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Abstract 

In recent years, topology optimization has become a popular tool in automotive, aerospace and defense 

industries to generate novel clean slate designs. The most modern of these tools is multi-material topology 

optimization which is capable of simultaneously distributing material and selecting the optimum material 

within a design domain. However, a shortcoming of this method is that it cannot consider the practical 

joining of the inherently multi-component solutions. Since optimal joint design is dependent on optimal 

component design (and vice versa), it is argued that these aspects must be considered together to generate 

truly optimum multi-material designs. This limitation is addressed through multi-material and multi-joint 

topology optimization (MM/MJ TO) which can generate optimal joint distribution and selection at the 

boundary of dissimilar materials. Two different gradient-based topology optimization methods will be 

presented which allow for 3D MM/MJ TO structural design. These are included in the form of two 

manuscripts. 

The first manuscript expands on the current state-of-the-art MM/MJ TO algorithm and investigates its 

efficacy in solving 3D problems. A new concept of tooling accessibility constraints will be introduced that 

has yet to be discussed in literature. This constraint limits the existence of welded joints in tooling 

inaccessible regions to ensure manufacturability. The capabilities of the algorithm were demonstrated with 

three academic complexity 3D numerical examples. Through this work, it was found that the algorithm 

required prohibitively large computational cost while producing sub-optimal solutions. While this method 

was the first to achieve MM/MJ TO, it was found to have limited scalability to complex industry-driven 

design problems. 

The second manuscript introduces a novel interpolation scheme for performing coupled MM/MJ TO which 

addresses previous limitations. By removing the need to decouple MM and MJ TO, the algorithm can solve 

a new set of physically meaningful problem statements while also reducing computational time. Unlike the 

previous method, the new interpolation scheme enables the material interface to morph, thus capturing the 
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mutual dependency of component and joint design. Through four numerical examples, these capabilities 

are demonstrated on both academic and high complexity 3D problems. 
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Mathematical Notation 

Unless otherwise noted, the following mathematical notation will be used in all equations. An overview of 

the vector notation used in this document is provided below.  

Description of Vector Notation Example Meaning 

Greek and Latin characters no under-tilde  A, a, G, r Scalar values 

Bolded Greek and Latin characters  
A(x), a(x), )ũ , ( ɟx) (x  

ɟA, a,ũ,   
Function (rank will be 

given) 

Lower case Greek and Latin characters with 

under-tilde 
, a r Vectors 

Upper case Greek and Latin characters with 

under-tilde 
, G G Tensors 

Single superscript     , , ,
d d d dA a rG  

Identifies independent 

vector or tensor field 

Unless otherwise specified, superscripts are not exponents. If an exponent is used in an equation it will be 

explicitly defined. In some cases, it may be useful to represent a term in index notation rather than vector 

notation. The two notations will be used interchangeably throughout the thesis. Index notation terms will 

have the following meaning: 

Description of Index Notation Example Meaning 

Bolded Greek and Latin characters no 

under-tilde 
A , a , ũ , ɟe e e e 

Function (rank will be 

given) 

Single subscript    , , ,e e e eA a rG  Vectors 

Multiple subscript    ,, ,ei ei ei eiA a rG  Matrix 

Single subscript with summation 
   , , ,

e e e
e

e
e e eA a rGä ä ä ä Summation yielding a 

scalar 

Multiple subscript with summation 
   , , ,ei ei

i
ei ei

i i i

A a rGä ä ä ä Summation yielding a 

vector 

Single superscript     , , ,
d d d d

e e e eA a rG  
Identifies independent 

vector or tensor field 

When the above notation is used, the superscript and subscript values and their meaning will be defined. It 

is important to note that superscript is used to identify multiple independent variables which have the same 

meaning but do not depend on each other. For example, the design variable fields will be defined as 

3 41 2   and , ,r r r r in vector notation or equivalently as 3 41 2   and , ,e e e er r r r. Subscripts typically 
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identify an index within the variable. For example, if 1er  is a vector of length N then the subscript e will 

identify the entry in the vector such that 1 2 3, , ,...,e N= . If the mathematics presented deviates from these  

conventions it will be explicitly defined.  

ñHatsò will be often applied to variables to modify their meaning. These modifiers are applied on top of the 

previously described notation. Commonly used modifiers are described below: 

Example ñHatsò Meaning 

W  
Optimization constraint 

limit  

J  
Variable after sensitivity 

filtering 

 , er r Variable after Heaviside 

projection 

  Ĕ Ĕ Ĕn, n( ), nex  Variable after thinning 

operation 
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This section includes a list off all abbreviations used in this text as well as a description of their meaning. 

Meaning Abbreviation 

The National Highway Traffic Safety 

Administration 
NHTSA 

Environmental Protection Industry EPA 

Corporate Average Fuel Economy CAFE 

Electric Vehicles EVs 

Topology Optimization TO 

Multi -Material Topology Optimization MMTO 

Single-Material Topology Optimization SMTO 

Multi -Joint Topology Optimization MJTO 

Multi -Material and Multi-Joint Topology 

Optimization 
MM/MJ TO 

Finite Element Analysis FEA 

Finite Element FE 

Finite Element Method FEM 

Convex Linearization Optimizer CONLIN 

Design Variable DV 

Solid Isotropic Material with Penalization  SIMP 

Rational Approximation of Material 

Properties  
RAMP 

Noise Vibration Harshness NVH 

Method of Moving Asymptotes MMA 

Messerschmitt-Bölkow-Blohm Beam MBB 
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Iteration Iter. 

Discrete Material Optimization DMO 

Tool Command Language TCL 

Minimum compliance problem statement 

subject to mass fraction constraint 
Min. Comp. 

Bi-objective cost and compliance problem 

statement subject to mass fraction constraint 
Min. Cost 

Minimum compliance problems statement 

subject to cost and mass fraction constraints 
Cost Const. 
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List of Symbols 

Presented in this section are the variables and symbols used in this document. They are separated by 

chapters and are listed in the order in which they appear. Symbols with similar meanings are grouped 

together. It is important to note that the meaning of variables may change slightly between chapters. 

Variables are also described in context when they first appear. Variables and symbols will be shown in 

equivalent index and vector notation if applicable. 

Some variables (such as E( )
jr ) are functions of one or more design variable fields jr . Depending on the 

context, the same variable may be a function of different fields. If this is the case, the variable will be 

described in a general form. The reader should refer to the text where the variable is introduced in order to 

determine which of the fields are used in that particular context. 

Chapter 2 Variables 

Description Variable Rank 

Design variable vector. Subscript e  identifies the element within 

the vector. 
 , ex x  Vector 

Objective function which is a function of the design variables.   J( ), J( )ex x  Scalar 

Inequality constraint which is a function of the design variables. 

Multiple independent constraints are identified by index i.  
 g ( ), g ( )

i i
ex x  Scalar 

Equality constraint which is a function of the design variables.  

Multiple independent constraints are identified by index j.  
 h ( ), h ( )

j j
ex x  Scalar 

Objective function which is a function of the design variables. This 

represents the kth objective function and is used in multi-objective 

optimization. 

 f ( ), f ( )k k ex x  Scalar 

Objective function weighting factor. This represents the kth 

weighting factor and is used in multi-objective optimization kw  Scalar 
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Description Variable Rank 

Pseudo-densities which are the design variables in topology 

optimization. Subscript e  identifies the element within the vector. 
 , er r Vector 

Objective function which is a function of the topology 

optimization pseudo-density design variables.  
 J( ), J( )er r Scalar 

Vector of interpolated Youngôs Moduli for the eth element. This is 

a function of the j th design variable fields. 
 E( ), E ( )

j j
e er r  Vector 

Vector of interpolated mass for the eth element. This is a function 

of the j th design variable fields. 
 W( ), W ( )

j j
e er r  Vector 

Nominal Youngôs Modulus for Material A (stiffest structural 

material). 
AE  Scalar 

Nominal Youngôs Modulus for Material B (least stiff structural 

material). 
BE  Scalar 

Nominal physical density for Material A (stiffest structural 

material). 
Ar  Scalar 

Nominal physical density for Material B (least stiff structural 

material) 
Br  Scalar 

Vector of finite element volumes for the eth element.  , en n Vector 

Penalization factor used in SIMP interpolation scheme. p  Scalar 

Compliance objective function. This is a function of the design 

variables. 
 ( (), )C C er r  Scalar 

Global stiffness matrix for finite element model. It is a function of 

the design variables.  
 ), )K( K( er r  Tensor 
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Description Variable Rank 

Vector of nodal displacements from finite element analysis. u  Vector 

Vector of forces and moments applied to degrees of freedom. f  Vector 

Mass fraction limit. Defines the limit for the mass fraction 

constraint. 
W  Scalar 

Filtering radius used in sensitivity filtering. minr  Scalar 

Vector of objective function sensitivities. Partial derivative of the 

objective function taken with respects to the fth design variable 

value.  

J

fr

µ

µ
 Vector 

Vector of filtered objective function sensitivities. Partial derivative 

of the objective function taken with respects to the eth design 

variable value. 

J

er

µ

µ
 Vector 

Vector of weighting factors used in sensitivity filtering. fH  Vector 

Pseudo-densities which are the design variables in topology 

optimization. Subscript e  identifies the element within the vector. 

Superscript identifies the independent design variable vector. 

 ,j j
er r Vector 

 

Chapter 3 Variables 

Description Variable Rank 

Pseudo-densities which are the design variables in topology 

optimization. Subscript e  identifies the element within the vector. 

Superscript identifies the independent design variable vector. 

 ,j j
er r Vector 

Structural material existence design variable vector. Subscript e  

identifies the element within the vector. 
1 1 , er r Vector 

Structural material selection design variable vector. Subscript e  

identifies the element within the vector. 
2 2 , er r Vector 
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Description Variable Rank 

Joint material existence design variable vector. Subscript e  

identifies the element within the vector. 
3 3 , er r Vector 

Joint material selection design variable vector. Subscript e  

identifies the element within the vector. 
4 4 , er r Vector 

Values used to initialize every entry in the jr  design variable 

vector. DV initialization typically occurs in the first iteration. 
, i

j
e inr  Scalar 

Objective function which is a function of the j th design variable 

fields.  
 J( ), J( )

j j
er r  Scalar 

Inequality constraint which is a function of the j th design variable 

fields. Multiple independent constraints are identified by index i.  
 g ( ), g ( )

i j i j
er r  Scalar 

Vector of interpolated Youngôs Moduli for the eth element. This is 

a function of the j th design variable fields. 
 E( ), E ( )

j j
e er r  Vector 

Vector of interpolated mass for the eth element. This is a function 

of the j th design variable fields. 
 W( ), W ( )

j j
e er r  Vector 

Nominal Youngôs Modulus for Material A (stiffest structural 

material). 
AE  Scalar 

Nominal Youngôs Modulus for Material B (least stiff structural 

material). 
BE  Scalar 

Nominal physical density for Material A (stiffest structural 

material). 
Ar  Scalar 

Nominal physical density for Material B (least stiff structural 

material). 
Br  Scalar 

Nominal Youngôs Modulus for Material A (stiffest joint material). CE  Scalar 
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Description Variable Rank 

Nominal Youngôs Modulus for Material B (least stiff joint 

material). 
DE  Scalar 

Nominal physical density for Material A (stiffest joint material). Cr  Scalar 

Nominal physical density for Material B (least stiff  joint material). 

 
Dr  Scalar 

The cost per unit volume of joint type C.  CQ  Scalar 

The cost per unit volume of joint type D.  DQ  Scalar 

Vector of finite element volumes for the eth element.  , en n Vector 

Penalization factor used in SIMP interpolation scheme. p  Scalar 

Compliance objective function. This is a function of the j th design 

variable fields. 
 ( (), )C C

j j
er r  Scalar 

Global stiffness matrix for finite element model. This is a function 

of the j th design variable fields. 
 ), )K( K(

j j
er r  Tensor 

Vector of nodal displacements from finite element analysis. u  Vector 

Vector of forces and moments applied to degrees of freedom. f  Vector 

Mass fraction limit. Defines the limit for the mass fraction 

constraint. 
W  Scalar 
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Description Variable Rank 

Joint cost objective which is a function of the joint design 

variables. This definition of the function is only for the first 

manuscript.  

3 4
, )Q(r r  Scalar 

Multi -objective weighting factors used in the first manuscript. 21 and  b b Scalar 

Compliance constraint limit used in relaxed compliance constraint. C  Scalar 

Compliance relaxation factor used in relaxed compliance 

constraint. 
a Scalar 

Vector of Youngôs modulus sensitivities. Partial derivative of the 

objective function taken with respects to the eth design variable 

value of the j th design variable field. 

E

e

e

jr

µ

µ
 Vector 

Vector of mass fraction constraint function sensitivities. Partial 

derivative of the constraint function taken with respects to the eth 

design variable value of the j th design variable field. 

1
g

j
er

µ

µ
 Vector 

Vector of mass fraction constraint function sensitivities. Partial 

derivative of the constraint function taken with respects to the cth 

design cell value of the j th design variable field. 

1
g

c
jr

µ

µ
 Vector 

Vector of relaxed compliance constraint function sensitivities. 

Partial derivative of the constraint function taken with respects to 

the eth design variable value of the j th design variable field. 

2
g

j
er

µ

µ
 Vector 

Vector of relaxed compliance constraint function sensitivities. 

Partial derivative of the constraint function taken with respects to 

the cth design cell value of the j th design variable field. 

2
g

c
jr

µ

µ
 Vector 

Vector of compliance function sensitivities. Partial derivative of 

the objective function taken with respects to the fth design variable 

value of the j th design variable field. 

C
j

fr

µ

µ
 Vector 

Vector of design cell sensitivities (sum of element sensitivities) 

Partial derivative of the objective function taken with respects to 

the cth design variable value of the j th design variable field. 

C

c
jr

µ

µ
 Vector 

Vector of filtered compliance function sensitivities. Partial 

derivative of the objective function taken with respects to the fth 

design variable value of the j th design variable field. 

C
j

er

µ

µ
 Vector 
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Description Variable Rank 

Vector of cost function sensitivities. Partial derivative of the 

objective function taken with respects to the eth design variable 

value of the j th design variable field. 

Q

e
jr

µ

µ
 Vector 

Vector of filtered cost function sensitivities. Partial derivative of 

the objective function taken with respects to the eth design variable 

value of the j th design variable field. 

Q

e
jr

µ

µ
 Vector 

Element stiffness matrix for the eth element. K e  Tensor 

Vector of nodal displacements for the eth element. eu  Vector 

Filtering radius used in sensitivity filtering. r  Scalar 

Vector of weighting factors used in sensitivity filtering. fH  Vector 

Interlaminar stresses in tension normal to the interface plane. 
t
y ys  Scalar 

Interlaminar stresses in compression normal to the interface plane. y
c

ys  Scalar 

Shear stresses on interface plane. yxt  Scalar 

Shear stresses on interface plane. yzt  Scalar 

Interlaminar tensile strength of adhesive bond. tZ  Scalar 

Interlaminar compressive strength of adhesive bond. cZ  Scalar 
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Description Variable Rank 

Shear strength of adhesive bond. sZ  Scalar 

Adhesive bond failure criteria limit. max   Scalar 

Chapter 4 Variables 

Description Variable Rank 

Pseudo-densities which are the design variables in topology 

optimization. Subscript e  identifies the element within the vector. 

Superscript identifies the independent design variable vector. 

 ,j j
er r Vector 

Structural material existence design variable vector. Subscript e  

identifies the element within the vector. 
1 1 , er r Vector 

Structural material selection design variable vector. Subscript e  

identifies the element within the vector. 
2 2 , er r Vector 

Joint material existence design variable vector. Subscript e  

identifies the element within the vector. 
3 3 , er r Vector 

Joint material selection design variable vector. Subscript e  

identifies the element within the vector. 
4 4 , er r Vector 

Objective function which is a function of the j th design variable 

fields.  
 J( ), J( )

j j
er r  Scalar 

Inequality constraint which is a function of the j th design variable 

fields. Multiple independent constraints are identified by index i.  
 g ( ), g ( )

i j i j
er r  Scalar 

Vector of interpolated Youngôs Moduli for the eth element. This is a 

function of the j th design variable fields. 
 E( ), E( )

j j
er r  Vector 

Vector of interpolated mass for the eth element. This is a function of 

the j th design variable fields. 
 W( ), W( )

j j
er r  Vector 
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Description Variable Rank 

Nominal Youngôs Modulus for Material A (stiffest structural 

material). 
AE  Scalar 

Nominal Youngôs Modulus for Material B (least stiff structural 

material). 
BE  Scalar 

Nominal physical density for Material A (stiffest structural 

material). 
Ar  Scalar 

Nominal physical density for Material B (least stiff structural 

material). 
Br  Scalar 

Nominal Youngôs Modulus for Material A (least stiff joint 

material). 
CE  Scalar 

Nominal Youngôs Modulus for Material B (least stiff joint 

material). 
DE  Scalar 

Nominal physical density for Material A (stiffest joint material). Cr  Scalar 

Nominal physical density for Material B (least stiff joint material). 

 
Dr  Scalar 

The cost per unit volume of joint type C.  Cq  Scalar 

The cost per unit volume of joint type D.  Dq  Scalar 

Vector of finite element volumes for the eth element.  , en n Vector 

Penalization factor used in SIMP interpolation scheme. p  Scalar 
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Description Variable Rank 

Compliance objective function. This is a function of the j th design 

variable fields. 
 ( (), )C C

j j
er r  Scalar 

Total cost of joints in the design. This is a function of the j th design 

variable fields. 
ũ()e

jr  Scalar 

Interpolated cost of the eth joint. This is a function of the j th design 

variable fields. 
Q( )e

jr  Vector 

Global stiffness matrix for finite element model. This is a function 

of the j th design variable fields. 
 ), )K( K(

j j
er r  Tensor 

Vector of nodal displacements from finite element analysis. u  Vector 

Vector of forces and moments applied to degrees of freedom. f  Vector 

Mass fraction limit. Defines the limit for the mass fraction 

constraint. 
W  Scalar 

Vector of objective function sensitivities. Partial derivative of the 

objective function taken with respects to the fth design variable 

value. Partial derivatives are calculated independently for each 

design variable field j.  

J

f
jr

µ

µ
 Vector 

Vector of filtered objective function sensitivities. Partial derivative 

of the objective function taken with respects to the eth design 

variable value. Partial derivatives are calculated independently for 

each design variable field j. 

J
j

er

µ

µ
 Vector 

Vector of compliance objective function sensitivities. Partial 

derivative of the compliance function taken with respects to the eth 

design variable value of the j th design variable field. 

C
j

er

µ

µ
 Vector 

Vector of cost objective function sensitivities. Partial derivative of 

the cost function taken with respects to the eth design variable value 

of the j th design variable field. 

ũ

e
jr

µ

µ
 Vector 

Vector of mass fraction constraint function sensitivities. Partial 

derivative of the constraint function taken with respects to the eth 

design variable value of the j th design variable field. 

1
g

j
er

µ

µ
 Vector 
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Description Variable Rank 

Vector of total joint cost constraint function sensitivities. Partial 

derivative of the constraint function taken with respects to the eth 

design variable value of the j th design variable field. 

2
g

j
er

µ

µ
 Vector 

Vector of weighting factors used in sensitivity filtering. fH  Vector 

Filtering radius used in sensitivity filtering. r  Scalar 

Thinned spatial gradient magnitude field which is a function of the 

structural material selection design variable field. 
2   Ĕ Ĕ Ĕn( ), n, ner  Vector 

Material selection design variable field after it is projected.  
2r  Vector 

Spatial gradient magnitude field which is a function of the projected 

structural material selection design variable field. 
2   n( ), n, ner  Vector 

Gradient estimation matrix for the dth spatial direction.  , dd
eiG G  Tensor 

Projected spatial gradient magnitude field which is a function of the 

projected structural material selection design variable field. 
2   n( ), n, ner  Vector 

Steepness parameter for Heaviside projection function.  b Scalar 

Transition point for Heaviside projection function. h Scalar 

Bi-objective weighting factor.  g Scalar 

Joint cost limit used in joint cost constraint. Q  Scalar 
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Chapter 1:  Introduction  

1.1 Motivation  

With climate change driving many social changes, there is increasing pressure on engineers to mitigate 

fossil fuel emissions. World governments are committing to addressing the issue of climate change through 

international agreements. In 2016, studies in the United States found that 28% of U.S. greenhouse gas 

emissions were due to the transportation industry [1]. The EPA estimates that 83% of this amount is from 

ground-based vehicles (including cars, SUVs, trucks) with the next largest being the aerospace industry at 

9% [1]. In response, transport regulatory bodies are tightening their greenhouse gas emission requirements 

on automobile manufacturers.  

With a large percentage of emissions coming from consumer vehicles, the automotive industry is currently 

facing increasingly strict regulations. The National Highway Traffic Safety Administration (NHTSA) and 

Environmental Protection Industry (EPA) have recently tightened fuel efficiency targets for automakers via 

their Corporate Average Fuel Economy (CAFE) regulations. For example, medium size passenger cars will 

be required to achieve a minimum of 39.7 miles per gallon in 2019, which must then be increased by 30% 

to 51.7 in 2025 [2]. Currently, there are limited options for increasing the efficiency of fossil fuel burning 

automobiles. Some of these options are the use of advanced fuels, improved engine design, reducing 

aerodynamic drag or by reducing vehicle weight. The U.S. Department of Energy estimates that, by 

reducing vehicle weight by 10%, a 6-8% increase in fuel economy can be expected along with the associated 

reduction in greenhouse gas emissions [3]. 

If the ultimate goal is to eliminate the use of fossil fuels in the transportation industry, one clear path forward 

is through electric passenger vehicles (EVs). Consumer demand of EVs has sky rocketed, as evidenced by 

an increase in the global EV stock of 57% between 2016 and 2017 with the Chinese market owning 40% 

of the worldôs EVs [4]. As more and more consumers switch to EVs, it is crucial to resolve some of the 

issues preventing wider adoption. Typically, electric vehicles do not have the same range as fossil fuel 

burning vehicles. This is worsened by the lack of fast charging stations in comparison to gas stations. 
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Similar to fossil fuel burning vehicles, EVs can also see range improvements from more lightweight and 

efficient structural design. 

The aerospace industry has also been identified as one of the major contributors to global greenhouse gas 

emissions. It is projected that global fuel usage by civil aviation will triple by 2050 [5]. To counteract this, 

the International Civil Aviation Organization is targeting a 50% reduction in emissions by 2050 [5]. Again, 

one way to address these concerns is through weight reduction.  Lighter aircraft require less thrust to propel 

and thus, require less energy. Typically, lightweight design in the aerospace industry is achieved by utilizing 

advanced materials in computationally optimized structures on both the component level and the system 

level [6]. Through the use of multi-material design, Boeing was able to reduce the weight of their 787 

Dreamliner by 20% [7]. This corresponds to a significant reduction in fossil fuel usage. Aircraft operators, 

such as Air Canada, have estimated that 10 kg of weight savings can add up to 3925 kg of fuel savings 

every year [8]. 

