [25].

2.3.2 Dual Decomposition

Consider the constrained optimization problem (2.2). This problem presents a

constraint that is imposed on both f1 and f2, coupling the functions [21]. To

decompose this problem a dual decomposition strategy is utilized [22].
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Figure 2.3: Example of algorithm flowchart for primal decomposition

min
x
f(x) = f1(u, y1) + f2(v, y2) (2.2)

subject to y1 = y2 (2.3)

First, the method of Lagrange multipliers is applied, with ν as the dual vari-

ables associated with each constraint

L(u, y1, v, y2, ν) = f1(u, y1) + f2(v, y2) + νTy1 − νTy2.

The associated Lagrangian can be fully separated with the dual function posed as

g(ν) = g1(ν) + g2(ν)

13



where

g1(ν) = inf
u,y1

(f1(u, y1) + νTy1), g2(ν) = inf
v,y2

(f2(v, y2)− νTy2).

The sub-problems are solved in parallel with their infimums relayed back to the

master problem. The master problem is posed as

max
ν

g(ν)

and the problem can be solved iteratively.

These examples presented both a primal and dual decomposition where only a

single decomposition is necessary. In both resource allocation problems and con-

sensus problems, equality constraints are enforced resulting in many dual decom-

position strategies [26] [27]. The distributed resource allocation strategy posed in

this thesis utilizes consensus dynamics and two dual decompositions are required

as shown in [28].

2.4 Resource Allocation Problems

As previously mentioned, researchers have taken an interest in MAS to solve dis-

tributed convex optimization problems. Resource allocation problems are one

such problem with applications in power systems [29,30], transportation networks

[31,32], communication networks [33,34] and supply chain management [35,36].

In this thesis, we pose distributed dynamics that asymptotically optimize resource
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allocation problems.

2.4.1 Problem Description

These problems are of the form:

min
x∈Rm

f(x) =
m∑
i=1

fi(xi) (2.4)

subject to

m∑
i=1

xi = R, (2.5)

where R ∈ R is defined as the total resource that must be optimally allocated

across each node, xi ∈ Rm.

Over the last few years, interest in resource allocation problems has grown

leading to many developments in a wide range of problems. One common solution

strategy is to develop primal-dual algorithms based on the Karush-Kuhn-Tucker

conditions [37–40]. In these methodologies, the objective functions are decom-

posed and each agent is assigned its respective primal and dual variables. The

agent’s primal dynamics are used to optimize the primal variables, while it com-

municates the dual variables with neighbouring agents to cooperatively optimize

the consensus and resource allocation sub-problems. In [37], the dual consensus

and resource allocation dynamics can be freely communicated to neighbouring

agents while protecting the privacy of each agent’s primal variables.

In contrast, another method to ensure optimality is to implement penalty func-

tions as done in [41]. The penalty terms added to the objective functions in these

strategies restrict the feasible solution set and allow interior-point strategies to be
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implemented. These strategies are prevalent in economic dispatch problems appli-

cations which are an application of resource allocation problems. Penalty function

methodologies can face multiple drawbacks associated with noisy measurement

signals and the initialization of parameters. In [42] parameter initialization is

addressed for the finite-time problem by providing an alternative suboptimal so-

lution. Further concerns using penalty methods stem from initialization of agent

states based on their capacity constraints in dynamic communication networks.

To address this problem, [20] and [43] developed initialization-free approaches

for dynamic communication networks, allowing plug and play operation.

The directionality of the communication network dictates the flow of informa-

tion in the system. In [44], a non-negative surplus-based algorithm is developed

to converge to the global minimizer under the assumption that the time-varying

digraph is jointly strongly connected. Distributed resource allocation for weight-

balanced and weight-unbalanced digraphs were approached in [45] and [46], re-

spectively. An alternative approach to Lagrangian and penalty function-based

strategies was presented in [47], where the weights of the communication net-

work were iteratively scaled. In their algorithm, each node updates its local vari-

able based on the difference between its own cost function and its neighbours

using a weighted gradient. In [48], this approach was extended using projection

algorithms and LaSalle’s invariance principle.

In [49], Alam et al. proposed a communication-efficient distributed multi-

resource allocation strategy that took advantage of an additive-increase multiplicative-

decrease (AIMD) stochastic algorithm. In this algorithm, connected nodes acquire

16



an increasing share of the global resource until the resource has been exceeded.

After the threshold has been surpassed, each node responds in a probabilistic man-

ner to reduce the demand.

Many of these optimization algorithms make use of game theory such that the

nodes come to a Nash equilibrium at the optimal value [50]. These strategies can

be developed in real-time as illustrated in [51] [52]. These problems are defined

as dynamic problems as the cost functions are also functions of time.

2.5 Extremum Seeking Control

Extremum Seeking Control (ESC) was first proposed by M. Leblanc in 1922 to

maximize the power transfer between a tram car and an electrical transmission

line [53]. Following Leblanc’s proposal, interest in ESC grew; however without

any proof of stability for these control systems, interest tapered off with the onset

of adaptive control. In 1997, Krstić and Wang were able to successfully prove the

stability of ESC, providing the fundamental analysis that this technique required

[54]. This real-time optimization (RTO) technique is a model-free control strategy

that relies on the measurement of the objective function of interest. This technique

has proven to be beneficial in practice when dealing with systems with complex

or unknown dynamics.
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2.5.1 Dynamics

For the Single-Input-Single-Output (SISO) case, the dynamics of the system are

described by (2.6) with the associated objective function (2.7)

ẋ = f(x, u) (2.6)

y = h(x) (2.7)

where x ∈ Rn is the state, u ∈ R is the input, y ∈ R is the output. Furthermore, f :

Rn × R→ Rn and h : Rn → R are smooth. The goal of the ESC is to determine

the optimal x∗ and u∗ such that our system is at equilibrium, f(x∗, u∗) = 0, with a

minimized objective function h(x∗). We assume that there exists a smooth control

law

u = α(x, θ) (2.8)

parameterized by a scalar parameter θ which takes the form

θ = θ̂ + asin(ωt). (2.9)

where a sin(ωt) is defined as the dither signal with amplitude a. Using (2.8), the

dynamics are written as

ẋ = f(x, α(x, θ)) (2.10)
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and the closed-loop system has an equilibria parameterized by θ. We make the

following assumptions:

Assumption 1.1 There exists a smooth function l : R→ Rn such that

f(x, α(x, θ)) = 0 for x = l(θ) (2.11)

Assumption 1.2 For each θ ∈ R the equilibrium x = l(θ) of the system is

locally exponentially stable.

We can then assume the control law (2.8) is able to exponentially stabilize any

equilibria that θ can produce. This assumption is non-restrictive in the sense that

it can be readily relaxed, however when stated in this manner it must be assumed

that the controller can stabilize the unknown non-linear system locally [54]. It

further states that the controller does not need implicit understanding of the model

f(x, u) or l(θ).

Our final assumption is the existence of a unique optimum for the steady-state

objective y = h(l(θ)).

Assumption 1.3 There exists θ∗ ∈ R such that

(h ◦ l)′(θ∗) = 0

(h ◦ l)′′(θ∗) < 0.

ESC has been applied to a wide range dynamic systems including bioreactors

[55,56], mobile sensor networks [57,58], active breaking systems [59], DC motors
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[60] and photovoltaic cells [61–63].

2.5.2 Controller Design

Through the injection of a sinusoidal dither signal, ESC strategies can check both

sides of the estimated extremum point, confirming that a local minima is found.

The perturbation input will create a periodic response that is either in phase or out

of phase with the periodic response of the output. When the two sinusoids are in

phase, this indicates that the current estimation of the extremum point is less than

the optimal extremum point. Furthermore, if the sinusoids are out of phase, the

current estimation of the extremum point is greater than the optimal solution [54].

Finally, the estimated extremum will match the optimal extremum when the two

sinusoids annihilate one another. This relationship allows the control law to drive

the estimate towards the optimal point, thereby optimizing the problem.

These perturbation inputs are generally slow so that the dynamics of the sys-

tem will appear static. This allows the extremum point to be determined and

tracked without impacting the dynamics. The block flow diagram for the classic

extremum-seeking controller is shown in Figure 2.4.
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Figure 2.4: Architecture for classic extremum seeking control algorithms

The dynamics of the plant in Figure (2.4) can be summarized as follows

ẋ = f(x, α(x, θ̂ + asin(ωt))

˙̂
θ = kξ

ξ̇ = −ωlξ + ωl(y − η)asin(ωt)

η̇ = −ωhη + ωhy

where ξ is defined as the estimate of the gradient of the cost function. These

dynamics can then be expressed in terms of the time scale by making the following

substitution τ = ωt and differentiating with respect to τ .

For systems with known input and output delays, [64] presents a feedback

predictor based on perturbation estimates of an unknown model. In [65], an ex-

tremum seeking scheme for time-varying parameters was developed using a gen-

21



eralized averaging analysis of the perturbation signal in [66]. In systems with a

time-varying extremum, [67] proposes a real-time gradient estimation along with

gradient search subsystems. In [68] this problem is addressed with the use of high

gain estimators and filters to generate an almost invariant manifold. This manifold

is used in conjunction with an adaptive estimator to create a parameter update law.

In [69], Ghaffari et al. presents an approach to estimate the Hessian of a cost

function, allowing for Newton-based optimization techniques with user assignable

convergence rates. This approach was later applied in [70] to maximum power

point tracking for the design of photovoltaic microconverter systems. This ex-

tremum seeking technique is applied to distributed optimization in this thesis.

2.5.3 Distributed Extremum Seeking Control

In the context of MAS, many distributed algorithms have incorporated model-free

optimization techniques. In [71], an ES scheme was developed for convex op-

timization problems with inequality constraints based on saddle-point dynamics.

In [72], a distributed dual-mode ESC was designed to address equality constraints

and was applied to resource allocation problems.

Distributed ESC strategies have been shown to work in cooperative games.

In [73], a cooperative ESC was used to optimize the physical spacing of satellites

to ensure coverage of a communication networks. In non-cooperative games, a

distributed ESC is utilized to develop a Nash seeking scheme [13]. In this ap-

proach, the convergence conditions coincided with that of model-based strategy.

Krstić and Wang’s original analysis has been generalized in the discrete time
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[74]. In discrete time, the technique proposed in [75] combines a dynamic average

consensus algorithm with a proportional integral ESC to minimize an unmeasured

total cost in a distributed setting.

2.6 Consensus algorithms

Consensus problems are another class of optimization problems that have sparked

interest in recent years. These problems are defined by convex, fully separable ob-

jective function with solution spaces constrained such that each decision variable,

xi, is equal. In distributed settings, these algorithms allow agents to achieve con-

sensus on the decision variables. These problems have a variety of applications in

sensor networks [76–78], vehicle coordination [79, 80] and regression [81–83].

2.6.1 Problem Description

Formally, these problems are posed as follows

min
x
f(x) =

m∑
i=1

fi(xi) (2.12)

s.t. x1 = . . . = xm (2.13)

where xi ∈ Rp. As previously explored above, the coupling between the agents

arises from the constraints. There are two general solution strategies for these

optimization problems. Commonly, the Lagrangian of (??) is taken and itera-

tively minimized [84, 85]. Alternatively, distributed sub-gradient methods can
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be utilized to optimize non-smooth cost functions [86]. The constraint in prob-

lem (2.12) can be reformulated using the structure of the communication network

via its Laplacian. These optimization problems have been posed using a vari-

ety of approaches subject to a wide range of communication protocols. In [87],

fixed step-size algorithms were proposed that achieve better convergence rates

when compared to algorithms with decreasing step-sizes. In [26, 88], consensus

is achieved with a dynamic objective function. For time-varying objective func-

tions, the analysis presented in [26] showed that the corresponding time-varying

optimal values converged up to a non vanishing steady-state bias that depends on

the eigenvalues of the communication network’s Laplacian. The alternating di-

rection method of multipliers (ADMM) methodology was applied to consensus

optimization problems in [84], this technique achieves linear convergence rates.

