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Abstract

In 1917, Hardy and Ramanujan planted the seeds of Probabilistic Number Theory

through [27] when they defined ‘normal order’ of an arithmetic function. This was

nurtured further by Erdős and Kac and many other great minds who infused fur-

ther improvements to the probabilistic theory of additive functions. A systematic

generalisation of this study to non-additive functions was initiated by Ram Murty

and Kumar Murty in 1984 in [38]. In this thesis, we study the theorem of Hardy and

Ramanujan more deeply from a different perspective where we view the normal

order results as estimates on sizes of certain exceptional sets. Using these results,

we study the normal order of various non-additive functions like Ω(φ(p + a)) and

Ω(τ(p + a)), thus generalising the results of Murty and Murty ([38], [39]) to shifts

of prime arguments. We also study the distribution of these functions. Here Ω(n)

counts the number of prime factors of a natural number n, with multiplicity, φ(n)

denotes the Euler totient function and τ(n) denotes the Ramanujan tau function.

Here and throughout the thesis, we denote p as a prime. Finally, we study the mo-

ments of Dirichlet characters and establish normal order results in that direction

as well.
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List of Abbreviations and Symbols

• p : prime

• ω(n) : Number of distinct prime factors of n, counted without multiplicity.

• Ω(n) : Number of prime factors of n, counted with multiplicity.

• φ(n) : Euler totient function.

• p|n : p divides n.

• pα||n : pα|n but pα+1 - n.

• τ(n) : Ramanujan tau function.

• σ(n) : Sum of divisors of n.

• d(n) : Number of divisors of n.

• π(x) : Number of primes p ≤ x.

• π : Transcendental number

• π(x, q, a) : Number of primes p ≤ x of the form am + q.

• χ(n) : Dirichlet character.

Other abbreviations and definitions will be explained in detail when introduced.
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3.3 Erdős’ theorem for Ω(p− 1) . . . . . . . . . . . . . . . . . . . . . . . . 56
3.4 Mean and Variance for Ω(φ(p + a)) . . . . . . . . . . . . . . . . . . . . 62
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Chapter 1

Introduction

The central limit theorem ([4]) is one of the remarkable theorems of 20th century

mathematics and there are even good reasons to say it is the most remarkable dis-

covery of our time. With its humble origins emanating from a simple combinato-

rial problem involving coin tosses studied by de-Moivre and Laplace in the 18th

and 19th centuries, it has evolved over decades into a profound principle of prob-

ability theory. It gave birth to statistical methods and now influences disciplines

outside of mathematics such as biology, medical science, economics and artificial

intelligence. This thesis will not expound these connections and ramifications out-

side the mathematical field but rather our goal is to elucidate its impact on number

theory, particularly probabilistic number theory.

Concisely, probabilistic number theory can be thought of as “the study of asymp-

totic behaviour of arithmetically defined sequences of probability measures”. To explain

what that means, we travel back to 1917 when G.H Hardy and S. Ramanujan ([27])

proved that ω(n), the number of distinct prime factors of an integer n, has normal
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order log log n. Specifically, this means that if νN(n; P) denotes the number of pos-

itive integers in the interval [1, N] that possess a certain property P, then for each

ε > 0,

lim
N→∞

νN(n; |ω(n)− log log n| > ε log log n) = 0. (1.0.1)

They also showed that the result stays true when ω(n) is replaced by Ω(n), the

number of prime factors of n counted with multiplicity. Their argument was el-

ementary and largely combinatorial in nature. In this paper of 1917, Hardy and

Ramanujan wished to draw attention to the relative infrequency of those integers

n for which ω(n) is appreciably large or rather small, and such integers exist. At

that time, the theory of probability lacked a sound foundation and Hardy, who

had worked hard to introduce clarity and rigor into the teaching of mathematics in

England, no doubt viewed the ideas of probability theory with suspicion. Hardy

and Ramanujan thus express their results in terms of asymptotic density, a notion

familiar from analytic number theory and the study of primes.

It was not until 1933 that Kolmogorov’s monograph [34] appeared, in which he

proposed the current accepted model for the foundation of the theory of probabil-

ity. In the world of probability theory, it took almost a century for the de-Moivre

Laplace theorem to evolve into the modern Central Limit Theorem. Beginning

with the work of Chebycheff (1887), and then his two pupils Markov (1898) and

Lyapunov (1901), Lindeberg (1922), and finally Lévy (1935) and Feller (1935), the

central limit theorem morphed into its following modern form.

Theorem 1.0.1. (The central limit theorem) Suppose for each n,

Xn1, Xn2, ..., Xnrn
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are independent random variables on some probability space Υn with measure Pn. Put

Sn = Xn1 + Xn2 + · · ·+ Xnrn .

Assume the expectation E(Xnk) = 0 and set

σ2
n =

rn

∑
k=1

σ2
nk

where σ2
nk = E(X2

nk). Then

P
(

ω : α ≤ Sn(ω)

σn
≤ β

)
→ 1√

2π

∫ β

α
e−t2/2dt,

and

max
k≤rn

σ2
nk

σ2
n
→ 0

as n→ ∞ if and only if

lim
n→∞

rn

∑
k=1

1
σ2

n

∫
|Xnk|>εσn

X2
nkdPn = 0 (1.0.2)

for every ε > 0.

The sufficiency was shown by Lindeberg (1922) and the necessity by Feller

(1935). The condition (1.0.2) is often referred to as the Lindeberg condition. Ac-

cording to the historical article [51], Alan Turing also discovered this indepen-

dently in 1934 while still an undergraduate at the age of 22.

It is worth mentioning here that ω(n) and Ω(n) are examples of additive func-

tions. In other words, ω(mn) = ω(m) + ω(n) whenever m and n are coprime.
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Thus, one can write

ω(n) = ∑
p|n

ω(p),

and it is suggestive to view ω(n) as a sum of “independent random variables”

when looked at this way. However, in 1917, when Hardy and Ramanujan proved

their normal order result, this viewpoint was long in coming and had a roundabout

emergence taking several decades.

It was in 1934 when Paul Turán [49] gave a simpler and more transparent treat-

ment of Hardy and Ramanujan’s theorem using what can be viewed as Tcheby-

cheff’s inequality from probability theory. Here and throughout, p will always de-

note a prime number. Using essentially the two basic facts from analytic number

theory, the first is a (weak version of) theorem of Mertens :

∑
p≤x

1
p
= log log x + O(1). (1.0.3)

and the next one, a theorem of Euler which gives the following upper bound.

∑
p≤x

1
p2 < ∑

p

1
p2 < ∑

n

1
n2 =

π2

6
= O(1) (1.0.4)

(see the first two chapters of [37]), Paul Turán approached the Hardy-Ramanujan

theorem and his two page paper gave rise to a spectacular cascade of events which

ultimately led to the development of probabilistic number theory. It paved the way
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for probabilist Mark Kac to relate this “density theorem” to the world of probabil-

ity theory. Turán calculated the mean of ω(n) as n ranges over integers up to x.

∑
n≤x

ω(n) = ∑
n≤x

∑
p|n

1 = ∑
p≤x

⌊
x
p

⌋
= x ∑

p≤x

1
p
+ O(π(x))

= x (log log x) + O(x).

He then estimated the variance

∑
n≤x

(ω(n)− log log x)2 = O(x log log x).

Now, to prove Hardy and Ramnaujan’s normal order result, one needs to show

that the number of n ≤ x such that

|(ω(n)− log log x)| > ε log log x

is o(x). It is at this step that Tchebycheff’s inequality from probability theory plays

a pivotal role. Recall this inequality from probability theory.

Tchebycheff’s inequality : Let X be a random variable with mean µ and vari-

ance σ2, then

P {|X− µ| ≥ c} ≤ σ2

c2 .

In the context of ω(n), for ε > 0, the number of n ≤ x such that |(ω(n) −
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log log x)| > ε log log x holds is at most

O(
x log log x

ε2(log logx)2 ) = o(x).

Paul Turán had not seen Kolmogorov’s book in 1934; he even did not know Tcheby-

cheff’s inequality ([17], pg. 18). In a letter to Elliott (pg. 18 of [17]) written in

1976, Turán recalls “When writing Hardy first in 1934 on my proof of Hardy-

Ramanujan’s theorem I did not know what Tchebycheff’s inequality was and a

fortiori of the central limit theorem. Erdős, to my best knowledge, was at that time

not aware too. It was Mark Kac who wrote to me a few years later that he discov-

ered when reading my proof in JLMS that this is basically probability and so was

his interest turned to this subject.” Apparently, Kac asked if Turán could prove

similar estimates for the higher moments:

∑
n≤x

(ω(n)− log log n)k.

Kac even hinted in his letter that if one could derive similar estimates, then there

is a normal distribution law for ω(n). Turán continues that though he realised he

could estimate the higher moments, he “found absolutely no interest to do it actu-

ally.” His reasons, he confesses, “could not see a single possibility of similar ap-

plication of higher moments or even of such a value distribution theorem.” As we

know today, as it transpired later on, that there is indeed an intimate connection of

this result to the normal distribution. Around the same time in 1936, Erdős proved

that those integers m in the interval 1 ≤ m ≤ n for which ω(m) > log log n, are

1
2 n + o(n) in number. Brun’s Sieve was an essential ingredient in the proof of this
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theorem. Thus lacking the appropriate knowledge from the theory of probability,

he settled for establishing that the density of integers n ≤ x for which

ω(n)− log log n√
log log n

≤ α

tends to
1√
2π

∫ α

−∞
e−

t2
2 dt

in the particular case α = 0. Three years later, Mark Kac was giving a lecture

in Princeton, in which he stated as a conjecture the general case for any α, that

is
ω(n)− log log n√

log log n
is “normally distributed” in the probabilistic sense. Quoting

Kac, ”Fortunately for me and possibly for Mathematics, Erdős was in the audi-

ence, and he immediately perked up. Before the lecture was over he had com-

pleted the proof.” Erdős and Kac published their celebrated theorem in 1940 [20].

Their method was a combination of the central limit theorem of probability, ap-

plied by viewing the divisibility of an integer by distinct primes as essentially “in-

dependent” events, an idea due to Kac; and the sieve method of Brun together

with other number theoretic methods, which were contributed by Erdős. A most

simple version of their result is as follows :

Theorem 1.0.2 (Erdős -Kac, 1940). For any positive integer n > 1, let ω(n) denote the

number of prime divisors of n, counted without multiplicity. Then for any real numbers

α < β, we have

lim
N→∞

(
1
N

#

{
n ≤ N : α ≤ ω(n)− log log n√

log log n
≤ β

})
=

1√
2π

∫ β

α
e−t2/2dt.
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To spell out the connection between the statement of this theorem and the Cen-

tral Limit Theorem, one sequence of probability measures involved here is the se-

quence (µN)N≥1 defined as the uniform probability measures supported on the

finite set ΩN = {1, · · ·N}. This sequence is defined arithmetically, because the

study of integers is part of arithmetic. The asymptotic behaviour is revealed by the

statement. Namely, consider the sequence of random variables

XN(n) =
ω(n)− log log N√

log log N

defined on ΩN for N ≥ 3 (simply so log log N ≥ 1), and the sequence of their

probability distributions, which are (Borel) probability measures on R defined by

µN(XN ∈ A) =
1
N

#

{
1 ≤ n ≤ N;

ω(n)− log log N√
log log N

∈ A

}

for any measurable set A ⊂ R. These form another arithmetically-defined se-

quence of probability measures, since primes are arithmetic objects. Theorem

(1.0.2) is, by basic Central Limit Theorem, equivalent to the fact that the sequence

µN(XN ∈ A) converges in law to the standard normal random variable as N → ∞.

The Erdős -Kac theorem is probably the simplest case where a natural deter-

ministic arithmetic quantity (the number of prime factors of an integer), individ-

ually hard to grasp, nevertheless exhibits a probabilistic distribution. This is the

prototype of some results we prove in this thesis.

In general, additive arithmetic functions such as ω(n), are real valued and sat-

isfy f (ab) = f (a) + f (b) whenever gcd(a, b) = 1. They are completely additive if

we omit the condition that gcd(a, b) = 1. It is to be noted here, that additivity in the
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context of number theory is different from additivity in the context of probability

theory. Throughout the thesis, we would always refer to additivity of arithmetic

functions, in the number theoretic sense, as discussed here.

A sequence of distribution functions {µn}∞
n=1 is said to converge weakly to a

function µ if we have

lim
n→∞

µn(z) = µ(z), (z ∈ C(µ))

where C(µ) denotes the set of continuity points of µ. For a more detailed discussion

on limiting distribution of arithmetic functions, see p. 426 of [46]. The well known

theorem of Erdős and Wintner, [23], 1939, asserts that for an additive function,

there is a distribution function F(z) towards which the frequencies νN(n; f (n) ≤

z), N = 1, 2, · · · converge weakly if and only if the three series

∑
| f (p)|>1

1
p

, ∑
| f (p)|≤1

f (p)2

p
, ∑
| f (p)|≤1

f (p)
p

,

taken over prime numbers, converge. More explicitly, Erdős and Wintner prove

the following theorem.

Theorem 1.0.3 (Erdős, Wintner, 1939). Let f be a real-valued additive function. Then

νN(n; f (n) ≤ z) converges weakly to F(z) for a suitable distribution function F(z), if and

only if the series

∑
p

|| f (p)2||
p

, ∑
p

|| f (p)||
p

, (1.0.5)
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taken over the sequence of primes, converge, where ||u|| is defined by

||u|| =


1 if u ≥ 1

u if − 1 ≤ u ≤ 1

−1 if u ≤ −1

The following result by Levin, Timofeev and Elliott contains as special cases the

Erdős-Kac theorem and the results of the Kubilius theory for additive functions.

Theorem 1.0.4 (Levin, Timofeev, Elliott). Let f be a real-valued additive function and let

α(x) and β(x) be real valued functions satisfying β(x) → ∞ as x → ∞ and it is slowly

increasing in the sense that

sup1≤t≤2‖
β(xt)

β(x)
− 1‖ → 0 as x → ∞.

In order that νN(n; f (n) ≤ z) converges weakly to some distribution function F(z), it

is necessary and sufficient that there exists a constant λ such that if Xp (p prime) are

independent random variables defined by

Xp =


f (p)− λ log p with probability

1
p

0 with probability 1− 1
p

then

P

(
∑
p≤x

Xp ≤ zβ(x) + α(x)− λ log x

)

converges to the distribution function F(z).
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This result [29] represents the most important result about the behaviour of ad-

ditive functions on the sequence of positive integers and describes their behaviour

fully for large classes of additive functions. As a natural generalisation, one might

try to develop a similar theory for the behaviour of additive and multiplicative

functions on certain arithmetically interesting subsequences of the sequence of

positive integers. Particular cases that have been studied in literature are poly-

nomial sequences like {n2 + 1} or sequences of “shifted primes” {p + a} for any

fixed non-zero integer a. To study the distribution of additive functions f on the

sequence {p + a}, one has the following analogue of the Erdős Wintner theorem

[29], which completely characterises those additive functions for which the distri-

bution function
1

π(x)
#{p ≤ x : f (p + 1) ≤ z}

as x → ∞ converges to the limit distribution function F(z).

Theorem 1.0.5 (Hildebrand, 1989). Let f be a real-valued additive function. Then

νx(p; f (p + 1) ≤ z)

as x → ∞, converges weakly to F(z) for a suitable distribution function F(z), if and only if

the two series (1.0.5) converge. If this condition is satisfied then the characteristic function

of the limit distribution F(z) is given by

Φ(t) = ∏
p

(
1− 1

p− 1
+ ∑

p≤x

eit f (pm)

pm

)
(1.0.6)
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In the same paper, there is also a further generalization, an analogue of Theo-

rem 1.0.4 which is as follows:

Theorem 1.0.6 (Hildebrand, 1989). Let f be a real-valued additive function and let α(x)

and β(x) be real valued functions satisfying β(x) → ∞ as x → ∞ and it is slowly

increasing in the sense that

sup1≤t≤2‖
β(xt)

β(x)
− 1‖ → 0 as x → ∞.

In order that νx(p; f (p + 1) ≤ z) converges weakly to some distribution function F(z),

it is necessary and sufficient that there exists a constant λ such that if Yp (p prime) are

independent random variables defined by

Yp =


f (p)− λ log p with probability

1
p− 1

0 with probability 1− 1
p− 1

(1.0.7)

then

P

(
∑
p≤x

Yp ≤ zβ(x) + α(x)− λ log x

)

converges to the distribution function F(z).

Theorem 1.0.6 is a result of great generality and includes analogues of a number

of classical limit theorems for additive functions. As an example we consider the

case when F(z) is the normal distribution function

1√
2π

∫ z

−∞
e−t2/2dt.

By the central limit theorem, 1.0.7 holds with F(z) = Φ(z) and a suitable function
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α(x) if and only if, for every ε > 0,

lim
x→∞ ∑

p≤x
|h(p)|>εβ(x)

1
p− 1

= 0, lim
x→∞

1
β(x)2 ∑

p≤x
|h(p)|≤εβ(x)

h(p)2

p− 1
= 1 (1.0.8)

where h = f − λ log.

Thus, the distribution of additive functions on sequences of positive integers or

interesting subsequences of integers is well-explored. These investigations which

began with Hardy and Ramanujan, later developed in the beautiful probabilistic

theory of numbers, starting with the work of Turán and culminating in the cele-

brated Erdős-Kac theorem. Afterwards, the mantle was taken up by many other

mathematicians like Kubilius, LeVeque, Rényi, Elliott, Hildebrand to name a few,

who infused finer improvements into the probabilistic theory of additive functions.

For functions which are not additive, such generalised results were not known

until 1984. M. R. Murty and V. K. Murty were the first to investigate such functions

and in [38], they defined a certain class of multiplicative functions F and for each

f ∈ F , proved that

∑
p≤x

f (p) 6=0

(ω( f (p))− log log p)2 � π(x) log log x

and

∑
n≤x

f (n) 6=0

(ω( f (n))− 1
2
(log log n)2)2 � x(log log x)3 log4 x.

Here, log4 x denotes log log log log x. This result is also true when ω(n) is replaced

by Ω(n). Following Turán’s approach, this shows that the normal order of ω( f (n))
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is
(log log n)2

2
. As it turns out, this class of multiplicative functions is quite gen-

eral and not only does it contain simple arithmetic functions like σ(n) and φ(n),

where σ(n) denotes the sum of divisors of n and φ(n) is the Euler totient function,

but also, using the theory of ` -adic representations and assuming a quasi- gen-

eralised Riemann Hypothesis, one can show that (integer) Fourier coefficients of

Hecke eigenforms also belong to F . By a quasi-generalized Riemann hypothesis,

we mean that there exists δ > 0 such that the Dedekind zeta function ζK(s) for

any number field has no zeroes for Re(s) > 1− δ. These results can be thought

of as “modular analogues” of the Hardy-Ramanujan theorem. In a later paper in

1984, M. R. Murty and V. K. Murty [39] also address the distribution of ω( f (n))

and Ω( f (n)) for f ∈ F and show that when normalised, they follow the normal

distribution. Here we explain briefly how the quasi-Riemann hypothesis enters

these questions while proving the existence of Fourier coefficients of eigenforms

in F . Consider the Ramanujan τ function defined by

∆ = q
∞

∏
n=1

(1− qn)24 =
∞

∑
n=1

τ(n)qn.

As a consequence of his solution to the Weil conjectures, Deligne discovered the

existence of an `-adic representation

ρ` : Gal(Q̄/Q)→ Gl2(Z`)

such that tr(ρ`(σp)) = τ(p) where σp denotes the Frobenius automorphism at p.

Thus, questions about prime divisors of τ(p) translate to questions about the trace

of the Frobenius automorphism, thus opening the entry of the Chebotarev density
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theorem which is intimately connected to the theory of Artin L-series.

There are two main approaches to establishing a normal distribution result.

One can compute all higher moments and use the probabilistic method that says

that convergence in moments imply convergence in distribution. Another way to

go about this is to compute the first and second moments of sums of “random

variables” and then use the existing artillery of probabilistic results for additive

functions and apply them to approximate the distribution of non-additive func-

tion. We take the second approach in this thesis, following Murty and Murty ([38]

and [39]).

There is another direction of these investigations into character sums. The re-

duced residue class group to a prime modulus is cyclic. An estimate for the least

positive representative of a generator for the group that is anywhere near the esti-

mate guaranteed by the Riemann hypothesis for Dirichlet L-series seems very far

away. In fact an old conjecture of I. M. Vinogradov that n2(p) , the least positive

integer that is not a square (modp) is O(pε) for each fixed ε > 0 and all odd primes

p seems hardly nearer. In 1919, Pólya and Vinogradov independently established

the inequality

| ∑
n≤y

χ(n)| ≤ cq1/2 log q

for some constant c, valid uniformly for all real y and all non-principal Dirichlet

characters χ(mod q). In [28], Heilbronn proved that

∑
p≤x

∑
q≤x

(
p
q

)
= O(x7/4(log x)−5/4).
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A critical application of the Pólya-Vinogradov inequality is the central idea in Heil-

bronn’s theorem. We will generalise this result in this thesis.

1.0.1 Organisation of the thesis

We address all these aspects of probabilistic number theory in this thesis. We go

back to 1917 to revisit Hardy and Ramanujan’s result. In chapter 2, we re-examine

this theorem and view the normal order result as an estimate on the size of an

exceptional set. We show that injecting some sieve methods and some elementary

inequalities into Hardy and Ramanujan’s original arguments yields a more explicit

bound for this set.

In Chapter 3, we investigate the normal number of prime factors of Euler φ

function at shifts of prime arguments, that is, the normal order of ω(φ(p + a)) or

Ω(φ(p + a)), for any natural number a. The same method also works for Ω(σ(p +

a)) where as before, σ(n) denotes the sum of divisor function. φ(n) and σ(n)

belong to F , the group of multiplicative functions, defined by Murty and Murty

in [38]. They had studied ω( f (n)) for f ∈ F . However to study the behaviour on

shift of primes, we have to employ a different “divide and conquer” method. We

also study the distribution of ω(φ(p + a)) or Ω(φ(p + a)) in this chapter.

In Chapter 4, we consider the more general case and study normal order and

distribution of the number of prime factors of Fourier coefficients of Hecke eigen-

forms at shifts of prime arguments. Using the theory of `-adic representations and

assuming a quasi-generalised Riemann hypothesis, we establish results in this di-

rection as well.
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We also study the moments of sums of Dirichlet characters, in the spirit of Heil-

bronn, in Chapter 6 and establish some normal order results. We achieve this by

viewing sums of characters as sums of random variables.

Fianlly, in the last chapter, we record certain cognate ideas that arose during

the course of our study, which we have relegated to future research.
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Chapter 2

The Hardy-Ramanujan Theorem

revisited

2.1 Introduction

The roots of probabilistic number theory are sown deep in this classical result of

Hardy and Ramanujan [27] who proved more than a century ago, in 1917 that a

natural number n “usually” has log log n prime factors. The aim of this chapter is

to investigate the word “usually” in the above statement and make it as precise as

possible.

Let ω(n) denote the number of distinct prime factors of a natural number n. For

a prime p, ω(p) = 1. On the other hand, Ramanujan proved in [42] that ω(n) can

take values as large as
log n

log log n
asymptotically. Thus the function ω(n) behaves

very erratically. But it is elementary to show that asymptotically, the average value

of ω(n) as n ranges over integers ≤ x is log log x. Now it is natural to ask how

often ω(n) strays from its average value. To study this, Hardy and Ramanujan
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coined the phrase “normal order” in [27].

We say an arithmetical function f (n) has normal order g(n) (continuous, mono-

tone function) if for any A > 0,

| {n ≤ x, | f (n)− g(n)| > Ag(n)} | = o(x) as x → ∞.

With this definition in hand, Hardy and Ramanujan proved the following remark-

able result.

Theorem 2.1.1 (Hardy, Ramanujan, 1917). For any ε > 0,

#
{

n ≤ x, |ω(n)− log log n| > (log log n)1/2+ε
}
= o(x) as x → ∞,

that is, ω(n) has normal order log log n.