Lightweight and efficient use of material is at the core of engineering design. In order to meet social and 

regulatory demands, engineers will have to work harder to build the transportation industry of the future. 

One promising method to achieve lightweight design is through strategic material substitution. Heavy 

materials such as steel can be replaced by lighter metals such as aluminum and titanium or with composites 

such as metal-coated polymers and carbon composites. The second method for lightweighting is by 

redesigning structures such that the material is used more efficiently. This strategy focuses on the optimal 

design of geometry. Finally, engineers can further reduce mass by redesigning how assemblies are joined 

together. By employing the best possible joining method (weld, adhesive bond, fastener, etc.) the load can 

be transferred more efficiently.  In many cases, joints which add significant weight to an assembly (e.g., 

mechanical fasteners) could be replaced with lighter options (e.g., adhesive bonds) with minimal impact on 

the overall structural performance. Ultimately, engineers will need to utilize a combination of all three 

methods to produce the most efficient structures which minimize material usage and cost. 
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Structures in the transportation industry have been constantly refined and improved over decades with the 

goals of making them lighter and stronger. In recent years the automotive, aerospace and defense industries 

have begun to use computational tools and numerical methods for optimizing structures. These tools assist 

designers in tuning existing designs or generating entirely new, clean slate concepts in order to more 

efficiently distribute the material in a structure. Some methods such as shape optimization are capable of 

morphing existing structures by redistributing material to where it is needed most. Others such as topology 

optimization (TO) can be used to generate completely new structures from a provided design envelope 

(design space) and load cases. In the process, TO algorithms can target the improvement of one or more 

performance metrics specified by the engineer (static stiffness, natural frequency, stress, etc.). TO 

automatically generates a design with the budgeted material (mass budget) distributed in the most efficient 

manner throughout the design domain. Many more structural optimization algorithms have been developed 

over the years in direct response to the demand from industry to optimally solve increasingly more 

challenging design problems. 

The two computational tools discussed (shape optimization and TO) ultimately only address the challenge 

of optimal geometry design for lightweight structures using a single material. However, to further advance 

lightweight design, there is a need for a computational method which considers all three aspects: optimal 

geometry, optimal material selection and optimal joining. In practice, a vehicle will be made up of many 

components manufactured out of different materials and then joined together. The optimal design of this 

system not only depends on the shape of each individual component, but also the material choice and how 

loads travel between components through joints. A change in the location of a joint, for example, will 

change the optimal material distribution and material selection of the components it connects. Thus, it is 

prudent when developing a new algorithm to capture the coupling between these aspects.  

The concept of multi-material topology optimization (MMTO) expands on the capabilities of traditional 

single material topology optimization (SMTO). MMTO is a mature computational tool which can 

simultaneously optimize the distribution and selection of material within a design domain. By considering 



MM/MJ TO of 3D Structures                  by Vlad A. Florea 

 

4 

 

both material selection and distribution, the designs generated by MMTO are often stiffer or lighter than 

those produced by traditional SMTO. If the use of multiple materials is sub-optimal, the algorithm can find 

the optimum single-material solution, making it a robust material selection tool.   However, MMTO fails 

to consider the practical manufacturing of these multi-material designs. Typically, a multi-material design 

is separated into components which are manufactured independently then joined together. This limits load 

transfer through to the discrete points where the components are joined (through welds, adhesive bonds, 

etc.). MMTO however assumes that these components are ñperfectly fusedò together and load transfer can 

occur at any point.  Thus, when a designer interprets a MMTO solution for manufacturing and assembly, 

the optimality of the MMTO solution is lost. The ñideal fusionò assumption is not possible in practical 

design and thus the material distribution is no longer an optimum solution to the design problem. 

Ultimately, industry sees this as a major limitation. In order to manufacture these designs, significant time 

and cost must be invested in manually interpreting and refining the MMTO solution. 

Currently, the state-of-the-art TO algorithm discussed here can solve the problem of multi-material and 

multi-joint design. It not only determines the optimal selection and distribution of materials within a 

structure but can also optimize the placement and selection of joints to connect dissimilar materials. This 

method is referred to as multi-material multi-joint topology optimization (MM/MJ TO). MM/MJ TO 

addresses the limitations of the ñideal fusionò assumption and provides a design which needs less manual 

intervention to yield a manufacturable design. This is a promising computational tool for optimizing 

structures considering the three aspects of lightweight design. However, development of MM/MJ TO is still 

in its early stages with no widely accepted mature methodologies in academia. Currently, the algorithm 

proposed by Woischwill and Kim [9] is the only method to successfully solve the MM/MJ TO problem. 

1.2 Objectives 

MM/MJ TO has the potential to assist engineers and designers in developing more efficient and light weight 

structural systems for the next generation of land vehicles and aircraft. However, the efficacy of this tool in 

solving complex real-world structural design problems has yet to be proven. The method proposed by 
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Woischwill and Kim [9] is currently the only method in academia which can solve MM/MJ TO. This 

method solves the MM/MJ TO problem by solving the MMTO and MJTO problem separately and 

sequentially over several iterations. The MMTO sub-problem determines the optimal distribution of two 

materials within the design domain in order to maximize the stiffness (minimize compliance) given a 

maximum mass budget. The MJTO sub-problem then optimizes the selection and distribution of joints 

between the dissimilar material interfaces such that the joints are used as efficiently as possible while 

minimizing cost. Typically, once joints are introduced, the stiffness of the structure will drop as the ñideal 

fusionò assumption is removed. Components are now joined in discrete locations through a less stiff joint 

material, thus decreasing the stiffness of the overall structure. In order to minimize this effect, the joint 

design phase utilizes a relaxed compliance constraint which limits the possible stiffness decrease.  

Currently, this MM/MJ TO algorithm has only been tested with simple 2D academic geometries. If the goal 

is to solve industry-driven design challenges, this algorithm must also be capable of solving 3D problems 

in an efficient and robust manner. This thesis work will begin by building upon the work of Woischwill and 

Kim and expanding the algorithm to support 3D problems. The goal of this work is to assess the algorithmôs 

scalability to real-world practical problems posed by the research teamôs industry partners. In the process, 

several important considerations will be explored which become necessary when 3D geometries are 

considered. The first is the aspect of tooling accessibility. In 2D, results can be thought of as sheet metal 

structures. Typically, these structures are accessible from many angles allowing for a joint to be placed 

anywhere along the interface. In 3D, components now mate at more geometrically complex interfaces. This 

means that certain areas of the interface may not be accessible by tooling. Thus, joint selection must now 

be limited in the algorithm to consider the practical assembly of the components. A method will be 

described for considering tooling accessibility when applying joints to an assembly. It is also critical to 

quantify the computational expense of the algorithm in 3D. Since TO is based on Finite Element Analysis 

(FEA), moving from 2D to 3D geometries significantly increases the element count. This leads to a larger 

computational cost. While the increase in FEA time is unavoidable, the computational cost overhead from 
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the TO portion of the algorithm must also be considered. If the proposed MM/MJ TO algorithm requires 

significantly more computational cost even with simple 3D geometries, it may become prohibitively 

expensive to perform on practical industry problems. The consequences of these findings will be used as 

motivation for further work into MM/MJ TO.  

The insights from implementing the Woischwill and Kim algorithm in 3D will be used to develop a 

completely new methodology for MM/MJ TO, discussed in the second portion of the thesis. Several 

deficiencies were identified in the first half of the thesis work: 

1. The non-standard finite element (FE) meshing strategy used makes it impossible to discretize 

complex (non-rectangular) geometries as it is a manual process 

2. The non-standard FE mesh leads to an unnecessarily large element count when compared to 

standard meshing approaches, greatly increasing computational time 

3. The decomposition of MM/MJ TO into two subproblems as well as the associated pre-processing 

have high computational overhead 

4. The decomposition process cannot truly capture the coupled nature of multi-material and multi-

joint design. It was found that the material interface was fixed by the algorithm, thus not allowing 

it to change throughout optimization 

As evidenced by these deficiencies, an improved MM/MJ TO algorithm would be one that does not utilize 

a non-standard mesh and can solve the coupled MM/MJ TO problem (without decompositions). In order to 

achieve this, a novel interpolation scheme is proposed which can simultaneously perform MMTO and 

MJTO. A MM/MJ TO interpolation scheme has yet to be described in literature, making this work the first 

to propose such a scheme. Since the interpolation scheme allows for the problem to be solved without 

decomposition, MMTO and MJTO is now truly coupled, allowing for the interface shape to also change 

throughout optimization. Ultimately, the author believes this will lead to truly optimal solutions. Using 

spatial gradients, a process will be described which can identify the interface between dissimilar materials 

without requiring any preprocessing like the previous method. The proposed method will also incorporate 
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the ideas of tooling accessibility. Finally, a standard hexahedral mesh will be utilized. This is important as 

many commercial FEA pre-processors have automated algorithms for meshing geometries using these 

standard elements. Through this new methodology, the following aspects will be investigated: 

1. It will be shown that the new scheme can solve a wider set of topology optimization problems. This 

means more practical problem definitions 

2. The computational cost of the algorithm will be quantified 

3. The tooling accessibility constraint will be validated to work in the new context 

4. Tradeoffs between total joint cost and structural compliance will be explored 

5. A complex aircraft seat geometry will be optimized as proof of the algorithmôs robustness  

Finally, this thesis will critically examine and compare these two methodologies given the described 

objectives and goals. 

1.3 Contributions 

This thesis is separated into two related bodies of work. The first deals with expanding upon the already 

published work of Woischwill and Kim. The MM/MJ TO of simple 3D geometries will be explored for the 

first time in literature. A novel methodology for considering the accessibility of joints will be described. 

The second portion of the thesis will present a new MM/MJ TO method which the author believes to address 

some of the deficiencies of the current state-of-the-art approach. The second manuscript will propose a 

novel interpolation scheme which can simultaneously perform coupled MM and MJ TO. This has yet to be 

described in either commercial codes or academic literature. Using spatial gradients, an algorithm will be 

presented which can reliably identify the material interface in density-based TO. While spatial gradients 

have been utilized as part of TO in literature, they have yet to be explored in this context. The robustness 

and efficiency of this new approach will be used to solve academic examples as well as a practical, complex, 

3D aircraft seat geometry. These two works represent a big step forward in capabilities when considering 

the previous state-of-the-art algorithms could only solve simple academic 2D problems. Furthermore, by 
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using insights from the first MM/MJ algorithm, the second paper will present an overall more robust and 

computationally efficient approach. Through this work, the author hopes to develop a practical 

computational tool which can be used by engineers in industry on real-world problems to gain insight into 

how to design the next generation mechanical structures.  

1.4 Thesis Structure 

The work presented in this thesis will be organized in the manuscript style. A manuscript titled ñ3D Multi -

material and Multi -joint Topology Optimization with Tooling Accessibility Constraintsò is presented 

first. This paper was submitted to the Journal of Structural and Multidisciplinary Optimization (SMO) and 

is currently under review. The second manuscript is titled ñInterpolation Scheme for Density-based 

Mul ti -material and Multi -joint Topology Optimizationò. This paper is in preparation for the 

International Journal of Numerical Methods in Engineering (IJNME). 

The layout of the thesis will be as follows. First, an introduction of general design optimization theory is 

discussed. This is followed by an overview of topology optimization and multi-material topology 

optimization. The two manuscripts will then be presented. Finally, conclusions will be given which discuss 

the contributions of the work, shortcomings and future work. 
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Chapter 2: Introduction to Optimization Theory  

In this chapter, brief introductions to the concepts of design optimization, topology optimization and multi-

material topology optimization are given. Within design optimization research, these fields are mature and 

well-established. Thus, many different approaches have been proposed for solving structural design 

problems. In this chapter, only the methods adopted in this work will be discussed. In-depth literature 

reviews are included within each of the manuscripts. The goal of this chapter is to introduce the reader to 

the important theory which the work described in the manuscript will build upon. 

2.1 Introduction to Design Optimization 

The concept of design optimization involves using a mathematical optimization algorithm to yield the best 

possible design given any number of practical constraints. For example, structural optimization considering 

fluid flow could be used to determine the optimal cross section of a bent pipe in order to minimize pressure 

loss given a fixed mass of pipe material. In statics, design optimization can be used to reshape a component 

in order to minimize the stress around key areas subject to a material mass budget. Ultimately, these 

algorithms function by utilizing mathematical optimization algorithms to make strategic changes to design 

parameters x (design variables) in order to improve upon a cost function J( )x  (objective function) subject 

to user-defined constraints. Typically, inequality and equality constraints can be enforced and are 

represented by g( )x  and h( )x  respectively. The algorithm will continually make changes to the design 

variables x until there is minimal change in the cost function J( )x . This set of design variables is said to 

yield an optimum solution to the design problem provided the design is feasible (no constraint violation). 

It is important to note that global optimality can only be guaranteed for convex objective and constraint 

functions, determined over convex design variable sets. In practical terms, and particularly for structural 

design optimization, this is not the case. Thus, it is sufficient to achieve a local optimum which is feasible 

(i.e., meets all constraints) and provides a useful design which is better than the previous one. Moving 

forward, if a design is described as ñoptimumò then it is subject to the caveat that it may not be a global 
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optimum. This is the typical convention in the optimization field. The optimization problem statement can 

be written symbolically as follows: 

 

minimize     

subject to     0    1 2  

                    0    j 1 2

                     design variables [min,max]

J( )

g ( ) , , ...,

h ( ) , , ...,

,

x

i
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x

x i n

x m

e x

¢ =

= =

" Í

  (2.1) 

where x is a vector of design variables, J( )x  is the objective (or cost) function and is a function of the 

design variables, g ( )
i x  is a vector of independent inequality constraints and finally h ( )

j x  is a vector of 

independent equality constraints. Each design variable value ex  can be continuously varied by the optimizer 

from a lower bound min to an upper bound max. These bounds are used to limit the values to physically 

meaningful quantities such as the thinnest and thickest possible sheet metal gauges available. It is important 

to note that the constraints are all functions of the design variable field x. Furthermore, any number and 

combination of the two types of constraints can be utilized at one time. This is represented by indices i  and 

j  where 1 2 3, , ,...,i n=  equality constraints and 1 2 3, , ,...,j m=  inequality constraints. As more constraints 

are added to the design problem, the optimizerôs design freedom is said to be reduced. This limits how far 

J( )x  can be minimized when compared to a problem with one or no constraints applied. In practical terms, 

this is a necessary expense as constraints (e.g. mass, maximum stress or material cost) allow the user to 

limit the design such that it yields more physically meaningful results for their application.  

Often, in practical applications of structural optimization, the engineer may have multiple and often 

contradictory objectives they wish to minimize. For example, the compliance of the structure should be 

minimized (i.e. increasing stiffness) while also minimizing material cost. This is referred to as multi-

objective optimization. When performing multi-objective optimization, both objectives must be re-written 

such that the desirable outcome is to minimize or maximize both. It is not mathematically possible to phrase 

the bi-objective problem as a combination of minimizing one objective and maximizing the other. A 
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weighted sum of the objectives is performed to give the total combined objective. It is this combined 

objective that the optimizer will attempt to improve. A mathematical definition of this problem statement 

is provided in Equation (2.2). 

 

1

minimize     

subject to     0    1 2  
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ä

 factors k [0,1], kw Í

  (2.2) 

where kw  represent the multi-objective weighting factors applied to the kth objective function, f ( )k x is the 

kth  objective and it is a function of the design variable vector x. The summation is carried out over the total 

number of objectives in the multi-objective optimization. Weighting factors kw  are used to define the 

relative impact that improving one of the objectives will have on the total combined objective. Since there 

are now multiple objectives, there exist many optimal solutions which are dictated by how much each 

objective is valued relative to the others. The tradeoff between objectives can be visualized using a Pareto 

curve (or tradeoff curve). Pareto frontiers are generated by varying the weighting factors such that the 

relative contribution of each objective is also varied. For well-behaved, smooth, multi-objective problems, 

a curve is generated between the extremes of the weighting factors. Solutions lying on this curve are said 

to be Pareto optimal (or non-dominated solutions) and are feasible solutions to the multi-objective problem. 

An example for a Pareto curve is provided in Figure 2-1. 
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Figure 2-1: Example of Pareto frontier (tradeoff curve) between two arbitrary objectives 1f ( )x  and 2f ( )x . 

As this work focuses on structural design, it is important to mention several physically meaningful design 

responses and design parameters which can be used as part of the design optimization problem. Design 

variables represent design parameters which can be varied to change the geometry or material properties of 

the structure. For example, the gauge thickness of a sheet metal structure can be a design variable.  The 

radii of fillets, radii of holes and distance between key features can all be used as design variables in size 

optimization. In topology optimization, design variables are linked to the elastic modulus and physical 

density of the structure to represent material existence or material removal. Thus, when a design variable 

is at its lowest bound, the structure at a given point has no stiffness and no mass. At its upper bound, the 

structure has the full stiffness of the material and its weight. This will be discussed in more detail in the 

following section. 

Responses are in effect measurements of the structureôs behavior subject to applied loading. Responses can 

be used either as objectives (e.g. a response which a user wishes to improve) or constraints (e.g. a maximum 

or minimum allowable response). One common response is the total mass of the structure. In a light 
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weighting problem for example, the mass is used as the objective function such that the optimizer will find 

the lightest possible structure while satisfying a set of stiffness targets measured as maximum allowable 

deflections. Another useful response is stress; while normally used as a constraint, it can also be used as an 

objective in the context of minimizing the maximum stress at a point or globally. In topology optimization, 

compliance is often used as objective. This problem statement is formulated to minimize the compliance of 

the structure which is analogous to maximizing stiffness. Over the years, many more responses and design 

parameters have been incorporated into the design optimization problem in order to solve various complex 

mechanical design problems. 

Optimization algorithms or optimizers generally belong to one of two categories. These are the gradient-

based methods (e.g. steepest descent, Newtonôs Method, Quasi-Newtonôs Method and CONLIN) and non-

gradient-based heuristic methods (e.g. Genetic Algorithm, Simulated Annealing and Ant Colonies) [10]. 

Gradient-based optimization methods utilize derivatives of the objective and constraint functions to inform 

changes in the design variables. This is commonly referred to as sensitivity analysis and effectively tests 

how a small change in the design variable values x will change the objective J( )x  and each of the 

constraint functions g ( )
i x  and h ( )

j x . At each iteration, sensitivities are calculated for the objectives and 

constraints in order to determine the direction in which to vary the design variables. After this evaluation, 

a small step is taken (small change in design variables) in the search direction (direction that improves the 

objective), the objective and constraint values are evaluated, and the sensitivity analysis is repeated. 

Typically, this ensures that design variables are changed in a manner which successively improves the 

objective function value while also satisfying the constraints. Optimization is terminated when there is 

minimal change in either the design variables and/or in the objective function. In order to perform gradient-

based optimization, the first and sometimes second derivatives of the objective and constraint functions 

must be analytically determined and provided to the optimizer. An example of unconstrained gradient-

based optimization using analytical sensitivities is provided in Figure 2-2. In this example, a known function 

Equation (2.3) of two variables (1x  and 2x ) is used to test the convergence of a gradient-based optimizer 
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(trust-region algorithm). The values of the function are plotted over all possible values of the 1x  and 2x  

design variables along with the analytically determined optimum which lies at 1 2 1x x= =. This example 

demonstrates the ideal case where the optimizer is able to find an optimum close to the true analytical global 

optimum of the objective function. It does so by calculating sensitivity values using the analytically derived 

first derivatives of the objective function. The optimizer then takes a ñstepò in the direction that will 

minimize the objective the fastest. This continues until there is minimal change in the objective function 

value.  

 2 2 2
1 2 2 1 1100 1J( ) ( ( ) ) (, )x x xx x= - + -  (2.3) 

 

Figure 2-2: Example of unconstrained gradient-based optimization using analytical sensitivity analysis (trust-

region algorithm). Steps taken by the optimizer from the starting point to the optimum are denoted using 

arrows. 

As mentioned previously, it cannot be guaranteed that an optimizer will find the true global optimum for 

non-convex functions (such as the Rosenbrock function of Equation (2.3)). This behavior is referred to as 

ñlocally convergentò and it is a property of all optimizers. Local convergence is highly affected by problem 

initialization. That is, different starting points can yield significantly different optimum solutions. Since in 

practical cases the analytical optimum cannot be determined for comparison, it is prudent to test various 

starting points in order to ensure a solution with the lowest possible objective function value is found. An 
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example of local convergence is provided in Figure 2-3. The left image shows that when initializing the 

problem at 2 0 4.x =  and 2 2x = , an optimum close to the global optimum is found with an objective 

function value of 1.86E-7 (close to the global optimum of 0). However, when the problem is initialized 

with 2 1x =- and 2 2 8.x =  the optimizer finds a poorer result with an objective function value of 1.78. In 

order to ensure the results presented in this document are replicable, problem initialization parameters will 

be given. 

 

Figure 2-3: Example of local convergence using a gradient-based optimizer. This example shows how providing 

the optimizer two different initial point effects optimum it finds. 

Analytical sensitivity analysis is only possible if closed form equations exists for the objective and 

constraint functions. If this evaluation is not possible, non-gradient-based optimizers can be used instead. 

The functionality of non-gradient-based algorithms varies significantly from method to method. Many of 

these methods are based on biological processes such as natural selection. Some examples of this are 

Genetic Algorithms (GA), Particle Swarm and Ant Colony. However, it was found that these methods 

typically require many function evaluations yielding higher computational times than gradient-based 

methods [10]. This effect is exacerbated by thousands of design variables, which make it computationally 

infeasible for structural design optimization problems such as topology optimization. In structural 

optimization it is common to require large numbers (e.g. up to hundreds of thousands) of design variables 

since this allows for higher fidelity design refinements leading to superior optimum solutions. While non-

gradient-based methods may be easy to implement for a variety of problems [10], they are inefficient when 
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sensitivities can be computed analytically [11]. Thus, since the goal of this work is to generate 

computationally efficient algorithms, gradient-based optimizers will be used. 

The purpose of structural design optimization is to assist engineers in generating superior designs for 

structural problems. These problems are usually formulated into one of three commonly used frameworks: 

size, shape and topology optimization. Figure 2-4 shows a comparative example of these optimization 

problems applied to an MBB beam (Messerschmitt-Bölkow-Blohm) benchmark structural problem adapted 

from Bendsøe and Sigmund [12]. The top figure demonstrates sizing optimization of a truss structure. Here, 

the design variables are the width of the trusses. Usually in sizing optimization, the user is interested in 

determining the optimum geometric parameters (i.e. length, thickness or radius) of a pre-defined geometry. 