In [89], a Newton-Raphson method was applied that can achieve convergence

rates that are comparable to ADMM.

2.7 Summary

In this chapter, the elements required for the design of the proposed distributed

Newton-seeking algorithm to tackle resource allocation problems were presented.

The general concepts behind each element are explained. MAS with cooperative

strategies are often preferred to solve large-scale optimization problems of the
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form

min
x

f(x) =
m∑
i=1

fi(xi)

where x ∈ Rp. Such problems frequently utilize concepts from graph theory to

highlight the main properties of their communication networks.

We seek to solve a class of resource allocation problems. These problems

are usually encountered when addressing communication networks, transportation

networks and power systems. Their efficient solution is an important problem that

will be required in many smart city technologies and the Internet of Things.

To create a robust and secure algorithm, a peak seeking scheme is imple-

mented to estimate both the gradient and Hessian of each agent’s unknown cost

function. By estimating both the gradient and the Hessian, Newton’s method dy-

namics are utilized, which have proven to be more efficient when compared to

sub-gradient and gradient descent algorithms [90].

Consensus algorithms are reviewed along with two common solution strate-

gies that utilize the Lagrangian of the objective function or the sub-gradient of the

system. Novel developments and their results were discussed in Section 2.6.
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Chapter 3

Solution strategy methodology

In this chapter we develop the methodology to solve distributed resource alloca-

tion problems. The general form of the problem is discussed in Section 3.1 along

with 2 assumptions that characterize permissible objective functions. The decom-

position strategy and critical points are developed in Section 3.2 providing the

framework for the dynamics explored in Chapters 4 and 5. Finally, the distributed

extremum-seeking architecture is developed in Section 3.3.

In the proposed algorithms, it is assumed that the network connectivity is

known while the local cost functions are unknown. Furthermore, each node is able

to manipulate their decision variables and measure their cost functions. For each

locally unknown cost function to be minimized, an extremum-seeking architec-

ture is employed following Ghaffari [69] to approximate the function’s gradient

and Hessian. This allows the computation of a Newton update for the decision

variables for each agent. Two dual decompositions are necessary. The solution
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dynamics require a two time-scale approach between the computation of a New-

ton update and the implementation of a Newton consensus step.

3.1 Problem Description

The objective of this thesis is to develop dynamics to solve the following opti-

mization problem in a fully distributed manner

min
x
f(x) =

m∑
i=1

fi(xi) (3.1)

s.t.
m∑
i=1

xi = Rj (3.2)

where xi ∈ Rp, and each function fi : Rp → R are twice continuously differ-

entiable functions for i = 1, . . . ,m, and further, Rj ∈ R is the total resource to

be allocated. We then make the following two assumptions about structure of the

objective function.

Assumption 1 The Hessian of function fi is a positive definite constant ma-

trix

α1I ≤
∂2fi

∂xi∂xTi
≤ α2I

for some constants α1 and α2 for all xi ∈ Rp.

This assumption specifies that the Hessians are bounded.
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Assumption 2 The global objective function

f(x) =
m∑
i=1

fi(xi)

has a unique minimum at x∗i such that

∂f

∂xi
|x∗i = 0.

The second assumption dictates that there is a vector x∗i that globally minimizes

the problem. In Section 5.2, we propose a strategy to tackle optimization problems

with saddle-point structures.

To pose this problem in a distributed setting, we define a set of vectors y1, . . . , yp,

each in Rm that act as collectors for each dimension of the solution across every

node

y1 = [x1(1), x2(1), . . . , xm(1)]T ,

y2 = [x1(2), x2(2), . . . , xm(2)]T ,

...

yp = [x1(p), x2(p), . . . , xm(p)]T .
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Using this notation, the problem can be written as

min
y1,...,yp

f(y) =
m∑
i=1

fi(y1(i), . . . , yp(i)) (3.3)

subject to

m∑
i=1

yj(i) = Rj (3.4)

Using equation (3.3), each collection vector can then be treated as its own inde-

pendent resource to be allocated. This allows multiple resources to be optimized

within the same problem.

3.2 Decomposition Strategy

To create distributed dynamics, we utilize the Lagrangian of problem (3.3) through

taking a dual decomposition and creating a primal-dual relationship similar to

[37]. However, in [37] agents are split into groups and assigned two sets of deci-

sion variables for the local primal and dual resources. Instead, we further simplify

the constraint (3.4) by assigning each node a fraction of the total available resource

yj(i)−
Rj

m
= 0.
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By posing the constraint in this manner, after the Lagrangian is taken, the opti-

mization problem is posed as follows:

min
y

max
λ

=
m∑
i=1

fi(y1(i), . . . , yp(i)) +

p∑
j=1

(
m∑
i=1

yj(i)−
Rj

m
)λj(i) (3.5)

subject to Lλj = 0. (3.6)

Where λj ∈ Rm. The constraint (3.6) is known as a consensus constraint and

for undirected communication networks, it will be satisfied for any vector λ once

consensus among the local Lagrange multipliers is achieved. Without this con-

straint, the Lagrangian (3.5) will either be driven to the optimum at yj =
Rj

m
or

the optimum of each fi(yj(i)), without finding a cooperative solution. We further

decompose the problem to add the consensus constraint to the Lagrangian similar

to [37]

L(y, λ, µ) =
m∑
i=1

fi(y1(i), . . . , yp(i)) +

p∑
i=j

(
m∑
i=1

yj(i)−
Rj

m
)λj(i) +

p∑
j=1

(Lλj)µᵀ
j .

(3.7)

Where µj ∈ Rm. To create a parallelized form of this expression, such that each

node has access to all resource allocation variables, λi, we define the matrix

M = Ip×p ⊗ L (3.8)
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where I is defined as the identity matrix andM ∈ Rmp×mp. The critical points

of problem (3.7) are determined by differentiating the Lagrangian with respect to

each of the three variables y, λ, µ as follows

∂L

∂yj
=
∂fi
∂yj

+ λj(i) (3.9)

∂L

∂λj
= (yj −

Rj

m
) + Lµj (3.10)

∂L

∂µj

= Lλj. (3.11)

Using these derivatives, we define dynamics whose stable equilibrium is a critical

point of the first order optimality conditions (3.9)-(3.11).

3.3 Distributed Extremum-Seeking

Model free techniques must be employed in the absence of known objective func-

tions to estimate the local gradients and Hessians. In this section, we present the

elements of the local Newton-seeking approach adapted from [69]. We define the

perturbation signals for each agent as

si(t) =

[
a1 sin(ωi1t), . . . , an sin(ωint)

]
(3.12)

ri(t) =

[
2
a1

sin(ωi1t), . . . ,
2
an

sin(ωint)

]
(3.13)
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where the probing frequencies,
[
ωi1 ωi2 . . . ωin

]
are assigned such that they

obey the following rules:

1. ωij 6= ωik for any j 6= k,

2. ωij/ω
i
k are rational for any j 6= k,

3. ωij + ωik 6= ωil for all j, k, l.

Where i = 1, . . . ,m.We further define the matrix Υ to estimate the Hessians of

each of our systems, following [69] as

Υi
jj(i) =

16

a2j
(sin2(ωijt)−

1

2
) (3.14)

Υi
jk(i) =

4

ajak
sin(ωijt) sin(ωikt). (3.15)

The probing frequency rules are created to ensure that the product of the Υ pertur-

bation signal and the feedback signal approach the true Hessian of the system as

outlined in [69]. Through the averaging analysis, these estimations do not impact

the dynamics of the system when taken over a finite period defined as follows

T (i) = 2π × LCM
(

1

ωij

)
.

Next, we define the distributed extremum-seeking dynamics for the primal
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problem as follows

˙̂yj(i) = ρpvj(i) (3.16)

v̇j(i) = −γp(
n∑
j=1

Ĥjk(i)vk(i) + ĝj(i)) (3.17)

˙̂
ξj(i) = −ωl(ξ̂j(i)− rij(t)(fi(ȳ(i) + si(t))− ηi)) (3.18)

˙̂
Hjk(i) = −ωl(Ĥjk(i)−Υ(t)(fi(ȳ(i) + si(t))− ηi)) (3.19)

η̇i = −ωh(ηi − fi(ȳ(i) + si(t)) (3.20)

where ξ̂j(i) estimates the gradient of the cost function fi for each node and ηi

is the high-pass filter that is used to estimate the cost function subject to the per-

turbation signal. The high pass filter, with gain, ωh, is used to remove the DC

component from the output signal. The low-pass filter, with gain, ωh, attenuates

the impact of high frequency signals arising from process noise or unmodelled dy-

namics. If either gain is too large, any disturbances in the signal can be amplified,

leading to instability or a violation of the time-scale separation [91].

3.4 Conclusion

In this chapter, we presented an approach for the decomposition of a resource al-

location problem to be solved in a distributed fashion. The resource allocation

constraint is enforced by posing the optimization problem as a saddle-point prob-

lem; minimizing with respect to the primal variables and maximizing with respect
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to the resource allocation Lagrange multiplier λ. Solving each agent’s local prob-

lem then collectively solves the resource allocation problem when a consensus is

achieved for the local Lagrange multipliers.

The strategies considered in the next two chapters rely on Newton’s optimiza-

tion method, requiring the gradient and Hessian of the objective functions. A

model free extremum-seeking approach is employed to estimate the local gradi-

ents and Hessians when the cost functions are unknown. Finally, we present two

resource allocation problems to test the strategies proposed in the next two chap-

ters.
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Chapter 4

Newton-Seeking Distributed

Resource Allocation for Convex Cost

Functions

In this chapter we develop the primal and dual dynamics to solve problem (3.7) in

discrete-time. In Section 4.1, we develop the primal-dual algorithm. A stability

analysis of the dynamics is presented in Section 4.2. Finally, the algorithm is

tested using the two simulation examples presented in Section 4.3.

4.1 Solution Dynamics

The first strategy utilizes a Newton step in the primal to maximize the collection

vectors, while letting the resource allocation vector, λ, follow a gradient ascent
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method to its optimum, ensuring that the sum of resources allocated is the total

resource available. We also implement a Newton step for the dual consensus, µ,

problem to ensure that the λ vector achieves a consensus among all the agents of

the network. This creates a trade-off between maximizing the collection vectors

using the primal problem and ensuring that the total resource is allocated using

the dual problem.

Following [92], the primal and dual resource allocation dynamics for the La-

grangian (3.7) can be reduced to the following system of equations. From the

primal critical point, λ is defined as the gradient of the local problem

λj = −∂fi
∂yj

. (4.1)

Furthermore, from the resource allocation critical point, for a given µ, our primal

states are defined as

yj =
Rj

m
− Lµi. (4.2)

Through this system of equations, both the primal and resource allocation states

can be calculated directly. This method reduces the proposed primal-dual dynam-

ics to optimizing the dual problem as defined in Section 4.1.2.
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4.1.1 Primal Problem

To create a primal-dual algorithm to optimize Lagrangian (3.7), in this thesis we

propose creating primal dynamics through the utilization of a Newton step using

the partial derivative of the Lagrangian at fixed values of the Lagrange multipliers

λ and µ

g =
∂L

∂yj
=
∂fi
∂yj

+ (λj)i

along with its Hessian

∂2L

∂yj∂yk
=

∂2fi
∂yj∂yk

= Hjk(i).

Each agent, i, updates their local primal variables as follows:

v̇j(i) = −γp(
n∑
k=1

Hjkvk(i) + gj(i)) (4.3)

ẏj(i) = ρpvj(i) (4.4)

Furthermore, v acts as an auxiliary variable with a unique equilibrium at v = 0.

The equilibrium of each agent’s gradient is

∂fi
∂yj

= −(λj)i. (4.5)
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satisfying the critical point (3.9). Furthermore each node is able to optimize its

primal problem with only the knowledge of its local primal variable, y, and dual

λ without the complete knowledge of the system [93].