They also prove in the same paper that this result is true when ω(n) is replaced

by Ω(n), where Ω(n) counts the number of prime factors of n with multiplicity.

In 1934, Paul Turán gave a simple, probabilistic proof of the Hardy-Ramanujan

theorem [49] where he computed the variance of ω(n) as n ranges over integers

≤ x. Then using an idea reminiscent of Tchebycheff’s inequality, he showed that

the set of exceptional integers n ≤ x which satisfy for any A > 0, the inequality

|ω(n) − log log n| > A log log n, has size O
(

x
log log x

)
. He also showed that the

same result holds true for Ω(n).

In this chapter, we will prove a stronger bound for the size of the exceptional

set of integers in the above context, for both ω(n) and Ω(n). More precisely, we

prove the following theorems.
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Theorem 2.1.2. Given any A > 0, let B = (A + 1)(log(A + 1))− A. Then

# {n ≤ x, |ω(n)− log log n| > A log log n} � x
(log x)B .

A cognate series of exercises related to this theorem appears in [26]. We give a

detailed exposition for the sake of the reader and for other applications. We also

prove an analogue of Theorem 2.1.2 for Ω(n).

Theorem 2.1.3. For A > 0,

#{n ≤ x : Ω(n) > (1 + A)(log log x)} � x log log x
(log x)(1+A) log 2+1

.

For 0 < A < 1,

# {n ≤ x : Ω(n) < (1− A) log log x}

� x log log x
(log x)(1−A)(log(1−A)−1)+1

+ x3/4(log log x)(log x)2.

Though Theorems 2.1.2 and 2.1.3 do not give any new information regarding

the normal order of ω(n) and Ω(n), the explicit power of logarithms in the denom-

inator of the estimates of the exceptional sets in these results plays a key role in the

proofs of the theorems in later chapters. We will refer back to them according to

necessity. Before proving these results in Section 2.4, we discuss some preliminar-

ies in Section 2.2 for the sake of completeness. In Section 2.2, in subsection 2.4.1,

we sketch an idea for the proofs of the main theorems of this chapter. It is worth

remarking here that Theorem 2.1.2 improves upon Turán’s estimate for the size of
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the exceptional set. We obtain a much stronger bound here. For a proof of Theo-

rem 2.1.3, we use Selberg’s sieve to give a simpler exposition of the proof of this

stronger theorem.

2.2 Preliminaries : Selberg’s Sieve and some elemen-

tary inequalities

At first we give a lightning exposition of a beautiful sieve method, the discovery

of which is attributed to Atle Selberg, who in the 1940s, developed this sieve, to

study the zeroes of the Riemann zeta function. It is rumoured that Selberg wanted

to understand Brun’s sieve, but, Brun’s 1915 paper was extremely difficult to read.

Hence Selberg developed his own sieve method. A very elegant and enjoyable

exposition to both Brun’s Sieve and Selberg’s sieve can be found in Chapters 6 and

7 of [13].

Suppose we are given a sequence of integers A = {an}∞
n=1 and a set of primes

P . Let z be any positive real number. We would like to count the number S(A,P , z)

of n ≤ x such that (an, P(z)) = 1 where

P(z) = ∏
p<z
p∈P

p,

that is, number of an’s such that they are not divisible by any of primes in the set

P which are less than z.
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For each prime p ∈ P , let Ap be a subset of A given by

Ap = {n ≤ x; p|an} .

We denote by d, squarefree numbers composed of primes of P . Let A1 = A and

for squarefree integers d composed of primes of P , let Ad = ∩p|dAp. Then clearly,

S(A,P , z) = |A \ ∪p|P(z)Ap|.

Write for convenience,

|Ad| =
X

f (d)
+ Rd

for X = |A| and for some multiplicative function f (n) satisfying f (p) > 1 for any

prime p ∈ P .

Theorem 2.2.1 (Selberg’s Sieve, 1947). In the above setting, write

f (n) = ∑
d|n

f1(d)

for some multiplicative function f1(n) which is uniquely determined by f using the Möbius

inversion formula; that is,

f1(n) = ∑
d|n

µ(d) f (
n
d
).
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Setting V(z) = ∑ d≤z
d|P(z)

µ2(d)
f1(d)

,

S(A,P , z) ≤ X
V(z)

+ O

 ∑
d1,d2≤z

d1,d2|P(z)

|R[d1,d2]|


where [a, b] denotes the least common multiple of a and b.

For a proof of this theorem, see p. 120 of [13]. Let n be a natural number. Then

it is elementary to show that the number of solutions of the equation [a, b] = n

is d(n2) where d(n) is the number of divisors of n. For a proof of this fact, see p.

444 of [37]. Thus, using this we see that the error term in Selberg’s sieve (Theorem

2.2.1) is

O

(
∑

t<z2

d(t2)|Rt|
)

.

It is this error term that we will use in our application of Selberg’s sieve in the next

section.

To estimate the error stated above, we would need a small application of the

Tauberian theorem. Here we state the version of the Tauberian theorem that we

use in this paper, but we do not prove it here. For a proof see p. 67 of [37].

Theorem 2.2.2. Let

h(s) =
∞

∑
n=1

an

ns

with an = O(nε). Suppose that h(s) = ζ(s)kg(s), where k is a natural number and g(s)
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is a Dirichlet series absolutely convergent in Re(s) > 1− δ for 0 < δ < 1. Then,

∑
n≤x

an ∼ g(1)x(log x)k−1/(k− 1)!

as x → ∞.

Finally, we state an elementary lemma which we will use in our proof in the

next section. The proof of the first two parts of the lemma appears in [21]. But we

include it here for the sake of completeness.

Lemma 2.2.3. For θ > 1,

∑
k>θy

yk

k !
≤ θ−θyeθy;

for 0 < θ < 1,

∑
k<θy

yk

k !
≤ θ−θyeθy;

for θ > 1 and fixed c > 0,

∑
θy+θc>k>θy

yk

k !
≤ θceθy(− log θ+1)

(θy)1/2 ,

and for θ > 1 and λ > 1,

∑
θy<k<λy

yk

k !
≤ (λ− θ)yeθy(− log θ+1)

(θy)1/2 ,

provided y > 1.

Proof.

∑
k>θy

yk

k!
= θ−k ∑

k>θy

(θy)k

k!
≤ θ−θyeθy
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for θ > 1. This proves the first part of the statement. For the second part, we note

that

ek ≥ kk

k!
.

For y > 1, yk/k! is an increasing function of k when k < θy and θ < 1. Hence,

∑
k<θy

yk

k !
≤ (θ)−θyeθy

For the third and fourth parts, we use the following lower bound in Stirling’s for-

mula for n! (see [44]),

n! >
√

2πnn+1/2e−n.

Using this bound, we observe yk

k ! ≤ ek log y−(k+1/2) log k+k−log
√

2π. Since

f (k) = ek log y−(k+1/2) log k+k−log
√

2π

is decreasing, we get that

∑
θy+θc>k>θy

yk

k !
< θc(eθy(log y−log(θy)+1)−1/2 log(θy))

= θc
eθy(− log θ+1)

(θy)1/2

and similarly,

∑
θy<k<λy

yk

k !
< (λ− θ)y(eθy(log y−log(θy)+1)−1/2 log(θy))

= (λ− θ)y
eθy(− log θ+1)

(θy)1/2
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and thus the estimate in the lemma follows.

2.3 Revisiting the 1917 theorem of Hardy and Ramanu-

jan

In this section, we revisit Theorem 2.1.1 and walk through the original proof given

by Hardy and Ramanujan. As Erdős mentions in [19], this proof is “elementary

but fairly complicated” and uses an estimate on the number of integers≤ x having

exactly k prime factors. Landau had obtained such a result for a fixed k and Hardy

and Ramanujan extended it for all k. They prove by the principle of mathematical

induction the following lemma.

Lemma 2.3.1. There are absolute constants K and C such that

fk+1(x) <
Kx

log x
(log log x + C)k

k!
(2.3.1)

for k = 0, 1, 2, · · · , and x ≥ 2 where fk(x) denotes the number of integers n ≤ x with

ω(n) = k.

As mentioned above, Landau (see [26]) proved in 1900 that, for each fixed k,

fk(x) ∼ x
log x

(log log x)(k−1)

(k− 1)!

as x → ∞. This result has been generalised by many authors like Selberg, Nor-

ton, Tenenbaum and it remains true, whether ω(n) is replaced by the number of

prime factors belonging to certain subsets (to be described in the theorem below)
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of primes or k is allowed to tend to ∞ with x suitably slowly. The most general

version is that of Halasz who proved the following in 1972.

Theorem 2.3.2 (Halasz, 1972). Let E be an arbitrary set of primes and po be the minimum

of {p : p ∈ E} and define

E(x) = ∑
p≤x
p∈E

1
p

,

Ω(n, E) = ∑
pα|n
p∈E

α.

Then, uniformly for 0 ≤ k ≤ (p0 − ε)E(x), we have both

|{n : n ≤ x, Ω(n, E) = k}| �ε,po

xe−E(x)E(x)k

k!

and

∑
n≤x

Ω(n,E)=k

1
n
�ε,p0

(log x)e−E(x)E(x)k

k!
.

To stay on track, let us sketch the original proof of Lemma 2.3.1, given by Hardy

and Ramanujan.

Proof of Lemma 2.3.1 As stated above, Hardy and Ramanujan use induction on

k to prove this lemma. The inequality follows trivially for k = 0 for any constant C

from Chebyshev’s estimate in the prime number theorem. This is the base case of

induction. One knows from elementary number theory (see p. 37 of [37]) that

∑
p≤x

1
p
< log log x + C1 (2.3.2)
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and

∑
p≤x

log p
p

< C2 log x (2.3.3)

where C1 and C2 are constants. We will prove by induction that (2.3.1) is true if

C > C1 + C2 + C3 where

C3 =
∞

∑
s=2

(s + 1)(2−s + 3−s + 5−s + · · · ) (2.3.4)

Consider numbers ≤ x, which for some prime P ≤ x belong to the table

2aqa1
1 qa2

2 · · · q
ak
k ,

3aqa1
1 qa2

2 · · · q
ak
k ,

· · · · · · · · · · · · · · · ,

Paqa1
1 qa2

2 · · · q
ak
k ,

where q1 < q2 · · · < qk, are primes and qk ≥ 2 in first row, qk ≥ 3 in second row

and so on. Clearly, P ≤ x1/2 if a = 1, and P ≤ x1/3 if a = 2, · · · . Then the total

number of integers in the table of integers above is bounded above by

∑
pa+1≤x

fk

(
x
pa

)
.

If u1, u2, · · · are primes, with u1 < u2 < · · · < uk+1 and m = ua1
1 ua2

2 · · · u
ak+1
k+1 ≤

x, then m occurs at least k many times in one of the tables which correspond to
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different values of a. This implies that

k fk+1(x) ≤ ∑
p2≤x

fk(
x
p
) + ∑

p3≤x
fk(

x
p2 ) + · · · . (2.3.5)

Let us assume the induction hypothesis that the statement in the lemma is true for

k. Thus we got from (2.3.5) that

fk+1(x) <
Kx(log log x + D)k−1

k!

 ∑
p2≤x

1
p log(x/p)

+ ∑
p3≤x

1
p2 log(x/p2)

+ · · ·


Now since (1− x)−1 = 1 + x + x2 + · · · ,

1
log(x/p)

=
1

log x− log p

=
1

log x

(
1− log p

log x

)−1

=
1

log x

(
1 +

log p
log x

(
1 +

log p
log x

+ · · ·
))

≤ 1
log x

+
2 log p
(log x)2

since log p ≤ 1
2

log x. This implies that

∑
p2≤x

1
p log(x/p)

<

 1
log x

 ∑
p2≤x

1
p

+
2

(log x)2

 ∑
p2≤x

log p
p


<

log log x + C1

log x
+

C2

log x

=
log log x + C1 + C2

log x
.
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Also, if ps+1 ≤ x, then
x
ps ≥ x1/(s+1),

log(
x
ps ) ≥

log x
s + 1

and so

∑
ps+1≤x

1
ps log(x/ps)

≤ s + 1
log x

(
2−s + 3−s + 5−s + · · ·

)
, s ≥ 2.

Then,

∑
s

∑
ps+1≤x

1
ps log(x/ps)

<
log log x + C1 + C2 + C3

log x

<
log log x + C

log x
.

Then, by induction, the lemma follows.

To prove the main theorem, it is enough to prove that

S1 = ∑
k<log log x−(log log x)1/2+ε

fk+1(x) = o(x)

and

S2 = ∑
k>log log x+(log log x)1/2+ε

fk+1(x) = o(x)

The estimations of both these sums are similar so we just consider S2 here. Using



2.3. REVISITING THE 1917 THEOREM OF HARDY AND RAMANUJAN 31

the upper bound of fk+1(x) from the lemma, we see that

S2 < K
x

log x ∑
k>log log x+(log log x)1/2+ε

(log log x + C)k

k!
.

Let log log x + C = ξ. Then, the condition k > log log x + (log log x)1/2+ε with any

ε > 0, is equivalent to the condition that k > ξ + ψ
√

ξ where ψ is some function of

ξ which tends steadily to ∞ with ξ, that is, we need to show that

S = ∑
k>ξ+ψ

√
ξ

ξk

k!
= o(eξ).

Let 0 < δ < 1 be such that

∞

∑
k=1

δk

(k + 1)(k + 2)
<

1
4

and

S = S′ + S′′

where

S′ = ∑
ξ+ψ
√

ξ<k<(1+δ)ξ

ξk

k!

and

S′′ = ∑
k>(1+δ)ξ

ξk

k!
.
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Then,

S′′ <
ξk1

k1!

[
1 +

ξ

k1 + 1
+

ξ2

(k1 + 1)(k1 + 2)
+ · · ·

]
<

ξk1

k1!

(
∞

∑
m=0

1
(1 + δ)m

)

=
1 + δ

δ

ξk1

k1!

where k1 is the smallest integer greater than (1 + δ)ξ. Then

S′′ <
K

δ
√

k1
exp(k1(log ξ − log k1 + 1))

<
K

δ
√

ξ
e∆ξ

where K is the absolute constant and ∆ = (1 + δ) log(1 + δ) − δ. Since ∆ > 0,

clearly

S′′ = o(eξ)

as we wanted. To estimate S′, writing k = ξ + µ with ψ
√

ξ < µ ≤ δξ, we get

ξk

k!
=

ξξ+µ

(ξ + µ)!

<
K√

ξ
exp ((ξ + µ) log ξ − (ξ + µ) log(ξ + µ) + (ξ + µ))

=
K√

ξ
exp

(
(ξ + µ)

(
∞

∑
r=0

(−1)r µr

rξr

))

<
K√

ξ
eξ−(µ2/4ξ)
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Thus,

S′ � eξ

√
ξ

 δξ

∑
µ=ψ

√
ξ

e−(µ
2/4ξ)


� eξ

√
ξ

∫ δξ

ψ
√

ξ
e−t2/4ξdt

= o(eξ)

as ψ→ ∞. This proves the theorem.

2.4 Proofs of Theorems 2.1.2 and 2.1.3

In this section we prove the theorems stated in Section 2.1. We first give a summary

of the method we use to prove the same.

2.4.1 Strategy of proof of Theorems 2.1.2 and 2.1.3

We will follow the same strategy to prove both Theorem 2.1.2 and Theorem 2.1.3.

As discussed in Section 2.3, in [27], Hardy and Ramanujan estimated an upper

bound for

fk(x) = # {n ≤ x : ω(n) = k} ,

for any k = 1, 2, 3, · · · . Using Selberg’s sieve, we will estimate in Lemma 2.4.3,

f̃k(x), which is the number of elements in the set,

{n ≤ x : Ω(n) = k} ,
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for k = 1, 2, 3, · · · . Another uniform (in k) upper bound for f̃k(x) is proved in [26].

We mention it in Theorem 2.4.4 and use it together with our estimate of f̃k(x) to

prove Theorem 2.1.3.

Next, since Ω(n) ≤ log n
log 2 for any integer n, to prove Theorem 2.1.2 we would

want to estimate for a given A > 0, the sum

S1 = ∑
n≤x

log x
log 2>ω(n)>(A+1) log log x

1 = ∑
log x
log 2>k>(A+1) log log x

∑
n≤x

ω(n)=k

1

= ∑
log x
log 2>k>(A+1) log log x

fk(x)

and for 0 < A < 1, the sum

S2 = ∑
n≤x

ω(n)<(1−A) log log x

1 = ∑
k<(1−A) log log x

∑
n≤x

ω(n)=k

1 = ∑
k<(1−A) log log x

fk(x).

Then,

| {n ≤ x, |ω(n)− log log n| > A log log n} | = S1 + S2.

Similarly, to prove Theorem 2.1.3, we would want to estimate for 0 < A < 1,

T2 = ∑
k<(1−A) log log x

f̃k(x)

and for any given A > 0,

T1 = ∑
k>(A+1) log log x

f̃k(x).
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We stated an elementary lemma (Lemma 2.2.3) in Section 2.2, which enables us to

establish upper bounds for these sums, thus proving Theorem 2.1.2 and Theorem

2.1.3.

2.4.2 Proofs of related lemmas and Theorem 2.1.2 and 2.1.3

To begin this section, we state the following lemma which is crucial in our proof of

Theorem 2.1.2. We sketched its proof in Section 2.3.

Lemma 2.4.1. As in Section 2.3, let fk(x) = # {n ≤ x; ω(n) = k} . Then, there are

absolute constants C and D such that

fk+1(x) <
Cx

log x
(log log x + D)k

k !

for k = 0, 1, 2, · · · .

To prove an analogue of this result for Ω(n), we need to estimate ∑t≤z d(t2).

Lemma 2.4.2. Let d(n) denote the number of divisors of n. Then,

∑
t≤z

d(t2) ∼ g(1)
z(log z)2

2

where g(s) is a Dirichlet series converging absolutely in Re(s) > 1/2.

Proof. The proof follows from an application of the Tauberian theorem (Theorem

2.2.2) mentioned in Section 2.2. Let

h(s) =
∞

∑
n=1

d(n2)

ns .
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By Euler product factorisation, we get that h(s) is

∏
p

(
1 +

d(p2)

ps +
d(p4)

p2s + · · ·
)

=∏
p

(
1 +

3
ps +

5
p2s + · · ·

)

=ζ(s)3 ∏
p

(
1− 1

ps

)3(
1 +

3
ps +

5
p2s + · · ·

)
=ζ(s)3 ∏

p

(
1− 1

p2s + · · ·
)

=ζ(s)3g(s).

Here g(s) denotes the Dirichlet series which has Euler factorisation given by

∏
p

(
1− 1

p2s + · · ·
)

as above. Hence it converges absolutely in Re(s) > 1/2. Hence by the Theorem

2.2.2, the lemma follows.

Now we are equipped to prove the following analogue of Lemma 2.4.1.

Lemma 2.4.3. Let f̃k(x) = # {n ≤ x; Ω(n) = k} . Then there are absolute constants C′

and D′ such that

f̃k+1(x) < C′
kx

log x
(log log x + D′)k

k !
+ O

(
x1/2+1/2k(log x)2

4k2

)

for all positive integers k.

Proof. For any positive real number z, we say a positive integer m is z-smooth if
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p|m =⇒ p ≤ z and m is z-crunchy if p|m =⇒ p > z.

Any integer n ≤ x can be expressed as n = a · b where a is z-smooth and b is

z-crunchy and z is a parameter to be chosen later. Now let n be such that Ω(n) = k.

Write n = a · b as above. If Ω(a) = k, then b = 1 and number of such integers n ≤ x

is at most zk. Otherwise if Ω(a) ≤ (k− 1), then fixing such an a, let

Sa(x) = #
{

n ≤ x : n ≡ 0 (mod a),
n
a

has no prime factor less than z
}

.

Then,

f̃k(x) = ∑
a≤zk−1

Ω(a)≤k−1

Sa(x) + O(zk).

Now in order to use Theorem 2.2.1 to estimate Sa(x), we set up our sieve problem.

Let A = {n ≤ x; n ≡ 0(mod a)} . Let P be the set of primes less than z. For

each prime q ∈ P ,

Aq = {n ≤ x; n ≡ 0 (mod a), n ≡ 0 (mod q), (a, q) = 1} .

Then, clearly, Sa(x) = S(A,P , z). Clearly, |A| = [x/a] = x/a + O(1) and |Aq| =
x/a

q
+O(1). It is easy to show that with notation as in Theorem 2.2.1, f1(d) = φ(d)

and V(z) ≥ log z + O(1). Hence, we get

Sa(x) ≤ x
a log z

+ O

(
∑

t≤z2

d(t2)

)
.
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The error above is O(z2(log z)2) by Lemma 2.4.2. Thus, we get,

f̃k(x) ≤ ∑
a≤zk−1

Ω(a)≤k−1

x
a log z

+ O

 ∑
a≤zk−1

Ω(a)≤k−1

z2(log z)2

+ O(zk).

=
x

log z ∑
a≤zk−1

Ω(a)≤k−1

1
a
+ O(z1+k(log z)2) + O(zk)

≤ x
log z

(
1 + ∑p≤zk−1

1
p

)k−1

(k− 1) !
+ O(z1+k(log z)2).

Choosing z = x
1
2k for k ≥ 1 and using the elementary fact that

∑
p≤x

1
p
= log log x + O(1),

we get

f̃k(x) ≤ 2C′kx
log x

(log log x(k/2k−1/2k) + D′)k−1

(k− 1) !
+ O

(
x1/2k+k/2k(log x)2

4k2

)

for some absolute constants C′ and D′ which upon simplification gives the theo-

rem.

We also state the following upper bound for f̃k(x) obtained by Hall and Tenen-

baum in p. 12 of [26].

Theorem 2.4.4 (Hall, Tenenbaum). Let f̃k(x) = # {n ≤ x; Ω(n) = k} . Then

f̃k(x)� x
log x

k
2k
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uniformly for k ≥ 1, x ≥ 2.

Proof of Theorem 2.1.2 As explained in Section 2.4.1, we want to estimate

S1 = ∑
log x
log 2>k>(A+1) log log x

fk(x)

and

S2 = ∑
k<(1−A) log log x

fk(x).

First, we estimate S1. Since

S1 ≤ ∑
k>(A+1) log log x

fk(x),

by using Lemma 2.4.1, we get

S1 ≤
Cx

log x ∑
k>(A+1) log log x

(log log x + D)k−1

(k− 1) !

= U1 + U2

where

U1 =
Cx

log x ∑
k>(A+1)(log log x+D)

(log log x + D)k−1

(k− 1) !

and

U2 =
Cx

log x ∑
(A+1)(log log x+D)>k>(A+1) log log x

(log log x + D)k−1

(k− 1) !
.
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Then using the first part of Lemma 2.2.3, we get that

U1 ≤
Cx

log x
(A + 1)−(A+1)(log log x+D)e(A+1)(log log x+D)

=
Cx

log x
e(A+1)(1−log(A+1)) log log xe(A+1)D(1−log(A+1))

≤ C1x
log x

(log x)(A+1)(1−log(A+1)).

Using second part of Lemma 2.2.3, we get

U2 ≤ (A + 1)De−(A+1)(log(A+1)−1)(log log x+D).

Thus, we get

S1 ≤
Ĉx

(log x)(A+1)(log(A+1)−1)+1
.

Now to estimate S2, using Lemma 2.4.1 and the second part of Lemma 2.2.3, we

get that for 0 < A < 1,

S2 ≤
Cx

log x ∑
k<(1−A) log log x

(log log x + D)k−1

(k− 1) !

≤ Cx
log x ∑

k<(1−A)(log log x+D)

(log log x + D)k−1

(k− 1) !

≤ Ĉx
(log x)(1−A)(log(1−A)−1)+1

.

Thus combining the two estimates for S1 and S2, we get that

| {n ≤ x, |ω(n)− log log n| > A log log n} | = O
(

x
(log x)(A+1)(log(A+1)−1)+1

)
.



2.4. PROOFS OF THEOREMS 2.1.2 AND 2.1.3 41

This proves the theorem. �

Clearly, this proof is much more organised and easier to follow than Hardy and

Ramanujan’s original proof. We can work in the same framework now to obtain

similar upper bound for exceptional sets associated to Ω(n).

