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Abstract

We prove new abstract results concerning concentration inequalities and density estimates
for Malliavin differentiable random variables. The efficacy of these results are demonstrated
by practical computations, such as the calculation of novel concentration inequalities for

Z = max;<;<, NV; — E [max;<;<, N;| where the {V;};,—1 _, are Normal random variables, and

fol Bilds — g7 where { By, s € [0,1]} is a fractional Brownian motion with Hurst parameter

H, as well as the derivation of non-asymptotic confidence intervals for the Hurst parameter

of a fractional Brownian motion.
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Chapter 1

Introduction

This chapter will document some of the basic elements of stochastic calculus, from the
martingale upcrossing theorem to stochastic differential equations. It is not intended as
didactic, but rather as broadly expository, hitting some key points in the theory. Many
basic definitions will be assumed. These results will not necessarily be used later, either in
the exposition of the Malliavin calculus (in Chapter [2)), or in the original work on density
estimates and concentration inequalities. The theorem statements which follow are based
heavily on [5]. Every result in this chapter assumes that the filtration {F;} satisfies the
‘usual conditions’ - in particular, {F;} is right-continuous, and F, contains all P-null events
in F, where (Q, F, P) is the ambient probability space.

The upcrossing and downcrossing inequalities. Let {X;,0 <t < 0o} be a real-valued stochas-
tic process. Let F' be a finite subset of [0,00). Let a < . Define the random quantities
7;(w) and o;(w), for j > 1, as follows:

71 (w) = min{t € F': Xi(w) < a}. (1.1)
We then define recursively:

Ti(w) =min{t € F: t > 0;_1, Xs(w) < a}, j > 2.

(1.2)

The convention adopted here is that the minimum of the empty set is co. Define then the
‘number of upcrossings’ by the quantity Ugr(«, 5, X (w)), which is the largest j such that
0;(w) is finite. We extend this definition for the case where F' is not a finite set by:

Ulle, B, X(w)) = sup  Up(a, 8, X(w)), (1.3)
FCI,F finite

where [ is any subset of R. We define the ‘number of downcrossings’, denoted by D;(a, 8, X (w)),
in an analogous manner. The following theorem characterizes upper bounds on the expected
number of upcrossing and downcrossings of a submartingale.
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Theorem 1.1. (from [5])
Let { X, F;,0 < t < oo} be a right-continuous sample paths. Let [0, 7] be a subinterval of
[0,00), and let o < B. Then we have:

BlUior(a, 8. X ()] < 2oL
EI(X, — a)"] (14)
E[Dipr(a, 8, X(w))] < #-

Submartingale convergence. The following theorem gives a sufficient condition for a sub-
martingale to admit an integrable last element.

Theorem 1.2. (from [5])

Let {X;, F1;0 < t < oo} be a submartingale with right-continuous sample paths. Assume that
SUpP;~q E[X;r] < 00. Then there exists a random variable X, such that lim;_,.o X; = X
almost surely and E[|X|] < oco.

Optional sampling. The optional sampling theorem in a certain sense generalizes the sub-
martingale property of a stochastic process. More than simply saying that for every s < ¢,
we have E[X;|Fs] > X, under certain conditions a similar property holds when we consider
X stopped at random times S and T'. The following theorem makes this precise.

Theorem 1.3. (from [5])

Let X = { X, F1;0 <t < oo} be a submartingale with right-continuous sample paths. Assume
that X admits a last element X. Let S, T be optional times of the filtration, such that S < T
almost surely. Then almost surely:

E[Xr|Fsi] > Xs. (1.5)

The Ito rule. This rule is the stochastic calculus analog of the ‘chain rule’. It states that
a sufficiently regular function of a semi-martingale is still a semi-martingale, and gives its
decomposition.

Theorem 1.4. (from [5])
Let X = { Xy, Fi;0 < t < o0} be a continuous semi-martingale with decomposition.:

Xt :X0+Mt+Bt, tZ 0, (16)

where M is a continuous local martingale and B is a continuous process of bounded variation.
Let f € C*(R). Then we have for every t > 0:

f(X3) = f(Xo) /f s)d M, +/f s)dBg + = /f” (1.7)

where the first integral on the right hand side of 1s interpreted as an Ito integral and
the others are standard Lebesque-Stieltjes integrals.
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We can write the Ito rule formally using differential notation; more specifically, under the
same assumptions as the previous theorem, we can write the It6 rule as:

B(X0) = S (X)X, + 3 (X))
= [(Xe)dM, + f'(Xi)dB, + f"(Xe)d(M):.

(1.8)

The Burkholder-Davis-Gundy inequalities. The next inequality, often referred to as the BDG-
inequality, characterizes the even moments of the supremum of the magnitude of a continuous
local martingale in terms of its quadratic variation. We define for ¢ > 0 : M} = supg<,<, | M.

Theorem 1.5. (from [5])
Let M be a continuous local martingale, T be a stopping time, and m > 0. Then there exist
universal constants k,, and K,,, which depend on m but not on M or T, such that:

knBI(M)F] < E[(M;)?™) < K E[(M)F). (1.9)

Representing continuous martingales in terms of Brownian motion. The next theorem states
that continuous local martingales are stochastic integrals of some kernel processes with re-
spect to Brownian motion, on an extended probability space.

Theorem 1.6. (from [5])

Let M = {M; = (M, ..., M\?), Fi;0 < t < oo}, where M®) is a continuous local mar-
tingale, for every 1 < i < d. Assume further that for every 1 < i,5 < d, the cross-
variation process (M® MUY, is an absolutely continuous function of t, P-almost surely.
Then there exists an extended probabilily space (Q F, P) and d-dimensional Brownian mo-

tion B = {B; = (Bzfl),...,B,fd)),]i,O <t < oo} and a matriz-valued process X = {X; =

-----

t
P (/ (XE)2ds < oo> =1, 0<t<oo, 1<i,j<d. (1.10)
0

Morever, we can choose B and X such that P-almost surely:

. d t o . .
MY = E / XEDgw) 1 <i<d,
(1.11)

(M M(J Z/ X(Zk X(Jk

The Girsanov theorem. This theorem states that given a Brownian motion on the probability
space (2, F, P), a ‘translated’ version of that process is still a Brownian motion with respect
to a different underlying probability measure, P.
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Theorem 1.7. (from [5])
Let B = {B; = (Bt(l),...,Bt(d)),.E;O <t < oo} be a d-dimensional Brownian motion on
(Q,F,P). Let X = {X, = (Xt(l), ...,Xt(d)),ft;O <t < oo} be a process satisfying:

t
P(/ (X§i>)2ds<oo) =1, 0<t<o0, 1<i<d. (1.12)
0

Define Z;(X) = exp (Z?Zl fot XWaw — : (; ||X5||2ds). Assume that Z(X) = {Z,(X), F;0 <
t < oo} is a martingale. Define the process B = {B, = (Bt(l), s Bt(d)),]:t; 0 <t < oo}, where

. ) t )
Bt(”th(”—/ XD s (1.13)
0

Then for each fized T' > 0, the process (Bt,]:t;O <t < T) is a Brownian motion on the
probability space (Q, Fr, Pr), where Pr(A) = E[14Zr(X)] for every A € Fr.

Stochastic differential equations. We state here existence and uniqueness results for weak
and strong solutions to stochastic differential equations - i.e., equations of the form:

dX, = b(t, X,)dt + o(t, X, )dW, (1.14)

where b;(t,z),0:;(t,x);1 < i < d,1 < j < r are functions from [0,00) x R? into R, and
W ={W,;;0 <t < oo} is an r-dimensional Brownian motion.

Our first result is a sufficient condition for ‘strong existence’ of solutions to ((1.14). For a
formal definition of ‘strong existence’, see [5]. Broadly speaking, a strong solution to ([1.14])
is a process defined with respect to a given probability space (£2, F, P), Brownian motion W,
and initial condition £, adapted with respect to the filtration generated by W (augmented

by the P-null sets and o(¢)), and satisfying ((1.14)).

Theorem 1.8. (from [5])
Let b(t,z) and o(t,x) satisfy both global Lipschitz and linear growth conditions in the space
variable - i.e., there exists K > 0 such that for every x,y € RY, for everyt > 0:

o(t, ) = b(t, )| + [lo(t, 2) — o(t, y)|| < Kz =yl

|[o(t, )P + llo(t, 2)[1* < K2(1+ ||2]]%). (1.15)

Let (Q,F, P) be a probability space, let W = (W;, F}V;0 < t < o) be an r-dimensional
Brownian motion on this space, and let & be an R¥-valued random variable independent of
W such that E|[||€||*] < co. Let {F;} be the filtration defined by:

Fi=o(a(FV Ua(&) UN), (1.16)

where N ={N € Q:3JA € o(a(F Ua(£)),t >0),P(A) =0,N C A}. Then there ezists a
strong solution to , with respect to the probability space (S0, F, P), the Brownian motion
W, the initial condition &, and the filtration {JF;}.
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Our next result is a sufficient condition for ‘strong uniqueness’ for . For a formal
definition of the term ‘strong uniqueness’, we refer the reader to [5]. Broadly speaking
however, strong uniqueness is said to hold for if, having fixed a probability space,
initial condition, and Brownian motion, any two strong solutions X and X must be versions
of one another.

Theorem 1.9. (from [5])

Assume that the b(t,z) and o(t,x) are locally Lipschitz in the space variable - i.e., for every
n > 1 there exists K,, > 0 such that for every t > 0, z,y € R? such that ||z||,|y|| < n, we
have:

[1b(2, 2) = b(&, y)|| + [lo(t, ) — o(t,y)|| < Knllz —yll. (1.17)
Then strong uniqueness holds for .

The next result is a sufficient condition for existence of a ‘weak solution’ to the time-
homogeneous version of ([1.14)):

Again, for a formal definition of the ‘weak solution’, see [5], but broadly speaking, a weak
solution to ([1.18) is a triple (X, W), (Q, F, P), {F;} where the process X satisfies ([1.18) and
both X and W are adapted to {F:}.

Theorem 1.10. (from [5])
If the coefficients b,o;; : R? — R in are bounded and continuous, and if the distribu-

tion p satisfies:

/Rd ||2||*™u(dz) < oo for some m > 1, (1.19)

then admits a weak solution with initial distribution p.

The next theorem gives a sufficient condition for a kind of uniqueness in probability law for
solutions to the stochastic differential equation:

Theorem 1.11. (from [5])
If (XD, W@), QO FO pOY {FDV i =1,2, are two weak solutions to which have
the same initial distribution, and if, moreover,

T o
20 (/ |b(t, X\ [2dt < oo) =1, (1.21)
0

then the processes XU and X® are identical in law.



Chapter 2

Malliavin Calculus

This chapter introduces the fundamental elements of the Malliavin calculus: the Wiener
chaos expansion, the Malliavin derivative, the Skorohod integral, and the generator of the
Ornstein-Uhlenbeck semigroup. The treatment is based on [9]. Some proofs are included, in
particular for those results where the proof illuminates some aspect of the result.

2.1 Wiener Chaos and Stochastic Integrals

2.1.1 The Wiener Chaos Expansion

Definition 2.1. Let (€2, F, P) be a probability space. Let H be a separable Hilbert space,
equipped with an inner product denoted by (-,-)y. Then an isonormal Gaussian process is
defined as a Gaussian family W = {W(h),h € H} where each W (h) is a centered Gaussian
random variable, and such that for all h, g € H, we have: E[W (h)W(g)] = (h,9)u.

Remark 2.2. By a simple calculation, an easy consequence of the above definition that the
mapping h — W (h) is linear. This means we can simplify the above definition by removing
the assumption that the family {W(h),h € H} is a Gaussian family, since this is implied by
the linearity of the mapping.