It is imperative to keep a time-scale separation between the dynamics such that

the primal problem is solved with respect to current dual variables. To achieve

this, we employed two strategies. To ensure that the primal variables update faster

than their respected dual variables, we incorporate dynamic gains and step-sizes

of varying magnitudes into the update steps. To increase the convergence rate,

we further allow the dual problem to iterate numerous times before updating the

primal problem.

4.1.2 Dual Problem

Using (3.7), the dual problem is taken as

ν(µ) =
m∑
i=1

inf
y1,...,yp

fi(y1(i), . . . , yp(i)) +

p∑
j=1

(
m∑
i=1

yj(i)−
Rj

m
)λj +

p∑
j=1

m∑
i=1

(Lλj)µi

(4.6)

The gradient and Hessian of (4.6) following [93],

∇ν(µ) =Mλ(µ) (4.7)

H(µ) =M(∇2f(y(µ))M. (4.8)
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The consensus dynamics are developed in a distributed manner. To drive the sys-

tem to its equilibrium position at the critical point, we introduce the auxiliary

variables w,d and q each in Rm×p. The dynamics of the auxiliary variables are

given by:

ẇr(k) = −γd(
m∑
j=1

Lk,jwr(j)−
m∑
j=1

Lkjλr(j)). (4.9)

This system has a unique equilibrium position atMw =Mλ, which is identified

as the gradient of the Lagrangian with respect to µ. By the diagonally dominant

property of the Laplacian, the vector w reaches an ε close approximation of λ. An

ε-approximation is defined as:

Definition: ε-approximation [94]. Let x∗ ∈ Rn be the solution to the sym-

metric diagonally dominant system of the form Mx0 = b0. The vector x̃ ∈ Rn is

defined as an ε-approximation, bounded by the M norm, to the exact solution, x∗,

if:

‖x∗ − x̃‖M ≤ ε‖x∗‖M .

By collecting the dual variable λ’s from the neighbouring agents, this compu-

tation can be performed locally by each agent, i. We then define the distributed

Newton step in the dual using equations (4.7) and (4.8) as

ḋr(k) = −γd(
m∑
j=1

Lkjdr(j) +
n∑
j=1

H−1rj wj(k)) (4.10)
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The dynamics of (4.10) has an equilibrium point atMd = −H−1w, where d is

defined as a newton step for each fixed value of the vector µ. This computation

can be performed locally as each agent collects neighbouring, λs, and without

complete knowledge of each node’s Hessian. Finally, as this Newton step reaches

its equilibrium position, the consensus step is defined using q and µ as

q̇r(k) = −γd(
m∑
j=1

Lkjqr(j)−
m∑
j=1

Lkjdr(j)) (4.11)

µ̇r(k) = ρdqr(k) (4.12)

such that if q is at equilibrium, q = 0, µ will be in equilibrium and the dual

problem will be optimized. To ensure this equilibrium point is approached, a gain

close to 0 is applied to the forward-euler discretization method.

The dynamics in (4.10) can be used directly when the cost functions are known.

This is due to the fact that the Hessians can be inverted directly by locally invert-

ing each local Hessian matrix. In contrast, when the distributed extremum-seeking

scheme outlined in Section 3.3 is utilized, some instabilities my arise if one con-

siders explicit inversion of the local estimated Hessian. In [69], this problem is

circumvented by inverting the local Hessian using a differential Riccati equation.

In the unknown cost function case, we propose an alternative indirect Newton step

to create stable dynamics that avoids the explicit inversion of the Hessian.

The resource allocation dynamics for λ employ a gradient based approach
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directly following critical point (3.10)

λ̇r(k) =
∂L

∂λr(k)
= yr(k)− Rr

m
+

m∑
j=1

Lkjµr(j) (4.13)

such that we can drive the dynamics in (3.10) to its equilibrium. Posing the dy-

namics in this manner allows each node to allocate more or less than their fraction,

Rr

m
, of the total resource. The consensus term,Mµk, compensates for the differ-

ence, ensuring that λ̇r(k) = 0.

4.2 Stability Analysis

In this section, we assess the stability of the equilibrium points through conducting

a Lyapunov analysis [95]. To accomplish this, the system is expressed in deviation

form under the time-scale τ = t
ε
. The dual consensus Lagrange multipliers are

updated in the slowest time-scale, allowing the primal and dual resource allocation

dynamics to achieve equilibrium for any given µ. We then apply theorem 1 from

[92].

Theorem 1 Consider the Newton resource allocation and consensus algo-

rithm expressed in error. Assume that the communication network can be repre-

sented by an undirected graph. Let γ > 0. Then there exists a constant ε∗ such

that for any 0 < ε < ε∗, the origin of the error system is a globally exponentially

stable equilibrium.

Proof. We first define the vector valued functions y(µ), λ(µ), w(µ), d(µ)
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and q(µ) as the equilibrium for a fixed µ. In deviation form, the dynamics are

dỹ
dτ

= ρpṽ −
∂y(µ)

∂µ

dµ

dτ
(4.14)

dv

dτ
= −γp((∇2

yyL(y,λ,µ))v +∇yL(y,λ,µ)) (4.15)

dλ̃

dτ
= (ỹ − R

m
) +Mµ̃− ∂λ(µ)

∂µ

dµ

dτ
(4.16)

dw̃

dτ
= −γd(Mw̃ −Mλ̃)− ∂w(µ)

∂µ

dµ

dτ
(4.17)

dd̃

dτ
= −γd(Md̃ + (∇2f(y(µ)))−1w̃)− ∂d(µ)

∂µ

dµ

dτ
(4.18)

dq̃

dτ
= −γd(Mq̃−Md̃)− ∂q(µ)

∂µ

dµ

dτ
(4.19)

dµ̃

dτ
= ερdq(µ) + ερq̃ (4.20)

We then apply a singular perturbation analysis by defining the boundary layer

dynamics by setting ε = 0. This yields

dỹ
dτ

= ρpṽ (4.21)

dv

dτ
= −γp((∇2

yyL(y,λ,µ))v +∇yL(y,λ,µ)) (4.22)

dλ̃

dτ
= (ỹ − R

m
) +Mµ̃ (4.23)

dw̃

dτ
= −γd(Mw̃ −Mλ̃)) (4.24)

dd̃

dτ
= −γd(Md̃ + (∇2f(y(µ)))−1w̃)) (4.25)

dq̃

dτ
= −γd(Mq̃−Md̃) (4.26)
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As previously mentioned, the primal and dual resource allocation dynamics can

be reduced to the following system of equations for any fixed value of µ:

λ(µ) = −∂f(y(µ))

∂y
(4.27)

y(µ) =
R

m
−Mµ. (4.28)

In what follows, it is assumed that the local decision variables and Lagrange mul-

tipliers can be taken as the solution of the system of equations. This will be

generalized in the next Chapter.

In the slow time-scale, the consensus of the resource allocation Lagrange mul-

tipliers is determined. The equilibrium point that indicates that consensus has

been achieved occurs at q = 0. To assess the stability of this origin, we first

change coordinate systems using the nullspace of the Laplacian. We consider the

m-dimensional vector r and a m× (m− 1) matrix R such that:

r =
1√
m

1m, rTR = 0,

RTR = Im−1,RRT = Im −
1

m
1m1Tn .
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The coordinate transformation then takes the following form:

w̃ = ([r,R]⊗ In)W, d̃ = ([r,R]⊗ In)D

q̃ = ([r,R]⊗ In)Q, λ̃ = ([r,R]⊗ In)K

ỹ = ([r,R]⊗ In)Y, ṽ = ([r,R]⊗ In)V

µ̃ = ([r,R]⊗ In)Π

and we can express the dynamics of the consensus steps (4.24)-(4.26) in the new

coordinate system. The dynamics of W are:

Ẇ = −γd

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


W1 −K1

W2 −K2

 .
By the property of the Laplacian, one can write the dynamics of W as:

Ẇ1 = 0

Ẇ2 = −γd(RTLR⊗ In)(W2 −K2).

where W1 ∈ Rm and W2 ∈ Rm. Similarly, we express (4.25) in terms of D as

Ḋ = −γd


 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


D1

D2

+

(
∂2f

∂Y∂YT

)−1 [
WT

1 WT
2

] .
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To express the Hessian in the new coordinate system, we write

∂2f

∂Y∂YT
= (

 rT

RT

⊗ In)∇2f(y(µ))([r R]⊗ In)

This allows us to state the dynamics of D as

Ḋ1 = −γd(rT ⊗ In)(∇2f(y(µ)))−1([r R]⊗ In)W2

Ḋ2 = −γd(RTLR⊗ In)D2 − γd(RT ⊗ In)(∇2f(y(µ)))−1([r R]⊗ In)W2.

where it is assumed without loss of generality that W1(0) = 0. Finally, Q can be

expressed as

Q̇ = −γd

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Q1 − D1

Q2 − D2


and the dynamics of Q are

Q̇1 = 0

Q̇2 = −γd(RTLR⊗ In)(Q2 − D2).

To create the Lypanuov function candidate for the consensus dynamics, we utilize

the fact that the matrix RTLR⊗ In is positive definite, allowing us to bound it by
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the two constants 0 < λ1 < λ2 as follows:

λ1|w̃2|2 ≤ w̃T
2 (RTLR⊗ In)w̃2 ≤ λ2|w̃2|2.

Using these dynamics, we pose the quadratic Lyapunov function candidate

Vb1 =
α

2
WT

2 W2 +
β

2
DT

2 D2 +
1

2
QT

2 Q2. (4.29)

The derivative of the Lyapunov function candidate is as follows

V̇b1 =− γdαWT
2 (RTLR⊗ In)(W2 −K2)− γdβDT

2 (RTLR⊗ In)D2

− γdβDT
2 (RT ⊗ In)(∇2f(y(µ)))−1([r R]⊗ In)W2

− γdQT
2 (RTLR⊗ In)(Q2 − D2)

(4.30)

Since the Hessian is assumed to be bounded, one can write that | ∂2f
∂Y2∂Y T

2
| ≥ M

for some positive constant M . We apply Young’s inequality to compute an upper
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bound for the right hand side of the last inequality. This yields:

V̇b1 ≤− γdαWT
2 (RTLR⊗ In)W2 − γdQT

2 (RTLR⊗ In)Q2

− γdβDT
2 (RTLR⊗ In)D2 +

γdα

2k3
WT

2 (RTLR⊗ In)W2

+
k3αγd

2
KT

2 (RTLR⊗ In)K2 +
γd
2k2

QT
2 (RTLR⊗ In)Q2

+
k2γd

2
DT

2 (RTLR⊗ In)D2 +
γdβ

2k1
DT

2 (
∂2f

∂Y∂YT
)−1D2

+
k1γdβ

2
WT

2 (
∂2f

∂Y∂YT
)−1W2

(4.31)

We then collect terms to obtain the following inequality:

V̇b1 ≤− (αγdλ1 −
αγdλ2

2k3
− βγdk1

2M
)WT

2 W2 − (βγdλ1 −
γdλ2k2

2
− βγd

2k1M
)DT

2 D2

− (γdλ1 −
γdλ2
2k2

)QT
2 Q2 +

αγdλ2k3
2

KT
2 K2

(4.32)

By setting k1 = 1
λ1M

, k2 = λ2
λ1
, k3 = λ2

λ1
, α =

λ22
λ41M

2 and β =
λ22
λ21

, we obtain:

V̇b1 ≤ −
γdλ

2
2

2λ31M
2
WT

2 W2 −
3γdλ

2
2

2λ1
DT

2 D2 −
γdλ1

2
QT

2 Q2 +
γdλ

4
2

2λ51M
2
KT

2 K2. (4.33)

From equations (4.29) and (4.33), the dual system has an asymptotically stable in

absence of external inputs, K2. Since we assume that the local Lagrange multiplier

vector λ is at the critical point then λ̃ = 0 and therefore, K2 = 0. We can then

conclude that the boundary layer has an exponentially stable equilibrium at the

origin.