The next example is of shape optimization. Here, the pre-existing holes are morphed by modifying the 

spatial position of control points distributed evenly around the edge of each hole. Similar to size 

optimization, the initial geometry of the structure must first be defined. Shape optimization can morph the 

overall shape of a feature while size optimization must maintain the shape of the feature but can change 

their general size and position. The final example of design optimization is topology optimization and it is 

presented at the bottom of Figure 2-4. This method is typically used in clean slate design as it does not 

require a geometry to be pre-defined. A user must simply define the overall domain where the structure can 

exist (design space) and any regions where the structure cannot be changed (non-designable regions). 

Examples of non-designable regions include clearance holes for other structures to pass through or solid 

plates of material which may be needed for connecting components. The predominant method for TO is 

termed ñdensity-basedò topology optimization. It relates the design variables r (often referred to as 

pseudo-densities) to the elastic modulus and physical density material properties. A pseudo-density is 

assigned to each element in a FE mesh and thus the material properties can be varied element by element. 

This allows the algorithm to give any element either no stiffness or mass, thus making it void, or to give it 

the full stiffness and mass, thus making it solid. Ultimately, the algorithm produces a distribution of solid 

and void elements which sufficiently minimizes the objective of the problem statement (e.g. compliance) 
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while meeting any constraints (e.g. mass budget). The main benefit of TO is that it can generate novel and 

unintuitive structures. These structures can have superior performance to those designed through traditional 

means. However, one shortcoming is that TO results produced by the algorithm are rarely manufacturable 

out of the box and must be reinterpreted and refined by a designer. Design refinement can be performed 

manually or through subsequent size and shape optimization after reinterpretation. Topology optimization 

theory will be discussed in more detail in the following section. 

 

Figure 2-4: Example of structural design optimization problems adapted from Bendsøe and Sigmund [12]. This 

figure shows examples of size, shape and topology optimization of an MBB beam problem. 

2.2 Introduction to Topology Optimizat ion 

Topology optimization has become a mature field of research as academics constantly develop more robust 

algorithms which can solve ever more complex problems. The most actively explored methods can be 

broadly categorized into three dominant methodologies: 

1. Density-based methods 

- These methods relate continuously varying ñpseudo-densitiesò to physical material 

properties such as Youngôs modulus and physical density via an ñinterpolation schemeò 

- Several popular interpolation functions have emerged including Solid Isotropic Material 

with Penalization (SIMP) and Rational Approximation of Material Properties (RAMP) [11] 
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2. Discrete approaches 

- The TO problem is formulated as a discrete problem formulation with material either 

existing or not existing in a location (1 or 0) 

- When the problem is discretely formulated it becomes difficult to solve and requires 

inefficient non-gradient optimizers such as Particle Swarm or Genetic Algorithm [10] 

3. Boundary variation methods 

- The most common method in this field is the level set method. This method defines the 

problem via a solid void interface (level set function) which can be morphed over time 

- One drawback to this method is that it can only morph a pre-defined solid void interface 

making it difficult to generate new holes [11] 

Currently, only density-based methods have advanced to the point that they can be readily implemented in 

commercially available TO codes and solve industry level problems. For example, Airbus has applied 

density-based TO with further design refinement using shape and size optimization to design a lightweight 

leading-edge rib for their A380 aircraft [13]. This was achieved using the commercially available density-

based Altair OptiStruct structural optimization package. Their design process from initial design space 

definition to final protype is shown in Figure 2-5. Daimler has applied TO to consider component level 

design within a full vehicle model. Initial design concepts for a rear rail were generated using OptiStruct 

topology optimization. The member was further refined using size optimization considering crash loading 

and Noise Vibration Harshness (NVH) analysis [14]. This process is outlined in Figure 2-6. The Airbus and 

Daimler case studies exemplify the wide applicability of TO for many complex engineering design 

challenges. Furthermore, they demonstrate how TO and other optimization methods fit into the traditional 

design process. 
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Figure 2-5: Topology, shape and size optimization of an Airbus A380 leading-edge rib. TO was performed with 

the density-based structural solver Altair OptiStruct. Adapted from [15]. 

 

Figure 2-6: Example of detailed component design performed by Daimler using density-based TO package. 

Adapted from [16]. 

The wide applicability of density-based TO algorithms is largely due to their computational efficiency. 

Given that the TO problem can be formulated in a smooth and continuous fashion through the interpolation 

schemes, efficient gradient-based constrained non-linear optimizers can be used. Efficient optimizers are 

crucial to the algorithmôs performance as density-based TO is built upon the Finite Element Method. Thus, 

each element in the finite element model will have one or more design variables assigned to it, yielding TO 

problems with as many as 1 million design variables. Furthermore, access to robust optimizers (e.g. 
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CONLIN or MMA  [17]) which can solve multi-physics problems with multiple practical constraints allows 

for structural problems with added complexity to be studied [11]. Given that the ultimate goal of this work 

is to apply new TO algorithms efficiently to complex industry driven problems, density-based TO will be 

adopted using the MMA optimizer. While the other presented TO methods are outside the scope of this 

work, they will be included in one of the two manuscriptôs literature reviews for completeness.  

2.2.1 Density-based Topology Optimization 

Fundamentally, the topology optimization problem is formulated as a binary optimization problem where 

the design variables determine the existence or non-existence of material at any point in the design space. 

The non-smooth nature of this binary formulation makes solving the binary TO problem computationally 

inefficient. Thus, Bendsøe and Kikuchi [18] propose the homogenization method which relaxes the problem 

by allowing the design variables to vary continuously between 0 and 1. An interpolation model is applied 

to relate the design variables to the effective material properties at any point in the structure. Over the years, 

homogenization has been the framework for many density-based TO algorithms. The most popular of which 

is the mature SIMP interpolation scheme. 

The continuous design variables can be physically interpreted as follows. When an element has a pseudo-

density of 1 it is said to be solid, meaning it is assigned the full elastic modulus of the material as well as 

its full physical density. A pseudo-density of 0 implies that no material should be utilized in that element 

and thus it is assigned an elastic modulus and physical density of approximately 0. It is important to note 

that values can approach 0 but are not allowed to equal to 0 for numerical stability. 

The topology optimization algorithms presented in each of the manuscripts will utilize the density-based 

SIMP scheme that was first proposed by Bendsøe [19]. In SIMP, the TO problem is discretized using a 

finite element formulation by assigning a design variable (termed pseudo-density) to each finite element 

within a model. FEM is also used within the algorithm to determine the response of the system given applied 

loading and physical constraints. As the design morphs through optimization, a link must be made between 

the design (which is determined by the optimizer) and the finite element model which calculates the 
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structural response to loading. Specifically, the design variables, which are updated by the optimizer at each 

iteration, should be related to the mechanical properties of each element in the FE model. The relationship 

between the two is defined by the SIMP interpolation scheme. SIMP is a power law function between the 

pseudo-densities, the Youngôs modulus and physical density of each element. Two-phase SIMP with one 

material phase and one void phase determines the interpolated elastic modulus E ( )e er  and interpolated 

mass W ( )e er  of an element of the eth element using the following functions  [19]: 

 1E ( ) ( ) ( ( ) )
p A p B

e e e eE Er r r= + -   (2.4) 

 1W ( ) [( ) ( ) ]
A B

e e ee er n r r r r= + -   (2.5) 

where 0 1( , ]erÍ  is the design variable (pseudo-density) of the eth element, AE  is the elastic modulus of 

the solid phase, by convention BE  is the elastic modulus of the void phase and is set to 0, the exponent p

is the penalization factor (set to > 1), en is the volume of the eth element, Ar  is the physical density of the 

solid phase finally Br  is the physical density of the void phase and is also set to 0. Thus, when BE and Br

are set to 0, Equations (2.4) and (2.5) interpolate between the nominal properties of material A and void. 

 

Figure 2-7: Plot of interpolated Young's Modulus and physical density using Equations (2.4) and (2.5). 

Calculations were performed using 2 1 5 [MPa].
AE E= ,

37 8 6 [kg/mm ].
A Er = - ,

31 [mm ]en=  and 3p= . 
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Practically, when interpreting material distribution results, the solution should be highly discretized with 

the majority of design variables having a value of 0 or 1. An intermediate ñgrayò result implies there is 

ambiguity as to where to optimally place the material making results difficult to interpret. To ensure that 

the TO algorithm converges on discrete results without using a discrete TO formulation, penalization factor 

p  is introduced in the Youngôs modulus interpolation. When 1p= , there is a linear interpolation between 

the modulus of the void and the solid phase. The optimizer takes advantage of this and produces a gray 

result as it is structurally beneficial but not physically meaningful. This can be seen in the middle image of  

Figure 2-8. Results in Figure 2-8 are from a compliance minimization subject to a 30% mass fraction 

constraint. Each ñpixelò (or ñvoxelò in 3D) in the design space is plotted as black if it has a 1er=  and as 

white if it has a 0~er . As penalization is increased such that 1p> , intermediate values of er  become 

unfavorable as the interpolated stiffness of that element decreases. The relationship between penalization 

and interpolated modulus is plotted in Figure 2-9. Note that at 3p= , if the design variable value is below 

0.5, the element has effectively no stiffness. This discourages the optimizer from selecting intermediate 

values as they do not contribute to the compliance objective meaningfully. Experience has shown that 

penalization values of 3 to 5 yield discrete results as seen in the right image of  Figure 2-8 . Further 

increasing penalization steepens the exponential interpolation with slopes of the curve approaching zero or 

infinity. Infinite gradient values can cause numerical instability in the sensitivity analysis, which is why 

penalization greater than 5 is not recommended. 

 

Figure 2-8: Sample MBB beam material distribution results with low and high penalization. 
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Figure 2-9: Effect of penalization on interpolated elastic modulus. The elastic modulus has been normalized to 

1. 

2.2.2 Problem Formulation 

Compliance minimization is often used as a test case problem statement in the structural optimization field. 

This problem statement is analogous to maximizing the global stiffness of a structure given a strict material 

budget. Ultimately, this is the simplest TO problem statement; however, it is a crucial starting point for any 

newly developed algorithms. The fundamental problem that TO should be capable of solving is optimal 

material distribution. Compliance minimization is used to verify this fundamental capability. Another 

benefit of the compliance formulation is that it exhibits smooth and quick convergence behavior. This is 

because both compliance and the material budget constraint (usually volume or mass fraction) are global 

measures which are not easily perturbed by changes in a single design variable. The mathematical 

formulation of compliance minimization with relaxed design variables is as follows: 
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where (J )r  is the objective function being minimized and is a function of the design variable vector r, 

(C )r is the compliance of the structure which is also a function the design variable vector r. The design 

variable vector 0 1( , ]rÍ  has values which vary continuously from approximately 0 to 1,  and uf  are the 

force and global displacement vectors respectively. (K )r  is the global stiffness matrix and is also a 

function of the material existence design variable vector. 1
g ( )er  represents the mass fraction constraint 

and is calculated by summing the interpolated mass over all elements (denoted by subscript e ) and dividing 

by the initial mass of the design space. W represents the mass fraction constraint limit as a percentage. 

Finally, Ar  is the nominal physical density the solid phase material (denoted by superscriptA). More 

practical problem statements such as mass minimization subject to stiffness targets will be introduced in 

the manuscripts. However, much of the theory discussed in these works will be built upon the compliance 

minimization statement.  

The evolution of a design throughout the TO process can be monitored via a convergence plot. These graphs 

typically show how the objective or constraint function changes at each iteration. Smooth convergence is 

defined by a monotonically decreasing objective function with minimal oscillations. Large jumps or 

oscillations in the objective convergence imply that the optimizer is struggling to find the best search 

direction and thus the best possible solution. This behavior could be an indicator that there is an issue with 
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the problem formulation, whether it be parameter selection, constraint values, geometry or the structural 

loading.  

A topology optimization example was performed on the MBB beam problem depicted in Figure 2-8. The 

convergence history and intermittent material distributions are displayed in Figure 2-10. For this problem, 

the penalization factor was set to 3 and a mass fraction constraint of 30% was used. It is best practice to 

initialize the TO problem with an unbiased homogenous gray design which is achieved by assigning the 

design variables some intermediate value (usually the mass fraction constraint value) in the first iteration. 

The optimum feasible solution was found after 75 iterations with a well discretized material distribution. 

These results were generated using the open source TO MATLAB code ñTop88ò by Andreassen [20]. The 

MMA MATLAB optimizer [17], provided by Svanberg was used. 

 

Figure 2-10: Example convergence plot with material distributions show at select iterations. Results from 

compliance minimization of MBB beam problem. 
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2.2.3 Regularization 

Since the initial development of topology optimization, two major numerical instabilities have emerged 

which can significantly change the quality of topology optimization results: mesh-dependency and the 

checkerboard phenomenon.  

Mesh-dependency refers to the dependency between FE mesh coarseness and the TO results. Mesh-

dependence arises from the increased material efficiency of using many thin members instead of few thick 

members [12]. In the extreme case where a fine FE mesh is utilized, the structural members may become 

so thin that from a practical standpoint they are impossible to manufacture [21]. Furthermore, it is argued 

that as the members get thinner, they violate the isotropic material property assumptions used when defining 

the TO problem [12].  Dependence on mesh size is shown for the MBB beam in Figure 2-11. As the mesh 

is successively refined, thinner structural members begin to appear in the optimal material distribution.  

 

Figure 2-11: Example of mesh-dependency in topology optimization. The MBB beam problem is optimized 

using three progressively finer element counts.  
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Mesh-dependency is a common phenomenon as it is fundamentally at odds with the best practices used in 

FE modeling. Meshes are refined in FEA to yield results of higher accuracy, making it crucial (in most 

cases) to use the finest mesh possible. Since TO is built upon FE models, the mesh-dependency of TO 

should be mitigated in order to allow for higher model fidelity in the FEA calculations.  

Checkerboarding is the second common numerical instability found in the computational implementation 

of TO. Checkerboarding manifests as an alternating pattern of solid and void elements, producing a lattice-

like structure. It is caused by the artificially high stiffness that checkerboarding gives the structure [21]. An 

example of checkerboarding is provided in the right image of Figure 2-12. Similar to mesh-dependency, 

this behavior should be minimized or completely eliminated as the resulting structures have no physical 

interpretation. 

 

Figure 2-12: Example of checkboard phenomenon in TO. Results with and without the mesh-independent 

sensitivity filter ar e presented to demonstrates it effect. When the filter is on it is set to a radius of 1.5 x mesh 

size. 

Both mesh-dependence and checkerboarding effects can be minimized or eliminated through the use of 

filtering techniques. Multiple filters have been proposed in the TO field which can be categorized as either 

sensitivity filters or density filters. Sensitivity filters work by effectively ñsmoothingò the objective function 

sensitivities. The most common of these filters is the mesh-independent sensitivity filter proposed by 

Sigmund [22]. This filter operates by setting the objective functions sensitivity of an element to a weighted 

average of its neighbors. A filtering ñradiusò selects the neighboring elements which are included in the 



MM/MJ TO of 3D Structures                  by Vlad A. Florea 

 

28 

 

filtering operation (Figure 2-13). The simplicity and efficacy of this filter has made it popular in both 

commercial and academic TO algorithms. One criticism of sensitivity filters is that they tend to leave a thin 

layer of intermediate gray elements around each member.  

 

Figure 2-13: Diagram of filtering radius. The center element is the element which is being filtered. Blue elements 

represent the neighbors which are included in the weighted average calculation. The red circle is the filterôs 

area of effect which selects the elements to be included in the operation. 

Density filtering has been proposed as an alternate regularization method. These filters operate by setting 

the design variable value of an element to the weighted average of its neighborhood. Initial development of 

density filters was done by Bruns and Tortorelli [23] and by Bourdin [24]. As a consequence of modifying 

the design variables, these early density filters were not volume preserving. Thus, it was not guaranteed 

that the TO material distributions would still meet the mass budget constraint. More recently, a density 

filter based off of Helmholtz type partial differential equations was proposed by Lazarov and Sigmund [25]. 

This newer filter is not only volume preserving but it is also computationally efficient for large meshes 

[20]. This improved performance comes at the cost of complex numerical and computational 

implementation. 

Experience has shown that sensitivity filtering is effective even when solving complex industry-driven TO 

problems. For this reason, density filtering will not be considered in the presented work. The manuscripts 
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will build upon the mesh-independent sensitivity filter proposed by Sigmund [22] and the member size 

filter proposed by Kim et al. [26]. The mesh independent sensitivity filter is given by: 
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unfiltered objective for the fth element. The eth element is the element being filtered and the fth element 

belongs to its group of neighbors. fH determines the weighting in the summation and is determined by the 

center-to-center distance between element e  and its neighbor f . If the distance between elements is larger 

than the filter radius minr  then they are not considered towards the sum and 0fH = . 

A modified version of the member size filter proposed by Kim et al. [26] is also utilized in this work. It is 

given by: 
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where all terms retain their previous meaning.  

2.2.4 Density-based Multi -Material Topology Optimization 

While the standard single-material topology optimization algorithm is capable of determining the ideal 

distribution of a material, in practice, mechanical structures are often composed of multiple components 

with different materials. Thus, a natural extension of this algorithm is to not only consider the optimized 

placement but also the optimal selection of material. This is referred to as multi-material topology 
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optimization. Apart from the practical benefits, MMTO also has the potential to produce quantitatively 

superior solutions (lower objective function values). By adding the ability to select materials, the algorithm 

is said to have enhanced design freedom as it can explore a wider set of design choices. This can be seen in 

Figure 2-14. Here, the MBB beam problem was optimized using only aluminum (SMTO), only steel 

(SMTO), and a combination of the two (MMTO). Note, that all three results have identical final masses. 

MMTO was able to find a result with a lower compliance than both the SMTO runs. 

MMTO is capable of either finding a superior multi-material solution, or if this is sub-optimal, finding the 

best single material solution. It is this capability that has drawn industry to adopt MMTO as it can both 

assist in designing structures as well as select the best materials or material combinations for the designs. 

 

Figure 2-14: Example comparison of SMTO and MMTO. The MBB beam problem was run with SMTO 

aluminum, SMTO steel and MMTO steel and aluminum. All results have the same final mass. 

Similar to SMTO, academia has developed MMTO in discrete, density-based and boundary variation 

frameworks. A literature review of the various MMTO methods is presented in both manuscripts. The 

density-based methods, for the same reasons previously discussed, have emerged as the most robust 
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implementations. This work will adopt the popular density-based method which expands on the SIMP 

interpolation scheme. Bendsøe and Sigmund [12] describe the expansion of SIMP to consider three-material 

phases. These are the two solid material phases and one void phase. Hvejsel and Lund [27] later generalized 

this to consider any arbitrary number of material phases. While theoretically, this extended method can 

consider any number of materials, in practice it has limited applicability as m  number of materials require 

1( )m-  design variables per element. With more than three or four materials, the algorithm can become 

computationally inefficient with even moderately sized FE meshes of ~100 000 elements. For this reason, 

this work will focus on the three-phase SIMP. Li and Kim  [28] suggest the following formulation for the 

interpolated Youngôs Modulus 1 2
E ( , )e e er r  and mass 1 2

W ( , )e e er r : 

 1 2 21 21E ( , ) ( ) [( ) ( ( ) ) ]
p p A p B

e e e e e eE Er r r r r= + -   (2.9) 

 11 2 2
)]W ( , ) [ (

B A B
e e e e e er r n r r r r r= + -   (2.10) 

where 1 0 1( , ]er Í is the material existence design variable for a given element e and 2 0 1( , ]er Í  is the 

material selection design variable for a given element e. Both design variables can vary from approximately 

0 to 1. The superscripts A and B denote the two solid material phases which are used in the interpolation. 

By convention, A denotes the stiffer of the two materials (highest elastic modulus). AE  and BE  are the 

nominal Youngôs Modulus values for materials A and B respectively. Ar  and Br are the nominal physical 

densities of the materials. All other parameters retain their meaning. The MMTO example presented in 

Figure 2-14 utilized this three phase SIMP interpolation scheme. 

It is important to note a limitation of this interpolation scheme is that it cannot interpolate the Poissonôs 

ratio of the solid material phases. Thus, only one nominal Poissonôs ratio can be used for all materials. The 

consequences of this assumption can be mitigated by using material with similar ratios such as steel and 

aluminum. It was outside of the scope of this work to validate this assumption. 
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Figure 2-15: Plot of interpolated Young's Modulus and physical density using Equations (2.9) and (2.10) for 

MMTO . Calculations were performed using  2 1 5 [MPa].
AE E= , 0 69 5 [MPa].

BE E=

37 8 6 [kg/mm ].
A Er = - ,

32 7 6 [kg/mm ].
B Er = - ,

31 [mm ]en= and 3p= . 

The interpolation functions presented in Equations (2.9) and (2.10) now require two independent design 

variable fields: one which determines material existence for each element and one that determines material 

selection. Thus, the expanded minimum compliance problem statement can be written as follows: 
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wherej  denotes the independent design variable fields 1 and 2, which are material existence and selection 

respectively. The mass fraction constraint 1
g  is defined as a ratio of the desired final mass to the design 

space mass when entirely filled with material. By convention, the stiffest material is used as the baseline. 
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Thus, Ar  represents the physical density of the stiffest material A. To calculate the current mass of the 

structure a summation is carried out over the interpolated mass of each element ( W( )
n

j
e

e

rä ). The mass 

fraction limit is defined by W and is given as a percentage. Experience has shown that W values closer to 

1 generate a MMTO result which is almost entirely of the stiffer material. If it is set closer to 0, the opposite 

occurs, and a design is generated which is entirely made up of the more compliant material. Since the goal 

of this work is to explore interface design, an MMTO result which is made up of both materials is desired. 

Typically, this occurs around a W value of 0.3 when designing with steel and aluminum. Thus, the work 

presented in this thesis will utilize mass fraction constraints close to this value 
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3.1 Abstract 

This paper proposes a method for performing both multi-material topology optimization and multi-joint 

topology optimization. The algorithm can determine the optimum placement and selection of material while 

also optimizing the choice and placement of joint material between components. This method can 

simultaneously minimize the compliance of the structure as well as the total joint cost while subjected to a 

mass fraction constraint. A decomposition approach is used to break up the coupling between optimum 

structural design and optimum joint design. Multi-material and multi-joint topology optimization are then 

solved sequentially, controlled by an outer loop. By decomposing the problem, gradient-based optimization 

algorithms can be utilized, enabling the algorithm to solve large computational models efficiently. The 

proposed process is applied to three 3D standard TO problems. Through these example problems, the need 

for an iterative process is demonstrated. Improvements to joint manufacturability using the tooling and 

stress constraints are discussed. Finally, a review of computational cost is performed. 

3.2 Introduction  

Topology optimization (TO) is a computational method popularized by Bendsoe and Kikuchi [18] which 

is used for the design of various mechanical structures. Over the past decade, industry has adopted TO as 

part of research and development efforts to create more robust and efficient designs for modern structural 
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problems. Consequently, this method has become an active area of research with common streams being 

TO for additive manufacturing, manufacturability in TO, and alternate TO algorithms. For an in-depth 

review of the field, the reader may refer to literature from Bendsøe and Sigmund [29], Liu et al. [30], 

Eschenauer and Olhoff  [31], Sigmund and Maute [11] and Deaton and Grandhi [32]. Industry focused 

design using TO has been previously discussed by Li and Kim [33] and Wong et al. [34]. 