Remark 2.3. Kolmogorov’s Extension theorem ([5]) guarantees that given any Hilbert space
H, there exists a corresponding probability space (2, F, P) and a family W = {W(h),h €
H} of random variables defined on that space, such that together they form an isonormal
Gaussian process.

Definition 2.4. We define the Hermite polynomials as the family { H,,}°° , where Hy(x) = 1
for all z € R and
(—=1)" 2 d" —x?

H,(z) = - exp(;)%(exp(T)), xz € R. (2.1)

Hermite polynomials and Gaussian random variables satisfy an orthogonality property, pre-
cisely stated in the following lemma. The proof of the lemma is simply calculus.



Lemma 2.5. (from [9])
Let X and Y be two random variables with a joint Normal distribution, each centered and
with unit variance. Then for all n,m > 0, we have:

iz m (2.2)

EH,(X)H,(Y)] = { OL'(E[X}/])" ifn=m

Lemma 2.6. (from [9 ])
Let F(x,t) = exp(te — £). Then we have

o0

F(z,t) =Y t"Hy(x).

n=0

In the sequel, we will assume the notation that H is a Hilbert space, (€2, F, P) is a probability
space, and W = {W(h),h € H} is a corresponding isonormal Gaussian process. We will
also denote: G = o({W(h): h € H}).

Definition 2.7. For every n > 1, we define H,, as the closed linear subspace of L*(Q, F, P)
generated by the random variables {H, (W (h)),h € H,||h||g = 1}, and we define H, as the
constants. We call ‘H,, the Wiener chaos of order n.

The following theorem establishes the ‘Wiener chaos decomposition’.

Theorem 2.8. (from [9])
The space L*(2,G, P) can be decomposed into the infinite orthogonal sum of the subspaces
H,:

2(Q,G, P) = Q@H (2.3)

2.1.2 Multiple Wiener-It6 Integrals

In the sequel, we assume that (7, B, i) is a measure space where p is a non-atomic measure,
and that the separable Hilbert space H is given by: H = L*(T,B,p). Note that in this
case, the isonormal Gaussian process W = {W(h) : h € H} is determined by the family
{W(1,): A € B,u(A) < oo}. Moreover, we can consider W as a L?(Q, F, P)-valued mea-
sure on the space (T, B), where W(A) := W (1) for every A € B. We say that W is an
L?(2)-valued Gaussian measure on (T, B), which we shall call the white noise based on p.

Remark 2.9. The white noise based on p takes on independent values for disjoint measurable
subsets of 7" and W (A) has law given by N(0, u(A)).

We now construct the multiple stochastic integral - concretely, we wish to define the multiple
stochastic integral I,,,(f) of a function f € L*(T™,B™, u™). Fix m > 1, and let By = {A €
B : u(A) < co}. We define first the stochastic integral for integrands f in the space &, of
‘elementary functions’ - i.e., functions of the form:

7



f(t17 “eey tm) = Z ail ..... im 1Ai1 ><A..><Aim (t17 “eey 2SWL)7 (24)

where Ay, ..., A, are pairwise disjoint elements of By and the sum is taken over only those
tuples (i1, ..., %,,) which contain no repeated entries. We define:

Im(f):' > i WAL W(AL). (2.5)

Remark 2.10. The following are properties of the multiple stochastic integral thus defined:

1. I, is linear.

2. Io(f) = L.(f) where f is the symmetrization of f, given by:
Ftr, oot WE)‘ 15 to(m)); (2.6)

where o runs over all permutations of {1,...,m}.

3. The multiple stochastic integral satisfies an orthogonality property - precisely:

0 if m #q
BN = { 7 et (2.7
We now extend this definition of the multiple stochastic integral from the space of elementary
functions, &,,, to L*(T™). This is done by showing that &,, is dense in L*(T™) - more specif-
ically, by showing that a function of the form 14, xa,., 4; € B, pu(4;) < oo, i =1,....,m,
can be approximated arbitrarily well by elements of &,,. The assumption that u is atomless
is crucial to the proof of this claim. This can be done without difficulty. The properties
described in Remark also hold for the extended multiple stochastic integral.

We can characterize the Wiener chaos expansion in an alternate way using the relationship
between the Hermite polynomials and multiple stochastic integrals:

Theorem 2.11. (from [9])
Let H,, be the m'™ Hermite polynomial and let h € H = L*(T) be such that ||h||g = 1. Then
we have:

mUH,, (W (h)) = / Bt - bt W () - W (d). (2.8)

As a result, the Wiener chaos expansion of F € L*(2,G, P) can be written as:

F= Z Im(fm)7 (2'9)

m=0

where fo = E[F], and Iy is the identity mapping, and f, € L*(T™) are symmetric and
uniquely determined by F.



2.2 The Malliavin Derivative

As before, we will assume that the Hilbert space H has the form H = L*(T, B, j1), where p
is a o-finite atomless measure, and W = {WW(h),h € H} is an isonormal Gaussian process
associated with this Hilbert space, defined on a probability space (2, F, P). We make the
additional assumption that F = o(W).

Definition 2.12. We define S as the class of smooth random variables:
S={fW(hq),.. W(hy)): f € C;’O(R”),hl, woyhy € Hin > 1}, (2.10)

where C3°(R") is the set of all f € C°(R";R) such that f and all its partial derivatives have
polynomial growth.

We now define the Malliavin derivative operator for elements of S.
Definition 2.13. Let ' € §. Then we define the Malliavin derivative DF" as the stochastic
process {D,F,t € T'}, given by:

=1

(W (h)s ooy W (o) (2). (2.11)

i

Note that we can consider DF as an element of L*(T x ), or as an element of L?(Q; H).

The following lemma is an ‘integration by parts’ formula.

Lemma 2.14. (from [9])
Let F € L*(Q,G, P) be a smooth random variable and let h € H = L*(T). Then:

E[(DF,h)g| = E[FW (h)]. (2.12)

Proof. Note first that we can assume without loss of generality that ||h|| = 1. We can also
assume without loss of generality that:

F = f(W(ey), ... W(en)), (2.13)

where ey, ...,e, € H are orthonormal, and h = e;. In this case, if we let ¢(z) denote the
standard normal density on R": ¢(z) = (27)2 exp (—3 >, 7), we have:

=11

<Z . ,W(en))ej,61>]

{ O (e, ...,W<en>>}
f(x)gb(x)dx (2.14)

E[(DF,h)y




This completes the proof. O]

Lemma 2.15. (from [9])
Let F and G be smooth elements of L*(2,G, P), and let h € H. Then:

E[G(DF,h)y| = E[-F(DG,h)yg + FGW (h)]. (2.15)
Proof. Simply apply the previous lemma to the product F'G. n

We can consider taking iterated derivatives of certain random variables. Notationally, if F'is

77777

with respect to the measure p* x P.

Definition 2.16. For every p > 1 and any k € N, we define a norm on § given by:

1
k P
1Fllep = |ENFPI+ Y END Fllfaqn]| - (2.16)

Jj=1

Definition 2.17. We denote by D¥? the completion of the family of smooth random variables
S with respect to the norm || - ||x.p-

Then we can extend the domain of definition of the operator D in LP(£2) to D'+,

The chain rule for the Malliavin derivative can be extended to a more general context by the
previous definition, by approximating the random variable F' using smooth random variables.

Proposition 2.18. (from [9])

Let F = (F*', ..., F™) be a random vector, such that F* € D' for i = 1,...,m, and some
p > 1. Let ¢ € CYR™), such that all the partial derivatives of ¢ are bounded. Then
o(F) € D', and

D(¢(F)) = Z gi (F)DF". (2.17)

We state the following technical lemma.

Lemma 2.19. (from [9])
Let {F,,}°2, be a sequence of elements in DY? which converge in L*(Q) to F. Assume that

sup E|[||DF,||?] < oc. (2.18)

Then F € DY2, and moreover the sequence { DF,}°°, converges weakly in L*(T x Q) to DF.

Another extension of the Malliavin chain rule concerns Lipschitz functions, and is considered
in the following proposition.

10



Proposition 2.20. (from [9])
Let ¢ : R™ — R be globally Lipschitz with Lipschitz constant K - i.e., for every x,y € R™:

|0(x) = ¢(y)| < Kl[z —yl]. (2.19)

Let F = (Fy, ..., Fy,) be a random vector with F; € D2, for i =1,....m. Then ¢(F) € D2,
and there ezists a random vector (G, ..., Gp,) bounded by K such that

Do(F) = i G:DF,. (2.20)

Proof. Note that if ¢ is in C'(R™), then this result reduces to Proposition m The proof
here proceeds by a regularization argument. We introduce the sequence of regularization
kernels {a,,}5°,, where a € C3°(R™) is a non-negative function which has support given
by the unit ball in R™ such that [, a(z)dr = 1, and a,(z) = n"a(nz). We define a
sequence of regularized approximations of ¢, denoted by {¢,}>2,, where ¢, := a,, * ¢. Each
¢y, is infinitely differentiable, and ¢, (x) converges uniformly to ¢(z). Moreover, each ¢,, has
bounded derivatives, and thus we can apply Proposition to deduce that ¢,(F) € D2
for every n, and

D(on(F) =3 5y, On(F)DF: (2.21)

Note now that the uniform convergence of the ¢, to ¢ guarantees that ¢,(F) converges
to ¢(F) in L?(Q). Moreover, since the sequence {||D(¢,(F))||}°2, is uniformly bounded,
we can apply Lemma to conclude that ¢(F) € DY?) and the sequence {D(¢,(F))}>,
converges weakly in L*(T x Q) to D(¢(F)). Now note that the sequence {V¢, (F)}>, is
uniformly bounded by K, and hence has a weakly convergent subsequence {V k) (F)}32,,
with limit denoted by G = (G, ..., Gy,), which is itself bounded by K. Hence taking the

limit as n — oo in [2.21} we obtain the desired result. O

Remark 2.21. If the random vector F' admits a density with respect to the Lebesgue measure
on R™, then G; = % in (2.20]).

Suppose now that F'is a square-integrable random variable which admits a Wiener chaos
expansion of the form:

F =Y TIn(fm), (2.22)

m=0

where the f,,, are symmetric elements of L?(T™). The following proposition characterizes the
conditions on the kernels f,, which will guarantee that F' is in the domain of the derivative
operator, as well giving the Wiener chaos expansion of the derivative of F' in terms of these
kernels.

11



Proposition 2.22. (from [9])
Let F € L*(Q, F, P), with Wiener chaos expansion of the form (2.23). Then F € D*? if and

only if:

Z mm!“fm“%?(:rm) < o0, (2.23)
m=1
i which case:
DtF - Zm-[m—l(fm(yt))7 (224)
m=1

and E[IOT(DtF)2N(dt)] = =1 mm!||fm||i2(Tm)'

Proof. The proof consists of three steps.

1. First, assume that F' = H,,(W(h)), where h € H with ||h|| = 1. Then by Theorem
2.11] we have that F' = 5 1,,(h®™). That is, F has a chaos decomposition with kernel
functions identically zero except for the case f,, = %h@". We have that F' € S, and
that:

DyF = H}, (W (h)h(t) = Hyor (W (R))A(2).

Thus: DiF = ml, 1 (fim(:,1)).

2. Let now F' € L*(Q, F, P) with chaos decomposition of the form (2.22)). Suppose also
that (2.23]) holds. Let

N

FN = In(fm). (2.25)

m=0

We have that Fy — F in L?(2). From Step 1, we have that each F € D', and that
D,FN =N ml, 1 (fm(-1)). Then (2.23) guarantees that

DFN — 3% ml, 1(fm(t)) in L*(T x Q) as N — oo. Thus F € D"? and
holds, by the fact that the operator D is closed.