Proof of Theorem 2.1.3 As before, we first want to estimate for A > 0,

T1 = ∑
k>(A+1) log log x

f̃k(x)

For this we use Hall and Tenenbaum’s estimate from Theorem 2.4.4 in the follow-

ing manner.

Let f (t) =
t
2t for any t > 1. Then clearly f (t) is a decreasing function since

k
2k >

k + 1
2k+1

⇐⇒ k
k + 1

>
1
2

⇐⇒2k > k + 1⇐⇒ k > 1.

Then, f (k) <
∫ k

k−1 f (t)dt. For any N > 0, summing over all k > N, we get

∑
k>N

f (k) <
∫ ∞

N−1
f (t)dt.

Using f (t) = te−(log 2)t, and substituting s = (log 2)t, we see that the integral is

1
(log 2)2

∫ ∞

(log 2)N−1
se−sds
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which evaluates to

N − 1
(log 2)

1
e(N−1) log 2

+
1

(log 2)2 e−(N−1) log 2.

To estimate T1, substituting N = (1 + A) log log x, we get an upper bound of

C̃
x log log x

(log x)(1+A) log 2+1

which proves the first part of the theorem. To estimate T2, we use Lemma 2.4.3 and

the second part of Lemma 2.2.3 and get that for O < A < 1,

T2 ≤
C′x

log x ∑
k

k
(log log x + D′)k−1

(k− 1) !
+ O

(
(log x)2 ∑

k

x1/2+1/2k

4k2

)

≤ C̃x log log x
log x ∑

k

(log log x + D′)k−1

(k− 1) !
+ O

(
x3/4(log x)2(log log x)

)
≤ Ĉx log log x

(log x)(1−A)(log(1−A)−1)+1
+ O

(
x3/4(log x)2(log log x)

)
.

Here in the above calculation, ∑k is the sum over all k with k < (1− A) log log x.

Thus, this proves the other part of the theorem. �
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Chapter 3

On the normal number of prime

factors of the Euler phi function at

shifts of prime arguments

In 1935, Paul Erdős [18] used Hardy and Ramanujan’s method of proof from their

1917 paper, along with Brun’s sieve to show that for a prime p, the normal number

of prime factors of p− 1 is log log p. In particular, he showed, given any ε > 0,

# {p ≤ x : |Ω(p− 1)− log log p| > ε log log p} = O
(

x
(log x)1+δ

)
,

for some δ sufficiently small. In this chapter, we first prove the following stronger

variant of Erdős’s result, with a more explicit error term.

Theorem 3.0.1. Given any A > 4, set c(A) = (A + 1)(log 2)− 2. Then,

# {p ≤ x : Ω(p− 1) > A log log x} = O
(

π(x)
(log x)c(A)

)
.
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In 1995, Timofeev [47] proved an explicit result of the similar form using Sel-

berg’s sieve and the Bombieri - Vinogradov theorem. His result is very general

in nature, where he considers primes p in a given set. In this chapter, we revisit

Erdős’s method of proof (involving Brun’s Sieve) and use some elementary in-

equalities to simplify his arguments and hence get an explicit error term in the

process for the classical case, which is sufficient for our purposes.

In 1984, R. Murty and K. Murty [38] proved a general normal order result ap-

plicable to a wide class of functions including Fourier coefficients of Hecke eigen-

forms. This general result applies to the study of the number of prime factors

of φ(p) = p − 1 and φ(n). They use Turán’s probabilistic method of proof to

prove this general theorem. All these methods break down if we want to study

φ(p + 1) or in general, φ(p + a). In Section 4, we adapt Turán’s normal order

method, equipped with the above stronger version of Erdős’s result to prove that

the normal order of ω(φ(p + a)) and Ω(φ(p + a)) for any non-zero integer a, is

1
2(log log p)2. More precisely, we show

Theorem 3.0.2. For any a 6= 0, a ∈ Z,

∑
p≤x

(
Ω(φ(p + a))− (log log x)2

2

)2

= π(x)
(log log x)3

3
+ o(π(x)(log log x)3);

which implies, Ω(φ(p + a)) has normal order
(log log p)2

2
.

In Section 5, we also obtain a distribution function for ω(φ(p+ a)) and Ω(φ(p+

a)), that is, we show that

ω(φ(p + a))− 1
2(log log p)2

((log log p)3/2/
√

3)



45

is normally distributed. More precisely, we prove:

Theorem 3.0.3. For any non-zero integer a,

lim
x→∞

1
π(x)

∣∣∣ {p ≤ x;
Ω(φ(p + a))− 1

2(log log x)2

(log log x)3/2 ≤ α√
3

} ∣∣∣ = 1√
2π

∫ α

−∞
e−t2/2dt.

i.e., Ω(φ(p + a)), under suitable normalisation, is “normally distributed”.

This is the analog of the general theorem of R. Murty and K. Murty [39] which

they proved for ω(φ(n)) (that was also proved independently by Erdős and Pomer-

ance [22]). In [2], Bassily, Kátai and Wijsmuller prove normal distribution for iter-

ates of the φ function at natural numbers and also shifts of primes. Their remark-

able results are more general than Theorem 3.0.2 and Theorem 3.0.3. However, we

give a simpler proof in this particular case.

Some intuition will guide the reader through this chapter. By the theorem of

Hardy and Ramanujan, a random integer n has “usually” log log n prime factors.

If p is prime and a is a non-zero integer, we expect p + a to be “random” in the

sense that we expect it to have “usually” log log p prime factors.

If now we take a multiplicative function f and consider

f (p + a) = ∏
qα||p+a

f (qα)

we expect that the number of prime factors on the right side to be “usually” log log p.

If the f (qα) are “independent”, we would then expect each factor to have log log p

prime factors so that f (p+ a) has around (log log p)2 prime factors. This is the cor-

rect order of magnitude apart from the constant 1
2 that emerges from a careful anal-

ysis. One way to heuristically see the constant 1
2 is to note that for a typical integer
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n (and hence presumably for a typically shifted prime), its log log n prime factors

are roughly uniformly distributed, on the log-log scale, in the interval [0, log log n].

In other words the j-th smallest prime factor pj of n tends to satisfy log log pj ∼ j.

Then log log( f (pα
j )) ∼ j as well, and so the expected number of prime factors of

f (n) is the sum of j as j runs from 1 to log log n, which is
(log log n)2

2
.

This heuristic reasoning can be made rigorous by the “divide and conquer”

method; we approximate our complicated function by suitable additive functions

and inject results from sieve theory and probabilistic number theory.

3.1 Preliminaries: Brun’s sieve and error in the esti-

mate of number of primes in arithmetic progres-

sion

At first, we give a brief review to Brun’s sieve which we use in Section 3.3 to revisit

Theorem 3.0.1. For an introduction, see [13] or [25].

Suppose we are given a sequence of integersA = {an}∞
n=1. For any square-free

d > 0, we denote byAd = {a : a ∈ A, d|a)}. Clearly for d = 1, |A| = |Ad|. Let X be

a convenient close approximation to |A|. Let r1 = |A| − X. For a prime p, choose

wo(p) such that (wo(p)
p )X estimates |Ap|. Set for all primes p, rp := |Ap| − (wo(p)

p )X.

Define w0(1) = 1, and for a square-free integer d > 0, w0(d) = ∏p|d wo(p) and

rd := |Ad| − wo(d)
d X. Suppose P is a set of primes. Let P(z) = ∏ p<z

p∈P
p. The sieve

problem is to estimate

S(A,P , z) := | {a ∈ A : (a, P(z)) = 1} |.
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For a suitable description of divisibility properties of A relative to P , it is natural

to consider the arithmetic function

w(p) =


w0(p), if p ∈ P ;

0, otherwise.
(3.1.1)

Then w(1) = 1, w(d) = ∏p|d w(p) for a square-free integer d. Clearly, w is a

multiplicative function and we set Rd = |Ad| −
(

w(d)
d

)
X. We make the following

assumptions.

1. Suppose there is a constant A0 such that w(p) ≤ A0 for all primes p. Call this

condition (Ω0).

2. Also, further assume for some suitable constant A1 ≥ 1, 0 ≤ w(p)
p ≤ 1− 1

A1
.

Call this condition (Ω1).

Define W(z) = ∏p<z

(
1− w(p)

p

)
. Also for d square-free

g(d) :=
w(d)

d ∏p|d

(
1− w(p)

p

)
is well defined and the product in the denominator is bounded away from 0. We

now impose further conditions :

1. Let A′1 be such that g(p) ≤ A′1
w(p)

p . Call this condition (Ω′1).

2. For a suitable κ > 0, A2 ≥ 1,

∑
w≤p<z

w(p) log p
p

≤ κ log
z
w
+ A2
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if 2 ≤ w ≤ z. Call this condition (Ω2(κ)).

3. By (R), we denote the condition that

|Rd| ≤ w(d)

whenever d is square-free and p|d =⇒ p ∈ P .

We have the following general upper bound result to estimate S(A,P , z) when we

impose the above conditions. For a proof, see Theorem 2.2, pg. 68 of [25].

Theorem 3.1.1 (Brun’s Sieve). Assume (Ω1), (Ω2(κ)), (R) hold. Then for any A > 0,

S(A,P , z) ≤ B5X ∏
p<z

(
1− w(p)

p

)
, z < X1/A

and

S(A,P , z) ≤ B5X ∏
p<X

(
1− w(p)

p

)
, z ≥ X1/A.

Here B5 is a constant depending on A, A1, A2, κ. Also (Ω2(κ)) can be replaced by (Ω0).

As an application of Theorem 3.1.1, we prove the following theorem.

Theorem 3.1.2. Given any a > 0 and a < x, we have the estimate :

∣∣∣ {q ≤ x : q prime, a|(q− 1),
q− 1

a
prime

} ∣∣∣� x
a
(log log a)2

(log x
a )

2 .

Proof. Let

Sa(x) =
∣∣∣ {q ≤ x : q prime, a|(q− 1),

q− 1
a

prime
} ∣∣∣.
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Writing q− 1 = a · t, q ≤ x, we get

Sa(x) =
∣∣∣ {t ≤ x

a
, t prime, at + 1 prime

} ∣∣∣.
Let A = {t ≤ x/a}. Set P = {p ≤ z : p - a}, where z is a parameter to be chosen

later. For any prime p, set

Ap = {t ≤ x/a; p|t, or p|(at + 1)}

= {t ≤ x/a; t ≡ 0 (mod p), at + 1 ≡ 0 ( mod p)} .

Now if p|a, then there is no t such that at + 1 ≡ 0 (mod p), so we see w(p) = 1 in

this case. If p - a, t ∈ Ap must belong to one of the two residue classes mod p, that

is, for p < z

w(p) =


2, p - a;

1, otherwise.
(3.1.2)

Also, |A| =
[ x

a
]

. Below a−1 is the residue class < p which is inverse to a (mod p).
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With {x} denoting the fractional part of x, we have:

|Ap| =


[

x/a
p

]
, p|a,[

x/a
p

]
+

[
x
a +a−1

p

]
, p - a

=


x

ap +
{

x
ap

}
, p|a

x
ap +

x/a+a−1

p +
{

x
ap

}
+
{

x/a+a−1

p

}
, p - a

=


x

ap + Rp, p|a

2x
ap + Rp, p - a.

where |Rp| ≤ 1 when p|a and |Rp| ≤ 2 when p - a. Clearly, for d square-free,

|Rd| ≤ 2ω(d) = w(d). Thus, (R) holds.

As w(p) is either 1 or 2, we have,

0 ≤ w(p)
p
≤ 1− 1

A1

for some constant A1. Clearly, (Ω0) holds. Thus applying Theorem 3.1.1 with A =

2, z ≥ x1/2,

Sa(x) ≤ B5
x
a ∏

p<x/a

(
1− w(p)

p

)
= B5

x
a ∏

p<x/a
p-a

(
1− 2

p

)
∏
p|a

(
1− 1

p

)

≤ B5
x
a

∏p<x/a

(
1− 2

p

)
∏p<x/a

p|a

(
1− 2

p

) .
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In the last inequality, we used the fact that

∏
p|a

(
1− 1

p

)
=

φ(a)
a
≤ 1.

Using Mertens’ theorem, we have

∏
p<z

(
1− 1

p

)2

=
e−2γ

(log z)2

(
1 + O

(
1

log z

))

where γ is Euler’s constant. However,

∏
p<z

(
1− 1

p

)2

= ∏
p<z

(
1 +

1
p2 −

2
p

)
= ∏

p<z

(
1− 2

p

)(
1 +

1
p2(1− 2/p)

)
= ∏

p<z

(
1− 2

p

)
∏
p<z

(
1 +

1
p(p− 2)

)
.

Thus,

∏
p<z

(
1− 2

p

)
≤ ∏

p<z

(
1− 1

p

)2

≤ e−2γ

(log z)2 .

Therefore in the estimate for Sa(x), we obtain

∏
p<x/a

(
1− 2

p

)
≤ c1

(log x
a )

2 .
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Next, we note that

∏
p|a

(
1− 2

p

)
= ∏

p|a

(
1− 1

p

)2

∏
p|a

(
1 +

1
p(p− 2)

)

� c ∏
p|a

(
1− 1

p

)2

� c(φ(a)/a)2.

Since for some constant c, a
φ(a) < c log log a, we get

Sa(x)� x
a

1
(log x/a)2 (log log a)2.

Next we recall a few standard theorems here from analytic number theory

which we use in the next few sections. We denote by π(x; q, h), as usual the number

of primes p ≤ x such that p ≡ h(mod q), that is p lies in the arithmetic progression

h modulo q.

Theorem 3.1.3 (Brun-Titchmarsh, 1930). For any ε > 0, for q ≤ x1−ε, (q, h) = 1,

π(x; q, h)� x
φ(q) log(x/q)

.

Theorem 3.1.4 (Bombieri-Vinogradov, 1965). Let A > 0 be fixed, E(x; q, h) = π(x; q, h)−
π(x)
φ(q)

∑
q≤y

max
1≤h≤q
(h,q)=1

|E(x; q, h)| � x
(log x)A
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for y ≤ x1/2

(log x)B with B = B(A) > 0.

We would also use following theorem in the proofs of the main theorems in this

chapter. We mentioned in Chapter 2 but for the sake of completeness, we state it

here as well.

Lemma 3.1.5. For θ > 1,

∑
k>θy

yk

k !
≤ θ−θyeθy;

for 0 < θ < 1,

∑
k<θy

yk

k !
≤ θ−θyeθy;

for θ > 1 and fixed c > 0,

∑
θy+θc>k>θy

yk

k !
≤ θceθy(− log θ+1)

(θy)1/2 ,

and for θ > 1 and λ > 1,

∑
θy<k<λy

yk

k !
≤ (λ− θ)yeθy(− log θ+1)

(θy)1/2 ,

provided y > 1.

3.2 Review of results of Erdős and Pomerance

Erdős and Pomerance ([22]) and Ram Murty and Kumar Murty ([38], [39]) inde-

pendently discuss the normal order and distribution of ω(φ(p)) and ω(φ(n)) for
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any prime p and any natural number n. We will discuss these results and the in-

tuition behind their truth in this section. It is important to note here that both

these groups of authors use Turán’s normal order method to achieve these results.

Earlier in 1935, Erdős had proved that the normal order of ω(φ(p)) is log log p us-

ing Brun’s Sieve and Hardy and Ramanujan’s 1917 theorem on normal number of

prime factors of a natural number n. We will revisit this result in the upcoming

section. The result on the normal order of ω(φ(p)) and ω(φ(n)) is as follows.

Theorem 3.2.1. For any prime p and natural number n,

∑
p≤x

(ω(φ(p))− log log p)2 � π(x) log log x

and

∑
n≤x

(ω(φ(n))− 1
2
(log log n)2)2 � x(log log x)3 log log log log x.

In other words, ω(φ(p)) has normal order log log p and ω(φ(n)) has normal order
1
2
(log log n)2. This result is also true when ω(n) is replaced by Ω(n).

The Erdős-Kac type distribution result for ω(φ(p)) and ω(φ(n)) is the follow-

ing.

Theorem 3.2.2. For prime p and any natural number n,

lim
x→∞

1
x

∣∣∣∣
{

n ≤ x;
ω(φ(n))− 1

2(log log x)2

(log log x)3/2 ≤ α√
3

} ∣∣∣∣ = 1√
2π

∫ α

−∞
e−t2/2dt.

Also,

lim
x→∞

1
π(x)

∣∣∣∣ {p ≤ x;
ω(φ(p))− log log p

(log log p)1/2 ≤ α

} ∣∣∣∣ = 1√
2π

∫ α

−∞
e−t2/2dt.
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Let Ωz(n) denote the number of prime factors (counted with multiplicity) of n,

which are less than or equal to z, i.e., if n = ∏i≤k pi
αi , then Ωz(n) = ∑pα||n

p≤z
α. The

above results on the normal order and distribution of ω(φ(p)) and ω(φ(n)) rely

mainly on the first and second moment of Ωz(φ(p)) for a prime p. The following

lemmas estimates these moments.

Lemma 3.2.3. If 3 ≤ z ≤ x, then,

∑
q≤x

q prime

Ωz(φ(q)) = π(x) log log z + O(π(x))

where the implied constant is absolute.

Lemma 3.2.4. If 3 ≤ z ≤ x, then,

∑
q≤x

q prime

Ωz(φ(q))2 = π(x)(log log z)2 + O(π(x) log log z)

where the implied constant is absolute.

For a proof of the results , we refer the readers to Section 2 of [22] or Section 3

of [38], where a more general theorem is discussed.

Heuristically, for prime p, φ(p) behaves randomly and usually has log log |φ(p)|

prime factors. Since |φ(p)| = p− 1 < p, ω(φ(p)) can be expected to behave like

log log p. By the Hardy-Ramanujan theorem, n “usually” has log log n prime fac-

tors. Also heuristically, ω(φ(n)) ∼ ∑p|n ω(φ(p)). Since each of the summands

above is approximately log log p, we get ω(φ(n)) should have normal order (log log n)2

2 .

These heuristics can be made rigorous by using the Bombieri- Vinogradov theorem
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and the Brun Titchmarsh theorem. We will see a similar methodology in action in

the estimation of the normal order of ω(φ(p + a)) where p is prime and a any

non-zero integer.

3.3 Erdős’ theorem for Ω(p− 1)

In this section, we will sketch a proof of Theorem 3.0.1. We note here that even

though we essentially follow Erdős’ method of proof, we use certain elementary

inequalities to give a simpler exposition.

In the previous chapter, we proved the following stronger version of the Hardy-

Ramanujan theorem which estimates the normal number of prime factors of any

natural number n.

Theorem 3.3.1. Given any A > 0, let B = (A + 1)(log(A + 1))− A. Then

| {n ≤ x, |ω(n)− log log n| > A log log n} | = O
(

x
(log x)B

)
.

For 0 < A < 1,

| {n ≤ x : Ω(n) < (1− A) log log x} |

� x log log x
(log x)(1−A)(log(1−A)−1)+1

+ O
(

x3/4(log log x)(log x)2
)

.

For A > 0,

|{n ≤ x : Ω(n) > (1 + A)(log log x)}| � x log log x
(log x)(1+A) log 2+1

.
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This theorem will play a key role in the proof of Erdős’ theorem. Let us define

gk(x), for k = 0, 1, 2, · · · , to be the number of primes p ≤ x such that

Ω(p− 1) = k. (3.3.1)

As a first step towards the proof of Theorem 3.0.1, we will use Theorem 3.3.1 along

with Brun’s sieve to prove the following technical lemma.

Lemma 3.3.2. Given any A > 0, set B = (A+ 1) log 2+ 1. Then, except for O
(

x log log x
(log x)B

)
many integers n ≤ x, any natural number n(≤ x) can be expressed as n = rα1

1 · · · r
αk
k

where ri denote prime for all 1 ≤ i ≤ k, ri < rj for i < j, k < (A + 1) log log x, αk = 1

and rk > x
1

M log log x for some constant M.

Proof. Clearly, by Theorem 3.3.1, given any A > 0, except for O
(

x log log x
(log x)B

)
many

integers n ≤ x, any natural number n can be expressed as n = rα1
1 · · · r

αk
k , ri < rj for

i < j and k < (A + 1) log log x and the ri’s are prime.

1. Given any A > 0, for M > A, let us note that

∣∣∣ {n ≤ x : n = rα1
1 · · · r

αk
k , k < (A + 1) log log x, rk < x1/M log log x

} ∣∣∣
is O(xθ), for some θ < 1. This is quite straightforward to see. Since rk is the

largest prime factor and rk < x1/M log log x, each ri < x1/M log log x for 1 ≤ i ≤ k

and k < (A+ 1) log log x. This gives an upper bound of (x1/M log log x)(A+1) log log x =

x(A+1)/M. Choosing any M > A + 1 proves the assertion.
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2. Next we observe that

∣∣∣ {n ≤ x : n = rα1
1 · · · r

αk
k , rk > x1/M log log x, αk ≥ 2

} ∣∣∣
is O

(
x

(log x)θ)

)
for any θ > 1. Indeed each integer n in the above set is divisible

by a square bigger than x1/M log log x. So, the number of such integers is less

than

∑
l>x1/M log log x

x
l2 = x ∑

l>x1/M log log x

1
l2

= O
(

x
x1/M log log x

)
= O

(
x

elog x/M log log x

)
� O

(
x

(log x)θ

)
for any θ > 1.

Lemma 3.3.3. For k = 0, 1, 2, · · · , given any A > 0, set B = (A + 1) log 2. Then,

gk(x) ≤ C′x(log log x)4

(log x)2
(log log x + D)k−1

(k− 1)!
+ O

(
(x log log x)
(log x)B

)

for some constants C′ and D, where gk is defined in (3.3.1).

Proof. Using Lemma 3.3.2, we can say that given any prime p ≤ x and A > 0,

setting B = (A + 1) log 2 + 1, we have that except for O
(

x log log x
(log x)B

)
many n ≤ x,

n = p− 1 can be expressed as

p− 1 = q1 · · · qk (3.3.2)
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where q1 ≤ q2 ≤ · · · ≤ qk, qk > x1/M log log x, k < (A + 1) log log x for some

M > A + 1. Then we write a := q1 · · · qk−1, p− 1 = a · qk where a < x1− 1
M log log x

and Ω(a) = k− 1. Fixing such an a, let

Sa(x) =
∣∣∣ {p ≤ x : p− 1 ≡ 0 (mod a),

p− 1
a

is prime
} ∣∣∣.

Then,

gk(x) = ∑
p≤x

Ω(p−1)=k

1

= ∑
a<x

1− 1
M log log x

Ω(a)=k−1

Sa(x) + O
(

x log log x
(log x)B

)
.

Note, the error term in the last equality comes from the fact that we have to take

into account the set of integers which do not have factorisation as in (3.3.2).

By Theorem 3.1.2, we know

Sa(x) ≤ C′
x
a
(log log x)2

(log x
a )

2 .

Using this upper bound to estimate gk(x), we have

gk(x) ≤ ∑
a<x

1− 1
M log log x

Ω(a)=k−1

C′
x
a
(log log x)2

(log x
a )

2 .



3.3. ERDŐS’ THEOREM FOR Ω(p− 1) 60

In the above sum, since a < x1− 1
M log log x , x

a ≥ x1/M log log x. This implies

(
log

x
a

)2
≥
(

log x
M log log x

)2

.

Thus,

gk(x) ≤ Cx(log log x)2 (M log log x)2

(log x)2 ∑
a<x

Ω(a)=k−1

1
a
+ O

(
x log log x
(log x)B

)

≤ C′x
(log log x)4

(log x)2
1

(k− 1)!

(
∑
p≤x

1
p

)k−1

+ O
(

x log log x
(log x)B

)
.

Since ∑p≤x
1
p = log log x + O(1),

gk(x) ≤ C′x(log log x)4

(log x)2
(log log x + D)k−1

(k− 1)!
+ O

(
x log log x
(log x)B

)

for some constants C′ and D. This proves the lemma.