Research into TO algorithms has led to the development of several popular and dominant methods. The 

most mature method is the density-based TO method proposed by Bendsøe [19]. This work suggests the 

use of the solid isotropic material with penalization (SIMP) function which relates material properties to 

design variables via a power law. Several other material interpolation schemes based on SIMP have since 

been proposed such as RAMP [35]. The main advantage of a density-based approach is that the objective 

and constraint functions are smooth and differentiable. These functions can be optimized by robust and 

efficient gradient-based algorithms such as optimality criteria (OC) or the method of moving asymptotes 

(MMA) [17]. Several other TO methods have been proposed such as the non-gradient-based Genetic 

Algorithm, the level set boundary variation method or evolutionary approaches. Kim and de Weck [36] 

propose a variable chromosome length approach in the genetic algorithm which allows for progressive 

design refinement. While non-gradient methods have greatly matured, Sigmund and Maute [11] suggest 

that gradient-based optimizer applied to a continuous SIMP interpolation scheme will yield a more robust 

algorithm. This is mainly due to the significantly higher computation efficiency of gradient-based 

optimization algorithms (such as MMA) in generating a usable discrete design.  

Multi -material topology optimization (MMTO) is an expansion of the standard TO algorithm to allow for 

optimal material selection in a structure. The expansion of the standard SIMP interpolation scheme such 

that it can consider two material and one void phase is described by Bendsøe and Sigmund [12] in their 

monograph. Hvejsel and Lund  [27] describe the multi-phase SIMP equation of an arbitrary number of 

material phases. This scheme was presented in a discrete material optimization (DMO) interpolation 

framework by Sigmund and Torquato [37] with Stegmann and Lund [38] applying DMO to composite 
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structures. More recently Sanders et al. [39] utilize DMO interpolation to propose a simple open source 

MATLAB based TO code for solving many material phase problems. Multi-component and composite 

orientation design were performed by Zhou et al. [40] and then applied once more in the context of powder 

bed additive manufacturing [41].  

MMTO can also be performed without density-based approaches. Level set approaches have been 

successfully applied by Guo et al. [42] to the problem. Wang et al. [43] propose a ñcolorò level-set method 

without material-interpolation. Heat transfer multi-material problems were solved by Zhuang et al. [44]. 

Wang et al. [45] also extend their MMTO framework to solve topology and shape optimization problems. 

A review of the level-set framework is presented by  van Dijk et al. [46]. Limitations of the level-set 

approach seen in single material topology optimization (SMTO) are also present in MMTO. These problems 

are: dependence on problem initialization, slow convergence and oscillatory convergence behavior [46]. 

Due to these reasons, the work discussed in his paper will utilize the density-based SIMP approach.  

Li and Kim  [28] have proven that density-based MMTO using SIMP can be effective for designing practical 

lightweight structures. The added design freedom of considering three material phases can often lead to 

superior results. Kimôs group [47] also has shown that multi-material topology optimization can produce a 

mixed steel and aluminum design which outperforms single-material solutions in the compliance problem 

by up to 17.2%. Li and Kim [48] have also applied this formulation to the optimization of an automotive 

engine cradle. They proposed that by using MMTO, a mixed-material solution can be found which is 23% 

stiffer than a conventional single-material steel or aluminum structure. Over the last several years, the 

potential to achieve better structural performance with lighter structures using MMTO has drawn industry 

to incorporate more TO in the design process. 

A common criticism of TO is that the raw results are rarely manufacturable, with conventional methods 

such as milling, stamping or casting. In practice, a TO result would typically need to be manually refined 

and reinterpreted by a designer before the structure can be made. This is an iterative process which is often 
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time consuming and expensive to execute. Furthermore, this manual redesign may lead to a loss in structural 

performance or an increase in mass. To mitigate this limitation, many researchers are developing 

manufacturing constraints for TO.  

One such limitation is the optimal splitting and joining of a structure. Often it may not be practical to 

manufacture the structure as one component. However, the splitting of a structure will lead to a loss of 

structural performance. Furthermore, the shape of the components must also change based on the 

requirements of the mechanical joints which are selected for assembly. It is apparent that optimal material 

layout and choice is coupled to the optimum layout and choice of joints in a multi-component design. This 

limitation becomes more prominent when dealing with MMTO results. A multi-material solution inherently 

necessitates that each cluster of a given material is split into separate components.  

As an example, looking at Figure 3-1, a designer may interpret the raw SMTO solution as a single milled 

or cast piece. In comparison, the MMTO solution may require several steel and aluminum components to 

be manufactured separately then assembled. This process would inevitably lead to a loss of performance 

when going from a raw MMTO solution to a final manufacturable design. Typically, topology optimization 

assumes all voxels are perfectly bonded along every interface point. Therefore, load can be transferred 

perfectly between elements from node to node. However, in practice, components must be connected 

through discrete (and often less stiff) joining structures such as fasteners or adhesive bonds, which diminish 

overall stiffness. It is critical to consider this lack of stiffness of the interfaces inside the TO loop as it will 

have a tangible impact on the optimum structural design. 



MM/MJ TO of 3D Structures                  by Vlad A. Florea 

 

38 

 

 

Figure 3-1: Qualitative manufacturability comparison of single material topology optimization (SMTO) results 

to multi -material topology optimization (MMTO). It can be seen that the SMTO (left) solution could be 

manufactured from one component while the MMTO ( right ) requires several components. 

The topology optimization of joints has been considered in literature and industry. Typically, this involves 

pre-defining a material interface and performing TO in order to determine the optimal distribution of a 

single type of joint in the domain. Ryberg and Nilsson [49] have proposed a method for optimizing the 

distribution of spot welds within an automotive structure for assembly cost reduction. This method requires 

that the spot weld candidates be predefined before optimization. Furthermore, it does not re-optimize the 

base structure to consider the limited joining areas. Other methods, such as those proposed by Qian and 

Ananthasuresh  [50] and  Zhu et al. [51], embed joints of a given stiffness throughout the design domain 

and then optimize both joint existence and material existence simultaneously. An advantage of this method 

is that the joining interface does not need to be defined a priori. However, the issue remains that only a 

single type of joint can be considered. Recently, Zhou et al. ([40], [41]) have suggested a method for 

simultaneously optimizing material layout and the splitting of the material in multiple predefined 

components. This work was able to simulate the local loss of stiffness the structure experiences at the 

interface between components inside the TO loop. Again, this method is limited in that it can only consider 

one type of joint at the interface whose mechanical properties cannot be explicitly defined by the user. Zhou 

and Saitou [52] have also applied their multi-component framework to optimizing the placement of spot 
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welds between sheet metal components. In this work, joint stiffness can be explicitly set by the user; 

however, only a single joint material can be included in the problem formulation. 

Another practical consideration in joint design is the accessibility of certain regions for joining. Ultimately, 

this depends on whether or not the components need to be in their final assembled orientation before the 

joint is applied. Certain joints may be applied before the components are placed in their final orientation 

such as adhesive bonds. Other joints, such as weld seams, necessitate that the components are mated 

together before the welding tool joins them. The authors refer to this limitation as tooling accessibility. To 

the authorôs knowledge, no work has been published which considers limiting the joint selection and 

placement based on the accessibility of the region. From a practical standpoint it is important to apply this 

limitation within the TO loop to ensure joints do not form in areas where it is infeasible to place them. 

Currently, state of the art methods published in literature can only consider coupled joint and topology 

optimization in a limited scope. Either the quantity and location of joints must be defined a priori or, if this 

is not the case, the type of mechanical joint used must be preselected. In reality, this is impractical as 

designers often utilize several types of joints when assembling a structure. The choice of these joints, 

whether it be a fastener, weld or adhesive bond, often leads to a redesign of the structural components. 

Thus, there is a need for a computationally effective and efficient gradient-based optimization approach 

which considers the mutual dependency between optimal joint selection and location, as well as optimum 

interface shape. This paper will expand on the work of Woischwill and Kim [9] which addresses some of 

the limitations in current methods. The proposed method combines both multi-material and multi-joint 

topology optimization (MM/MJ TO) into a single sequential process. This method first finds an optimal 

MMTO design and then performs multi-joint topology optimization (MJTO) to determine the optimum 

location and selection of joints. These two subproblems are solved sequentially and iteratively until an 

optimal design is found. Both the MJTO and MMTO subproblems utilize the three-phase SIMP scheme 

described previously. This allows both subproblems to be solved with the efficient gradient-based Method 

of Moving Asymptotes optimizer by Svanberg [17]. 
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While, Woischwill and Kim [9] were first to consider MM/MJ TO without having to define joint locations 

a priori  this method was only demonstrated for 2D geometries. Furthermore, it does not consider tooling 

accessibility limitations associated with assembling multi-component structures. This paper performs 3D 

MM/MJ TO for the first time while also implementing accessibility constraints for welded joints, which is 

an especially important practical consideration for 3D geometries. The following sections describe the 

expansion of the MM/MJ TO algorithm to 3D geometries. This paper will also suggest a method for 

considering tooling accessibility as a factor when determining the optimum joint selection and distribution. 

Capabilities of this algorithm will be demonstrated using three case studies.  

3.3 Methodology 

As mentioned previously the goal of this work is to present a method which sequentially performs MMTO 

and MJTO to determine the optimum structural material choice and layout, as well as the corresponding 

optimal joint material choice and layout. By going through several iterations of this sequence, the 

interdependence between these two aspects can also be considered. That is, the structural material layout 

will be re-optimized to take advantage of the optimum joint placement and vice versa. In this paper two 

structural materials and two joint materials will be considered for the MMTO and MJTO subproblems. The 

structural materials in the MMTO phase will be referred to as Structure A and Structure B while the joint 

materials in MJTO will be Joint C and Joint D. 

Through this approach the following two limitations of the traditional MMTO algorithm will be addressed: 

1. Load must be perfectly transferred (ñideal fusionò) between dissimilar material interfaces. Practical 

load transfer through discretely connected joints with realistic material properties is not considered. 

2. The practical joining of dissimilar materials has no impact on the optimum design of the structure. 

In order to resolve these issues, this paper will adopt the rules for good joint design proposed by Woischwill 

and Kim [9]: 
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1. ñAll components of dissimilar materials must either be connected through joints or disconnected 

altogether (i.e. separated by void elements), such that no load can pass directly through dissimilar 

material interfaces.ò [9]  

2. ñJoints can only exist along dissimilar material interfaces; it is assumed that all components of a single 

material can be formed without the need for joining.ò [9] 

The complete optimization problem statement of the MM/MJ process can be written as ñminimize the 

compliance and total joint cost of the structure subject to a mass fraction constraintò. Mathematically this 

is represented in Equation (3.1). In this paper both superscript and subscripts will be utilized extensively. 

Unless otherwise specified, the superscript is not an exponent. Typically, it will be used to identify a new 

independent variable. Subscripts will be used to identify the index of a vector or tensor. 
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where 1r is the structural material existence design variable vector and 2r  is a design variable vector 

which represents the selection between Structure A and Structure B, 3r  is the joint material existence 

design variable vector and 4r  is a design variable vector which represents the selection between Joint C 

and Joint D, We  is the mass and en  is the volume of the eth element which along with the physical density 

of Structure A ( Ar ) are used to calculate the normalized mass fraction constraint 1
g . W  defines the mass 

fraction constraint limit. The stiffest structural material (Structure A) is chosen as the reference initial mass 
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for the constraint calculation. The objective function J( )
jr  is the weighted minimization of 

1 2 3 4( )C , , ,r r r r and 3 4
, )Q(r r , which are the compliance of the structure and the total joining cost 

respectively. The weighting factors for both objectives are 1b and 2b  respectively. Typically, the 

compliance objective will be orders of magnitude smaller than the cost objective which could cause 

numerical instability when solving Equation (3.1). This work avoids scaling issues by decoupling Equation  

(3.1) into two subproblems, minimizing the objectives independently. This avoids the need for scaling 

factors. Variables K , u  and f  represent the global stiffness matrix, force vector and displacement vector 

respectively. Note that the global stiffness matrix 1 2 3 4
, , , )K(r r r r is a function of all design variable 

fields. Finally, superscript j  identifies the design variable set as previously described. 

One difficulty with this problem formulation is that the designable joint area is unknown until the structural 

material distribution is determined. That is, the joint design space can only be defined after the material 

interface is determined. Therefore, the 3r  and 4r  design variables for any given element are dependent 

on the 1r and 2r  of its adjacent elements. Since3r  and 4r  are mathematically dependent on 1r  and 2r  

in this problem formulation, a closed form expression cannot be determined for the objective and constraint 

functions. Thus, sensitivity analysis cannot be performed for the coupled statement. For this reason, the 

MMTO and MJTO processes have been decoupled and will be solved sequentially.  

In the following sections, an overview of TO will be provided followed by a breakdown of the proposed 

algorithm. The non-standard meshing strategy employed in this work will be discussed. The decoupled 

MMTO and MJTO subproblems with their associated problem statements and sensitivity analysis will be 

provided. This is followed by an explanation of the pre-processing steps which are needed to transition 

between subproblems. The decision process for assessing joint candidacy (whether a joint material is 

feasible in a particular location) is also discussed. This process outlines criteria for testing adhesive joints 

for possible failure due to high peeling stresses and presents a method of preventing certain joints from 
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being placed in areas which are not tooling accessible. Finally, the termination criteria for both the 

subproblems and the outer loop will be outlined.  

3.3.1 Topology Optimization 

For a given finite element (FE) model, each element is assigned a design variable often referred to as an 

ñartificial densityò. Artificial densities are bound to any value between 0 and 1 where a value of 0 represents 

material removal (void) and 1 represents material existence (solid). Using these artificial densities, the 

physical properties (physical density and elastic moduli) of each element can be calculated. As suggested 

by Bendsøe  [19], for two material phases (solid and void), the interpolated mass of each element We and 

the interpolated elastic modulus of each element Ee can be calculated based on the artificial density. These 

equations will be described below starting with the mass interpolation: 

 1W ( ) [( ) ( ) ]
A B

e e ee er n r r r r= + -   (3.2) 

where 0 1( , ]erÍ  is the design variable or artificial density assigned to the eth  element, Ar  and Br  are the 

physical densities of the two material phases, and finally en  is the volume of the element. The interpolated 

elastic modulus of each element Ee can be determined using the following: 

 1E ( ) ( ) ( ( ) )
p A p B

e e e eE Er r r= + -   (3.3) 

where AE  and BE  are the elastic moduli of the two material phases. For a single material SIMP formulation 

Br  and BE  are set to 0. It is often argued that intermediate artificial density values have no physical 

meaning and thus the designs are difficult to interpret. In order to alleviate this concern, an exponential 

penalization factor p  is introduced to drive convergence to a completely 0 or 1 solution [29]. Typically, 

p  is set to be larger than 1. 

The typical SIMP formulation described in Equations (3.2) and (3.3) can be expanded to consider three 

material phases. That is, optimal material existence as well as optimal material selection (between two 
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materials) can be determined simultaneously. In order to achieve this, Equations (3.2) and (3.3) are 

expanded as described by Bendsøe and Sigmund  [12] and Hvejsel and Lund [27]. The particular formulation 

utilized in Equations  (3.4) and (3.5) is adapted from Li and Kim  [28]: 

 11 2 2
)]W ( , ) [ (

B A B
e e e e e er r n r r r r r= + -   (3.4) 

 1 2 21 21E ( , ) ( ) [( ) ( ( ) ) ]
p p A p B

e e e e e eE Er r r r r= + -   (3.5) 

where 1 0 1( , ]er Í  is a design variable which represents the existence of material for a given element e and 

2 0 1( , ]er Í  is a design variable which selects between materials A and B. This interpolation scheme can in 

principle be expanded to m  number of material phases. However, this necessitates additional design 

variables. For each element, 1( )m-  design variables will be required for m  material phases. With a large 

number of material phases, the computational cost would make solving large FE models (well over 100,000 

elements) infeasible. 

3.3.2 Algorithm Overview  

In order to solve the decoupled problem, two subproblems will need to be defined and then solved 

sequentially. These are the MMTO and MJTO subproblems which solve for optimal material distribution 

and optimal joint distribution respectively.  

In order to loop through the entire decoupled MM/MJ process, several pre- and post-processing steps must 

also be used between the MMTO and MJTO subproblem executions, as illustrated in Figure 3-2. In this 

paper, the iterations performed by the optimizer in the MMTO and MJTO subproblems will be referred to 

as inner loops. Each iteration of the entire process will be referred to as an outer loop. 

Key parts of this algorithm will be described in subsequent sections of this paper. The reader is encouraged 

to refer to the original work proposed by Woischwill and Kim [9] for more elaboration on the MM/MJ 

algorithm.  
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Figure 3-2: Flow chart describing the proposed MM/MJ  Topology Optimization process [9]. Inner loop 

optimization is performed within  the MMTO and MJTO steps. The MM TO and MJTO steps, as well as the 

pre-processing steps, are within the outer loop. 

3.3.3 Meshing 

In typical FE meshing strategies, a structure will be meshed such that each element is roughly the same 

size, perhaps with some additional local refinement. However, when dealing with joints, this strategy may 

not accurately define the joint geometry. Typically, a joint may be significantly smaller than the components 

it connects. For example, automotive body structures such as door panels might be spot welded together. 

As a result, the spot weld may be several orders of magnitude smaller in size than the panels. If a user were 

to mesh the joints and body structures with a mesh resolution appropriate for the panels, this resolution 

would not accurately represent the geometry of the joints. Conversely, if the joints and panels are meshed 

at a resolution appropriate for the joints, the total element count may become computationally inefficient 

to solve. Thus, this paper will adapt the meshing strategy proposed by Zhou and Saitou [52] and 

implemented in the preliminary work by Woischwill and Kim  [9] for 3D geometries as seen in Figure 3-3 

and Figure 3-4. 
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Figure 3-3: Comparison of conventional hexahedral FE element of size l to MM/MJ  design cell mesh of the 

same size. Note that the overall size of both meshing strategies is the same. 

Each design cell is composed of a single structural element and seven joint elements. This meshing strategy 

is applied during initial model setup and remains static throughout the process.  

 

Figure 3-4: Graphic of different elements contained in MM/MJ  design cell. The left image shows the entire 

design cell. The right image has the structural element hidden so the joint elements can be seen. Note that one 

of the joint elements is in the bottom corner and cannot be seen in this diagram. 

3.3.4 Multi -Material Topology Optimization  

The first subproblem to be executed is the MMTO subproblem. Here, the optimum material distribution of 

Structure A, Structure B, and void is determined. Void material is given infinitesimally small physical 

density and elastic moduli values to model a disconnection between material at the interface. The MMTO 
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problem statement is formulated as a minimum compliance problem subject to a mass fraction constraint. 

It is important to note that the mass fraction constraint defined at this point will be maintained throughout 

the MM/MJ process. This can be written as: 
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Sensitivities for the compliance objective with respect to the design variables 1r  and 2r  can be calculated 

using the adjoint variable method: 

    1 2
K C EC

,
E

t e e e
e ej j j

ee e e

u u j
r r r

µ µµ
=- =- =

µ µ µ
  (3.7) 

where eu , K e  and Ee  are the element nodal displacements, element stiffness matrix, and interpolated 

elastic moduli of the eth element, respectively. The elastic moduli Ee  of each element are given by Equation  

(3.5). Ce is the compliance of the eth element. The partial derivative term can be written as: 
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Finally, the sensitivities for the mass fraction constraint are calculated via the chain rule as: 
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During the MMTO subproblem, the design cell shown in Figure 3-4 will be optimized as a single design 

variable (DV). That is, the structural element and the seven attached joint elements will share design 

variable values 1r and 2r . Sensitivities for the design cell are calculated by summing the structural and 

joint element sensitivities as follows: 
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These sensitivity values are now in terms of the entire design cell c rather than the elements. After 

performing MMTO, design cells which create a dissimilar material interface are identified. A layer of 

design cells on the material interface is made designable for the MJTO subproblem. All other design cells 

are made non-designable. 

The results from this phase must be discretized beforehand to prepare the finite element model for the 

subsequent MJTO subproblem. Thus, each element will be interpreted as Structure A, Structure B, or void 

based on its design variable values. Discretization rules from Table 3-1 are applied.  

Table 3-1: Design variable thresholds for interpreting results in the MMTO subproblem. 

Interpreted Material 1
er  2

er  

Structure A (Stiffest Material) Ó0.5 Ó0.5 

Structure B Ó0.5 <0.5 

Void <0.5 Any value 

These values may be tuned by the user depending on the convergence and discreteness (1 or 0) of their 

solution. 

3.3.5 Multi -Joint Topology Optimization 

The MJTO subproblem occurs after the MMTO phase to determine the optimum joint distribution at the 

interfaces of Structure A and B. Joint design affects structural performance (i.e. compliance in this paper) 
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and cost as well, and therefore the objective of this phase is to minimize the total cost of joints used subject 

to a compliance constraint. The choice of this compliance constraint is crucial as it will not only dictate the 

number of joints allowed in the structure (impacting cost) but also the final stiffness of the structure. One 

possibility is to constrain the compliance to be no larger than the optimum compliance of the first MMTO 

subproblemôs results, where all voxels are perfectly bonded with each other. However, no feasible solution 

could exist with such a strict constraint because the addition of joints to the structure removes the perfect 

load transfer assumption, thus yielding more compliant interfaces between Structure A and B. Thus, this 

compliance constraint must be relaxed by a user predefined relaxation factor Ŭ. This relaxation factor 

captures a similar effect seen in real world mechanical design. In practice, once a TO result is reinterpreted 

by a designer considering multiple components and their assembly, the compliance of the structure will 

increase from the raw TO optimum objective function value. Thus, the MJTO subproblem formulation can 

be written as: 
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where CQ  and DQ  are the costs per unit volume of Joint C and Joint D, and C  is the optimum total 

compliance from the first MMTO subproblem run used as a constraint limit. The cost objective function 

sensitivities can be calculated as follows: 
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Finally, the sensitivities for the compliance constraint function: 
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Again, the results must be discretized before the next step of the algorithm. The following discretization 

rules from Table 3-2 are used. 

Table 3-2: Design variable thresholds for interpreting results in the MJTO subproblem. 

Interpreted Material 3
er  4

er  

Joint C (Stiffest Material) Ó0.5 Ó0.5 

Joint D Ó0.5 <0.5 

Void <0.5 Any value 

 

3.3.6 Regularization 

In order to prevent checkerboarding of results, the objective sensitivities in the MMTO subproblem are 

filtered using the standard mesh independent sensitivity filter proposed by Sigmund and Petersson [21]: 
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the 
1 2,

C

er

µ

µ
 term represents the objective sensitivities after filtering for the eth element, 

1 2,

C

fr

µ

µ
 are the 

sensitivities before filtering for the fth element.  Subscript f identifies an element which is a neighbor of the 

element e. Elements neighbor one another if their center to center distance is smaller than filtering radius r. 