3. Assume now that F € D2, Let g be an elementary symmetric function and let
G = I,(g). Note that we can apply the integration by parts formula in Lemma [2.15]
for F € D%? and G defined as before. Thus for every h € H, we have:

lim E[(DFY h)G] = lim E[-FY(DG,h)+ FNGW (h)]

- = EF—OOF(DG, hy + FGW (h)] (2.26)
— E[(DF, h)G).
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We will show that (2.23]) holds under our assumption that F' € D%? by writing

£ (%35 (vt ([ 1t toman) )

=1 m=0

(2.27)

in two different ways, where {e;,i > 1} is an orthonormal basis of H. First note that

by (2.7), we can write (2.27)) equivalently as (2.23). Now note that for N > n, the
expectation E[(DFY h)G] is equal to:

{ ( / Jra (s, (dt)) G] (2.28)

where this again follows from the orthogonality property of the multiple stochastic
integral (cf. . Therefore the projection of (DF,h) on the n-th Wiener chaos is

equal to (n + 1)1, ( S fasa (- 0)R(2 )u(dt)). Consequently, we can also write 1 as:

> E[(DF,e;)*] = [|DF|[}2(q) < o (2.29)

This completes the proof. n

Proposition [2.22 shows that the Malliavin derivative of an m-th order stochastic integral is
obtained by removing one of the integrals, leaving the last argument of the kernel function
as a free parameter, and multiplying by m.

Remark 2.23. From Proposition we see that if /' € D2 such that DF = 0, then
F = E[F].

Remark 2.24. Applying the chain rule (in particular, Proposition to a function ¢ €
Cs°(R) satisfying that ¢(z) = z? for = € [0, 1], we see that A € F satisfies that 14 € D2 if
and only if P(A) is zero or one. More specifically, note that D14 = D14 = 21,D1,4. Thus
D14 =0, and by the first part of the remark, we have that 14 = P(A).

The following lemma is a technical result. Dealing with notation first, let A € B. Denote by
Fa the o-field (completed with respect to the measure P) generated by the random variables
{W(B),BC A,B € B,u(B) < oo}

Lemma 2.25. (from [9])
Suppose that F is a square-integrable random variable with chaos expansion F' =" _ I,(fim).
Let A € B. Then

E[F|F4) = Z[ (fm1S™). (2.30)
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Proof. 1t suffices to assume that F' = I,,(f,), where f,, is an elementary function - i.e.,
fm € En. Also, by linearity we can assume that the kernel f,, is of the form 15 . x5, ,
where By, ..., B,, are mutually disjoint sets of finite measure. In this case we have

E[F|Fa] = E[I,(1p, .. XBm)]
= E[W(By) - - - W(Bp)|Fa
_ E[H(W(Bi NA) +W(B;N A%))|Fa]

W (B, A AW (By N A) - - W(By 1 A)
(15,8, 15™)]
Il

Proposition 2.26. (from [9])
Suppose that F belongs to D2, and let A € B. Then the conditional expectation E[F|Fa]
also belongs to the space DY2, and we have

Dy(E[F|Fa]) = E[DiF|Fa]14(t)
almost everywhere in T x €.

Proof. By Lemma and Proposition we have

E[F|Fa)) mem L fm (1514 (8)

= E[DtF|.7-"A]1A( ).

2.3 The Adjoint of the Malliavin Derivative

2.3.1 Definition and Basic Results

In this section we will define and discuss the adjoint of the derivative operator. Since
D : DY c L3(Q) — L3(T x Q), the adjoint is a mapping ¢ : Domd C L*(T x Q) — L*(Q)
satisfying, for every Z € D%, u € Domd:

E|26(u)) = E[(DZ, u)n].

We now make this more precise.

14



Definition 2.27. We define the adjoint of the Malliavin derivative operator D as the map-
ping 6 : Domd C L*(T x Q) — L*(Q2), with domain Domd given by:

{u e L*(T x Q) : |[E[(DF,u)]| < c||F||, for every F € D"*  where c is a constant 2.31)
depending only on u}. '

For u in Domd, §(u) is defined to be the unique element of L?(Q2) satisfying for every F' € D%

E[Fi(u)] = E[(DF,u)], (2.32)
where by definition we have the right hand side of 1} is equal to [ Jr DtFut,u(dt)] . Note
that 0 is sometimes referred to as the divergence operator.

Remark 2.28. The adjoint is a closed operator.

Remark 2.29. We will refer to §(u) as the “Skorohod stochastic integral” of the process u,
and denote it by d(u) = [, u, dW,.

The following technical lemma is a representation result in L*(T x Q).

Lemma 2.30. (from [9])
Letu € L*(TxSY). Then there exists a sequence of measurable kernels { fo (t1, ..., tm, 1) }55_y C
LA(T™*Y), each f,, being symmetric in its first m arguments, such that:

u(t) = 3 In(fn(-1)). (2.33)

=0

Furthermore:

B| [ o] - gmlufmuiz(wl). (231)

The proof of Lemma is omitted, but we note that for each fixed ¢, u(t) € L*(Q2) and
thus admits a Wiener chaos decomposition with kernels { f,,(-,t)}°°_, depending on the pa-
rameter t. It remains to show that these kernels are measurable in all (m + 1) arguments
and that the series ([2.33]) converges. This is done via an approximation argument.

The following proposition characterizes the divergence operator and its domain in terms of
the Wiener chaos expansion.

Proposition 2.31. (from [9])
Let w € L*(T x Q), such that u(t) =>.°_ Ln(fm(-,t)). Then u € Domd if and only if

m=0

o0

> L (fm) (2.35)

m=0

converges in L*(Q), and in this case §(u) is given by the sum in (2.35).

15



Proof. Assume that G = I,,(g) is a multiple stochastic integral of order n, where g € L*(T")
is a symmetric function. Then we have:

£ | [ wnGutan]| - §j/ OnLs (g, O)lat)
I:A}ﬂhdﬂlmnﬂﬁﬂﬁlQﬂuﬂﬂuW0
= 0= 1) (a0 90 ) crn oyl

= nl{fu-1,9) 201"
= n!(fn7179>L2(T")
= B | (a1 (9|
- B[L(-06].

Assume first now that u € Domdé. Then the previous calculation, together with ( -
implies that I, ( foz 1) is the projection of 0(u) onto the Wiener chaos of order n. Therefore
d(u) is indeed given by the sum in (2.35]), which is converges in L*().

Now assume to the contrary that the series in (2.35)) holds, and denote its sum by V. Then
from the previous calculation we obtain:

E /TUtDt (Zln(gn)> pldt)| = E Vzln@n) < Hv||2||zln(gn>||2

for all N > 0, where the last inequality is an application of Cauchy-Schwarz. Therefore for
any F' € DY? which admits a finite Wiener chaos expansion, we have:

EvmmmwﬂsWMwm
T

This relation can be extended to any F' € D2, and thus referring to (2.31]), we see that
u € Dom).
]

Remark 2.32. Since I (fm) = In(fm), we could have written (2.35) in terms of I, (fm)-
However, it will be useful to express the norm of §(u) in terms of the symmetrized kernels.
Also note that since each kernel f,,(t1, ..., t;, t) is already symmetric in its first m arguments,
we have:

- 1 m
(et t) = ——— | ottt bttt ) ) (236
fm(ta ) m+1<f(1 )+;f(1 1,6ty )) (2.36)
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Remark 2.33. As an immediate consequence of Proposition 2.31] we can characterize Domd
as those processes u € L*(T x Q) which satisfy:

> (m+ D fl 22 gmery < 00 (2.37)
m=0

2.3.2 Properties of the Skorohod Integral

First note that it is immediate from the definition of the Skorohod integral that it is linear,
and also that for every u € Domd, we have E[d(u)] = 0.

Denote by Sy the set of smooth, elementary processes - i.e., processes of the form:

= ithj(t), (2.38)

where the F; are smooth random variables and each h; € L*(T). Note that such u belong
to Domd, and by Lemma [2.15] for every G € D2

G (Z W)~ S (DF, w)] — S BIR(DG, by}

j=1 j=1
<DG7 Z thj)
j=1

= E[(DG, u)],

which implies that o(u) = >°7 | F;W (h;) — >7_(DF, h;)u. Notice that a consequence of
Proposition [2.26] is that if F' is measurable F,, where A € B, then the process D;F' is zero
almost everywhere in {2 x A°. Therefore if each h; is of the form 14, for some A; € B, and
each Fj is measurable Fyc, then we have that (u) = >_7_| F;W (h;).

e (2.39)

Definition 2.34. The subset of L*(T x §2) given by processes u satisfying that u(t) € D2
for almost all ¢, and admitting a measurable version of the two parameter process D u;
satisfying E [ [, [(Dsu)?*u(ds)p(dt)] < oo, is denoted by L2, If the process u has the
expansion given in , then u € L'? if and only if the series

INE

is convergent. IL%? is a Hilbert space with the norm

-1 (Fn (5, 0)| | plds)u(dt) = Y mml||fonllZ2 o

lullf 5 = [lullZ2rxay + 1DullL2(r2 xq)-
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Remark 2.35. Recalling the inequality

| finll 2zmsry < || fnllp2erme)

and (2.37)), it follows that L."? C Domd.

The following proposition characterizes the commutativity relationship between the Malli-
avin derivative and the Skorohod integral.

Proposition 2.36. (from [9])
Assume that u € LY? and that for almost every t € T the process { Dyus, s € T} is Skorohod

integrable. Assume also that there is a version of the process {fT DyudWy, t € T} which is
in L*(T x Q). Then §(u) € DY* and we have

Di(5(w)) = wi + / (Do) AW, (2.40)

T

Proof. Let uy = >~ In(fim(-,t)) be the Wiener chaos expansion of u, as in Lemma [2.33]
Then we have

where symmf,,(-, ¢, ) denotes the symmetrization of the function

(tl, ,tm) — fm(th ...,tm_l,t,tm).

Note that we used (2.36]) to establish the third equality in (2.41]). But we also have that:

/T(Dtus)dWS = /T <mi;1mlm_1(fm(-,t,s))> AW,

which is the same as > °_  mI,,(symmf,, (-, t,-)) due to (2.31)).
[

The following proposition characterizes the expectation of the product of two Skorohod
integrals.
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Proposition 2.37. (from [9])
Assume that u,v € LY. Then we have

E[5(u)3(v)] = / Efugun]u(dt) + / / E[Daus DyoJu(ds)(d). (2.42)

Proof. We assume without loss of generality that « has a Wiener chaos expansion, in the
sense of Lemma and thus that §(u) € DY2. No generality is lost because by a density
argument, a general process u can be approximated by such processes with finite Wiener
chaos expansions. Therefore, we obtain

Ep(u)i(v)] = E /T v Dy (5(u) dt} by @32)

=F /vt (ut + /(Dtus)dWs> ,u(dt)} by Proposition [2.36
T T

_B /T utw(dt)} + /T E {Ut ( /T (Dtus)dws)] u(dt)

=F /utvt,u(dt ] / [/ DyusDsvipu(ds) } (dt) by (2.32] -
LJT

which gives the desired result, by a last application of Fubini’s theorem. O

Remark 2.38. Note that we require that u and v belong to L*? in order to give the expression
in (2.42)) meaning,.

The following proposition characterizes the Skorohod integral of a Skorohod integrable pro-
cess multiplied by a random variable.

Proposition 2.39. (from [9])
Suppose that u € Domé and F € DY2. Define

A:F/Tutth —/T(DtF)utu(dt). (2.43)

Then if A € L*(Y), we have that Fu € Domd and 6(Fu) = A.