Next we consider the reduced order system. The reduced order system as-
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sumes that the fast dynamics are at the equilibrium. This leads to the following

dynamics:

dµ

dτ
= ερd(q + q̂) (4.34)

where q is a Newton step for the consensus problem. The Newton step is applied

to the boundary layer system, in deviation form, to create the following dynamics

dỹ
dτ

= ρpṽ + ερdM(q + q̂) (4.35)

dv

dτ
= −γp((∇2

yyL(y,λ,µ))v +∇yL(y,λ,µ)) (4.36)

dλ̃

dτ
= (ỹ − R

m
) +Mµ̃− ερdM(∇2f(y))(q + q̂) (4.37)

dw̃

dτ
= −γd(Mw̃ −Mλ̃)− ερdM(∇2f(y))(q + q̂) (4.38)

dd̃

dτ
= −γd(Md̃ + (∇2f(y))−1w̃) + ερdM(q + q̂) (4.39)

dq̃

dτ
= −γd(Mq̃−Md̃) + ερdM(q + q̂) (4.40)

dµ

dτ
= ερdq + ερdq̂. (4.41)

To show that the reduced order system (4.35)-(4.41) is asymptotically stable,

we first change coordinate systems using the nullspace of the Laplacian. In the
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new coordinate system, the dynamics of Y are expressed as

Ẏ = ρpV + ερd

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Q1 + Q̂1

Q2 + Q̂2


The dynamics of Y are written as

Ẏ1 = ρpV1

Ẏ2 = ρpV2 + ερd(RTLR⊗ In)(Q2 + Q̂2)

The dynamics of V are unchanged in the new coordinate system. Furthermore,

because ṽ = v, we state the dynamics as

V̇1 = −γp((∇2
yyL(y,λ,µ))V1 + g1)

V̇2 = −γp((∇2
yyL(y,λ,µ))V2 + g2)

In the new coordinate system, the dynamics of λ are expressed as

K̇ =Y − ([r,R]⊗ In)
R

m
+

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Π1

Π2


− ερd

(
∂2f

∂Y∂YT

) rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Q1 + Q̂2

Q2 + Q̂2


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where K̇1, K̇2 are defined as

K̇1 = Y1 − ([r,R]⊗ In)
R

m

K̇2 = Y2 − ([r,R]⊗ In)
R

m
+ (RTLR⊗ In)Π2 − ερd

(
∂2f

∂Y2∂YT
2

)
(RTLR⊗ In)(Q2 + Q̂2)

The dynamics of W are:

Ẇ =− γd

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


W1 −K1

W2 −K2


− ερd

(
∂2f

∂Y∂YT

) rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Q1 + Q̂1

Q2 + Q̂2


Similar to the previous dynamics, one can write W as:

Ẇ1 = 0

Ẇ2 = −γd(RTLR⊗ In)(W2 −K2)− ερd
(

∂2f

∂Y2∂YT
2

)
(RTLR⊗ In)(Q2 + Q̂2)

The dynamics of D in equation (4.39) are expressed as

Ḋ =− γd


 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


D1

D2

+

(
∂2f

∂Y∂YT

)−1 [
WT

1 WT
2

]
+ ερd

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Q1 + Q̂1

Q2 + Q̂2

 .
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The dynamics are then written as:

Ḋ1 =− γd(rT ⊗ In)(∇2f(y))−1([r R]⊗ In)W2

Ḋ2 =− γd(RTLR⊗ In)D2 − γd(RT ⊗ In)(∇2f(y))−1([r R]⊗ In)W2

+ ερd(RTLR⊗ In)(Q2 + Q̂2).

The dynamics of Q becomes:

Q̇ =− γd

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Q1 − D1

Q2 − D2


+ ερd

 rTLr⊗ In rTLR⊗ In

RTLr⊗ In RTLR⊗ In


Q1 + Q̂1

Q2 + Q̂2


It is assumed without loss of generality that W1(0) = 0, this allows Q to be

expressed as:

Q̇1 = 0

Q̇2 = −γd(RTLR⊗ In)(Q2 − D2) + ερd(RTLR⊗ In)(Q2 + Q̂2).

Finally, the dynamics for Π are

Π̇1 = 0

Π̇2 = ερdQ2 + ερdQ̂2
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The equilibrium sets formed by the solution of the fast boundary layer dy-

namics allow us to form the following two relationships. Through the equation

(4.24)

Mλ =Mw (4.42)

Md = −∇2f(y)w (4.43)

Therefore, we state

−Md(∇2f(y))−1M =Mλ. (4.44)

This allows us to define the following dynamics for λ in the new coordinates

˙̄K2 = −ρd(
∂2f

∂YT
2 ∂Y2

)−1(RTLR⊗ In)D̄2 (4.45)

where D2 = D̄2 − D∗2. Furthermore, by defining E2 = W2 − K2, we create the

following dynamics

˙̄E2 = −γd((RTLR⊗ In)Ē2 − ˙̄K2 − ερd(RTLR⊗ In)
∂2f

∂YT
2 ∂Y2

(Q2 + Q̂2)

(4.46)
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using (4.45), ˙̄E2 can be written as

˙̄E2 =− γd((RTLR⊗ In)Ē2 + ρd(
∂2f

∂YT
2 ∂Y2

)−1(RTLR⊗ In)D̄2

− ερd(RTLR⊗ In)
∂2f

∂YT
2 ∂Y2

(Q2 + Q̂2)

(4.47)

and the dynamics of D̄2 are stated as

˙̄D2 =− γd(RTLR⊗ In)D̄2 − γd
∂2f

∂YT
2 ∂Y2

Ē2 + γd
∂2f

∂YT
2 ∂Y2

K̄2 (4.48)

+ ερd(RTLR⊗ In)(Q2 + Q̂2). (4.49)

The optimal D2 is defined as

D∗2 = (RTLR⊗ In)−1
∂2f

∂YT
2 ∂Y2

K̄2. (4.50)

Using (4.50), we redefine the dynamics of K2 as

˙̄K2 = −ρd(
∂2f

∂YT
2 ∂Y2

)−1(RTLR⊗ In)D2 − ρdK̄2 (4.51)

and we redefine the dynamics of E2

˙̄E2 = −γd((RTLR⊗ In)Ē2 + ρd(
∂2f

∂YT
2 ∂Y2

)−1(RTLR⊗ In)D2 + ρdK̄2. (4.52)
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Finally, we consider the dynamics of D2

Ḋ2 =− γd(RTLR⊗ In)D2 − γd
∂2f

∂YT
2 ∂Y2

Ē2 − ρdD2

− ρd(RTLR⊗ In)−1
∂2f

∂YT
2 ∂Y2

K̄2 + ερd(RTLR⊗ In)(Q2 + Q̂2)

(4.53)

Using these dynamics, we pose the second half of the boundary layer dynamics’

Lyapunov candidate function as follows

Vb2 =
1

2
YT

2 Y2 +
ψ

2
QT

2 Q2 +
σ

2
VT

2 V2 +
1

2
gT2 V2

+
1

2
gT2 g2 +

1

2
ET

2 E2 +
β

2
DT

2 D2 +
α

2
K̄T

2 K̄2

(4.54)
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The derivative of the Lyapunov candidate function is

V̇b2 =ρpYT
2 V2 + ερdYT

2 (RTLR⊗ In)(Q2 + Q̂2)− ψγdQT
2 (RTLR⊗ In)(Q2 − D2)

+ ψερdQT
2 (RTLR⊗ In)(Q2 + Q̂2)− γpσVT

2

∂2f

∂YT
2 ∂Y2

V2 − γpσgT2 V2 + ρpgT2
∂2f

∂YT
2 ∂Y2

V2

+ ρpVT
2

∂2f

∂YT
2 ∂Y2

V2 − γpgT2
∂2f

∂YT
2 ∂Y2

V2 − γpgT2 g2 − γdET
2 (RTLR⊗ In)E2

+ ρdET
2 (

∂2f

∂YT
2 ∂Y2

)−1(RTLR⊗ In)D2 + ρdET
2 K̄2 − αρdK̄

T
2 K̄2

− βγdDT
2 (RTLR⊗ In)D2 − βγdDT

2 (
∂2f

∂YT
2 ∂Y2

)E2 − βρdDT
2 D2

− βρdDT
2 (RTLR⊗ In)−1(

∂2f

∂YT
2 ∂Y2

)K̄2 + αρK̄T
2 (RTLR⊗ In)(

∂2f

∂YT
2 ∂Y2

)−1D2

− ερdET
2 (RTLR⊗ In)(

∂2f

∂YT
2 ∂Y2

)(Q2 + Q̂2) + ερdDT
2 (RTLR⊗ In)(Q2 + Q̂2)

+ ερdψQT
2 (RTLR⊗ In)(Q2 + Q̂2)

(4.55)

One can create an upper bound such that YT
2 Y2 ≤ ξgT2 g2, for some positive con-
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stant ξ, allowing us to create the following inequality:

V̇b2 ≤
ρpξ

2k1
gT2 g2 +

ρpk1
2

VT
2 V2 +

ξερd
2k2

gT2 (RTLR⊗ In)g2 +
ερdk2

2
QT

2 (RTLR⊗ In)Q2

− ψγdQT
2 (RTLR⊗ In)Q2 +

ψγd
2k3

QT
2 (RTLR⊗ In)Q2 +

ψγdk3
2

DT
2 (RTLR⊗ In)D2

+ ψερdQT
2 (RTLR⊗ In)Q2 − (γpσ − ρp)VT

2

∂2f

∂YT
2 ∂Y2

V2 +
γpσk16

2
VT

2 V2

+
γpσ

2k16
gT2 g2 −

1

2k17
(γpσ − ρp)gT2

∂2f

∂YT
2 ∂Y2

g2 −
k17
2

(γpσ − ρp)VT
2

∂2f

∂YT
2 ∂Y2

V2

− γpgT2 g2 − γdET
2 (RTLR⊗ In)E2 +

ρ

2k4
ET

2 (
∂2f

∂YT
2 ∂Y2

)−1(RTLR⊗ In)E2

+
ρk4
2

DT
2 (

∂2f

∂YT
2 ∂Y2

)−1(RTLR⊗ In)D2 +
ρ

2k5
ET

2 E2 +
ρk5
2

K̄T
2 K̄2 − αρK̄T

2 K̄2

− βγdDT
2 (RTLR⊗ In)D2 +

βγd
2k10

DT
2 (

∂2f

∂YT
2 ∂Y2

)D2 +
βγdk10

2
ET

2 (
∂2f

∂YT
2 ∂Y2

)E2 − βρDT
2 D2

+
βρ

2k6
DT

2 (RTLR⊗ In)−1(
∂2f

∂YT
2 ∂Y2

)D2 +
βρk6

2
K̄T

2 (RTLR⊗ In)−1(
∂2f

∂YT
2 ∂Y2

)K̄2

+
αρ

2k7
K̄T

2 (RTLR⊗ In)(
∂2f

∂YT
2 ∂Y2

)−1K̄2 +
αρk7

2
DT

2 (RTLR⊗ In)(
∂2f

∂YT
2 ∂Y2

)−1D2

+
ερd
2k8

ET
2 (RTLR⊗ In)(

∂2f

∂YT
2 ∂Y2

)E2 +
ερdk8

2
QT

2 (RTLR⊗ In)(
∂2f

∂YT
2 ∂Y2

)Q2

+
ερd
2k9

DT
2 (RTLR⊗ In)D2 +

ερdk9
2

QT
2 (RTLR⊗ In)Q2

+ ερdψQT
2 (RTLR⊗ In)Q2 +

ερd
2k15

gT2 (RTLR⊗ In)g2 +
ερdk15

2
Q̂2(RTLR⊗ In)Q̂2

+
ψερd
2k11

QT
2 (RTLR⊗ In)Q2 +

ψερdk11
2

Q̂
T

2 (RTLR⊗ In)Q̂2

+
ερd
2k12

ET
2 (RTLR⊗ In)(

∂2f

∂YT
2 ∂Y2

)E2 +
ερdk12

2
Q̂
T

2 (RTLR⊗ In)(
∂2f

∂YT
2 ∂Y2

)Q̂2

+
ερd
2k13

DT
2 (RTLR⊗ In)D2 +

ερdk13
2

Q̂
T

2 (RTLR⊗ In)Q̂2

+
ερdψ

2k14
QT

2 (RTLR⊗ In)Q2 +
ερdψk14

2
Q̂
T

2 (RTLR⊗ In)Q̂2

(4.56)
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After collecting terms, we obtain the inequality:

V̇b2 ≤ −(γp −
γpσ

2k16
− γpM

4k17
− ρpξ

2k1
− ερdλ2ξ

2k2
− ερdλ2

2k15
)gT2 g2

−(γpσM −
γpσk16

2
− k17M

4
− ρpM −

k1ρp
2

)VT
2 V2

−(γdλ1 −
ρλ2

2k4M
− ρ

2k5
− βγdMk10

2
− ερdMλ2

2k8
− ερdMλ2

2k12
)ET

2 E2

−(βλ1γd + βρ− ρλ2k4
2M

− βγdM

2k10
− ρβM

2λ2k6
− αρλ2k7

2M
+
ερdλ2
2k9

− ερdλ2
2k13

− ψγdλ2k3
2

)DT
2 D2

−(ρα− ρk5
2
− ρβk6M

2λ2
− αρλ2

2Mk7
)KT

2 K2

−(ψγdλ1 −
ψγdλ2

2k3
− ερdψλ2

2k14
− ερdψλ2

2k11
)QT

2 Q2

+(
ερdλ2ξk2

2
+
ερdMλ2k8

2
+
ερdλ2k9

2
+ εψρdλ2)QT

2 Q2

+(
ερdk15λ2

2
+
ψερdk11λ2

2
+
ερdk12λ2M

2
+
ερdk13λ2

2
+
ερdψk14λ2

2
)Q̂

T

2 Q̂2

(4.57)

By setting k1 = M,k2 = 16ερdλ2
γp

, k3 = λ2
λ1
, k4 = βM

8λ2
, k5 = α

4
, k6 = M

λ2
, k7 =

λ2
M
, k8 = 4ερdMλ2

γdλ1
, k9 = 8ερdλ2

ρβ
, k10 = M

λ1
, k11 = 4ερdλ2

γdλ1
, k12 = 4ερdMλ2

γdλ1
, k13 =

2ερdλ2
λ1βγd

, k14 = 4ερdλ2
γdλ1

, k15 = 4ερd
λ2γp

α =
λ21
2λ22
, k16 = M,k17 = M,σ = M,β =

λ21
8M2 , ψ =

λ61
8λ42M

2 , ρ =
λ31γd
8λ22

, ξ = 1, and ρp = γpM

8
, we obtain the gradient of the
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Lyapunov candidate function:

V̇b2 ≤ −(
1γp
32

)gT2 g2 − (
1γpM

2

16
)VT

2 V2 − (
γdλ1
16

)ET
2 E2

−(
βλ1γd

4
+
ρβ

16
)DT

2 D2 − (
ρα

4
)KT

2 K2 − (
3ψγdλ1

4
)QT

2 Q2

+(
8ε2ρ2dλ

2
2

γp
+

2ε2ρ2dλ
2
2M

2

γdλ1
+

4ε2ρ2dλ
2
2

βρ
+ εψρdλ2)QT

2 Q2

+(2ε2ρ2d +
2ψε2ρ2dλ

2
2

γdλ1
+

2ε2ρ2dλ
2
2M

2

γdλ1
+
ε2ρ2dλ

2
2

2λ1βγd
+

2ε2ρ2dψλ
2
2

λ1γd
)Q̂

T

2 Q̂2

(4.58)

where the last two terms defines the interconnection between the reduced and

boundary layer dynamics. The second last term can be upper bounded by some

positive constant θ as follows

(
8ε2ρ2dλ

2
2

γp
+

2ε2ρ2dλ
2
2M

2

γdλ1
+

4ε2ρ2dλ
2
2

βρ
+ εψρdλ2)QT

2 Q2 ≤ ε2θQT
2 Q2.

We see that there exists a positive ε that makes the term QT
2 Q2 term negative

definite

ε ≤ (
ψγdλ1
θ

)1/2 = ε1 (4.59)

The last positive term only appears when the boundary layer and reduced systems

are combined. We can upper bound this term by Π2 as follows

(2ε2ρ2d +
2ψε2ρ2dλ

2
2

γdλ1
+

2ε2ρ2dλ
2
2M

2

γdλ1
+
ε2ρ2dλ

2
2

2λ1βγd
+

2ε2ρ2dψλ
2
2

λ1γd
)Q̂

T

2 Q̂2 ≤ ε2σΠT
2 Π2

Finally, we pose the Lyapunov candidate function for the Newton step dynamics
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as

Vr =
1

2
ΠT

2 Π2. (4.60)

The gradient of the reduced system’s Lyapunov function candidate becomes

V̇r = ερdΠ
T
2 Q2 + ερdΠ

T
2 Q̂2 (4.61)

where Q2 is defined as the Newton’s step of the dual problem. Furthermore,

Q̂2 can be upper bound as follows ‖Π̂
T

2 Q̂2‖ < −ω‖ΠT
2 Π2‖. This yields the

following inequality

V̇r ≤ −(ερdω −
ερd
2k18

)ΠT
2 Π2 +

ερdk18
2

QT
2 Q2 (4.62)

By setting k18 = 1
ω

, we obtain

V̇r ≤ −
ερdω

2
ΠT

2 Π2 +
ερd
2ω

QT
2 Q2 (4.63)

where the reduced system is asymptotically stable when the external input Q2 is

omitted. Furthermore, as Q2 = 0 is an equilibrium point, we can state that the

reduced system is exponentially stable.

We conclude the stability analysis by posing a composite Lyapunov candi-

date function for the interconnected system formed from the boundary layer and
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reduced order systems.

Vc = (1− d)(Vb1 + Vb2) + dVr, 0 < d < 1 (4.64)

The rate of change of the composite Lyapunov candidate function is then

V̇c = (1− d)(V̇b1 + V̇b2) + dV̇r, 0 < d < 1 (4.65)

We use Lyapunov candidate functions (4.29), (4.58) and (4.60)

V̇c ≤(1− d)(− γdλ
2
2

2λ31M
2
WT

2 W2 −
3ψγdλ1

2
QT

2 Q2

−3γp
4

gT2 g2 −
3γpM

4
VT

2 V2 − γdλ1ET
2 E2

−(βλ1γd + ρβ +
3γdλ

2
2

2λ1
)DT

2 D2 − ραKT
2 K2 − γpgT2 V2

+ ε2σΠT
2 Π2) + d(−εω

2
ΠT

2 Π2 +
ερd
2ω

QT
2 Q2)

(4.66)

To approximate ε2 we create the following inequality to ensure ΠT
2 Π2 is negative

definite:

ε <

(
1− d
d

)
ω

2σ
≤ ε2, 0 < d < 1. (4.67)

Furthermore, we approximate ε3 through the following inequality

ε <
(1− d)

d

3ψγdλ1ω

ρd
≤ ε3, 0 < d < 1 (4.68)

From 4.67 and 4.68, it can be shown that our approximations of ε2 and ε3 can be
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arbitrarily large as d approaches 0. Finally, we obtain an estimate of ε∗ as

ε∗ = min
ε∗∈R
{ε1, ε2, ε3}. (4.69)

The composite Lyapunov candidate function is such that

V̇c ≤(1− d)(− γdλ
2
2

2λ31M
2
WT

2 W2 −
3ψγdλ1

2
QT

2 Q2

−1γp
32

gT2 g2 −
1γpM

2

16
VT

2 V2 − γdλ1ET
2 E2

−(βλ1γd + ρβ +
3γdλ

2
2

2λ1
)DT

2 D2 − ραKT
2 K2)

− dε
∗ω

2
ΠT

2 Π2

(4.70)

Therefore, there exists a constant 0 < ε < ε∗ such that the trajectories of the

Lagrange multipliers, λ, will achieve consensus at the unique optimum of the

optimization problem. Through the composite Lyapunov candidate function, it is

shown that the optimum is an exponentially stable equilibrium point of the system.

This completes the stability analysis

Stability of the Discretized Dynamics

The results of this stability analysis show that in continuous time, the dynam-

ics of the distributed resource allocation methodology are exponentially stable at

the optimal solution of Lagrangian (3.7). To prove asymptotic convergence of

the forward-Euler discretization, we follow the stability analysis outlined in [89]

using the following theorem.
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Theorem 2: Let the continuous-time system

ẋ = φ(x) (4.71)

have an equilibrium at the origin. Assume that there exists a suitable Lyapunov

function V (x) : Rn → R for (4.71) that satisfies the following inequalities for

a1, a2, a3, a4.

a1I ≤ ∇2V (x) ≤ a2I (4.72)

∂V (x)

∂x
φ(x) ≤ −a3‖x‖2 (4.73)

‖φ(x)‖ ≤ a4‖x‖ (4.74)

for all x ∈ Rn.Then the origin of system (4.71) is globally exponentially stable.

Moreover, for the following forward-Euler discretization of the system

x(k + 1) = x(k) + εφ(x(k)) (4.75)

there exists a positive scalar ε̄ such that for every ε ∈ (0, ε̄) the discrete time

system has an exponentially stable equilibrium at the origin.

4.3 Simulation Results

The solution strategy in Section 4.1 is proposed to be an initialization free strat-

egy. The collection vectors and Lagrange multipliers initialized in each simulation
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are randomly assigned values between 1 and 5. The resulting dynamics are eval-

uated using the simulation examples in Section A with known and unknown cost

functions.

4.3.1 3-agent system

To achieve the dynamics shown in Figure 4.1, the following dynamic gains were

used.

Table 4.1: Dynamic gains and step-sizes for the known 3-node example using the
Distributed Newton Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast γd,slow

Value 1
5

3
10

15
100

15
100

1
5

By setting the dynamic gains in this manner, we are able to achieve a time-scale

separation between the primal and dual problems. Furthermore, to achieve a faster

convergence rate, the dual problem was separately iterated 3 times for each solu-

tion of the primal problem. The dual problem’s Euler-discretization gain was set

to k = 0.6 to ensure convergence of the dual solution. The tuning parameters were

chosen to minimize the error between the total resource and the allocated resource.
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Figure 4.1: Simulation 1 with known cost functions using the Newton Distributed
Resource Allocation strategy

The results show that our algorithm is able to determine the correct optimum

at f(x∗) = 8.93.

4.3.2 3-agent system with unknown cost functions

Next, we consider the case where each node is given no information on their lo-

cal cost function. To optimize the unknown cost function, we locally implement

the Newton-seeking architecture outlined in Section 3.3. The time interval for the

extremum-seeking architecture was set to ∆t = 1
1000

. Following [92], we set the

frequencies for each agent at

64



ω =


100 300

125 375

145 435



with the low-pass and high-pass filter gains set to ωl = 1
50

and ωh = 1
800

. The

amplitude of each perturbation signal was set to Ai = 0.5. Finally, the forward-

Euler discrete gain was set to k = 0.995.

Figure 4.2: Simulation 1 with unknown cost functions using the Newton-seeking
Distributed Resource Allocation strategy

The results shown in Figure 4.2 were calculated using the dynamic gains and

step-sizes found in the table below.
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Table 4.2: Dynamic gains and step-sizes for the unknown 3-node example using
the Newton-Seeking Distributed Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast γd,slow

Value 1
600

1
450

1
900

1
2500

1
2500

Again, the dual problem was iterated twice for each primal iteration, thereby in-

creasing our convergence rate. As shown in Figure 4.2, the correct optimum was

determined, indicating that the extremum-seeking architecture successfully con-

verged to the Hessian and gradient of the system in a fully distributed fashion.