Proof of Theorem 3.0.1 Given any A > 0, we want an estimate for

∑
p≤x

Ω(p−1)>A log log x

1 = ∑
k>A log log x

 ∑
p≤x

Ω(p−1)=k

1


= ∑

k>A log log x
fk(x).
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Using Lemma 3.3.3 and the fact that ∀n, Ω(n) ≤ log n
log 2 , and letting B = (A +

1) log 2 + 1, this is

<
C′x

(log x)2 ∑
log x
log 2>k>A log log x

(log log x + D)k+3

(k− 1)!
+ O

 ∑
log x
log 2>k>A log log x

x log log x
(log x)B


≤ C′x(log log x + D)4

(log x)2 ∑
k>A log log x

(log log x + D)k−1

(k− 1)!
+ O

(
x log log x
(log x)B−1

)
.

Now let us write

∑
k>A log log x

(log log x + D)k−1

(k− 1)!
= U1 + U2

where

U1 = ∑
k>A(log log x+D)

(log log x + D)k−1

(k− 1)!

and

U2 = ∑
A(log log x+D)>k>A log log x

(log log x + D)k−1

(k− 1)!

Using the first part of Lemma 3.1.5,

U1 ≤ A−A(log log x+D)eA(log log x+D)

= eA log log x(1−log A)eAD(1−log A)

≤ (log x)A(1−log A).
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Using the third part of Lemma 3.1.5,

U2 ≤ ADeA(log log x+D)(− log A+1)

= AD((log x)AeAD)− log A+1

= AD(log x)A(1−log A)eAD(− log A+1)

=
AD

eAD(log A−1)
(log x)A(1−log A).

Combining the estimates for U1 and U2, we thus obtain

∑
p≤x

Ω(p−1)>A log log x

1 ≤ C′x(log log x + D)4

(log x)2(log x)A(log A−1)
+ O

(
x log log x
(log x)B−1

)

=
C′x(log log x + D)4

(log x)A(log A−1)+2
+ O

(
x log log x
(log x)B−1

)
.

For A > 4, A(log A− 1) + 2 > (B− 1), that is, the second term in the above

expression dominates. Thus, c(A) = (A + 1) log 2− 2, we get that for A > 4,

# {p ≤ x : Ω(p− 1) > A log log x} � π(x)
(log x)c(A)

.

3.4 Mean and Variance for Ω(φ(p + a))

In this section, we will compute the first and second moments of Ω(φ(p + a)) and

hence compute the normal number of prime factors of the Euler totient function at

shifts of primes.
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For a prime p and any non-zero integer a, let

p + a = ∏
i≤k

qαi
i

be the unique prime power decomposition for (p + a). Since φ is a multiplicative

function, we have that

φ(p + a) = φ(∏
i≤k

qαi
i ) =

k

∏
i=1

φ(qαi
i ) = φ0(p + a)φ1(p + a)

where

φ0(p + a) =

(
∏

qα≤y
φ(qα)

)
, φ1(p + a) =

(
∏

qα>y
φ(qα)

)

and y is a parameter to be chosen later. Since Ω(n) is a completely additive func-

tion,

Ω(φ(p + a)) = Ω(
k

∏
i=1

φ(qαi
i )) = ∑

qα||p+a
Ω(φ(qα)).

We can write

Ω(φ(p + a)) = ∑
qα≤y

Ω(φ(qα)) + ∑
qα>y

Ω(φ(qα)), (3.4.1)

where the sum is over prime powers qα||(p + a). As before, let Ωz(n) denote the

number of prime factors (counted with multiplicity) of n, which are less than or

equal to z, i.e., if n = ∏i≤k pi
αi , then Ωz(n) = ∑pα||n

p≤z
α. Since

φ(n) = O(n), (3.4.2)
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choosing z = xθ for some θ > 0, we observe that

Ω(φ(p + a)) = Ωz(φ(p + a)) + O(1)

because the number of prime power divisors rβ of φ(p + a) with rβ > xθ is abso-

lutely bounded by virtue of (3.4.2).

Note that (3.4.1) still holds when Ω is replaced by Ωz.

The next lemma gives an estimate for the first moment (mean) of prime power

divisors of prime shifts of φ(n), that is, φ(p + a) for any fixed a > 0.

Theorem 3.4.1. For any non-zero integer a,

∑
p≤x

Ω(φ(p + a)) =
1
2

π(x)(log log x)2 + O(
x

log x
)

Proof. By our observation earlier, and with our choice of z = xθ, (θ > 0),

∑
p≤x

Ω(φ(p + a)) = ∑
p≤x
{Ωz(φ(p + a)) + O(1)}

= ∑
p≤x

Ωz(φ(p + a)) + O(
x

log x
).

Thus it suffices to investigate ∑p≤x Ωz(φ(p + a)).

∑
p≤x

Ωz(φ(p + a)) = ∑
p≤x

∑
qα||p+a

qα≤y

Ωz(φ(qα)) + ∑
p≤x

∑
qα||p+a

qα>y

Ωz(φ(qα)).
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Let us write the above two sums as Σ1, Σ2. Interchanging sums in Σ1, we get

Σ1 = ∑
qα≤y

Ωz(φ(qα))

 ∑
p≤x

qα|p+a

1


= ∑

qα≤y
Ωz(φ(qα))π(x; qα,−a).

The above sum is

∑
qα≤y

Ωz(φ(qα))
π(x)
φ(qα)

+ ∑
qα≤y

Ωz(φ(qα))E(x; qα,−a).

Choosing y =
x1/2

(log x)12 and applying the Bombieri-Vinogradov theorem (Theorem

(3.1.4)), we get

∑
qα≤y
|E(x; qα,−a)| = O

(
x

(log x)2

)
.

So the required sum Σ1 is

π(x) ∑
qα≤y

Ωz(φ(qα))

φ(qα)
+ O

(
x

log x

)
.

Note, if α ≥ 2,
Ωz(φ(qα))

φ(qα)
� log(qα)

qα
(since, Ω(n) � log n for all n ∈ N and

φ(n) � n when n is restricted to prime powers). Now for α ≥ 2,
α

qα
≤ 2

q2 , and

∑α≥2
α
qα � 1

q2 . Thus, the contribution to the first sum from qα with α ≥ 2, is

bounded absolutely. Therefore,

Σ1 = π(x) ∑
q≤y

Ωz(φ(q))
φ(q)

+ O
(

x
log x

)
.
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Let A(y) denote the sum ∑q≤y Ωz(φ(q)). Since φ(q) = q− 1, by Lemma 3.2.3 and

by the partial summation formula, we get,

Σ1 = π(x)
∫ y

2

A(t)
t2 dt + O

(
x

log x

)
= π(x)

∫ y

2

π(t) log log t
t2 dt + O

(
x

log x

)
.

Thus,

Σ1 = π(x)
(log log y)2

2
+ O

(
x

log x

)
.

Now,

Σ2 = ∑
p≤x

∑
qα||p+a

qα>y

Ωz(φ(qα)).

Since y = x1/2

(log x)12 , there are only finitely many qα in the inner sum in Σ2. But

Ωz(φ(qα)) can take a large value. So, to investigate this phenomenon, we divide

the inner sum into two parts,

Σ2 = T1 + T2

where

T1 = ∑
p≤x

∑
qα|p+a
qα>y

Ωz(φ(qα))<100 log log x

Ωz(φ(qα))

and

T2 = ∑
p≤x

∑
qα|p+a
qα>y

Ωz(φ(qα))>100 log log x

Ωz(φ(qα)).

Here, the choice of 100 above is arbitrary. Any value A such that ((A + 1) log 2−
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2) > 0 works. Clearly,

T1 = O

log log x ∑
p≤x

∑
qα|p+a
qα>y

1


= O (π(x) log log x)

because there are only finitely many such qα. Thus,

Σ2 = T2 + O (π(x) log log x) .

Now, we can write

T2 = ∑
p≤x

′
∑

qα|p+a
qα>y

Ωz(φ(qα))>100 log log x

Ωz(φ(qα)) + O (π(x) log log x) .

Here, ∑′p denotes the sum over p ≤ x such that p + a is not prime, because if p + a

is a prime, then

∑
p≤x

Ωz(φ(p + a)� ∑
l≤x

l prime

Ωz(φ(l)) = O(π(x)log log x).
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Therefore, we have

T2 = ∑
p≤x

′
∑

qα||p+a
qα>y

Ω(φ(qα))>100 log log x

Ωz(φ(qα)) + O(π(x)log log x)

� ∑
y<qα<x/4

Ω(φ(qα))>100 log log x

Ωz(φ(qα)) ∑
p≤x

qα|p+a

1 + O(π(x)log log x).

This is because if qα > x/4, and qα|p + a, then 1 <
p + a

qα
< 4 has only finitely

many choices, and since φ is multiplicative function and Ω is completely additive,

T2 gets changed by a constant. Thus,

T2 � ∑
y<qα<x/4

Ω(φ(qα))>100 log log x

Ωz(φ(qα))π(x; qα,−a) + O(π(x)log log x).

By the Brun-Titchmarsh theorem (Theorem 3.1.3), this has an upper bound of

� ∑
y<qα<x/4

Ω(φ(qα))>100 log log x

Ωz(φ(qα))x
qα log(x/qα)

= x ∑
y<q<x/4

Ω(φ(q))>100 log log x

Ωz(φ(q))
q log(x/q)

+ O(π(x)),

where the last equality follows because the sum over qα is convergent when α ≥ 2.

To estimate the sum, we divide the sum into dyadic subintervals. Without loss of

generality, choose y = 2α, x/4 = 2β+1 for some α, β > 0 and α ≤ β + 1. Then, the
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sum is bounded by

x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(φ(q))>100 log log x

Ωz(φ(q))
q

�x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(φ(q))>100 log log x

log q
q

.

Now, by the partial summation formula,

∑
q≥m

Ω(φ(q))>100 log log m

log q
q
�
∫ ∞

m

log t
t2 S̃100(t)dt

where

S̃A(t) = ∑
p≤t

Ω(φ(p))>A log log x

1

which by Theorem 3.0.1 is O
(

π(x)
(log x)c(100)

)
where c(100) = (100 + 1) log 2− 2. Thus

the statement of the theorem follows.

Next, our aim is to prove the following theorem.

Theorem 3.4.2. For any a 6= 0, a ∈ Z,

∑
p≤x

(
Ω(φ(p + a))− (log log x)2

2

)2

= π(x)
(log log x)3

3
+ o(π(x)(log log x)3);

which implies, Ω(φ(p + a)) has normal order
(log log p)2

2
.

The proof of this theorem relies on the following lemma.
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Lemma 3.4.3. For any a 6= 0, a ∈ Z,

∑
p≤x

Ω2(φ(p + a)) = π(x)
(
(log log x)2

2

)2

+ π(x)
(log log x)3

3
+ O(

x
log x

).

Proof. Clearly, since Ω(n) is a completely additive function and φ(n) is multiplica-

tive,

Ω2(φ(p + a)) =

 ∑
qα||p+a

Ω(φ(qα))

2

= ∑
qα||p+a

Ω(φ(qα))2 + ∑
q

αi
i ||p+a

q
αj
j ||p+a
qi 6=qj

Ω(φ(qαi
i ))Ω(φ(q

αj
j )).

Again, choosing z = xθ, for some θ > 0, and noting that the number of prime

divisors rβ of φ(qα) with rβ > xθ is absolutely bounded ,

∑
p≤x

Ω2(φ(p + a)) = S1 + S
′
1 + S2 + S

′
2 + O

(
x

log x

)

where

S1 = ∑
p≤x

∑
qα||p+a

qα≤y

Ωz(φ(qα))2, S
′
1 = ∑

p≤x
∑

qα||p+a
qα>y

Ωz(φ(qα))2

S2 = ∑
p≤x

∑
q

αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j ≤y

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j )), S

′
2 = ∑

p≤x
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j )).

Consider the sum S1. As before, by the Brun-Titchmarsh theorem (Theorem 3.1.3)
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and the Bombieri-Vinogradov theorem (Theorem 3.1.4), choosing y = x1/2

(log x)14 , we

get

S1 = ∑
qα≤y

Ωz(φ(qα))2π(x; qα,−a)

= π(x) ∑
qα≤y

Ωz(φ(qα))2

φ(qα)
+ ∑

qα≤y
Ωz(φ(qα))2|E(x; qα,−a)|

= π(x) ∑
qα≤y

Ωz(φ(qα))2

φ(qα)
+ O

(
x

log x

)
.

Since the contribution from qα with α ≥ 2 is O(x/ log x),

S1 = π(x) ∑
q≤y

Ωz(φ(q))2

φ(q)
+ O

(
x

log x

)
.

Again denoting B(y) = ∑q≤y Ω2
z(φ(q)), since φ(q) = q − 1, by Lemma 3.2.4 and

the partial summation formula, we get

∑
q≤y

Ωz(φ(q))2

φ(q)
=

1
3
(log log y)3 + O((log log y)2).

Thus,

S1 = π(x)
(

1
3
(log log x)3 + O((log log x)2)

)
+ O

(
x

log x

)
.

Now let us consider S2. It follows that

S2 = π(x) ∑
q

αi
i ,q

αj
j ≤y

qi 6=qj

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j ))

φ(qαi
i q

αj
j )

+ ∑
q

αi
i q

αj
j ≤y2

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j ))E(x; qαi

i q
αj
j ,−a).



3.4. MEAN AND VARIANCE FOR Ω(φ(p + a)) 72

Choosing y = x1/4

(log x)7 and using the Bombieri-Vinogradov theorem, we get

∑
q

αi
i q

αj
j ≤y2

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j ))|E(x; qαi

i q
αj
j ,−a)| = O

(
x

(log x)2

)
.

Also if either αi or αj ≥ 2,
Ωz(φ(q

αi
i ))Ωz(φ(q

αj
j ))

φ(qαi
i q

αj
j )

≤ log φ(p)
(qiqj)2 and thus in this case,

there is at most a contribution of O
(

x
log x

)
to S2. Thus we can write

S2 = π(x) ∑
qi,qj≤y
qi 6=qj

Ωz(φ(qi))Ωz(φ(qj))

φ(qiqj)
+ O

(
x

log x

)
.

Now we observe that, since Ω(n) is a completely additive function,

∑
qi,qj≤y
qi 6=qj

Ωz(φ(qi))Ωz(φ(qj))

φ(qiqj)
=

(
∑
q≤y

Ωz(φ(q))
φ(q)

)2

− ∑
q≤y

Ωz(φ(q))2

φ(q)2 .

But we know from the proof of Theorem 3.4.1,

(
∑
q≤y

Ωz(φ(q))
φ(q)

)
=

1
2
(log log y)2 + O

(
x

log x

)

and ∑q≤y
Ωz(φ(q))2

φ(q)2 is convergent, hence absolutely bounded. Thus,

S2 = π(x)
(

1
2
(log log x)2

)2

+ O(π(x)).



3.4. MEAN AND VARIANCE FOR Ω(φ(p + a)) 73

Thus we get,

∑
p≤x

Ω2(φ(p + a)) = S1 + S2 + S′1 + S′2 + O (π(x))

= S′1 + S′2 + π(x)
(
(log log x)2

2

)2

+ π(x)
(log log x)3

3
+ O (π(x))

Now we can write S′1 as

S′1 = S′1,1 + S′1,2

where

S′1,1 = ∑
p≤x

∑
qα|p+a
qα>y

Ω(φ(qα))<100 log log x

Ω2
z(φ(q

α))

and

S′1,2 = ∑
p≤x

∑
qα|p+a
qα>y

Ω(φ(qα))>100 log log x

Ω2
z(φ(q

α)).

Clearly,

S′1,1 = O

(log log x)2 ∑
p≤x

∑
qα|p+a
qα>y

1


= O

(
π(x)(log log x)2

)

because there are only finitely many such qα. Thus,

S′1 = S′1,2 + O
(

π(x)(log log x)2
)

.
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Now, we can write

S′1,2 = ∑
p≤x

′
∑

qα|p+a
qα>y

Ω(φ(qα))>100 log log x

Ω2
z(φ(q

α)) + O (π(x) log log x) .

Here, ∑′p denotes the sum over p ≤ x such that p + a is not prime, because if p + a

is a prime, then

∑
p≤x

Ω2(φ(p + a)� ∑
l≤x

l prime

Ω2(φ(l)) = O(π(x)(log log x)2).

So,

S′1,2 = ∑
p≤x

′
∑

qα|p+a
qα>y

Ω(φ(qα))>100 log log x

Ω2
z(φ(q

α)) + O(π(x)(log log x)2)

� ∑
y<qα<x/4

Ω(φ(qα))>100 log log x

Ω2
z(φ(q

α)) ∑
p≤x

qα|p+a

1 + O(π(x)(log log x)2).

This is because if qα > x/4, and qα|p + a, then 1 <
p + a

qα
< 4 has only finitely

many choices, and since φ is multiplicative function and Ω is completely additive,

S′1,2 gets changed by a constant. Thus,

S′1,2 � ∑
y<qα<x/4

Ω(φ(qα))>100 log log x

Ω2
z(φ(q

α))π(x; qα,−a) + O(π(x)(log log x)2).
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By the Brun-Titchmarsh theorem, this has an upper bound of

∑
y<qα<x/4

Ω(φ(qα))>100 log log x

Ω2
z(φ(qα))x

qα log(x/qα)

= x ∑
y<q<x/4

Ω(φ(q))>100 log log x

Ω2
z(φ(q))

q log(x/q)
+ O(π(x)),

where the last equality follows because the sum over qα is convergent when α ≥ 2.

Now again divide the sum into dyadic subintervals. Without loss of generality,

choose y = 2α, x/4 = 2β+1 for some α, β > 0 and α ≤ β + 1. Then, the sum is

bounded by

x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(φ(q))>100 log log x

Ω2
z(φ(q))

q

�x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(φ(q))>100 log log x

(log q)2

q
.

Now, by the partial summation formula,

∑
q≥m

Ω(φ(q))>100 log log m

(log q)2

q
�
∫ ∞

m

(log t)2

t2 S̃100(t)dt

where

S̃A(t) = ∑
p≤t

Ω(φ(p))>A log log x

1

which by Theorem 3.0.1 is O
(

π(x)
(log x)c(100)

)
where c(100) = (100 + 1) log 2− 2. Now
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we can write

S
′
2 = ∑

p≤x
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j )) = S′2,1 + S′2,2

where

S′2,1 = ∑
p≤x

∑
q

αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ω(φ(q
αi
i )),Ω(φ(q

αj
j ))<100 log log x

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j ))

and

S′2,2 = ∑
p≤x

∑
q

αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ω(φ(q
αi
i )),Ω(φ(q

αj
j ))>100 log log x

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j )).

Now, as before,

S′2,1 = O


(log log x)2 ∑

p≤x
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

1


= O

(
π(x)(log log x)2

)
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because there are only finitely many such qα. Thus,

S′2 = S′2,2 + O
(

π(x)(log log x)2
)

.

Now, we can write

S′2,2 = ∑
p≤x

′
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ω(φ(q
αi
i )),Ω(φ(q

αj
j ))>100 log log x

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j ))+O

(
π(x)(log log x)2

)
.

Here, ∑′p denotes sum over p ≤ x such that p + a is not prime, because if p + a is a

prime, then

∑
p≤x

Ω2(φ(p + a)� ∑
l≤x

l prime

Ω2(φ(l)) = O(π(x)(log log x)2).

Thus we get

S′2,2 = ∑
p≤x

′
∑

q
αi
i ,q

αj
j |p+a

q
αi
i ,q

αj
j >y

Ω(φ(q
αi
i )),Ω(φ(q

αj
j ))>100 log log x

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j )) + O(π(x)(log log x)2)

� ∑
y<q

αi
i q

αj
j <x/4

Ω(φ(q
αi
i )),Ω(φ(q

αj
j ))>100 log log x

Ωz(φ(q
αi
i ))Ωz(φ(q

αj
j )) ∑

p≤x

q
αi
i ,q

αj
j |p+a

1 + O(π(x)(log log x)2).

This is because if qαi
i q

αj
j > x/4, and qαi

i q
αj
j |p + a, then 1 <

p + a

qαi
i q

αj
j

< 4 has only
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finitely many choices, and since φ is a multiplicative function and Ω is completely

additive, S′2,2 gets changed by a constant. Thus,

S′2,2 � ∑
y<q

αi
i q

αj
j <x/4

,Ω(φ(q
αi
i )),Ω(φ(q

αj
j ))>100 log log x

Ωz(φ(q
αi
i ))Ω(φ(q

αj
j ))π(x; qαi

i q
αj
j ,−a)+O(π(x)(log log x)2).

By the Brun-Titchmarsh theorem, this has an upper bound of

∑
y<q

αi
i q

αj
j <x/4

Ω(φ(q
αi
i )),Ω(φ(q

αj
j ))>100 log log x

Ωz(φ(q
αi
i ))Ω(φ(q

αj
j ))x

qαi
i q

αj
j log(x/qαi

i q
αj
j )

=x

 ∑
y<qiqj<x/4

Ω(φ(qi)),Ω(φ(qj))>100 log log x

Ωz(φ(qi))Ω(φ(qj))

qiqj log(x/qiqj)
+ O(π(x))

 ,

where the last equality follows because the sum over qαi
i q

αj
j where αi, αj ≥ 2 is

convergent. Now as before, divide the sum into dyadic subintervals. Without loss

of generality, choose y = 2α, x/4 = 2β+1 for some α, β > 0 and α ≤ β + 1. Then,

the sum is bounded by

O
(

π(x)
log x

)
.

Thus, the assertion in the lemma follows.
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Proof of Theorem 3.4.2 : To see this, we unfold the square on the left hand side

to get

∑
p≤x

{
Ω2(φ(p + a)) +

1
4

(log log x)4 − 2.
1
2

(log log x)2Ω(φ(p + a))
}

.

Now applying Lemma 3.4.1 and Lemma 3.4.3, the assertion of the theorem follows.

3.5 Erdős-Kac type result for Ω(φ(p + a))

A strongly additive function g : N → R is an additive function such that g(pa) =

g(p) for all primes p and all integers a ≥ 1. In 1940, Paul Erdős and Mark Kac

proved the following celebrated result.

Theorem 3.5.1 (Erdős, Kac, 1940). Let f : N → R be a real valued strongly additive

function such that | f (p)| ≤ 1 and set

A(x) = ∑
p≤x

f (p)
p

,

and

B(x) =

(
∑
p≤x

f 2(p)
p

)1/2

where B(x)→ ∞ as x → ∞. Then, given any real number z,

lim
x→∞

1
x

# {n ≤ x; f (n) ≤ A(x) + zB(x)} = 1√
2π

∫ z

−∞
e−t2/2dt.
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Setting f (n) = ω(n), Erdős-Kac theorem says

lim
x→∞

1
x

#
{

n ≤ x; ω(n) ≤ log log x + z
√

log log x
}
=

1√
2π

∫ z

−∞
e−t2/2dt.

In [38], R. Murty and K. Murty initiated the study of ω(φ(n)) and ω(φ(p)) and

later in [39] (see also [22]). They showed that ω(φ(n)) and ω(φ(p)) (respectively,

Ω(φ(n)) and Ω(φ(p))) obey a normal distribution law, very analogous to ω(n).

Here, in this section, we aim to prove that a similar result holds for Ω(φ(p+ a))

for any non-zero integer a. The proof follows the similar line of thought as in [39]

and [22]. Since Ω(φ(p + a)) is not strongly additive, we approximate Ω(φ(p + a))

by a strongly additive function and apply the general existing theory. Finally, we

show that the error introduced is small enough to deduce our results.

The following theorem is a “shifted prime analogue” of the celebrated Kubilius-

Shapiro theorem for strongly additive functions in probabilistic number theory.

For complete proofs of these results, we refer the reader to Chapter 12 of [17].

As before, for a strongly additive function g(n), for positive real x,

A(x) = ∑
p≤x

g(p)
p

,

and

B(x) =

(
∑
p≤x

g2(p)
p

)1/2

≥ 0.