Proof. Suppose that G = g(W (hy), ..., W(h,,)), where g is a continuously differentiable func-
tion with bounded partial derivatives. Then we have

E [ /T (DtG)Fut,u(dt)] - /T Elu(Dy(FG) — GD.F)]u(dt) by Proposition T8

= F [G(F&( ) — /TutDtFu (dt) } by [2:32)

and the result follows. O

The following proposition characterizes which processes u in L?(T x Q) can be written as
DF for some F € D2,
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Proposition 2.40. (from [9])

Suppose that u € L*(T x ), with Wiener chaos expansion as in . Then there exists a
random variable F € DY? such that w = DF if and only if the kernels f,, (as in ) are
symmetric in all (m + 1)-arguments.

Proof. If F € DY? then it admits a Wiener chaos expansion of the form (2.9)), where the f,,
are symmetric in all arguments, and Proposition shows that DF has the desired form.
Conversely, given u € L*(T x Q) with chaos expansion as in (2.33) with symmetric kernels
fm, define

F= Z— m+1 fm)

Then this series converges in D%? and DF = w. O

Proposition 2.41. (from [9])
Let u € L*(T x Q). Then there exists F € DY and a process u® € L*(T x Q) such that
E[(DG,u®)] =0 for every G € D2, «° € Domd, 6(u") =0, and

uw= DF +u°.

Proof. By Proposition the subspace of L*(T x ) given by {DF, F € D'?} is closed.
Therefore any u € L*(T x Q) can be orthogonally decomposed, by the projection theorem
for Hilbert spaces, into a sum of the desired form. The Skorohod integrability of u° and
the form of its Skorohod integral (as stipulated in the statement of the proposition) follow

directly from Definition [2.27] O

2.3.3 The Skorohod Integral as an Extension of the It6 Integral

The following lemma shows that L2 is a strict subset of Domd - i.e., there exist processes
outside IL'? which are Skorohod integrable.

Lemma 2.42. (from [9])
Let A € By and let F € L*(Q) such that F is measurable with respect to the o-field Fae.
Then the process F14 € Domé and

0(F1y) =FW(A).
Proof. Note first that by the remark following (2.39) we have that the Skorohod integral of
14(t) is give by W(A). If we assume first that /' € D2, then we can apply Proposition [2.39)
to get

5(F14) = FW(A) — / D F14(t)p(dt) = FW(A),

where the second equality follows from Propositionm (using the assumption that F' € Fac).
The Proposition now follows immediately by noting that an arbitrary F' € L*(2) such that
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F is measurable F4c can be approximated by a sequence {F,}>2; C D"? each measurable
Fac. Then the result follows by the fact that the Skorohod integal is a closed operator.
O

We now remark that Brownian motion can be realized as an isonormal Gaussian process.

Remark 2.43. Suppose that T'= [0, 1] x {1, ..., d} and the atomless measure p on 7' is given
by the product of the Lebesgue measure and the uniform measure assigning a mass of one
to each element of {1,...,d}. As usual, H = L*(T). By part 2 of Remark there exists a
corresponding probability space (€2, F, P) and an isonormal Gaussian process {W(h),h € H}
defined on this space. Consider the family defined by

WH(t) = W(Liogxqy), 0<t<1,1<i<d.

Then W = {(W!,..,W9} is a d-dimensional Brownian motion - in particular, it is an
independent, zero-mean Gaussian process with covariance function E[W(s)W(t)] = s A t.

Within the context the previous remark, define now L? as the closed subspace of L*(T x Q)
constituted by the processes adapted to the filtration {F;} where F; = Fjo . Then we have
the following proposition, characterizing the Ito integral as a special case of the Skorohod
integral.

Proposition 2.44. (from [9])
L? is contained in Domd, and by restricting the Skorohod integral to L%, we recover the Ité
integral, in the sense that

d 1
d(u) = Z/o u dWy.
i=1

Proof. We first show the result holds for u which are elementary, adapted processes - i.e., of
the form

Ut = Z Fjl(tjvtjﬂ](t)’
j=1

where Fj € LQ(Q,}}]., P;R%),and 0 <t; < -+ < t,y1 < 1. Then we have that (L, 0,00)) <
oo and F' is measurable with respect to F;¢.,,)c, and so we apply Lemma to obtain
that u € Domdé and

d n

) =D FHWitin) — Wit)). (2.44)

i=1 j=1

Note that any element of L2 can be approximated in L*(T x ) by a sequence {u"} of
elementary adapted processes. Moreover, implies that d(u") is given by the It6 integral
of u™. Therefore, since the Skorohod integral is a closed operator, we have that L2 C Domd
and 6(u) is given by the Ito integral of u for every u € L2. O

21



2.3.4 Stochastic Integral Representation of Wiener Functionals

Let W = {W;,t € [0,1]} be a one-dimensional Brownian motion. Recall from Theorem
that if ' € L?(Q) is measurable with respect to o(W), then there exists an adapted,
square-integrable process ¢ € L2 such that

+ /0 1 S(£)dW,.

In the special case that I € D2, we can precisely characterize the kernel ¢ in terms of the
Malliavin derivative and conditional probability, in the sense of the following proposition,
known as the Clark-Ocone representation formula.

Proposition 2.45. (from [9])
Let F € DY2, and let W be a one-dimensional Brownian motion. Then:

F = E[F] + /1 E[D,F|F|dW,. (2.45)

Proof. Suppose F' =>">_ I,,(fn). Hence we have

o0

- m]m—l(fm(tly "‘atm—lvt)]-[tl\/...vtm_lgt})a
m=1

where the first equality follows from Proposition and the second equality follows from
Lemma .25l Let now

gm(tla ceey tm—la t) = mfm(tlv ) tm—la t)l[tlv...vtm_lgt]-

Then it follows from (2.36)) that g,,, the symmetrization of g, is given by

gm(th ...,tmfl,t) — fm(th ...,tmfl,t).

Thus, using Proposition [2.31], we compute

S(E[D,FI|F]) =Y In(fn) = F — E[F).
m=1

This completes the proof since the adaptedness of the process {E[D,F|F;]} gives that the
Skorohod integral coincides with the Ito integral, by Proposition [2.44]
0
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2.4 The Ornstein-Uhlenbeck Semigroup

For a random variable F' € L*(Q), we will denote by .J,,(F') the orthogonal projection of F
onto the n-th Wiener chaos - i.e., if F'=3Y " I,,(fn), then J,(F) = L,(f.)-

Definition 2.46. The Ornstein-Uhlenbeck semigroup is the parametrized family of contrac-
tion operators {T;,¢t > 0} on L?*(€2) defined by the relation

o0

T(F) =) e ™ J.(F), (2.46)

n=0
for any F' € L?(Q).

Remark 2.47. Given an isonormal Gaussian process W defined on the probability space
(Q, F, P), we will refer in the sequel to an independent copy of W, denoted as W', where
both W and W’ can be considered as defined on the product probability space (2 x ', F ®
F', P x P'). By this we mean, that given W, we define two isonormal processes X and X’
on (Qx Y FF P xP)by

(X (h)(w,w") = (W(h))(w), for every (w,w') € Q x Q
(X'(h))(w,w") = (W(h))(w') for every (w,w') € 2 x Q

where Q =, P =P, F = o{X(h),h € H}, F = {X'(h),h € H}. With some abuse of
notation, we redefine X as W and X’ as W’.

We now describe an alternate procedure for defining the Ornstein-Uhlenbeck semigroup,
and then show it is equivalent to the above definition. Let then W' = {W'(h),h € H}
be an independent copy of {W(h),h € H}. We define a new isonormal Gaussian process
Z ={Z(h),h € H}, for any fixed ¢t > 0, by

Z(h) =e "W (h) + V1 —e2W'(h), he H.

It is immediate and Z is zero-mean, Gaussian, and that

E[Z(h1)Z(h2)] = e *(h1, ho) i + (1 — ") (h1, ha)ir = (ha, ha) .

With another abuse of notation, define W also as the canonical mapping W : Q — R,
where (W(w))(h) = (W(h))(w). Define W’ in the analogous way as the canonical mapping
W' : Q — R”. Note that if F € L*(Q,F,P) then there exists a measurable, P-a.e.
defined mapping v¥r : R¥Y — R such that ' = ¢p o W ([§]). Therefore, the random
variable ¢r(Z(w,w")) = Yp(e "W (w) + V1 — e 2tW'(w')) is well defined almost surely P x
P’. Proposition below establishes ‘Mehler’s formula’. It’s proof however, requires the
following lemma.
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Lemma 2.48. (from [9])
The family {"") : h € H} is complete in L*(Q, F, P).

Proposition 2.49. (from [9])
In the context of the notation just established, we have for any F € L*(Q), t > 0:

T,(F) = E'[Yr(e™W + V1 — e 2W")], (2.47)
where B’ denotes the expectation with respect to P'.

Proof. We first note that the mapping F' — E'[(p(e™*W + /1 — e=2!W')] is a contraction
on L*(Q,F, P) for every p > 1 since

BB e (e W + VT = T W)|P) < BBl W + VT = e 207
= B[|Fp).

We must now show that (2.46)) and (2.47)) coincide for every F € L*(Q, F, P). By Lemma
2.48) it is sufficient to show this for {F = exp (W (h) — %[|h|[}) . h € H}. We have

E {exp (e‘tW(h) V= e W () — %||h||§{)}
ey (600 el ) = 3 et ()

= en! L,(h®™).

where the first equality is a direct calculation (recalling that W (h) ~ N(0, ||h||%), the second
equality follows from Lemma [2.6, and the third equality follows from Theorem [2.11} On the
other hand,

T(F) =T, (Z I, (h®">>

—n

Z n' h®n

n=0

where the first equality follows from Lemma and second equality follows from ([2.46)).
This completes the proof. O

Remark 2.50. We can characterize Mehler’s formula in a slightly different, yet equivalent
manner, as follows. Given a random variable Z € D', we can write DZ = ®(X), where
®, is a measurable mapping from R¥ — H, determined P o W' almost surely. Then for
any u > 0, we have

T.(DZ) = E'[®4(e™"W + VI — e W), (2.48)
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Remark 2.51. The Ornstein-Uhlenbeck operators {7}, ¢ > 0} satisfy for all ¢:
1. T, is non-negative - i.e., F' > 0 implies T;(F) > 0.

2. Ty is symmetric - i.e., for all F,G € L*(Q, F, P) :

o0

E[GT,(F)] = E[FT,(G Z “E[Jn(F) (@)

=0

We will now define and characterize the infinitesimal generator of the Ornstein-Uhlenbeck
semi-group.

Definition 2.52. We define the operator L : DomL C L*(Q) — L*(2) by the relation

LF = i —nJ,(F), (2.49)

for every F' € DomL, where

DomL = {F € L*(Q ZI (fn) : Zn [ ful 72 (my < 00} (2.50)

Note that DomL C D'?, L is a symmetric operator (in the sense that E[FLG] = E[GLF]
for every F,G € DomL), and L is an unbounded operator.

Definition 2.53. A strongly continuous semi-group is a family of operators {R;,t > 0},
operating on some Banach space X, satisfying

e T} is the identity mapping on X
o T, =TT, for every t,s > 0
o ||Tix —x|| > 0ast— 0, for every z € X

Note that the Ornstein-Uhlenbeck operators are a strongly continuous semi-group.

Definition 2.54. The infinitesimal generator of a strongly continuous semi-group {R;,t >
0} defined on a Banach space X is an operator on X, call it A, defined by

A:r;—hrn (Rt Ry)(x) (2.51)

where Dom A is the set of all points in X where this limit exists. It can be shown that Dom A
is dense in X.