1 2,
fr  represent the pseudo-densities of the elements which neighbor element e. fH is a weighting factor 

which is determined by the distance between elements e and f. If the center to center distance between 

elements e and f is larger than radius r , the weighting factor becomes zero for that element pair. The 
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filtering radius is typically set to 1.5 times the average design cell size. Note that the mesh-independent 

filter is only applied to the 1
er  and 2

er  design variable fields. It is applied independently to both design 

variable field to not only prevent checkerboarding between solid and void elements but also between 

material types. 

In order to prevent checkerboarding and to enforce a minimum joining area in the MJTO subproblem, a 

modified version of the member size sensitivity filter proposed by Kim et al. [26] is applied to the objective 

function sensitivities: 

 

3 4
1

3 4 3 4

3 4

3 4
1

,

, ,

,

,

Q

Q Q

Q

N

f f

N

ff
f f

e e
H

r

r r
r

r

=

=

å õµ
æ ö
æ öµµ µç ÷

=
å õµ µµ
æ ö
æ öµ
ç ÷

ä

ä

  (3.20) 

where the 
3 4,

Q

er

µ

µ
 term represents the objective sensitivities after filtering for the eth element and 

3 4,

Q

fr

µ

µ

are the sensitivities before filtering for the fth element. All other terms retain their meaning from previously. 

The main change to the filter proposed by Kim et al. [26] is the addition of the summation term in the 

numerator instead of the variable N proposed in the original work. This allows for better numerical stability 

over the standard filter at fine mesh sizes [9]. 

The minimum member size filter is only applied in the MJTO subproblem and thus effects only the 3
er

and 4
er design variable fields. Again, it is applied independently to both to enforce the member size 

behavior in both joint existence and selection. 

3.3.7 MJTO Pre-Processing 

Before initiating the MJTO subproblem, MMTO results must be discretized and pre-processed. The first 

step is to import the raw MMTO design variable values and discretize the results based on the rules 
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described in Table 3-1. In order to ensure that the mass of the design meets the mass fraction constraint 

after the ensuing discretization and pre-processing steps, a bisection algorithm is used to adjust the 1r   

discretization threshold until the discretized design is within 0.1% of the constraint value. The 1r  and 2r

discretization thresholds are ultimately used to interprets the design variable values as either Structure A, 

Structure B, or void materials, allowing for the proceeding design simplification and cleanup steps. Since 

discretization is performed based on design variable values, all elements in a given design cell will be 

interpreted as the same material. 

Experience has shown that MMTO raw results often have complex and unintuitive material interfaces. This 

is usually caused by sensitivity filtering and numerical inaccuracies or instabilities. Thus, as part of the pre-

processing phase, the MMTO results will be cleaned up with the same algorithm proposed by [9] as seen 

in Figure 3-5. On the left side, the complexity of the interface between dissimilar materials necessitates 

cleanup before considering it as a possible joining area. In reality, a designer would perform a similar 

simplification and cleanup step when reinterpreting TO results. The cleanup operation works by checking 

all elements at a dissimilar material interface. If a majority of that elementôs immediate neighbors belong 

to a dissimilar material, the element will be moved to the dominant material group. In order to maintain a 

constant mass throughout MM/MJ, cleanup is incorporated into the bisection search for discretization 

thresholds.  

 

Figure 3-5: Diagram of the interface cleanup process. The left image shows discretized MMTO results pre-

cleanup. The right shows the same section after cleanup. 
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It is important to note that the discretization and clean-up processes will lead to a difference in the objective 

and constraint function values.  The magnitude of this difference is problem dependent; however, the 

authors have found that for the examples provided in this paper, the change in objective is acceptable 

considering that the process yields an overall smoother and ultimately more manufacturable interface. The 

impact of the MJTO pre-processing stage on objective and constraint values has been quantified and is 

presented in Table 3-3. The example used to generate Table 3-3 is the MBB Beam example problem 

discussed later in this paper. The comparison is made using the first MMTO iteration (A1) before and after 

the results are put through the pre-processing function. 

Table 3-3: Comparison of MBB Beam iteration A1 results before and after MJTO pre-processing. Percent 

change is with respect to the result before pre-processing. 

 Before Pre-

Processing 

After Pre-

Processing 

Objective [mJ] 2.8 2.99 (+7%) 

Constraint [%] 0.3 0.299 (-0.3%) 

The final step in preparing the model for the MJTO subproblem is to identify the joint design domain. This 

is done by selecting the joint elements which lie on a dissimilar material boundary. Since the pre-processing 

steps are run in the Altair HyperMesh pre-processor using the TCL automation language, identifying 

interfaces is simple. Elements are placed in separate groups based on their material assignment. The 

interface is then located by finding the joint elements physically attached to both groups. This is 

accomplished using a built in TCL command. 

Topology optimization could now be performed on this joint design domain to determine the optimal joint 

type and placement. However, with no additional manufacturability constraints, the results may be 

impractical from a manufacturing standpoint. Depending on the joint type, different tooling accessibility 

may be required to assemble the components. For example, if two pieces are to be welded together with 

butt joints, the components would have to be positioned in their final assembled orientation before welding. 

Then, welds could only be applied to joining areas which are accessible from the outside of the structure. 
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For the studies presented in this paper it is assumed that Joint C can only be applied to the perimeter of the 

joining area and must be tooling accessible from the outside. Joint D is considered to have no tooling 

limitations. A practical example of this would be an adhesive bond which does not require the components 

to be in their final orientation before it is applied. Thus, the joint design space can be interpreted visually 

in Figure 3-6. 

 

Figure 3-6: Diagram outlining the allowable locations of Joint C and D within the joint design domain. 

When selecting the appropriate joint for an assembly, it also critical to consider possible failure modes and 

design to mitigate the risk of fatigue and failure. For example, adhesive joints are typically prone to failure 

due to delamination. Thus, it is recommended to place adhesive joints in such a way that they avoid carrying 

significant load in tension [53]. In order to account for the stress limitations of many joining technologies, 

a failure criterion will be introduced to limit the placement of joints in incompatible locations.  

In this paper, it will be assumed that Joint D is similar to an adhesive joint and is prone to delamination 

caused by high peeling stresses. To assess possible failure, the quadratic delamination criteria developed 

by Brewer and Lagace [54] will be utilized: 
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where t
y ys  and y

c
ys  are the interlaminar stresses in tension and in compression which are normal to the 

interface plane, yxt  and yzt  are the shear stresses on the interface place, tZ , cZ and sZ  are the 

interlaminar tensile, compressive and shear strength respectively and finally  is a user defined failure 

threshold for the criteria. Depending on the orientation of the joint element, the corresponding stress 

components will be used in Equation (3.21). 

This formulation assumes the orientation of the joint element shown in Figure 3-7. 

 

Figure 3-7: Orientation of stress components given the orientation of the joint element in the global system. 

Note, only one of the seven joint elements is shown here. The stress components used in Equation (3.21) will 

change based on the element orientation. 

In order to determine the stress values, the mechanical properties of Joint D are assigned to every joint 

element and finite element analysis (FEA) is performed. If an element fails the criteria, then it cannot be 

Joint D and must be Joint C or void.  

The presented method for assessing joint failure assumes that stress throughout the joint design space does 

not change as the joint distribution changes during optimization. In practice this may not be the case. A 

situation could exist where joints that were previously failing the criteria are now passing (and vice versa). 

Ultimately, the most robust approach would be to incorporate stress constraints within the MJTO loop. 
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However, at the time of writing, stress constrained multi-material topology optimization is still an active 

field of research with no well accepted methodologies. In order to ensure that joints do not surpass the stress 

limit during optimization, the failure limit  should be chosen conservatively to leave a safety margin. This 

work adopts the limit of 0.5 suggested in the original paper [9]. 

Combining failure criteria with the accessibility constraints will bin the elements via the flowchart in Figure 

3-8. 

 

Figure 3-8: Flow chart outlining the logic used when determining what joint type is permissible at a given 

element location. 

Ultimately, this limits all interface elements to fall within one of four categories: 

A) The element can be Joint C or void since it experiences high stress but is accessible  

B) The element can be either Joint C, Joint D or void since it is accessible and does not experience 

high stress 

C) The element must be void since it is not accessible and also experiences high stress 

D) The element can be either Joint D or void since it is not accessible and does not experience high 

stress 
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In order to enforce this binning in the MJTO subproblem, the 3
er  and 4

er  values of an element will be fixed 

via the rules in Table 3-4. For example, if an element is accessible but exceeds the stress criteria, it must be 

Joint C or Void. Thus, the element can have any value of 3
er  but can only have a 4er  of 1. 

Table 3-4: Summary of joint design variable values required to limit the existence of joints in certain regions. 

Note that for numerical reasons these values are not set to 0 but to 0.01. 

Element Bins 3
er  4

er  

Case (A) (0,1] = 1 

Case (B) (0,1] (0,1] 

Case (C) = 0 = 0 

Case (D) (0,1] = 0 

While these manufacturing constraints tackle some practical joint design aspects, there are still many more 

which are not considered at this time. Some examples are listed as: 

1. Penetration depth of welds 

2. Heat affected zones caused by welding 

3. Chemical, thermal or mechanical interactions between joining materials (e.g. the thermal effects of 

welding on adhesive bonds) 

4. Load transfer through contact and friction between components 

All other non-interface elements will maintain the Structure A or Structure B material properties from the 

MMTO subproblem discretization step and will be designable in MJTO. The MJTO subproblem is then 

executed to determine the optimal joint topology. 

3.3.8 MMTO Pre -Processing 

Before preparing the model for the following MMTO optimization, the raw results from the MJTO phase 

must be interpreted via the discretization rules described in Table 3-1. Experience has shown that the raw 

MJTO results are well discretized and the member size filter adequately prevents checkerboarding and other 
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unwanted effects. Thus, unlike the MJTO preprocessing phase, this phase does not require any post-

optimization cleanup. 

Once discretized, the joining region and adjacent layer of structural elements are identified and made non-

designable. These elements will keep the Structure A, B and Joint C, D properties they were assigned in 

the preceding operations. All other design cells are left as designable.  

All designable cells will have their design variables initialized based on their current material assignment. 

That is, their design variable values in the first iteration will be set close to those of the previous MJTO run 

via the rules in Table 3-5. Due to the relatively high penalization factors used in this work, if design cells 

were initialized right at the design variable bounds, the optimizer would be incapable of changing them in 

subsequent iterations. Thus, based on the material assignment performed in the discretization phase of pre-

processing, the slightly relaxed initial values from Table 3-5 will be used.  

Table 3-5: Design variable initialization in the MMTO sub problem. 

MMTO DV Initialization 1
er  2

er  

Structure A 0.8 0.8 

Structure B 0.8 0.2 

Void 0.2 0.2 

This initialization strategy is used to bias MMTO by starting optimization with design close to that from 

the preceding MJTO subproblem; by doing this, inner loop optimization has a much smoother convergence 

and does not produce a local optimum design which may be drastically different than previous outer loop 

iterations. Such a design could lead to oscillations between outer loop iterations with no improvement in 

objective function values and would not produce a meaningful MM/MJ result. 

3.3.9 Termination Criteri a 

As mentioned previously, there are three optimization loops involved in the MM/MJ process. These are the 

MMTO and MJTO inner loops as well as the MM/MJ outer loop. The MMTO and MJTO inner loops are 

run using an in-house TO code, which employs the three-phase SIMP approach outlined in Equation (3.5). 



MM/MJ TO of 3D Structures                  by Vlad A. Florea 

 

59 

 

Finite element analysis is performed using Altairôs HyperWorks OptiStruct solver. The optimization engine 

code is written based on Svanbergôs MMA method (Svanberg 2007). The following termination criteria are 

used for each of the inner MMTO and MJTO loops: 

1. Maximum iteration limit of 100 iterations 

2. Objective function change is less than 0.5% for two successive iterations 

3. The absolute change in design variable values was less than 0.1% for two successive iterations 

Once one of the three conditions is met, the optimization stops. The feasible iteration with the lowest 

objective function value is then found and output is presented as the optimum. A feasible solution must 

have a constraint violation that is less than 0.2%.  

The outer MM/MJ loop controls the number of MMTO and MJTO runs. This loop utilizes the total cost 

results from the MJTO run as the objective function value. This outer loop will run for a fixed number of 

iterations before it is terminated: in this paper, it is set at 8. The entire MM/MJ process is quite 

computationally expensive, thus limiting the total number of outer loop runs is prudent. Furthermore, it was 

found that the outer loop converges after only a few iterations with negligible additional improvement in 

objective function values. Once the MM/MJ outer loop is terminated, the feasible iteration with the lowest 

objective function value is selected as the optimum. Again, a feasible solution must have no more than a 

0.2% constraint violation. 

3.4 Numerical Examples 

In this paper, the proposed MM/MJ process was tested on three 3D test problems (Figure 3-9): the 

Messerschmitt-Bölkow-Blohm (MBB) beam, L-Bracket, and cantilever beam. Identical material properties 

were used for each of these examples. Structure A was chosen to be a generic steel, Structure B is a generic 

aluminum. Material properties for void were selected such that they are equivalent to the interpolated 
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Youngôs modulus and interpolated physical density at the lowest allowable 1r  and 2r  value of 0.01. These 

properties are summarized in Table 3-6. 

 

Figure 3-9: Overview of example geometries and dimensions. 

Table 3-6: Structural material properties used in example problems. 

Property 
Structure 

A 

Structure 

B 
Void 

Material Example Steel Aluminum Void 

Density [kg/m3]  7.85³103 2.7³103 27 

Elastic Modulus [GPa] 210 69 6.9 x10-5 

Poissonôs Ratio 0.33 0.33 0.33 

It is important to note that the implemented SIMP scheme is not capable of interpolating Poissonôs ratio. 

Thus, all material must have a fixed Poissonôs ratio of 0.33. For these sample problems, Joint C will be 

defined as a weld and Joint D will be an adhesive bond. The corresponding material properties are 

summarized in Table 3-7. 
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Table 3-7: Joint material properties used in example problems. 

Property Joint C Joint D 

Joint Example Weld Adhesive 

Density [kg/m3]  7.85³103 1.3³103 

Elastic Modulus [GPa] 5 2.5 

Cost ( ,C DQ ) [$/mm3]  2 1 

Poissonôs Ratio 0.33 0.33 

Since the objective of the MJTO phase is to minimize cost while maintaining structural stiffness subject to 

a given relaxation factor, a cost property is assigned to the joints. These costs are chosen to be $2/mm3 for 

Joint C and $1/mm3 for Joint D in order to maintain a constant cost to elastic modulus ratio. It is also 

important to note that these costs will have a unit of dollars per volume for convenience. Stiffness and 

physical density values are chosen arbitrarily as a proof of concept. Ultimately, these values can be defined 

by the user based on the actual real-world costs and structural performance associated with their particular 

joining methods. For this study, Joint C will have the accessibility constraint applied, and Joint D will be 

prone to failure from delamination. The parameters of the delamination failure criterion are shown in Table 

3-8 and they are sourced from Woischwill and Kim [9]. 

Table 3-8: Summary of adhesive bond failure criteria. 

Parameter Value 
tZ  [MPa]  20 

cZ  [MPa]  80 

sZ  [MPa]  40 

max  0.5 

In order to easily visualize results, the color code presented in Table 3-9. will be used when plotting results. 

Table 3-9: Overview of color code used to visualize MM/MJ  results. 

Parameter Color DV Interpretation 

Structure A (ST)  1
er Ó0.5, 

2
er Ó0.5 

Structure B (AL)  1
er Ó0.5, 2

er <0.5 

Joint C (Weld)  3
er Ó0.5, 4

er Ó0.5 

Joint D (Adhesive Bond)  3
er Ó0.5, 4

er <0.5 

Void  1
er <0.5 or 3

er <0.5 
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Moving forward, the MMTO subproblem will be defined as the A process, and the MJTO subproblem will 

be the B process. The numbers which follow represent the outer loop iteration. For example, iteration A1 

will be the optimum result produced by the MMTO subproblem which was run in the first outer loop. In 

other words, this would be the first call of the MMTO subproblem. Furthermore, Structure A and Steel, 

Structure B and Aluminum, Joint C and Weld and Joint D and Adhesive Bond will be referred to 

interchangeably. 

3.4.1 MBB Beam Problem 

The first problem geometry addressed will be the MBB beam, the dimensions of which are given in Figure 

3-9. This geometry is discretized using the meshing strategy described in Section 3.3.3 which yields 40,000 

total first order hexahedral elements (5,000 structural and 35,000 joints). Figure 3-10 shows the cross-

section of the design cell used to mesh this geometry including the dimensions of the structural and joint 

elements. Also included is a breakdown of the loading conditions used. 

 

Figure 3-10: MBB beam boundary conditions and mesh size. Front view. 

A number of user-defined parameters are needed in the MM/MJ process. A summary of the values used for 

each parameter in the MBB beam problem can be found in Table 3-10. 

Results for this problem can be seen in Figure 3-11. The optimum material distributions and quantitative 

metrics are presented for each subproblem and each outer loop iteration. For Process A (MMTO) the 

compliance objective and the mass fraction constraint values are given, while for Process B (MJTO) the 

joint cost objective and the compliance constraint values are given. These results are post discretization and 
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cleanup. While the outer loop ran for a fixed eight iterations, results will only be presented leading up to 

the optimum outer loop result on iteration six. This iteration is chosen as the optimum as it has the lowest 

objective function value while remaining within the constraint violation tolerance. 

Table 3-10: Overview of MM/MJ  parameters used for the MBB beam problem. DV values in MMTO are only 

initialized to the given value in the first MMTO call. In later runs the biasing scheme discussed previously will 

be used. 

Multi -Material Topology Optimization (A) Multi -Joint Topology Optimization (B) 

 Penalty Factor 3 Penalty Factor 5 

Filter Radius (Mesh Independent) [mm] 15 Filter Radius (Member Size) [mm] 5.5 

Mass Fraction Constraint W  0.3 Constraint Relaxation Ŭ 1.16 

Mass Target [kg] 11.7 Constraint Value [mJ] 3.48 

DV Initialization (in A1) 1
,e inir  0.3 DV Initialization 3

,e inir  0.9 

DV Initialization (in A1) 2
,e inir  0.3 DV Initialization 4

,e inir  0.9 

For this problem compliance is relaxed by 1.16 times to give the compliance constraint for the MJTO phase 

of 3.48 mJ. All iterations presented have a mass of 11.7 kg as this is the mass fraction constraint enforced 

at every stage of the MM/MJ process. As expected, the A2 iteration has a higher compliance than A1. This 

is because the assumption of perfect fusion is removed after A1, by adding joint materials between the 

components. 

These joint materials form a more compliant connection between the components which causes the 

compliance to increase. However, even though the compliance of A2 of 3.72 mJ is larger than the B phase 

compliance constraint of 3.48 mJ, the B2 iteration can still converge on a feasible result. In other words, by 

considering joint optimization after each MMTO step, the compliance of the structure can be improved 

over the MMTO step by determining a superior distribution of joints. By continuing to iterate through the 

MM/MJ process, the total joint cost was improved by 5% from B1 to B6. The convergence history of both 

phases is summarized in Figure 3-12. 
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Figure 3-11: MBB beam results. The ST and AL components have been made transparent in the MJTO phase 

for visibility.  
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While both the MMTO and MJTO subproblems are solved using a gradient-based TO algorithm, no 

optimization information (such as sensitivities) is shared between successive MMTO or MJTO runs. For 

example, MMTO iteration A2 is solved independently of MMTO A1 as a separate topology optimization 

run. Besides the biased initialization discussed previously, the optimizer has no ñknowledgeò of the 

previous subproblem execution. This leads to the unintuitive behavior seen in Figure 3-12. After outer loop 

6, both compliance and cost objectives become worse. This effect is very problem dependent with some 

problems, such as the Cantilever Beam (shown later), exhibiting much smoother convergence behavior. 

Ultimately, by decoupling into subproblems, it is not guaranteed that the outer loop objective will improve 

in successive iterations. Thus, the final iteration will not necessarily be the optimum solution (as is often 

seen in TO). 

 

Figure 3-12: MBB beam outer loop convergence history. Left axis plots the objective of the MMTO phase and 

the right axis plots the objective of the MJTO phase. 

While the objective (total joint cost) of the MM/MJ process improved throughout the iterations, the 

structure and joint distribution did not change significantly. This is due to the choice of compliance 

relaxation factor Ŭ. The Ŭ used in this problem is quite strict, requiring almost all of the joint design space 



MM/MJ TO of 3D Structures                  by Vlad A. Florea 

 

66 

 

to be used in order to meet the compliance constraint. Thus, the joint distribution will not change and 

consequently neither will the material distribution. 

It can be observed that, at every B phase iteration, the accessibility constraint is satisfied for the weld 

material (Joint C). This material is placed only around the outside of the joint design such that it is tooling 

accessible. It is important to note that Joint D (adhesive bond) can also be placed around the perimeter of 

the joint design space. However, the optimizer prefers placing the stiffer Joint C (weld) material there. This 

can be seen in the Figure 3-13. In view 2 of Figure 3-13, it can be seen that the optimizer chooses to joint 

the steel component only towards the edges by removing joints towards the center. The algorithm removes 

these joints in order to reduce total joint cost while still meeting the compliance constraint. 

 

Figure 3-13: Additional views of MBB beam B6 results (MM/MJ  optimum iteration).  

In order to further explore the effects of the accessibility constraint, the MBB beam problem was run again 

omitting this constraint. The convergence history is plotted in Figure 3-15. The results of this study are 

presented in Figure 3-14.  

Even though the accessibility constraint has been removed, all other constraints are maintained. Thus, this 

example will have the same mass fraction in the A phase and the same compliance constraint in the B phase. 

This was done in order to make a fair comparison between the examples.  
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Figure 3-14: MBB beam results. The ST and AL components have been made transparent in the MJTO phase 

for visibility  
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Figure 3-15: MBB beam without tool accessibility constraint outer loop convergence history. Left axis plots the 

objective of the MMTO phase, and the right axis plots the objective of the MJTO phase. 

Without the accessibility constraint, the optimizer had far more design freedom, resulting in a cheaper 

design which utilizes a smaller number of joints overall.  In the previous example, the optimum joint cost 

was $9.49E4 while in this example it is $8.77E4, corresponding to an 8% reduction in total joint cost. These 

cost savings were achieved with an identical stiffness to the previous case. However, even though the 

second example has a superior objective function, the design may not be manufacturable. In the optimum 

solution, the center of the joint region around the loading point is entirely composed of welds. It could be 

argued that this would not be manufactured as there would be no tooling access to that region for welding. 

A comparison of the optimum results is presented in Figure 3-16. 