Theorem 3.5.2 (Barban, Vinogradov, Levin, 1965). Let g(n) be a strongly additive
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function. Then,

lim
x→∞

1
π(x)

# {p ≤ x; g(p + 1) ≤ A(x) + zB(x)}

converges weakly to a limiting distribution as x → ∞, if and only if there is a distribution

function K(u) such that as x → ∞,

1
B2(x) ∑

p≤x
g(p)≤uB(x)

g2(p)
p
→ K(u).

When this condition is satisfied, the characteristic function φ(t) of the limit law will be

given by Kolmogorov’s formula

log φ(t) =
∫ ∞

−∞
(eitu − 1− itu)u−2dK(u)

and the limit law will have mean 0 and variance 1. In the special case, in order that

lim
x→∞

1
π(x)

# {p ≤ x; g(p + 1) ≤ A(x) + zB(x)} = 1√
2π

∫ z

−∞
e−t2/2dt,

it is sufficient that for each fixed ε > 0, as x → ∞

1
B2(x) ∑

p≤x
|g(p)|>εB(x)

g2(p)
p
→ 0.

The statement is valid when p + 1 is replaced by p + a, for some fixed non-zero integer a.

Consider the function h(n) = ∑q|n Ω(φ(q)), where the sum is over distinct

prime divisors q of n. This is strongly additive and hence we can apply Theorem
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4.5.1 to it. In [22], the authors showed that

A(x) = ∑
p≤x

h(p)
p

=
1
2
(log log x)2 + O(log log x)

and

B(x) =

(
∑
p≤x

h2(p)
p

)1/2

=
1√
3
(log log x)3/2 + O(log log x).

They also check that for each fixed ε > 0,

∑
p≤x

Ω(φ(p))≥εB(x)

Ω2(φ(p))
p

= o(B2(x)).

Hence, a direct application of Theorem 4.5.1 shows that for any non-zero integer a,

lim
x→∞

1
π(x)

#

{
p ≤ x;

h(p + a)− 1
2(log log x)2

(log log x)3/2 ≤ α√
3

}
=

1√
2π

∫ α

−∞
e−t2/2dt.

Now we want to prove that Ω(φ(p + a)) is normally distributed. This can be

established if we can show that

Ω(φ(p + a))− h(p + a) = o((log log x)3/2)

for all but o(x) many primes p ≤ x.

Lemma 3.5.3. For any non-zero integer a,

D(x) := ∑
p≤x

(Ω(φ(p + a))− h(p + a))2 = O(π(x)).
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Proof. First note that

Ω(φ(p + a))− h(p + a) = ∑
qα||p+a

Ω(φ(qα))− ∑
q|p+a

Ω(φ(q))

= ∑
qα||p+a

α≥2

(Ω(φ(qα))−Ω(φ(q))).

Since the number of divisors rβ of φ(p + a) which are ≥ xθ, for some θ > 0, is

absolutely bounded, choosing z = xθ,

Ω(φ(p + a))− h(p + a) = O(Ωz(φ(p + a))− hz(p + a))

where hz(n) = ∑ q|n
q<z

Ω(φ(q)). Thus,

D(x)� ∑
p≤x

 ∑
qα||p+a

α≥2,qα≤x

(Ωz(φ(qα))−Ωz(φ(q)))


2

.

We know that Ω(n) ≤ log n
log 2 for all n ∈N. Using this, we get

D(x)� ∑
p≤x

 ∑
qα||p+a

α≥2,qα≤x

(log qα)2


2

.

Expanding the square and interchanging sums,
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D(x) = ∑
p≤x

 ∑
q

α1
1 ,qα2

2 ||p+a
α1,α2≥2,q

αi
i ≤x

(log qα1
1 )2(log qα2

2 )2



= ∑
q

α1
1 ,qα2

2 ≤x
α1,α2≥2

(log qα1
1 )2(log qα2

2 )2

 ∑
p≤x

p+a≡0(q
αi
i ),i=1,2

1



= ∑
qα≤x
α≥2

(log qα)2

 ∑
p≤x

p+a≡0(qα)

1

+ ∑
q

α1
1 ,qα2

2 ≤x
α1 6=α2≥2

(log qα1
1 )2(log qα2

2 )2

 ∑
p≤x

p+a≡0(q
α1
1 qα2

2 )

1

 .

By the Brun-Titchmarsh theorem (Theorem 3.1.3),

D(x)� π(x)

 ∑
qα≤x
α≥2

(log qα)2

φ(qα)
+ ∑

q
α1
1 ,qα2

2 ≤x
α1 6=α2≥2

(log qα1
1 )2(log qα2

2 )2

φ(qα1
1 qα2

2 )

 .

Since α ≥ 2 and φ(n) = O(n), the above expression in braces is bounded which

gives

D(x)� π(x)

which is what we wanted to prove.

Using this key lemma, we prove the following analogue of the Erdős-Kac theo-

rem.
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Theorem 3.5.4. For any non-zero integer a,

lim
x→∞

1
π(x)

#

{
p ≤ x;

Ω(φ(p + a))− 1
2(log log x)2

(log log x)3/2 ≤ α√
3

}
=

1√
2π

∫ α

−∞
e−t2/2dt.

i.e., Ω(φ(p + a)), under suitable normalisation, is “normally distributed”.

Proof. According to our discussion earlier, it is sufficient to show that

Ω(φ(p + a))− h(p + a) = o((log log x)3/2)

for all but o(x) many primes p ≤ x. Indeed, if p ≤ x does not satisfy the above

equality, then a summand coming from p in D(x) in Lemma 4.5.2 satisfies

|Ω(φ(p + a))− h(p + a)| ≥ (log log x)3/2.

Lemma 4.5.2 implies that the number of such p ≤ x is O
(

π(x)
(log log x)3

)
= o(x).

Remarks To conclude, we remark that the results obtained in Sections 3.4 and

3.5 for Ω(φ(p + a)) hold for ω(φ(p + a)) too. We worked with Ω(n) because its

complete additivity works to our advantage in the proofs.

These results also hold for the sum of divisor function σ(n). An analogue of

Theorem 3.0.1 holds for Ω(σ(p)), that is, Ω(p + 1) and thus using similar methods

as in Section 4, we can show that Ω(σ(p + a)) has normal order 1
2(log log p)2. In

fact, for the number of divisor function d(n), since

2ω(n) ≤ d(n) ≤ 2Ω(n),
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(see p. 274 of [27]), it easily follows that

∑
p≤x

ω(φ(p + a)) ≤ 1
log 2 ∑

p≤x
log d(φ(p + a)) ≤ ∑

p≤x
Ω(φ(p + a)),

and

∑
p≤x

ω2(φ(p + a)) ≤ 1
(log 2)2 ∑

p≤x
(log(d(φ(p + a))))2 ≤ ∑

p≤x
Ω2(φ(p + a)).

Hence, we can show that log(d(φ(p + a))) has normal order
1

log 2
(log log p)2

2
.

These methods can also be adapted to investigate normal number of prime

factors of prime shifts of (integer) Fourier coefficients of Hecke eigenforms. But

this requires more sophisticated results from algebraic number theory. We treat

this case in the next chapter.
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Chapter 4

On the normal number of prime

factors of the Ramanujan tau function

at shifts of prime arguments

4.1 Introduction

There is a further direction for the probabilistic investigations we discussed in the

previous chapters into the domain of Fourier coefficients of modular forms, which

was noticed first by Ram Murty and Kumar Murty in 1984 [38]. The τ-function

defined by

∆ = q
∞

∏
n=1

(1− qn)24 =
∞

∑
n=1

τ(n)qn

has been subject to numerous investigations since Ramanujan discovered its re-

markable properties in 1916 [43]. He observed, but did not prove the following

properties of the τ function:
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1. τ(n) is multiplicative in n, i.e.,

τ(mn) = τ(m)τ(n), if gcd(m, n) = 1. (4.1.1)

2. τ(pr+1) = τ(p)τ(pr)− p11τ(pr−1) for p prime and r > 0.

3. For all primes p,

|τ(p)| ≤ 2p11/2. (4.1.2)

Mordell in 1917 proved the first two properties and the third was proved by Deligne

in 1974.

The study of divisors of τ(n) goes back to Ramanujan who conjectured in [43]

that τ(n) ≡ 0 (mod 691) for almost all n. This was proved by Watson [50] in 1935.

Serre proved a stronger statement in [45] : given an integer d ∈ Z>0, τ(n) ≡ 0

(mod d) for almost all n. Further divisibility properties of τ(n) have been inves-

tigated in [38]. Assuming a quasi-generalised Riemann Hypothesis, Murty and

Murty show that

∑
p≤x

τ(p) 6=0

(ω(τ(p))− log log p)2 � π(x) log log x

and

∑
n≤x

(ω(τ(n))− 1
2
(log log n)2)2 � x(log log x)3 log4 x.

Here, log4 x denotes log log log log x. This result is also true when ω is replaced by

Ω. Also, by a quasi-generalized Riemann hypothesis, we mean that there exists a

δ ∈ (0, 1
2) such that the Dedekind zeta function ζK(s) for any number field has no
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zeroes for Re(s) > 1− δ. These results can be thought of as “modular analogues”

of the Hardy-Ramanujan theorem. More generally, they also prove a general result

for Hecke eigenforms without complex multiplication. We aim to prove a similar

normal order result for the number of prime divisors of these Fourier coefficients

at shifts of prime arguments.

In [39], the authors obtained a distribution function for Ω(τ(p)), Ω(τ(n)), ω(τ(p))

and ω(τ(n)). In this chapter, assuming the generalised Riemann Hypothesis, we

also obtain the same for Ω(τ(p + a)). This can be thought of as another “modular

analogue” of the Erdős Kac theorem.

Notation As before, let S be a subset of N. Let f : S → N. Denote by S(N) =∣∣∣{s ∈ S : s ≤ N}
∣∣∣. We say f (n) has normal order g(n) (where g(n) is a continuous

monotone function) if given any ε > 0,

| {n ≤ x, n ∈ S : | f (n)− g(n)| > εg(n)} | = o(S(x)),

as x → ∞. We introduce other notation as and when they are needed in the chap-

ters.

4.2 Background

By the modified proof of the prime number theorem due to de la Vallée-Poussin in

1899, there exists a constant c > 0 such that

π(x) =
∫ x

2

dt
log t

+ O
(

xe−c
√

log x
)

.
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This follows from detailed analysis of the non-trivial zeroes of the Riemann zeta

function ζ(s). In particular, Hadamard and de la Vallée-Poussin proved that if

ρ = β + iγ is a non-trivial zero of the zeta function (that is, ρ is in the critical strip

0 < Re(s) < 1), then β < 1. The much celebrated Riemann hypothesis is the

statement that Re(ρ) =
1
2

for all nontrivial zeroes ρ. Assumption of the Riemann

Hypothesis improves de la Vallée-Poussin’s estimate to

π(x) =
∫ x

2

dt
log t

+ O
(√

x log x
)

.

This fugitive Riemann hypothesis has been both a source of inspiration and frustra-

tion for many generations of mathematicians. The assumption of its truth has far

reaching consequences; it simplifies many problems and also acts like a telescope

to see very far and predict what we can expect. In this chapter, we will assume

the Generalised Riemann Hypothesis which is the statement that the non-trivial

zeroes of other normalized L-functions have real part equal to
1
2

.

4.2.1 Chebotarev density theorem, Galois representations

Let K be an algebraic number field which is Galois over Q with group G. For each

prime p, we consider a prime P above p and define the decomposition group

DP = {σ ∈ G : Pσ = P} (4.2.1)

and the inertia group

IP = {σ ∈ G : σ(x) ≡ x(mod P) ∀x ∈ OK} (4.2.2)
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where OK denotes the ring of integers of K.

For all but finitely many prime ideals P , IP = 1 and DP is cyclic. For such

prime ideals P , DP has a canonical generator σP , called the Frobenius automor-

phism, which has the property that

σP (x) ≡ xNP (mod P)

for each prime ideal P lying above p. The σP lie in a conjugacy class as P|p, and

this conjugacy class is denoted σp. It is called the Artin symbol of p. (If K/Q is a

quadratic extension, the Artin symbol is a generalisation of the familiar Legendre

and Kronecker symbols.)

We can form the (incomplete) Artin L−function: for each irreducible represen-

tation

ρ : G → GL(V)

with V a finite dimensional C−vector space, we set

L∗(s, ρ) = ∏
p

(
det

(
1− ρ(σp p−s)

)−1
)

where the product is over p for which the Artin symbol is defined. Artin proved

that each L∗(s, ρ) extends to an analytic function for Re(s) ≥ 1 and does not vanish

there, provided ρ 6= 1. (If ρ = 1, of course L∗(s, ρ) is equal to the Riemann zeta

function apart from a finite number of factors.) The Chebotarev density theorem

states the following :

Theorem 4.2.1 (Chebotarev Density Theorem). Let K/Q be Galois with group G. As
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p varies over the primes for which the Artin symbol is defined, the σp’s are uniformly

distributed in the space of conjugacy classes of G. More precisely, let C be a conjugacy

class of G and defined πC(x, K/Q) to be the number of primes p for which σp is defined

and σp = C. Then

πC(x, K/Q) ∼ |C||G|π(x)

as x → ∞, and π(x) denote the number of primes upto x.

This theorem is a vast generalisation of both the classical prime number theo-

rem and the prime number theorem for arithmetic progressions.

Let H(z) be a normalized cuspidal newform of even weight k(≥ 2) for Γ0(N)

and let χ be its nebentypus. Let q = e2πiz with Im(z) > 0. Then H(z) has the

following Fourier expansion at i∞,

H = ∑
n≥1

aH(n)qn. (4.2.3)

We know that there is a totally real number field K with ring of integers OK such

that the Fourier coefficients aH(n) lie in OK. For the purposes of our discussion in

this chapter, let us assume that these coefficients are rational integers. This forces

χ to be real and χ is non-trivial if and only if H has complex multiplication (An

eigen form H is said to have complex multiplication if there exists an imaginary

quadratic field k such that aH(p) = 0 for all primes p unramified and inert in k).

Then the function n → aH(n) is multiplicative. Then for integers m, n such that

gcd(m, n) = 1,

aH(mn) = aH(m)aH(n). (4.2.4)

Let G denote the absolute Galois group Gal(Q/Q) and d be any positive integer.
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Then by Deligne ([14]), there exists a representation

ρd : G → GL2(∏
l|d

Zl)

(here the product is over primes l dividing d) with the following essential property:

if p is a prime and p - dN and σp is the Frobenius element at p in G, then ρd is

unramified at p and the trace of ρd, that is,

tr(ρd) = ap = aH(p),

and the determinant of ρd, that is,

det(ρd(σp)) = pk−1χ(p).

Hence, questions of divisibility of Fourier coefficients can be investigated through

this representation, and by the Chebotarev density theorem. Denote by ρ̃d the

reduction modulo p map

GQ → GL2(∏
l|d

Zl)→ GL2(Z/dZ).

Let the kernel of ρ̃d be denoted Hd and Kd denote the subfield of Q fixed by Hd and

Gd = G/Hd = Gal(Kd/Q).

Let Cd be the subset of ρ̃d(G) consisting of elements of trace 0 and let δ(d) =

|Cd|/|Gd|. The condition aq ≡ 0 (mod d) (for q a prime not dividing dN) means
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that for any Frobenius element σq of q, ρ̃d(σq) ∈ Cd. Then by Chebotarev Density

theorem (Theorem (4.2.1)) applied to Kd/Q,

|{q ≤ x : aH(q) ≡ 0 (mod d)}| ∼ |Cd|
|Gd|

π(x) = δ(d)π(x). (4.2.5)

Let us write

πH(x, d) = |{q ≤ x : 0 6= aH(q) ≡ 0 (mod d)}|

and

ZH(x) = |{q ≤ x : aH(q) = 0}|.

Then the following two lemmas estimates the size of πH(x, d) and ZH(x). For

proofs of these lemmas, see p. 72 of [38].

Lemma 4.2.2. If H has complex multiplication, ZH(x) ∼ 1
2

π(x). If H does not have

complex multiplication,

ZH(x)�


x

(log x)3/2−ε
(for all ε > 0) unconditionally

x3/4 on the assumption of GRH.

Lemma 4.2.3. Suppose that H does not have complex multiplication. Then

πH(x, d) ∼ δ(d)π(x).

If the Generalised Riemann Hypothesis is assumed for all Artin L-series, then for x ≥ 2,

πH(x, d) = δ(d)π(x) + O
(

d3x1/2 log(dNx)
)
+ O

(
x3/4

)
.
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The above lemma follows from results of Lagarias and Odlyzko [32]. We will

also need the following result which describes the density δ(l) for primes l.

Lemma 4.2.4. If H is of level 1 or of weight 2, then

δ(l) =
1
l
+ O

(
1
l2

)

for all sufficiently large primes l and

δ(ll′) = δ(l)δ(l′)

for all sufficiently large primes l, l′. In any case

δ(l)� 1
l

.

As Murty and Murty point out in pg. 73 of [38], this lemma is true for weight

≥ 2 without any restriction on level. This follows from work of Carayol ([9] and

[10]).

4.3 Application of Selberg’s sieve to estimate size of

exceptional set for Ω(τ(q))

We will now see how the use of Galois representations, in combination with the

sieve methods can be exploited in an effective manner to give very precise results

for the number of prime factors of the Ramanujan tau function. Even though,

for the sake of simplicity and clarity of exposition, we state and prove results for
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the Ramanujan tau function, all of the results go through for any (integer) Fourier

coefficients of non-CM Hecke eigenforms, that is for aH(n) for H as in (4.2.3)

For any integer k = 0, 1, . . . let

mk(x) = {q ≤ x : τ(q) 6= 0, Ω(τ(q)) = k}

Following the strategy of [18], we first prove the following theorem.

Theorem 4.3.1. For any integer k = 0, 1, . . . , assuming generalised Riemann Hypothesis

for all Artin L-functions, we have

mk(x)� kπ(x)
log x

(log log x + D)k−1

(k− 1)!
+ O

(
x5/6(log x)3

k3

)

for absolute constant D. The implied constant in the O-estimate is absolute.

Proof. Given any prime q ≤ x, if τ(q) 6= 0, it can be expressed as

τ(q) = a · b

where a is z-smooth (all prime factors of a are ≤ z) and b is z-crunchy (all prime

factors of b are > z) and z ∈ R is a parameter to be chosen later. Let k ∈N be such

that

Ω(τ(q)) = k.

If Ω(a) = k, then b = 1 and number of such primes q ≤ x is at most O(π(z)k).

Otherwise if Ω(a) ≤ (k− 1), then fixing such an a, let

Ta(x) =
∣∣∣ {q ≤ x : τ(q) ≡ 0(mod a),

τ(q)
a

has no prime factor less than z
} ∣∣∣.
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Then,

mk(x) = ∑
a≤zk−1

Ω(a)≤k−1

Ta(x) + O(π(z)k).

Now in order to use Theorem 2.2.1 to estimate Ta(x), we set up our sieve problem.

Let

A = {q ≤ x; 0 6= τ(q) ≡ 0(mod a)} .

Let P be the set of primes less than z and co-prime to a. For each prime p ∈ P ,

Ap = {q ≤ x; 0 6= τ(q) ≡ 0(mod a), τ(q) ≡ 0(mod p)}

and for any square-free integer d > 0,

Ad =
⋂
p|d

p∈P

Ap.

Then, clearly, Ta(x) = S(A,P , z). By Lemma 4.2.3,

|A| = δ(a)π(x) + O
(

a3x1/2 log(aNx)
)
+ O(x3/4)

and

|Ap| = δ(p)δ(a)π(x) + O
(
(ap)3x1/2 log(apNx)

)
+ O(x3/4).

It is easy to show that with notation as in Theorem 2.2.1,

f1(d) = φ(d) , V(z) ≥ log z + O(1)
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and

Rt = O
(
(at)3x1/2 log(atNx)

)
+ O(x3/4).

Hence, we get

Ta(x) ≤ δ(a)π(x)
log z

+ O

(
∑

t≤z2

d(t2)|Rt|
)

� π(x)
a log z

+ O

(
∑

t≤z2

d(t2)|Rt|
)

This follows from the estimate of δ(p), for a prime p, from Lemma 4.2.4. The error

term above is

Ez(a) := O

(
∑

t≤z2

d(t2)(at)3x1/2 log(atNx)

)
+ O

(
∑

t≤z2

d(t2)x3/4

)

= O

(
x1/2a3(log a) ∑

t≤z2

d(t2)t3

)
+ O

(
x3/4 ∑

t≤z2

d(t2)

)

= O
(

x1/2a3(log a)z6z2(log z)2
)
+ O

(
x3/4(z2)(log z)2

)
= O

(
x1/2a3(log a)z8(log z)2

)
+ O

(
x3/4(z2)(log z)2

)
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Here we use the Lemma 2.4.2 to estimate ∑t≤z2 d(t2). Thus we get that

mk(x)� ∑
a≤zk−1

Ω(a)≤k−1

π(x)
a log z

+ O

 ∑
a≤zk−1

Ω(a)≤k−1

Ez(a)

+ O(π(z)k).

=
π(x)
log z

 ∑
a≤zk−1

Ω(a)≤k−1

1
a

+ O

(
x

1
2 z8(log z)2 ∑

a≤zk−1

a3 log a

)
+ O

(
x

3
4 (z2)(log z)2 ∑

a≤zk−1

1

)

� π(x)
log z

(
1 + ∑p≤zk−1

1
p

)k−1

(k− 1) !
+ O

(
x

1
2 z8(log z)3(zk−1)3zk−1

)
+ O

(
x

3
4 (z2)(log z)2zk−1

)
� π(x)

log z
(log log zk−1 + C)k−1

(k− 1) !
+ O

(
x

1
2 z4k+4(log z)3

)
+ O

(
x

3
4 zk+1(log z)2

)

Note, in estimating the error above, we have only used the crude upper bound of

a, which is zk−1 and used the elementary fact that

∑
p≤x

1
p
= log log x + O(1).

Choosing z = x1/12k, we get an upper bound of

kπ(x)
log x

(log log x + D)k−1

(k− 1)!
+ O

(
x5/6(log x)3

k3

)
.

In [38], Murty and Murty showed assuming quasi-GRH, that the normal order

of Ω(τ(q)) is log log q. In other words, Ω(τ(q)) “usually” behaves like log log q. In

particular, they have the following theorem.
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Theorem 4.3.2 (Murty, Murty, 1984). Assuming the quasi-Generalized Riemann Hy-

pothesis for Artin L-series(related to τ function),

∑
p≤x

τ(p) 6=0

(ω(τ(p))− log log p)2 � π(x) log log x

and

∑
n≤x

τ(n) 6=0

(ω(τ(n))− 1
2
(log log n)2)2 � x(log log x)3 log log log log x.

In other words, ω(τ(p)) has normal order log log p and ω(τ(n)) has normal order

1
2(log log n)2. This result is also true when ω(n) is replaced by Ω(n).

In the following theorem, we estimate the size of the exceptional set where

Ω(τ(q)) deviates from its usual behaviour.

Theorem 4.3.3. Given any A > 6, let B = A(log A− 1). Then, assuming the gener-

alised Riemann Hypothesis for all Artin L-functions, we have

MA,τ(x) = |{q ≤ x : |Ω(τ(q))| > A log log x}| = π(x)
(log x)B . (4.3.1)

Proof. Given any A > 0, we want to estimate

MA,τ(x) = ∑
q≤x

|Ω(τ(q))|>A log log x

1 = ∑
k>A log log x

∑
q≤x

τ(q) 6=0
|Ω(τ(q))|=k

1

= ∑
k>A log log x

mk(x)
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However, since for any n ∈ N, Ω(n) ≤ log n
log 2

, it implies that

Ω(τ(q)) ≤ (log |τ(q)|)
log 2

≤ log(2q
11
2 )

log 2

≤ 11
2

log(2q)
log 2

≤ 11
log q
log 2

[since q ≥ 2]

Thus, to estimate MA,τ(x), instead of considering the whole sum, we can consider

k in the interval A log log x < k < 11
log x
log 2

,

MA,τ(x) =
π(x)
log x

˜∑
(log log x + D)k−1

(k− 1) !
+ O

(
x

5
6 (log x)3 ˜∑

1
k3

)
(4.3.2)

Here ∑̃ denotes the sum over k in A log log x < k < 11 log x
log 2 . This is

� π(x) ˜∑
(log log x + D)k−1

(k− 1) !
+ O

(
x

5
6 (log x)3

(A log log x)3
˜∑1

)

� π(x) ∑
k>A log log x

(log log x + D)k−1

(k− 1) !
+ O

(
x

5
6 (log x)3

(log log x)3 (log x)

)

As in Theorem 3.0.1, writing

∑
k>A log log x

(log log x + D)k−1

(k− 1)!
= U1 + U2
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where

U1 = ∑
k>A(log log x+D)

(log log x + D)k−1

(k− 1)!

and

U2 = ∑
A(log log x+D)>k>A log log x

(log log x + D)k−1

(k− 1)!
,

and estimating U1 and U2 as

U1 ≤ (log x)A(1−log A) (4.3.3)

and

U2 ≤
AD

eAD(log A−1)
(log x)A(1−log A), (4.3.4)

we get that

Mτ,A(x)� π(x)
(log x)A(log A−1)

+ O

(
x

5
6 (log x)4

(log log x)3

)
.