The next proposition says that the operator L is the infinitesimal generator of the Ornstein-
Uhlenbeck semi-group.
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Proposition 2.55. (from [9])
The infinitesimal generator of the Ornstein-Uhlenbeck semi-group {T;,t > 0} is given by the
operator L.

Proof. Assuming that F' € DomL, we have that

9 2

1
H—(TtF —F)—LF
t 12(9)

i (%(e—"t -1+ n) I F

n=0

3 |:
n=0

Suppose now to the converse that lim,_,o $(T;F — F) = G in L*(Q2). Then we have that

L2()

~+ | =

2
(e7™ —1) + n} E[|J.F*] =00 0.

1
J,G =limt — Og(TtJnF — JoF) = —nJ,F.

Therefore F € DomL and LF = G. O

The next proposition characterizes a relation between the Malliavin derivative, the Skorohod
integral, and the infinitesimal generator of the Ornstein-Uhlenbeck semi-group.

Proposition 2.56. (from [9])
For every F € L*(Q), we have that F € DomL if and only if F € D"? and DF € Domd.
Also, for every F' € DomL, we have

SDF = —LF. (2.52)
Proof. Assume first that F'(= >_>2  I,(f,)) € D"? and DF € Domé. Let G = I,,(g) be an
element of the n-th Wiener chaos. Then we have
E|GODF]| = E[(DG, DF) ] (by the duality property of d)
= n2(n — 1)'<g, fn>L2(T”)
=nE[GJ,F]

Therefore J,0DF = nJ,F, and hence F' € DomL and )DF = —LF. Conversely, assume
that I € DomL; then since DomL C D'?, we have that F' € D2, Let G € D'2 be arbitrary,
with Wiener chaos expansion G = >°  I,(g,). Then we have

E[<DG7 DF>H] = ZRZ(H - 1)!<gm fn>L2(T")

n=1

_ i nE[J,GJ,F| = —E[GLF].

n=1

Hence DF € Domd and 6 DF = —LF. O
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The following two propositions characterize the behavior of L as that of a second-order
differential operator.

Proposition 2.57. (from [9])
The space S of smooth random wvariables is contained in DomL, and the action of L on

F €S8 of the form F = f(W(h1), ..., W(hy,)) (with f € C;°(R")) is given by

Lan:

i,7=1

o 8:}03 hy), ...y W(hp))(his i) i
af
8951

1=

Proof. We have (by definition) that F € D"? and that

D,F = Z 8% o W (ho))ha(t).

Hence DF € Sy C Dom (c.f. (2.38) and the line before it) and thus (c.f. the line following
2:39)).

=1 3x18x g
Now applying Proposition [2.56| the proof is complete. O

We state the following more general result without proof.

Proposition 2.58. (from [9])
Let F = (Fy, ..., F,,) be a vector of elements in D**, and let ¢ : R™ — R be twice continuously
differentiable with bounded partial derivatives up the second order. Then ¢(F') € DomL and

N 0% — Nl .
L(o(F)) = Zl D20z, (F)(DF*, DF') g + le oz, (F)LF
1,]= 1=
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Chapter 3

Density Estimates and Concentration
Inequalities

In this chapter we will present the results obtained in [7], and demonstrate some extensions
and generalizations of these results, as well as computing some new concentration inequali-
ties.

One fact which is implicitly used often throughout this chapter, is that for Z € D%? with
E[Z] = 0, the support of p is a potentially unbounded interval containing zero - i.e.,
supp(p) = [a, B], where —oo < a <0 < < 400 ([9)).

3.1 Density Estimates

The next result gives an expression for the density of a Malliavin differentiable random
variable in terms of a function f. It’s utility lies in the fact that f, defined below, is readily
estimated in a range of practical examples. Using this result, it is possible to obtain global
bounds on the density functions of certain random variables.

Definition 3.1. Let Z € D"? with F[Z] = 0. Consider the random variable E[(DZ, —DL™*Z)y|Z].
Since this random variable is measurable with respect to o(Z), there exists a Borel measur-
able function f: R — R so that:

f(Z)=E[(DZ,~DL*Z)y|Z]. (3.1)
Notationally, we write
f(z2) = E[(DZ,~DL 'Z)y|Z = 2]. (3.2)
Remark 3.2. By [6], we have that f(z) > 0 on the support of Z.

Theorem 3.3. (from [7])

Let Z € DY? with zero mean, and let f(z) = E[(DZ,—~DL™'Z)y|Z = 2| (as above). Then Z
has a density p if and only if f(Z) > 0 almost surely [n this case, the density p is supported
on an interval [a, ], and for almost every z € supp(p), we have

o) = e (= [ ). (33)
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The following is an interesting criterion for normality of Z, in terms of the function f.

Corollary 3.4. (from [7])
Let Z € D2, and assume Z admits a density p; let f(Z) = E[(DZ,—DL™'Z)y|Z]. Then
Z is a Gaussian if and only if Var(f(Z)) = 0.

Proof. We can assume without loss of generality that E[Z] = 0. Note that we can compute
Var(Z) using the following integration by parts formula, picking e(z) = z, although in
general e : R — R can be any C! function with bounded derivative:

E[Ze(Z)] = E[(LL™'Z)e(Z)] (where LL™*Z = Z since E[Z] = 0)
(6D(—L"e(Z)))Z] (from Proposition [2.56)
De(Z),—DL™'Z)y] (from (2.32))

e (Z)(DZ,—~DL'Z)y] (by Proposition

(3.4)

Therefore, the condition Var(f(Z)) = 0 is equivalent to
f(Z) = Var(Z) almost surely.

Now note that for g : R — R a continuous function with compact support, and let G denote
any antiderivative of g. Note that GG is bounded. We have

Elg(Z)(DZ,~DL™'Z)n| = E|G(Z)Z] by

G(2)zp(z)dz

2) ( / oy )dy) dz (obtained via integration by parts)

g
{ fZ yp dy]'

Il
> S

Therefore we have shown

I yp(y)dy
f(2)=E(DZ,~DL 'Z)y|Z] = Z2——"—
" p(Z)
Let Z ~ N(0,0%). Using (3.5, we immediately check that f(Z) = o2 almost surely. Con-
versely, if f(Z) = o2 almost surely, then Theorem implies that Z has a density p given

almost surely. (3.5)

by p(z) = 2[(‘72‘] exp ( ;;22 > for almost all z € R, from which we immediately deduce that
Z ~ N(0,5?%). O

If f can be uniformly upper and lower bounded, then we have the corresponding upper and
lower bounds on the density function of Z expressed below.
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Corollary 3.5. (from [7])
Let Z € D2 with E[Z) = 0 and f(Z) = E[(DZ,—DL™'Z)y|Z]. If there exists Oomin, Omaz >
0 such that

o2, < f(Z) < o2, almost surely,

min max

then Z has a density p satisfying, for almost all z € R

Blz)), (—Qf ) < oy < EIZD (_ 2 )

2 2
207 0 ~in 207 . 20

Proof. This follows immediately from Theorem [3.3] O

The following proposition provides a computationally tractable method for computing f(Z) =
E(DZ,—DL'Z)g|Z].

Proposition 3.6. (from [7])
Write DZ = ®4(X) with a measurable function ®5 : R¥ — R. We have

f(2) = /0 h e E[(®4(X), Py(e X + VI — e 2X')) 4| Z)du, (3.6)

where X' stands for an independent copy of X, and is such that X and X' are defined on
the product probability space (Q x U, F @ F', P x P') - (see Remark[2.47). Here E denotes

the mathematical expectation with respect to P x P’.

We have stated Theorem [3.3| and Proposition [3.6| without proof because we will now prove
more general versions of these results. Our proofs follow closely those from [7], with some
modifications.

Theorem 3.7. Let Z € DY? with E[Z] = 0. Let g : R — R be defined by the relation (cf.
Deﬁm'tion

9(Z2) = E(DZ,~DL™ (MZ)))u|Z] (3.7)
for some Lipschitz function h : R — R satisfying that E[h(Z)] =0, h(z) > 0 for z > 0, and

h(z) < 0 for z < 0. We have that Z admits a density p if and only if (DZ,—DL™'Z) > 0.
In this case, p is supported on an interval o, B, and for almost every z € supp(p):

o(z) = IO <— / ) de) | (3.9)

29(2) g(x)

Proof. We split the proof into several steps.

Step 1: An integration by parts formula. For any f : R — R of class C'!' with bounded
derivative, we have
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En(2)f(2)] = E

LL'W(Z)f(Z)] (where LL™'h(Z) = Z since E[h(Z)] = 0)
(=dDL7'W(Z))f(Z)] (by Proposition
(Df(Z),—DL'h(2))] (from (2.32))
f(Z)(DZ,—DL™*h(Z))] (by Proposition 2.18)).

Step 2: A key formula. Let f: R — R be a continuous function with compact support, and

let ' denote any antiderivative of f. Note that F' is bounded. Assuming that Z admits a
density p, we have

(3.9)

—_— — — —

E
E
E

E(f(Z){DZ,~DL™ (h(Z)))n] = E[F(Z)h(Z)] by
= /RF(z)h(z)p(z)dz
= /Rf(z) (/00 h(y)p(y)dy) dz (obtained via integration by parts)

I h(y)p(y)dy]
p(Z) '

where the integration by parts follows from the observation that

~ |2

| bty 0 as |2] - o,

where this holds for z — +oo since h(Z) € D2 C L?(Q) C LY(Q) (see Proposition [2.20)),
and for z — —oo since E[h(Z)] = 0. Therefore we have shown

I, h(y)p(y)dy
p(Z)

Step 3: Fuxistence of the density. Taking h to be the identity function in (3.10), we can
conclude that if Z admits a density, then (DZ, —DL™'Z) > 0 almost surely. To prove the
converse, assume now that (DZ, —DL™'Z) > 0 almost surely. Then applying the integration
by parts formula with A equal to the identity, together with an approximation argument,
yields

9(Z) = E{DZ,—DL™(h(Z)))u|Z] =

almost surely. (3.10)

z

ElLs(2)(DZ,~DL7'2)) = EIZ | 1a()ds], (3.11)
where B is any Borel set in R. This relation shows that if the Lebesgue measure of the set B
is zero, then E[15(Z)(DZ,—DL™'Z) = 0. Together with the assumption on the positivity
of (DZ,—DL™Z), this relation yields that P(Z € B) = 0, hence the measure induced by
Z is absolutely continuous with respect to the Lebesgue measure, and we conclude via the
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Radon-Nikodym theorem that Z admits a density.

Step 4: Proof of . Let ¢ : R — R be still defined by ¢(z) = fzoo h(y)p(y)dy. On one
hand, we have ¢/(z) = —h(z)p(z) for almost all z € supp(p). On the other hand, by (3.10]),
we have, for almost all z € supp(p),

¢(2) = p(2)g(2). (3.12)

By putting these two facts together, we get the following ordinary differential equation
satisfied by ¢:

¢'(z) _ _h(z)

o(z)  g(2)

Note that dividing by ¢(z) is well defined since ¢(z) does not vanish for z € supp(p) by
definition; similarly, also note that g(z) does not vanish for z € supp(p) by (3.10)). Integrating
this relation over the interval [0, 2] yields

for almost all z € supp(p). (3.13)

~—

log(6(2)) = log(6(0)) — / Z ;(—idaa

~—

Taking the exponential and using the fact that ¢(0) = 1E[|h(Z)|], we get

6(2) = L BlIh(Z)]) exp (— | @dx) |

g9()

Finally, the desired conclusion follows from (|3.12]).
O

Proposition 3.8. Let Z € DY2 with E[Z] = 0. Let h: R — R be Lipschitz with E[h(Z)] = 0.
Write DZ = ®4(X) with a measurable function @z : R — R and D(h(Z)) = Ppz)(X)
with a measurable function ®yz) : RHY — R. We have

9(Z2) = /000 e "E[(P2(X), Ppiz)(e "X + V1 —e X)) y| Z)du (3.14)

where X' stands for an independent copy of X, and is such that X and X' are defined on
the product probability space (2 x ', F @ F', P x P'). Here, E denotes the mathematical
expectation with respect to P x P,

Proof. Without loss of generality, we can assume that H = L*(T, B, ), where (T,B) is a
measurable space and p is a o-finite measure without atoms, since H is a separable Hilbert
space. Let us consider the chaos expansion of h(Z), given by h(Z) = > 7 | I,(fim), with
fm € LA(T™). Therefore —L~*(h(Z)) =00, L1.(f,n) and

m=1 m
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~D,L~ Zlmlfm 1), teT.