Once the accessibility constraint is activated, the welded region in the center is no longer feasible. The weld 

elements must now be replaced with the more compliant adhesive bond elements. In order to meet the 

compliance target, significantly more adhesive bonds will be needed to make up for the lower compliance 

of the welds, causing the 8% increase in the total joint cost.  
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Figure 3-16: Comparison of MBB beam results with and without the tool accessibility constraint. Both results 

have an enforced compliance of 3.48 mJ. The ST and AL components have been made transparent in the MJTO 

phase for visibility. 

Overall, the accessibility constraint offers a significant improvement in the quality of the results for a 

marginal increase in the total joint cost. The results appear cleaner with a more homogenous distribution of 

joint material (welds at the edges and adhesive bonds everywhere else). Thus, this constraint will be left 

active for the remaining examples in this paper. 

3.4.2 Cantilever Beam Problem 

The second geometry analyzed will be the cantilever beam. The dimensions for this geometry are found in 

Figure 3-9. The beam was discretized using 40,000 total first order hexahedral elements (5,000 structural 

and 35,000 joints). See Figure 3-17 for a diagram of the loading conditions. This problem will use the 

MM/MJ parameters from Table 3-11. 

The outer loop result histories have been plotted and are displayed in Figure 3-19. A breakdown of the 

subproblem results can be seen in  Figure 3-18. For this run, iteration five was identified as the iteration 

with the lowest total joint cost and is thus selected as the optimum. The cantilever beam problem exhibits 
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smooth convergence behavior. The MJTO subproblems converge on the optimum value quickly with the 

largest change between B1 and B2. Between these two iterations, the objective improved by 17%. 

 

Figure 3-17: Cantilever beam boundary conditions and mesh size. Front view. 

Similarly, the MMTO subproblem also converges smoothly on a compliance of roughly 28 mJ. This value 

is close to the compliance constraint enforced in the MJTO phase of 28.6 mJ. The abrupt increase in 

compliance between MMTO and MJTO is not as pronounced as it was in the MBB beam problem.  

Table 3-11: Overview of MM/MJ  parameters used for the Cantilever beam problem. DV values in MMTO are 

only initialized to the given value in the first MMTO call. In later runs the biasing scheme discussed previously 

will be used. 

Multi -Material Topology Optimization (A) Multi -Joint Topology Optimization (B) 

 Penalty Factor 3 Penalty Factor 5 

Filter Radius (Mesh Independent) [mm] 15 Filter Radius (Member Size) [mm] 5.5 

Mass Fraction Constraint W  0.3 Constraint Relaxation Ŭ 1.11 

Mass Target [kg] 11.7 Constraint Value [mJ] 28.6 

DV Initialization (in A1) 1
,e inir  0.3 DV Initialization 3

,e inir  0.9 

DV Initialization (in A1) 2
,e inir  0.3 DV Initialization 4

,e inir  0.9 

Overall, this problem demonstrates the value of applying the MM/MJ process iteratively and sequentially 

stepping through MMTO and MJTO. If the two subproblems were run only once, solution B1 could be 

found. However, by feeding these results back into the MM/MJ loop and running until the fifth iteration a 

significant improvement in the objective function can be made. Between B1 and B5, there is a drop in total 

joint cost of 18% for an identical compliance of 28.6 mJ and identical mass of 11.7 kg. 
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Figure 3-18: Cantilever beam results. The ST and AL components have been made transparent in the MJTO 

phase for visibility. 
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Figure 3-19: Cantilever beam outer loop convergence history. Left axis plots the objective of the MMTO phase 

and the right axis plots the objective of the MJTO phase. 

Since the MMTO subproblem results are used as a starting point for the MJTO subproblem and vice versa 

it is prudent to examine the inner loop convergence history as well. MMTO and MJTO inner loop 

convergence history is presented across all outer loop iterations in Figure 3-20. In these plots, the inner loop 

iteration numbering continues from the previous subproblem call. It should also be noted that some of the 

early iterations in the MJTO subproblem are outside the y-axis bounds. 

 

Figure 3-20: Inner l oop convergence history for Cantilever beam. The left graph is the MMTO convergence 

history and the right  is the MJTO. 
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Smooth convergence behavior can also be observed in the inner loops of the MM/MJ process. Periodic 

spikes can be observed in the objectives of both the A and B phases. These correspond to the initialization 

of the subproblems at different outer loops. After each of these steps, the MMA optimizer is able to 

converge quickly and smoothly. With the exception of A1, all inner loops converge to approximately the 

same value, suggesting no significant change in the design between outer loop iterations. This also suggests 

that the biasing of the initial design variables helps to maintain similar designs throughout the process. 

Since the optimum designs are passed between subproblems, any oscillatory behavior in the inner loops 

would propagate throughout the subproblems causing instability in the outer loop.  

The compliance constraint of the MJTO phase indirectly controls the maximum compliance of the MMTO 

phase. Iteration A1 has the lowest compliance as joints have yet to be introduced. From iteration A2 

onwards, the inner loops converge onto optimum compliance values close to the MJTO constraint of 

roughly 28 mJ. The MMTO subproblem is strongly coupled to the MJTO subproblem. This prevents the 

MMTO subproblem from converging on drastically different optimum designs at every outer loop.  

The trends described previously can also be seen when comparing the structural and joint material 

distributions between the initial and the optimum subproblem iterations. This comparison is summarized in 

Figure 3-21. In terms of joint distribution, there is a significant change from iteration B1 to B5. Two large 

patches of adhesive bond disappear altogether by B5 and the remaining adhesive bond patches reduce in 

area. The welded regions do not change visibly between the iterations. Overall, no joints are utilized near 

the constrained part of the beam. In order to compensate for this, the MMTO optimizer thickened the 

aluminum component near the constrained end where there are no joints, as seen in the comparison of the 

A1 and A5 iterations. The steel components do not change throughout the optimization. 

It was observed in Figure 3-21 that the optimizer places a small patch of steel right at the load application 

point. This is caused by artificially high stress build up around the load application node. This behavior is 

not physically meaningful. Thus, it is recommended that the user accurately model load application in the 

FEA model by avoiding the use of point loads. 
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Figure 3-21: Comparison of the first and optimum MMTO and MJTO subproblem results. The top two figures 

compare the joint distribution between the first and last iterations. The bottom two figures compare the 

structural material distribution for the same two iteration.  

As mentioned previously, this problem exemplifies the benefit of running coupled MMTO and MJTO in 

an iterative process. By running multiple iterations, the MJTO step can influence optimal structural material 

layout in MMTO and vice versa, yielding a better structure that minimizes both the compliance and joint 

cost objective. Ultimately, this means that the structure can change to make better use of the limited joining 

region imposed by MJTO. For a 11% increase in compliance (over A1), the total joint cost will be as low 

as $5.54E4 in B5. This objective is 17% lower than the optimal joint distribution in B1. The MM/MJ process 
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can also more accurately consider the practical joining of multi-material structures. By using joints for load 

transfer, one can remove the ñperfect bonding (or perfect fusion)ò assumption from topology optimization 

(that load can be transferred perfectly node to node). With joint elements, load must now be transferred 

through a less stiff but also more accurate intermediate material such as a weld or adhesive bond. The user 

now has control over the tradeoff between structural performance (compliance), number of joints (total 

joint cost) and indirectly the manufacturability of the structure using the relaxation factor Ŭ.  

3.4.3 L-Bracket Problem 

The final example problem presented in this paper will be the L-Bracket problem whose geometry is 

outlined in Figure 3-9. Once again, the geometry is meshed using the meshing strategy described in previous 

sections. The meshed geometry with appropriate boundary conditions is displayed in Figure 3-22. 

 

Figure 3-22: L -Bracket boundary conditions and mesh size. Front view. 

All problems thus far have used the same design cell geometry with 8 x 8 x 8 mm structural elements and 

2 x 2 x 2 mm or 2 x 2 x 8 mm joint elements. These dimensions were chosen to meet the acceptable aspect 

ratio threshold of the OptiStruct FEA solver used in MM/MJ. Acceptable aspect ratio thresholds are 

specified by OptiStruct to be less than 5:1. This paper uses aspect ratios of 4:1 falling within the required 

bounds. It is prudent to maintain element quality to ensure accurate FEA results. The MM/MJ parameters 

used in this problem are summarized in Table 3-12. 
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Table 3-12: Overview of MM/MJ  parameters used for the L-Bracket problem. DV values in MMTO are only 

initialized to the given value in the first MMTO call. In later runs the biasing scheme discussed previously will 

be used. 

Multi -Material Topology Optimization (A) Multi -Joint Topology Optimization (B) 

 Penalty Factor 3 Penalty Factor 5 

Filter Radius (Mesh Independent) [mm] 15 Filter Radius (Member Size) [mm] 5.5 

Mass Fraction Constraint W  0.3 Constraint Relaxation Ŭ 1.16 

Mass Target [kg] 11.8 Constraint Value [mJ] 15.06 

DV Initialization (in A1) 1
,e inir  0.3 DV Initialization 3

,e inir  0.9 

DV Initialization (in A1) 2
,e inir  0.3 DV Initialization 4

,e inir  0.9 

Throughout the MM/MJ process, CPU runtimes were measured for each phase of the process. The MMTO 

subproblemôs FEA and MMA (optimization calculations) time as well as the MJTO subproblemôs FEA and 

MMA were summed for all inner loop iterations. The time spent in pre-processing and model preparation 

between the subproblems is also captured. A full breakdown is presented in Table 3-13. All optimization 

runs presented in this paper were run on a Windows 10 workstation with a 6-core Intel Core i7-6800K 

clocked at 3.4 GHz processor and 64 GB of memory. 

Table 3-13: CPU time calculations for the MM/MJ  process. All values given are in seconds. 

Overall, a majority of the CPU time is dedicated to pre-processing before the MMTO and MJTO phases 

performed automatically using the HyperMesh pre-processor. This makes up roughly 49% of the total CPU 

time. The computational expense of the pre-processing operations will be very problem dependent as it 

Outer 

Loop 

MMTO  

FEA 

[s] 

MMTO 

MMA  

[s] 

MJTO Pre-

Processing 

[s] 

MJTO  

FEA 

[s] 

MJTO  

MMA  

[s] 

MMTO Pre -

Processing 

[s] 

1 1034 29 2092 798 49 524 

2 282 17 609 840 38 57 

3 276 18 701 819 37 300 

4 282 15 619 780 40 304 

5 282 15 625 741 36 304 

Total 2156 94 4647 3978 200 1489 

 Final Total 12564 s 
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increases with the number of elements. Many of the algorithms described are performed on elements lying 

on dissimilar material boundaries. For example, in the clean-up operation, interface elements are checked 

one at a time to determine if they are the same material as their neighbors. This is a highly inefficient 

process and is one of the main drivers in long pre-processing times. This process becomes even slower as 

the dissimilar material interface gets larger. The larger the interface, the more elements need to be checked 

for clean-up leading to higher computational times. Likely, this process could be implemented in a more 

computationally efficient manner. Another large contributor to computational expense is the FEA in the 

subproblem optimization runs. The total MJTO FEA time is 85% higher than the MMTO FEA time. 

Generally, the MMTO phase converged much faster than the MJTO phase in six iterations compared to the 

twenty of MJTO. Another driver of FEA time is the non-standard mesh utilized in this methodology. 

Typically, very few of the joint elements are part of the interface and are utilized as design variables. This 

means that there are many joint elements which may never be used as joints while adding unnecessary 

computational cost. As a possible solution, an adaptive meshing strategy could be developed which only 

utilizes joint element close to the interface. Finally, the amount of CPU time utilized by MMA in calculating 

objectives, constraints, sensitivities and updating DVs is almost negligible when compared to the other 

processes. 

For reference, qualitative and quantitative L-Bracket results are presented in Figure 3-23. The convergence 

history is also included in Figure 3-24. 
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Figure 3-23: L -Bracket beam results. The ST and AL components have been made transparent in the MJTO 

phase for visibility. 
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Figure 3-24: L -Bracket outer loop convergence history. Left axis plots the objective of the MMTO phase and 

the right axis plots the objective of the MJTO phase. 

3.5 Conclusions 

This paper presented an expansion on the MM/MJ method proposed by Woischwill and Kim [9], making 

it the first 3D MM/MJ study which also considers tooling accessibility. The proposed method couples 

together the Multi-Material Topology Optimization and the Multi-Joint Topology Optimization processes 

into a single bi-objective optimization problem. The bi-objective problem statement aims to minimize 

compliance and total joining cost while maintaining a preset mass fraction. By doing so, an optimum multi-

material design can be determined along with an optimal joining scheme which connects the dissimilar 

materials. MM/MJ works by running MMTO and MJTO sequentially within an outer loop. The MMTO 

subproblem is formulated as a minimum compliance problem with a mass fraction constraint, while the 

MJTO subproblem is formulated as a minimum total joint cost problem subject to a compliance constraint. 

Both subproblems utilize a three-phase SIMP material interpolation scheme for TO with MMA as a 

gradient-based optimizer. These two problems are executed sequentially with the results of the preceding 

MMTO run serving as inputs for MJTO and vice versa. This allows the MMTO and MJTO design to 



MM/MJ TO of 3D Structures                  by Vlad A. Florea 

 

80 

 

influence one another and collectively determine an optimum material layout which best takes advantage 

of the optimum joint layout.  

This method was demonstrated on three 3D geometries. Through these studies, it was shown that the 

iterative process was able to reduce both objectives and converge on a local optimum result. The impact of 

constraining possible joint locations through a tooling accessibility constraint was demonstrated. Finally, 

the computational cost of the proposed method was assessed in detail. 

In recent years, automotive companies such as Honda have patented approaches for welding steel to 

aluminum which is typically a difficult process.  While physically joining the materials is possible via 

welding, there are several concerns that must also be addressed. The first is galvanic corrosion. Typically, 

this is mitigated through the use of advanced electrolytic coatings (e-coatings) on both parts after they are 

assembled together. Before doing so, the aluminum should be treated with a chemical conversion coating 

to improve its corrosion resistance. Furthermore, when assembling the components, it is critical to leave 

some physical separation between the parts. This can be achieved by leaving an air gap or by filling the gap 

with an intermediate non-corrosive material. Another important consideration is the dissimilar thermal 

expansion coefficients of the materials and what the effects of this are at the interface. Currently, the 

proposed algorithm does not consider these advanced effects. In order to further improve the practicality of 

the algorithm, future iteration of the method should also propose methods for considering these effects in 

the TO loop. 

In future work, additional manufacturing constraints will be considered for both the structural and the joint 

design spaces. More accurate modeling of the joint and structural interactions will be assessed. This may 

include heat affected zones, contact between components, welding near adhesive bonds and anisotropy of 

joining materials. Failure criteria for welded regions will be developed and implemented in the form of 

stress constraints within the algorithm. Finally, the MMTO and MJTO subproblems may be expanded to 

consider more complex materials and joints. 
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4.1 Abstract 

As the aerospace and automotive industries continue to strive for efficient lightweight structures; topology 

optimization has become an important tool in this design process. However, one ever-present criticism of 

topology optimization, and especially of multi-material optimization, is that neither method can produce 

structures which are practical to manufacture. One area of research focuses on incorporating optimal joint 

design within the typical multi-material topology optimization loop. This work proposes a new density-

based methodology for performing simultaneous multi-material and multi-joint topology optimization. This 

algorithm can simultaneously determine the optimum selection and placement of structural materials, as 

well as the optimum selection and placement of joints at material interfaces. In order to achieve this, a new 

SIMP-based interpolation scheme is proposed. A process for identifying dissimilar material interfaces based 

on spatial gradients is also discussed. The capabilities of the algorithm are demonstrated using four case 

studies. Through these case studies, the coupling between optimal structural material design and optimal 

joint design is investigated. Total joint cost is considered as both an objective and a constraint in the 

optimization problem statement. Using the bi-objective problem statement, the tradeoff between total joint 

cost and structural compliance is explored. Finally, a method for enforcing tooling accessibility constraints 

in joint design is presented. 
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4.2 Introduction  

Topology optimization (TO) is a mature method in computational mechanics used to determine optimum 

mechanical structural design subject to various design criteria. Since the seminal work of Bendsøe and 

Kikuchi [18], research in the field has continued to grow, expanding the number of design problems which 

can be solved through TO. Advancements in the field have been comprehensively reviewed by Bendsøe 

and Sigmund  [29], Eschenauer and Olhoff  [31], Sigmund and Maute [11], Deaton and Grandhi [32] as 

well as Liu [30].  

Currently, several popular methods exist among researchers for performing topology optimization. These 

include density-based approaches, evolutionary algorithms, level-set and phase field methods. Sigmund 

and Maute [11] suggest that density-based TO algorithms are superior due to their superior computational 

efficiency while still finding good local optima. The review by van Dijk [46] on level-set-based TO 

discusses limitations of the algorithm including poor convergence behavior and high dependence on 

problem initialization. Due to these limitations, density-based TO will be utilized in this work.  

Density-based approaches relate design variables (often called pseudo-densities) to mechanical material 

properties via an interpolation function (Bendsøe [19]; Sigmund and Maute [11]; Zhou and Rozvany [55]). 

Typically, pseudo-densities can vary continuously between values of 0 and 1. For a given finite element 

(FE) model, a pseudo-density value is assigned to each finite element. Well-discretized (crisp) TO results 

will only have pseudo-density values of 0 or 1. An in-depth description of this method is provided by 

Bendsøe and Sigmund [12] in their monograph. Several interpolation functions have been suggested with 

the solid isotropic material with penalization (SIMP) being the most popular [32] (Bendsøe [19]). This 

method ensures the efficient use of material, as intermediate pseudo-density values provide little stiffness 

when compared to the mass of material used (Stolpe and Svanberg [35]). Rational approximation of 

material properties (RAMP) has been suggested by Stolpe and Svanberg [35] as an alternate interpolation 

scheme which solves the non-convexity issues of using SIMP for compliance minimization problems. 

Another benefit to density-based TO algorithms is that they can be solved with efficient gradient-based 
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optimizers such as the method of moving asymptotes (MMA) or optimality criteria (OC). The method of 

moving asymptotes developed by Svanberg [17] has become the standard optimizer used by many 

researchers in recent years due to its robustness.  

Advancements in TO algorithms have led to increased interest from industry. TO can be applied to a wide 

range of problems to generate novel solutions to practical design challenges. Wong, Ryan and Kim [34] 

have applied topology optimization using the equivalent static loading method in order to improve the 

design of an aircraft landing gear system. Li and Kim [33] used TO in conjunction with shape optimization 

to reduce the mass of an automotive cross beam. Li and Kim [48] also applied multi-material topology 

optimization (MMTO) to other automotive design problems. Finally, Zhu et al. [56] discuss the application 

of TO for designing various system and component level aerospace structures.   

In many cases, it may be useful to determine the interface between the solid and void portions of the design 

variable field. Clausen et al. [57] propose a method wherein spatial gradients of the design variable field 

are used to enforce metal coatings on top of a base structure. This has been extended to design shell-infill  

structures for additive manufacturing by Wu et al. [58]. Spatial gradients have also been used to enforce 

overhang constraints when performing TO for additive manufacturing. This has been demonstrated by Qian 

[59] and more recently by Ryan and Kim [60]. Spatial gradients have also been used previously by Peterson 

and Sigmund [61] to enforce solution existence through slope constraints on the design variable field.   

Multi -material topology optimization expands on the capabilities of the standard single material topology 

optimization (SMTO) described previously by allowing for optimal material selection and material 

existence to be determined simultaneously. Bendsøe and Sigmund [12] discuss a SIMP-like MMTO scheme 

which interpolates between two material phases and one void phase in their monograph. Later work by 

Hvejsel and Lung [27] described a general interpolation scheme for any number of material phases. Like 

the SMTO approaches discussed previously, these MMTO methods are also density-based. The MMTO 

framework was applied to weight minimization problems for lightweight design by Li and Kim [28]. Kimôs 

group (Roper et al. [47]; Florea et al. [62]) has demonstrated the efficacy of MMTO when compared to 
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SMTO for real world design problems. The added design freedom provided by multiple material phases 

typically yields structures of similar or superior performance compared to the SMTO SIMP. 

Some of the most recent MMTO developments are based on the discrete material optimization (DMO) 

discussed by Sigmund and Torquato [37] as a means to solve problems where material have large thermal 

expansion properties. Later, this method was also applied by Stegmann and Lund [38] to solve TO problems 

using laminated composites. DMO is an extension of the multi-phase SIMP method whereby the algorithm 

selects between discrete and distinct materials instead of interpolation between material phases [38]. Zhou 

et al. [40] apply this method first to multi-component design, then for optimizing structures considering 

powder bed additive manufacturing [41]. Sanders et al. [39] have developed an efficient MATLAB 

implementation based on the DMO methodology. 

Non-density-based methods such as the level set method (Gao et al. [42]; Wang et al. [43]) have also been 

applied to solve various multi-phase TO problems (Zhuang et al. [44]; Wang et al. [45]). A thorough review 

of this methodology is performed by van Dijk et al. [46]). Finally, the phase-field approach for MMTO has 

been proposed by Zhou and Wang [63]. A 115-line MATLAB code implementation has been developed by 

Tavakoli and Mohseni [64]. Overall, there has been limited research into phase-field methodology.  

MMTOôs potential to design better structures with less material has drawn the interest of the automotive 

and aerospace industries. However, a frequent criticism is that TO results, as produced by both SMTO and 

MMTO algorithms, are rarely manufacturable. Often, several manual design refinement steps are needed 

to generate a design which is feasible to manufacture. These manual refinements lead to less efficient 

designs (heavier or less stiff) than what was initially generated by the TO algorithm. Furthermore, the 

iterative refinement process is time consuming which negates the potential time savings which TO could 

provide in the typical design cycle. To mitigate this, researchers are often looking to incorporate various 

manufacturing constraints into the algorithm. Currently, the focus has been on advancing manufacturing 

constraints based on common production methods. Vatanabe et al. [65] proposed a unified method for 

considering several process constraints such as extrusion, casting and milling. Another popular area of 



MM/MJ TO of 3D Structures                  by Vlad A. Florea 

 

86 

 

research is in TO considering additive manufacturing. A thorough review of this field was performed by 

Thompson et al. [66]. However, little research concerning the practical joining of multi-component designs 

is available.  

When interpreting MMTO results for manufacturing, it becomes apparent that structures must be built as 

multiple components partitioned based on the different materials. This can be seen in the Figure 4-1 

diagram. 

 

Figure 4-1: Example of SMTO and MMTO material d istributions and how these results could be interpreted 

for manufacturing.  