Clearly, for A > 6, A(log A− 1) > 5 and the first term above dominates. Thus, the

theorem follows.

4.4 Mean and Variance for Ω(τ(p + a))

In this section, we will compute the first and second moments of Ω(τ(p + a)) and

hence compute the normal number of prime factors of the Ramanujan tau function

at shifts of primes. Of course in all of these results we assume that the generalised

Riemann Hypothesis holds true for all Artin L-functions. As in the case for the

Euler phi function, we proceed by employing the “divide and conquer” method.
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For a prime p and any non-zero integer a, let

p + a = ∏
i≤k

qαi
i

be the unique prime power decomposition for (p + a). Since τ is a multiplicative

function, we have that

τ(p + a) = τ(∏
i≤k

qαi
i ) =

k

∏
i=1

τ(qαi
i ) = τ0(p + a)τ1(p + a)

where

τ0(p + a) =

(
∏

qα≤y
τ(qα)

)
, τ1(p + a) =

(
∏

qα>y
τ(qα)

)

and y is a parameter to be chosen later. Since Ω(n) is a completely additive func-

tion,

Ω(τ(p + a)) = Ω(
k

∏
i=1

τ(qαi
i )) = ∑

qα||p+a
Ω(τ(qα)).

We can write

Ω(τ(p + a)) = ∑
qα≤y

Ω(τ(qα)) + ∑
qα>y

Ω(τ(qα)), (4.4.1)

where the sum is over prime powers qα||(p + a).

As before, let Ωz(n) denote the number of prime factors (counted with mul-

tiplicity) of n, which are less than or equal to z, that is, if n = ∏i≤k pi
αi , then

Ωz(n) = ∑pα||n
p≤z

α. Since for any prime p, τ(p) is bounded by (4.1.2), and τ(n) is
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multiplicative by (4.1.1), choosing z = xθ for some θ > 0, we observe that

Ω(τ(p + a)) = Ωz(τ(p + a)) + O(1)

because the number of prime power divisors rβ of τ(p + a) with rβ > xθ is abso-

lutely bounded by virtue of (4.1.2). Note that (4.4.1) still holds when Ω is replaced

by Ωz.

Since we are assuming the generalised Riemann hypothesis in all our results

in this section, we assume τ(n) 6= 0 for all integers n. Lehmer conjectured this in

1947. Even though it is unresolved until now, by Lemma 4.2.2, we know that the

generalised Riemann Hypothesis implies that the exceptional set where τ(n) 6= 0

is O(x3/4) which is much smaller compared to the error term in our results. Hence

we will assume this non-vanishing property of the τ function to simplify our dis-

cussion.

In the following theorem, we estimate the first moment (mean) of prime power

divisors of prime shifts of τ(n), that is, τ(p + a) for any fixed a > 0.

Theorem 4.4.1. For any non-zero integer a, assuming the generalised Riemann hypothesis

for all Artin L-functions,

∑
p≤x

τ(p+a) 6=0

Ω(τ(p + a)) =
1
2

π(x)(log log x)2 + O
(

x
log x

)
.
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Proof. By our observation earlier, and with our choice of z = xθ, (θ > 0),

∑
p≤x

Ω(τ(p + a)) = ∑
p≤x

(Ωz(τ(p + a)) + O(1))

= ∑
p≤x

Ωz(τ(p + a)) + O
(

x
log x

)
.

Thus it suffices to investigate ∑p≤x Ωz(τ(p + a)).

∑
p≤x

Ωz(τ(p + a)) = ∑
p≤x

∑
qα||p+a

qα≤y

Ωz(τ(qα)) + ∑
p≤x

∑
qα||p+a

qα>y

Ωz(τ(qα)).

Let us write the above two sums as Σ1, Σ2. Interchanging sums in Σ1, we get

Σ1 = ∑
qα≤y

Ωz(τ(qα))

 ∑
p≤x

qα|p+a

1


= ∑

qα≤y
Ωz(τ(qα))π(x; qα,−a).

The above sum is

∑
qα≤y

Ωz(τ(qα))
π(x)
φ(qα)

+ ∑
qα≤y

Ωz(τ(qα))E(x; qα,−a).

As in the previous chapter, in the case of the Euler φ-function, choosing y =

x1/2

(log x)12 and applying the Bombieri-Vinogradov theorem (Theorem (3.1.4)), we

get

∑
qα≤y
|E(x; qα,−a)| = O

(
x

(log x)2

)
.



4.4. MEAN AND VARIANCE FOR Ω(τ(p + a)) 106

So the required sum Σ1 is

π(x) ∑
qα≤y

Ωz(τ(qα))

φ(qα)
+ O

(
x

log x

)
.

Note, if α ≥ 2,
Ωz(τ(qα))

φ(qα)
� log(qα)

qα
(since, Ω(n) � log n for all n ∈ N, τ(n) is

multiplicative and by (4.1.2), |τ(q)| is bounded above by 2q11/2). Now for α ≥ 2,
α

qα
≤ 2

q2 , and so,
log(qα)

qα
≤ log q2

q2 . Thus, the contribution to the first sum from qα

with α ≥ 2, is bounded absolutely. Therefore,

Σ1 = π(x) ∑
q≤y

Ωz(τ(q))
φ(q)

+ O
(

x
log x

)
.

Let B(y) denote the sum ∑q≤y Ωz(τ(q)). To prove the normal order result, The-

orem 4.3.2, Murty and Murty showed that assuming quasi-GRH,

∑
q≤x

τ(q) 6=0

Ωz(τ(q)) = π(x) log log z + O(π(x)) (4.4.2)

Using (4.4.2) and by the partial summation formula, we get,

Σ1 = π(x)
∫ y

2

B(t)
t2 dt + O

(
x

log x

)
= π(x)

∫ y

2

π(t) log log t
t2 dt + O

(
x

log x

)
.

Thus,

Σ1 = π(x)
(log log y)2

2
+ O

(
x

log x

)
.
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Now,

Σ2 = ∑
p≤x

∑
qα||p+a

qα>y

Ωz(τ(qα)).

Since y = x1/2

(log x)12 , there are only finitely many qα in the inner sum in Σ2. But

Ωz(τ(qα)) can take a large value. So, to investigate this phenomenon, we divide

the inner sum into two parts,

Σ2 = T1 + T2

where

T1 = ∑
p≤x

∑
qα|p+a
qα>y

Ω(τ(qα))<100 log log x

Ωz(τ(qα))

and

T2 = ∑
p≤x

∑
qα|p+a
qα>y

Ω(τ(qα))>100 log log x

Ωz(τ(qα)).

Clearly,

T1 = O

log log x ∑
p≤x

∑
qα|p+a
qα>y

1


= O (π(x) log log x)

because there are only finitely many such qα. Thus,

Σ2 = T2 + O (π(x) log log x) .
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Now, we can write

T2 = ∑
p≤x

′
∑

qα|p+a
qα>y

Ω(τ(qα))>100 log log x

Ωz(τ(qα)) + O (π(x) log log x) .

Here, ∑′p denotes the sum over p ≤ x such that p + a is not prime, because if p + a

is a prime, then by (4.4.2),

∑
p≤x

Ω(τ(p + a)� ∑
l≤x

l prime

Ω(τ(l)) = O(π(x) log log x).

Therefore, we have

T2 = ∑
p≤x

′
∑

qα||p+a
qα>y

Ω(τ(qα))>100 log log x

Ωz(τ(qα)) + O(π(x) log log x)

� ∑
y<qα<x/4

Ω(τ(qα))>100 log log x

Ωz(τ(qα)) ∑
p≤x

qα|p+a

1 + O(π(x) log log x).

This is because if qα > x/4, and qα|p + a, then 1 <
p + a

qα
< 4 has only finitely

many choices, and since τ is multiplicative function and Ω is completely additive,

T2 gets changed by a constant. Thus,

T2 � ∑
y<qα<x/4

Ω(τ(qα))>100 log log x

Ωz(τ(qα))π(x; qα,−a) + O(π(x) log log x).
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By the Brun-Titchmarsh theorem (Theorem 3.1.3), this has an upper bound of

� ∑
y<qα<x/4

Ω(τ(qα))>100 log log x

Ωz(τ(qα))x
qα log(x/qα)

= x ∑
y<q<x/4

Ω(τ(q))>100 log log x

Ωz(τ(q))
q log(x/q)

+ O(π(x)),

where the last equality follows because the sum over qα is convergent when α ≥ 2.

To estimate the sum, we divide the sum into dyadic subintervals. Without loss of

generality, choose y = 2α, x/4 = 2β+1 for some α, β > 0 and α ≤ β + 1. Then, the

sum is bounded by

x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(τ(q))>100 log log x

Ωz(τ(q))
q

�x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(τ(q))>100 log log x

log q
q

.

Now, by the partial summation formula,

∑
q≥m

Ω(τ(q))>100 log log m

log q
q
�
∫ ∞

m

log t
t2 M100,τ(t)dt

where

MA,τ(t) = ∑
p≤t

Ω(τ(p))>A log log x

1
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which by Theorem 4.3.3 is O
(

π(x)
(log x)B

)
where B = 100(log 100− 1). Thus the state-

ment of the theorem follows.

Next, our aim is to prove the following theorem.

Theorem 4.4.2. For any a 6= 0, a ∈ Z, assuming the generalised Riemann hypothesis for

all Artin L-functions,

∑
p≤x

τ(p+a) 6=0

(
Ω(τ(p + a))− 1

2
(log log x)2

)2

= π(x)
(log log x)3

3
+ o(π(x)(log log x)3);

which implies, Ω(τ(p + a)) has normal order
(log log p)2

2
.

The proof of this theorem relies on the following lemma.

Lemma 4.4.3. For any a 6= 0, a ∈ Z, assuming the generalised Riemann hypothesis for

all Artin L-functions,

∑
p≤x

τ(p+a) 6=0

Ω2(τ(p + a)) = π(x)
(
(log log x)2

2

)2

+ π(x)
(log log x)3

3
+ O(

x
log x

).

Proof. Again, throughout the proof, we assume that we are summing over primes

p, such that τ(p + a) 6= 0, because by Theorem 4.2.2, the number of such primes is



4.4. MEAN AND VARIANCE FOR Ω(τ(p + a)) 111

O(π(x)). Clearly, since Ω(n) is a completely additive function and τ(n) is multi-

plicative,

Ω2(τ(p + a)) =

 ∑
qα||p+a

Ω(τ(qα))

2

= ∑
qα||p+a

Ω(τ(qα))2 + ∑
q

αi
i ||p+a

q
αj
j ||p+a
qi 6=qj

Ω(τ(qαi
i ))Ω(τ(q

αj
j )).

Again, choosing z = xθ, for some θ > 0, and noting that the number of prime

divisors rβ of φ(qα) with rβ > xθ is absolutely bounded ,

∑
p≤x

Ω2(τ(p + a)) = S1 + S
′
1 + S2 + S

′
2 + O

(
x

log x

)

where

S1 = ∑
p≤x

∑
qα||p+a

qα≤y

Ωz(τ(qα))2, S
′
1 = ∑

p≤x
∑

qα||p+a
qα>y

Ωz(τ(qα))2

S2 = ∑
p≤x

∑
q

αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j ≤y

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j )), S

′
2 = ∑

p≤x
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ωz(φ(q
αi
i ))Ωz(τ(q

αj
j )).

Consider the sum S1. As before, by the Brun-Titchmarsh theorem (Theorem 3.1.3)

and the Bombieri-Vinogradov theorem (Theorem 3.1.4), choosing y = x1/2

(log x)14 , we
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get

S1 = ∑
qα≤y

Ωz(τ(qα))2π(x; qα,−a)

= π(x) ∑
qα≤y

Ωz(τ(qα))2

φ(qα)
+ ∑

qα≤y
Ωz(τ(qα))2E(x; qα,−a)

= π(x) ∑
qα≤y

Ωz(τ(qα))2

φ(qα)
+ O

(
x

log x

)
.

Since the contribution from qα with α ≥ 2 is O(x/ log x),

S1 = π(x) ∑
q≤y

Ωz(τ(q))2

φ(q)
+ O

(
x

log x

)
.

Denote by D(y) = ∑q≤y Ω2
z(τ(q)). Then in order to prove Theorem (4.3.2), Murty

and Murty showed that assuming the generalised Riemann Hypothesis,

∑
q≤x

τ(q) 6=0

Ω2
z(τ(q)) = π(x)(log log z)2 + O(π(x) log log x). (4.4.3)

Using (4.4.3) and the partial summation formula, as before, we get

∑
q≤y

Ωz(τ(q))2

φ(q)
=

1
3
(log log y)3 + O(log log y)2).

Thus,

S1 = π(x)
(

1
3
(log log x)3 + O((log log x)2)

)
+ O

(
x

log x

)
.

Now let us consider S2.
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It follows that

S2 = π(x) ∑
q

αi
i ,q

αj
j ≤y

qi 6=qj

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j ))

φ(qαi
i q

αj
j )

+ ∑
q

αi
i q

αj
j ≤y2

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j ))E(x; qαi

i q
αj
j ,−a).

Choosing y = x1/4

(log x)7 and using the Bombieri-Vinogradov theorem, we get

∑
q

αi
i q

αj
j ≤y2

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j ))E(x; qαi

i q
αj
j ,−a) = O

(
x

(log x)2

)
.

Also if either αi or αj ≥ 2,
Ωz(τ(q

αi
i ))Ωz(τ(q

αj
j ))

φ(qαi
i q

αj
j )

≤
αiαj log(qiqj)

(qiqj)2 and thus in this

case, there is at most a contribution of O
(

x
log x

)
to S2. Thus we can write

S2 = π(x) ∑
qi,qj≤y
qi 6=qj

Ωz(τ(qi))Ωz(τ(qj))

φ(qiqj)
+ O

(
x

log x

)
.

Now we observe that, since Ω(n) is a completely additive function,

∑
qi,qj≤y
qi 6=qj

Ωz(τ(qi))Ωz(τ(qj))

φ(qiqj)
=

(
∑
q≤y

Ωz(τ(q))
τ(q)

)2

− ∑
q≤y

Ωz(τ(q))2

τ(q)2 .

But we know from the proof of Theorem 4.4.1,
(

∑q≤y
Ωz(τ(q))

φ(q)

)
= 1

2(log log y)2 +
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O
(

x
log x

)
and ∑q≤y

Ωz(τ(q))2

φ(q)2 is convergent, hence absolutely bounded. Thus,

S2 = π(x)
(

1
2
(log log x)2

)2

+ O(π(x)).

Thus we get,

∑
p≤x

Ω2(τ(p + a)) = S1 + S2 + S′1 + S′2 + O
(

x
log x

)

= S′1 + S′2 + π(x)
(
(log log x)2

2

)2

+ π(x)
(log log x)3

3
+ O

(
x

log x

)

Now we can write S′1 as

S′1 = S′1,1 + S′1,2

where

S′1,1 = ∑
p≤x

∑
qα|p+a
qα>y

Ω(τ(qα))<100 log log x

Ω2
z(τ(q

α))

and

S′1,2 = ∑
p≤x

∑
qα|p+a
qα>y

Ω(τ(qα))>100 log log x

Ω2
z(τ(q

α)).

Clearly,

S′1,1 = O

(log log x)2 ∑
p≤x

∑
qα|p+a
qα>y

1


= O

(
π(x)(log log x)2

)
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because there are only finitely many such qα. Thus,

S′1 = S′1,2 + O
(

π(x)(log log x)2
)

.

Now, we can write

S′1,2 = ∑
p≤x

′
∑

qα|p+a
qα>y

Ω(τ(qα))>100 log log x

Ω2
z(τ(q

α)) + O (π(x) log log x) .

Here, ∑′p denotes the sum over p ≤ x such that p + a is not prime, because if p + a

is a prime, then

∑
p≤x

Ω2(τ(p + a)� ∑
l≤x

l prime

Ω2(τ(l)) = O(π(x)(log log x)2).

Also, since τ(n) = O(n6), the number of prime power divisors rβ of τ(qα) with

α ≥ 2 is O(1). So,

S′1,2 = ∑
p≤x

′
∑

qα||p+a
qα>y

Ω(τ(qα))>100 log log x

Ω2
z(τ(q

α)) + O(π(x)(log log x)2)

� ∑
y<qα<x/4

Ω(τ(qα))>100 log log x

Ω2
z(τ(q

α)) ∑
p≤x

qα|p+a

1 + O(π(x)(log log x)2).

This is because if qα > x/4, and qα|p + a, then 1 <
p + a

qα
< 4 has only finitely

many choices, and since τ is multiplicative function and Ω is completely additive,
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S′1,2 gets changed by a constant. Thus,

S′1,2 � ∑
y<qα<x/4

Ω(τ(qα))>100 log log x

Ω2
z(τ(q

α))π(x; qα,−a) + O(π(x)(log log x)2).

By the Brun-Titchmarsh theorem (Theorem 3.1.3), this has an upper bound of

� ∑
y<qα<x/4

Ω(τ(qα))>100 log log x

Ω2
z(τ(qα))x

qα log(x/qα)

= x ∑
y<q<x/4

Ω(τ(q))>100 log log x

Ω2
z(τ(q))

q log(x/q)
+ O(π(x)),

where the last equality follows because the sum over qα is convergent when α ≥ 2.

Now again divide the sum into dyadic subintervals. Without loss of generality,

choose y = 2α, x/4 = 2β+1 for some α, β > 0 and α ≤ β + 1. Then, the sum is

bounded by

x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(τ(q))>100 log log x

Ω2
z(τ(q))

q

�x
β

∑
j=α

1
(β + 2)− (j + 1) ∑

2j≤q<2j+1

Ω(τ(q))>100 log log x

(log q)2

q
.

Now, by the partial summation formula,

∑
q≥m

Ω(τ(q))>100 log log m

(log q)2

q
�
∫ ∞

m

(log t)2

t2 M100,τ(t)dt
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where

MA,τ(t) = ∑
p≤t

Ω(τ(p))>A log log x

1

which by Theorem 4.3.3 is O
(

π(x)
(log x)B

)
where B = 100(log 100− 1). Now we can

write

S
′
2 = ∑

p≤x
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j )) = S′2,1 + S′2,2

where

S′2,1 = ∑
p≤x

∑
q

αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ω(τ(q
αi
i )),Ω(τ(q

αj
j ))<100 log log x

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j ))

and

S′2,2 = ∑
p≤x

∑
q

αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ω(τ(q
αi
i )),Ω(τ(q

αj
j ))>100 log log x

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j )).
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Now, as before,

S′2,1 = O


(log log x)2 ∑

p≤x
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

1


= O

(
π(x)(log log x)2

)

because there are only finitely many such qα. Thus,

S′2 = S′2,2 + O
(

π(x)(log log x)2
)

.

Now, we can write

S′2,2 = ∑
p≤x

′
∑

q
αi
i ||p+a

q
αj
j ||p+a

q
αi
i 6=q

αj
j >y

Ω(τ(q
αi
i )),Ω(τ(q

αj
j ))>100 log log x

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j ))+O

(
π(x)(log log x)2

)
.

Here, ∑′p denotes sum over p ≤ x such that p + a is not prime, because if p + a is a

prime, then

∑
p≤x

Ω2(τ(p + a)� ∑
l≤x

l prime

Ω2(τ(l)) = O(π(x)(log log x)2).
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Thus we get

S′2,2 = ∑
p≤x

′
∑

q
αi
i ,q

αj
j |p+a

q
αi
i ,q

αj
j >y

Ω(τ(q
αi
i )),Ω(τ(q

αj
j ))>100 log log x

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j )) + O(π(x)(log log x)2)

� ∑
y<q

αi
i q

αj
j <x/4

Ω(τ(q
αi
i )),Ω(τ(q

αj
j ))>100 log log x

Ωz(τ(q
αi
i ))Ωz(τ(q

αj
j )) ∑

p≤x

q
αi
i ,q

αj
j |p+a

1 + O(π(x)(log log x)2).

This is because if qαi
i q

αj
j > x/4, and qαi

i q
αj
j |p + a, then 1 <

p + a

qαi
i q

αj
j

< 4 has only

finitely many choices, and since τ is a multiplicative function and Ω is completely

additive, S′2,2 gets changed by a constant. Thus, S′2,2 is bounded above by

∑
y<q

αi
i q

αj
j <x/4

Ω(τ(q
αi
i )),Ω(τ(q

αj
j ))>100 log log x

Ωz(τ(q
αi
i ))Ω(τ(q

αj
j ))π(x; qαi

i q
αj
j ,−a) + O(π(x)(log log x)2).

By the Brun-Titchmarsh theorem, this has an upper bound of

� ∑
y<q

αi
i q

αj
j <x/4

Ω(τ(q
αi
i )),Ω(τ(q

αj
j ))>100 log log x

Ωz(τ(q
αi
i ))Ω(τ(q

αj
j ))x

qαi
i q

αj
j log(x/qαi

i q
αj
j )

=x

 ∑
y<qiqj<x/4

Ω(τ(qi)),Ω(τ(qj))>100 log log x

Ωz(τ(qi))Ω(τ(qj))

qiqj log(x/qiqj)
+ O(π(x))

 ,

where the last equality follows because the sum over qαi
i q

αj
j where αi, αj ≥ 2 is
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convergent. Now as before, divide the sum into dyadic subintervals. Without loss

of generality, choose y = 2α, x/4 = 2β+1 for some α, β > 0 and α ≤ β + 1. Then,

the sum is bounded by

O
(

π(x)
log x

)
.

Thus, the assertion in the lemma follows.

Proof of Theorem 4.4.2 : To see this, we unfold the square on the left hand side

to get

∑
p≤x

τ(p+a) 6=0

{
Ω2(τ(p + a)) +

1
4

(log log x)4 − 2.
1
2
(log log x)2Ω(τ(p + a))

}
.

Now applying Lemma 4.4.1 and Lemma 4.4.3, the assertion of the theorem follows.

As we mentioned earlier, τ(n) is just a prototype. In general, let H(z) be a nor-

malized cuspidal newform of even weight w ≥ 2 for Γ0(N) without complex mul-

tiplication, Then its Fourier coefficients aH(n) are multiplicative by (4.2.4). Also,

by estimates of Hecke,

|aH(n)| ≤ n
1
2 (w+1). (4.4.4)

In all the proofs above, we can use (4.2.4) and (4.4.4) in place of (4.1.1) and (4.1.2),

to show the following.

Theorem 4.4.4. Let H satisfy
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1. H is a normalized cuspidal new form with a Fourier expansion

H = ∑
n≥1

aH(n)e2πinz, 0 6= aH(n) ∈ Z,

2. H does not have complex multiplication.

Suppose also the generalised Riemann hypothesis is true for all Artin L-functions. Then,

for any a 6= 0, a ∈ Z

∑
p≤x

aH(p+a) 6=0

(
Ω(aH(p + a))− 1

2
(log log x)2

)2

= π(x)
(log log x)3

3
+ o(π(x)(log log x)3);

which implies, Ω(aH(p + a)) has normal order
(log log p)2

2
.