On the other hand, we have Dy(h(Z)) =3, mIp—1(fm(-,t)). Thus

/Oooe“Tu(Dth(Z))du:/ <Zme meup  (fls ) me L(fonlet

Consequently,

—~DL'h(Z) = /OOO e “T,(D(h(2)))du.

By Mehler’s formula (see (2.48))), and since D(h(Z)) = ®pz)(X) by assumption, we deduce
that

—~DL ' (h(2)) = /000 e "B [Pz (e X + V1 — e 2 X")]du

Using F[E'[...]|Z] = E|...|Z], the desired conclusion follows. O

Let’s now compute an example to demonstrate these results. We follow [7].

Example 3.9. (from [7]). Let N ~ N, (0, K) with K € S (R). We assume that each N;
has the form X (h;), for a certain centered isonormal process X (over some Hilbert space H)
and certain functions h; € H. Let Z = max N; — E[max N;|, and set

I, = argmax, ;. (e "X (h;) + V1 — e72uX'(h;)) for u > 0.
Lemma 3.10. For any u > 0, I, is a well-defined random element of {1,...,n}. Moreover,
Z € DY? and we have DZ = ®z(N) = hy,.
Proof. Fix u > 0. For any ¢ # j, we have

P(e™X(h;) + V1 —e2X'(h;) = e X (h;) + V1 — e 2uX'(h;))

= P(e™"X(h;) — e "X (h;) = V1 — e 20X'(hy) — V1 — e 2X'(h;)) =
where the last equality follows from the independence of X and X’. Thus the random
variable I, is a well-defined element of {1,...,n}. Now if A; denotes the set {xr € R™ :
. < z; for all j}, observe that imcmc = 14, almost everywhere. The desired conclusion

follows from the Lipschitz version of the chain rule (see Proposition , and the following
Lipschitz property of the max function, which is easily proved by mduction onn > 1:

| max(y, ..., yn) — max(zy, ..., x,)| < Z ly; — x;| for any z,y € R".
i=1
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In particular, we deduce from Lemma that
<¢)Z(X), (PZ(€_UX +v1-— B_QUX/»H = K[m[u.

Thus by Theorem and Proposition if there exists omin, Omaz > 0 such that o2, <
Ki; < 02, for any i,j € {1,...,n}, then Z has a density p satisfying

;30“22'] exp (—2;22 ) < p(z) < ;JHQZH exp (_2;2 ) : (3.15)

max min

for almost all z € R. This completes the example.

3.2 Concentration Inequalities — Upper Bounds

Theorem 3.11. (from [7])
Let Z € DY? with E[Z] = 0, f(Z) = E[(DZ,—DL™'Z)y|Z], and fix « > 0 and 8 > 0.
Assume that

1. f(Z) < aZ + B almost surely;
2. Z has a density p.

Then, for all z > 0, we have

2
P(Z > z) <exp <_20422—+25) : (3.16)

We now state and prove a more general version of Theorem [3.11] in terms of the function g.

Theorem 3.12. Let Z € D2 with E[Z] = 0. Let g(Z) = E(DZ,—DL Y (h(Z))|Z], where
h:R—=R. Fiza>0 and 8> 0. Assume that

1. E[h(Z)] =0,

2. h(z) is non-decreasing for z > 0;

3. h is Lipschitz;

4. 9(Z2)W(Z) < ah(Z)+  almost surely;
5. Z has a density p.

Then for all z > 0 we have

P(Z > z) <exp <—%) . (3.17)
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Proof. For any A > 0, define m4 () = E[e?" 1< 4]. Then m/4(0) = E[h(Z)e" D15 4].
We have:

—J““/mh@mwﬂy+/A(LMMMMWM)JWWW@MZ

A —o0 (3.18)

g/_ Oh' (2)e ) g(2)p(2)dz

= Eg(Z)1iz<a0N (Z)e™ )],

where the inequality follows from dropping a negative term and invoking relation (3.10)).
Thus m/,(0) < E[g(Z)11z<40k' (Z)e??)]. Now applying assumption 4, we get:

m/,(0) < 0am/,(0) + 08m4(6).
That is, for any 0 € (0,1/«):

mi(6) _ 09
ma(f) — 1—6a’

By integration and since m4(0) = P(Z < A) < 1, this gives, for any 6 € (0,1/«a) :

* Bu 36?
ma(0) < exp < 1 audu> < exp (m) :

Using Fatou’s lemma (as A — 00) in the previous relation implies:

for all # € (0,1/«). Therefore, for all # € (0,1/«a), we have

2
P(Z > Z) < P(eeh(z) > e@h(z)) < efeh(z)E[eGh(Z)] < exp <% . Hh(z)) )
— v

h(z)
ah(=)+B

Choosing 6 = € (0,1/a) gives the desired result.

]

We will now show that by informed choice of the function A, Theorem |3.12| can yield different
(and, depending on the context, potentially sharper) concentration inequalities than those
yielded by Theorem by Theorem [3.3] or the Borel-Sudakov inequalities ([7]).

35



Example 3.13. Just as in Example B.9] let N ~ N, (0, K) with K € S;(R). We assume
that each NV; has the form X (h;), for a certain centered isonormal process X (over some
Hilbert space H) and certain functions h; € H. Let Z = max N; — E[max N;|, and set

I, = argmax; ;<. (e "X (h;) + V1 — e 24X (h;)) for u > 0,

where X’ is an independent copy of X. Consider the function

—7y rx<—1
) izel-L0)

B+B?> :2>B

where v > 0 is a constant to be chosen later, and B > 0 is arbitrary. Note that h is Lipschitz
and that A’ is given almost everywhere by

0 < —1
oy )y 1z €[-1,0)
Pilz) = 2z+1 :2€[0,B) (3.20)
0 z> B

In order to apply Theorem [3.12) we must have that E[h(Z)] = 0. It is known that Z admits
a density p, so we have

o

. / @)t / " rp(a)di 4 /0 "ot Pple)de + (B + B / p(z)dz.

9] —1 B
Therefore picking
[ (x + 2*)p(a)dz + (B + B*)P(Z > B)

= , 3.21
! P(Z < 1) = [* ap(x)da &2

we get Flh(Z)] = 0. By Lemma we have again that DZ = ®4(X) = hy,. Also,
Q12 (X) = D(h(Z)); we can apply Proposition since h is a Lipschitz function. Then
we get D(h(Z)) = W (Z)DZ. Therefore

Dpzy(e "X + V1 — e 2X')
— 1 ((max e "X (h;) + mX'(m) —E [max e "X (h;) + mX’(hi)D hi,

1<i<n 1<i<n

Hence we have
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<<132(X), CIJh(Z)(e_“X + v 1-— G_QUX/»H = Klo,fuh/(A — E[A]),

where A = (maxlgign e " X(h;)+v1-— 6_2“X,<hi)). Hence defining 02, = maxi<; j<n K j,

max
we have

E [(@z(X), Py (e X +V1 - 6_2“X')>H|Z] < 0ty (147 + 2E[(A — E[A)Y((a—ELapep,ny]Z))
d)
L2(9)> ’

< O (1494 21141 + 28 | o X (00 + oo V= X' (1)) Tia-miapeto

1<i<n 1<i<n
max X (h;)
1<i<n

where the second inequality follows from splitting the expectation, applying the Cauchy-
Schwarz inequality to each piece, and using the independence of X’ and X. Applying now
Proposition [3.8 we get

1<i<n

<02 ((1 + v+ 2|E[A]|) + 27 Z| + 27 ’E’ {max X(hi)] ' +2V1 —e 2

9(Z) < Opaal Z] + K

where

1<i<n

k=02, (1 + v+ 2|E[A]| + ‘E {max X(hi)] ’ + 2/ e V1 —e2udu
0

LZ@)) .

(mXU”)

Hence we have

0 < —1
2 .
, (Y02 |2l + 7k 1z €[~1,0)
g(2)h'(z) < (202, )22+ (02, +2k)z+k :2€[0,B)
0 :z> B
and
—ay+f < —1
ah(z) 4§ = avz+ :z€[-1,0)

az’+az+ 8 :2€]0,B)
a(B+B*)+3 :2>B

We can pick @ > 0 and f > 0 to satisfy assumption 4 of Theorem [3.12} for example,
a = max{202, 2k + 02, .} and B = max{k,y(k + o2, + a),av}. Thus for some particular
choices of o and [, all the conditions of Theorem |3.12] are satisfied, and in particular we
have that for z € [0, BJ:
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P(Z > z) < exp (_2a(,<zz++;;)j‘ 28 > |

We would like this bound to hold asymptotically - in other words, we wish it to hold for
z € [0,00), rather than z € [0, B). This is still achievable however, by noting first the
Borel-Sudakov inequality, which concerns the distribution of the same random variable Z:

22

P(Zzz)gexp<— > for z > 0.

202

max

Referring to (3.21]), and integrating by parts, we see that as B increases, v correspondingly
increases as well, but the Borel-Sudakov inequality guarantees that limp ,. v < co. Call
this limit 7. Picking a, and [ in terms of 7., we see that

(z + 2%)?
20000 (2 + 22) + 205

P(Z > 2) < exp (— ) for = € [0, 00). (3.22)

We can compare this bound to the Borel-Sudakov inequality, or the even sharper result we
get from [7]:

202 z 202

min max

P(Z>2)< EllZN7me L (— > ) . (3.23)

22

We obtain this result by the classical inequality fzoo e_%dy < %e‘T applied to the density
estimate . Certainly asymptotically improves the Borel-Sudakov inequality, but
the relative sharpness of (3.23)) and (3.22) is not clear, due to the dependence of on
Qs and B. However, this calculation shows that Theorem does in fact yield different
and interesting concentration inequalities from those currently known.

Lemma is adapted from the proof of Theorem [3.7]

Lemma 3.14. Assume that Z € D" with E[Z] = 0, and assume that Z admits a density
p. Let f(Z) = E[(DZ,—DL™'Z)y|Z]. Let ¢(Z) = [ yp(y)dy. Then we have: ¢(z) =

EHQZH exp <_ fOZ ﬁd(y), for every z € supp(p).

Proof. Since Z € D2 it is known that supp(p) = [a, ], where —00 < a < 8 < +o0.
Therefore from ([3.5]), we have

f(2)p(z) = ¢(z) almost surely on («, f3). (3.24)

Note that ¢'(z) = —zp(z). Thus multiplying (3.24) on both sides by —z and rearranging,
we get
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¢'(2)

___“ almost surely on (a, ).

o(z)  f(2)
Dividing by f(z) is well-defined since f(z) > 0 almost surely for z € ( (c.f. (3.5). Note
that 0 = E[Z] = E[Z,] — E[Z_] so that E[|Z|| = E[Z.]|+ E|Z_] = 2E[ 1] = 2¢(0), so

integrating the above relation we obtain

ElZ]l

é(2) = [2 exp (- /0 Zﬁ@) almost surely on (a, 5). (3.25)

]
Note that this proof followed the proof of Step 4 of Theorem 3.7, with & equal to the identity.