The initial oscillations in the system are a result of the peak-seeking scheme con-

verging to the correct Hessian and gradient. Furthermore, these oscillations are

in part a result of allowing the dual problem to iterate more frequently than the

primal problem.

4.3.3 25-agent system

To understand the scalability of the proposed strategy, the dynamics of Section 4.1

are tested using the 25-node case described in Section A. In this simulation, the

total resource to be allocated is set to R1 = 45 and R2 = 45. The dynamic gains

and step-sizes are found in table 4.3.
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Table 4.3: Dynamic gains and step-sizes for the known 25-node example using
the Distributed Newton Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast γd,slow

Value 1
5

15
100

7
100

1
10

7
100

As shown in Figure 4.3, the optimal objective value was successfully deter-

mined at f(x∗) = 57.31. The dual problem was allowed to iterate twice per

primal iteration. Furthermore, to ensure that the dual dynamics approached the

correct equilibrium position, a gain of k = 0.8 is applied to the forward-euler

discrete step of the dual dynamics.

Figure 4.3: 25-node simulation with known functions using the Distributed New-
ton Resource Allocation strategy
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4.3.4 25-agent system with unknown cost functions

With the addition of the peak-seeking scheme, we are again able to correctly iden-

tify the proper gradient and Hessian of the system after some transient oscillatory

behaviour. Figure ?? illustrates the effectiveness of our strategy.

Figure 4.4: 25-node simulation with unknown functions using the Newton-
seeking Distributed Resource Allocation strategy

The parameter initialization for the 25-node example with unknown cost func-

tions follows the same strategy as the 3-node case, with the low and high-pass

filters raised to ωl = 1
700

and ωh = 1
45

, respectively. The dynamic gains and

step-sizes were set to

Table 4.4: Dynamic gains and step-sizes for the unknown 25-node example using
the Newton-Seeking Distributed Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast γd,slow

Value 1
1000

1
1500

1
4500

1
4500

1
45000
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To achieve a desirable convergence rate, we allowed the dual problem to iterate 8

times per primal iteration and set the forward-euler discrete gain to k = 0.9995.

To increase the stability of the solution dynamics when transitioning from the

small-scale to large-scale cases, we found that the tuning parameters must be low-

ered. This is a direct result of the scale of the communication network; more

autonomous agents require smaller step-sizes. This trend is consistent with find-

ings in [96] and [28]. Furthermore, these parameters have to be further lowered

with the addition of the Newton-seeking scheme to ensure stability during the the

transient convergence process. This consequently forces the solution dynamics to

be slowed down.

We found the most effective tuning strategy was to initially set the dynamic

gains of the dual problem to ρd = γd = γd,slow = 0, and tune the primal dynamic

gains such that the unconstrained problem (3.1) is solved. Next, we keep the dual

µ dynamics at 0 and tune the resource allocation dynamics for the case where

the λ values are not in consensus. These solution dynamics typically result in the

primal problem being initially optimized, bringing the allocated resource away

from yj(i) =
Rj

m
then, as the dual problem finds its optimum, the yj(i) terms are

brought back to Rj

m
. Finally, the dual µ dynamic gains are initialized at γd = γd,slow

and tuned to ensure long-term stability.
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4.4 Conclusion

In this chapter, we presented our initial strategy to tackle the problem posed in

Chapter 3. This strategy was developed for the case of twice differentiable convex

cost functions that have a global minima. In creating dynamics for this problem,

we employed a gradient-ascent optimization strategy to solve the resource con-

straint and created auxiliary variables v, d and q to define Newton steps for the

primal, y, and dual consensus, µ, dynamics.

Through the stability analysis, we showed that for any fixed µ, our primal and

resource allocation states are defined as λ = −∂f
∂y

at y = R
m
−Mµ. To prove

the stability of the consensus dynamics, we utilized a coordinate transformation

using the nullspace of the communication network and further showed that both

the reduced and boundary layer systems are exponentially stable.

To create a more industry-applicable algorithm, we incorporated a distributed

extremum-seeking architecture to estimate the Hessian and gradient of the local

cost functions. The estimates of the distributed extremum-seeking architecture

are proven to converge to the true functions and do not affect the stability of the

system.

To test our algorithm, we performed two simulation examples, the first being a

small-scale 3-node problem and the second being a more complex 25-node prob-

lem. In each simulation, our algorithm was tested twice, with and without known

cost-functions and we were able to successfully determine the optimum collection

vector in each case. In tuning our dynamic gains, we defined our tuning strategy
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by starting with the primal case, then incorporating the dual resource constraint

and finally adding the dual consensus. In approaching the problem in this way, we

build complexity in the dynamics and ensure that the primal and resource vectors

are always in equilibrium for any given µ.
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Chapter 5

Generalized Newton-Seeking

Distributed Resource Allocation

The strategy depicted in this chapter is a generalized version of the Newton-

seeking Distributed Resource Allocation algorithm based on saddle-point dynam-

ics that can be used to solve both global maxima/minima problems along with

saddle-point problems with minor changes. This strategy decouples the resource

allocation vector, λ, from the primal dynamics by creating a Hessian of the La-

grangian with respect to y and λ. This pseudo-Hessian is constructed as follows

Ĥ =

−( ∂2fi
∂yi∂yj

) I

−I 0

 (5.1)

where I is a 2m×2m identity matrix and 0 is a 2m×2m zeros matrix. By altering

this Hessian, we propose a solution strategy to tackle saddle-point problems in
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Section 5.2.

Similar to the previous chapter, this Hessian is effective for the case where the

cost functions are known and the second derivative of the primal problem can be

inverted directly. Inverting the estimated primal Hessian creates unstable dynam-

ics in the unknown cost function case. To circumvent this issue, we employed

the indirect Newton’s method with the extremum-seeking scheme to estimate the

primal Hessian then utilize it indirectly in the dynamics.

5.1 Solution Dynamics

To generalize the Newton-seeking Distributed Resource Allocation strategy, we

alter the primal dynamics using the Lagrangian formed in equation (3.7). To de-

couple the the resource allocation vector, λ, from the primal dynamics, an ex-

tended gradient is created by concatenating the critical points defined in equations

(3.9) and (3.10)

ge =

− ∂L
∂yj

∂L
∂λj

 (5.2)

Using this extended gradient, we create the following dynamics

v̇e = −γe(−Ĥve − ge) (5.3)
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where ve is defined as the extended column vector

ve =

[
v1(1) v2(1) . . . v1(m) v2(m) λ1(1) λ2(1) . . . λ1(m) λ2(m)

]
.

(5.4)

Using the dynamics of equation (5.3), the Newton step has a unique equilibrium

position at ve = −Ĥ−1ge. The dynamics of equation (5.3) can be split between

the first and last 2m indices to better show the primal and resource allocation

dynamics:

v̇r(k) = −γp(
n∑
j=1

−Hrjvr(k)− ∂fk
∂yr(k)

) (5.5)

ẏr(k) = ρpvr(k) (5.6)

λ̇r(k) = γd(−vr + yr −
Rr

m
+

m∑
j=1

Lkjµr(j)) (5.7)

As shown in equation (5.5), the Lagrange multiplier, λ, does not appear in the

primal dynamics. Furthermore, the primal dynamic in (5.5) will have the unique

asymptotic equilibrium at v = 0. The resource allocation dynamics presented in

equation (5.7) utilizes two equilibrium positions. From the primal dynamics, v

will approach 0 asymptotically and the dynamics in equation (5.7) will approach

y = R
m
−Mµ.

The dynamics for the consensus Lagrange multiplier, µ, directly follow the

dynamics in section 4.1.2.
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5.2 Saddle-point Case

To solve saddle-point problems, we propose a method to alter the pseudo-Hessian

and extended gradient to simultaneously optimize convex and concave problems.

The proposed pseudo-Hessian is defined as follows

Ĥ =

−( ∂2f
∂yT ∂y

) −I

I 0

 (5.8)

with the extended gradient defined as:

ge =

− ∂L
∂yj

∂L
∂λj

 . (5.9)

Using these matrices and vectors, the dual resource allocation, λ, vector will be

decoupled from the primal problem. Taken together, we achieve dynamics that

are able to minimize the convex cost functions while maximizing the concave

cost functions and bring our primal system to the equilibrium point of the saddle

point problem.

5.3 Stability Analysis

To assess the stability of the primal and resource allocation dynamics posed in-

Section 5.1, we first must prove that the pseudo-Hessian is Hurwitz as follows.
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Given the pseudo-Hessian,

He =

−∇2
yyL I

−I 0

 (5.10)

the trace of He for the global minima problem is defined to be positive. Further-

more, due to the structure of He, the determinant will equal 1 for any separable

cost function. Therefore, we can state that the real parts of the associated eigen-

values will be strictly negative, hence, the matrix is Hurwitz.

Using the extended gradient defined in equation (5.2), we further define the

derivative of ge as

ġe = ρeHeve. (5.11)

The stability of the primal and dual resource dynamics are assessed through the

Lyapunov function candidate

V =
1

2
vTe ve +

1

2
gTe ge +

1

2
vTe ge + β(L− L∗) (5.12)

where L∗ is defined as the optimal Lagrangian, and vTe ge is positive definite. The

derivative of the Lyapunov candidate function takes the form

V̇ =− γevTeHeve − γevTe ge − ρegTeHeve

− γegTe
2

(Heve + ge) +
ρe
2

vTeHeve + βρegTe ve
(5.13)
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After collecting terms, the gradient of the Lyapunov candidate function becomes

V̇ = −(γe −
ρd
2

)vTeHeve − (γe − βρe)gTe ve − (ρe −
γe
2

)gTeHeve +
γe
2

gT2 ge

(5.14)

Through setting ρe = γe
2

and β = 2, equation (5.13) becomes

V̇ =
−3γe

4
vTeHeve −

γe
2

gTe ge (5.15)

and is negative definite. As a result, we show that the equilibrium of the primal dy-

namics is exponentially stable. The dual consensus dynamics are unchanged from

the previous strategy and will follow the same stability analysis for the singularly

perturbed and reduced order systems.

5.4 Simulation Results

The simulation examples used to assess the efficiency of the Generalized Newton-

Seeking Distributed Resource Allocation strategy are depicted in Section A. The

collection vectors and Lagrange multipliers were initialized as random vectors

with values between 1 and 5. We finish the simulation examples by demonstrat-

ing how the connectivity of the graph structure impacts the convergence of the

algorithm with an additional reduced communication example. The convergence

results will be compared to the Newton-seeking Distributed Resource Allocation

strategy in Section 5.4.6.
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5.4.1 3-agent system

We begin the simulation study with the 3-node case with known cost functions.

The results illustrated in Figure 5.1 were simulated using the following dynamic

gains and step-sizes

Table 5.1: Dynamic gains and step-sizes for the known 3-node example using the
Distributed Newton Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast ρd,slow γd,slow

Value 2
3

1
4

1
4

1
4

3
10

1
2

We further let the dual problem, defined as the consensus problem, iterate 4 times

per primal iteration. As shown in Figure 5.1, the generalized algorithm converges

to the correct optimum at f(x∗) = 8.93.

Figure 5.1: Simulation 1 with known cost functions using the Generalized Dis-
tributed Newton Resource Allocation strategy
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5.4.2 3-agent system with unknown cost functions

To address the unknown local cost function case, we incorporated the peak-seeking

scheme outlined in Section 3.3. Similar to the previous strategy, the low-pass and

high-pass filter gains are set to ωl = 1
45

and ωh = 1
600

, respectively. To ensure the

estimate of the dual gradient and the consensus update parameter, q, approach 0,

we implement the following gain to the dual consensus dynamics’ forward-Euler

discrete step

ke =
Ψ

Ψ + 1

where Ψ is defined as the number of times that the primal problem has iterated.