Consequently, after manufacturing, these components will need to be assembled in their final configuration 

using a mechanical joint, leading to a more compliant final design than what was provided by MMTO. This 

result is attributed to one of the assumptions of finite element analysis (FEA) that requires perfect load 

transfer between adjacent elements through the shared nodes; Elements are assumed to be ñperfectly fusedò 

together. At all points of the interface, there is perfect load transfer between dissimilar materials in an 

MMTO result. Practically, this is not feasible as dissimilar material will almost always be connected via 

discretely positioned mechanical joints (fasteners, welds, adhesive bonds, etc.). Furthermore, these joints 

are usually less stiff than the materials they connect. An MMTO result where components are ñperfectly 

fusedò everywhere along the interface may no longer be a good solution once it is reinterpreted as discretely 

connected components. Thus, it is prudent to incorporate the coupling between optimal material design and 

optimal joint design in order to obtain more realistic and better overall optimum designs. The impact of 
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considering MMTO and joint design concurrently on the optimum design is discussed further by Florea et 

al. [62]. 

The topology optimization of mechanical joints has been discussed extensively in literature. The importance 

of optimal interface shape design was shown by Liu et al. [67] where the optimal interface shape was 

determined based on stress limits. While this method successfully determines an optimum material shape, 

it does not consider the optimal material distribution away from the interface and how it might be impacted 

by the new interface shape. Furthermore, it did not consider the material of the joints themselves. Optimal 

placement of joints around an existing interface has been explored by Jiang and Chirehdast [68] as well as 

by Chickermane et al. [69]. Contrary to the method of Liu et al., these works consider discrete joining 

between components but do not consider optimal interface design. Qian and Ananthasuresh [50] (then later 

Zhu et al. [51]) proposed embedding small joints of a known stiffness within the topology design domain 

and then optimizing simultaneously for joint existence and material existence. While the interface does not 

need to be predefined, all possible joint locations in this type of methodology would need to be defined a 

priori . These works also do not consider multiple material phases, instead they focus only on SMTO with 

a single joint type. Ryberg and Nilsson [49] proposed a method in which all possible spot weld locations 

are defined beforehand; thus, their optimal distribution can be determined within an automotive body 

structureôs application. A limitation of this method is that the base topology is never re-optimized after the 

optimal joint distribution is determined. This means that the coupling between structural design and joint 

placement is not considered. Zhou and Saitou [52] propose a method for simultaneously determining an 

optimal multi-component design as well as the optimal placement of spot welds to connect these 

components. Later, Zhou et al. [40][41] proposed a newer method for multi-component design which can 

be applied to composites with various material directions and to additive manufacturing design. This 

method is capable of simultaneously determining a multi-component design (made up of multiple materials) 

and also an optimal interface between these components. However, this method is limited in that the 

strength of the interface material cannot be set explicitly. Woischwill and Kim [9] were first to consider 
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multi-material and multi-joint topology optimization (MJTO). Through their method, they were able to 

determine optimum material distribution and selection as well as optimum joint distribution and selection. 

This was achieved by sequentially performing MMTO and then MJTO, using the results from one TO run 

as starting points for the next. A limitation of this methodology is that MMTO and MJTO are not performed 

simultaneously. This means that the interdependence of MMTO and MJTO cannot be truly captured. 

The current state of the art in joint topology optimization does not fully consider the coupled nature between 

optimal topological design of the base structure and optimal layout of joint connections. Previous works 

either require the interface, the possible joint locations, or the type of mechanical joint to be defined a 

priori. Thus, one major aspect of the algorithm must be manually predefined by the user and cannot be 

designed in conjunction with the others by the optimizer, leading to a reduction of design freedom. 

Furthermore, in real world design, this is impractical as designers often have a choice between multiple 

materials and multiple joint types to connect the materials. These two aspects are also interdependent. The 

choice of joint type often requires a change to the shape of the base components. While Woischwill and 

Kim [9] did consider the aspect of designing with multiple materials and multiple joints in some sense, the 

true coupling between MMTO and MJTO has yet to be explored. Thus, the current knowledge gap in the 

field of MMTO is simultaneously determining, not only optimal multi-material design, but also optimal 

multi-joint design between the components. By fully considering the coupling between MMTO and MJTO, 

an optimal interface can be determined based on the load carrying capabilities of the materials and the joints 

used. To achieve this capability, this paper will propose a density-based TO algorithm with a new 

interpolation scheme capable of simultaneously performing MM and MJ TO (MM/MJ TO). Unlike the 

work of Woischwill and Kim [9], the proposed method will not require two separate TO runs, the entire 

process will be self-contained in a single loop. . Ultimately, this means greater design freedom by 

considering the coupling between MMTO and MJTO more robustly. A specialized FE mesh like that of 

Woischwill and Kim [9] will not be required, meaning that this methodology can be scaled more easily to 

complex geometries. The algorithm will be capable of finding dissimilar material interfaces and enforcing 
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the selection of joints in those areas. A method using spatial gradients will be proposed for finding these 

interfaces. Sensitivity calculations for compliance and mass interpolations will be discussed. The 

Capabilities of this method in solving various problem statements will be demonstrated using three simple 

3D example models as well as a complex 3D model. Finally, tooling accessibility constraints as well as 

joining to non-designable regions will be discussed as methods to improve the manufacturability of results. 

4.3 Methodology 

As mentioned previously, the goal of this work is to propose a new SIMP-like density-based interpolation 

scheme which can perform multi-material and multi-joint topology optimization simultaneously. At 

dissimilar material interfaces, the scheme will interpolate between two joint types (or void). Away from the 

interface, it will interpolate between two material types (or void). For the purposes of the following sections, 

the base structural materials will be referred to as Structure A and Structure B while the joint materials will 

be Joint C and Joint D. By convention, Structure A is the stiffest base material and Joint C is the stiffest 

joining material. Only isotropic material properties will be considered for this work.  

The rules for good joint design set out by Woischwill and Kim [9] will be adopted as the criteria for correct 

joint design. These are: 

1. ñAll components of dissimilar materials must either be connected through joints or disconnected 

altogether (i.e. separated by void elements), such that no load can pass directly through dissimilar 

material interfaces.ò [9] 

2. ñJoints can only exist along dissimilar material interfaces; it is assumed that all components of a 

single material can be formed without the need for joining.ò [9] 

Thus, the new interpolation scheme and methodology for identifying interface regions must yield results 

which adhere to these criteria.  
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The new scheme will be integrated into the 88-line TO code made available by Andreassen et al. [20]. This 

code has been modified to interface with Altairôs OptiStruct as an FEA solver, which was done to leverage 

the simpler pre- and post-processing enabled by Altairôs HyperWorks suite. The optimization solver used 

will be the MATLAB implementation of Svanbergôs MMA [17]. 

4.3.1 Interpolation  Scheme 

The following section describes the interpolation scheme used in MM/MJ. This scheme relates the 

optimization design variables to physical material properties used to determine the mechanical performance 

of the structure. The MM/MJ interpolation scheme is based off the multi-phase SIMP interpolation scheme. 

While SIMP can be expanded to any number of materials, this work will build upon the three phase SIMP 

interpolation with two material phases and one void phase.  

The interpolated Youngôs Modulus 1 2
E( , )r r  is a function of the design variable fields jr  where j  equals 

the number of material phases (in this case1 2,j=  for the two solid phases). 1 2
E( , )r r  represents a vector 

of elastic modulus values where the modulus of a given element is a function of the design variable field 

values ( 1 2 and r r) in that element. Multi -material SIMP was first described by Bendsøe and Sigmund  [12] 

and later generalized by Hvejsel and Lund [27] to arbitrary material phases. The formulation used in this 

work is adapted from [28]: 

  1 1 22
E( , ) ( ) [ ( )( )]

p B A BE E Er r r r= + -   (4.1) 

As mentioned previously, 1 2 and r rare vectors of design variable values for each element. 1 r is the 

material existence design variable and 2  r is the material selection design variable. The values in these 

vectors vary continuously between 0 and 1 such that 21, (0,1] r rÍ . The penalization factor p  is used to 

penalize intermediate design variable values to give a more discrete TO result [29]. Finally,  and A BE E  

are the nominal Youngôs Modulus values for material A (Structure A) and material B (Structure B).  
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Like Youngôs Modulus, the physical mass 1 2
W( , )r r  of any element can be determined from the design 

variables 1 2 and r r. 1 2
W( , )r r  will be a vector of values and can be determined using [28]:   

 1 21 2  W( , ) [ ( )]
B A Br r n r r r r r= + -   (4.2) 

In this equation n is a vector of element volumes, Ar  is the physical density of the stiffest material 

Structure A and Br  is the physical density of the least stiff material Structure B. All other parameters retain 

their meaning.  

Since the design variable can vary continuously from approximately 0 to 1, a method is needed for 

interpreting the design variable values as physical materials. In order to do this, the discretization rules from 

Table 4-1 should be applied when interpreting 1 2 and r rvalues. 

Table 4-1: Rules used to interpret design variables into structural material selection. Note, the subscript e 

represents the eth design variable value in the vector. 

Material DV Interpretation  

Structure A  1
er Ó0.5, 

2
er Ó0.5 

Structure B  1
er Ó0.5, 2

er <0.5 

Void 1
er <0.5 

As mentioned previously, this interpolation scheme can be used to link optimization design variables to 

physical material properties. In this case, it can be used to optimize the distribution of up to two materials 

within a structure. Ultimately, the goal of this work is to not only determine the optimal structural material 

distribution (MMTO), but to also consider the optimal selection and placement of joint material (MM/MJ 

TO). In order to do this, new interpolation equations will be defined. For the time being, it is assumed that 

designable joint regions can be found reliably and that they lie at the dissimilar structural material interface 

as per the joint design rules laid out previously. This process will be explained thoroughly in later sections.  
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The Youngôs Modulus interpolation function is now expanded to depend on four design variable fields 

1 2 3 4
E( , , , )r r r r. Design variable fields 1 and 2 represent structural material existence and selection while 

3 and 4 represent joint material existence and selection. The full interpolation function is given by: 

 3 4 2 2 2 31 2 1 41 Ĕ ĔE( , , , ) ( n( ))( ) [ ( )( )] n( )( ) [ ( )( )]
Cp B A B p D DE E E E E Er r r r r r r r r r= - + - + + - 

 (4.3) 

Two new design variable fields are introduced 3 4, (0,1] r rÍ which represent joint material existence and 

selection respectively. These are used to interpolate between the joint material nominal Youngôs Moduli 

CE and DE  which correspond to Joint C and Joint D respectively. Finally, the variable 2 0 1Ĕn( ) [ , ]r Í  is 

introduced. This is a vector of values which determines whether a given element is part of an interface 

region and must be composed of joint material (or void), or if the element is not part of an interface and 

must be composed of structural material (or void). This will be referred to as the thinned spatial gradient 

magnitude field and will be discussed in detail in the following section. The thinned spatial gradient 

magnitude field is a function of the material selection design variable 2r  since the interface must exist 

where dissimilar materials meet.  

The interpolated element mass for MM/MJ can be formulated in a similar way: 

 21 2 3 4 2 2 31 41   Ĕ ĔW( , , , ) ( n( )) [ ( )] n( ) [ ( )]
BB A D C Dr r r r r n r r r r r r n r r r r r= - + - + + -  (4.4) 

where Cr  is the physical density of the stiffest material Joint C and Dr is the physical density of the least 

stiff material Joint D. 

When Ĕne  is 0 for an element e, the second term in Equations (4.3) and (4.4)  will go to 0 and the interpolated 

Youngôs Modulus and mass of element e will only depend on 1 2 and e er r: 

 1 12 2
E( , ) ( ) [ ( )( )]

p B A BE E Er r r r= + -   (4.5) 
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 11 2 2 W( , ) [ ( )]
B A Br r n r r r r r= + -   (4.6) 

This means it must be either Structure A, Structure B or Void; in other words, the interpolation scheme 

simplifies down to the MMTO interpolation scheme. Conversely if Ĕne  is 1 for an element, then the first 

term in Equations (4.3) and (4.4) will go to 0. The Youngôs Modulus and mass will now only depend on 

3 4 and e er rmaking that element either Joint l C, Joint D or Void: 

 3 4 3 4
E( , ) ( ) [ ( )( )]

D C Dp E E Er r r r= + -   (4.7) 

 3 4 3 4 W( , ) [ ( )]
D C Dr r n r r r r r= + -   (4.8) 

Again, the interpolation scheme collapses down to the MMTO interpolation scheme, however, now it 

interpolates between joint material properties instead of the base structural material. From these 

simplifications the link to three phase SIMP should be evident.  

With four design variable fields and the gradient magnitude field, interpretation of design variable values 

becomes more complex. This is summarized in Table 4-2. 

Table 4-2: Summary of design variable values and their physical interpretations for the full MM/MJ  

interpolation function. Note, the subscript e represents the eth design variable value in the vector. 

Material Ĕnee 1
er  2

er  3
er  4

er  

Structure A  0 0 5.²  0 5.²  Any Value Any Value 

Structure B  0 0 5.²  0 5.<  Any Value Any Value 

Joint C  1 Any Value Any Value 0 5.²  0 5.²  

Joint D  1 Any Value Any Value 0 5.²  0 5.<  

Void 0 0 5.<  Any Value Any Value Any Value 

Void 1 Any Value Any Value 0 5.<  Any Value 

One additional interpolation equation will be needed in the MM/MJ TO algorithm. This is the joint cost 

interpolation function. It is important to note that only the cost of joint elements is considered in this work, 

thus, cost values will only exist for elements where Ĕne  is 1 and have been identified as interface elements. 
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Furthermore, while cost values will be given in units of [$] this is done only to make results easier to 

interpret. All costs are relative and only meant for comparing results they do not represent real world joining 

costs. The cost interpolation function is given by: 

 2 3 4 2 3 4 ĔQ( , , ) n( ) [ ( )]
DC Cq q qr r r r n r r= + -   (4.9) 

where Cq  is the cost per unit volume of the stiffest Joint Material C and Dq is the cost per unit volume of 

Joint Material D. Note that this equation will always equal 0 unless 1Ĕne= . 

4.3.2 Interface Detection 

In order to perform MM/MJ TO, a method must first be developed for reliably determining which elements 

lie on the dissimilar material interface.  Based on the joint design rules set out by Woischwill and Kim [9], 

dissimilar materials cannot have direct load transfer (ñperfectly fusedò). They must either be completely 

disconnected (void) or connected through a joint material. This section will describe a step-by-step process 

of how interface detection can be achieved utilizing the spatial gradient of the structural material selection 

field 2r . 

Step 1: Projecting the 2r  Field  

In order to determine the material interface, the design variables values must be interpreted as either of the 

two structural materials or as void. This follows the rules presented in Table 4-2. Any element which is not 

void and has a 2
er  greater than or equal to 0.5 must be the stiffest material (Structure A) and if 2

er  is less 

than 0.5 it is the more compliant material (Structure B). However, the 2r design variables are continuous 

in practice and can have any value from 1 to approximately 0. This makes it difficult to interpret the results 

and find a physically meaningful material interface. Thus, the field must be first projected into discrete 

material choices using a Heaviside scheme. In literature, this approach was proven by Guest et al. [70] to 
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be effective in enforcing binary choices in a smooth and numerically stable fashion. The projection of the

2r  design variable field can be written using the approximation given by Qian et al. [71]: 

 
2

2

2

1

1
( )

e
b r h

r
- -

=

+

  (4.10) 

where 2r  is the projected 2r  field such that 2r  is now a highly discretized material selection (values 

close to 0 or 1). b defines the steepness of the Heaviside step function. Finally, h is the inflection point 

of the projection.  

Step 2: Calculating Spatial Gradient Magnitude 

To find the interface between Structure A and Structure B, the magnitude of the spatial gradient of the 

projected 2r  field must be calculated. Since the 2r  field is composed of discrete values, a discrete 

differentiation technique should be used to estimate the spatial gradient in each element. It is important to 

note that most discrete differentiation techniques can be mathematically described in a similar manner. 

Typically, the gradient at a point is calculated by taking a weighted sum of its immediately neighboring 

pointsô values. This work will utilize the coefficients of the Sobel kernel as the weighting factors. This 

kernel is often used in image processing for edge detection using a discrete convolution operation. After 

the gradient magnitude is estimated, values are normalized to be within 0 and 1. 

An operation must be defined which gives the magnitude spatial gradient of the 2r  at any given element. 

Using the concepts discussed previously, a matrix dG is defined such that: 

 2 2    1 2 3n( ) , ,
dG dr r= =   (4.11) 

 
2 2 2    1 2 3n( ) ( ) , ,

D
d

d

G dr r= =ä   (4.12) 

where n  is a vector containing the gradient magnitude at each element which is also a function of the 2r   

field. dG is an n-by-n matrix of gradient estimation coefficients where n is the same length as 2r . A dG
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matrix is needed for each of the d spatial directions which will be x, y and z (d = 1, 2 and 3 respectively). 

Each row of d
eiG is filled such that if the i th element is a neighbor of the eth element, it has the appropriate 

Sobel coefficient based on their relative position. If they do not neighbor, the entry is set to 0. Ultimately, 

the operation inside the norm of Equation (4.11) implies that to find the gradient in direction d for element 

e, all entries in the eth row of d
eiG must be multiplied by their corresponding 2ir  entries and then a 

summation must be carried out over the i th index. This is the standard multiplication of an n-by-n matrix 

with an n-by-1 vector and is analogous to performing a weighted sum over all neighboring elements. 

Step 3: Projecting the Spatial Gradient Magnitude 

In order for Equations (4.3) and (4.4) to select between the joint interpolation and structural interpolation 

components, the gradient magnitude vector n  must be highly discretized. This discrete behavior ensures 

that Equations (4.3) and (4.4) interpolate between joint properties or structural properties, not a mix of the 

two.  Thus, n  should also be projected to a more discrete 1 or 0 distribution, referred to as n : 

 
2

1

1 (n )
n

e b h- -
=
+

  (4.13) 

where all parameters retain their meaning as defined previously.  

Step 4: Thinning the Spatial Gradient Magnitude 

The nature of the discrete gradient calculation yields high gradient magnitudes on both sides of the material 

interface. Only one layer of elements at the interface is permitted to be made up of joints. Thus, the projected 

spatial gradient magnitude field n  must be thinned to a single element layer. Using the convention set out 

by Woischwill and Kim [9], the most compliant of the structural materials (Structure B) will have its 

interface elements become joints. The highly discretized material selection field 2r  can be utilized to clear 

gradient magnitudes in elements which do not belong to Structure B: 
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 21Ĕn ( )nr= -   (4.14) 

This introduces the final thinned spatial gradient magnitude field Ĕn .  

The process described above can be visualized in Figure 4-2. In this figure, an arbitrary 2D material 

selection field goes through the step process described in this section. The results of each step are plotted. 

 

Figure 4-2: 2D example of interface detection process with arbitrary material selection field . 

4.3.3 Problem Statements 

Several problem statements solved with the MM/MJ TO algorithm will be discussed in this work. All 

problems are based on the standard minimum compliance problem statement which is subject to a mass 

fraction constraint. Mathematically, this problem statement can be written as follows: 
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where (C )
jr  is the compliance of the structure which is a function of design variables jr  where 

superscript j  identifies the design variable field,  and uf  are the force and global displacement vectors 

respectively. (K )
jr  is the global stiffness matrix and is also a function of the design variables. 1

g ( )er  

identifies the mass fraction constraint and is calculated by summing the interpolated mass over all elements 

and dividing by the initial mass of the design space if it were made up entirely of Structure A. Finally, W  

is the mass fraction constraint limit. This problem statement will be referred to as the ñMin. Comp.ò problem 

statement. 

The algorithm is also capable of considering total joint cost in either the objective function or as an 

additional constraint. The cost of each element can be calculated with the cost interpolation in Equation (5). 

The cost of each element can then be summed to give a total cost for joining: 

 2 3 4 2 3 4, , , ,
(ũ ) Q( )e

n

e
er r=ä   (4.16) 

where 2 3 4, ,
)ũ(er  is the total cost of all joints which is a function of the 2er , 3

er and  4
er  design variables. 

2 3 4, ,
Q( )er  is the interpolated cost of each joint. Both terms are functions of the joint design variables as 

well as the material selection through the dependence between 2 3 4, ,
Q( )er  and 2Ĕn( )r .  
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Total joint cost can be used as part of a bi-objective optimization which tries to minimize both compliance 

and cost: 
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where g is the bi-objective weighting factor and can be any value between 0 and 1. It defines the 

proportional contribution of compliance and cost to the total objective function (J )
jr . This problem 

statement will be referred to as the ñMin. Costò or ñbi-objectiveò problem statement. 

The final supported problem statement incorporates total joint cost as an additional constraint: 
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  (4.18) 
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Where 22 3 4, ,
g ( )er is now introduced as the second constraint in the optimization problem. It is a constraint 

on the total joint cost which is given by Q. Finally, this problem statement will be called the ñCost Const.ò 

statement. 

4.3.4 Sensitivity Analysis 

It is intended that the MM/MJ problem can be solved using a gradient-based optimizer and thus sensitivities 

for the objective function and constraints are required. In this case, the sensitivities are calculated explicitly 

through differentiation. The general formulations for these sensitivities are presented below in Table 4-3 

and  

Table 4-4. Compliance sensitives are derived using the adjoint variable method.  

Table 4-3: Objective sensitivities for compliance and cost. 

 Compliance Cost 

Objective ( (C K ))
j T T ju u ufr r==  

2 3 4 2 3 4, , , ,
(ũ ) Q( )e
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e
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Table 4-4: Constraint sensitivities for mass and cost. 

 Mass Fraction Cost 
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1
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In these equations ee  represents the element strain energy of the eth element. To complete the sensitivity 

calculations, the partial derivative with respect to the design variables must be calculated for the 
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interpolation functions. The 
E

jr

µ

µ
,

W
jr

µ

µ
 and 

Q
jr

µ

µ
terms will now be elaborated for design variables fields 

1 2 3 4, , ,j= .  

Sensitivities of Youngôs Modulus Interpolation: 
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Sensitivities of Mass Interpolation: 
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Sensitivities of Cost Interpolation:  
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When the bi-objective function problem statement is used, the compliance and cost sensitivities are summed 

together as follows: 

 1
J C

)
Q

(
j j j
g g

r r r

µ µ µ
= + -

µ µ µ
  (4.31) 

Where 
J

jr

µ

µ
 is the sensitivity of the entire objective function containing both cost and compliance 

components and g is a scaling factor applied to the two objectives. Otherwise, for problems where only 

compliance is included in the objective: 

 
J C

j jr r

µ µ
=

µ µ
  (4.32) 

The sensitivities for the thinned spatial gradient magnitude field have a slightly more complex derivation 

than the basic responses described previously.  

Sensitivities of Spatial Gradient Magnitude 

The sensitivities for the projected design variable field 2r  are given by: 
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Note that vector division is not a defined operation. In Equation (4.33) the division operations imply an 

element-wise division. For clarity, this equation can also be written as: 
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Here, the element-wise division can be clearly seen. 

The partial derivatives of the spatial gradient magnitude n  before projection are now defined:  
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Note that in this equation, the 2dG r  term should be calculated first before an element-wise division by 

2dG r  is performed. 