4.5 Erdős-Kac type result for Ω(τ(p + a))

In this section, in the spirit of Murty and Murty, we find the distribution function

associated to Ω(τ(p + a)). As in the previous chapter, we use Barban, Levin and

Vinogradov’s 1965 result to achieve this. For clarity of exposition, we mention the

theorem here once more. For a strongly additive function g(n), for positive real x,

A(x) = ∑
p≤x

g(p)
p

,

and

B(x) =

(
∑
p≤x

g2(p)
p

)1/2

≥ 0.
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Theorem 4.5.1 (Barban, Vinogradov, Levin, 1965). Let g(n) be a strongly additive

function. Then,

lim
x→∞

1
π(x)

| {p ≤ x; g(p + 1) ≤ A(x) + zB(x)} |

converges weakly to a limiting distribution as x → ∞, if and only if there is a distribution

function K(u) such that as x → ∞,

1
B2(x) ∑

p≤x
g(p)≤uB(x)

g2(p)
p
→ K(u).

When this condition is satisfied, the characteristic function α(t) of the limit law will be

given by Kolmogorov’s formula

log α(t) =
∫ ∞

−∞
(eitu − 1− itu)u−2dK(u)

and the limit law will have mean 0 and variance 1. In the special case, in order that

lim
x→∞

1
π(x)

| {p ≤ x; g(p + 1) ≤ A(x) + zB(x)} | = 1√
2π

∫ z

−∞
e−t2/2dt,

it is sufficient that for each fixed ε > 0, as x → ∞

1
B2(x) ∑

p≤x
|g(p)|>εB(x)

g2(p)
p
→ 0.

The statement is valid when p + 1 is replaced by p + a, for some fixed non-zero integer a.

Consider the function h(n) = ∑q|n Ω(τ(q)), where the sum is over distinct
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prime divisors q of n. This is strongly additive and hence we can apply Theorem

4.5.1 to it. In [39], Murty and Murty showed that

A(x) = ∑
p≤x

h(p)
p

=
1
2
(log log x)2 + O(log log x)

and

B(x) =

(
∑
p≤x

h2(p)
p

)1/2

=
1√
3
(log log x)3/2 + O(log log x).

They also check that for each fixed ε > 0,

∑
p≤x

Ω(τ(p))≥εB(x)

Ω2(τ(p))
p

= o(B2(x)).

Hence, a direct application of Theorem 4.5.1 shows that for any non-zero integer a,

lim
x→∞

1
π(x)

|
{

p ≤ x;
h(p + a)− 1

2(log log x)2

(log log x)3/2 ≤ α√
3

}
| = 1√

2π

∫ α

−∞
e−t2/2dt.

Now we want to prove that Ω(τ(p + a)) is normally distributed. This can be

established if we can show that

Ω(τ(p + a))− h(p + a) = o((log log x)3/2)

for all but o(x) many primes p ≤ x. We state the following lemma without proof,

as the proof is exactly same as that for the Euler phi function in Lemma 3.5.3.
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Lemma 4.5.2. For any non-zero integer a,

D(x) := ∑
p≤x

(Ω(τ(p + a))− h(p + a))2 = O(π(x)).

Using this key lemma, we can thus show that Ω(τ(p + a)) follows the normal

distribution.

Theorem 4.5.3. For any non-zero integer a, assuming the generalised Riemann hypothesis

for all Artin L-functions, we have

lim
x→∞

1
π(x)

|
{

p ≤ x;
Ω(τ(p + a))− 1

2(log log x)2

(log log x)3/2 ≤ α√
3

}
| = 1√

2π

∫ α

−∞
e−t2/2dt.

In other words, Ω(τ(p + a)), under suitable normalisation, is “normally distributed”.

Proof. According to our discussion earlier, it is sufficient to show that

Ω(τ(p + a))− h(p + a) = o((log log x)3/2)

for all but o(x) many primes p ≤ x. Indeed, if p ≤ x does not satisfy the above

equality, then a summand coming from p in D(x) in Lemma 4.5.2 satisfies

|Ω(τ(p + a))− h(p + a)| ≥ (log log x)3/2.

Lemma 4.5.2 and Theorem 4.4.2 implies that the number of such p ≤ x is O
(

π(x)
(log log x)3

)
= o(x).

Of course, as before τ(n) is a prototype. The result holds true for any integer

fourier coefficients aH(n) of normalized cuspidal newform of even weight w ≥ 2
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for Γ0(N) without complex multiplication.

4.6 Further generalisation

The results in this chapter and the previous can be generalised further. The Euler

totient function, integer Fourier coefficients of Hecke eigen forms, all fall under the

umbrella of a larger class of functions. As in [38], we can define a class of functions

F and then the results in this chapter generalise to functions f (n) in F .

Let f be a non-zero multiplicative function such that for n ∈ N, f (n) ∈ Z,

f (n) 6= 0. We say f ∈ F if:

• (H0) For some β > 0, | f (n)| ≤ nβ for all n.

• (H1) Denote π f (x; d) := | {p ≤ x : f (p) ≡ 0(mod d)} |. Suppose there ex-

ists a function δ(d) such that for any θ > 0, ∑d≤xθ |π f (x; d) − δ(d)π(x)| �
x

(log x)1+γ
for some γ > 0, and some θ > 0.

• (H2) For prime powers pα, qβ, (p 6= q),

δ(pα) = p−α
(

1 + O(p−1)
)

and

δ(pαqβ) = p−αq−β

(
1 + O

(
1
p
+

1
q

))
where the implied constants are absolute.
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• (H1)’ Denote π∗f (x, d) := ∑ p≤x
f (p)≡0(d)

log p. Then

π∗f (x, d)− δ(d)x = O(x1/2+θdγ) for some θ < 1/2, γ > 0.

Any multiplicative function f is said to belong to F if it satisfies (H0), (H1), (H2),

(H1)’.

As shown in [38], using the theory of ` -adic representations, it can be shown

that the Ramanujan τ function and more generally, Fourier coefficients of nor-

malised Hecke eigenforms, whenever they are non-zero, satisfy the properties

(H0), (H1) and (H2), under a quasi-GRH.
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Chapter 5

Moments of Sums of Characters

Analytic number theory, in the modern sense, is said to begin with the work of

Dirichlet. Modifying Euler’s well-known analytic proof that there are infinitely

many primes, Dirichlet’s idea was to generalise Euler’s formula

∏
p

(
1− p−s)−1

=
∞

∑
n=1

1
ns , (5.0.1)

valid for Re(s) > 1. He introduced characters, now bearing his name, to prove

that any arithmetic progression a + nq, n = 0, 1, 2, . . . , where a and q are relatively

prime, contains infinitely many prime numbers. Ever since, these characters and

their associated L−functions have been studied extensively.

By definition, a Dirichlet character modulo d is a group homomorphism

χ : (Z/dZ)∗ → C∗.

One extends χ to all of Z by setting χ(n) = 0 for any integer n not coprime to
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d. This is a periodic function, whose values are the φ(d)-th roots of unity. The

trivial (or principal) character modulo d, denoted χ0, is defined by χ0(n) = 1 for

all n coprime to d. A character is called principal if it assumes the value 1 for

arguments coprime to its modulus and otherwise is 0. A character is called real if

it assumes real values only. A character which is not real is called complex.

In the theory of applications of Dirichlet characters, other important concepts

are the conductor of a character and primitive characters. Let χ(n) be an arbitrary

non-principal character modulo k. If, for values of n such that gcd(n, k) = 1, the

number k is the smallest period of χ, then k is the conductor of the character χ and

χ is called a primitive character (mod k). Otherwise, there exists an unique k1 > 1,

k1 < k, k1|k and a primitive character χ1(mod k1) such that

χ(n) =

 χ1(n) if (n, k) = 1

0 if (n, k) 6= 1.

Then χ(mod k) is called an imprimitive character of χ1(mod k1) and we say χ1

induces χ.

For an odd prime p, the symbol
(

a
p

)
is simply the usual Legendre symbol

(
a
p

)
=


1 if x2 ≡ a(mod p) for some x ∈ (Z/dZ)∗ , p - a

−1 if x2 6≡ a(mod p) for all x ∈ (Z/dZ)∗ , p - a

0 if a ≡ 0(mod p).

The Legendre symbol
(

a
p

)
as a function of a, is a Dirichlet character (mod p). Its
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special values are (
−1
p

)
= (−1)

p−1
2 (5.0.2)

and (
2
p

)
= (−1)

p2−1
8 . (5.0.3)

If p and q are distinct primes, then the quadratic reciprocity law states that

(
p
q

)(
q
p

)
= (−1)

(p−1)(q−1)
4 . (5.0.4)

For an odd prime integer P, which has prime factorisation, say, P = ∏pr par
r , the

Jacobi symbol is defined as ( a
P

)
= ∏

pr

(
a
pr

)ar

where
( a

1

)
= 1. The Jacobi symbol

( a
P

)
is a Dirichlet character (mod P). Both

(5.0.2) and (5.0.3) are valid with p replaced by P. The reciprocity law (5.0.4) holds

if p, q are replaced by any two relatively prime odd integers P, Q.

A Gaussian sum τ(χ) related to the character χ modulo n is the exponential

sum

τk(χ) = ∑
a(mod n)

χ(a)e
(

ak
n

)
(5.0.5)

for k ∈ Z, e(z) = e2πiz. If gcd(k, n) = 1, then

τk(χ) = χ(k)τ(χ),
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where

τ(χ) = τ1(χ) = ∑
a(mod n)

χ(a)e
( a

n

)
.

Actually, in 1801, Gauss introduced the quadratic character sum

n−1

∑
a=1

e
(

ka2

n

)

which coincides with the sum τk(χ) if χ is a real character, n odd square-free inte-

ger and gcd(n, k) = 1. (see [37]) Here the character is defined by the Jacobi symbol( a
n

)
and it is easy to show that

τ(χ) =

 ±
√

n if n ≡ 1 (mod 4)

±i
√

n if n ≡ 3 (mod 4)

The sign is not so easy to decide. Even Gauss needed several years before in 1805,

he was able to prove that the sign is always positive.

Dirichlet ([15], [16]) proved his famous theorem on primes in arithmetic pro-

gressions in 1837 by studying the series

L(s, χ) =
∞

∑
m=1

χ(m)

ms

where χ is a character modulo n. The series known as the Dirichlet L-function is

absolutely convergent in the half plane σ > 1, where it has the Euler product

L(s, χ) = ∏
p

(
1− χ(p)

ps

)−1

.
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The Euler product formula shows that the L-function has no zeroes if Re(s) > 1.

Therefore, there are no zeroes in the plane Re(s) < 0 either, except the trivial ze-

roes. It is known that there are no zeroes on the line Re(s) = 1 and the gener-

alised Riemann hypothesis (GRH) asserts that there are no zeroes with real part

Re(s) > 1
2 . Therefore all non trivial zeroes should lie on the line Re(s) = 1

2 . How-

ever, like for the Riemann zeta function, only a certain zero free region is known.

A central question in analytic number theory is to understand the behaviour of

the character sums

∑
n<Y

χ(n)

where χ is a non-principal real character modulo q. Since characters are periodic

functions, it is easy to show that this sum is always ≤ |q| in absolute value, that is

|
N

∑
n=M+1

χ(n)| ≤ |q|

for any positive integers M and N. However a sharper bound is desirable. Around

1918, Pólya and Vinogradov, independently, improved the upper bound to O
(√
|q| log q

)
.

Theorem 5.0.1 (Pólya, Vinogradov, 1918). For any non-principal character modulo q,

|
N

∑
n=M+1

χ(n)| � O
(√
|q| log q

)
.

This is popularly known as the Pólya-Vinogradov inequality. The proof of this

follows easily using Gauss sums. We refer the reader to p. 345 of [37] to see a

complete proof.

Paley [41] has shown, in 1932, that there exist character sums of size
√
|q| log log |q|.



132

For short character sums, Burgess [8] has shown some better estimates, but albeit

plenty of work has been done, the classical upper bound of Pólya and Vinogradov

is still the best known in general. We know that this powerful inequality plays a

key role in the proofs of multiple big theorems including the celebrated Bombieri-

Vinogradov theorem, which we saw helped us establish the main results in Chap-

ter 3 and 4.

Another direction in which one can study these characters is by considering

the sums of all Dirichlet characters modulo n. In particular, consider the classical

quadratic sum of the form

∑
x<p<2x

(
n
p

)
where the sum is over primes p and n is a fixed number. One expects on the

Generalised Riemann Hypothesis

∑
x<p<2x

(
n
p

)
� O(x1/2 log nx)

when we fix n and average over primes p. This is where we bring in the perspec-

tive of probability theory. We want to view the Legendre symbol
(n

.

)
and later

Dirichlet characters as “random variables” so that the above sum can be viewed as

sum over random variables. In [40], Murty and Prabhu use this poetic insight to

prove some averaged central limit theorems (under suitable growth conditions) for

sums of quadratic characters by the method of moments approach. The following

theorem of Heilbronn [28] will be at the heart of this chapter.

Theorem 5.0.2 (Heilbronn, 1958). Let p and q denote odd primes. Let
(

p
q

)
denote the
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Legendre symbol. Then for x ≥ 2,

∑
p≤x

∑
q≤x

(
p
q

)
= O(x7/4(log x)−5/4).

We will use this key theorem at the centre and instead prove results on size of

exceptional sets. Since GRH predicts the sums of these characters to be O
(
x1/2+ε

)
,

we will see how to estimate the size of the set where the sums are bigger than the

expected value.

Theorem 5.0.2 can be generalised to Hecke characters of a general number field.

Theorem 5.0.3 (Heilbronn, 1958). Let K be an algebraic number field of degree k and

discriminant D. Let χ1, χ2, · · · , χN be N distinct abelian characters in K with moduli

whose norms do not exceed m. Let g be a natural integer, x > 1, Then

N

∑
n=1

∑
N(p)≤x

χn(p) = O
(

N1− 1
4g x1+ε + Nx(x−g|D| 12 m)

1
g(k+2)+ε

)

where p is restricted to prime ideals in K and the constants implied by the symbol O depends

on k, g and ε only.

An immediate corollary to this is a similar statement for Dirichlet characters.

Corollary 5.0.4. Let χ1, χ2, · · · , χN be N distinct Dirichlet characters with moduli not

exceeding m. Let g be a natural integer, x > 1. Then, for any g,

N

∑
n=1

∑
p≤x

χn(p) = O
(

N1− 1
4g x + Nx

1
2 (m log m)

1
2g
)

where p is restricted to primes and the constant implied by the O symbol depends on g

only.
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Just like the Legendre symbols, GRH also predicts

∑
x<N(p)<2x

χn(p)� O(x1/2 log nx) (5.0.6)

We will use Heilbronn’s idea from Theorem 5.0.3 and prove an upper bound on

the size of the exceptional set of primes where the sum in 5.0.6 is different from its

expected bound.

5.1 Result of Heilbronn Revisited

We reproduce the original proof of Theorem 5.0.2 here for the sake of clarity, and

with a view to a generalization needed for our discussion. A critical application of

the Polya-Vinogradov inequality (Theorem 5.0.1) is the central idea in Heilbronn’s

theorem. Another result which plays a major role is the most ubiquitous of inequal-

ities in mathematics, the Cauchy-Schwarz inequality. First discovered by Cauchy

in the year 1821, it states that if a1, · · · , an and b1, · · · , bn are arbitrary real numbers,

then ∣∣∣ n

∑
j=1

ajbj

∣∣∣ ≤ ( n

∑
j=1
|aj|2

)1/2( n

∑
j=1
|bj|2

)1/2

(5.1.1)

with equality arising if and only if there is a λ ∈ R such that aj = λbj for j =

1, 2, · · · , n.

Let us begin walking over the main idea of the proof of Heilbronn’s theorem

(Theorem 5.0.2). We consider the square of the double sum, that is,

[
∑
p≤x

∑
q≤y

(
p
q

)]2

.
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Applying the Cauchy Schwarz inequality, this is

≤π(y) ∑
q≤y

(
∑
p≤x

(
p
q

))2

=π(y) ∑
q≤y

∑
p1≤x

∑
p2≤x

(
p1p2

q

)

Squaring again and applying the Cauchy-Schwarz inequality, we get

[
∑
p≤x

∑
q≤y

(
p
q

)]4

≤ π2(y) ∑
p1≤x
p2≤x

12 ∑
p1≤x
p2≤x

(
∑
q≤y

(
p1p2

q

))2

≤ π2(y)π2(x)2 ∑
n≤x2

∑
q1≤y
q2≤y

(
n
q1

)(
n
q2

)

= 2π2(y)π2(x) ∑
q1≤y
q2≤y
q1=q2

∑
n≤x2

(
n

q1q2

)
+ 2π2(y)π2(x) ∑

q1≤y
q2≤y
q1 6=q2

∑
n≤x2

(
n

q1q2

)

Using the Polya-Vinogradov inequality on the second term, we see that that the

upper bound is

2π3(y)π2(x)x2 + O(π4(y)π2(x)y log y).

Setting y = x, and taking fourth roots on both sides of the inequality, we get Heil-

bronn’s bound.

An essential ingredient in the proof of Theorem 5.0.3 is the following straight-

forward generalization of the Pólya Vinogradov inequality to algebraic number

fields.

Lemma 5.1.1. Let K be an algebraic number field of discriminant D, degree k. Let χ(a)

be an abelian non-principal character defined in K to a modulus m. Let m = N(m). Then
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for x > 1, ε > 0,

∑
N(a)≤x

χ(a) = O
(

xk|D|m
) 1

k+2+ε

where the implied constants depend on k and ε only.

For a proof, see [28]. Another important component of the proof of Theorem

5.0.3 is Holder’s inequality.

Lemma 5.1.2 (Holder’s inequality). Let 1
p + 1

q = 1 for p, q > 1. Then for ai, bi ∈ R,

for all 1 ≤ i ≤ n,

n

∑
k=1
|akbk| ≤

(
n

∑
k=1
|ak|p

)1/p( n

∑
k=1
|bk|q

)1/q

with equality if and only if |bk| = c|ak|p−1.

To keep the chapter self-contained and since Heilbronn’s arguments form the

framework in this chapter, we show the proof of Theorem 5.0.3.

Proof of Theorem 5.0.3 Applying Holder’s inequality for
1
q
=

1
2g

, ak = 1 and

bk = χk(p) for 1 ≤ k ≤ N, we get,

|
N

∑
n=1

1 ∑
N(p)≤x

χn(p)| ≤
(

N

∑
n=1
|1|
)1− 1

2g
(

N

∑
n=1
|∑

p

χn(p)|2g

) 1
2g

= N1− 1
2g

(
N

∑
n=1

(
∑
a

c(a)χn(a)∑
b

c(b)χn(b)

)) 1
2g

where 0 ≤ c(a) ≤ g! denotes the number of ways a can be written as a product

of prime ideals. Again, by the Cauchy-Schwarz inequality with respect to the sum
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over a and b,

|
N

∑
n=1

∑
N(p)≤x

χn(p)| ≤ N1− 1
2g

(
∑
a

c2(a)∑
b

c2(b)

) 1
4g
(

∑
a

∑
b

|
N

∑
n=1

χn(a)χ̄n(b)|2
) 1

4g

≤ N1− 1
2g O

(
x

1
2+ε
)( N

∑
n1=1

N

∑
n2=1

∑
a

∑
b

χn1(a)χ̄n1(b)χn2(a)χ̄n2(b)

) 1
4g

= N1− 1
2g O

(
x

1
2+ε
)( N

∑
n1=1

N

∑
n2=1
|∑

a

χn1(a)χ̄n2(a)|2
) 1

4g

Here the sums with respect to a are O(xg+ 1
2 ε). Using this result if n1 = n2, we

obtain

|
N

∑
n=1

∑
N(p)≤x

χn(p)| ≤ N1− 1
4g O(x1+ε) + N1− 1

2g O
(

x
1
2+ε
)( N

∑
n1=1

N

∑
n2=1
|∑

a

χn1(a)χ̄n2(a)|2
) 1

4g

Here the sum over a is O
(
xgk|D|m2) 1

k+2+ε
by Lemma 5.1.1. �

5.2 Sums over product of characters - a generalisation

of Heilbronn’s arguments

In this section, we now adapt Heilbronn’s approximation technique to estimate the

following sums

∑
p≤x

∑
q1≤y

∑
q2≤y

(
p
q1

)(
p
q2

)
and

∑
n1≤N

∑
n2≤N

∑
N(p)≤x

χn1(p)χn2(p)
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where in the first sum
(

p
q

)
denotes the Legendre symbol and in the second sum

χn(p) denotes an abelian character of an algebraic number field K. We prove the

following theorems.

Theorem 5.2.1. Let
(

p
q

)
denote the Legendre symbol. For any x > 0,

∣∣∣ ∑
p≤x

∑
q1≤x

∑
q2≤x

(
p
q1

)(
p
q2

) ∣∣∣ ≤ x2(log x)−5/4.

Proof. We start by considering

∑
p≤x

∑
q1≤y

∑
q2≤y

(
p
q1

)(
p
q2

)
.

Taking 4th powers and first applying the Cauchy-Schwarz inequality, we see that

(
∑
p≤x

∑
q1≤y

∑
q2≤y

(
p
q1

)(
p
q2

))4

≤
(

∑
p≤x

12

)2
∑

p≤x

(
∑

q1≤y
∑

q2≤y

(
p

q1q2

))2
2

= π2(x)

(
∑
p≤x

(
∑

q1,q2,q3,q4≤y

(
p

q1q2q3q4

)))2

≤ π2(x)

(
∑

n≤x

(
∑

q1,q2,q3,q4≤y

(
n

q1q2q3q4

)))2

In the last equality we expand the outer sum to run over all integers n ≤ x instead

of just primes p ≤ x. Unwrapping the outer square we get

(
∑
p≤x

∑
q1≤y

∑
q2≤y

(
p
q1

)(
p
q2

))4

≤ π2(x) ∑
n1≤x

∑
n2≤x

∑
q1,q2,q3,q4≤y

(
n1n2

q1q2q3q4

)
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Writing n1n2 = m, we get the upper bound to be

= 2π2(x) ∑
m≤x2

∑
qi≤y

1≤i≤4
∏i qi=square

(
n

q1q2q3q4

)
+ 2π2(x) ∑

m≤x2
∑

qi≤y
1≤i≤4

∏i qi 6=square

(
n

q1q2q3q4

)
.

Again applying the Polya-Vinogradov inequality (Theorem 5.0.1) on the second

term, we get an upper bound of

2π2(x)x2(π(y))2 + 2π2(x)y2 log(y4)π4(y).

Setting x = y and taking 4-th roots, we get

∣∣∣ ∑
p≤x

∑
q1≤x

∑
q2≤x

(
p
q1

)(
p
q2

) ∣∣∣ ≤ x2(log x)−5/4. (5.2.1)

Next, we generalise Theorem 5.0.3 to obtain the following result.

Theorem 5.2.2. Let K be an algebraic number field of degree k and discriminant D. Let

χ1, χ2, · · · , χN be N distinct abelian characters in K with moduli whose norms do not

exceed m. Let g be a natural integer, x > 1. Then, for any δ > 0,

∑
n1≤N

∑
n2≤N

∑
N(p)≤x

χn1(p)χn2(p) ≤ O
(

N2− 1−δ
2g x1+ ε

4g + N2− 1
g x

1
2+ε

(
xk|D|m

) 1
2g(

1
k+2+ε)

)

where the implied constants only depend on k, g and ε.
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Proof. We start by considering

∑
n1≤N

∑
n2≤N

∑
N(p)≤x

χn1(p)χn2(p).