Figure 5.2: Simulation 1 with unknown cost functions using the Generalized
Newton-seeking Distributed Resource Allocation strategy

The Generalized Newton-Seeking Distributed Resource Allocation algorithm

correctly identifies the optimum with some initial oscillations, as shown in Figure

5.2. The initial oscillation can be attributed to three factors; the sinusoidal dither
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signal, initialization of the Lagrange multipliers far from their optimums, as well

as the algorithm allowing the dual consensus problem to iterate 5 times per primal

iteration. The dynamic gains and step-sizes are found in the following table.

Table 5.2: Dynamic gains and step-sizes for the unknown 3-node example using
the Newton-seeking Distributed Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast ρd,slow γd,slow

Value 1
600

1
300

1
650

1
1400

1
650

1
1400

5.4.3 25-agent system

Aside from tuning considerations, the convergence rate of multi-agent systems are

limited by the connectivity of the communication network. The connectivity of

the system can be examined through the eigenvalues of the network’s Laplacian.

The system created in Figure ?? has 6 eigenvalues at

Ω = [7.65 6.92 6.48 5.88 5.42 5.17], which will be compared to those in the low

communication case in Section 5.4.6.

In the 25-node example, the Generalized Newton-seeking Distributed Resource

Allocation strategy was able to determine the correct optimum at f(x∗) = 57.31.

As shown in Figure 5.3, we observe the same transient oscillatory behaviour.
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Figure 5.3: Simulation 2 with known cost functions using the Generalized
Newton-seeking Distributed Resource Allocation strategy

To achieve the dynamics depicted in Figure 5.3, we used the following dy-

namic gains and step-sizes. We further let the dual consensus problem iterate 2

times per primal iteration.

Table 5.3: Dynamic gains and step-sizes for the known 25-node example using
the Distributed Newton Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast ρd,slow γd,slow

Value 15
100

15
100

5
100

5
100

1
5

15
100

5.4.4 25-agent system with unknown cost functions

We now consider the dynamics with the incorporation of the peak-seeking scheme.

The low and high pass-filters were increased to aid with convergence and set to
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ωl = 1
12.5

and ωh = 1
600

Figure 5.4: Simulation 2 with unknown cost functions using the Generalized
Newton-seeking Distributed Resource Allocation strategy

To create the dynamics of Figure 5.4, we set the primal and dual dynamic gains

as per table 5.4.

Table 5.4: Dynamic gains and step-sizes for the unknown 25-node example using
the Newton-seeking Distributed Resource Allocation Strategy

Dynamic gain and step-size ρp γp ρd,fast γd,fast ρd,slow γd,slow

Value 1
2000

1
2000

1
1000

1
15000

1
2500

1
2500

For this simulation, we allowed the dual consensus problem to iterate 9 times per

primal iteration. Using this strategy, we were able to achieve consensus at the

optimal cost function value of f(x∗) = 57.31.
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5.4.5 25-agent system with reduced communication

To show how the communication network will impact the convergence rates of the

dynamics, a third communication network was created. In this configuration, the 6

eigenvalues of the Laplacian are Ω = [5.5485, 4.9053, 4.7757, 4.4981, 4.3628, 3.6980],

with the smallest eigenvalue at 71.5% of the previous example. The configuration

is found in Figure 5.5.

Figure 5.5: 25-node configuration with reduced communication

The Laplacian created from this configuration is represented in Appendix A.

To better understand the results with reduced communication, we initialized the

dynamic gains, step-sizes and additional dual iterations at the same values in the

previous network configuration. The dynamic gains and step-sizes are found in

the table below.

Table 5.5: Dynamic gains and step-sizes for the known 25-node with reduced
communication example using the Distributed Newton Resource Allocation Strat-
egy

Dynamic gain and step-size ρp γp ρd,fast γd,fast ρd,slow γd,slow

Value 15
100

15
100

5
100

5
100

1
5

15
100
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The simulated dynamics are illustrated in the following figure.

Figure 5.6: 25-node simulation with reduced communication and known cost
functions using the Generalized Newton-seeking Distributed Resource Allocation

Comparing the convergence rates of the increased and reduced communica-

tion systems, the algorithm was able to correctly converge to the optimum at

f(x∗) = 8.93. However, as shown by the dual consensus and resource alloca-

tion dynamics, the reduced communication system took longer to converge to the

correct Lagrange multipliers.

5.4.6 Comparison of the Newton-seeking Distributed Resource

Allocation strategy and the Generalized strategy

Two factors to consider when comparing the solution strategies proposed in this

thesis are; convergence rate of the solutions and stability of the dynamics. To
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quantify the convergence rate and stability, we take the value of the dynamic gains

and step-sizes into consideration.

Table 5.6: Dynamic gains and step-sizes for each simulation

Dynamic gain
and step-size

3-node known
cost function

25-node
known cost
function

3-node un-
known cost
function

25-node un-
known cost
function

Newton-seeking Distributed Resource Allocation strategy
γp

3
10

15
100

1
450

1
1500

γd,slow
1
5

7
10

1
2500

1
7000

γd,fast
15
100

1
10

1
400

1
40000

ρp
1
5

1
5

1
600

1
1000

ρd,fast
15
100

7
100

1
900

1
12000

Generalized Newton-seeking Distributed Resource Allocation strategy
γp

1
4

15
100

1
300

1
2000

γd,slow
1
2

15
100

1
1400

1
2500

γd,fast
1
4

5
100

1
1400

1
15000

ρp
2
3

15
100

1
600

1
2000

ρd,slow
3
10

1
5

1
650

1
2500

ρd,fast
1
4

5
100

1
1400

1
1000

Table 5.6 shows that in every simulation, the Generalized version of the Newton-

seeking Distributed Resource Allocation strategy had gains and step-sizes of com-

parable or larger values. By scaling the the Lagrange multipliers through the

Generalized strategy, we are able to create a more aggressive solution strategy.

Ultimately this indicates that the generalized distributed resource allocation strat-

egy can be initialized with a larger range of primal and dual gains, allowing for a

more robust strategy.
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However, in the Newton-seeking Distributed Resource Allocation strategy, the

primal and dual problems are solved in sequential steps. This allows the dual con-

sensus and resource allocation problems to be iterated numerous times per primal

iteration and, as a result, the algorithm achieves similar convergence results. In

contrast, in the generalized algorithm, the resource allocation problem is solved

with the primal problem and only the consensus problem can be iterated.

5.5 Conclusion

In this chapter we provided an alternative set of dynamics to solve the resource al-

location problem posed in Chapter 3. These dynamics featured Newton’s method

to optimize primal problem along with the dual consensus problem. They further

allowed the resource allocation dynamics to be decoupled from the primal prob-

lem through the creation of a pseudo-Hessian across both the primal collection,

and resource allocation vectors.

Using this methodology, the generalized strategy can be further altered to

tackle saddle-point problems. The rationale behind the alterations stemmed from

assigning a direction to each gradient of the Lagrangian with respect to the primal

vector y, allowing both the concave and convex problems to be optimized. We

outlined the procedure to achieve these dynamics in this chapter for future work.

To prove exponential stability of the proposed fast dynamics, we initially ana-

lyzed the pseudo-Hessian and determined that it is Hurwitz for the global minima

problem. The stability of the equilibrium at the critical points is then investigated
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through a Lyapunov analysis. Through this analysis, the equilibrium point for the

fast dynamics are determined to be exponentially stable. The dual consensus dy-

namics are unchanged from the previous strategy, and therefore, the same stability

analysis applies.

After the dynamics were created and exponential stability was confirmed, we

performed a simulation study that utilized two examples of contrasting size. The

first example used 3 agents and was created to analyze the dynamics, define cor-

rect tuning parameters and test the performance of the peak-seeking scheme. The

second case was created to challenge the efficiency of our algorithm on a larger,

more complex problem. The 25 agent case took longer to solve as the commu-

nication network was more sparse than the 3 agent case. Furthermore, with an

increased number of nodes in the system, the dynamic gains and step-sizes must

be reduced to ensure stability across the network. As shown in our results, our

algorithm is able to determine the correct optimum in each case.

Unlike in the previous chapter, to tune this algorithm, we needed to tune the

primal dynamics along with the resource allocation dynamics together as the λ

terms were prevalent in the creation of the primal dynamics. However, it was still

imperative to tune the primal dynamic gains such that the primal problem was

always in equilibrium compared to the dual. To increase the convergence rate of

our dynamics, we allowed the dual problem to be iterated numerous times per

primal iteration.
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Chapter 6

Conclusions

In this thesis we built the understanding of multi-agent systems, distributed opti-

mization problems and extremum-seeking control; highlighting prominent work

in the field and how each are being applied to further the understanding of control

theory. We further applied each concept to solve resource allocation problems in

a distributed setting. Resource allocation problems inherently involve optimiz-

ing a separable, often convex, cost function given the constraint that the sum of

the allocated resource must equal to the total resource available. To solve this

problem, we applied a dual decomposition to decouple the constraints, creating

a dual Lagrange multiplier for resource allocation. After this decomposition, we

applied an additional constraint that the resource allocation Lagrange multipliers

must be in consensus across the communication network. This additional con-

straint was created such that we would achieve a trade-off between optimizing

the primal problem and the dual problem. To consolidate this constraint into the
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optimization problem, another dual decomposition was taken.

To create a more applicable algorithm, we implemented the model-free opti-

mization technique known as extremum-seeking control. This techniques utilizes

a perturbation signal within their closed feedback control loops to estimate the

gradient of the cost function without any explicit knowledge. By implementing

this strategy, we considered the case where each agent is not aware of the math-

ematical formulation of their local cost function. Furthermore, using advances in

this field, we applied a peak-seeking scheme to estimated the local cost function’s

Hessian and employed Newton step dynamics. These dynamics are known to be

more direct as compared to their gradient descent based counterparts. Our tech-

nique to estimate the gradient and Hessian are applied in a distributed setting and

are known to converge to the actual cost functions given enough iterations.

In Chapter 4 we designed the first solution dynamics that utilized a Newton

step to optimize the primal and dual consensus problems. As these dynamics

were designed to be fully distributed, the primal dynamics can easily utilize the

cost function’s Hessian. In the dual consensus, the Hessian is harder to use as we

established collection vectors across y1 and y2. To circumvent this, we created lo-

cal auxiliary variables that utilized the structure of the communication network to

converge to the gradient of the dual problem, allowing a Newton step to be imple-

mented while preserving the security of the system. The dual resource allocation

variables utilized gradient descent dynamics based on their critical point.

After creating the solution dynamics, we proved their validity through a sta-

bility analysis. The point of this stability analysis was to show that our solution
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dynamics will approach the optimal solution asymptotically. This was accom-

plished by applying a single perturbation analysis and by proving the asymptotic

stability for the consensus problem. The stability analysis was performed in con-

tinuous time and it was shown that using a forward-euler discretization could be

stability preserving for appropriate step-sizes.

To test the effectiveness of this strategy, we devised a simulation study based

on 4 cases; a 3-agent example with and without knowledge of the cost functions,

and a 25-agent example with and without knowledge of the cost functions. In the

3-agent known-function case, our algorithm converges to the correct solution with

minimal oscillatory behaviour. In the unknown cost function case, we were still

able to find the correct optimal values, however, more time was required to let our

peak-seeking scheme converge to the proper Hessian and gradient. In this case,

the algorithm exhibited oscillatory behaviour when started far from the optimal

values. The 25-agent case took more time to converge due in part to the increased

size and complexity of the problem. With increased size and complexity, we are

required to reduce the dynamic gains to increase our stability, thereby slowing

down the convergence rate.