Theorem 3.15. Let Z € DY? with E[Z] = 0. Assume Z admits a density p. Let f(Z) =
E[{DZ,—DL 'Z)y|Z]. Then we have for z € (0,00) N supp(p):

P(Z>z2) < E[|22H§exp (—/j%@).

Proof. Let ¢(z f yp(y)dy. By Lemma we have for every z € supp(p):

_ElZl (_ Zid) 3.26
ox) = Zytes (= [ ssay). (3.26)
Also, integration by parts yields

o) = 2Pz 22+ [ P22y (3.27)

Hence we have P(Z > z) < 23 and plugging in the expression for ¢(z) from 1' we

z )

obtain the desired result. O

Remark 3.16. Note that the previous theorem holds only for the case where z € (0,00) N
supp(p). However, it can still be applied to estimate the left hand tail distribution of Z.
Consider for example the case that there exists a function h : R — R satisfying

(DZ,—DL™'Z) < h(Z). (3.28)

If we define now Y := —Z, then the linearity of the inner product and the Malliavin operators
L and D imply that:

=(DZ,—DL™'Z) (3.29)
h



Therefore we have for z € (0,00) N —supp(p):

N

P(Z<—2)= P(Y 3 2) < E[IQleleXp (— /D h(fx)dx) . (3.30)

As an application of the previous theorem, consider the following corollary, where we assume
that f admits an almost sure affine upper bound.

Corollary 3.17. Let Z € D"? with E[Z] = 0. Assume Z admits a density p. Let f(Z) =
E[{DZ,—DL 'Z)y|Z)] satisfy

f(Z2) <aZ+ B almost surely,

for some o, 8 > 0. Then we have for z > 0:

pz> < 240 <_ﬂlog(ﬁ>> (az 48 (_9 |

- 2 o2 z

Proof. Given our present assumption of a linear upper bound on f, we have for every z €

supp(p):
oo ([ ) oo (- 9
— exp (—az + Blog(az +B) 610g(5))

o2 o?

(3.31)

Applying Theorem we obtain the result for z € (0,00) N supp(p). In fact, it holds for
every z > 0, for the trivial reason that for z € (0, 00) Nsupp(p)¢, we have P(Z > z) =0. O

Comparing Corollary with Theorem [3.11] we see that Corollary yields an asymp-
totically sharper bound. We now show some examples to demonstrate the utility of these
results.

Example 3.18. Let (B;,t > 0) denote a fractional Brownian motion process with Hurst
index H € (0,1). Note that such a process can be realized as an isonormal Gaussian process.
In particular, we can consider the Hilbert space H defined as the closure of the space of step
functions on the set R with respect to the inner product given by:

1
(Ljo,,10,6)) = E[B:B] = §(t2H + 21— |t — 5. (3.32)

In this case we have that B := B(1j94). We will consider obtaining concentration inequalities

on the random variable Z = Zp := fOT Blds—E]| fOT Blds]. We can without loss of generality
assume that 7" = 1 by the scaling property of fractional Brownian motion. Hence we will
consider the random variable Z = fol Blds — - 3+1. We wish to upper bound the expression
(DZ,—DL'Z) in order to apply Theorem3.15| Since we must compute L~'Z, we must first
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compute the Wiener chaos expansion of the random variable Z. To this end, for every n > 1,
let I1,, = {t;}}'y where 0 =ty < t; < ... < t, = 1. Define ||II,,|| = max{t; —t;—1,i =1,...,n}.
Assume that lim,,_,« ||IL,|| = 0. Then we have:

! 3
Z:/ Blds —
; AH + 1
3
. . 4
_JE]&Z b0 By~
Lo )4 4
= lim — = —
n—>ooZ (||1[0,ti]’| 4H +1
,H&EI =t
Lo )4 ( L) )2 ( L) )2 3
(-2 ) —6p( % ) y316B M) 3646 -
( (lll[o,ti]ll 0.1 [ Lj0,0:] A0 +1

n
- 3
1=

(3.33)

4 [0,t:] 4
nlgg(} E (ti —tiz1)|| Lo (B ( ; )) + hm E (ti — tic)|| 170,80 “Im 1

1=1 =1
N N 7
-

TV
€Ho =0

We have decomposed Z into a sum of two components, belonging to the fourth and second
Wiener chaos spaces respectively. Having expressed the integral defining Z in an equivalent
limit form, in order to unravel the Wiener chaos expansion, we now repackage the resulting
sum of limits back into integral form - for example, the H, component of Z can be expressed

as follows:
4 2
1194
) —6B< ikl > +3
[ 10,61 (3.34)

n

fim 36—ty

1=1

(5
SED SUETRII €
i=1

1 B4 B2
_ 4H
—/Ot (t4H—6t2—H+3>d

1
= / (B} — 6t B} + 3¢*) dt.
0

[y

( 1[07t1}
’ ’ 1 [Ovti}
( [Ovti}

| | 1 [Ovti}

Repeating this repackaging process with the H, part of Z, we can write Z as:



1 1
7 =6 / ("B — ") dt + / (B — 6t B} + 3t") dt, (3.35)
0 0

where the first and second components of the sum belong to Hs and H,4 respectively. We
now compute L~1Z:

1 1 1
L7 = = / (B — 6t*" B} + 3t dt) — 56 / (" By —t*7) dt. (3.36)
0 0

We compute also the Malliavin derivative of Z:

! 3
DZ =D Bidt — —
(/0 t 4H+1)

We compute DL~'Z in an analogous manner, based on (3.36)), and finally we see that:

1
/ 431531[07,5] dt. (3.37)
0

1 1
(DZ,—~DL7'Z) = { / 4B} 1 4dt, / (B2 + 3s*" By) 1)y gds)
0 0 (3.38)
= / / (4B3)(B? + 35" B,)E[B, B,dtds.
[0,1]

We now upper bound this expression in terms of Z:
(DZ,—~DL™'Z) < || / / (4B?)(B? + 35" B,) E| B, B,)dtds||
[0,1]2
3
< /4/ |B,|*| B + 35*" B,| = dtds
[0,1]2 2

1 1
—6/ \Bt|3dt/ |B? + 3s* B,|ds
0 0

1 1 1
§6/ | B, [*dt (/ \BS|3ds+3/ ]Bs\ds)
0 0 0
[ 1 2 1 1
=6 </ \Bty?’dt) +3/ \Bt|3dt/ | B, |dt
0 0 0

- 2 1 1
+3/ (;Bt|4)idt/ (|Bt]4)4dt]
0 0

(3.39)

y ( [ 1zt

3 3 3
<6|(z S 32 iz i
SO\ gy P32t ) +4H+1>4]
: § ;
_6_(Z+4H+1)2+3(Z+4H+1)}
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Once we show that Z admits a density, we will be in a position to apply Theorem [3.15]
We could apply the result from [10], which states that an element of D'? admitting a finite
Wiener chaos expansion has a density. Since we showed that Z € H, ® Hy, it has a density.
We could alternately take a more hand-on approach and apply the Bouleau-Hirsch criterion
from [9], which says that for any Z € D2, the almost sure positivity of ||DZ]| is a sufficient
condition for Z to admit a density. We compute:

IDZ||* = (DZ,DZ)

1 1
= (4 /0 Bids, 4 /0 B}dt)

=16 / / B2B2E[B,B]dsdt
[0,1] (3.40)

16 / / BSBYE|B, By dsdt
[0,1]2

1 ~ 2
( / Bthdt>
0

where B is a fractional Brownian motion with Hurst parameter H which is independent of B.
The above calculation shows that ||DZ|| = 0 if and only if fol B?B,dt = 0 for almost every
path of B. This is equivalent to the condition that the path (B?,t € [0,1]) be identically
zero, which of course has probability zero. Hence Z does admit a density, and we can apply
Theorem to say that for z > 0:

— 16E

N

ElZ||1 i
P(Z>2)< [|2 |]—exp —/ 3y dy | . (3.41)
0 6|(y+ )t + 30+ m)]

Upper bounding E[|Z|] by ﬁ, and evaluating the integral inside the exponential, we can
simplify this expression to conclude that for z > 0:

Ly (c+2)%e)

P(Z>2) < e 3Vers, (3.42)
z
where K = §(y/c + 3)71+307Tc86§, and ¢ = 7. Note that we can also use Malliavin

techniques to get a lower bound on P(Z > z):
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1
3
P(Z>2z)=P Bids — >
(222 =P Blts— 2 = 2)
1 A 3
— p([| B'ds>
(/0 sds_z+4H+1)

(3.43)

1
> P [ Budsltz )
0

AH +1
)").

1
— (| | B.ds| >
(‘/0 sl= et

Note now that N := fol Bgds is a Normally distributed random variable - this follows from
Corollary , since computing (DN, —DL™'N), we see that it is a constant, hence guar-
anteeing that N is normally distributed. By Fubini we see that N has zero mean, and we
compute it’s variance as follows:

E[N? = / / E[B,B,|dsdt
[0,1]2
t

- /01 (/0 (82 + 127 4 (t — 5)*H) ds) dt (3.44)

1
C2H+2°

We can now use the classical inequality fzoo eV 2dy > ﬁe**/ 2 for z > 0, to deduce that

for z > 0:
P(Z>2z)> \/g (%) e tEP2 (3.45)

1
where t(z) = v2H + 2 (z + 4;’“) *. Hence we have characterized by both upper and lower

bounds the rate of decay of the tail distribution of Z. The upper bound we derived is, as far
as we know, the first such bound in the literature.

Example 3.19. This example concerns estimating the Hurst parameter of a fractional
Brownian motion process which has been observed at a finite number of times. Let now
B = {B,t € [0,1]} denote a fractional Brownian motion with Hurst parameter H € (0, 1).
Assume that we observe B at the times {k/n,k = 0,...,n — 1}. We will establish non-
asymptotic confidence intervals for H on the basis of these observations. The technique
considered here is based on [I], although we consider a different statistic and establish dif-
ferent confidence intervals. The result here could be substantially sharpened without great
difficulty, but that is beyond the scope of this work.

The estimation of self-similarity indices, such as the Hurst parameter, is useful in applica-
tions ranging from physics to time-series analysis to mathematical finance, and has generated
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a substantial literature - see for example [I1], [4], [3]. The result below is remarkable inas-
much as it provides an explicit, non-asymptotic confidence interval; thus if a fBm process is
observed at some finite number of points in a practical application, we can deduce explicit
bounds on the likelihood of the parameter H being in some interval.

Consider the family {Xj }r=o. _n—1 where X}, := n' (B@ — Bﬁ). Note that this family has

covariance function p given by, for every k € Z:

1
plk) = 5 (Jk 4+ 17 + |k — 1" — 2|k 7). (3.46)

Assume in the sequel that the H < H* € (0,3). This guarantees that Y, |px(t)| <
> lpm+(t)] < oo (J6]), which we will need later. Define now

n—1
1
Zn=—9Y X!—3yn. (3.47)
Vi

Note that E[Z] = 0, since E[(BH — BH)2k] = ZE4 _ g|2HE for every k > 1 ([8]). Although it

K12k
is not relevant for the coming calculations, it is interesting to note that since z* = Hy(z) +

6Hs(z) + 3, we have:

niXZf = ni(Hz;(Xk) + 6Hy(Xy) + 3)
- - (3.48)

n—1 n—1
= Vnoic, Z Hy(Xy) + V/noabk, Z Hy(Xy) + 3n,
k=0 k=0

where o1, 09 are constants and c,, k,, are ¢ functions of n. We rearrange to get:

n—1 n—1 n-l
1
Zn = NG 2 X, —3vn=o01 <Cn % H4(Xk)> 160 </€n §H2(Xk)> : (3.49)

TV TV
—N(0,1) in law —N(0,1) in law

The statistic Z,, can be written as a sum of two n-dependent random variables, each of which
converge in law to a standard Normal distribution ([6]). This in some sense ‘motivates’ the
choice of Z,, as the statistic under consideration.