By Holder’s inequality with q = 2g,

| ∑
n1≤N

∑
n2≤N

∑
N(p)≤x

χn1(p)χn2(p)| ≤
(

∑
n1≤N

∑
n2≤N

1

)1− 1
2g
(

∑
n1≤N

∑
n2≤N

|∑
p

χn1n2(p)|2g

) 1
2g

= (N2)
1− 1

2g

(
∑

n1,n2≤N

(
∑
a

c(a)χn1n2(a)∑
b

c(b)χ̄n1n2(b)

)) 1
2g

where as before, 0 ≤ c(a), c(b) ≤ g! denotes the number of ways a can be writ-

ten as a product of prime ideals. Applying Cauchy-Schwarz with respect to the

summation over a, b, we get

| ∑
n1≤N

∑
n2≤N

∑
N(p)≤x

χn1(p)χn2(p)|

≤ (N2)
1− 1

2g

(
∑
a

c2(a)∑
b

c2(b)

) 1
4g
(

∑
a

∑
b

|
N

∑
n1=1

N

∑
n2=1

χn1n2(a)χ̄n1n2(b)|2
) 1

4g

≤
(

N2
)1− 1

2g O
(

x
1
2+ε
) N

∑
n1=1

N

∑
n2=1

N

∑
n3=1

N

∑
n4=1

∑
N(a)≤xg

∑
N(b)≤xg

χn1n2(a)χ̄n1n2(b)χn3n4(a)χ̄n3n4(b)

 1
4g

=
(

N2
)1− 1

2g O
(

x
1
2+ε
)(

∑
n1,n2,n3,n4≤N

|∑
a

χn1n2(a)χ̄n3n4(a)|
2

) 1
4g

Now we have two cases: if n1n2 = n3n4, sum over a is O
(

xg+ 1
2 ε
)

. For n1, n2 ≤ N,

if n1n2 = n3n4,, then the number of choices of n3 and n4 is limited since the integer

n1n2 can only have at most Nδ factorization for any δ > 0. Thus in this case, we
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get an upper bound of

(
N2
)1− 1

2g O
(

x
1
2+ε
) (

N2+δx2g+ε
) 1

4g

= N2− 1
2g+

δ
4g O

(
x1+ ε

4g
)

.

When n1n2 6= n3n4, by Lemma 5.1.1, the upper bound is

(N2)
1− 1

2g O
(

x
1
2+ε
)

N
(

xk|D|m
)( 1

k+2+ε) 1
2g

= N2− 1
g x

1
2+

k
k+2+(k+1)ε|D|

1
k+2 .

Putting the two bounds together, the theorem follows.

5.3 Viewing through the lens of probability theory

In this section, we will introduce the flavor of probability theory into the context

of sums of characters. We start by heuristically treating the Legendre symbols as

random variables,

δq(r) =
(

r
q

)
,

where the variables are indexed by primes q ≤ y. So we have π(y) many random

variables. Then we study the sum of these random variables

g(r) = ∑
q≤y

δq(r) = ∑
q≤y

(
r
q

)

and derive the following results. These can be viewed as reflecting that estimates

violating GRH occur (if ever) very rarely.
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Theorem 5.3.1. Let p and q denote primes. Then

∣∣∣{x ≤ p ≤ 2x :
∣∣∣ ∑

q≤x

(
p
q

) ∣∣∣ > x
1
2 log px

}∣∣∣ ≤ π(x)
(log x)9/4

as x→ ∞.

Proof. With

g(p) = ∑
q≤x

(
p
q

)
,

the mean of g(p) as p runs over primes upto x is

1
π(x) ∑

p≤x
(g(p)) =

1
π(x) ∑

p≤x

(
∑
q≤x

(
p
q

))
.

When x = y, using Theorem 5.0.2, this is bounded above by

x7/4(log x)−5/4

π(x)
.

Now let’s consider the second moment of g(p). It is

1
π(x) ∑

p≤x
g(p)2 =

1
π(x) ∑

p≤x
∑

q1≤x
∑

q2≤x

(
p
q1

)(
p
q2

)
.

By Theorem 5.2.1, this is bounded above by

x2(log x)−5/4

π(x)
.



5.3. VIEWING THROUGH THE LENS OF PROBABILITY THEORY 143

Similarly, for p ≤ 2x, (π(x))−1 ∑p≤2x g(p)2 is bounded above by

(2x)2(log 2x)−5/4

π(2x)
.

Now let us consider the set of primes x ≤ p ≤ 2x for which |g(p)| exceeds

(x1/2 log px). Since the second moment of g(p) in this range of p is bounded by

1
π(x) ∑

x≤p≤2x
g(p)2 �

(
x2(log x)−5/4)

π(x)
,

using a Chebychev-type argument as in Turán’s proof of the Hardy-Ramanujan

theorem, we see that,

|{x ≤ p ≤ 2x : |g(p)| > x1/2 log px}| � x2(log x)−5/4

(x1/2 log px)2

=
π(x)

(log x)1/4(log px)2

as x → ∞. Since log px ≥ log x for x ≤ p ≤ 2x, that proves the theorem.

Similarly we have the following generalisation for abelian characters in a alge-

braic number field K. Consider the random variables

Xi(p) = χi(p)

for 1 ≤ i ≤ x defined on the prime ideals p of K. The sum of these random variables

is

h(p) = ∑
i≤x

Xi(p) = ∑
i≤x

χi(p).
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We study this sum and derive the following result.

Theorem 5.3.2. Let K be an algebraic number field of degree k and discriminant D. Let

χ1, χ2, · · · , χN be N distinct abelian characters in K with moduli whose norms do not

exceed m. Let g be a natural integer, x > 1, for any δ, ε > 0,

∣∣∣{p ∈ K : N(p) ≤ x,
∣∣∣∑

q
χq(p)

∣∣∣ > x
1
2 log mx

}∣∣∣
= O

 x1− 1
2g+

ε
4g+

δ
2g

log x(log mx)2 +
x−

1
2−

1
g+

k
2g(k+2)+

kε
2g (|D|m)

1
2g(k+2)+

ε
2g

log x(log mx)2


as x → ∞ and the implied constants depend on k, g, ε and δ only.

Proof. With

h(p) = ∑
i≤x

χi(p),

the mean of h(p) as p runs over prime ideals in K with N(p) ≤ x is

1
π(x) ∑

p

h(p) =
1

π(x) ∑
N(p)≤x

∑
i≤x

χi(p).

By Theorem 5.0.3, when N = x, this is bounded by

1
π(x)

(
x2− 1

4g+ε
+ x2(x−g|D| 12 m)

1
g(k+2)+ε

)
.

Here π(x) denotes the number of prime ideals p in K with N(p) ≤ x. Now let

us estimate the second moment of h(p). By Theorem 5.2.2, when N = x, this is
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bounded by

1
π(x)

(
x3+ ε

4g+
δ

2g−
1

2g + x
5
2−

1
g+

k
2g(k+2)+

kε
2g (|D|m)

1
2g(k+2)+

ε
2g

)
.

To consider the set of prime ideals p, with N(p) ≤ x for which h(p) exceeds

x
1
2 log mx, using a Chebychev type argument as in Turán’s proof of the Hardy-

Ramanujan Theorem, we get

∣∣∣{p ∈ K : N(p) ≤ x,
∣∣∣∑

q
χq(p)

∣∣∣ > x
1
2 log mx

}∣∣∣
≤ 1

x(log mx)2

x2+ ε
4g+

δ
2g−

1
2g

log x
+

x
1
2−

1
g+

k
2g(k+2)+

kε
2g (|D|m)

1
2g(k+2)+

ε
2g

log x


=

 x1− 1
2g+

ε
4g+

δ
2g

log x(log mx)2 +
x−

1
2−

1
g+

k
2g(k+2)+

kε
2g (|D|m)

1
2g(k+2)+

ε
2g

log x(log mx)2


= o(π(x))

as x → ∞ for any δ, ε > 0. That proves the theorem.

Remarks The results in the last section, Theorem 5.3.1 and Theorem 5.3.2 show

that except for only a small set of primes p (or p in case of algebraic number fields),

o(π(x)), the predictions on the sum of abelian characters made by the generalised

Riemann hypothesis hold true. One can also use Heilbronn’s simple method to

calculate the higher moments of the sums of these characters and use the method

of moments to prove the Central Limit Theorem for the sums of characters. But we

do not do this analysis here in this thesis. We relay it to future work.
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Chapter 6

Concluding Remarks and Scope of

Future Research

In this thesis so far, we have made progress in understanding the distribution of

certain non-additive functions, specifically the Euler totient function and certain

integer Fourier coefficients of Hecke eigenforms. We concentrated only on the

shifts of prime arguments, p + a for any integer a > 0 and primes p. Needless to

say, the same methods easily generalise when the arguments are in an arithmetic

progression, that is, to study Ω( f (an + b)) for any f ∈ H (as in Chapter 4), any

non-zero integers a, b.

However, there are many other paths that one could take here onwards, which

we have not explored yet. We record some of these ideas in this chapter.
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6.1 Joint Distribution of non-additive functions

The joint distribution of two additive functions was first studied by Levéque in

1949 in his thesis when he proved the following theorem.

Theorem 6.1.1 (Levéque, 1949). Let f (m) be a strongly additve function, with f (p) ≤ 1

for all primes p. Suppose further that ∑p
f 2(p)

p = ∞. Let z1, z2 be real numbers. Then,

lim
n→∞

1
n

∣∣∣{m ≤ n :
f (m)− An

Bn
≤ z1,

f (m + 1)− An

Bn
≤ z2

}∣∣∣
=

(
1√
2π

∫ z1

−∞
e−

t2
2 dt
)(

1√
2π

∫ z2

−∞
e−

t2
2 dt
)

where

An = ∑
p≤n

f (p)
p

and Bn =

(
∑
p≤n

f 2(p)
p

) 1
2

.

This idea was further explored by Kubilius in his book [31] where he proved

the following more general result.

For any strongly additive function fi(n), 1 ≤ i ≤ s, let

Ai(x) = ∑
p≤x

fi(p)
p

and

Bi(x) =

(
∑
p≤x

f 2
i (p)

p

) 1
2

≥ 0.

Theorem 6.1.2 (Kubilius, 1950). Let a1, a2, · · · , as be distinct fixed non-negative inte-

gers and let f1(m), f2(m), · · · , fs(m) be strongly additive functions. Then as x→ ∞, the
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distribution function

lim
x→∞

1
x

∣∣∣{m ≤ x :
f1(m + a1)− A1(x)

B1(x)
≤ z1, · · · ,

fs(m + as)− As(x)
Bs(x)

≤ zs

}∣∣∣
tends to

1
(2π)s/2

s

∏
i=1

(∫ zi

−∞
e−

t2
2 dt
)

if for each 1 ≤ j ≤ s,

∑
p≤x

| f j(p)|>εBj(x)

1
p
→ 0

and

lim
x→∞

1
B2

j (x) ∑
p≤x

| f j(p)|<εBj(x)

f j(p)
p
→ 1.

Though in the above theorem, only the case of shifts of integer arguments is

proved, one can show that the same result holds true over shifts of prime argu-

ments as well (similar to the proof of Barban-Levin-Vinogradov Theorem (Theo-

rem 4.5.1).

One avenue of research would be to see if these results can be adapted to show

joint distribution for non-additive functions. In particular, one could try to use

the approach as in Chapter 3, 4 Theorems 3.5.4 and 4.5.3 It would be a two step

process. First, we would need to find strongly additive functions which would

satisfy Theorem 6.1.2, following which we would show that this strongly additive

function estimates the non-additive function under consideration. This general

approach could be adapted to investigate many sets of non-additive functions, for

example
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1. Ω(φ(n)) and Ω(φ(n + 1))

2. Ω(τ(n)) and Ω(τ(n + 1))

3. Ω(φ(p + a)) and Ω(φ(p + a + 1))

4. Ω(τ(p + a)) and Ω(τ(p + a + 1)).

We have not investigated this completely but understanding these combinations

could be a reasonable start. This is one of the problems we would tackle in future

research.

6.2 Probabilistic Relations to the Riemann Hypothesis

On a different note, we have some partial results where we explore the connection

of the notorious Riemann Hypothesis to Laguerre polynomials. We record this

connection here.

Indeed, in a paper of Biane, Pitman and Yor [3], we find the following exposi-

tion. Let

θ(t) =
∞

∑
n=−∞

e−n2πt

be the classical Jacobi theta function. It is well known that it satisfies the modular

transformation
√

tθ(t) = θ(1/t), t > 0. (6.2.1)

By means of this transformation, Let us define

ξ(s) :=
1
2

s(s− 1)π−s/2Γ(s/2)ζ(s).
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Then, by 6.2.1,
4ξ(s)

s(s− 1)
=
∫ ∞

0
(θ(t)− 1)ts/2 dt

t
, (6.2.2)

which is valid for <(s) > 1, can be extended analytically to the entire complex

plane. Thus, we deduce the celebrated functional equation of the Riemann zeta

function

ξ(s) = ξ(1− s).

Now, if we define

G(y) := θ(y2) =
∞

∑
n=−∞

e−n2πy2
,

then (6.2.1) becomes

G(1/y) = yG(y). (6.2.3)

Set

H(y) =
d

dy

(
y2 d

dy
G(y)

)
= 2yG′(y) + y2G′′(y).

By definition of G(y), this becomes

H(y) = 4y2

(
∞

∑
n=1

(2π2n4y2 − 3πn2)e−πn2y2

)

and H(y) satisfies the same functional equation as G, namely

yH(y) = H(y−1), y > 0.
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Then Riemann’s formula (6.2.2) for ξ(s) becomes

2ξ(s) =
∫ ∞

0
H(y)ys dy

y
.

Since

2π2n4y2 > 3πn2

for y ≥ 1, we see H(y) > 0 in this region. But then, by the functional equation, we

have H(y) > 0 for y > 0 also. A routine computation shows that

2ξ(0) = 2ξ(1) = 1

and so ∫ ∞

0

H(y)
y

dy =
∫ ∞

0
H(y)dy = 1.

Thus, the function H(y) can be viewed as the density function of a probability

distribution on (0, ∞) with mean 1. If Y is a random variable with this distribution,

the functional equation for H translates as

E( f (1/Y)) = E(Y f (Y)).

Also, one can view 2ξ(s) as E(Ys).

In 1997, Xian-Jin Li [33] derived a remarkable criterion for the truth of the Rie-

mann hypothesis. To state Li’s criterion, we define for each natural number n,

λn = ∑
ρ

(
1−

(
1− 1

ρ

)n)
,
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where the sum is over the non-trivial zeros of the Riemann zeta function. Then,

Li’s criterion is that the Riemann hypothesis is true if and only if

λn ≥ 0,

for all natural numbers n. It is not difficult to see that

λn =
1

(n− 1)!
dn

dsn

(
sn−1 log ξ(s)

) ∣∣∣
s=1

.

Using Leibniz’s rule,

λn = n
n−1

∑
j=0

(
n− 1

j

)
kn−j

(n− j)!
, (6.2.4)

where

kn =
dn

dsn (log ξ(s))
∣∣∣
s=1

.

If all the kn’s were positive, then by (6.2.4), the Riemann hypothesis follows. How-

ever, this is not always the case. For example,

k3 = −0.000222316, k4 = −0.0000441763

according to the table on pg. 441 of [3]. In fact, one can interpret the kn’s as cumu-

lants of the random variable log(1/Y) with Y as before. Recall that given a random

variable X, the moment generating function is E(etX) and the cumulant generating

function is log E(etX).

The cumulants kn are also related to the Stieltjes constants γn which are defined
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as the coefficients of the Laurent expansion of ζ(s) about s = 1,

ζ(s) =
1

s− 1
+

∞

∑
n=0

γn(s− 1)n,

where γ0 = γ is Euler’s constant and one views the γn’s as generalizations of this.

In fact, it is not difficult to show that γn are given by the limits

γn = lim
m→∞

(
m

∑
k=1

logn k
k
− logn+1 m

n + 1

)
.

We are more interested in the generalized Stieltjes constants ηn given by the Lau-

rent expansion of
ζ ′

ζ
(s) about s = 1. Thus,

−ζ ′

ζ
(s) =

1
s− 1

+
∞

∑
n=0

ηn(s− 1)n.

By basic algebra, it is easy to express the ηn’s as polynomials in the constants γn

with rational coefficients. For example,

η0 = −γ0, η1 = −γ1 +
1
2

γ2
0.

The significance of these constants lies in an important arithmetic formula for the

λn’s derived by Bombieri and Lagarias [5].

Theorem 6.2.1 (Bombieri, Lagarias, 1999). Let λn denote Li’s coefficients for each nat-

ural number n. Then

λn = 1− n
2
(γ + log 4π) + S1(n) + S2(n) (6.2.5)
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where

S1(n) =
n

∑
j=2

(
n
j

)
(−1)j

(
1− 1

2j

)
ζ(j)

and

S2(n) =
n

∑
j=1

(
n
j

)
ηj−1 = −nγ0 +

n

∑
j=2

(
n
j

)
ηj−1. (6.2.6)

In fact, if for any ε > 0, there is a constant c(ε) > 0 such that for all n ≥ 1,

λn ≥ −c(ε)eεn

then the Riemann hypothesis follows.

Thus, a one-sided tempered growth of coefficients is enough for the Riemann

Hypothesis. Also, Coffey [12] has shown that for n ≥ 2,

1
2
(n(log n + γ− 1) + 1) ≤ S1(n) ≤ (n(log n + γ + 1)− 1).

In particular, S1(n) is non-negative for all n ≥ 2 so that apart from S2(n), the

contributions of the other terms to λn in (6.2.5) is O(n log n). Thus the truth of

Riemann hypothesis hinges on S2(n) and the growth of the generalized Stieltjes

constants. Omar and Bouanani [6] extend Li’s criterion to the function field setting.

Clearly, we should therefore focus our attention on ηj’s. As noted in [5], one

can show that

ηj =
(−1)j

j!
lim
x→∞

(
∑

m≤x

Λ(m) logj m
m

− (log x)j+1

j + 1

)
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where

Λ(m) =


log p, m = pα, α ≥ 1,

0, otherwise.

This expression is unwieldly. We offer an alternate expression via Laguerre poly-

nomials.

For ψ(x) = ∑n≤x Λ(n), we know

−ζ ′

ζ
(s) = s

∫ ∞

1

ψ(x)
xs+1 dx

=
s

s− 1
+ s

∫ ∞

1

ψ(x)− x
xs+1 dx

=
1

s− 1
+ 1 + s

∫ ∞

1

ψ(x)− x
xs+1 dx.

Here, we can write the integral as

(s− 1 + 1)
∫ ∞

1

(ψ(x)− x)
x2 e−(s−1) log xdx

=(s− 1 + 1)
∞

∑
j=0

(−1)j(s− 1)j

j!

∫ ∞

1

∆(x) logj x
x2 dx

where ∆(x) = ψ(x)− x. If we let

δj =
∫ ∞

1

∆(x) logj x
x2 dx, (6.2.7)

then

ηj =
(−1)jδj

j!
+

(−1)j−1δj−1

(j− 1)!
. (6.2.8)

It is possible to derive estimates for ηj, δj and γj but all of these estimates have

exponential growth. So we need to explore cancellations.
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In this context, we have the Laguerre polynomials:

Ln(x) =
n

∑
j=0

(
n
j

)
(−x)j

j
.

The generalised Laguerre polynomials which can be defined by the following gen-

erating function (see [1], [11], [36]):

∞

∑
n=0

L(α)
n (x)tn =

1
(1− t)α+1 exp

(
− tx

1− t

)
, (|t| < 1)

can also be defined by the closed formula for n ≥ 0,

L(α)
n (x) =

n

∑
k=0

(−1)k
(

n + α

n− k

)
xk

k!
(6.2.9)

where (r
k) denote the binomial coefficients given by

(
r
0

)
= 1 and

(
r
k

)
=

r(r− 1)(r− 2) · · · (r− k + 1)
k(k− 1) · · · 1

for positive integer k and any complex number r.

Theorem 6.2.2. Let ∆(x) = ∑n≤x Λ(n)− x and S2(n) be as in 6.2.6. Further suppose

that L(α)
n (x) denote the Laguerre polynomials. Then

S2(n) = −nγ0 +
∫ ∞

1

∆(x)
x2 L(2)

n−1(log x)dx− n
∫ ∞

1

∆(x)
x2 dx (6.2.10)

where γ0 denotes the Euler’s constant.

Proof. In order to understand S2(n), we can try to get the expression of ηj−1 in

(6.2.6) in terms of integrals of generalised Laguerre polynomials. Using (6.2.6) and
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(6.2.8), we get

S2(n) = −nγ0 +
n

∑
j=2

(
n
j

)(
(−1)j−1δj−1

(j− 1)!
+

(−1)j−2δj−2

(j− 2)!

)

= −nγ0 + T1(n) + T2(n)

where using (6.2.7)

T1(n) =
n

∑
j=2

(
n
j

)
(−1)j−1δj−1

(j− 1)!

=
∫ ∞

1

∆(x)
x2

(
n

∑
j=2

(
n
j

)
(− log x)j−1

(j− 1)!

)
dx

and

T2(n) =
n

∑
j=2

(
n
j

)
(−1)j−2δj−2

(j− 2)!

=
∫ ∞

1

∆(x)
x2

(
n

∑
j=2

(
n
j

)
(− log x)j−2

(j− 2)!

)
dx.

Writing j′ = j− 1 and using (n
k) = ( n

n−k) for 0 ≤ k ≤ n, we can rewrite the sum in

expression for T1(n) as

n−1

∑
j′=1

(
n

j′ + 1

)
(−1)j′ (log x)j′

(j′)!

=
n−1

∑
j′=1

(
(n− 1) + 1
(n− 1)− j′

)
(−1)j′ (log x)j′

(j′)!

=− n + L(1)
n−1(log x).
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A similar calculation for the sum in the expression for T2(n) gives

n

∑
j=2

(
n
j

)
(− log x)j−2

(j− 2)!

=
n−2

∑
j′=0

(
(n− 2) + 2
(n− 2)− j′

)
(− log x)j′

(j′)!

=L(2)
n−2(log x).

Thus, we get the following expression for S2(n) in terms of the generalised La-

guerre polynomials

S2(n) = −nγ0 − n
∫ ∞

1

∆(x)
x2 dx +

∫ ∞

1

∆(x)
x2

[
L(1)

n−1(log x) + L(2)
n−2(log x)

]
dx

(6.2.11)

The integral in the last term of (6.2.11) can be simplified as follows:

L(1)
n−1(log x) + L(2)

n−2(log x)

=
n−1

∑
k=0

(
n

n− 1− k

)
(−1)k (log x)k

k!
+

n−2

∑
k=0

(
n

n− 2− k

)
(−1)k (log x)k

k!

=
(log x)n−1

(n− 1)!
+

n−2

∑
k=0

((
n

n− 1− k

)
+

(
n

n− 2− k

))
(−1)k (log x)k

k!

=
(log x)n−1

(n− 1)!
+

n−2

∑
k=0

(
n + 1

n− 1− k

)
(− log x)k

k!

=
(log x)n−1

(n− 1)!
−
(

n− 1 + 2
n− 1− (n− 1)

)
(log x)n−1

(n− 1)!
+

n−1

∑
k=0

(
n− 1 + 2
n− 1− k

)
(− log x)k

k!

=
n−1

∑
k=0

(
n− 1 + 2
n− 1− k

)
(− log x)k

k!

=L(2)
n−1(log x).
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Thus the theorem follows.

The last term in 6.2.10 is actually O(n) by a simple application of the uncondi-

tional error term in the prime number theorem. So, to prove the Riemann hypoth-

esis, we need to focus on the integral in the second term in view of the results of

Bombieri and Lagarias.

Thus, this particular connection shows that understanding Laguerre polynomi-

als and their integrals could give some insight into Li’s coefficients which in turn

would connect to the Riemann Hypothesis. We plan to pursue this and derive

some definitive results in this context in our future research.
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[7] V. Brun, Über das Goldbachsche Gesetz und die Anzahl der Primzahlpaare,

Archiv for Mathematik og Naturvidenskab. B34 (8), (1915).



BIBLIOGRAPHY 161

[8] D. A. Burgess, The distribution of quadratic residues and non-residues, Math-

ematika 4, 1957, 106–112.

[9] H. Carayol, Sur les représentations `-adiques associées aux formes modulaires

de Hilbert, Ann. scient. Éc. Norm. Sup., 4e série 19 (1986), 409–468.
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[22] P. Erdős, C. Pomerance, On the normal number of prime factors of φ(n). Num-

ber theory (Winnipeg, Man., 1983). Rocky Mountain J. Math. 15 (1985), no. 2,

343–352.
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