In Chapter 5, we approached the problem in a slightly different manner. In

this approach, we generalized the strategy proposed in the previous chapter by

creating a larger pseudo-Hessian across both the primal and dual λ vectors along

with the extended v vector. This approach allowed for saddle-point problems to

be solved with minimal changes in the cost function’s Hessian and gradient. As

a result of the pseudo-Hessian, the resource allocation vector was fully decoupled
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from the primal dynamics, allowing solution trajectories to be less oscillatory.

The stability analysis for the Generalized Newton-seeking distributed Resource

Allocation strategy was performed using the same techniques as in the initial case,

by first writing the dynamics in terms of their error variables followed by a singu-

lar perturbation analysis. The dynamics of the new primal and resource allocation

dynamics were shown to be exponentially stable through a Lyapunov analysis,

after proving the pseudo-Hessian was Hurwitz. The consensus dynamics were

unchanged for this strategy and the stability analysis followed the same method-

ology as the previous.

When transitioning from the smaller to larger simulation cases, we were forced

to decrease the dynamic gains to increase the stability of the system. To show

how the sparsity of the communication network affects the solution dynamics,

we created a second 25-agent case with a more sparse communication network.

The decrease in communication was proven through the Laplacian’s associated

eigenvalues. Through this comparison, we demonstrated slower convergence rate

in the dynamics as shown through the convergence of the dual vectors.

We were able to successfully create fully distributed solution dynamics for the

general resource allocation problem without the need for initialization conditions.

In our approach, one is able to optimize multiple state vectors simultaneously

with dynamics that converge at the same rate. We further applied these dynamics

to the case where each node has an unknown cost-function whose structure must

be estimated using a peak-seeking scheme. By applying recent advances in ESC,

we estimated the Hessian directly, allowing the use of Newton step dynamics,
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which on average converge faster than gradient based methods. Finally, by using

dynamic gains, our algorithm has a user-assignable convergence rate.

6.1 Future work

The proposed distributed dynamics of this thesis can solve resource allocation

problems for the cases where the static cost functions are either known and un-

known.

In the development presented in this thesis, we made the assumption that the com-

munication topology was static for the entirety of the solution dynamics. Such an

assumption may be valid for specific industries, however as the Internet of Things

and Smart Cities become more prevalent, it is necessary to develop solution strate-

gies that can operate in changing and uncertain environments. This can be with

respect to changing topologies, switching topologies and time-varying cost func-

tions.

Further advances include creating strategies to minimize the need for frequent

communication and computation. The implementation of event-triggered commu-

nication and control could prove useful to control these problems. In this strategy,

once at steady state further computation will only occur once a change, such as a

disturbance or new minima, is recognized.

As multi-agent systems are able to solve a broad class of problems, further ap-

plying this RTO strategy to the case where each node governs a linear-quadratic

regulator could extend the proposed approach to the solution of distributed control
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problems.
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Appendix A

Simulation study cases

A.0.1 3-agent system

The first simulation we explored was created using 3-agents in the following undi-

rected configuration.

Figure A.1: 3-agent communication network
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This communication network yields the following Laplacian

L =


1 −1 0

−1 2 −1

0 −1 1


The local cost functions are given by:

f1(x1) = x1(1)2 + (x1(2)− 2)2 (A.1)

f2(x2) = (x2(1)− 1)2 + x2(2)2 (A.2)

f3(x3) = 4 + (x3(1)− 2)2 + 2x3(2)2 (A.3)

The total allocated resource constraints are set to

x1(1) + x2(1) + x3(1) = 5 (A.4)

x1(2) + x2(2) + x3(2) = 5. (A.5)

Under these conditions, the minimum of the Lagrangian (3.7) is L(y∗, λ∗, µ∗) =

8.93 with λ∗ at any constant that satisfies the critical point (3.9) and y∗, µ∗ shown

in Table 3.1.
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Table A.1: Optimal values for the 3-agent system

y∗1 y∗2 µ∗1 µ∗2

2
3

16
5

89
20

36
25

5
3

6
5

69
20

149
25

8
3

3
5

49
20

101
25

A.0.2 25-agent system

The next simulation reflects a less academic scenario involving the graph shown

in Figure ??.

Figure A.2: 25-agent system
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The Laplacian can be described through the following block matrix:

L =



L1,1 L1,2 0 0 0

L2,1 L2,2 L2,3 0 0

0 L3,2 L3,3 L3,4 0

0 0 L4,3 L4,4 L4,5

0 0 0 L5,4 L5,5


with components:

L1,1 =

[
2 −1 0 −1 0
−1 2 0 0 −1
0 0 2 −1 0
−1 0 −1 4 0
0 −1 0 0 3

]
L1,2 =

[
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0
0 −1 0 −1 0
0 0 −1 0 −1

]

L2,1 =

[
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1
0 0 0 −1 0
0 0 0 0 −1

]
L2,2 =

[
2 −1 0 0 0
−1 5 −1 0 0
0 −1 6 −1 0
0 0 −1 3 0
0 0 0 0 3

]
L2,3 =

[
0 0 0 0 0
−1 0 0 0 −1
0 −1 −1 0 −1
0 0 −1 0 0
0 0 −1 −1 0

]

L3,2 =

[
0 −1 0 0 0
0 0 −1 0 0
0 0 −1 −1 −1
0 0 0 −1 −1
0 −1 −1 0 0

]
L3,3 =

[
3 −1 0 0 0
−1 4 −1 0 0
0 −1 4 0 0
0 0 0 3 −1
0 0 0 −1 5

]
L3,4 =

[ −1 0 0 0 0
0 −1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 −1 −1 0

]

L4,3 =

[ −1 0 0 0 0
0 −1 0 0 0
0 0 0 0 −1
0 0 0 −1 −1
0 0 0 0 0

]
L4,4 =

[
3 −1 0 0 0
−1 3 0 0 0
0 0 3 0 −1
0 0 0 4 −1
0 0 −1 −1 3

]
L4,5 =

[
0 −1 0 0 0
0 0 0 −1 0
−1 0 0 0 0
0 −1 0 0 0
0 −1 0 0 0

]
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L5,4 =

[
0 0 −1 0 0
−1 0 0 −1 −1
0 0 0 0 0
0 −1 0 0 0
0 0 0 0 0

]
L5,5 =

[
2 −1 0 0 0
−1 5 −1 0 0
0 −1 3 −1 −1
0 0 −1 3 −1
0 0 −1 −1 2

]
.
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The resource constraint for this multivariate problem is set to R1 = R2 = 45

and the cost functions for each node are highlighted in the following table:

Table A.2: Local cost functions for each node

f1(y1, y2) = (y1(1)− 1)2 + 2(y2(1)− 1)2 + 2 f14(y1, y2) = (y1(14)− 2)2 + 2(y2(14)− 3)2 + 2
f2(y1, y2) = (y1(2)− 2)2 + 2(y2(2)− 1)2 + 4 f15(y1, y2) = (y1(15)− 3)2 + 2(y2(15)− 3)2 + 2
f3(y1, y2) = (y1(3)− 1)2 + 2(y2(3)− 2)2 + 2 f16(y1, y2) = (y1(16)− 1.5)2 + 2(y2(16)− 1)2 + 2
f4(y1, y2) = (y1(4)− 2)2 + 2(y2(4)− 3)2 f17(y1, y2) = (y1(17)− 2)2 + 2(y2(17)− 1)2 + 2
f5(y1, y2) = (y1(5)− 1)2 + 2(y2(5)− 1)2 + 1 f18(y1, y2) = (y1(18)− 1)2 + 2(y2(18)− 1)2 + 2
f6(y1, y2) = (y1(6)− 2)2 + 2(y2(6)− 1.5)2 + 4 f19(y1, y2) = (y1(19)− 2)2 + 2(y2(19)− 1)2 + 5
f7(y1, y2) = (y1(7)− 2)2 + 2(y2(1)− 1)2 + 1 f20(y1, y2) = (y1(20)− 2)2 + 2(y2(20)− 2)2 + 2
f8(y1, y2) = (y1(8)− 2)2 + 2(y2(8)− 3)2 + 2 f21(y1, y2) = (y1(21)− 1)2 + 2(y2(21)− 2)2 + 2
f9(y1, y2) = (y1(9)− 1)2 + 2(y2(9)− 1)2 + 2 f22(y1, y2) = (y1(22)− 2)2 + 2(y2(22)− 2)2 + 2
f10(y1, y2) = (y1(10)− 2)2 + 2(y2(10)− 2)2 + 3 f23(y1, y2) = (y1(23)− 1)2 + 2(y2(23)− 1)2 + 2
f11(y1, y2) = (y1(11)− 3)2 + (y2(11)− 1)2 + 1 f24(y1, y2) = (y1(24)− 2)2 + 2(y2(24)− 3)2 + 2
f12(y1, y2) = (y1(12)− 1)2 + 2(y2(12)− 2)2 + 2 f25(y1, y2) = (y1(25)− 1)2 + 3(y2(25)− 1)2 + 2
f13(y1, y2) = (y1(13)− 1.5)2 + 2(y2(13)− 1)2

The optimal Lagrangian given the resource constraints is L(y∗, λ∗, µ∗) = 57.31.

The optimal solution is given by λ∗ at any constant that satisfies critical point (3.9)

and y∗ and µ∗ at
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Table A.3: Optimal values for the 25-agent system

y∗1 y∗2 µ∗1 µ∗2

1.12 1.136 4.66 5.14

2.12 1.136 4.36 5.34

1.12 2.136 4.49 4.19

2.12 3.136 4.28 4.28

1.12 1.136 4.37 4.87

2.12 1.636 4.02 4.43

2.12 1.136 3.88 4.50

2.12 3.136 4.08 4.31

1.12 1.136 4.32 4.63

2.12 2.136 4.01 4.30

3.12 1.273 3.60 4.87

1.12 2.136 4.18 4.59

1.62 1.136 4.22 4.63

2.12 3.136 3.75 3.74

3.12 3.136 3.72 3.98

1.62 1.136 4.05 4.97

2.12 1.136 4.17 4.91

1.12 1.136 4.35 4.39

2.12 1.136 3.85 4.28

2.12 2.136 4.03 4.27

1.12 2.136 4.62 4.26

2.12 2.136 4.22 4.47

1.12 1.136 4.84 4.90

2.12 3.136 4.58 4.51

1.12 1.09 5.05 5.06
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A.1 25-agent system structure with reduced com-

munication

The Laplacian of the 25-agent system with reduced communication depicted in

Figure 5.5 is represented as follows:

L =



L1,1 L1,2 0 0 0

L2,1 L2,2 L2,3 0 0

0 L3,2 L3,3 L3,4 0

0 0 L4,3 L4,4 L4,5

0 0 0 L5,4 L5,5


with components:

L1,1 =

[
2 0 −1 −1 0
0 2 0 −1 −1
−1 0 2 0 0
−1 −1 0 2 0
0 −1 0 0 3

]
L1,2 =

[
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0
0 0 0 0 0
−1 −1 0 0 0

]

L2,1 =

[
0 0 −1 0 −1
0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

]
L2,2 =

[
4 0 −1 −1 0
0 2 −1 0 0
−1 −1 0 −1 0
−1 0 3 0 −1
0 0 0 −1 2

]
L2,3 =

[
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0

]

L3,2 =

[
0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

]
L3,3 =

[
2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 3 −1
0 0 0 −1 2

]
L3,4 =

[
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 −1 0 0 0
−1 0 0 0 0

]
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L4,3 =

[
0 0 0 0 −1
0 0 0 −1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

]
L4,4 =

[
3 0 −1 0 0
0 3 −1 0 −1
−1 −1 2 0 0
0 0 0 3 −1
0 −1 0 −1 2

]
L4,5 =

[
0 −1 0 0 0
0 0 0 0 0
0 0 0 0 0
−1 0 0 −1 0
0 0 0 0 0

]

L5,4 =

[
0 0 0 −1 0
−1 0 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 0

]
L5,5 =

[
2 −1 0 0 0
−1 3 −1 0 0
0 −1 2 0 −1
0 0 0 2 −1
0 0 −1 −1 2

]
.
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