We wish now to compute concentration inequalities involving Z,, based on Theorem [3.15]

hence we will compute (DZ,,, DL™'Z,). To do so, we must compute the action of the operator
L on Z,, and for this purpose we must decompose Z,, into its Wiener chaos expansion:
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Zy=——=> Hy(X)+— Hy(X}). (3.50)

Therefore:

—L7'Z, = ;1% ; Hy(X3) + %7 ; 2 (X). (3.51)

We will omit the mechanical details of some of the calculations that follow, since similar
calculations appear previously. To slightly lighten notation we now define ¢ = \/Lﬁ We have
NOw:

n—1 n—1
(DZ,,—DL™'Z,) <cZ4X3hk,cZ (X7 +3X; )h>

k=0 J=0
n—1
= AXYXT + 3X,) (hy, hy)
k,j=0
n—1
= AXUXT +3X,)pu(k — 5))
k.j=0
n—1 n—1
1Y ) (zwxf+3xjr) (Soor)
teZ. §=0 3=0
n—1
<4 lon(t)] (Z el +3Z X5 |> (Z |Xj|3)
teZ j=0 3=0
[ /-1 n—1
1Y ) |X3) ea () ()
teZ Jj=0 3=0

_ 4022 o (t) (lX | )3/4) +3 <2(|Xj‘4)1/4> < <|X | )3/4)

ez i
[ n—1 % n—1 i n—1 %
1S |Xj\4> '3 (Z |Xj|4) (Z |Xj|4>
tez j=0 j=0 3=0

T
I
() ,_.

WZ\/)H* )| [0 Z + 3v/n)*? + 3v/n(Z, + 3v/n)]

teZ

More concisely, we can summarize the previous calculation by:
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(DZ,,—DL'Z,) < h(Z,), (3.53)

where h(z) = <=3, lpu-(t)| [n'/*(z 4+ 3y/n)3? + 3y/n(z + 3/n)]. Moreover, referring to

n

Remark [3.16, we know also that for z € (0,3y/n):

P(Z<—2)< E[IzZl]éeXp (— /0 h(fx)dx) . (3.54)

Note that the function h is strictly increasing, and hence for = € (0,3+/n), we have h(—x) <
h(z). Putting this into (3.54]) we see that P(Z < —z) = P(Z > z) for z € (0,3y/n). Since
for z € [3y/n, 00), we have P(Z < —z) =0, we see that for 2 >0: P(Z < —2) < P(Z > z).
Therefore, by Theorem [3.15] for z > 0:

P(|Z| > 2)=P(Z > 2)+ P(Z < —2)
<2P(Z = z)

< B[|2]] exp (— /O z %dm) |

where, as before, h(z) = \/iﬁ ez |p@)] [ (@ + 3v/n)*? + 3y/n(x + 3y/n)]. We can evalu-
ate the integral in the above expression and obtain a closed form for our upper bound for
P(|Z| > z); however, in the present context, we will simply denote the final expression in
by w(z), and note that in summary, for every z > 0, P(|Z| > z) < w(z). Note that
we can equivalently write this as, for a > 0, P(|Z| < a) > 1 — w(a).

(3.55)

Note now that for 0 < a < 3/n:

n—1

4
{|Z|§a}:{n4ﬂ I/ZZ<BE_B£> —3vn ga}
k=0
n—1 4
1 [ log(3v/n —a) —log(342, (Bﬂ - BE) ) 1
=\ - “—+ o | <H
4 log(n) 2] = (3.56)

4 )
_ 1 [losBva+a) g5 (Bust — By) )1
~ 4 log(n) 2

Note the result from [2] which says that for p > 0,

n—1
nP"1N "B, — BYP — E[|B{'IP] in L' as "7 (3.57)
j:() n n
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Hence, if we denote:

o (MO0 )
4 log(n) 2
1 , (3.58)
R L RS (BW—B;)>+1 |
log(n) 2

we see that lim, o [;(n) = lim, o I,(n) = H almost surely - i.e., the confidence interval
collapses to H as n — o0o. Also note that:

1:0) = )] = o o (;j’ﬁ—f) |

so that the length of the confidence interval decreases to zero as n increases at rate O (ﬁ) ,
g(n)
for every fixed a.

We summarize our results in the following proposition, based on [1].

(3.59)

Proposition 3.20. Let B = {B;,t € [0,1]} be a fractional Brownian motion, with Hurst
parameter H < H* € (0,1/2). Fizn > 2, and let a € (0,3+/n). Then we have:

P(Ii(n) < H < I,(n)) > 1 — w(a), (3.60)
where:
1 [ log(3v/n — a) — log( Z;é <B% - B§>4) 1
lin) = 4 log(n) T2
 (1oa(3vi +a) oSt (Ben — B1)) (3.61)
I.(n) == 1 log(n) + R

w(a) = 6\/52 exp (— /O %m) ,

where h(z) = \/iﬁ >iez lom-(0)] [0/ (2 + 3y/n)*? + 3y/n(x + 3y/n)].

3.3 Concentration Inequalities — Lower Bounds

Theorem 3.21. (from [7])
Let Z € DY with E[Z] = 0, and fix opmin,a > 0 and 8 > 1. Assume that f(Z) > o2,

almost surely. This assumption guarantees the existence of a density p for Z, by Theorem
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. Assume also that the function e(x) = x'*Pp(x) is decreasing on [a, +00). Then for all
z > «, we have

P(Z>2) > % (1 - %) E[|Z\]%exp (-255 ) |

min

We state this result without proof because we will now give and prove a more general version
of it - namely, Theorem [3.22]

Theorem 3.22. Let Z € DY with E[Z] = 0. Fiz a > 0,38 > 1. Assume that Z admits
a density p, and the function h(x) = x'*Pp(x) is decreasing on [a,+00). Then for all
z € [a, 00) N supp(p), we have

P(Z>z) > (1 - %) %% exp (— /0 %dy) . (3.62)

Proof. First, we apply integration by parts to get, for every z € R:
¢(z) = / yp(y)dy = 2P(Z > 2) +/ P(Z > y)dy. (3.63)

By assumption 3, for any y > z > «, such that z € supp(p), we have

woly) _ (2\’
zp(2) = (y) ' (364
Then we have for any z € [a, 00) N supp(p):
P(Z > 2) = 2p(2) / h izgg dy < Zp;). (3.65)

In fact, the last relation holds for every z > a, since for z > a N supp(p)¢, we have P(Z >
z) = 0 and p(z) = 0, hence the inequality holds trivially. Putting this relation into (3.63),
we obtain for every z > a:

o) P22 2)+ / T yply)dy = 2P(Z > 2) + S0(6). (3.66)

Rearranging the previous equation we get for every z > a:

pizzax(1-1)40

Plugging in the expression for ¢(z) from Lemma which holds for every z € supp(p), we
have the desired result. O
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Note that if f admits a uniform lower bound, namely o,,;,, then Theorem reduces to
Theorem [3.21) However, Theorem |3.22]is in addition applicable to random variables Z whose
corresponding f decays to zero, but does not admit a uniform lower bound. The following
theorem repackages a result from [7].

Theorem 3.23. (from [7])
Let Z € DY with E[Z] = 0. Let f(Z) = E[(DZ,—DL'Z)y|Z]. Assume that there exists
Omin > 0 such that f(Z) > o2, almost surely. Then for every z > 0 we have

min

min min

2 (0f, +2%)? [>7 exp (—2522 > f(y)dy.

min

ElZ 4 2 exp (—032 )

(3.67)

Proof. By Theorem we have that Z admits a density p, and moreover

s Bl (2,

202

min

2
y2
201ni11

Let U(z) denote the unnormalized Gaussian tail f:o exp (— ) dy. We can write, using

the Schwarz inequality,

WZ(Z)Z(/:OeXp (_23;11) f(y)\/%dy)2

g/ exp (—252. )f(?/)dyX/ exp (—232' )%y)dy

so that

E[|Z]] /°° —ot— 1

U R P 2 N0 N
-2, )™
> E[IQZH \IJ(QZV

[ G f(y)dy

Using the classical inequality [ e~z dy > ; jzge_zz/ 2 we get
4,2 exp ( 2 )
EllZ : oz
P(Z Z Z) Z H ” 20-11111’12 5 2nnn . <368)
2 (002 [*exp (—3%—) fw)dy
[
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The next theorem is a lower bound analog of Theorem [3.15]

Theorem 3.24. Let Z € D2 with E[Z] = 0, and assume Z admits a density p. Let
g(Z)=E|[(DZ,—DL ' (h(Z)))|Z], where h : R — R is globally Lipschitz, non-decreasing on
[0,00), h(0) > 0, and satisfies E[h(Z)] = 0. Then we have for z € (0,00) N supp(p):

Pz > 2 > EIME)I h(;) exp (— /0 ) Mdy) (3.69)

2 9(y)

where the lower bound term in is understood to be zero if h(oco) = oco.

Proof. Let ¢(z f h(y)p(y)dy. From (3.25) we have for every z € supp(p):
N ([0,
o(z) = 5 exp /o oy dy | . (3.70)

We can integrate the expression fzoo h(y)p(y)dy by parts to obtain

o(z) = / T hy)ply)dy

—— bt / ) p(x)dmr + [T ( / “ptads ) dy (3.71)

Y=z

Pz =+ [ TWW)P(Z > )y,

Hence we have P(Z > z) < E 7, and plugging in the expression for ¢(z) from (3.70]), we
obtain the upper bound on P(Z > z) in (3.69)). Note now that, from (3.71)), we have:

b(z) = h(z)P(Z > =) + / “WWPZ > gy <h(=)P(Z> %)+ / T W()dyP(Z > =),

from which we obtain ¢(z) < P(Z > z)(h(c0)) by the fundamental theorem of calculus;
rearranging, we obtain the lower bound in (3.69). O

3.4 Concentration Inequalities - Upper and Lower Bounds

The following proposition characterizes a case where simultaneous lower and upper bounds
on the function f jointly yield simultaneous upper and lower bounds on the tail distribution
of Z, neither of which would be attainable with simply the upper or lower bound on f
individually.

Proposition 3.25. Let Z € DY with E[Z] = 0. Let f(Z) = E{(DZ,—DL 'Z)y|Z].
Assume that there exists oyn, o, 5 > 0 such that
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Toin < (Z) < aZ + 5.

Then we have

22
Bz ot exp ()

min

2 232
2 o+ P ook, e () + By Eommerte (7

2
min

<Pz > < W (_/3 1(;%2(5)) (a2 +Z/3)W exp (<2).

where erfc is the complementary error function - specifically

erfe(z) = % /oo eV dt.

Proof. This is a direct calculation based on Theorem and Corollary [3.17, noting that
the assumption in Corollary that Z admits a density is satisfied on the basis of the
assumption that f(Z) > o2, combined with Theorem [3.3] O

min
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Chapter 4

Conclusion

We have presented new density formulas and concentration inequalities derived using the
Malliavin calculus, and demonstrated their originality and applicability by computing bounds
on the tail-distributions of several random variables. These bounds are largely unattainable
using existing techniques. A crucial aspect of these formulas (e.g. Theorem and Theorem
is their dependence on the function h. The arbitrariness in the choice of h presents the
opportunity to pick an A tailor-made to the random variable under consideration, informed
by the desire to obtain the tightest possible bounds on the tail-distribution, or potentially
to obtain bounds of a particular form.
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