The sensitivities of the projected spatial gradient magnitude n  can be calculated with:  
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Finally, the sensitivities of the thinned gradient magnitude Ĕg  are given by: 

 
2

2

2 2 2
1

Ĕn n
n )(
r

r
r r r

µ µ µ
=- + -

µ µ µ
  (4.37) 

where all terms have been defined previously. 
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4.3.5 Filtering  

In order to prevent the checkerboard phenomenon seen in TO, this code uses the mesh independent 

sensitivity filter presented by Sigmund and Petersson [21]. This filter is applied independently to each of 

the design variable fields, modifying the sensitivities using the following calculation: 

 
1J J

j

N

fN

j
fj

je f
f

f
e

f

H

H

r
r r

r

µ µ
=

µ µ
ä

ä

  (4.38) 

where 
J

j
er

µ

µ
 are the objective sensitivities after filtering. Element f is a neighbor of the eth element (element 

being filtered). The summation operation is performed over all neighboring elements f which are within the 

filtering radius r from the center of element e. fH is a weighting factor which is defined as: 

 ( , )fH r dist e f= -   (4.39) 

where r  is the filtering radius and ( , )dist e f  is the distance between the centers of elements eth and fth. 

Note that fH must be zero if distance between the elements is larger than the filter radius. 

4.3.6 Tooling Accessibility and Non-Design 

Two basic manufacturing constraints have been implemented in this work. The first is tooling accessibility 

for joining and the second is joining to regions are not designable by the optimizer. Both these constraints 

can be achieved by manipulating the design variable fields such that certain elements have a fixed value 

throughout the optimization (ñpassive elementsò).  

Accessibility constraints consider the fact that, in the real-world, certain joints (such as welds) must be 

applied with the structural components in their final assembled orientation. Thus, some areas may not be 

accessible by a welding tool. For example, let Joint C be a weld and Joint D be an adhesive bond. In order 

to enforce the constraint, the 4
er  values in elements that cannot be a weld must be set to 0 at every iteration. 
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This forces the interpolation scheme to only pick between void or Joint D (adhesive bond) for inaccessible 

interface elements. All other interface elements, which lie in accessible regions, can be either Joint C, Joint 

D or void and thus no limitation is placed on their design variables. Currently, the constraint assumes that 

any interface elements which lie on the outer surface of the design space are accessible. A diagram showing 

accessible and inaccessible interface elements is presented in Figure 4-3. 

 

Figure 4-3: Diagram showing tooling accessible and tooling inaccessible elements for a simple dissimilar 

material interface. The left figure shows the material interface and the interface region which must be made 

of joints. The right image shows which elements in the interface region are acessible and thus can be welds. 

Practically, topology optimization is often used for component level design. Thus, the designed structure 

may need to join up to some other non-designable components. Thus, it is critical that the proposed 

algorithm can support non-designable regions and design optimal connections to these regions.  Similar to 

the accessibility constraint, this can be implemented using passive elements by fixing the 1 2 and e er r 

design variables in the non-designable regions throughout optimization.  

4.4 Numerical Examples 

In this paper, four examples will be used to test the proposed MM/MJ TO algorithm. Three simple 

examples, the Messerschmitt-Bölkow-Blohm (MBB) beam, Cantilever beam and L-Bracket, will 

demonstrate the key benefits of MM/MJ TO. The final test will demonstrate the scalability of the algorithm 
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to more complex geometries using an Aircraft Seat problem.  Diagrams of these geometries are provided 

in Figure 4-4. 

The MBB beam problem will be solved using the problem statements discussed previously. These are the 

min. comp, min cost and cost const. problem statements. MMTO results, which do not consider joints, will 

also be presented for comparison. The convergence history of each of the problem statements will also be 

presented. Accessibility constraints will not be applied in the MBB beam problem. Using the Cantilever 

beam geometry, a tradeoff curve between compliance and cost will be generated using the min. cost problem 

statements. A series of g weighting factors will be tested ranging from 0.1 to 0.9. This parameter represents 

the emphasis each of the objectives (compliance and cost) have on the total objective function. Again, this 

problem will  not consider accessibility constraints. The L-Bracket will be used to demonstrate the impact 

of the tooling accessibility constraint. Joining to non-designable regions will also be tested. A breakdown 

of computational time will be provided for the L-Bracket problem. Finally, using the Aircraft Seat problem, 

scalability to more complex problems will be discussed.  

 

Figure 4-4: Example problem geometries, dimensions and boundary conditions used in this work. 
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The material properties summarized in Table 4-5 are used for all subsequent problems. In this work the 

base structural materials used will be generic steel (Structure A) and generic aluminum (Structure B). Note 

that these materials do not have an associated cost. While it is possible to also incorporate the cost of the 

base material into the problem formulation, this aspect will not be addressed in this paper. The joint 

materials will be assumed to be welds (Joint C) and adhesive bond (Joint D). All materials have a single 

Poissonôs ratio of 0.33. Similar to the standard multi-phase SIMP, the MM/MJ interpolation scheme does 

not interpolate this ratio. Joint materials have fictitious costs of $2/mm3 and $1/mm3 respectively. As it was 

mentioned previously, while these values have units of dollars, the cost is not a physically meaningful dollar 

value. These units were chosen simply to make cost comparisons easier to conceptualize.  

Table 4-5: Structural and joint mate rial properties which were used in all of the example problems. 

Property Structure 

A 

Structure 

B 

Joint  

C 

Joint 

 D 

Material Example Steel Aluminum Weld Adhesive 

Physical Density ( , , ,A B C Dr ) [kg/m3]  7.85³103 2.7³103 7.85³103 1.3³103 

Elastic Modulus ( , , ,A B C DE ) [GPa] 210 69 5 2.5 

Poissonôs Ratio 0.33 0.33 0.33 0.33 

Cost ( ,C Dq ) [$/mm3]  n/a n/a 2 1 

When plotting material and joint distributions, the legend in Table 4-6 will be used. Each element will be 

interpreted as a discrete material, joint or void via the rules from Table 4-2. 

Table 4-6: Color legend used when presenting TO results. 

Material Color 

Structure A (ST)  

Structure B (AL)  

Joint C (Weld)  

Joint D (Adhesive Bond)  

Void  

Several tunable parameters are common among the first three example problems (MBB, Cantilever and L-

Bracket). These parameters are summarized in Table 4-7. The filtering radius for each problem is set to 1.5 

times the mesh size. In the first iteration, each design variable field is initialized with the specified value. 
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Experience has shown that by initializing the joint design variables 3r  and 4r  both at 1, the drop in 

compliance when joints first beging to form is mitigated. Ultimately this leads to smoother convergence 

behaviour. All three problems will be run with a mass fraction of 30%. This value was chosen as it produces 

designs with a sufficiently large material interface such that the optimal joint design can be explored. The 

minimum and maximum allowable design variable values are set to 0.01 and 1 respectively. For all 

problems, the objective and constraint scaling recommended by Svanberg [17] were utilized. 

Table 4-7: Summary of user tunable optimization parameters used for the MBB, Cantilever and L-Bracket 

problems. 

Optimization Parameters 

Penalty Factor 4 

Filter Radius (Mesh Independent) 1.5 x Mesh 

Mass Fraction Constraint W  0.3 

DV Initialization 1r 0.3 

DV Initialization 2r  0.5 

DV Initialization 3r  1 

DV Initialization 4r  1 

DV Min Value 1r, 2r , 3rand 4r  0.01 

DV Max Value 1r , 2r , 3rand 4r  1 

Objective Convergence Tolerance 0.5 % 

Constraint Violation Tolerance 1% 

Iteration Limit 100 

The final problem (Aircraft Seat) will utilize a different set of optimization parameters. These are outlined 

in Table 4-8. This problem will be run with a mass fraction of 20%. Again, the value was chosen such that 

a large disimilar material interface forms in the design.. All other unique parameters will be discussed as 

they become relevant in later sections. 
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Table 4-8: Summary of user-tunable optimization parameters used for the Aircraft Seat problems. 

Optimization Parameters 

Penalty Factor 4 

Filter Radius (Mesh Independent) 1.5 x Mesh 

Mass Fraction Constraint W  0.2 

DV Initialization 1r  0.25 

DV Initialization 2r  0.7 

DV Initialization 3r  1 

DV Initialization 4r  1 

DV Min Value 1r , 2r , 3rand 4r  0.01 

DV Max Value 1r , 2r , 3rand 4r  1 

Objective Convergence Tolerance [%]  0.5  

Constraint Violation Tolerance [%]  1 

Iteration Limit 100 

4.4.1 MBB Beam 

The first problem geometry is the MBB beam. This geometry is meshed using a 4 mm hexahedral mesh 

yielding 78125 total elements. A single load of 1000 N is applied at the center of the top face of the design 

space. Two edges are constrained: one edge in all translational degrees of freedom while the other can slide 

in the x-direction. A diagram of the design space and loading is provided in Figure 4-2 . 

 

Figure 4-5: MBB beam boundary condition and design space geometry (side view). 

With this problem, four problem statements will be tested and compared. The first will be a purely MMTO 

problem statement with no joint between dissimilar materials. This problem statement is similar to that of 
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Equation (4.15) except that the Ĕn , 3rand 4r values are forced to 0 at each iteration. This causes Equations 

(4.3) and Equation (4.4) to collapse down into the usual three phase SIMP interpolation with two materials 

and one void. The goal of this test is to determine a baseline MMTO structural performance. The next 

problem to be tested will be the min. comp. problem statement of Equation (4.15) which now introduces 

joint interpolation at the dissimilar material interface. This problem attempts to find the stiffest possible 

solution given the constraints. However, optimal distribution and selection of joints must now also be 

considered. The mass of the joints is also considered towards the mass fraction constraint. Optimization 

using the min. cost problem statement from Equation (4.17) will then be performed. Along with minimizing 

the compliance of the structure, this formulation will also consider minimizing the total joint cost. This is 

a more practical problem statement than those discussed previously as now the formulation is incentivized 

to remove superfluous joints which may not be contributing significantly to the structural compliance. The 

relative weighting of compliance and cost will be 0.75 and 0.25 respectively. The final problem statement 

will be the cost const. statement from Equation (4.18) which now incorporates total joint cost as an 

additional constraint. A maximum joint cost constraint of $1.25E5 is chosen for this problem. Again, this 

is intended as a more practical problem statement where the designer might set a limit on the total joint cost 

based on a real-world design criterion. 

Table 4-9: Summary of MBB beam problem specific parameters. 

MBB Problem Parameters 

Mesh Size [mm] 4 mm 

Cost Constraint Q  [$]  1.25E5 

Bi-Objective Weighting Factor g 0.75 

The results of these tests are presented in Table 4-10. Due to introduction of joints into the interpolation 

scheme, the min. comp. run has an increase in compliance over the MMTO of 44%. This increase is 

expected, as the ñperfect fusionò assumption has been removed with the introduction of joints. Now load 

can be transferred more realistically between the steel and aluminum components via a more compliant 

joining material. However, it becomes evident that with the min. comp. problem statement there is no 
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incentive for the optimizer to use a cost-efficient distribution of joints. This can be seen through the min. 

cost results. Now that cost is incorporated into the objective function, a new distribution is found which can 

reduce the total joint cost by 33% (over the min. comp. run) while only sacrificing an additional 4% 

compliance. The improved practicality of the min. cost result can be clearly seen. By utilizing this problem 

statement, the solver is prevented from trading excessive joint cost for a marginal improvement in 

compliance (over the min. comp. result). It should be noted that these designs met the mass fraction 

constraint to within the specified constraint violation tolerance. 

Table 4-10: Overview of MBB beam quantitative results. * Comparison is made w.r.t the MMTO result.  **  

Comparison is made w.r.t the Min. Comp. result. 

 [1] MMTO  [2] Min. Comp. [3] Min. Cost  [4] Cost Const. 

Compliance [mJ] 2.41 3.48 (+44%)* 3.62 (+4%)** 4.00 (+15%)** 

Joint Cost [$] n/a 3.81E5 2.55E5 (-33%)
 
** 1.26E5 (-67%)

 
** 

Final Mass Fraction [%] 29.92 29.96 29.78 30.00 

Total Number of Iterations  30 39 31 36 

The final problem statement to be tested in the ñCost Const.ò. This problem statement limits the total cost 

to a maximum value of $1.25E5. The final cost was $1.26E5 which is within the specified constraint 

violation tolerance. Again, this design is feasible with a mass fraction which does not violate the constraint. 

Overall, all problem statements converged in a similar number of iterations. This implies that, when 

compared to the standard three phase MMTO SIMP scheme, the MM/MJ interpolation scheme and interface 

detection algorithm do not significantly impact the computational expense. 

The same quantitative trends can be seen qualitatively in the material distributions of these TO runs. Figure 

4-6 through to Figure 4-9 plot the discretized joint and material distributions. Note that for some of the 

views, the steel elements have been hidden in order to clearly depict the joint distribution. These results 

follow the same numbering convention as Table 4-10. 
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Figure 4-6: MBB beam material distribution results for MMTO problem statement. (a) Isometric view top 

surface. (b) Isometric view bottom surface.  

 

Figure 4-7: MBB beam material and joint distribution for "Min. Comp." problem statement. No accessibility 

constraint. (a) Isometric view top surface. (b) Top surface view with steel elements hidden. (c) Isometric view 

bottom surface. (d) Bottom surface view with  steel elements hidden. 
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Figure 4-8: MBB beam material and joint distribution for "Min. Cost" problem statement. No accessibility 

constraint. (a) Isometric view top surface. (b) Top surface view with steel elements hidden. (c) Isometric view 

bottom surface. (d) Bottom surface view with steel elements hidden. 

 

Figure 4-9: MBB beam material and joint distribution for " Cost Const." problem statement. No accessibility 

constraint.  (a) Isometric view top surface. (b) Top surface view with steel elements hidden. (c) Isometric view 

bottom surface. (d) Bottom surface view with steel elements hidden. 
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Between the MMTO and min. comp. run, the steel and aluminum interface can be seen changing shape 

slightly and shrinking. The algorithm is compensating for the increase in compliance caused by the addition 

of joints by removing some of the steel material, shrinking the interface, and adding some of the lighter 

aluminum material. Overall, it can be seen from Figure 4-6 that the proposed interpolation scheme and 

interface detection algorithm are capable of enforcing the joint design rules set out in Section 4.3. Load is 

now flowing through joint materials between the structural steel and aluminum components. In areas where 

there are no joints, the components are locally detached by void elements (which have virtually no stiffness). 

As intended, there is only a single layer of joint material between the structural components.  

Comparing Figure 4-7 to Figure 4-8, it can be observed why total joint cost was reduced between the 

problem statements. When cost is part of the objective, the optimizer chooses to use more of the adhesive 

bond material and less of the weld material which is twice as expensive. The weld material only appears 

near the edges of the interface. Comparing the (d) views of both figures, it can be clearly seen that less joint 

material overall is used with the min. cost problem statement. The structural material distributions can also 

be seen changing in the (a) and (c) views. With less joint material used, additional structural material can 

be added back into the design while still maintaining feasibility. This can be seen from the shrinking void 

regions near the edges of the design. 

In Figure 4-9, the strict compliance constraint of the cost const. problem can be seen reducing the amount 

of joint material significantly when compared to previous runs. This is expected, as the constraint required 

a 67% smaller total joint cost than what was produced by the min. comp. problem statement. However, the 

solver still maintains some connections between the components near the boundaries of the interface region. 

Along with the reduced joint usage, the steel components of the structure have also reduced in favor of 

filling the aluminum part of the structure with more material. From view (a) it is observed that the additional 

aluminum now extends the aluminum part of the structure edge to edge on the top and bottom of the 

structure.  
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The large qualitative differences between the problem statements indicated a strong coupling between the 

multi-material and multi-joint aspects of the design. As the optimizer adds or removes material from either 

structural component, it then compensates for it by changing the joint distribution. This process can also be 

observed in the reverse order. If a problem statement is used which penalizes the usage of joints, the 

structural components and the material interfaces change shape to compensate for the additional 

disconnections between the components. 

As a final comparison, the convergence histories of each MM/MJ TO run will be discussed. The histories 

for the MMTO run and the min. comp. run are displayed in Figure 4-10. Here the compliance and percent 

constraint violation values are displayed for every iteration. Both runs exhibit relatively smooth 

convergence behavior with no oscillations.  

 

Figure 4-10: Convergence histories of the MMTO (left) and Min. Comp. (right) problem statements. 

The min. cost problem statement also has similar convergence performance, which can be seen in Figure 

4-11. Both the compliance and cost portions of the objective decrease monotonically, yielding a smooth 

convergence of the combined objective. Again, the optimizer was able to end on a feasible design with 

relatively smooth constraint convergence.  

The final set of convergence histories will be those of the cost const. problem statement in Figure 4-12. In 

early iterations this problem statement appears to be less well behaved than the previous examples, partially 

attributable to the stringent cost constraint. A strict constraint leads to use of few joint elements within the 
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design. Thus, a change in joint design variables has a larger impact on the total cost constraint leading to 

oscillations. While it recovers quickly, in early iterations there are significant oscillations in the cost 

constraint with percent violation as high as 400%. However, the optimizer recovers and smoothly decreases 

both the objective and constraints after approximately 10 iterations.     

 

Figure 4-11: Convergence histories of the M in. Cost problem statement. The left plot shows the combined 

objective of compliance and cost as well as the mass fraction constraint violation. The right plot breaks down 

the cost and compliance objectives. 

 

Figure 4-12: Convergence histories of the Cost Const.  problem statement. The left plot shows compliance 

objective and percent constraint violation in the mass fraction constraint. The shows the percent constraint 

violation of both the mass fraction and cost constraint. 
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4.4.2 Cantilever Beam 

The next problem geometry will be the Cantilever beam. Again, this problem was meshed with 4 mm 

elements giving a total of 78125 elements. Boundary conditions for this model include a single 1000 N load 

positioned on one end of the beam with the other end being constrained in all degrees of freedom. A diagram 

of the design space and loading is provided in Figure 4-13. 

 

Figure 4-13: Cantilever beam boundary condition and design space geometry (side view). 

The goal of this study is to explore the tradeoff between structural compliance and total joint cost using the 

min. cost problem statement. The bi-objective weighting factor g is varied from values 0.1 to 0.9, thus 

gradually increasing the emphasis of compliance on the total objective function. A Pareto frontier will be 

generated utilizing the compliance and cost at each value of g. For comparison, the MMTO problem 

statement as well as the min. comp. problem statement will also be run. The min. comp problem statement 

will be used as an anchor point for quantitative comparison to the min. cost results. It is chosen as the anchor 

point since min. comp. is expected to generate the least compliant but most expensive results. All problem 

statements utilize a mass fraction constraint of 30%. The parameters from Table 4-7 are maintained. The 

Pareto plot is displayed in Figure 4-14 with the related quantitative comparisons to the anchor point in Table 

4-11. 
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Table 4-11: Compliance and cost comparisons relative to the anchor point for min. cost solutions. 

 

 

Figure 4-14: Cantilever beam Pareto frontier showing the tradeoff between structural compliance and total 

joint cost. 

Figure 4-14 demonstrates the clear tradeoff between total joint cost and overall compliance of the structure. 

As more emphasis is put on minimizing joint cost (decreasing g), the interface between the structural 

components loses stiffness and thus shrinks. This makes it less advantageous to utilize a multi-material 

design as load can no longer be efficiently transferred between the components due to the lack of joint 

material. Thus, the optimizer uses less steel in favor of almost an entirely aluminum design as seen in the 

g= 0.1 and 0.2 results of Figure 4-18 and Figure 4-19. Again, the strong coupling between structural 

material and joint material design can be observed. Optimal joint design dictates optimal structural design 

and vice versa.  

On the opposite end of the Pareto plot (increasing g), compliance becomes the driving factor in the 

combined objective function. In this case the cost of the joints is less important than minimizing the 
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compliance. This leads to a design which has almost the entire interface region filled with joint material. 

Furthermore, the interface region becomes increasingly larger asg also increases. This change can be 

observed in Figure 4-18 and Figure 4-19. 

Table 4-11 contains quantitative comparisons between each g value result and the min. comp results. As 

expected, the compliance increases and the cost decreases with lower g values. The best tradeoff is 

observed at g=0.6. For only a 5% increase in compliance (compared to min. comp.) the total joint cost can 

be reduced by 51%. The material and joint distribution of the g= 0.6 results can be seen in Figure 4-16 . 

Overall, when compared to the min. comp. results of Figure 4-16, both results have similarly sized interface 

regions. The most obvious change is how much of that interface region is populated with joint material. 

The g= 0.6 run utilizes far less joint material with significant portions of the interface region remaining 

empty. Where there are joints, the cheaper adhesive bond material appears more often. In contrast, the min. 

comp results utilize a visibly larger quantity of welds. This is expected as cost is not incorporated into the 

min. comp. objective and thus there is no incentive to minimize the cost. 

For reference, a comparison of MMTO, min. comp. and the min. cost g = 0.6 solutions is provided in Table 

4-12. Discretized material and joint distribution plots are available in Figure 4-15, Figure 4-16 and Figure 

4-17. 

Table 4-12: Overview of Cantilever beam results of interest. * Comparison is made w.r.t the MMTO result. ** 

Comparison is made w.r.t the Min. Comp. result. 

 [1] MMTO  [2] Min.  Comp. [3] Min. Cost  

Compliance [mJ] 23.46 28.48 (+21%)*  30.01 (+5%)** 

Joint Cost [$] n/a 3.37E5 1.66E5 (-51%)** 

Final Mass Fraction [%] 29.94 29.91 29.91 

Weighting Factor [ɔ]  n/a 1 0.6 

Total No. Iter.  27 37 37 
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Overall, this study shows the usefulness of the min. cost problem statement when dealing with MM/MJ 

TO. While results will be problem dependent, a tradeoff can be expected between joint cost and compliance. 

However, if the correct g value is used, it minimizes the superfluous use of joints leading to a more efficient 

joint design without sacrificing much in the way of compliance.  

 

Figure 4-15: Cantilever beam material distribution r esults for MMTO problem statement. (a) Isometric view 

top surface. (b) Isometric view bottom surface.  
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Figure 4-16: Cantilever beam material and joint distribution for "Min. Comp."  problem statement. No 

accessibility constraint.  (a) Isometric view top surface. (b) Top surface view with steel elements hidden. (c) 

Isometric view bottom surface. (d) Bottom surface view with steel elements hidden. 

 

Figure 4-17: Cantilever beam material and joint distribution for the best tradeoff min. cost solution. No 

accessibility constraint.  (a) Isometric view top surface. (b) Top surface view with steel elements hidden. (c) 

Isometric view bottom surface. (d) Bottom surface view with steel elements hidden. 
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Figure 4-18: Cantilever beam material and joint distribution for all points in tra deoff plot. No accessibility 

constraint.  

 

Figure 4-19: Cantilever beam material and joint distribution for all points in tradeoff plot.  Steel components 

are hidden to make joint distribution visible. No accessibility constraint.  
















































